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Abstract

The thesis undertakes an attempt to solve the problems of cos-
mological constant as well as of coincidence in the models in
which dark energy is described by a running cosmological con-
stant. Three reasons to possibly underlie the constant's change-
ability are considered: dark energy's decay, diffusion between dark
energy and dark matter, and modified gravity. It aims also to pro-
vide a parametric form of density of dark energy for the models
that involve a running cosmological constant, which would de-
scribe inflation in the early Universe.

The principal method used in my investigations was the dy-
namical analysis. The cosmological equations were accordingly
recast as a dynamical system, which enabled me to draw up the
relevant phase portrait, much useful in considering the possible
evolutionary paths of the Universe.

The cosmological models were estimated by taking into ac-
count a number of astronomical data, such as observations of type
la supernovae, cosmic microwave background, baryon acoustic
oscillations, measurements of the Hubble function for galaxies,
and the Alcock-Paczynski test.

The results of my investigations have been published in eleven
papers.

Keywords: cosmology, dark energy, dark matter
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Streszczenie

Rozprawa podejmuje probe rozwigzania problemu statej kos-
mologicznej i problemu koincydencji w modelach kosmologicz-
nych, gdzie ciemna energia jest opisywana zmienng statg kosmo-
logiczna. Sa rozwazane trzy mozliwe przyczyny zmiennosci statej
kosmologicznej: rozpadajaca sie ciemna energia, dyfuzja pomie-
dzy ciemna materig a ciemna energia oraz zmodyfikowana gra-
witacja. Celem jest takze wprowadzenie parametryzacji gestosci
ciemnej energii w podejsciu ze zmienng stata kosmologiczna,
ktora opisuje inflacje we wczesnym Wszechswiecie.

Najwazniejsza metoda uzyta w tych badaniach byta analiza dy-
namiczna. Rownania kosmologiczne byty przepisane do postaci
uktadu dynamicznego, ktory umozliwiat narysowanie odpowied-
niego portretu fazowego przydatnego przy badaniu mozliwych
sciezek ewolucji Wszechswiata.

Modele kosmologiczne byty estymowane z uwzglednieniem
obserwacji astronomicznych takich jak: obserwacje supernowych
typu la, mikrofalowego promieniowania tta, barionowych oscylacji
akustycznych, pomiarow wartosci funkcji Hubble'a dla galaktyk i
testu Alcocka-Paczynskiego.

Wyniki badan zostaty zamieszczone w jedenastu opublikowa-
nych pracach.

Stowa kluczowe: kosmologia, ciemna energia, ciemna materia
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Chapter 1

Introduction

The main aim of the thesis is to address the following question: can
the cosmological constant problem and the coincidence prob-
lem be solved? In the investigations, it is assumed that the cos-
mological constant evolves in time.

The cosmological constant problem is a consequence of inter-
preting dark energy as a vacuum energy. The presently observed
value of the constant is by 120 orders of magnitude smaller than
the value resulting from quantum physics [11.

The coincidence problem [2] consists in finding an explanation
why the cosmological constant has the same order of magnitude
as the energy density of matter today.

Another goal of the dissertation is to provide a description of
inflation in the early Universe involving an assumption of the
running cosmological constant.

For the purpose of proving the main thesis of my dissertation
that the running cosmological constant is actually able to ex-
plain the cosmological problems, three hypotheses concerning
the cosmological constant's changebility are put forward:

- itis a consequence of the decay of metastable dark energy,

- itisaresult of diffusion interaction of dark energy with dark mat-
ter,

- itisanintrinsic attribute of dark energy in the Starobinsky model
using the Palatini formalism.

We neglected the influence of radiation on the evolution of the
Universe. The baryonic matter is treated as dust (the equation of
state is pm = 0, where p., is the pressure of matter) in our pa-
pers. Throughout the thesis, dark matter is generally treated as
dust too. It was assumed that dark energy has the equation of
state pge = —pde, Where pge is the pressure and pge is the energy
density. In most cases, we do not take into account the curvature
effect in the cosmological equations. In the thesis, the following
convention is used: ¢ = 87G = 1.



One of the models investigated is one with a decaying meta-
stable dark energy. The vacuum energy decay was considered in
the following papers: [3, 4, 5, 6, 7, 8l. It is assumed that the process
of dark energy decay is a transition the false vacuum state to the
true vacuum. The Fock-Krylov theory of quantum unstable states
is applied here [5]. Next, the Breit-Wigner energy distribution func-
tion is used for the model of the quantum unstable systems [9]. In
this context, we examined the radioactive-like model of the decay
of the false vacuum. The late-time approximation of this model
are also considered (A(t) = Apare + ‘:—22). It assumes an interaction in
the dark sector (i.e. dark matter and dark energy). The models are
analysed also by the statistical analysis methods.

Another model investigated in the thesis is one with a diffusion
between dark matter and dark energy. The natural result of this
interaction is a modification of the standard scale law of the dark
matter energy density. This model is also statistically analysed us-
ing astronomical data.

The third one is the Starobinsky cosmological model in the
Palatini formalism, which we examined in both the Jordan and Ein-
stein frames, looking for differences between them by the dynam-
ical methods. In the case of the Einstein frame, the model belongs
to the class involving an interaction between dark matter and dark
energy. The special point of these investigations is to search for
singularities within the models, while the models' fitting is done
through statistical analysis.

The important method of investigation of the evolution of the
Universe consists in making conclusions on the basis of phase por-
traits. Accordingly, we recast cosmological equations into the form
of the dynamical system, which allows for drawing the phase por-
trait. The analysis of trajectories that represent the particular paths
of the evolution of the Universe as well as critical points gives us
the most interesting scenarios of the evolution of the Universe.
Such a method can be helpful in solving of the problems of the
cosmological constant and of coincidence.

The methods of dynamical analysis are used in most of my pa-
pers, while my main article on dynamical systems in cosmology is
Eur.Phys.J. C76 (2016) no. 11, 606 [10], dealing with the dynamics of
cosmological models in the different parametrization of the run-
ning cosmological constant. In this paper, five classes of models
are investigated:

+ A(H)CDM, where H is the Hubble constant,
+ A(a), where a is the scale factor,
- A(R)CDM, where R is the Ricci scalar,



-+ A(¢) with diffusion, where ¢ is a scalar field,

- A(X). where X = 2¢°°V,Vz¢ is a kinetic part of density of the
scalar field.

The structure of the thesis is as follows. The statistical analysis
used in my papers is described in Chap. 2. In Chap. 3, models with
decaying dark energy and my papers pertaining to this subject are
contemplated. In Chap. 4, the model with diffusion in the dark sec-
tor and my papers about this model are considered. In Chap. 5,
my paper Eur.Phys.J. C76 (2016) no. 11, 606 [10] is discussed. The
Starobinsky cosmological model in the Palatini formalism and my
papers on this model are discussed in Chap. 6. The conclusions of
the thesis are provided in Chap. 7.






Chapter 2

Statistical analysis of
cosmological models

The cosmological models considered in the thesis are analysed
by the statistical methods in order to find the best fit for the values
of parameters and their errors. In the statistical analysis, | used
my own CosmoDarkBox script for estimating model parameters.
In order to find errors of the best fit, this code uses the Monte-Carlo
methods — the Metropolis-Hastings algorithm [11, 12].

For the purpose of statistical analysis in my papers, | used the
following astronomical data:

- supernovae of type la (SNIla; Union 2.1 dataset [13]),
- Baryon Acoustic Oscillations (BAO) data from:

— Sloan Digital Sky Survey Release 7 (SDSS DR7)? dataset at

z = 0.275 [14],
- 6dF Galaxy Redshift Survey® measurements at redshift z =

0.1 [15],
- WiggleZ* measurements at redshift z = 0.44,0.60, 0.73 [16],

- measurements of the Hubble parameter H(z) of galaxies [17,
18, 19],

- the Alcock-Paczynski test [20, 211 (AP; data from [22, 23, 24, 25,
26, 27, 28, 29, 30])

- measurements of Cosmic Microwave Background (CMB) and

lensing by Planck satellite® [31] and low ¢ polarization from
\WMAP.

The overall likelihood function is expressed by the following
formula:

Liot = LsniaLepoLap L () Lemelensing 21

1 http://supernova.lblL.gov/union/

https://classic.sdss.org/dr7/

http:/www.6dfgs.net

http://wigglez.swin.edu.au/site/
https.//www.esa.int/Our_Activities/Space_Science/Planck
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where the likelihood functions Lsnia: Lepo, Lap, LH(z): LCMB+lenSing are
for SNla, BAO, AP, measurements of H(z) and CMB respectively,
which are defined in the following way:

Lsnia = exp {—%[A — B*/C + log(C’/(QW))]} : (2.2)

where A = (MObS—uth)C_l(uObS—uth). B = C_I(MObS_Mth)' C=TrC!
and C is a covariance matrix for SNla, 1°° is the observed distance
modulus and x" is the theoretical distance modulus,

Lgao = exp {—% (dObS — %) Cc! (dobs — %)} . (23)

where r,(z4) is the sound horizon in the drag epoch [32, 33], 1/d°s
is the observed value of the acoustic-scale distance ratio,

1/3
Dy = ((1 - zg)Di(z)H"é)) ., where D, is the angular diameter
distance,

N \obs __ A\th 2
Li(s) = exp [—%Z (H(ZZ) - H) ) ] : (2.4)

=1

where ¢ is the measurement error,

Lap = exp [—5 Z (AP( )Obsai AP(Zi)th) ] , (2.5)

=1

where AP(z)th = 28 = ;(ZZ//) and AP(z;)° are observational data
and

1
LCMB+tehsihg = €Xp {_é(xth - XObS)C_l(Xth - XObS)] ) (2.6)

where C is the covariance matrix with the errors, x is a vector of
the acoustic scate 4, the shift parameter R and Qp0, Where [, =
cfo H( ,) = /QmoH? fo H and Qpo = gg% where z* is
the redshn‘t in the recombination epoch [32], ry is the sound hori-
Zon, ppo IS the present value of the energy density of baryonic mat-
ter, Hy is the present value of the Hubble function, and Q0 = ngg

where pmo is the present value of the energy density of matter.
In my paper Phys.Dark Univ. 15 (2017) 96-104, the likelihood func-

tion for CMB is given by

N TT TT 2
1 D & - D obs Ez
LCMB = exXp [5 E < &th( ) o brob ( )> ] 5 (27)

=1



where D] (¢) is the value of the temperature power spectrum of
CMB and 7 is a multipole. The temperature power spectrum is de-
termined for ¢ in the interval of (30, 2508).

In my analysis of cosmological models, | used the Akaike infor-
mation criterion (AIC) and the Bayesian information criterion (BIC)
[34, 35I;

AlIC = —2In L + 2d, (2.8)

BIC=—-2InL +dInn, (2.9)

where L is the value of the likelihood function in the best fit, d is the
number of model parameters, and n is the number of data points
involved in the estimation.
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Chapter 3

Cosmology with decay of
metastable dark energy

3.1 Decay of metastable dark energy from
quantum vacuum

This section is based on Eur.Phys.J. C77 (2017) no. 6, 357 [36] and Eur.Phys.J. C77 (2017) no. 12, 902 [37].

The quantum unstable systems are characterized by their survival
probability (decay law). The survival probability P(t) of a state |¢) of
vacuum equals P(t) = |A(t)|?, where A(t) is the probability ampli-
tude (A(t) = (o|o(t))) and |¢(t)) is the solution of the Schrédinger
equation:

0
iho10(t)) = 9le(t)), (3D

where $) is the Hamiltonian. The amplitude A(t) can be expressed
as the following Fourier integral:

o0

Alt) = At — to) = / wE) e~ i Et=t)gp 32

Enin
where w(E) > 0 (see: [5, 6, 7).
From the Schrodinger equation (3.1), we can obtain that:

i (B10(6)) = (61910(0). 3

This relation gives us the amplitude A(t) as a solution of the fol-

lowing equation:

0A(t)
ot

(919lo(t)) _ ik OA(t)
A(D) At) ot

ih = h(t) A(t), (3.4)

where

h(t) = (3.5)



12

and h(t) is the effective Hamiltonian. In result, we get:

h(t) = E,(t) — %F¢(t), (36)
where E,(t) = R[h(t)], [s(t) = —2I[h(t)] are the instantaneous

energy (Mmass) E4(t) and the instantaneous decay rate I,(¢) [38, 39,
40l We interpret the expression I'y(t) = —2[h(t)] as the decay
rate, because it satisfies the definition of the decay rate used in
quantum theory: fe® € _ 0 4y

From the form of the effective Hamiltonian h(t), we get the fol-
lowing solutions of Eq. (3.4).

A(t) = e 7P = =1 (Bol) = 5T5(8)), (37)

where h(t) is the average effective Hamiltonian h(t) for the time
interval [0, ¢]: dEf 1 fo ) dx (averages E,(t), T(t) are defined
analogously)

We assume that w(E) is given in the Breit-Wigner (BW) form:

def .
w(E) = wpw(E) = % O(E — Enin) (E—Eo++(%)2’ where N is a nor-
malization constant and ©(E) = 1 for E > 0 and ©(E) = 0 for
E < 0. Ey is the energy of the system, I is a decay rate, while Enn
is the minimal energy of the system. Inserting wpy (F) into formula

(3.2), we get:

. . N Eot Fo(t — to)
Alt) = At — to) = - 7150 ( —0), (3.8)
where
I5(7) = /00 ! e~ U7 dn. (3.9)
B 51 +l
Here r = 1ot and g = B > (. It is assumed that ¢, = 0.

Using A(t ) as given by Eqgs (3.8), and the effective Hamiltonian
(3.5), we find the Breit-Wigner model as:

h(t) = Eo+ I o (3.10)
5(F)
where -
_ z —ixT
Js(T) = /—5 71 e dx. (31D

In result, the instantaneous energy E,(t) has the following form:

JB(%)]
I(94) |

Ey(t) = R[h(t)] = Eg+ i N (3.12)
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The simplest way to extend the classical model of the decay:

Pde(t) = pae(to) x exp[—I"(t — tp)] = pae(t — to) (3.13)

is to replace the classical decay rate I'" by the decay rate I',(t)/h
appearing in quantum theoretical considerations. In consequence,
we get:

) 1
pas(t) = =3 Ls(t) psl(t) (314)
instead of the classical fundamental equation of the radioactive

decay theory.
Ultimately, the formula for the decay is:

t

0

pes(t) = palts)  ex0 |
1 t

= pde(to) X exp {_ﬁ/ Ty(x) dx} . (3.15)
to

This relation, superseding the classic decay formula, contains
quantum corrections resulting from the use of the quantum theory
decay rate. Using (3.8), we can rewrite the relation (3.15) as:

2

N? Io(t—t
Pde(t) = 2 pde(to) ’[5 (%) (3.16)

The model can be expressed in a more general form of the en-
ergy density:
ﬁde(t) = pde(t> — Pbare; (317)

where ppare = constis the minimal value of the dark energy density.
When t — oo, the density pge(t) tends to ppare.

3.2 Late-time approximation of decaying
metastable dark energy

This section is based on JCAP 1510 (2015) no. 10, 066 [41] and Phys.Dark Univ. 15 (2017) 96-104 [42].

We investigated the late-time approximation of the model with de-
caying dark energy as the A(t)CDM model, where A(t) = Apare + ‘;‘—22
where « is a model parameter. We assume that o? > 0 or o < 0.
a can be imaginary. This parametrization of dark energy is a late-
time approximation of Eq. (3.16). This model is an example of the
model involving interaction between dark matter and dark energy.
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In result, we get the following Friedmann equation:
a?
Due to the assumption that the energy-momentum tensor for
all fluids satisfies the conservation condition:
T2 =0, (3.19)

we get the conservation equation:

dA
pm + 3Hpm = ———. (3.20)
dt
This form of the conservation equation guarantees that the inter-
action in the dark sector is actual.

From Eqgs (3.18) and (3.20), we obtain that:

H= —%pm. (3.20)

This equation can be rewritten as:

1 o? 9

The above formula has the following solution:

34/Qn,0Ho
1—2n Ina ( 2 )
h(t) = + v/ Qa0 (3.23)

3H0t [n <3 Q;\@Hot) )

where h = Hﬂo H, is the present value of the Hubble constant,
Qo = g;ﬂ I,, is the modified Bessel function of the first kind, and
0
n = 1/1+ 902 0T¢HZ, where Q2 = % and Ty is the present
age of the Universe.
The formula for the scale factor a can be derived from the

Eq. (3.23) and after the calculations we get:

ofe2)

2
3

a(t) = C (3.24)

Constant C' is equal to {\/TO (In (3 Q;"OHOTO))] . as it is

assumed that a(7j) = 1. Since «a(t) function is monotonic, one can
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obtain formula for ¢(a) function from Eq. (3.24):

7/ 37/ Qo Hoi™ /2 3
ta) = S 251, i (2)]. s
Z\/QA,OHO 2 2 C

where S, (z) is a Riccati-Bessel function S,,( \/ﬁJ ). Jnis
the Bessel function of the first kind.

As the formula for H(t) is known, the equation for p,, can be
derived from Eqgs (3.18) and (3.23):

2
QaQ,OTO .

pm(t) = —SHS QA,O + t2

34/Qn,0Ho

2
I t)
1—2n 2
— | —— + /Q . (326
3Hot VR I <3 QA,OHOt) ( :

2

Since we assume the interaction is between dark matter and
dark energy only, the energy density of baryonic matter py,(t) scales
as a3, In result, we get

Pm(t) = pam(t) + po(t) = pam(t) + pooalt) ™, (3.27)

where py o is the present value the energy density of baryonic mat-
ter.

From Egs (3.24), (3.26) and (3.27), we can obtain a formula for
the energy density of dark matter pgm(t):

0, OT

pam(t) = —3H} [QAO

1—-2n

B 3Hyt + (3 QA,0H0t>
2

3 ﬁ(zn (3—VQQAOH%>>] . (328

— ppoC™
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3.3 Model testing

This section is based on JCAP 1510 (2015) no. 10, 066 [41].

The paper [41] concerns the cosmological model with the follow-
ing parametrization of the dark energy: pge = Apare + Ct“—f In particu-
lar, we investigated the behaviour of the jerk using Sahni et al. [43,
44, 451 Om(z) diagnostic test. We also performed the dynamical
and statistical analysis of the model.

From the Eqgs (3.23) and (3.24), we find that the jerk function is
given by the following equation:

H<t>13a<t> [dizg)] -

=

34/QA,0Ho
3 t

) -3
. (3.29)
I <3 Q§,0H0t>

In the present epoch, the jerk function is given by

30012 [ 1—2n

A/ Q)
Hot? SHyt | VAo

1

(3.30)

where Ty is the present age of the Universe.

The evolution of the jerk function is shown in Fig. 5in JCAP 1510
(2015) no. 10, 066 [411.

The Om(z) diagnostic test measures the deviation from the
ACDM model (Om(z) = Qn for ACDM model). The function Om(z)
is Om(z) = @)~ where ¢ = 1 + 2. For our model, it has the fol-

lowing form: o
Om(t) =
1-2n 1"71(3@}10 t) 2
o)
([ (e (=) [ ()] )

(3.3D

The evolution of the Om(z) function is shown in Fig. 6 in JCAP
1510 (2015) no. 10, 066 [411.

The behaviour of the jerk and Om(z) function provides a test for
the deviation from the ACDM model. These tests tools commonly
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used to indicate variability of dark energy in time.
After recating the cosmological equations (3.18) and (3.20) to
the form of the dynamical system we have:

X'=—3X +3X%2+2V3a%25, (3.32)
Y = ;XY, (3.33)
7 = —\37%+ gzx, (3.34)
where p
_ Pm
X = Ve (3.35)

and the squares of Y and Z are equal to:

. Abare 2 1

Y? = =
3H2’ 3H22

(3.36)

and’ = L. The critical points of the system (3.32)-(3.35) are col-
lected in Table 1in JCAP 1510 (2015) no. 10, 066 [41].

In the statistical analysis of the model parameters, we have
used the SNla [13], BAO (SDSS DR7 data) [14], CMB and lensing ob-
servations [31], measurements of H(z) [17, 18, 19] and the Alcock-
Paczynski test [22, 23, 24, 25, 26, 27, 28, 29, 30I. The value of the
best fit and errors are given in Table 2 and 3 in JCAP 1510 (2015)
no. 10, 066 [41]. The analysis shows that the model with negative
values of the o? parameter is more favoured than one with positive

values.

3.4 Modified scaling law of matter density

This section is based on Phys.Dark Univ. 15 (2017) 96-104 [42].

In the paper [42], we consider the cosmological model with the
parametrization of the dark energy pge = Apare + j}—j We check how
this parametrization modified the scaling law of the energy den-
sity of matter and dark matter. The cosmological equations (3.18)
and (3.20) give us the formula for the energy density of matter (see
Eq. (3.26)). We can rewrite Eq. (3.26) as:

Pm = Pm,onSJrS(t), (3.37)

where 0 = e J 0(t)dlog a, where §(t) = % The evolution of

o(t) function is presented in Fig. 5 in Phys.Dark Univ. 15 (2017) 96-
104 1421. If §(t) is constant, then we get that 4(t) is constant too. In
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this case, Eq. (3.37) is given by:
Pm = pm70a*3+5. (3.38)

When §(t) is a constant, then also:

2

a = agt3=3 (3.39)

and
Pm = pmotg ot (3.40)

For the early Universe, §(t) function can be approximated as:

902
it) = : (341
W)= a1y
We can use the same approach in the case of dark matter pgm
rewriting Eq. (3.28) as:

pam = pamoa >, (342)
_ 1 Qm,oaat)—ﬂb 0 : o
where \(t) = oz 108 —6—a, - For the early Universe, A(t) =

const. In result, pam = pamoa . The evolution of \(t) function is
presented in Fig. 6 in Phys.Dark Univ. 15 (2017) 96-104 [42].

The statistical analysis in this paper is based on the astronom-
ical observations, such as SNla [13], BAO [14, 15, 16], observations
of the temperature power spectrum of CMB [31], measurements
of H(z) [17, 18, 19] and the Alcock-Paczynski test [22, 23, 24, 25,
26, 27, 28, 29, 301, The value of the best fit and errors are given
in Table 1 in Phys.Dark Univ. 15 (2017) 96-104 [42]. We obtain the
decay of particles of dark matter rather than their creation. The
AIC criterion favours this model just very weakly in comparison to
the ACDM model, while the BIC criterion supports positively the
ACDM model. However, this is not suffficient for rejecting it.

3.5 Cosmological implications of transition
from false to true vacuum state

This section is based on Eur.Phys.J. C77 (2017) no. 6, 357 [36].

In the paper [36], we investigate a cosmological model with de-
caying metastable dark energy. Here, the model of the decaying
metastable dark energy is provided by quantum mechanics. The
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parametrization of dark energy is given by Eq. (3.12). Replacing en-
ergy by the density of energy in Eq. (3.12), we obtain:

_ a J(t)
Pde = Abare + ER |:1 + 1— O;R (m)} s (3.43)

where Er = Ey — Apare and « is @ model parameter, which belongs
to the interval (0, 1). The functions I(t) and J(t) are:

- %G_T/Q (—2m +eEs ([% _id ~ O‘)} 7‘)
+E, ({—% _if ; O‘)} 7>) (3.44)

and I(t) can be expressed as:

Care (v (e ([ 0] )
([0 ))) o
a(Eo—Apare)

where 7 = o) JVot and Vj is the volume of sphere of radius,
which is equal to the Planck length. The function F; is the expo-
nential integral B, (z) = [° <"dx.

As this model involves interactions between dark matter and
dark energy, we have the following cosmological equations:

3H* =3 (%)2 = Prot = Pb + Pdm + Poe; (3.46)
po = —3H pp, (3.47)
pdm = —3H pam + Q (3.48)
and
pde = —Q, (3.49)
where py, is the density of baryonic matter and @ = —dfﬁ is the

interaction between dark matter and dark energy, which actually
consists energy transfer. If @ > 0, then energy flows from dark
energy to dark matter, while if @ < 0, then energy flows from dark
matter to dark energy.
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In this model, there occurs anintermediate phase of oscillations
of the dark energy density between the phases of constant dark
energy. We found also a mechanism to cause jumping of the value
of energy density of dark energy from the initial value of E, (Ey =
10'29) to present value of the cosmological constant.

The oscillations appear when 0 < a < 0.4. Their number, pe-
riod, and amplitude, as well as the duration of this intermediate
phase, decrease when « parameter grows. For a > 0.4, the oscil-
lations disappear altogether.

In the statistical analysis, we use the astronomical observations
such as the supernovae of type la (SNIa) [13], BAO [14, 15, 16], mea-
surements of H(z) for galaxies [17, 18, 19], the Alcock-Paczynski
test [22, 23, 24, 25, 26, 27, 28, 29, 30] and the measurements CMB
[31]. The analysis showed us that independently of the values of
the parameters a and E,, we obtain the present value of the en-
ergy density of the dark energy. The value of the best fit and errors
are given in Table 1in Eur.Phys.J. C77 (2017) no. 6, 357 [361.

3.6 Radioactive-like decay of metastable
dark energy

This section is based on Eur.Phys.J. C77 (2017) no. 12, 902 [37].

In the paper [37], we consider the model with the radioactive-like
decay of metastable dark energy. The cosmological equations are:

3H? = Pm T+ Pde; (3.50)

pm = —3H pom — e, (350

where the density of dark energy pqe is parametrized as follows:

It
pde(t) = Pbare + € [ﬁ ( ;; ) , (3.52)
where I5(7) is defined as
Is(1) = /00 L e~ dn (3.53)
/8 ,5 772 +le 9

where 7 = M. The parameter e = ¢(5) = % measures the
(0
deviation from the ACDM model (I5(0) = 22 = 7 + 2 arctan(23) and
le

N
B> 0), fis equal to Lo=Lmin > ( while the parameters E, and I
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correspond to the energy of the system in the unstable state and
its decay rate at the exponential (or canonical) regime of the decay
process.

Fort > t, = Fio ﬂffl [46], the approximation of (3.52) is given in
the following form: '

pde(t) X Pparet

ry Ame~ 28t sin (6 Qt) 1 )
€| dr?ent + h 7 4 . (3.54)
( (3+5%) 3t ((+82) 2et)°

For the late time, Eq. (3.54) can be approximated as:
« 1
((G+52)5)°

If we use formula (3.54), the Friedmann equation (3.50) is:

pde(t) = poare + (3.55)

3H = Ptot = PB 1+ PDM + Poare + Praddec T Pdamosc T Ppowlaw, (3.56)

where praddec = Am2ee~ 1 is the radioactive-like decay dark energy,

Ty
_Lo, . I
Amee” 2R " sm(ﬁTLUt)

Pdamosc = (757 is the damping oscillating dark energy

((iTe)%Ot)z is the power-law dark energy. The ra-
dioactive type of decay dominates up to 2.2 x 10*T5,

We performed also statistical analysis using the following as-
tronomical observations: supernovae of type la (SNla, Union 2.1
dataset [13]), BAO data (Sloan Digital Sky Survey Release 7 (SDSS
DR7)) dataset at z = 0.275 [14], 6dF Galaxy Redshift Survey mea-
surements at redshift z = 0.1 [15], WiggleZ measurements at red-
shift z = 0.44, 0.60, 0.73 [16]), measurements of the Hubble param-
eter H(z) of galaxies [17, 18, 191, the Alcock-Paczynski test [20, 21]
(data from [22, 23, 24, 25, 26, 27, 28, 29, 30]) and measurements of
CMB and lensing [31]. The value of the best fit and errors are given
in Table 1in Eur.Phys.J. C77 (2017) no. 12, 902 [371].

We found that the decay half-life time T}/, of dark energy is
8503 Gyr ~ 616 x Ty and the radioactive type of decay is the most
effective mechanism of decaying metastable dark energy.

and Ppowlaw =

3.7 Mainresults

The model with decaying dark energy belongs to the class involv-
ing interaction in the dark sector. For the late-time approximation
of the model (a?/t?), the deviation from the standard scale law of
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the energy density of dark matter is noticeable. However, the pro-
duction of dark matter is no longer an effective process. Note that
this modification for the early Universe is independent on time.
From the statistical analysis, we get for o?/t* model the decay of
particles of dark matter instead of the creation of one.

The analysis indicates also that the present value of dark en-
ergy is not sensitive to the value of a and E, parameters.

This model can solve the cosmological constant problem, be-
cause it involves the mechanism of jumping from the initial value
of dark energy E, = 10'? to the present value of the cosmological
constant.

The characteristic feature of the model are oscillations of the
density of dark energy occuring for 0 < a < 0.4.

The radioactive-like decaying model of dark energy for the
late-time Universe (t = 2T;) has three different forms of decay
of dark energy: radioactive, damping oscillating, and power-law.
In the beginning, the radioactive type of decay dominates up to
2.2x10* T, After the radioactive type of decay, damping oscillating
type of decay appears, which is later superseded by a power-law
type of decay (1/¢2).
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Chapter 4

Diffusion dark matter-dark
energy interaction model

4.1 Relativistic diffusion interacting of dark
matter with dark energy

This section is based on JCAP 1607 (2016) no. 07, 024 [47] and Phys.Rev. D94 (2016) no. 4, 043521 [48].

We consider a particular model of energy-momentum exchange
between dark matter and dark energy, where baryonic matter is
preserved. In this approach, it is assumed that the total number
of particles is conserved and the relativistic version of the energy-
momentum tensor:

T = (p + p)u*u” — g""p. 4.1

In this model, the energy-momentum tensor consists of two
parts:
T =T +TE, 4.2)

where T} is the energy-momentum tensor for dark energy and
T is the energy-momentum tensor for matter.

We assume the conservation of the total energy momentum in
the following form:

—V, I =V, T = 3k*J", (4.3)

where x? is the diffusion constant and J* is the current which de-
scribes a flow of particles.

This model provides that the dark matter is transferred by a dif-
fusion mechanism in an environment corresponding to the perfect
fluid, while predicting a unique diffusion which is relativistically in-
variant and preserves the mass m of a particle [49].
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The Friedmann equation is given here as:
3H? = pp + pdm + Pdes (4.4)

where py, is the density of baryonic matter, pgm is the density of dark
matter, pqe IS the density of dark energy, and pm = po + pam. The
densities pm and pge are given by:

Pm = Pb,oa_3 + /Odm,Oa_3 +(t - t(])a_ga (4.5)
¢
Pde = pde(0) — *y/ a”3dt, (4.6)

where v is a positive model parameter.
If we choose t, as zero, then we get a modified scale law for the
energy density of dark matter:

Pdm = Pdmod > + yta 3. 4.7
The current J# is conserved [50, 51, 52]. In result, we get:
V,J* = 0. (4.8)
For the FRW metric from the above equation, we obtain:
JY = 7/3Kk%a". (4.9)
From Eq. (4.3), we get the following conservation equations:

pm = —3H pm +va?, (4.10)

Pde = —ya >, (4.11)

where we assume that the equation of state for dark energy is
Pde = —pde and for matter is py, = 0. Here,’ = £,

This model of diffusion interaction in the dark sector is free from
the difficulties afflicting Alho et al's models with diffusion [53]. It
involves no non-physical trajectories crossing the boundary set
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4.2 Diffusive DM-DE interaction:
coincidence problem

This section is based on Phys.Rev. D94 (2016) no. 4, 043521 [48].

In the paper [48], we recast cosmological equations of the diffu-
sion cosmological model as a dynamical system. By inserting Eqs
(4.5) and (4.6) into the Friedman equation (4.4), we get:

t
3H? = pooa > + pamoa > +(t — to)a™> + pae(0) — 7/ a~’dt. (412)

Now let 7 = Qm, y = Qqe. 6 = ¥ and ' = 4L is a differen-
tiation with respect to the reparametrized time Ina(t). Equations
(4.10), (4.11) and (4.12) can be rewritten as the dynamical system in
variables z, y and z with respect to time Ina(t). Thus we get the

following dynamical system:

¥ =x(—=3+40+ 3x), (4.13)
y = x(—6 4 3y), (4.14)
5 = 6(—6 + ;m. (415)

From Eq. (4.12), we have that /775 + 2% = 1. Inresult, we get that
x+y = 1. Accordingly, dynamical system (4.13)-(4.15) is reduced to
a two-dimension dynamical system.

In order to analyse this system in the infinity, we use the rewrit-

ten forms of Eqgs (4.13) and (4.15) in variables

X_\/%W, A_\/%W. (4.16)
Ultimately, we get the following dynamical system:
X' =X [—AQ (gX—A) +(1-X*)(BX+A-3 1—X2—A2)] ,
(4.17)
A=A {(1—&) (gX—A) _X’(3X +A—3 1—X2—A2)} |
(4.18)

where ' = /1 - X2 - A2——L__ The critical points of the system

dlna(t)

(4.17) and (4.18) are collected in Table | in Phys.Rev. D94 (2016) no. 4,
043521 [48].
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We considered also the case when the equations of state for
baryonic and dark matter and dark energy are in a generalized
form:

Pde = WpPde, (4.19)
Pdm = WPdm, (4.20)
Po =0, (4.21)

where w and w are constant coefficients for dark energy and matter
respectively.
Now the continuity equations are:

pam = —3(1 + @) H pgm + va >, (4.22)
pde = —3(1 4+ w)Hpge — ya™>, (4.23)
ﬂb = —3Hpb. (424)

From the above equations and Eq. (4.10), we get the following
dynamical system in the analogous way like (4.13)-(4.15):

dz _ z

p [(1+w)(:v—1)+(1+w)y+§], (4.25)
dy 5

o= 3yl +w)(y— 1)+ (1 +w)z] — xz, (4.26)
dz _ 3 -

g = ? [3w—z+§[(1+w)x+(1+w)y]} : (4.27)

As = +y = 1, the above system is reduced to a two-dimensional
one. The critical points of this model are collected in Table Il in
Phys.Rev. D94 (2016) no. 4, 043521 [48]. The critical point {z, =
—Séﬁﬁj}), 2 = 1+ 3w} represents a scaling solution pgm = pge, thus
providing a mechanism to solve the coincidence problem.

We considered the special case of Eqgs (4.25) and (4.27) when
dark matter is relativistic (w = 1/3) and w = —1. Then they simplify

to the following form:

¥ =x(—4+ 2 + 4x), (4.28)

2 =201 -2+ 2x2). (4.29)
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For the purpose of examining Egs (4.28) and (4.29) in the infinity,

i _ T _ [ .
we choose variables X = T A= W Thus we get:

X’:X{—A2(\/1—X2—A2+2X—A>+

(1-X)BX+A—4 1—X2—A2)], (4.30)

A’zA{(l—AQ) (m+§X—A>—

X2(B3X +A—4v1— X2 — A2)1, (4.3

where’ = V1 — X2 — A?4L
The critical points of system (4.30)-(4.31) are collected in Ta-
ble Il in Phys.Rev. D94 (2016) no. 4, 043521 [48].

4.3 Diffusive DM-DE interaction:
non-relativistic case and statistical analysis

This section is based on JCAP 1607 (2016) no. 07, 024 [47].

In the paper [47], we examine two cases of the diffusion interaction
in the dark sector: relativistic and non-relativistic. The relativistic
case was considered in the previous sections. The other one uses
the non-relativistic limit of the above energy-momentum tensor:

B ) 2.2
pam =T = \/E(Qﬂ)g/dppoQ =g 2Zm+ \/§(27T)3/dp %Q
= Zma > +a pn, (4.32)

where )
por = /g(27) / dp Qa42p—m, (4.33)

where ) is the concentration of mass, p is the momentum and m
is the mass of the particle of dark matter. The constant Z is given

by:
z=_1 _ g/(d—p)gg, (4.34)

where k? is the diffusion constant.
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In this case, the conservation equation for dark matter is:

Pdm + DH pgm = 3ZKk%a™3 +2ZmHa™3. (4.35)
Let
Pam Pde (2Zm)a? ya~?
Tapr Y3y e H pam

and 7 = Ina is a reparametized time. Then we get the following
dynamical system:

Y = —a(d +u) 2@/%, (4.38)

o = w2 — 6 —u), (4.39)

5’:5(2—5—%%), (4.40)
where’ = L and 2, = —1z(5 — u).

Since Qgm + Q4e = 1 we have z + y = 1. In effect, the above
dynamical system reduces to a three-dimensional dynamical sys-
tem. The system (4.37)-(4.40) has the invariant submanifold {% =
0} determined by the equations x = 0 or u = 5. Its other subman-
ifold is 6 = 0. For this invariant submanifold, the system reduces
to

z(u+5(x — 1) — zu), (4.41)
w(2 — u). (4.42)

!
/
u

In the statistical analysis of the model parameters of relativis-
tic and non-relativistic case, we used the following astronomical
observations: supernovae of type la (SNIa, Union 2.1 dataset [13]),
BAO data [14, 15, 161, measurements of the Hubble parameter H (z)
of galaxies [17, 18, 19], the Alcock-Paczynski test [20, 21] (data from
[22, 23, 24, 25, 26, 27, 28, 29, 30]) and measurements of CMB and
lensing [31]. The value of the best fit and errors are given in Table 3
and 4 in JCAP 1607 (2016) no. 07, 024 [47]. The BIC criterion gives
a strong evidence in favour of the ACDM model in comparison to
these models. However, this is not sufficient for rejecting of the
diffusion models.
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Chapter 5

Dynamical system approach
to running A cosmological
models

This chapter is based on Eur.Phys.J. C76 (2016) no. 11, 606 [10].

In the paper [101, we investigate cosmological models in which the
cosmological constant term is a time-dependent function, exam-
ining the following parametrization of cosmological parameter A:
A(H), A(a) as well as three covariant ones: A(R), A(¢) — cosmolo-
gies with diffusion, and A(X), where X = 14V ,V ¢ is the kinetic
part of density of the scalar field. We also considered an emer-
gent relation A(a) obtained from the behaviour of trajectories in a
neighbourhood of an invariant submanifold. In the thesis, we limit
to A(H), A(R), A(X), and A(a).

51 A(H)CDM cosmologies

We take the parametrization A(H) in the form of the Taylor series:

=1 d” . .
AH) =Y — T M) o H Z o H™. (5.1)
n=1

Here, a reflection symmetry H — —H is additionally assumed.
Only terms of type H?" in the above expansion series have this
symmetry, thus [54]:

A(H) = Apare + o H? + ayH* + -+ - . (5.2)
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The cosmological equations with the parametrization A(H) are:

H=—-H>— épm + %A(H), (5.3)
1 AH
pm = —3Hpm — N'(H) (—H2 —ghm T %) . (5.4)

Letx = H? y = pmand 7 = Ina is a new parametrization of time.
Then system (5.3)-(5.4) gives the following dynamical system:

,_ dr 1 1 9
(L’:dlna—2|:—l‘—6y+§(/\+0621’+0é4$ +):|, (5.5)
o dy 1
V=a T 3y 3(a2+2a4x+ )
1 1
><{—x—6y+§(A+a2x+a4+---)} (5.6)

As 3H? = py, + A(H), we get an additional equation:
y— 3z =—(A+ apr + g + ). (5.7)

This equation lets us reduce the system (5.5)-(5.6) to one dimen-
sion.

After cutting the second term out of the series (5.2) we get the
following equations:

d
ﬁ = (0 — 3) + A, (5.8)
y=(3—a)x—A. (5.9)

The system has the critical point:

A

)
3—042

y = 0. (5.10)

Ty =

Now we introduce a new variable x — X = x — x,, obtaining

dX

— = (a2~ 3)X. (511

The above equation has an exact solution in the form:
X = Xgem(@273) = X q 302, (512)

which can be interpreted as the Alcaniz-Lima solution [55]:

v=H= %a—?)m n %, (5.13)
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where pmo = ﬁpmyo. This constitutes the scaling solution pa(a) ~
pm(a), which provides a way to solve the coincidence problem.

52 A(R)CDM cosmologies

We investigate the parametrization of A(R) intheformpy = —SR =
3a(H + 2H? + %) 1561, where k = —1, 0, +1, getting the following
cosmological equations:

. 1
H = —H? = = (pn + p). (514)

p=—3Hpm (5.15)

with the first integral of the form

1 3k 2 1-20

3 2—«

where fj is an integration constant.
We can rewrite the above equations as a dynamical system in
the variables a, z = a

a=ux, (517)

+ (1 - 1) <QA,0 — Qo ) as?, (5.18)
o' 2—«

We can analyse the system (5.17)-(5.18) in the infinity, using vari-
ables A =1 X = Then we get the following dynamical system:

A=—XA, (5.19)
1
2—«

+ (1 _O‘) <QA,0 — Qoo )Aﬂ — X2 (5.20)
2—«

«

X:AS[—Qm,O

We can use also the Poincaré sphere to investigate critical
points at the infinity. If we take B = , then

a _ x
V1+a2+z2' Y = V1+ta2+z?
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we obtain a dynamical system in the following form:

B' =YB(1- B

1
- BY[ — Qmog——(1— B2 = Y?)¥2

1 —
+ ( Oé) <QA,O . Qm,O o ) B—1+2/a
Q 2—«

x(1—B?— Y2)2‘1/°‘], (5.21)

1
V' — [_ Qm,02 (1— B2 — y?)3?

1—
—I—( a) (QAO—Qmo < )B_1+2/a
o ' T2 -«

(1-B2— Y2)2‘1/°‘] (1-Y?) —V?B®, (5.22)

/- 2d
where’ = B e

5.3 Non-canonical scalar field cosmology

The dark energy can be also parameterized by a non-canonical
scalar field ¢ [57]. In the canonical scalar field approach, the pres-
sure py is given by the formula p, = %2 —V(¢), where = £ and V(¢)
is the potential of the scalar field. In the non-canonical scalar field,

the pressure is described by the formula p, = (%)a —V(¢), where
a is a parameter. Note that when « is equal to 1, then the pres-
sure of the non-canonical scalar field corresponds to the canonical
case.
The cosmological equations for this model are the Friedmann
equation:
&\
3H? = pm + (2a — 1) (7> + V(p) — ot (5.23)

where k = —1, 0, +1 and the Klein-Gordon equation:

. 3H¢ V'($) 2\
b 2L (O (20 e

The above equations can be rewritten as a dynamical system. We
choose a and x = a as variables, obtaining from Eqs (5.23) and




33

(5.24):;

a = xa®, (5.25)

: A
Tr = —T — Tam + §a s (526)
where’ = a2%.
For the purpose of analysing critical points in the infinity, we
choose the coordinates: A=1, X =2and B=2Y = 1.
The dynamical system for variables A and X is:

A= X A2 (5.27)

J (_me,o - aglA%ﬁl) A <% _X2) , (5.28)

where’ = A< We can then obtain the following dynamical system
based on variables B and Y

B=BY [B + <gy3 + O‘THBl3zaY2§“1 = %Bi”ﬂ . (529
. 1 E S A
Y — y2 (gyii 4 %B 1—5204}/22—1 — gBS) , (5.30)

L d
where = BQYE.

5.4 Cosmology with emergent A(a)
relation

We consider cosmology with a scalar field which is non-minimally
coupled to gravity. In this case, the cosmological equations are:

¢+3H¢+ERG+V'(¢) =0, (5.31)

where’ = fb, ¢ is ascalar field, V(¢) is a potential of the scalar field
and

3H? = pm + %gbg + 3EH?*$* + 6EHpd + V() (5.32)

and
Pm = —3H pm. (6.33)

We introduce the following variables [58]:

(5.34)

X

o, b
V6H’ V3H V6
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In result, we get:

H 2
(F) = Qy+ Qm = (1 = 68)2% + > + 6£(x + 2)* + Qoa>. (5.35)
0

Our aimis to generalize the ACDM model by including a contri-
bution beyond Apare in the above equation. In our further analysis
we will call it ‘the emergent A term’ Thus,

QA,emergent = (1 - 65)«732 + y2 + 6§(l’ + Z)Q. (5.36)

The dynamical system which describes the evolution in phase
space has the form:

dx dx 1., i
dna) —ar = or T2ty — @A 6ez) g, (537
dy dy 1 H
dna) —dr = 2TV (5.38)
dz dz
d(na) _ dr (5.39)
d\ d\ 5
= 5 = — r —1 4
dna) ~ar = AT - (5.40)
_ V"V(d) \ — V/(¢)
where I' = ~575%, A = _\/EW and
H 1 1 1 L
12 = 2 |3 (Pe T Pe) = 5pmoa
1
= —12&(1 — 2 2
6€22(1 — 66) — 1 [ &( 68)z" — 3EA\y“z
3 2 2 3 3 2
+§(1 —68)z° +3(x + 2)° + 5~ 3Y| (5.41)

For the sake of illustrating the emergent A(a) relation, we con-
sider two cosmologies for which we derive A = A(a): V' = const or
A =0,if& = 0(minimal coupling),and V' = const, if ¢ = % (conformal
coupling). For the above cases, the system (5.37)-(5.40) reduces to

dz dx H
A P 42
dna) dr T TE 42
dy  dy H
d(lna) dr Y (5:43)
de _dz_ (5.44)
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where
H
= —;ﬁ - g + ;yQ (5.45)
and
H
Z—i = —3r — 2z — m(m + 2), (5.46)
dy H
L == 47
dz
g 548
o= ( )
where )
H 1
R g + ng. (5.49)

For the minimal coupling case (¢ = 0,V = const), the dynamical
system (5.42)-(5.44) is expressed by:

dx _dx

i)~ & = —3uz, (5.50)
- (fé/a) _ % o, (551)
- (fja) - % =z, (5.52)
with the condition
0=2—y*+ 1. (5.53)

The solution of the above system is x = Ca3, y = const and
z = —%Cla_g + CQ.
Accordingly, Q24 emergent for this case is:

QA,emergent - QA,emergent,Oa_6 + QA,O- (554)

For the conformal coupling case, the system (5.42)-(5.44) is:

dx

& 3p -9, (5.55)
dr
dy _ 0 = y=const, (5.56)
dr
dz _ (557)

dr
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with the condition
0= (r+2)>—3y*+3. (5.58)

The solution of the above dynamical system is + = —2Cja™2 —
Cya™', y =constand z = Cia2 + Cha™*
In consequence, 25 emergent IS:

—4
QA,emergent = QA,O + QA,emergent,Oa . (5.59)

The model with £ = 1/6 (conformal coupling) and V' = const
involves the early constant ratio dark energy Q4. = const during
the radiation epoch. In this case, we can use the fractional early
dark energy parameter Qg = 1 — os , where Qi is the sum of the
densities of both matter and dark energy [59, 60I. For the fractional
early dark energy parameter, there is a strong observational upper
limit (2§ < 0.0036) [31]. Accordingly, we obtain the following limit on
the running A parameter in the present epoch: Qem o < 3.19 x 1077,
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Chapter 6

Starobinsky cosmological
model in Palatini formalism

6.1 Palatini formalism in Jordan frame

This section is based on Eur.Phys.J. C77 (2017) no. 6, 406 [61], Eur.Phys.J. C77 (2017) no. 9, 603 [62],
Eur.Phys.J. C78 (2018) no. 3, 249 [63], and Phys.Rev. D97 (2018) 103524 [64].

In this section, we consider the Starobinsky cosmological model
(f(R) = R+ vR? in the Palatini formalism. This model can be for-
mulated either in the Jordan frame or in the Einstein frame.

First, the model will be considered in the Jordan frame. Then
its action has the following form:

where R = g R,,,(T') is the generalized Ricci scalar and R,,, (T) is
the Ricci tensor of a torsionless connection T" [65, 66]. Since we
assume that the equation of state for matter is given in the form
p = p(p), the action for matter Sy, is [671:

S :/—\/—_gp (1 —i—/%dp) d*z. (6.2)

After varying Eq. (6.1) with respect to the metric g, and the con-
nection I', we get the equations of motion:

1D\ D 1 »
f (R)Rul/ - éf(R)g;w - T,Lw; (6.3)

Va(vV=gf'(R)g") =0, (6.4)

where V, is the covariant derivative obtained with respect to the
. _ 6 m .

connelctlon Fand7,, = —\/%557 is the energy-momentum tensor

for which V#T,,, = 0.
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The structural equation is obtained from the trace of Eq. (6.3)
as:
f(RYR—2f(R)=T. (6.5)

For the Starobinsky model's case, Eq. (6.5) simplifies to
—R=T. (6.6)

As we consider the perfect fluid, the energy-momentum tensor
is given by:
T} = diag(—p, p,p,p), 6.7)

where pis the pressure of matter. In this case, the equation of state
has the form p = wp, where w is a constant, which equals zero for
dust, 1/3 for radiation and —1 for dark energy. The trace of the
energy-momentum tensor is:

T = pio(3w; — )a(t) >+, (6.8)

Since V*T,,, = 0, the density of matter pis equal to pmoa=31+). For

the case of dust, we get p = pmoa? and for the case of radiation

p = pmoa ",

We assume that matter has the form of dust and dark energy is
described by the cosmological constant A, so the trace of the ten-
sor energy-momentum T'is pmoa~> + A. In consequence, Eq. (6.6)
gives the relation between the Ricci scalar R and the scale factor
a.

~

R = pmoa® + 4A. (6.9)

In the Palatini formalism in the Jordan frame for the FRW metric,
we get the Friedmann equation from Eq. (6.3):

H? B2 (K —3)(K +1)
N — O ] (Q aj*3 4 0 )2
2 7 |2ey\3eém,0 A0
Hy  (b+4) 2b
Q —4
H(Qmoa + Quo) + “Oba L, 610
where (; = —#, o = gz Qmo = 532 Qo = ﬁ Q, = 3vHZ,
3Q A _
K = gty b= f(B) = 14+29,(Qmoa™ + 4Q40). d = 3 =

—2Q.,(Qmoa™ 4+ Qo) (3 — K), Hy is the Hubble constant, p is the
present value of the energy density of radiation and pmo is the
present value of the density of matter.

As VT, = 0, we get the following continuity equation:

fm = —3H pp. (6.11)
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When ~ is zero, then the model is equivalent to the ACDM
model.

6.2 Palatini formalism in Einstein frame

This section is based on Eur.Phys.J. C77 (2017) no. 6, 406 [61], Eur.Phys.J. C77 (2017) no. 9, 603 [62],
Eur.Phys.J. C78 (2018) no. 3, 249 [63], and Phys.Rev. D97 (2018) 103524 [64].

In the Einstein frame, if f"(R) # 0 the action (6.1) is equivalent to
the Palatini gravitational action [68]:

S0 Thoon) = 5 [ 409/ (OO =)+ F00) + Sl 0)
(6.12)
Now we can introduce a new scalar field & = f/(y), where y = R.
In this case action (6.12) is given by:

1

S(gu Do @) = 5 / diey/ g (@R - U(cb)) + S(gu ). (613)

Here, the function U(®) is a potential of the form:

Ur(®) = U(P) = x(®)® — f(x(D)), (6.14)

where & = LX) and i = y = ©0,

After varying the action (6.13) with respect of the metric ¢, and
the connection I', we get

A 1 ~ 1
o (R,ulz - §QWR> + ig,qu((I)) - THV == O, (615)
Valyv/—=g®g") = 0. (6.16)

From Eq. (6.16), we get the connection I' for the new metric
9w = ®g.. A new structural equation can be obtained from the
trace of Eq. (6.15):

2U(®) — U'(®)® =T. (6.17)

Let R,y = Ry R = g" R, = @ 'Rand guR = guk Then
Eq. (6.15) is:
R T B
Rl“’ - §gHVR = Tul/ - §guuU(<b)7 (618)
where U(¢) = U(¢)/®? and T}, = &~'T},. Because R = y = ©&)

dd
then

OR— (®*U(P)) =0. (6.19)
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From Eq. (6.18), we get a hew structural equation:
U (@) +T = 0. (6.20)

In this parametrization, the action (6.13) has the following form:

1 _ _
S(0n @) = 5 [ A'v=G (R = T(®) + 5,0 g0). 62D

where

2 )
V _g 6guu

and @4 = ® zut, p= &2, p= &2, T, = &1, T = 2T [69,
70l

As we use a new metric g,,. the FRW line element has a new
form:

™ = Sm = (p+ D)W’ + pg"” = @°T" ,  (6.22)

ds® = di? — a2(t) [dr® + r*(d6? + sin® 6d¢?)] (6.23)

where the new cosmological time df = ®(t)2dt and the new scale
factor a(f) = ®(f)za(f).

We assume the barotropic matter (p = wp). Accordingly, the
cosmological equations are:

3H? = pg + pm, (6.24)

6% = 255 — pm(1 + 30), (6.25)

where pg = LU(®), p = poa 20303 =D and w = p,n/pm. In this
case, the conservation equation is:

Pm + 3Hpp (1 +w) = —pg. (6.26)

The Starobinsky model (f(R) = R + yR) in cosmology yields
the potential U in the form:

_ 1 1 11 1

From Eq. (6.20), we can obtain the scalar field ®(a) as:
®(a) =1 —8YA + 29pm + 8ypm (6.28)

or
®(a) =1 — 8yA + (27pm + 87Pm) P*(a). (6.29)
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Ultimately, ® is dependent on pp.:

14+ /1= 8v(pm + 4pm) (1 — 8yA)

(6.30)
47(,5m + 4pm)

®(a)

or

1 — /1= 87(pm + 4pm) (1 — 874)
4(pm + 4Pm)
We can obtain the Friedmann equation in form 3H(R)? from Eqs
(6.20) and (6.24), getting:

o(a) = . (6.31)

BH(RY? = pn( ) + T50 4 A =

R(2+~R)

Yo-3A (632
2(1+ 271%)

6.3 Starobinsky cosmological model in
Palatini formalism: dynamical system
approach

This section is based on Eur.Phys.J. C77 (2017) no. 6, 406 [61].

In the paper [61], we consider singularities that can appear in the
Starobinsky cosmological model in the Palatini formalism. Inves-
tigating it in the Einstein frame, we found inflation in the model
when matter is negligible in comparison to pg = % and the value
of v parameter is close to zero. Moreover, when number of e-folds
is equal to 60, then the value of v parameter is 1.16 x 10799 2.

We investigate also singularities in the Jordan frame, introduc-
ing the classification of singularities in FRW cosmology and reduc-
ing dynamics to the dynamical system of the Newtonian type. This
classification is given in terms of the geometry of a potential V' (a)
if this potential has a pole.

In the standard cosmology, the potential V' (a) is expressed by
the following equation:

a? = —2V(a), (6.33)
where V(a) = —%. In consequence, we obtain that:
i— -2V (6.34)

Oa
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This leads to the following dynamical system:

&=z, (6.35)
i— _Va) (6.36)
Oa

In our model, Eq. (6.10) can be rewritten analogically as a dy-
namical system (6.35)-(6.36):

a =z, (6.37)
o= V) (6.38)
da
where V = —2 (Qvﬁﬁh% + Qcn + Qk) and’' = 7 = %% is

a new parametrization of time.

We treat the above dynamical system as a sewn dynamical sys-
tem [71, 721. Accordingly, we consider two cases. The first one is
for a < asing and the second one is for a > asing. Where asjng is the
value of the scale factor in the singularity.

For a < asing, the dynamical system (6.37)-(6.38) can be rewrit-
ten as:

a =z, (6.39)
A0 (6.40)
da

where V; = V(—n(a — asing) + 1) and n(a) denotes the Heaviside
function.
For a > asing, We get:

a =z, (6.41)
= _6‘/2((1)’ (6.42)
oa

where Vo = Vn(a — asing).

In the Starobinsky cosmological model in Palatini formalism in
the Jordan frame, we found two new types of singularities of a fi-
nite scale factor. The first type is the sewn freeze singularity, for
which the Hubble function H, pressure p and energy density p are
divergent. It appears when v parameter has a positive value. The
second type is the sewn typical singularity, for which the Hubble
function and energy density p are finite and H and pressure p are
divergent. It appears when v parameter has a negative value. At
the sewn singularity which is of a finite scale factor type, the singu-
larity in the past meets the singularity in the future. In the Jordan
frame, the phase portrait is topologically equivalent to the phase
portrait of the ACDM model for the positive v parameter.
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In order to estimate this model through statistical analysis, we
used 580 supernovae of type la [13], BAO [14, 15, 16], measure-
ments of H(z) for galaxies [17, 18, 19], Alcock-Paczynski test [22,
23, 24, 25, 26, 27, 28, 29, 301, measurements of CMB and lensing
by Planck, and low ¢ by WMAP [31] finding that the best fit value
of Q, = 3vH{ is 9.70 x 107!, The BIC criterion gives a strong evi-
dence in favour of the ACDM model in comparison to this model.
However, we are not able to reject it.

6.4 Extended Starobinsky cosmological
model in Palatini formalism

This section is based on Eur.Phys.J. C77 (2017) no. 9, 603 [62].

In the paper [62], we consider the FRW cosmological model for
f(R) = R+ vR?*+ §R? gravity within the Jordan and Einstein frame
in the Palatini formalism. We investigate singularities in this model
and demonstrate how the Starobinsky model is modified by adding
anew termin f(R) formula.

By adding of §R? in f(R) expression in the Jordan frame case,
the Friedmann formula (6.10) is modified as follows:

- 2b

H? b? [QR
e 7 X
Hg (b+ %)

lQW (Qr — 4Q01)

+ QQ(;QR(QR — 3Qt0t)>:| + Qtot + Qk} , (6.43)

where

Qtot = Qmoa™> + Qo (6.44)
b= f(R) =1+ Qr 29, + 30|, (6.45)

o 1 db_ Q,y+3959|:g 9
d= - =6 30,02 — 1 [Qr(1 — Q502) — 494 ] , (6.46)
Q, = 3vHZ, (6.47)
Qs = 96 Hy, (6.48)
Qp = 1 (6.49)
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In the case of the Einstein frame when we insert 6R? in f(R)
formula, the potential function (6.27) is substituted by:

R*(y + 20R)
~ A \2°
(1 4R+ 3532)

U(R) = (6.50)

In consequence, the Friedmann equation is modified to the
form:

R(2+~R)
R N 2
2 (1 +ovR+ 36R2>

—3A. (65D

A major qualitative change in the model occurs after inserting
dR? into the f(R) formula in the Jordan frame. In this case, some
additional singularities appear in the model. For example, in the
case when vy parameter is positive and ¢ parameter is negative, an
additional sewn freeze singularity and a typical sudden singularity
appear during the evolution of the Universe.

6.5 Inflation in Starobinsky cosmological
model in Palatini formalism

This section is based on Eur.Phys.J. C78 (2018) no. 3, 249 [63].

The main aim of the paper [63] is the analysis of inflation in the
Starobinsky cosmological model in Palatini formalism within the
Einstein frame. We found that inflation appears when matter is
negligible with comparison to the pgs = % The evolution of the
Universe during inflation in this model consists of four phases:

- In the first phase, matter is negligible and the density of matter
grows due to the interaction between matter and the dark en-
ergy. In the inflation process, the production of matter disturbs
inflation beginning from the point when matter can no longer
be neglected. In consequence, in the first phase inflation be-
comes unstable and the second phase sets in.

- During the second phase, the effects of matter are not negligi-
ble and the density of matter grows further.

- In the third phase, the density of matter decreases but is still
not negligible. During the second and third phases the process
of inflationary behaviour of the Universe is terminated.



45

- Inthe fourth phase, the effects of matter become negligible and
so inflation reappears. During that phase, the Universe follows
the ACDM model.

In the first and fourth phase ps has constant values:

. 1-160A+ I =327A
Pd = (6.52)
16y
in the first phase and
Fa = 1 —169A 1—6;/1 — 329A (653)

in the last phase.
If we assume that N € (50, 60) [73], then v parameter belongs
2 2 2 2
to the interval (1.16 x 1076% =HBE 1 67 x 10769 =HEE),

6.6 Einstein frame vs Jordan frame

This section is based on Phys.Rev. D97 (2018) 103524 [64].

In the paper [64], we consider differences in the Einstein and Jor-
dan frames as applied to the Starobinsky cosmological model in
Palatini formalism, finding that the topological
structures of the phase space depend on the choice of the frame.

In the case of the Einstein frame, H and R were chosen as vari-
ables of the dynamical system. Egs (6.24) and (6.26) can be then
rewritten as a dynamical system:

. 1

1 SRy

<6A — GHD(1 + 2yR(D)? + RE)(—1 + 249A + (1 + 247A)R(f>)),
(6.54)

3H(1)(1 + 2vR(D))
(1 —~yR(D)
(4A + R(D) (—1 +169A + 1672/\}?(1?))) , (655)

R(f) = -

c__ d
where = =

In the Jordan frame case, Eqs (6.10) and (6.11) can be rewritten
as
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18(1 + 8yA) (A — H(t)?)
—1—129A + yR(2)
18(1 + 8yA)H (t)?

1+ 29R(t)

Hm:—é6@A+H@%+R@+

. (6.56)

~ A

R(t) = —3H(t)(R(t) — 4A), (6.57)

where = 4.,

In this paper, we consider the behaviour of the trajectories in the
phase portrait for both the frames when v parameter has a positive
value and find that the different types of singularities appear in the
models. In the Jordan frame, the sewn freeze singularity appears
beyond the Big Bang, while in the Einstein frame, the freeze sin-
gularity is substituted by the generalized sudden singularity and
there is a bounce instead of the Big Bang. In consequence, the
models in both the frames are not qualitatively equivalent to the
ACDM model. The main result of this paper consists in showing
that the models in the Jordan and Einstein frame are not equiva-

lent due to the different types of singularities included in them.
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Chapter 7

Conclusions

The main aim of the thesis is to point out that the running cos-
mological constant can solve two major problems of present cos-
mology. We consider many types of cosmological models, such
as models with f(R) gravity, diffusion in the dark sector, decaying
dark energy, and with the different parametrization of the density
of dark energy, in an attempt to address the cosmological constant
problem and the coincidence problem.

The conclusions related to decay of metastable dark energy
are:

- From statistical analysis, we get that the present value of den-
sity dark energy is independent of the model parameters a and
Ey.

+ This model provides the mechanism of jumping from the ini-

tial value of dark energy E, = 10'* to the present value of the
cosmological constant.

- The oscillation of dark energy density occurs for 0 < o < 0.4.

- In the radioactive-like decay model of dark energy, for the late-
time Universe (t = 2T}), there are three different forms of de-
caying: radioactive, damping oscillating, and power-law type.

- In the radioactive-like decay model of dark energy, this type of
decay dominates to 2.2 x 10*75,.

- In the radioactive-like decay model of dark energy, after the
radioactive type of decay the damping oscillating type sets in,
which later is replaced by the power-law decay (1/t%).

- In the model of 1/t type of decay of dark energy, there is in-
teraction in the dark sector, which modifies the standard scale
law of dark matter: pgm = pamoa(t)>+H®,

- For the early Universe, the A(t) function can be regarded as a
constant.
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- In the model of 1/t type of decay of dark energy, statistical

analysis favours the negative value of o? parameter. In result,
we get the decay of particles of dark matter.

The conclusions related to the diffusion dark matter-dark en-

ergy interaction model are:

- In this model, the standard scale law of energy density of dark

matter is modified to pam = pamoa(t) ™ + yta(t) 3.

- This model is free from the difficulties present in Alho et al's

models with diffusion [53], since there are not any non-physical
trajectories crossing the boundary set p,, = 0.

+ This model involves a mechanism solving the coincidence

problem.

The conclusions of this thesis related to the dynamical system

approach to the running A are:

+ In A(H) cosmology, the Alcaniz and Lima’s solution represents

the scaling type pa(a) ~ pm(a) 551

+ Trajectories within the phase space for which py(a) ~ pm(a) rep-

resent scaling solutions, which could solve the cosmic coinci-
dence problem.

+ The non-covariant A(a) parametrization can be obtained from

the covariant action for the scalar field as an emergent parame-
trization.

+ We have found a strong evidence for tuning A termin A(a) cos-

mology: Qa0 < 3.19 x 1077,

The conclusions related to the Starobinsky cosmological

model in the Palatini formalism are;

+ In the Einstein frame, there occurs interaction between dark

matter and dark energy, as contrary to the Jordan frame.

- In the Jordan frame, new types of singularities appear, such as

a sewn freeze singularity for the positive value of v and a sewn
typical sudden singularity for the negative value of ~.

- In the Jordan frame, the phase portrait is topologically equiva-

lent to the phase portrait of the ACDM model for the positive ~
parameter.

- In the Einstein frame, in the case when matter is negligible as

compared to dark energy, inflation sets in when model param-
eter v is close to zero (y ~ 1.16 x 107% s2).
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- In the Einstein frame, for the positive value of v, there is a gen-
eralized sudden singularity instead of the Big Bang.

-+ The phase portraits in the Einstein frame and the Jordan frame
are not equivalent, which leads to the lack of physical equiva-
lence of the model considered within these frames.

- The extension of Starobinsky model f(R) = R+~vR*+0R? inthe
Jordan frame can generate an additional sewn freeze singular-
ity and a typical sudden singularity instead of the Big Bang.

One interesting phenomenon to appear often in the models
considered in the thesis, is the interaction between dark energy
and dark matter, which can be treated as an energy transfer in the
dark sector. Its obvious effect is a modification of the standard scal-
ing law of the energy density of dark matter (pgm(t) = pamoa(t) ™.
From observations, in the model of 1/t* type of decay of dark en-
ergy, we have a transfer energy from the dark matter to dark en-
ergy sector. Such a mechanism is at work in the Starobinsky model
in the Palatini formalism within the Einstein frame, the diffusion
dark matter-dark energy interaction model as well as in the de-
caying dark energy model.

A plausible solution of the problem of the cosmological con-
stant is the model with decaying metastable dark energy, which
offers the mechanism decreasing the value of dark energy in the
early Universe (pge = 10'%) to its present value. In this case, the
transition consists in an onset of oscillation behaviour of the den-
sity of dark energy.

The phenomenon of inflation in the evolution of the Universe is
given by the Starobinsky model in the Palatini formalism within the
Einstein frame, which determines inflation when matter is negligi-
ble as compared to the density of dark energy. Its characteristic
feature is the creation of matter throughout process of inflation.

The statistical analysis indicates that none of the three hypothe-
ses put forward in the Introduction cannot be rejected. Accord-
ingly, while abiding by the validity of the main thesis of this dis-
sertation (see Introduction), we are not in a position to tell deci-
sively which of the mechanisms considered here actually under-
lies changeability of the cosmological constant.
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1 Introduction

The standard cosmological model describes the matter content of the Universe comprising
the cold dust matter (baryonic matter and dark matter) which satisfies the equation of
state for dust p = 0. In turn, dark energy is described in terms of an effective parameter
(the cosmological constant) which should be treated as the best ‘economical’ (as only one
parameter used to describe the whole dark sector) description of the cause that the Universe
expansion accelerates in the current epoch.

The natural interpretation of the cosmological constant arises as an effect of quantum
vacuum energy. Since this form of energy should be independent of the reference frame it must
be proportional to the only ‘invariant’ second order metric tensor g,,, i.e. Tj, = pyacGuw- If
we include the conservation condition which for the cosmological model with the Robertson-
Walker (R-W) symmetry assumes the form

p=—3H(p+p), (1.1)

then we obtain that py,c = const = A and py,c = —A, H = %(ln a) is the Hubble parameter,
where p is total energy density, p is total pressure, an overdot denotes differentiation with
respect to the cosmological time t; we use a natural system of units in which 87G = ¢ = 1.

If we interpret the cosmological constant A as a vacuum energy, then there is a difference
between its today value required to explain observations of type Ia supernovae (SNIa) and
the value of pyac estimated from effective field theory. The former is smaller by a factor of
10~120, This discrepancy is called the cosmological constant problem.

To achieve the conservation of energy-momentum tensor (divergence of energy-
momentum tensor 7}, is vanishing) different descriptions of dark energy sector have been
proposed. In the simplest case the time cosmological term A(t) is shifted to the right-hand
side and treated as a source of gravity. Such an approach is called a A(t)CDM cosmology.

In this paper we assume p = pm + pge Where py, is a density of matter and pge is
the density of dark energy. We also assume py = pp + pdm, and pm = pp + Pdm, where
Pb = pb’ga(t)_?’ and py, = 0 are a density and a pressure of baryonic matter, pgm and pgm = 0
are a density and a pressure of dark matter, a(t) is the scale factor. The state equation
for dark energy is assumed as pge = —pde- In this case the conservation condition has the
following form

pdm + 3dem = Qa (12)
o+ 3Hpp =0



and

pde = _Qv (14)
where ) describes an interaction between dark matter and dark energy and this case is
expressed by (Q = —A. The conservation condition can be rewritten in the form

pm = —3H pm — A, (1.5)

where py, and py, are energy density and pressure of matter.

Pani et al. considered the energy-momentum tensor which ensures the covariantness of
general relativity [1]. An alternative approach is to postulate the scalar field ¢ with the
potential V(¢) for this model [2] which guarantee that model is covariance.

We consider a model with a parametrization of A following the rule

a2

A(t) = Abare + t727

(1.6)
where o? is a real constant; Apae is a constant and pyac = A. This model belongs to a
larger class of cosmological models with interaction. In this case the interaction term is
@ = —dA/dt. In this model the interaction is between dark matter and dark energy. This
model belongs to a class of models so-called early constant dark energy during the matter
dominating stage.

If we replace the cosmological time ¢ by the Hubble scale time in eq. (1.6), then we
obtain the A(H) parametrization which is based on Lima at al. [3-5].

We estimate the value of the parameter a? as well as the other models parameters from
available astronomical data. This class of models is compared with the standard cosmological
model (the ACDM model).

Let us enumerate motivations for introducing form (1.6) of parametrization of dark
energy.

1. The parametrization of dark energy can be derived from the quantum mechanics which
describes how decaying false vacuum states changes in time. It can be shown that at the
late time it can be identified as the cosmological constant which is time dependent and
changes following the rule (1.6) and parameter o is small and constitutes a leading term
for long-term behaviour in power series of energy density of decaying vacuum [2, 6-8].

2. A new model of agegraphic dark energy [9, 10] based on some quantum arguments that
the energy density of metric fluctuation of the Minkowski spacetime is proportional to
t% and and it also motivated Karolyhdzy uncertainty relation [11]. If we identify the
time scale as the age of the Universe T', then we obtain that the agegraphic dark energy

: 1
lquocﬁ.

3. In the de Sitter universe there is a possibility to define in the framework of general rel-

ativity length and time scales A(t) = % = = t;;’\ 0 [12]. Otherwise, any cosmological
length scale or time scale can determined the relation A(¢). Chen et al. [12] demon-
strated how holographic [13, 14] and agegraphic dark energy conceptions can be unified
in the framework of interacting cosmology in which the interacting term is Q@ = —px.
The variational approach to an interacting quintessence model was recently considered

by Béhmer et al. [15].




4. Ringermacher and Mead [16] considered dark matter as a perfect fluid satisfying the
equation of state p = —%p. The energy density of such fluid mimicking dark matter
effects varies like t% rather than % as in the standard cosmological model.

5. Haba has discussed recently cosmological models of general relativity in which a source
of gravity (right-hand sides of the Einstein equations) is a sum of the energy-momentum
of particles and the cosmological term describing a dissipation of energy-momentum.
He obtained a cosmological model with the cosmological term decaying as 1/t? [17, 18].

2 Exact solutions for A(t)CDM cosmology with A(t) = A + ‘:—22

For the parametrization of A(t) (1.6) it is possible to obtain exact solutions and discuss
cosmological implications of this generalized standard cosmological model. We show that a
deviation of this model from the ACDM model can be probed by a measurement of a jerk.

We start from the Friedmann first integral in the FRW cosmology with A(t) = Abare—l—‘;‘—;,
where t is the cosmological time and a? is either positive or negative,

2
BH(1)” = pr(t) + Abare + % (2.1)

and the conservation condition

p(t) = —3H (1) — e ) (2.2)

Equation (2.1) can be rewritten in the dimensionless parameters

2
_ Pmyo . Abare «

A0 — 3H8 5 a,0 = 3H3T02’

QrnO

= 2.3
) 3Hg7 ( )

where T} is the present age of the Universe, i.e. Ty = OTO dt = [;° ]ﬁf,—‘(‘l, and quantities labeled

by index ‘0’ are defined at the present epoch for which ag = 1. Then equation (2.1) has the

following form
H(t)? 18
(2) = Qm(t) + QA70 + Qa,O%a (24)
H; t

where Qp, () = Qb 0a(t) 3 +Qam o f (t) and f(Tp)=1. At present, equation (2.4) is expressed by

1= Qm70 + QA70 + Qa,O- (25)
After differentiation of both sides of (2.1) with respect to ¢ we obtain

d(Abare + %22)

6H(t)H(t) = pm(t) + . (2.6)

dt
Equation (2.6) can be simplified with the help of (2.2). Then we obtain
H(t) = —'0m2(t). (2.7)
After substitution of (2.1) to (2.7) we obtain
H(t) = % <Abare + (;‘22 - 3H(t)2) : (2.8)



Equation (2.8) can be rewritten in the dimensionless parameters. Then we obtain

. 3H, 0y 0T2
h(t) = TO <QA70 + % - h(t)2> , (2.9)

where h(t) = %;)

The general solution of equation (2.9) has the following form
3v/—Qx 0H 3/ —Qx 0H
NG (ClYn (2"00t> +J, <\/700t>>] , (2.10)

where C is a constant, an J,,(z) and Y,,(z) are Bessel functions of the first and second kind,
the index n of these functions is given in terms of €0, Ho and Ty, n = %\/1 + 990170T02H3.
We can rewrite (2.10) to the form

M) = L log [\/E (Dlyn <3_QAOHOt> + Dy, (3“(22“&%))] . (211)

2

For the correspondence with the ACDM model (a? = 0) we choose D; = 0. Then solu-
tion (2.11) is given by the formula

ht) = —— L 1og [\/% (In <3V§Z“ﬁ)t>>] , (2.12)

where I, () is the modified Bessel function. Solution (2.12) can be rewritten to the following

form
1—2n I (3 5 t)
h(t) = \/Q . 2.13
< ) 3H0t + A0 I <3 QA70H0 t) ( )
n 2

Because H(t) = 4 Ina, then it is easy to obtain the scale factor from (2.12) in the form

Vi <In <3V92A°H°t>>] " (2.14)

The diagram of a(t) is presented in figure 1.
We obtain a formula for py,(t) from (2.7), (2.9) and (2.12)

2
Qo012 2 d 3./Qn o H,
pm = —3HZ | Qpo+ —2270 _ ( = log [\/E (In (2“%»]) (2.15)

t2

a(t) = 02

or in an equivalent form

2

Qa 0T 1—2n

3/ ,0Ho
In g | ——t
= -3H; | Q - V/Q
Pm 0 A0t 2 SHot + A,0 ; (3 ’TA,OHOt>
n 2

(2.16)



The diagrams of py,(t) and py,(a) are presented in figure 2 and 3. In comparison, the diagram
of pge(t) is demonstrated in figure 4. The dark matter is expressed by

Pdm = Pm — Pbod . (2.17)
If we use formulas (2.14) and (2.16) in equation (2.17) then we get

2

A/ QA 0H
Infl i ;\’O Ot>
I (3\/QA,OH0 )
n|————t

)
\/i(ln (?’VQ;OHOQ)] . (2.18)

The ACDM model can be obtained in the limit 2,0 = 0. Then index n = % and
(z) = y/ 2 sinh(z). Finally the solution (2.12) reduces to

ht) = —— L 108 [smh <3VQQA0H°7:>] . (2.19)

3Hy dt

0o 0T? 1—2n
mw=—-3H?1Q Gl Q
Pd 0 A0 T 2 SHot + A0

— pboCy?

Equation (2.19) can be rewritten to the equivalent form
3/ 0H
h(t) = /Qap coth <2A0°t> . (2.20)

In the special case the solution of (2.9) for Q5 o = 0 has the following form

(2.21)

C
1+\/1+9H2QQOT2 !
t\/ 1+9H§Qa,OT02 + Cl

For the correspondence with the CDM model we choose C; = 0. Then equation (2.21) is
simplified to

ht) = 3Ht

h(t) = [1 /1t 9H§QQ,OT3] . (2.22)

3Hot

From equation (2.22) we can obtain an expression for the scale factor

1+9H2Q, 0T2>

a(t) = Cy (1t (2.23)

If we know an exact solution for the scale factor a(t) it will be possible to calculate a
dimensionless parameter called a jerk related with a third order time derivative of the scale

factor
. 1 d3al(t)
= v | ) 224

After some calculations we obtain the third order time derivative of the scale factor in the form

Qa 0T > N 3HZa ( 200,018

5 5 2hh> + HZah? +2H32ahh. (2.25)
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Figure 1. Diagram of the scale factor a(t) for three cases. The top function is for a? = —0.2, the

middle function represents the ACDM model and the bottom function is for a? = 0.2. We assume
that Hy = 68.27 km/(s Mpc) and Q,,, = 0.35. Time ¢ is expressed in a unit (100 s Mpc/km).

Pm(
10+

8

I S S S S S B S A S B t

02 04 06 08 10 12 14
Figure 2. Diagram of the energy density py,(t) for three cases. The top function is for a? = 0.2, the
middle function represents the ACDM model and the bottom function is for a? = —0.2. We assume

that Hy = 68.27km/(s Mpc) and Qo = 0.35. Time t is expressed in unit (100 s Mpc/km). We
assume 87G = 1 and we choose for py, a unit (km/(100 s Mpc))?.

A substitution of the expression h(t) from (2.9) gives us the exact formula for the jerk as a
function of the cosmological time ¢

-3

I, 34/Q4,0Ho t)
300012 [ 1—2n " 2
a,03 0 + /QA,O
Hoyt 3Hot 7 <3\/QA,0H0 t>
n 2

(2.26)

jt)=1-
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Figure 3. Diagram of the energy density pm(a) for three cases. The top function is for a? = —0.2,
the middle function represents the ACDM model and the bottom function is for o = 0.2. We assume

that Hy = 68.27km/(s Mpc) and Q2,0 = 0.35. We assume 87G = 1 and we choose for p,, a unit
(km/(100 s Mpc))Z.
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Figure 4. Diagram of the energy density pgo(t) for three cases. The top function is for a? = 0.05,
the middle function represents the ACDM model and the bottom function is for a? = —0.05. We

assume that Hy = 68.27km/(s Mpc) and Qp, o = 0.35. Time ¢ is expressed in unit (100 s Mpc/km).
We assume 87G = 1 and we choose for pqe a unit (km/(100 s Mpc))?.

The jerk calculated for t = Tp, i.e. for the present epoch is given by formula

jo=1— 2" (2.27)

The diagram of j(z) is presented in figure 5. One can see the jerk can be treated as a tool
for detection the variability of dark energy.

From the exact solution (2.26) one can see that the deviation of the generalized model
from the ACDM model is given by time dependent contribution to the jerk because for the
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Figure 5. Diagram of j(z) for Hy = 68.27 km/(s Mpc) and Q,,0 = 0.35. The top function is
for o® = —0.05, the middle function represents the ACDM model and the bottom function is for
a? = 0.05.
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Figure 6. Diagram of Om(z) for Hy = 68.27 km/(s Mpc) and Q,,0 = 0.35. The top function is
for o® = —0.05, the middle function represents the ACDM model and the bottom function is for
o? = 0.05.

ACDM model it is equal one. Therefore if we can detect from the astronomical observations
the time variability of the jerk it will be a simple diagnostic of decaying vacuum. If Q4 is
non-zero this means that (., o + Q0 < 1. Note that

2
«
O n=1=-0Q O g= —————. 2.28
a,0 m,0 A0 BHgTOZ ( )
Because Tj) < H%)’ i.e. Hng <1and o? = SHSTSQ%O, ie.
2
% < Qo (2.29)

and from the estimation of €2, one can obtain an upper limit on %2



From the value of the jerk for the current epoch (see formula (2.27)) there comes also
the limit values of the jerk

1—3Q.0<7jo<1, for o > 0 (2.30)

and
1< jo<1—3.0, for o < 0. (2.31)

Sahni et al. [19-21] proposed in the context of testing and comparison of alternatives
for the ACDM model Om/(z) diagnostic test

_ h?(x) —1

Om(z) = ==,

(2.32)
where z = 1+ z. While this parameter is constant for the ACDM model, Om(z) = Qy, o for
any deviation from zero would discard the ACDM model for the description of the cosmic
evolution of the current Universe for low z. But Om(z) diagnostic test is not constant for high
z because ACDM model should respect radiation for high z. Note that if the radiation density
is included then the behavior of Om(z) will be different for the case of matter and cosmological
constant. For high redshift the contribution from radiation density will dominate. In our
paper matter and energy density is present at very beginning and effect of radiation density
is not included because of complexity of analytical calculations. Therefore our comparison
of a jerk and Om(z) is not valid for high redshift. Let us note that in our case Om(z) is not
constant and evolves with the cosmological time as

I 31/SZA’0H0) 2
n—1| =51t

1-2
8ot + VS0 s (3mH0t)
m(t) = ’ : (2.33)

(o () o ()] )

The diagram of Om(z) is presented in figure 6. From comparison of figures 5 and 6 one can
observe two alternative ways of the detection of the variability of dark energy with respect
to time.

-1

3 Dynamics of the generalized ACDM model

For a deeper analysis of dynamics it is useful to investigate how exact solutions (trajectories)
depend on initial conditions. The natural language for such a discussion is the phase space
which a space of all solutions for all admissible initial conditions.

Let us consider now the dynamics of the model under consideration as a dynamical
system. In this paper we consider the case of a positive cosmological constant Apge > 0
and strictly positive energy density of matter py > 0. The first step in a formulation of the
dynamics in terms of a dynamical system is a choice of the state variables. Assume state
variables are as follows

332 _ Pm 2 _ Abare 22 _ 1
32 Y T 3H? 3H?t2

(3.1)



We also choose a new time variable 7: 7 = Ina; let a prime denotes the differentiation with
respect to the Hubble time 7. Then, we differentiate with respect to 7 the expressions for
22, y? and 2? in (3.1) and obtain
20 pm  2pmH
2px’ = = - 3.2
YU TH T 3H3 T 3HA (3:2)
/ 23/73/ _ _2AbareH
H 3H* 7
2z% 2 2H

H ~ 3H3 3HY%? (3.4)

(3.3)

227 =

Due to relation (2.2) the expression for pp, can be replaced by —3H py, + 2%2 and then with
the help of (2.7) H can be replaced by —%". As a consequence we obtain the set of equations

’ Pm 20 2/%1

2= T3 e (3:9)
2A
2yy' gzzpm , (3.6)
2 2p
! m
227 = Ve + CHAE (3.7)
After returning to the original variables x, y, z we obtain the system
3 2 3
'= 2 3025 4+ 248 3.8
x 58+ V3a —+52% (3.8)
3
y/ = 51’2:1/, (39)
3
2= —V322 + §$22. (3.10)

Note that the right-hand side of (3.8) is not defined on the plane z = 0. All state variables
are constrained by the condition z? + y? + 22 = 1, i.e. phase space is a surface of a three-
dimensional sphere.

We regularize system (3.8)—(3.10) in such a way that its right-hand sides are in a polyno-
mial form. For this purpose we introduce new state variables X,Y, Z: X =22 Y =y, Z = 2.
Note that transformation x — X is not a diffeomorphism on the line x = 0. Then sys-
tem (3.8)-(3.10) represents the dynamical system with smooth right-hand side functions,
namely

X' = —3X +3X% + 230273, (3.11)
Y = gXY, (3.12)
7'=—32% + gZX, (3.13)

where the phase space is restricted by the condition
X+Y*+a?2% =1. (3.14)

The critical points of the system (3.11)—(3.13), their type and dominant contribution in the
energy constraint X + Y? + a?Z? = 1 are presented in table 1.

— 10 —



No position of critical point type dominant contribution in (3.14)

1 Xo=0,Y9=1,%Zy,=0 stable node A dominant state in
the future (de Sitter)

2 Xo=1,Y=0,%Zy=0 unstable node matter dominant state in
the past (Einstein-de Sitter)

3 Xo = &%(_1 +Vv1+3a?) saddle both decaying vacuum effects
Yo=0 and matter effects
Zy = ﬁ(—l +V1+3a2) are dominating in the past

Table 1. The critical points of the system (3.11)—(3.13), their type and dominant contribution in the
energy constraint X +Y? +a?27% = 1.

1.5 \
1. \—”/
3
0.5¢t
N 0 > - :
-0.5
-1

Figure 7. The phase portrait for dynamical system (3.11)—(3.13) for real & and H > 0. The grey
domain represents non-physical solutions. The phase portrait is organized by three critical points: the
de Sitter universe represented by a stable node (point 1), the Einstein-de Sitter universe represented
by an unstable node (point 2) and the generalization of Einstein-de Sitter represented by a saddle
(point 3).

System (3.11)—(3.13) is three-dimensional but it has invariant submanifolds ¥ = 0 and
Z = 0. The behavior of trajectories on the invariant submanifold ¥ = 0 describes fully the
global dynamic. The phase portraits on the plane (X, Z) are presented in figures 7 and 8.
Because of the constraint Y2 = 1 — X — o?Z? the physical trajectories lie in the region
Y2 > 0. Beyond this region is situated a non-physical region (the shaded region in figures 7
and 8). The boundary of the physical region is determined by a parabola X =1 —a?Z2 and
a line X = 0.

— 11 —



1.5

Figure 8. The phase portrait for dynamical system (3.11)—(3.13) for imaginary o and H > 0. The
grey domain represents non-physical solutions. The phase portrait is organized by two critical points:
the de Sitter universe represented by a stable node (point 1) and the Einstein-de Sitter universe
represented by an unstable node (point 2).

All critical points lie on this boundary. From the physical point of view they represent
asymptotic states of system (3.11)—(3.13) which are started at 7 — —oo and reach the critical
points at 7 = 4o00. The critical point marked as (1) represents the de Sitter universe and
is a stable node. It is a global attractor for trajectories from its neighborhood. The critical
point (2) is an unstable node and it represents the CDM model.

The novelty on the phase portrait is the presence of critical point (3). It is of saddle

= 27VH§20‘271H2 and Ht =

type. A this critical point pp, i.e., it represents a

2
\/IJFQWA
universe dominated by both decaying vacuum and matter.

The de Sitter state (critical point 1) is connected by an outcoming separatrix with the
saddle (point 3). The second separatrix gets in the saddle (point 3) and gets out from the
Einstein-de Sitter state (point 2). The other trajectories in a non-shaded region start from
the Einstein-de Sitter state and finish in the de Sitter state. In all cases the time flows from
T=—00 (a=0) toT=400 (a =+00). At the critical point (3) the decaying A and matter

play important role and cannot be neglected. At this critical point scale factor a and py

o2

-2

behaves like: a oc tVi+3e?-1 H = t~1 and py, =

a? 202 t
Vi+3aZ-1 VIi+3a2-1
This critical point exist only if a # 0. If @« — 0 then it coincides with the CDM
universe. This critical point represents a new generalized CDM model in which py, = %t_Q

and a(t) o< ¢35 in the early universe.
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5(t)
0.15

0.10-
0.05
0.00-
~0.05"
~0.10-
~0.15; | | | |
T S

Figure 9. Diagram of §(¢). The top function represents the evolution of § assuming the best fit of
Hy = 68.27 km /(s Mpc) and right boundary values of 95% C.L. for Q,, o = 0.2416, ©, = 0.0039, the
middle function represents the best fit for all parameters. The top function represents the evolution
of ¢ assuming the best of Hy = 68.27 km/(s Mpc) and the left boundary values of 95% C.L. for
Qo0 = 0.3542, Q4.0 = —0.0056. On the t-axis we use a unit times 100 Mpc s/km. See also table 2.

If the function

dA(t) @ o2
5= _Hd; - I{tp - x (3.15)
m m

3,/ 0 Ho

33773 [ 1-2 In—1 2 !
— 2N

20Ho | s T V0~ (43 ’QA‘?oHot)

n 2

-1
I, 3\/QA,OHOt 2
Q0 0TP 1—2n " 2
X | Mot —5— — RERVALIN
t2 3H0t In (3‘/5—2370]{0 t)
is slowly changing then
P = pmoa 0O, (3.16)

Let 6(t) = § = const then py, = pmoa >+°. If t — oo then §(¢) — const. At the critical point
(3) 0(t) = 6 = (V1 +3a2 — 1)?/a?. The diagram of 6(¢) is presented in figure 9.

Some interesting interpretation of our postulated A(t) relation can be derive if we apply
Starobinsky’s argument [22] that py after some averaging over time in the interval At > m~!
assumes the following form in the quintessence epoch

ps=Vo+ Aa?. (3.17)

Therefore in the matter dominating phase we obtain the A(¢) parametrization (1.6).
Finally the model involved belongs to the class of models with so called early dark energy
constant in which 4, = const = . during the matter dominated stage (the same refers to
the radiation dominated stage, too, but with a different value of €2.).

If 0 < 1 for the fractional density of dark energy 2. [23, 24] it assumes in the interme-
diate domain of the universe the following form

Qm’ng =2

L= Qelal®) = o T4 0y o 4 0uT20 2 (3.18)
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Figure 10. Diagram of 1 —Q.(log(a)) which is a share of energy density of matter in the total energy
density. The function represents the evolution of 1 — Q. for Hy = 68.27 km/(s Mpc), Qo = 0.35
and Q4,0 = 0.05. The present epoch is at log(a) = 0. For negative values of log(a) we have past
evolution of 1 — Q. (log(a)) with a constant phase of the fractional density of dark energy Q. at the
early universe (€2 is small and close to zero). For positive values of log(a) we have future evolution of
1 — Qc(log(a)) with a constant phase of the fractional density of dark energy ). at the late universe

(Q. is big and close to one). Between these two constant phases there is an intermediate phase of
changing 1 — Q(log(a)) in which we are living.

In the early universe this value is constant

Qaﬁ

Qe=—-—"—.
ghnﬂ‘+52a0

(3.19)

Qa,O
1“70'
Hojjati et al. [25] found the fraction in total density contributed by early dark energy

which is approximately equavalent to (2.

Therefore for a small value of (), o, () is obtained as 2. =

In our model the exact form of Q¢(t) is

Qo .0T?
Q0+ 5
Qo(t) = t23 — 5. (3.20)
Infl %t)

I (3. /2 .0Ho t)
n 2

1-2n
3Hot + QA»O

The evolution of fractional density of dark energy €2, has a shape of the “logistic” curve. For
convenience, the diagram 1 — Q¢(log(a)) is presented in figure 10.

There is another interesting approach to running cosmologies, proposed by Starobin-
sky [26]. In this approach (the bottom up), the universe in the quintessence epoch is described
by a scalar field minimally coupled to gravity with some self-interacting potential. He pro-
posed the reconstruction of this potential from the evolution of the scalar perturbation (or
also luminosity function) in dust like matter component.

Masso et al. [27] discussed some aspects of contribution to the dark energy density of
coherent scalar field oscillation in the potential. They obtained using the analytical method
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of adiabatic invariance that for a quadratic potential the energy density ps evolves as a3

and a quartic potential V (¢) ~ ¢* evolves like for the radiation matter a=*. Therefore if we
add Apare to the potential in a matter (or radiation) dominating universe py = A(t).

4 Statistical analysis of the model

In this section we present a statistical analysis of the model parameters using the SNIa, BAO,
CMB observations, measurements of H(z) and the Alcock-Paczynski test.

First, we use the Union 2.1 sample of 580 supernovae [28]|. For the SNIa data we have
the following likelihood function

obs

1 N 1S —/.Lth 2
In LgN1a = 3 E (Z — > ; (4.1)
i=1 i

where the summing is over the SNIa sample; the distance modulus p°™ = m — M (where
m is the apparent magnitude and M is the absolute magnitude of SNIa stars) and ptt =
5logg Dy + 25 (where the luminosity distance is Dy, = ¢(1 + 2) [; }}ié) and o is the uncer-
tainties.

We use the BAO (baryon acoustic oscillation) data which were taken from the Sloan
Digital Sky Survey Release 7 (SDSS DR7) dataset which consists of 893 319 galaxies [29].
The likelihood function is given by

rs(za) d 2
1\ Dy(z (Z)
InLpso = —5 ( 2 )Uz ) ; (4.2)

where r4(z4) is the sound horizon at the drag epoch and z = 0.275, d(z) = 0.1390, 0 =
0.0037 [30].

The next likelihood function encompasses the Planck observations of cosmic microwave
background (CMB) radiation [31], the information on lensing from the Planck and low-£
polarization from the WMAP and has the form

1

5 Z(xph _ l‘?bs)C_l({L‘th _ xobS)’ (4'3)

In LCMB+lensing+WP = - i

ij
where C is the covariance matrix with the errors, x is a vector of the acoustic scale [ 4, the
shift parameter R and Qyh? where

T 2 dy
w= el e (44

z* dZ/
_ 2
R = \/QuoH? /0 &l (4.5)

where z* is the recombination redshift and r4 is the sound horizon.

The idea of the Alcock-Paczynski test is the comparison of the radial and tangential
size of an object, which is isotropic in the correct choice of model [32, 33]. The likelihood
function is independent of the parameter Hy and has the following form

2
1 (AP™(z;) — AP°P(z;))
InLap=—7 > — , (4.6)

%

where AP(2)"h = H() IS P}i(zz/ 7 and AP(2;)°" are observational data [34-42].
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At the end it is also valuable to add the constraints on the Hubble parameter, i.e.
H(z=0)= H,.
Data of H(z) for samples of different galaxies were also used [43-45].

N

1 H ()% — H(z)™\
lnLH(Z):—22< (i) (1) > . (4.7)

o
i=1 v

The final likelihood function for the observational Hubble function is

Ltot = LsN1aLBAO LCMB+Hensing+wWpLap L (2)- (4.8)

To estimate the model parameters we use our own code CosmoDarkBox implementing
the Metropolis-Hastings algorithm [46, 47]. We use the dynamical system formulation of
model to obtain the likelihood function [30, 48].

We use observation data of 580 supernovae of type Ia, selected subsets of the data points
of Hubble function, the measurements of BAO from SDSS DR7. We also use data for the
application of the Alcock-Paczynski test 18 observational points. At last, we estimated model
parameters with CMB data from Planck, low- ¢ polarization from WMAP and lensing from
Planck. To estimate the model parameters we chose interval (64.00, 74.00) for Hyp and (0.21,
0.37) for Q0. The values of estimated parameters for o from the interval (—0.05, 0.05) are
shown in table 2 and for positive a? from the interval (0.00, 0.05) are shown in table 3. The
best fit for model with a? from the interval (—0.05, 0.05) is in the part of likelihood function
where o is negative.

If it is chosen the lower limit of the interval of o larger than the value of the best fit
then the best fit of the model for the new interval is equal the value of the lower limit of this
interval. A consequence is the lower limit of the error is equal zero for a?. So the specific
values of the best fit and errors of €2, a? and jy in table 3 are a result of the choice of
limits of the interval of 2.

To illustrate the results of statistical analysis the diagrams of PDF are shown in
figures 11, 12 and 13. In turn figures 14 and 15 shown the likelihood function with 68%
and 95% confidence level projection on the (Q4,0, Qm,0) plane and the (4,0, Ho) plane,
respectively.

5 Conclusion

The aim of the paper was to study the dynamics of the emerging A(t)CDM cosmological
models. In the study of dynamics we find exact solutions and use dynamical system methods
for the analysis of dependence of solutions on initial conditions. In the latter evolutional paths
of cosmological model are represented by trajectories in the phase space. Due to geometrical
visualization of dynamics we have the space of all solutions and can discuss their stability.
We are looking for such trajectories for which the ACDM model is a global attractor in the
phase space.

We study in details dynamics of cosmological model with the prescribed form of A(t) =
Abare—i—‘;‘—;, where Ay is a positive constant and o? is either positive or negative. We calculate
exact solutions for the scale factor and subsequently calculate the jerk. It is demonstrated
that this parameter is time dependent if and only if the effects of time contribution to A(t)
are non-zero. We propose the measurement of the jerk as a diagnostic of decaying A, i.e.
A < 0. Due to analysis of dynamics in the phase space we have found an interesting solution
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Figure 11. Diagram of PDF for parameter Hy in units km/(100 s Mpc) obtained as an intersection
of a likelihood function. Two planes of intersection likelihood function are €, o = 0.2938 and Q4,0 =
—0.0006.
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Figure 12. Diagram of PDF for parameter (), ¢ obtained as an intersection of a likelihood function.

Two planes of intersection likelihood function are Q, o = 0.2938 and Hy = 68.27 km/(s Mpc).

in the phase space, a saddle critical point, at which py,(t) scales like ¢=2. This solution was
recently proposed by Ringermacher and Mead [16] as a description characteristic for the dark
matter evolution.

From the phase portrait we derive the generic scenario for an evolution of cosmological
models with such a form of the dark energy parametrization. Trajectories start from initial
singularity (the Einstein-de Sitter model) and then go in vicinity of the saddle point where
they spend a lot of time and then go to the de Sitter state. It is a typical behavior for all
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Figure 13. Diagram of PDF for parameter (), o obtained as an intersection of a likelihood function.
Two planes of intersection likelihood function are Q4,9 = —0.0006 and Hy = 68.27 km/(s Mpc).
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Figure 14. The likelihood function of two model parameters (4,0, Qm,0) with the marked 68% and
The value of Hubble constant is estimated from the data as best fit value
Hy = 68.27 km/(s Mpc) and then the diagram of likelihood function is obtained for this value.

95% confidence levels.
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Figure 15. The likelihood function of two model parameters (2, 0, Ho) with the marked 68% and
95% confidence levels. The value of Q,( constant is estimated from the data as best fit value
Qm,0 = 0.2938 and then the diagram of likelihood function is obtained for this value.

parameter best fit 68% CL  95% CL
+0.96 +1.67
H, 68.27 km /(s Mpc
’ A Y
. .0604
o 0.2938 +0.0355  40.060
’ —0.0325 —0.0522
.0031 .004
Qo _0.0006 +0.003 +0.0045
—0.0030  —0.0050
0.010 0.016
o 1.002 + +
—0.008 —0.013
0.010 0.014
a? -0.002 * +

—0.007 —0.012

Table 2. The best fit and errors for the estimated model with a? from the interval (—0.05,0.05).

generic trajectories in the phase space. The new critical point is emerging in the phase space
due to the effect of a time dependence of the cosmological constant. If o < 0 then this point
is absent (it is gluing with the critical point representing the Einstein-de Sitter model).
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parameter best fit 68% CL  95% CL
+0.97 +1.16

H 68.38 km/(s Mpc
0 [sMpe) - or 116
0.0198 0.0331
Qmo 0.2877 + +
' —0.0242 —0.0442
0.0025 0.0038
Qa0 0.0000 * *
' —0.0000  —0.0000
0.000 0.000
Jo 1.000 - -

—0.008 —0.011
0.008 0.012

a? 0.000 + +
—0.000 —0.000

Table 3. The best fit and errors for the estimated model with positive o from the interval (0.00, 0.05).

We also tested this model using astronomical data. Statistical estimations show that
the model fits to data as well as the standard cosmological model (the ACDM model). In any
case the value of o® = 0 belongs to the confidence interval for the estimated parameter a? we
cannot reject that o # 0. Only if we find the best fit value o with the error of the one order
less than this value the problem of a2 . . # a2 # 0 could be solvable. We can obtain the
limits on the value of parameter o and —0.009 < o = 3HZTF(1 — Qo — Qa0) < 0.008 (for
68% C.L.) and —0.014 < o? < 0.012 (for 95% C.L.).

In papers of Doran and Robbers [23] and Pettorino et al. [24] there are limits on frac-
tional dark energy at early time. Recently Ade et al. [49] have found . < 0.0036. It is
interesting that they have obtained a similar limit to our limit on €, < 0.0038 in the other
parametrization of dark energy.

Note that if we apply Starobinsky’s idea the parameter a* can be constrained through
Qe measurement. This parameter measures amount of dark energy at the early evolution
of the Universe. If Q. is different from zero then we obtain value information about this

alternative evolutional scenarios which are consistent with the present epoch.

o2

2

3H2T2
In our case Qo = =2 = “F00 < 0.0036 and therefore ® < 3HZTFm 0. If we put

Qo = 0.25 and HZTZ = 1 then we obtain o2 < 30, = 0.0027.

Finally we obtain a stronger limit for a? then in table 3. However, note that this esti-
mation is model dependent (it is assumed Starobinsky’s argument). note that the case study
of our model fully confirm existence of phase during the early universe at which fractional
energy density of dark energy is constant (see figure 10 and eq. (3.20)).
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1. Introduction

In cosmology, the standard cosmological model (ACDM model)
is an effective theory which well describes the current Universe in
the accelerating phase of the expansion. All the astronomical ob-
servations of supernovae SNIa and measurements of CMB favor this
model over the alternatives but we are still looking for theoretical
models to dethrone the ACDM model.

On the other hand the ACDM model has serious problems
like the cosmological constant problem or the coincidence prob-
lem which are open and waiting for a solution. Among different
propositions, it is an idea of introducing the running cosmological
term [1]. The most popular way of introducing a dynamical form
of the cosmological term is a parametrization by the scalar field,
i.e. A = A(¢) or the Ricci scalar, i.e. A = A(R), where R is
the Ricci scalar. Recently an interesting approach toward a unified
description of both dark matter and dark energy was developed
by consideration non-canonical Lagrangian for the scalar field L =
X% — A, where X = ¢?/2 is a kinetic part of the scalar field en-
ergy [2] (see also [3]). In the both mentioned cases, the covariance
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Orla 171, 30-244 Krakéw, Poland.
E-mail addresses: marek.szydlowski@uj.edu.pl (M. Szydtowski),
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of field equation is not violated and A = A(t) relation emerges
from covariant theories.

Two elements appear in the ACDM model, namely dark matter
and dark energy. The main aim of observational cosmology is to
constrain the density parameters for dark energy as well as dark
matter. In the testing of the ACDM model, the idea of dark energy
is usually separated from the dark matter problem. The latter is
considered as the explanation of flat galactic curves. Of course the
conception of dark matter is also needed for the consistency of the
model of cosmological structures but the hypothesis of dark energy
and dark matter should be tested not as a isolated hypothesis.

In this paper, we explore the A(t)CDM model with A(t) =
Abpare + ‘;‘—22 where t is the cosmological time for which we know an
exact solution [ 1]. It is interesting that this type of a A(t) relation is
supported by the non-critical string theory consideration [4]. This
enables us to show the nontrivial interactions between the sectors
of dark matter and dark energy. It would be demonstrated that
the model, which is under consideration, constitutes the special
case of models with the interaction [1] term Q = —%. we
will be demonstrated that the time dependence of the A term is
responsible for the modification of the standard scaling law of dark
matter pgm = Pdam.0d >, where a is the scale factor [1]. Wang and
Meng [5] developed a phenomenological approach which is based
on the modified matter scaling relation py, = pm,oa*”‘s, where § is
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the parameter which measures a deviation from the standard case
of cold dark matter (CDM).

The both effect of the decaying A term and the modification
of the scaling relation are strictly related in our model. One can
obtain that CDM particles dilute more slowly in comparison to the
standard relation p, o a~* in this model. The coupling parameter
4 is also a subject of testing using astronomical data [6-8].

Parametrization of dark energy in the form 1/t> was used by
many authors in different contexts. From the dimensional consid-
erations, it is always possible to write A in terms of the Planck en-
ergy density as a dimensionless quantity [9,10]: A & pp(tpi/ty)",

where tp =,/ Z—? and ty = H! are the Planck time and Hubble

time, respectively, and pp = . GSZ is the Planck energy density. For
the case of « = 2, which gives the right value of A at the present
epoch, we get A = H? [11]. He noted that such a parametrization
of A is invoked to solve the cosmological constant problem, and is
consistent with Mach'’s idea.

Vishwakarma also studied the magnitude-redshift relation for
the type Ia supernovae data and the angular size-redshift relation
for the updated compact radio sources data [12].

Note that for a power law type of the scale factor a(t) = t* both
parametrizations of A ~ H? and A ~ t~2 correspond. The scaling
evolution of the cosmological constant was investigated by Shapiro
and Sola [13].

Lopez and Nanopoulos noted that this ansatz, which is similar
to A = P o a~2, where £p is the Planck length, gives to

In this paper, due to it is known the exact solutions of our model
it is possible to check how it works the model and one can strictly
constrain the model parameters [1].

We estimate the value of A(t) : pam = Pam.od > where
Pdm is energy density of dark matter. We use the astronomical data
which is consisted of SNIa, BAO, H(z), the AP test, Planck data.

We also analyze the model under considerations in details. In
this analysis the model with A(t) = Apae + ‘;‘—22 is our case study.
For this model we show the terms A(t), §(t) are slow-changing with
respect to the cosmological time and it justified to treat them as
constants.

The organization of the text is following. In Section 2, we
present the model with A(t) = Apare + ‘:—22 and its interpretation
in the perfect fluid cosmology. In Section 3, it is demonstrated how
A(t)CDM cosmologies can be interpolated as interacting cosmolo-
gies with the interacting term Q = —% [14]. In Section 4, we
present some results of the statistical estimations of the model
parameters obtained from some astronomical data. Finally the
conclusion are presented in Section 5.

2. A(t)CDM cosmology with A = Apyre + ':—;

Let us consider about the flat cosmological model with ho-
mogeneity and isotropy (the Robertson-Walker symmetry). The
source of gravity is in the time dependent cosmological term and
matter is in the form of a perfect fluid with energy density p,, =
pm(t), where t is the cosmological time. The cosmic evolution is
determined by the Einstein equations which admit the Friedmann
first integral in the form

3H?(t) =

—

o
Pm(t) + Apare + t72’ (1

where H(t) = dl(‘;f“ is the Hubble function and a(t) is the scale
factor and o> € R is a real dimensionless parameter. The sign
of «? depends of the type of particle and the distribution of their
energy. In the generic case the Breit—-Wigner distribution gives rise

the negative sign of a? [15-18]. Note that this parametrization is

distinguished by a dimensional analysis because a dimension of H?
should coincide with a dimension of a time dependent part of A(t).
It is assumed that the energy-momentum tensor for all fluids
in the form of perfect fluid satisfies the conservation condition
op
T, =0, (2)
where T%® = T2 + A(t)g®f. The consequence of this relation is

that
dA

The cosmic evolution is governed by the second order acceleration
equation

. 1
H=-H>- 6(peff + 3Defr), (4)

where pesr and pegr are effective energy density of all fluids and
pressure respectively. In the model under the consideration we
have

Peff = Pm + P4, (5)

Peff = Pm — P4, (6)

where p, = 0, o4 = Apare + ‘:—22 and «? is a real number.

For this case the exact solution of (1) and (3) for the Hubble
parameter h = H% can be obtained in terms of modified Bessel
functions of the first kind

ITI—] 2

3./%2.0H
(5

where Hy is the present value of the Hubble constant, 2, o = “l;;;e ,

f;? dt and

1—2n
3Hot

34/£4,0Ho t)

h(t) = +V 240

(7)

2420 = Ty is the present age of the Universe Tp =

3le2 ’

%, /14 98,2 (T3H; is the index of the Bessel function. From

n =
(7), the expression for the scale factor can be obtained in the simple
form

alt) = G {ﬁ (zn <3V'(22A"’H"t>>]3. (8)

The inverse formula for t(a) is given by

2 o /37 /24 0Hoi" 1/ ( a )3
31.,/9/\,0”0 nf% 2 G

where S,(x) is a Riccati-Bessel function S,( JE i

Finally the exact formula for total mass pm( )= pdmf ) + pb(t)
is given in the form

t(a) =

.9

X 242.0T2
Pm = _3H0 QA o+ 2
3 /QA,OHO
1-2n -1 2 !
R o Y P S— 10
3Hot A0 3 [ oHo (10
In ff
pdm(log(a))

The diagram of p4m, pqe and ue(logla) 3 4 function of loga
obtained for low z data is presented in Figs. 1-3. Note that at the
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Fig. 1. A diagram of the evolution of pgm(log(a)). The bottom thick line represents
the evolution of A(log(a)) for Hp = 67.83 km/(s Mpc), 2mo = 0.2875 and
£2,29 = —0.000040. The top thick line represents the evolution of A(log(a)) for
Hy = 68.94 km/(s Mpc), 2m0 = 0.2922 and £2,2 , = —0.000383. The medium
line represents the best fit (see Table 1). The gray region is the 20" uncertainties. We
assumed 87 G = 1 and we choose 1002km? /(Mpc?s?) as a unit of pgm(log(a)).
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Fig. 2. A diagram of the evolution of pg(log(a)). The top thick line represents
the evolution of pge(log(a)) for Hp = 67.62 km/(s Mpc), £2mo = 0.2888 and
2,2 9 = —0.000143. The bottom thick line represents the evolution of pg.(log(a))
for Hy = 68.97 km/(s Mpc), £2m 0 = 0.2896 and 2,2 ; = —0.000218. The medium
line represents the best fit (see Table 1). The gray region is the 20" uncertainties. We
assumed 877G = 1 and we choose 1002km? /(Mpc?s?) as a unit of pge(log(a)).
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Fig. 3. A diagram of the evolution of %. The bottom thick line represents
the evolution of A(log(a)) for Hy = 67.83 km/(s Mpc), £2n0 = 0.2875 and
2,29 = —0.000040. The top thick line represents the evolution of A(log(a)) for
Ho = 68.94 km/(s Mpc), £2m 0 = 0.2922 and £2,, ; = —0.000383. The medium line

represents the best fit (see Table 1). The gray region is the 2o uncertainties.

present epoch (log(a) = 0) both energy densities of dark matter
and dark energy are of the same order (Fig. 2).

While the relation A = A(t) violates the covariance of the
general relativity Lagrangian, it can be simply demonstrated that
such arelation can emerge from the covariant theory of the perfect
fluid.

The action of general relativity for a perfect fluid has the follow-
ing form

SZ/JTg(RJer)d“x, (11)

where R is the Ricci scalar, £, = —p (1 + [ %dp) [19] and g,

is the metric tensor. The signature of g,, is chosen as (+, —, —, —).
For the Friedmann-Lemaitre-Robertson-Walker (FLRW) met-
ric without the curvature the Ricci scalar is expressed by R =

—6(%+ 2—2) The Einstein equations are consequence of the vari-

ation of the Lagrangian £ with respect to the metric tensor g,,,,. The
Einstein equations for dust and a minimal coupling scalar field are
the following

3H?> = p (12)
and
a 1
- =—=(p+3p). (13)
a 6
We rewrite p as p = pm + pde and we assume the equation of
state for p, as pm = 0 and for pge as pge = —pge. In consequence
P = Pde = —de-

The conservation equation is in the form
f + 3H(p +P) = pm + Pde + 3Hpm = 0. (14)
Because in our case d;’% = —2%32 then the conservation equation
can be rewritten as two equations
fm + 3Hpm = Q (15)
and
lbde = _Qa (16)

. 2 . . .
where the expression Q = z% describes an interaction between

Pm and pge.
From Eq. (10) we can obtain a formula for p = pm, + pge as

| <3 /A oHo )
1| +———-t

2

i
3./%2.0H
[

Formula (17) guarantees that H> > 0 for every value of the
cosmological time t.

1—2n
p = 3H: + /240 (17)
3Hot

Fromp = pge = —pde = — Apare— ‘;‘—22 we can obtain the formula
t(p)
2
Sy R — (18)
P+ 3H5S$2,4

From (17) and (18) we have a formula for p(p)
) 1—2n
o = 3Hj

2
3Hy [——e2
0 p+3H2 24

I 3./ 4.0Ho o2 2
n—1 2 T p3HZS2A
+/ 8240 .

I (3«/91\,0”0 o? >
n 2

(19)

T p3H2a,
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Because the above function is strictly monotonic we have the spe-
cific equation of state in the form p(p). We can use this formula for
the equation of state in £,,. In consequence our theory is equivalent
to the covariant theory with the perfect fluid, which is described by
the equation of state (19). Note that formally one can always find
Lagrangian if p depends on t because if a(t) is reversible function it
is possible from inverse relation obtain t = t(a) and consequently
p(t(a)) and p = p(p) which we put into Lagrangian.

However, more natural, covariant interpretation of our model
than the perfect fluid interpretation is a model with a diffuse
dark matter-dark energy interaction [20-22]. In these models the
Einstein equations and equations of current density J# are the
following

1
Ruv - EguvR + A(t)g;w = T;w’ (20)
v, " =a]", (21)
VJr =0, (22)

where R,,, is the Riemann tensor, R is the Ricci scalar, g, is the
metric tensor, T,, is the energy-momentum tensor and o is a
positive parameter. From the Bianchi identity V# (R,, — 38,uR) =
0, Egs. (20) and (21) we have the following formula for A(t)

V, A(t) = o], (23)

We assume that the matter is a perfect fluid. Then the energy-
momentum tensor is described by the following formula

Tuv = puyly +p (guv + u,uuv) s (24)

where p is density of the matter, p is pressure of the matter and u,,
is the 4-velocity. We assume also the form of J* as
dA(t)

F=Qut =——"ut, 25
JF=Q i (25)
where Q has the interpretation as the interaction between dark
matter and dark energy.

Under above considerations Eq. (21) is expressed by the follow-
ing formula

dA(t)

Vu(pu")+pV,ut = —o TUM~ (26)
We assume that they are symmetric forces in the fluid so u* =
(1,0,0,0).ThanJ° = Q.

For the FLRW metric equations (20), (21), (26) and (23) for the
flat universe are reduced to

3H? = p + A(L), (27)
dA(t)

p+3H(p +p) = —0——. (28)

Because we assume that matter is the dust, and the parameter o is
equal one then the conservation equation has the following form
dA(t)

p+3Hp = ———. 29
p+3Hp it (29)

3. How A(t)CDM model modifies the scaling relation for dark
matter

The existence of dark matter in the Universe is motivated by
modern astrophysical observations as well as cosmological ob-
servations. From observations of rotation curves of spiral galax-
ies, masses of infracluster gas, gravitational lensing of clusters of
galaxies to cosmological observations of the cosmic microwave
background anisotropy and large scale structures we obtain strong
evidences of dark matter.

Because models of nucleosynthesis in the early Universe are
strongly restricted by the fraction of baryons, we conclude that the
nature of dark matter cannot be baryonic matter. On the other hand
we imagine that particles of dark matter form a part of standard
model (SM) of particles physics. There are many candidates for par-
ticles of dark matter, e.g. WIMPs. Lately sterile neutrinos have been
also postulated in this context [23,24]. The interesting approach
is a search of photon emission from the decay or the annihilation
of dark matter particles through the astrophysical observations
of X-ray regions [25-27]. For example the radiatively decaying
dark matter particles as sterile neutrinos have been searched using
X-ray observations [28].

Let us consider the ACDM model which describes a homoge-
neous and isotropic universe which consists of baryonic and dark
matter and dark energy. Let us assume an interaction in the dark
sectors. Then the conservation equations have the following form

pb+3Hp, =0, (30)
i)dm+3dem =Q, (31)
Pde + 3Hpge = —Q, (32)

where py, is baryonic matter density, pqn, is dark matter density and
pde is dark energy density [14]. Q describes the interaction in the
dark sector.

Let pm = pb + pam then (30) and (31) give

Pm + 3Hpm = Q. (33)

For model with A(t) = Apare + ‘;‘—22 the conservation equation has

the form pm + 3Hpm = —%. So this model can be interpreted as
the special case of model with 2the interacting in the dark sectors.
In this model Q = —% = Zt%
Eq. (33) for Q = 2;"—32 can be rewritten as pm + 3Hpm =
2 2
Hpm t3:pm or
d da 20
om _ T (34 22 ). (34)
Pm a t3H pm
The solution of Eq. (34) is
pm = pmoa >0, (35)
_ 2
where § = @ [ 8(t)dloga, where 8(t) = m. Q can be

written as Q = §(t)H pm. The evolution of §(log(a)) and 5(log(a)),
which is obtained for low z data, is presented in Figs. 4 and 5. One
canobserve that §(t)and §(t) is constant since the initial singularity
to the present epoch. B

If §(t) is a slowly changing function than é(t) = §(t) = § and
(35) has the following form

Pm = pm.0a73+8- (36)

In this case Q = SH pp,.
The early time approximation for §(t) is

3(t) = L (37)
(W13 + 1)

If §(t) = § = const we can easily find that

4= aptss (38)

and

Pm = /)m,0‘153+8f_2- (39)

Because for the early time universe, Apare is neglected, we get the
following relation for the early time universe
Pn_ Pmo aa3+a

=—. (40)
Pde o
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Fig. 4. A diagram of the evolution of §(log(a)). The top thick line represents the
evolution of A(log(a)) for Hy = 67.83 km/(s Mpc), 2mo = 0.2875 and 2,2, =
—0.000040. The bottom thick line represents the evolution of A(log(a)) for Hy =
68.94 km/(s Mpc), 2m0 = 0.2922 and 2,2, = —0.000383. The medium line
represents the best fit (see Table 1). The gray region is the 2o uncertainties.
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Fig. 5. A diagram of the evolution of 5(log(a)). The top thick line represents the
evolution of A(log(a)) for Hy = 67.83 km/(s Mpc), 20 = 0.2875 and 2,2, =
—0.000040. The bottom thick line represents the evolution of A(log(a)) for Hy =
68.94 km/(s Mpc), £2mo = 0.2922 and 2,2 , = —0.000383. The medium line
represents the best fit (see Table 1). The gray region is the 20 uncertainties. Note
that if pgm = 0 for &> < 0, i.e. whole dark matter decays then we have the ACDM
model with baryonic matter.

We can rewrite o4, as

Pdm = pdm.0a73+k(a)v (41)
S(6)
where A(t) = L log “m0%—-2b0_For the present epoch we can
approximate A(t) as A(t) = A = const. So in the present epoch
Pdm = Pdm.od T, In the consequence, the Friedmann equation
. 2

can be written as 3H? = pp.0a 7> + Pam.00 > + Apare + % The
evolution of A(log(a)), which is obtained for low z data, is presented
in Fig. 6. One can observe that A(t) is constant since the initial
singularity to the present epoch.

Following Amendola and others [29-31] the mass of dark par-
ticles can be parametrized by the scale factor as

a
m(a) = my exp/ k(d)d(logd), (42)
where my is representing of mass of dark matter, « le‘l’)ggr;
We consider the mass m(a) as an effective mass of particles in a
comoving volume.

In Amendola et al. [29] the parameter «(a) is assumed as a
constant. This simplifying assumption has a physical justification
as it will be demonstrated in the further dynamical analysis of
the model with decaying dark matter. Eq. (42) can be simply

A(log(a))
\““\““\““““\““\““\‘l
-15 =1.0 =05 WS 0g(a)
-0.001 |
—0002f

~0.004
—0.005

~0.006 |
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Fig. 6. A diagram of the evolution of A(log(a)). The top thick line represents the
evolution of A(log(a)) for Hy = 67.83 km/(s Mpc), 2m 0 = 0.2875 and £2,2, =
—0.000040. The bottom thick line represents the evolution of A(log(a)) for Hy =
68.94 km/(s Mpc), £2mo = 0.2922 and 2,2 , = —0.000383. The medium line
represents the best fit (see Table 1). The gray region is the 2o uncertainties.

1
obtained from (41) because e = a® and m(a) = a3p(a). Then
AMa) = @fak(a/ )d(log a’). For illustration the rate of dark matter
decaying process it would be useful to define the parameter 8

B=27. (43)
If A(a) = const then Eq. (42) has the equivalent form m(t) =

moaj exp (—% ,where = 25

Let consider the number of dark matter particles N(t) where t is
the cosmological time. Than a half of the number of these particle
N(t)/2 is reached at the moment of time fSt.

In Fig. 3 one can see that a quotient pqm, / pde decreases with the
scale factor and remains of the same order for today (loga = 0).

Note that the effect of the modification of the scaling law is
pam o a~3** then this effect of the nonconservative energy
momentum tensor is mimicking the effect of the conservative
energy momentum tensor with the perfect fluid with the energy
density pefr and the pressure

A

Peft = =3 Peit- (44)

Let D(t) be the first order perturbation of the density of the
matter pn,. The equation for evolution of D(t) has the following
form [32]

2
d2D(t) N <2H(t)+ Q(t) ) dp(t)

dt? om(t)) dt
pml(t) Q) d [ Q) _
—( 5 —2H(t)pm(t)—dt[pm(t)DD(t)_o. (45)

Because §(t) for the early time universe is a constant, we can
use Eq. (36) as an approximation of the behavior of py, in the early
time universe. In this case Eq. (45) has the following form

@D(t) dydD(t) ds
— 4+ Z=D(t) =0, 46
dt? t dt + t2 () (46)
where d; = @20 4 4 andd, = 2490 %20 _ 3ppp20
1= 50 T35 2= 7555 @pe 201 fodémo- D€

solution of Eq. (46) is given by the formula

D) = C t% (1—d1—‘/1—4d2—2d1+d%>
=0
N Czt% <1—d1+,/1—4d2—2d1+d%). (47)

If we put the best fit as values of parameters in (47) then we get

D(t) = C;t7083 4 ,t0%0. (48)
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Fig. 7. A diagram of the evolution of the decreasing mode D(t)/D1(Ty) of the
function D(t) with the best fit values of parameters. The time is expressed by
Mpc s/(100 km) unit.

The first term of the right-hand side of Eq. (48) represents the
decreasing mode D4(t) and its evolution is presented in Fig. 7. The
second term represents the growing mode D,(t) and the evolution
of this mode is presented in Fig. 8.

4. Statistical analysis of the model

In this section, we present a statistical analysis of the model
parameters such as Ho, §2qmo and Ao. We are using the SNIa,
BAO, CMB observations, measurements of H(z) for galaxies and the
Alcock-Paczynski test.

We use the data from Union 2.1 which is the sample of 580
supernovae [33]. The likelihood function for SNIa is

1
log Lywia = — 5 [A — B%/C + log(C/(27))], (49)

where A = (HObS _ uth)(c—l(uobs _ uth), B — C—l(uobs _ uth)'
C = trC~! and C is a covariance matrix for SNIa. The distance
modulus is £° = m — M (where m is the apparent magnitude
and M is the absolute magnitude of SNIa) and ™ = 5log,,D; + 25
(where the luminosity distance is D, = ¢(1 +2) f; I_%).

We use Sloan Digital Sky Survey Release 7 (SDSS DR7) dataset
at z = 0.275 [34], 6dF Galaxy Redshift Survey measurements
at redshift z = 0.1 [35], and WiggleZ measurements at redshift

z = 0.44, 0.60, 0.73 [36]. The likelihood function is given by
rs(Zd)> c-1 <d°bs _ rs(zd)> ’ (50)
Dy(2) Dy(2)

where r(z4) is the sound horizon at the drag epoch [37,38].
The likelihood function for the Planck observations of cosmic
microwave background (CMB) radiation [39] has the form

1 DT (£;) — DT (£))°
lOgLCMB — _5 Z ( Z,th( ') [,obs( ')) , (51)
i

1
log Lpao = —5 (dObs -

o2

where D?(() is the value of the temperature power spectrum of
CMB, ¢ is multipole. In this statistical analysis, the temperature
power spectrum is for ¢ in the interval (30, 2508).

The likelihood function for the Alcock-Paczynski test [40,41]
has the following form

1 3 (AP"(z)) — AP*S(z))*

logLayp = — = 52
glap 3 i o2 (52)
where AP(z)? = @ OZ H‘EZZ/,) and AP(z;)°™ are observational

data [42-50].

D, (t)/D(T))
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Fig. 8. A diagram of the evolution of the growing mode D, (t)/D,(Ty) of the function
D(t)with the best fit values of parameters. The time is expressed by Mpc s/(100 km)
unit.

Table 1

The best fit and errors for the estimated model for Planck + SNIa + BAO +
H(z) + AP test with Hy from the interval (65.0, 71.0) km/(Mpc s), £24m,0 from the
interval (0.20, 0.36), £2,2 , from the interval (—0.005, 0.005) and Aq from the in-
terval (—0.025, 0.010) £2, o is assumed as 0.048468. The value of x? for the best
fit is equal 2332.25, the value of AIC is equal 2338.25 and BIC is equal 2356.37. In
comparison with this model, the x? of the best fit of the ACDM model is equal
2335.18, AIC is equal 2339.18 and BIC is equal 2351.26.

Parameter Best fit 68% CL 95% CL
" i i
2uno 02620 To0ots To0029
20 —ooo0zi0 Tcoiey T 0000173
i ~000169 L 000084 iyl

We are using some data of H(z) of different galaxies from
[51-53] and the likelihood function is

N

1 H ; obs __ H ; th\ 2
log Lyzy = -3 Z (u) ) (53)

i=1 %i
The final likelihood function is

Lot = LemsLsniaLsaoLapLy(z)- (54)

We use our own code CosmoDarkBox in estimation of the
model parameters. The code uses the Metropolis-Hastings algo-
rithm [54,55] and the dynamical system to obtain the likelihood
function.

The results of statistical analysis are represented in Table 1.
Figs. 9 and 10 where it is shown the likelihood function with 68%
and 95% confidence level projection on the (£24m,0, A0) plane and
the (Hp, Ag) plane, respectively. Diagram of the temperature power
spectrum for the best fit values is presented in Fig. 11.

We can use some information criteria in scientific practice to
choose the best model. One of information criteria is the Akaike
information criterion (AIC), which is given by

AIC = —2InL + 2d, (55)

where L is the maximum of the likelihood function and d is the
number of model parameters. For our model the parameter d is
equal three because we estimate three parameters such as Hyp, £24m
and £2,2 . It is one more parameter than for the ACDM model.
Model which is the best approximation to the truth from the set
under consideration has the smallest value of the AIC quantity. It is
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Fig. 9. The intersection of the likelihood function of two model parameters (Ho,
o) with the marked 68% and 95% confidence levels for Planck + SNIa + BAO +
H(z) + AP test. The value of Hubble constant is estimated from the data as the best
fit of value 24m ¢ = 0.2420 and then the diagram of likelihood function is obtained
for this value. We choose 100 km/s Mpc as a unit of Hy.
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Fig. 10. The intersection of the likelihood function of two model parameters (£24m.o,
)o) with the marked 68% and 95% confidence levels for Planck + SNIa + BAO + H(z)
+ AP test. The value of the Hubble constant is estimated from the data as the best
fit of value Hy = 68.38 km/(s Mpc) and then the diagram of likelihood function is
obtained for this value.

convenient to evaluate the differences between the AIC quantities
computed for the rest of models from our set and the AIC for the
best one. Those differences AAIC

AAIC; = AIG; — AlCqin (56)

are easy to interpret and allow a quick “strength of evidence” for
the model considered with respect to the best one. In our case the

D" [uK?]
7000 ¢
6000 |
5000 F
4000
3000
2000

1000 f§

500 1000 1500 2000 2500

Fig. 11. Diagram of the temperature power spectrum of CMB for the best fit values
(red line). The error bars from the Planck data are presented by blue color. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

value of AAIG; is equal 0.93. The AIC favors very weakly our model
in comparison to the ACDM model.

We also use BIC (Bayesian information criterion) which is de-
fined as

BIC = —-2InL+dInn, (57)

where n is the number of data points [56]. In our case n = 3101.
For the ACDM model we obtain BIC, = 2351.26 and for our model
BIC; = 2356.37. Given a simple relation between the Bayes factor
and the BIC

21In By = —(BICy — BIC;) = ABICyp, (58)

we obtain the difference between the BIC; for our model and
BICy for the ACDM model is equal 5.11. We use the scale for
interpretation of the twice natural logarithm of the Bayes factor
proposed by Kass and Raftery [57]. Because the ABICy; is between
2 and 6 it is a positive evidence in favor of the ACDM model.

From the statistical analysis we get that the model with the
negative value of «? at 2-¢ level, which means that dark matter
particles decay.

5. Conclusions

The main goal of the paper was to investigate in details the
dynamic of the model with matter and the running cosmological
constant term with respect to the cosmological time. It was as-
sumed that baryonic matter satisfies the equation of state for dust
(i.e. is non-relativistic). We were interested how the running A(t)
influences on the scaling relation for energy density p4m. We have
found the deviation from standard scaling a2 for this relation. We
explained the source of this deviation showing that p4y, decreases
more rapidly or slowly like a—3*? due to the energy transfer from
dark matter to dark energy sector or in the opposite direction. The
direction of the energy transfer crucially depends on the sign of o
constant in the model under consideration.

The value of «? can be theoretically calculated in the quantum
formalism developed by Urbanowski and collaborators [15-18].
In their paper it was proposed a quantum mechanical effect which
can be responsible for emission X or y rays by charged unsta-
ble particles at sufficiently late times. The sign of «? constant
is obtained from the analysis of the survival amplitude. In these
calculations, the crucial role plays the Breit-Wigner distribution
function which gives rise to a negative sign of the o constant. For
typical particles, decaying processes are describing through this
distribution function.
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From the cosmological point of view it is interesting that fluc-
tuations of instantaneous energy of these unstable particles, which
together with other stable particles form dark matter, can be
manifested as fluctuations of the velocity of these particles [17].
As the result this effect may cause the emission of the electromag-
netic radiation from radio up to ultra-high frequencies by unstable
particles including the unstable components of dark matter. In
the context of astrophysics important stays information can be
obtained from the observation of X-rays or y -rays. From X-ray CCD
instruments, dark matter is searched in keV energy for looking for
the non-baryonic X-ray signature [28].

On the other hand the «? constant is a dimensionless model
parameter which value can be estimated from some astronomical
data. Our estimations favor the negative o? constant, i.e. it is
favored the decaying vacuum of dark matter particles and the
radiative nature of the energy transfer to dark energy sector.

The survival amplitude of unstable particles is well described
by the Breit-Wigner energy distribution function [17]. So it is very
probable that the survival amplitude of the unstable components
of the sterile neutrino sector is also described sufficiently well
by this distribution function. Such a distribution function leads
to negative «? [58]. The negative sign of the «? constant offers a
new insight into the cosmological constant problem because the
running A is the growing function of the cosmological time with
asymptotic Apae at t — oo. Therefore, the problem of different
values of A at the early time universe and at the present epoch is
solved by our model.

In our paper we have also found the physical background of the
relation pgy, o a~>**, where A = const, plays an important role.
Our observational analysis of the evolution this parameter during
the cosmic evolution indicates that such an ansatz has a strongly
physical justification.

In interacting cosmology the interacting term which is postu-
lated in different physical forms is interpreted as a kind of non-
gravitational interactions in the dark sector. We suggest that this
interaction has the radiation nature and can be rather interpreted
following the Urbanowski and Raczynska idea as a possible emis-
sion of cosmic X and y rays by unstable particles [17] including
unstable particles forming dark matter.

It is still an open discussion about the nature of dark matter:
cold or warm dark matter [59]. Our results showed that in the
model of dark matter decay dark matter particle being lighter than
CDM particles. Therefore particles of warm dark matter remain rel-
ativistic longer during the cosmic evolution at the early universe.
Our model is consistent with a conception of mixed dark matter
(MDM) which is also called hot+cold dark matter [60,61].

In the investigating dynamics of the interacting cosmology
the corresponding dynamical systems, which are determining the
evolutional paths, are not closed until one specify the form of the
interacting term Q. Usually this form is postulated as a specific
function of the Hubble parameter, energy density of matter or
scalar field or their time derivatives [62-65]. Our model with
decaying dark matter favors the choice of the interacting term in
the form Q o H py,.

The statistical analysis favored the model with the negative
value of «? (the model with decaying dark matter particles). How-
ever there is a positive evidence in favor of the ACDM model with
respect to the our model based on twice natural logarithm of Bayes
factor calculated as the difference of BIC for both models.
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Abstract We study cosmology with running dark energy.
The energy density of dark energy is obtained from the quan-
tum process of transition from the false vacuum state to the
true vacuum state. We use the Breit—Wigner energy distri-
bution function to model the quantum unstable systems and
obtain the energy density of the dark energy parametrization
pde(t). We also use Krauss and Dent’s idea linking proper-
ties of the quantum mechanical decay of unstable states with
the properties of the observed Universe. In the cosmological
model with this parametrization there is an energy transfer
between dark matter and dark energy. The intensity of this
process, measured by a parameter «, distinguishes two sce-
narios. As the Universe starts from the false vacuum state,
for the small value of @ (0 < o < 0.4) it goes through an
intermediate oscillatory (quantum) regime of the density of
dark energy, while for @ > 0.4 the density of the dark energy
jumps down. In both cases the present value of the density of
dark energy is reached. From a statistical analysis we find this
model to be in good agreement with the astronomical data
and practically indistinguishable from the ACDM model.

1 Introduction

The standard cosmological model (ACDM model), which
describes the Universe, is the one most favored by astro-
nomical observations such as supernovae of type la or mea-
surements of CMB. In the ACDM model, the dark matter is
treated as dust and dark energy has the form of the cosmo-
logical constant Apyre. We are looking for an alternative for
the ACDM model by a modification of the dark energy term.

2 e-mail: aleksander.stachowski @uj.edu.pl

b e-mail: marek.szydlowski@uj.edu.pl

¢ e-mail: K.Urbanowski @if.uz.zgora.pl

The standard cosmological model possesses the six
parameters: the density of baryons Qph2, the density of cold
dark matter Qg h?, the angular diameter of sound horizon at
last scattering 6, the optical depth due to the reionization 7R,
the slope of the primordial power spectrum of fluctuations
ng, and the amplitude of the primordial power spectrum As,
where & = Hy (100 km s~! Mpc’l).

From the methodological point of view, the standard cos-
mological model plays the role of an effective theory, which
very well describes properties of the current Universe with-
out explaining the nature of two components of the model:
the dark energy and the dark matter. The nature of both com-
ponents of the Universe has been unknown up to now but we
describe these in terms of some useful fiction, the cosmolog-
ical constant and the cold dark matter, which is a kind of a
dust perfect fluid.

In this paper we concentrate on the interpretation of dark
energy in terms of running cosmological constant rather than
in terms of the pure cosmological constant parameter (Apare
in our approach). It is a consequence of some problems with
the interpretation of the pure cosmological constant, namely:

1. One cannot explain why the cosmological constant is not
large.

2. One does not know why it is not just equal zero.

3. One cannot explain why energy densities of both dark
energy and dark matter, expressed in terms of dimen-
sionless density parameters, are comparable in the cur-
rent epoch (cosmic coincidence problem).

In our proposition of the explanation of these problems
with the cosmological constant parameter, we base our ideas
on the theories of the cosmological constant in which the vac-
uum energy is fixed by the fundamental theory [1]. Extend-
ing the ACDM model beyond the classical regime, we apply
quantum mechanics as a fundamental theory, which deter-
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mines cosmological parameters and we explain how cosmo-
logical parameters vary during the cosmic evolution.

The cosmological constant is the source of two problems
in modern cosmology. The first problem is the cosmological
constant problem, which is consequence of the interpretation
of dark energy as a vacuum energy. The observed present
value of the cosmological constant is 120 orders of mag-
nitude smaller than we expect from quantum physics. The
second problem is the coincidence problem. If we assume
that the dark energy is always constant, then the ACDM
model cannot explain why the cosmological constant has the
same order of magnitude as the density of matter today. If the
model belongs to the class of running dark energy cosmolo-
gies then the first problem of cosmological constant can be
solved.

This question seems to be crucial in contemporary physics
because its solution would certainly mean a very crucial
step forward in our attempts to understand physics from the
boundary of particle physics and cosmology. A discussion as
regards the cosmological constant problem can be found in
Refs. [1-16].

In our model, the influence of running dark energy densi-
ties of both visible and invisible matter is very small. Thus we
share Weinberg’s opinion, according to which looking for a
solution of the coincidence problem, we should consider the
anthropic principle. According to Weinberg’s argument, no
observers at all should be in the Universe if the cosmological
constant was even three orders of magnitude larger than it is
now.

Coleman et al. [17-19] discussed the instability of a phys-
ical system, which is not at an absolute energy minimum, and
which is separated from the minimum by an effective poten-
tial barrier. They showed that if the early Universe is too
cold to activate the energy transition to the minimum energy
state, then a quantum decay, from the false vacuum to the
true vacuum, is still possible through a barrier penetration
via macroscopic quantum tunneling.

The discovery of the Higgs-like resonance at 125-126
GeV [20-23] caused a discussion as regards the instability
of the false vacuum. If we assume that the Standard Model
well describes the evolution of the Universe up to the Planck
epoch, then a Higgs mass my < 126GeV causes the elec-
troweak vacuum to be in a metastable state [21]. In conse-
quence the instability of the Higgs vacuum should be consid-
ered in the cosmological models of the early time Universe.

The idea that properties of the quantum mechanical decay
process of metastable states can help to understand the prop-
erties of the observed Universe was formulated in [24-26]. It
is because the decay of the false vacuum is a quantum decay
process [17—19]. This means that the state vector correspond-
ing to the false vacuum is a quantum unstable (or metastable)
state. Therefore all general properties of quantum unstable
systems must also occur in the case of such a quantum unsta-
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ble state as the false vacuum and, as a consequence, models
of quantum unstable systems can be used to analyze proper-
ties of the systems of which the time evolution starts from
the false vacuum state. Note that Landim and Abdalla built
a model of metastable dark energy, in which the observed
vacuum energy is the value of the scalar potential at the false
vacuum [27].

In this paper, we assume the Breit—-Wigner energy distri-
bution function, which is very often used to model unstable
quantum systems, as a model of the process of the energy
transition from the false vacuum to the true vacuum. In con-
sequence the parametrization of the dark energy is given by

formula
o J(1)
l—aﬁ(l(t)>’ M

where « and ER are model parameters describing the varia-
tion from the standard cosmological model. The values of the
parameter « belong to interval (0, 1). Note that if the param-
eter o or ER is equal to zero, then the model is equivalent to
the ACDM model.

Let Apare = Eo — ER; then Eq. (1) can be rewritten in the
equivalent form

_ S
Ode = Apare + ER [1+ 1 —aﬁ(l(t)>i|. 2)

pde = Eo + ER

Here the units 87 G = ¢ = 1 are used.
The functions J(¢) and I (¢) are defined by the following
expressions:

o
n
J(r)zf .
_]—DtT] +Z

o

e~ dn, 3)

oo
1 .
1(;)=f —e dy, )
_];a n +Z

The integrals J(¢) and I (¢) can be expressed by the exact
solutions of these integrals. The formula for J (¢) is the fol-
lowing expression:

J(z) = %e*fﬂ (—21'71 +€e"E; ([% — Q} r>

+ei([--27])) ®
2 o

and I (¢) is expressed by

/2 A 1 id—-a)
I(t) =2me <1+2n< e'Ep (|:2 Y T
+ E <[—l——i(l_a)}r>>>, (6)
2 o

where T = % Vot and V is the volume of the Uni-

verse in the Planck epoch. In this paper we assume that
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Vo = 1. The function E{(z) is called the exponential inte-
gral and is defined by the formula: E;(z) = fzoo %dx (see
[28,29]).

2 Preliminaries: unstable states

Asmentioned in Sect. 1 we will use the parametrization of the
dark energy transition from the false vacuum state to the true
vacuum state following from the quantum properties of such
a process. This process is a quantum decay process, so we
need quantities characterizing decay processes of quantum
unstable systems. The main information as regards properties
of quantum unstable systems is contained in their decay law,
that is, in their survival probability. So if one knows that
the system is in the initial unstable state |¢) € H (H is the
Hilbert space of states of the considered system), which was
prepared at the initial instant 7y = 0, then one can calculate
its survival probability (the decay law), P(¢), of the unstable
state |¢) decaying in vacuum, which equals

P(t) = |A@D)|, (7

where A(?) is the probability amplitude of finding the system
at time ¢ in the rest frame Oy in the initial unstable state |¢),

A(t) = (1o (1)), ®)

and |¢ (7)) is the solution of the Schrédinger equation for the
initial condition |¢ (0)) = |¢), which has the following form:

9
iho—|¢(0) = Hlp D). ©)

Here |¢), |¢(t)) € H, and $) is the total self-adjoint Hamilto-
nian for the system considered. The spectrum of §j is assumed
to be bounded from below, Ein, > —o0 is the lower bound
of the spectrum o ($)) = [Emin, +00) of £). Using the basis
in ‘H built from normalized eigenvectors |E), E € o.() of
$ and expanding |¢) in terms of these eigenvectors one can
express the amplitude A(¢) as the following Fourier integral:
—LEt

A(t) = /00 w(E) e dE, (10)

Emin
where w(E) > 0 (see [30-32)).

So the amplitude A(#) and, thus, the decay law P(¢) of the
unstable state |¢) are completely determined by the density
of the energy distribution w (E) for the system in this state
[30,31]; see also [32—39] (this approach is also applicable in
Quantum Field Theory models [40,41]).

Note that in fact the amplitude A(f) contains informa-
tion as regards the decay law Py (¢) of the state |¢), that
is, as regards the decay rate Fg of this state, as well as the

energy Eg of the system in this state. This information can be
extracted from A(z). It can be done using the rigorous equa-
tion governing the time evolution in the subspace of unstable
states, H)| 3 |¢)| = |¢). Such an equation follows from the
Schrodinger equation (9) for the total state space H.

The use of the Schrodinger equation (9) allows one to find
that within the problem considered

0
iﬁg(fbl(ﬁ(t)) = (9I91e(1)). an

This relation leads to the conclusion that the amplitude A(¢)
satisfies the following equation:

2490 _ A, (12)
where

_ (@19le 1))
h(t)_—A(t) , (13)

and A (¢) is the effective Hamiltonian governing the time evo-
lution in the subspace of unstable states H| = PH, where
P = |¢)(¢]| (see [42] and also [43,44] and the references
therein). The subspace H © ‘H| = H1 = QH is the sub-
space of decay products. Here QQ = I — P. We have the
following equivalent formula for A (¢) [42—44]:

hay = 20940
A1) ot

(14)

One meets the effective Hamiltonian /4 (¢) when one starts
with the Schrédinger equation for the total state space H and
looks for the rigorous evolution equation for a distinguished
subspace of states H; C H [39,42]. In general A(z) is a
complex function of time and in the case of | is dimension
two or more the effective Hamiltonian governing the time
evolution in such a subspace it is a non-hermitian matrix H,
or non-hermitian operator. We have

h(t) = Eg(t) — %11,,(:), (15)
and

Ey(t) =R[h(@®)], Tye@)=-23[h@)], (16)
are the instantaneous energy (mass) E(f) and the instanta-
neous decay rate, 'y (t) [42—44]. Here )i (z) and J (z) denote
the real and imaginary parts of z, respectively. Equations (12),
(14) and (16) are convenient when the density w (E) is given
and one wants to find the instantaneous energy Ey(¢) and
decay rate 'y (¢): Inserting w (E) into (10) one obtains the
amplitude A(#) and then using (14) one finds 4 (¢) and thus
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Ey(t) and I'y(¢). The simplest choice is to take w (E) in the
Breit—Wigner form,

def N F0®(E Emln)

E)= E)= — , 17
w(E) = wpw(E) = 27 (E— Eo + (2 )

where N is a normalization constant and ®(E) = 1 for
E > 0and ©(E) = 0 for E < 0. The parameters Eqg and I'g
correspond to the energy of the system in the unstable state
and its decay rate at the exponential (or canonical) regime of
the decay process. Enip is the minimal (the lowest) energy of
the system. Inserting wpw (E) into Eq. (10) for the amplitude
A(t) after some algebra one finds that

N ot
Ay = Y kot Iy <—°> (18)
2 h
where
0o 1 .
Ig(x) “if/ Ce T dp, (19)
—p >+ 1

Here T = FTO = L, 19 is the lifetime and g =

mm The
0
integral /g (¢) can be expressed in terms of spe01al functlons

as follows:

Ip(t) = 2me "3 + i{e_% El(—i (/3 — %) z)
_eT2 E1< —i <,8 n %) r)} (20)

where Ej(z) denotes the integral-exponential function
defined according to [28,29] (z is a complex number).

Next using this A(¢) given by Egs. (18), (19) and (14),
defining the effective Hamiltonian hg(7), one finds that
within the Breit—Wigner model considered

1 9AGt Jg (Lot
h(r) = if ® _ Byyrgfon’, 1)
At) ot Iﬂ(TO)
where
oo .
Jﬂ(r)z/ 2x CeTINT gy, (22)
- X +4—1

It is important to be aware of the following problem: Namely
from the definition of Jg(r) one can conclude that Jg(0)
is undefined (lim;_.¢ Jg(r) = 00). This is because within
the model defined by the Breit—Wigner distribution of the
energy density, wpw (E), the expectation value of $), that is,
(p19|¢), is not finite. So all the considerations based on the
use of Jg(7) are valid only for T > 0.
Note that simply

dlg(7)
Jg(r) =i . (23)

@ Springer

which allows one to find analytical form of Jg(t) having
such a form for I4(7).

We need to know the energy of the system in the unstable
state |¢) considered. The instantaneous energy Ey(t) of the
system in the unstable state |¢) is given by Eq. (16). So within
the Breit—Wigner model one finds that

=

Jp (54
Eys(t) = Eo + To % , 24
o (1) 0o+To [Iﬁ(FTO) (24)

or, equivalently,

k(1) =

Ey(t Eni 1
def (/)() m1n=1+_m|:

Ja(Eor
Zott) = Bmin S )} . (25)
EO Emin ,8

I5(rot)

(This relation, i.e. x (), was studied, for example in [45,46].)
It is relatively simple to find asymptotic expressions Igt

and Jg(7) fort — oo directly from (19) and (22), using, e.g.,

the method of integration by parts. We have, for t — oo,

BT 1 28 i
TRt PP+t

2 882 i\?
M RRCEE (?) o Q0
and

y i eiﬁf 2y 282 i
B

+ L (i)2+--~ @7
Br+g [ B+ g ‘

These two last asymptotic expressions allow one to find for
T — oo the asymptotic form of the ratio 1’3 (( )) used in Eqgs.
(21), (24) and (25); it has a much 51mpler form than the
asymptotic expansions for /g(t) and Jg(7). One finds that,

for t — oo,

1/3()““—

I _ 2 1 4 (28)

i
Ig(t) T B2 + l 72

Starting from this asymptotic expression and Eq. (24) or mak-
ing use of the asymptotic expansion of E1(z) [29] and (20),

e % 1 2
— (==t (29)
z z

E1(2) ;)50 ™~ -

where | arg z| < %n, one finds, e.g., that, for t — oo,

Eo — Enmin h 2
Eg(t), o0 = Emin — Zm (? ) (30)
¢ min
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where hg = Ey — %Fo. This last relation is valid for ¢ >
T, where T denotes the cross-over time, i.e. the time when
exponential and late time inverse power law contributions to
the survival amplitude begin to be comparable.

Some cosmological scenarios predict the possibility of
decay of the Standard Model vacuum at an inflationary stage
of the evolution of the Universe (see, e.g., [47] and also [48]
and the references therein) or earlier. Of course this decay-
ing Standard Model vacuum is described by the quantum
state corresponding to a local minimum of the energy den-
sity, which is not the absolute minimum of the energy density
of the system considered (see, e.g., Fig. 1). The scenario in
which false vacuum may decay at the inflationary stage of
the Universe corresponds with the hypothesis analyzed by
Krauss and Dent [24,25]. Namely in the mentioned papers the
hypothesis that some false vacuum regions do survive well
up to the cross-over time 7 or later was considered where T
is the same cross-over time as is considered within the theory
of evolving in time quantum unstable systems. The fact that
the decay of the false vacuum is a quantum decay process
means that the state vector corresponding to the false vac-
uum is a quantum unstable (or metastable) state. Therefore
all the general properties of quantum unstable systems must
also occur in the case of such a quantum unstable state as the
false vacuum. This applies in particular to such properties
as late time deviations from the exponential decay law and
properties of the energy E(ffllse () of the system in the quan-
tum false vacuum state at late times ¢+ > 7. In [49] it was
pointed out that the energy of those false vacuum regions
which survived up to 7 and much later differs from Ef‘ﬁ‘l“e
[49].

So within the cosmological scenario in which the decay of
a false vacuum is assumed the unstable state |¢) corresponds
to the false vacuum state: |¢) = |0)@5¢. Then |0)™ is the
true vacuum state, that is, the state corresponding to the true
minimal energy. In such a case Eg — E(f)alse is the energy
of a state corresponding to the false vacuum measured at
the canonical decay time (the exponential decay regime) and
E{" is the energy of true vacuum (i.e., the true ground state
of the system), so E"® = Ep;n. The corresponding quantum
mechanical process looks as shown in Fig. 1.

If one wants to generalize the above results, obtained on
the basis of quantum mechanics, to quantum field theory
one should take into account among others a volume fac-
tor so that survival probabilities per unit volume should be
considered and similarly the energies and the decay rate,
E — p(E) = V,Fo =y = O,where Vo = V(ty) is
the volume of the con51dered system at the initial instant 7y,
when the time evolution starts. The volume Vj) is used in these
considerations because the initial unstable state |¢) = |0)false
att = fop = 0 is expanded into eigenvectors |E) of §) at this
initial instant #y (where E € 0.(5))) and then this expansion
is used to find the density of the energy distribution w(E).

| Efelse, | Q> false

Emin= Egfree, |Q>>tree

Fig. 1 Transition of the system from the false vacuum state |0)fs¢ to
the true ground state of the system, i.e. the true vacuum state |0)"!°.
The states |0)215¢ and |0)™ correspond to the local minimum and to
the true lowest minimum of the potential V (¢) of the scalar field ¢,
respectively

It is easy to see that the mentioned changes E +— V% and

Iy — E do not change the integrals /g(¢) and Jg(¢) and Eq.

(29). Slmllarly in such a situation the parameter 8 = #

does not change. This means that Eqs. (24), (25), (30) can be
replaced by the corresponding relations for the densities pge
or A (see, e.g., [45,51,52]). Within such an approach E(¢)
corresponds to the running cosmological constant A (¢) and
Emin to the Apgre. The parametrization used in next sections
is based on Egs. (24) and (25). The integrals (3), (4) intro-
duced in Sect. 1 are obtained from (22) and (19) replacing
B by ITT"‘ Similarly solutions (5) and (6) correspond to (20)
and to the function Jg(7) obtained from (20) using (23).

3 Cosmological equations with
Pde = Avare + ER [1 + ﬁm (%)]

The cosmological model with the parametrization of the dark
energy (1), belonging to the class of parametrizations pro-
posed in [45] after putting Er = Eg — Apare, assumes the
following form of pge (We use units 871G = ¢ = 1):

_ J(t)
Ode = Apare + ER [1+ | —a t([(l))] 31

It can be introduced as the covariant theory from the follow-
ing action:

_ / V=2 (R + L) dx, (32)

where R is the Ricci scalar, £y, is the Lagrangian for the
barotropic fluid and g, is the metric tensor. We assume the
signature of the metric tensor to be (4, —, —, —) and, for
simplicity, we assume that the constant curvature is zero (the
flat model). The Ricci scalar for the Friedmann—Lemaitre—
Robertson—Walker (FLRW) metric is represented by the fol-
lowing formula:

@ Springer
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. 2
R=—6 [f + (f) ] (33)
a a

where a dot means differentiation with respect to the cosmo-
logical time ¢.

The Lagrangian for the barotropic fluid is expressed by
the formula

L = —prot (1 + / M dptot) , (34)

Piot

where po; 1s the total density of fluid and po(oror) 1S the
total pressure of fluid [53]. We assume that this fluid consists
of three components: the baryonic matter pp, the dark matter
pdm and the dark energy pg.. We treat the baryonic matter
and the dark matter like dust. In consequence the equations of
state for them are the following: py,(op) = 0 and pgm(0dm) =
0. The equation of state for the dark energy is assumed in the
form pge(pde) = —pPde-

Of course, the total density is expressed by pior = pop +
Pdm + pde and the total pressure is expressed by piot(pror) =
Pde(Pde) = —Pde-

We can find the Einstein equations using the method of
calculus of variations by variation of the action (32) by the
metric g,,. Then we get two equations: the Friedmann equa-
tion

2

a
3H? = 3= = ot = o+ Pam + Pae; (35)

where H = % is the Hubble function, and the acceleration
equation

a 1
P _E(Ptot + 3Ptot(Pro)) = Pb + Pdm — 20de- (36)

From Egs. (35) and (36) we can get the conservation equa-
tion

Prot = —3H (prot + Prot(Prot))- (37)
The above equation can be rewritten as
pm = —3Hpm — Pde, (38)
where pm = Pp + Pdm-

Let Q be the interaction between the dark matter and the

dark energy. Then Eq. (38) is equivalent to the following
equations:

po = —3Hpy, (39)
pdm = —3Hpam + O, (40)

@ Springer

and

pae = =0, @1

where the interaction Q is defined by Eq. (41). The inter-
action between the dark matter and the dark energy can be
interpreted as the energy transfer in the dark sector. If O > 0
then the energy flow is from the dark energy to the dark mat-
ter. If O < O then the energy flow is from the dark matter to
the dark energy.

For the description of the evolution of the Universe it is
necessary to use the Friedmann equation (35) and the con-
servation equation (38). These formulas can be rewritten in
terms of dimensionless parameters. Let Q;, = and

= LPde
Qde - 3H025

function. Then from Egs. (35) and (38), we get

Pm_
3H}
where Hj is the present value of the Hubble

2
H_g == Qm + Qde (42)
and
Qm = —3HQm — Qee. (43)

The above equations are sufficient to find the behavior of the
matter, the dark energy, the Hubble function and the scale
factor as a function of cosmological time. We cannot find
the exact solutions because these equations are too compli-
cated. In this case we should search for numerical solutions.
The behavior of the dark energy is presented in Figs. 2 and
3. Figure 2 shows the diagram of the dependence 2ge(7)
with respect of the rescaled time t for « = 10719 and

% = 10'20. On the diagram we can see that the start value
0

of the dark energy density, which is equal to Q¢. =~ 10120,
is reduced to the present value of the dark energy density,
which is 4. & 0.7. This final value of €24, does not depend
on the values of the parameters « and 3‘;02. Therefore, this
0
mechanism makes an attempt of solving the cosmological

Qe (7)
4x10"01

2><10120 L

‘ ‘ ‘ ‘ LT
960 970 980 [®990 1000 1010

2% 10120 L

-4x10"0¢

Fig. 2 The dependence Q4. (7) foro = 107195 and % =10'20, The
~0

rescaled time 7 is given in units of [1.3 x 10~404]
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Q4e(7)
1x10'8

5x10'7

‘ ‘ ‘ LT
1000 1002 1004 1006 1008 1010

-5%x10'7

—1x10'"8

Fig. 3 The dependence Q4.(7) during the intermediate phase of

damped oscillations for « = 107195 and % = 10'%0. The rescaled
3Hy
time 7 is given in units of [1.3 x 10~404]

constant problem. For late time, dark energy can be treated
as the cosmological constant. The characteristic of the inter-
mediate oscillatory regime is depending on the parameter
«. With the increasing value of « the number of oscilla-
tions, their amplitude, their period as well as the length of
this regime decreases. If « > 0.4 then oscillations begin to
disappear and the value of 4. jumps to the constant value
of 0.7.

Figure 3 shows the diagram of the dependence 2g4e(7)
during the intermediate phase of damped oscillations with
respect of the time 7 for @ = 107195 and 31% = 10'%°. Note

that the dark energy oscillates and the ampli?ude of the oscil-
lations decreases with time. In consequence the dark energy
can be treated as the cosmological constant after the inter-
mediate phase of oscillations. Figure 4 shows the diagrams
of the dependence Q24.(7) with respect of the time 7 for dif-
ferent values of @ (¢ = 0.2, 0.4, 0.8) and £ = 102,

This figure presents how the evolution of Q24.(7) is depen-
dent on the parameter «. Note that the oscillations disappear
fora > 0.4.

In general, if o decreases then the times when oscillatory
regime takes place increase. This means that passage from
the very high energies to the extremely small energies, which
takes place at the oscillatory regime, moves in the direction
of increasing time with decreasing « and for a suitable small
value of « this oscillatory regime can occur at relatively late
times.

Figure 5 presents the evolution of d(?—r“e. The evolu-
tion of matter is demonstrated in Fig. 6 and the Hubble
function is presented in Fig. 7. The diagram of the scale
factor with respect to the cosmological time is presented
in Fig. 8.

We have t = % Vot; therefore if the value
of the parameter o increases then the damping of oscilla-
tions should also be increased. In the limiting case, if « is
equal zero then we get the ACDM model. This last conclu-
sion can easily be drawn analyzing the late time properties
of pde.

Fig. 4 The dependence Q4c(7) for @ = 0.2 (left figure) and o = 0.4
(medium figure) and « = 0.8 (right figure) and % = 10'%. The
)

rescaled time t for the left figure is given in units of [5.3 x 10~ %35, for

the center figure is given in units of [2.0 x 10™1435] and for the right
figure is given in units of [3.3 x 10~ 1404]

dee

dr
1% 10226 -

5% 10225 L

T
960 970  980W 990 1000 1010

—5x% 10225 L

~1x107"

Fig. 5 The dependence dfftde (7) for @ = 107195 and 3ETO§ = 10120,

Note that, for negative value of dffrde , the energy is transferred from

the dark energy to the dark matter and for the positive value of d?rde s

the energy is transfered from the dark matter to the dark energy. The
rescaled time 7 is given in unit [1.3 x 10~404]

Qdm (T)

Qgm (1000)
1.08

1.06
1.04

1.02

‘ ‘ ‘ ‘ i
960 970 980 990 IONM
Fig. 6 The dependence Q4 for @ = 10719 and 3}% = 10'20. we

0
include the influence of the radiation for the evolution of the matter.
Note that the dark energy has a negligible influence on the evolution of
the matter. The rescaled time t is given in units of [1.3 x 10~49]

For the late time, T — o0, according to Eq. (28), the
parametrization of dark energy (31) can be approximated by
the following expression:

o? 1

... (44)
(1-?+9 7

Pde = Apare — 2ER

From this relation the important observation follows: For
any @ > 0 the ACDM model is the limiting case, when

@ Springer
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H(T)

H (1000)
1.04 ¢

1.03 -

1.02r

1.01r

s s s s Lor
960 970 980 990 IONIO
Fig. 7 The dependence H(t) for « = 107!% and % = 10!20,

We include influence of the radiation for the evolution ofo the Hubble
function. Note that dark energy has a negligible influence on the evo-
lution of the Hubble function. The rescaled time t is given in units of
[1.3 x 107405]

a(T)

a (1000)
1.005 -

1.000 ¢

0.995¢

0.990 -

0.985¢

0.980

960 970 980 990 1000

T
1010
Fig. 8 The dependence a(t) for @ = 10719 and % = 10'20, we

include the influence of the radiation on the evolution of the scale factor.
Note that dark energy has negligible influence on the evolution of the
scale factor. The rescaled time t is given in units of [1.3 x 10~405]

T — 00, of our model. So for very, very late times the results
obtained within our model and within the ACDM model
have to coincide. This parametrization of the dark energy
was considered in [52,54,55].

The dark energy is significantly lower than the energy
density of matter in the early Universe, which has the conse-
quence that the transfer to the dark sector is negligible (see
Fig. 5). Our model makes an attempt of solving the cosmo-
logical constant problem. In general, the amplitude of oscil-
lations of the dark energy decreases with time.

Thus for the late time Universe, oscillations are negligi-
ble and the dark energy has the form of the cosmological
constant.

The conservation equation for the dark energy (41) can be
rewritten as

Pde = —3H (pde + Pde)s (45)

@ Springer

w(T)
201

10

T

v T

_10,

-20t

Fig. 9 The typical dependence w(r). This example is for « = 0.09
and % = 10", Note that after the intermediate phase of oscillations,

the function w(r) can be treated as a constant, which is equal to —1.
The rescaled time 7 is given in units of [1.3 x 10~ 1445)

where pge is an effective pressure of the dark energy. In this
case the equation of state for the dark energy is expressed by
the following formula:

Pde = W()Pde, (46)
where the function w(#) is given by the expression

[')de 1 dln Pde
w(t)=—-1-— =—]l-——
\/§V Pm + PdePde 3H dt

The diagram of coefficient equation of state w(t) is presented
in Fig. 9. The function w(¢), for the late time, is a constant
and equals —1, which means that it describes the cosmolog-
ical constant parameter. Note that the function w(¢) is also
equal —1, which means that pg, is constant as a consequence
of the conservation condition (transfer between the sectors is
negligible). Therefore, the energy transfer is an effective pro-
cess only during the intermediate oscillation period (quantum
regime).

Let pge > pm. Then our model predicts inflation. The
formula for the e-foldings N = Hinit(fin — finit) (see [56])
becomes the following expression for our model:

Ep
N =,/ 3 (fin — finit)» (48)

where fipir ~ 0 and 4, is the time of appearing of the interme-
diate phase of oscillations. Figure 10 presents the evolution
of the scale factor a with respect to the cosmological time
during inflation.

. (47)

4 Statistical analysis

To estimate the model parameters we use the astronomical
observations such as the supernovae of type Ia (SNIa), BAO,
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a(t)
1.0

0.8
0.6

0.4r

t
0 Lx107%  2.x10™  3.x10™  4.x10™  s.x107

Fig. 10 The dependence a(r) for EO = 2 % 10'%. We assume that

Pde > pm and the intermediate phase of oscillations is after the Planck
epoch. Note that, for the above assumptions, inflation appears after the
Planck epoch. The characteristic number of e-foldings of this inflation
is equal to 53 here. The cosmological time ¢ is given in seconds

measurements of H(z) for galaxies, the Alcock—Paczynski
test and the measurements CMB.

The data of supernovae of type la, which were used in
this paper, are taken from the Union 2.1 dataset [57]. In this
context we use the following likelihood function:

In Lent, = —%[A _ B/C +log(C/2m))], 49)

where A = (’uobs _ Mth)(c—l(uobs _ Mth)’ B = (C—l (MObS _
u), ¢ = TrC~! and C is a covariance matrix for SNIa.
The observer distance modulus 1P is defined by the for-
mula %% = m — M (where m is the apparent magnitude
and M is the absolute magnitude of SNIa). The theoretical
distance modulus is given by u" = 5 logg D1 + 25 (where
the luminosity distance is Dy = ¢(1 + z) foz ,fllfz)

We use the following BAO data: Sloan Digital Sky Survey
Release 7 (SDSS DR7) dataset at z = 0.275 [58], 6dF Galaxy
Redshift Survey measurements at redshift z = 0.1 [59], and
WiggleZ measurements at redshift z = 0.44, 0.60, 0.73 [60].
The likelihood function is defined by the expression

rs(za) ) (C_l (dObS _ rs(Za) ) ’
Dy (z) Dy (z)

(50)

where r(z4) is the sound horizon at the drag epoch [61,62].

Measurements of the Hubble parameter H (z) of galaxies

were taken from [63-65]. The likelihood function is given
by the following formula:

1 .
In Lgao = 5 (ClOb5 —

th
H ) ) . (51)

O

N
1 H(Z )obs
In LH(z) = —= E <

The likelihood function for the Alcock—Paczynski test [66,
67] has the following form:

I« (AP" @) — AP @)
In LAP = —5

> , (52)

where AP (7)™ = H(Z) I Hd(zz,) and A P (z;)°P are observa-
tional data [68-76].

In this paper, the likelihood function for the measurements
of CMB [77] and lensing by Planck, and low-£ polarization
from the WMAP (WP), has the following form:

1 _
In LOMB ensing = —§<x““ —xPHCT ™ —x°%), (53)

where C is the covariance matrix with the errors, X is a vector
of the acoustic scale 4, the shift parameter R and Qph? where

Iy = (54)

T / Z
C
rs(z*) H (z/)
2

where z* is the redshift of the epoch of the recombination
[61].

In this paper, the final formula for the likelihood function
is given in the following form:

Liot = LsN1aLBAOLAPL 1 (z) LCMB+ensing - (56)

The statistical analysis was done by our own code Cos-
moDarkBox. This code uses the Metropolis—Hastings algo-
rithm [78,79].

We estimated four cosmological parameters: Hy, Q2m,0, o
and the parameter E(. Our statistical results are completed in
Table 1. We present intersections of the likelihood function
with 68 and 95% confidence level projections in Figs. 11,
12, 13 and 14. PDF diagrams for « and 2 are presented in

Figs. 15 and 16. E

The values of the likelihood function are not always sen-
sitive to changing of the parameters « and E(. The possible
changing of the values of the likelihood function are beyond

Table 1 The best fit and errors for the estimated model for SNIa + BAO
+ H(z) + AP + CMB test with Hy from the interval (66.0, 72.0), Qm.0
from the interval (0.27, 0.34). Qy o is assumed as 0.048468

Parameter Best fit 68% CL 95% CL
+0.61 +0.98

Hy 68.82 km/(s Mpc) —0.55 092
+0.0079 +0.0133

$m.0 0.3009 ~0.0084 ~0.0134

@ Springer
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0.303f 1

03021

S 0.301]
q L

0.300]

0.299F 1

02980 .
0.0 0.2 0.4 0.6 0.8 1.0

o

Fig. 11 The intersection of the likelihood function of two model
parameters (S2m,0, o), with the marked 68 and 95% confidence levels.

The plane of the intersection is the best fit of Hy (Hp = 68.82 [skampc])'

We assumed that Eq/ (3H§) is equal to 10129, but changing of the value
of Eg/(3 Hg) does not influence the results. Note that the values of the
likelihood function are not sensitive to changing of the parameter o

|
032} 1
031} 1
2 I ]
S 030+ ]
0.29F 1
028;‘ Col e e e ‘\;
0.675 0.680 0.685 0.690 0.695 0.700 0.705
" [100 km]
0 s Mpc

Fig. 12 The intersection of the likelihood function of two model
parameters (2m,0, Ho), with the marked 68 and 95% confidence levels.
The plane of the intersection is & = 0.5 and Ey = 10'%0

the capabilities of numerical methods. This fact can be inter-
preted as the lack of sensitivity of the present evolution of
the Universe for changing of the parameters « and Eg. The
best fit values of Hy and 2y, for our model are equivalent of
the best fit values for the ACDM model.

5 Conclusion

The main goal of our paper was to analyze the cosmological
model with the running dark energy as well as the dark matter

@ Springer

0.6900 - ]

0.6895 |
0.6890

0.6885

100 km
s Mpc

0.6880

Hyl

0.6875 1=

0.68701, :

0.6865 ] :

0.0 0.2 0.4 0.6 0.8 1.0
o

Fig. 13 The intersection of the likelihood function of two model
parameters (Hy, «), with the marked 68 and 95% confidence levels.
The plane of the intersection is the best fit of Qo (2m,0 = 0.3009).
We assumed that Eo /(3 Hg) is equal to 10'2, but changing of the value
of Eg/ (3Hg) does not influence the results. Note that the values of the
likelihood function are not sensitive to changing of the parameter o

0.303 4
0.302
$ 0301
=]
0.300
0.299 |
o208b . . )
0.0 0.2 0.4 0.6 0.8 1.0
101205 B0
3 Hy?
Fig. 14 The intersection of the likelihood function of two model
parameters (R 0, %), with the marked 68 and 95% confidence levels.
0
: P ki
The plane of the intersection is the best fit of Hy (Hp = 68.82 [ SX]{,[“pC]).

We assumed that « is equal to 0.1, but changing of the value of « does
not influence the results. Note that the values of the likelihood function

are not sensitive to changing of 31%
0

and the baryonic matter in the form of dust. We considered
the evolution of the dark energy using the fact that the decay
of a false vacuum to the true vacuum is a quantum decay
process. From the cosmological point of view this model
was formulated in terms of the cosmological model with the
interaction between dark matter and dark energy.
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Lot
1.4F
1.2F

1.0
0.8 *
0.6 *
04
02}

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 15 Diagram of PDF for parameter o obtained as an intersection
of the likelihood function. Two planes of the intersection likelihood

function are Hy = 68.82 [skampc] and Qp o = 0.3009. The planes

of intersection are constructed from the best fitting value of the model
parameters. We assume the value of o from the interval (0, 1). Note
that the values of the likelihood function are not sensitive to changing
of o

0.8

0.6

04r

02

0.0 0.2 0.4 0.6 0.8 1.0 3 Hy?

Fig. 16 Diagram of PDF for 3202 obtained as an intersection of the
0

likelihood function. Two planes of intersection likelihood function are

Hy = 68.82 [skampc] and Qp,0 = 0.3009. The planes of intersection

are constructed from the best fitting value of the model parameters. We

assume the value of % from the interval (0, 10'20). Note that the
-0

_Eo_

3H

values of the likelihood function are not sensitive to changing of

We detected the intermediate phase of oscillations between
phases of constant dark energy. The preceding phase has
pde = Eo and the following phase has pge = Apare. Defin-
ing this class of models parametrized with « (the devia-
tion from the ACDM model) we have found two different
types of dynamical behavior. Independently of 0 < o < 1
there is a universal mechanism of jumping of the value
of energy density of dark energy from the initial value of
Eo = 10" to the present value of the cosmological constant
of 0.7.

During this epoch there is the oscillatory behavior of
energy density of dark energy as well as its coefficient equa-
tion of state. In this intermediate regime the amplitude of the

oscillations increases, then there is a jump down followed by
the decreasing oscillations. This kind of oscillation appears
for 0 < o < 0.4. The number, period and amplitude of
oscillations as well as the length of this intermediate regime
decreases as the parameter o grows. For o > 0.4 the oscil-
lations disappear and only the jump down of energy density
of dark energy remains. The jump down mechanism is inde-
pendent from the value of the parameter «, which leads to
solving the cosmological constant problem.

In the early Universe the energy density of dark energy
is significantly lower than the energy density of dark matter,
therefore the change of energy density of the dark matter,
which is caused by energy transfer in the dark sector, is neg-
ligible.

While our model makes an attempt of an explanation of the
cosmological constant problem, the coincidence problem is
still open as we forced the model to have an exit on the present
value of the cosmological constant. In the early Universe, the
dark energy oscillates. But the amplitude of the oscillations
decreases with time. In consequence, for the late time Uni-
verse, oscillations are negligible and the dark energy can be
described as the cosmological constant. Unfortunately our
model cannot explain why the present value of dark energy
and matter are comparable.

From the statistical analysis of the model we found that
the model is generic in the sense that independently from the
values of the parameters o and E( we can obtain the present
value of the energy density of the dark energy. Therefore, the
ACDM model is an attractor which all models with different
values of parameters « and Eq can reach. The final interval of
evolution for which we have data at our disposal is identical
for a whole class of models, therefore it is impossible to find
best-fitted values of the model parameters and indicate one
particular model (degeneration problem).

As should be expected it is difficult to discriminate the
parameters of the early state of the Universe as there is no
data for very high redshift. In Figs. 15 and 16 the likelihood
functions for parameters of interest are flat, so there is no
best fit value. That is why we take calibrated values of these
parameters for further analysis in this paper. We assume that
the false vacuum energy is 1020 as is indicated from the
quantum field theory. On the other hand the parameter «
should be chosen to get the decaying process of false vacuum
to take place after the Planck era.
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Abstract We derive the Shafieloo, Hazra, Sahni and
Starobinsky (SHSS) phenomenological formula for the
radioactive-like decay of metastable dark energy directly
from the principles of quantum mechanics. To this aim we
use the Fock—Krylov theory of quantum unstable states. We
obtain deeper insight on the decay process as having three
basic phases: the phase of radioactive decay, the next phase
of damping oscillations, and finally the phase of power-law
decay. We consider the cosmological model with matter and
dark energy in the form of decaying metastable dark energy
and study its dynamics in the framework of non-conservative
cosmology with an interacting term determined by the run-
ning cosmological parameter. We study the cosmological
implications of metastable dark energy and estimate the char-
acteristic time of ending of the radioactive-like decay epoch
to be 2.2 x 10* of the present age of the Universe. We also
confront the model with astronomical data which show that
the model is in good agreement with the observations. Our
general conclusion is that we are living in the epoch of the
radioactive-like decay of metastable dark energy which is a
relict of the quantum age of the Universe.

1 Introduction

We follow Krauss and Dent’s paper and apply the Fock—
Krylov theory of unstable quantum states to analyze a cos-
mological scenario with decaying dark energy [1-5]. For
this purpose we extend the Shafieloo, Hazra, Sahni and
Starobinsky (SHSS) model of metastable dark energy with
radioactive-like decay [6] and we give physical motivation
arising directly from quantum mechanics for phenomenolog-

2 e-mail: marek.szydlowski @uj.edu.pl

b e-mail: aleksander.stachowski@doctoral.uj.edu.pl

¢ e-mail: K.Urbanowski @if.uz.zgora.pl

ical formulas for SHSS model of the dark energy. We replace
the radioactive, classical physics constant decay rate by the
decay rate derived using the Fock—Krylov theory of unstable
quantum states.

As a result we obtain a logistic-type radiative decay of
dark energy, which is followed by the much slower decay
process than the radioactive one, known as the quantum Zeno
effect. Within such an approach we find the energy of the
system in the unstable state and the decay rate. The rigorous
results show that these quantities both are time dependent. We
find the exact analytical expression for them assuming that
the density of the energy distribution, @ (E), in the unstable
state has the Breit—Wigner form. Using these results we also
find the late times asymptotic expressions of these quantities.
Then we assume that the dark energy density decays and that
this is a quantum process. Starting from these assumptions
we use the derived decay rate to analyze the decay process
of the dark energy density.

We study the cosmological implications of the derived
formula for decaying dark energy in the framework of flat
FRW cosmology. We find an extension of the standard cos-
mological model in the form of an interacting cosmology in
which the energy-momentum tensor is not conserved due to
the interaction between the dark energy and dark matter by
energy transfer.

We consider the problem if the decay of the running
lambda term can solve the cosmological constant problem
and how it can modify the canonical scaling law of energy
density for dark matter. We also test the model by astronom-
ical observations.

Our statistical analysis gives the best fit values of the den-
sity parameters for each component of the decaying vacuum
of the dark energy. Testing the model with observational data
we have found that dark energy can decay in three distin-
guished ways: exponentially, by damping oscillation and in
power-law decay. We show that the main contribution to the
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decay of the metastable vacuum is the dark energy decay of
an exponential type and this type of decay dominates up to
2.2 x 10*Ty, where Ty is the present age of the Universe.
Our calculations show that the exponential decay has only
an intermediate character and will be replaced in the future
evolution of the Universe by an oscillation decay and decay
of 1/¢* type. From the estimation of the model parameters
we see that the decay half life should be much larger than the
age of the Universe.

Today modern cosmology has the methodological status
of some effective theory, which is described very well by cur-
rent astronomical observations in terms of dark matter and
dark energy. However, there are many open problems related
to the unknown nature of dark energy. The cosmological
parameter is a good effective description of the accelerating
phase of the current Universe, but we do not understand why
the today value of this parameter is so small in comparison
with its value in the early Universe.

We look for an alternative cosmological model to super-
sede the ACDM model, the present standard cosmological
model. Our main motivation is to check if the model consid-
ered in the next sections is able to solve the cosmological con-
stant problem. In this paper, we consider the case when the
cosmological constant parameter results from the assumption
that the vacuum energy is given by the fundamental theory
[7].

We assume quantum mechanics as a fundamental theory,
which determines the cosmological parameters and explain
how the cosmological parameters change during the cosmic
evolution. The discussion of the cosmological constant prob-
lem is included in Refs. [7-20].

Krauss and Dent [1] analyzed the properties of the false
vacuum state form the point of view of the quantum theory
of decay processes. They assumed that the decay process of
metastable vacuum is a quantum decay process realized as
the transition from the state corresponding to the metastable
(false) vacuum state to the state corresponding to the low-
est energy of the Universe (that is, to the true vacuum state)
and thus that this process can be described using the stan-
dard quantum formalism usually used to describe the decay
of excited atomic levels or unstable particles. They used the
Fock—Krylov theory of unstable quantum states [2—5]. One
of the famous results of this theory is the proof that unsta-
ble quantum systems cannot decay exponentially at very late
times and that in such a late time regime any decay process
must run slower than any exponentially decreasing function
of time [4]. Model calculations show that survival probability
exhibits inverse power-law behavior at these times. Krauss
and Dent [1] analyzing a false vacuum decay pointed out that
in eternal inflation, many false vacuum regions can survive
up to much later than the times when the exponential decay
law holds. They formulated the hypothesis that some false
vacuum regions survive well up to the cross-over time T or

@ Springer

later, where the cross-over time, 7', is the time when con-
tributions of the exponential and late time non-exponential
parts of the survival probability are of the same order. They
gave a simple explanation of such an effect. It may occur
even though the regions of false vacua by assumption should
decay exponentially, and gravitational effects force space in
aregion that has not decayed yet to grow exponentially fast.
Such a cosmological scenario may be realized if the lifetime
of the metastable vacuum state or the dark energy density is
much, much shorter than the age of the Universe. It should
be of order of times of the age of the inflationary stage of the
Universe.

The possibility that our Universe (or some regions in our
Universe) were able to survive up to times longer that the
cross-over time 7 should be considered seriously was con-
cluded by Krauss and Dent’s analysis [1]. This is impossible
within the standard approach of calculations of the decay rate
I' for the decaying vacuum state [21-25]. Calculations per-
formed within this standard approach cannot lead to a correct
description of the evolution of the Universe with false vac-
uum in all cases when the lifetime of the false vacuum state is
so short that its survival probability exhibits an inverse power-
law behavior at times comparable with the age of the Uni-
verse. This conclusion is valid not only when the dark energy
density and its late time properties are related to the transi-
tion of the Universe from the false vacuum state to the true
vacuum, but also when the dark energy is formed by unstable
”dark particles”. In both cases the decay of the dark energy
density is the quantum decay process and only the formalism
based on the Fock—Krylov theory of unstable quantum states
and used by Krauss and Dent [1] is able to describe correctly
such a situation. Note that Landim and Abdalla built a model
of metastable dark energy, in which the observed vacuum
energy is the value of the scalar potential at the false vacuum
[26].

Models with metastable dark energy have recently been
discussed in the context of the explanation of the H ten-
sion problem [27]. Our model is a quantum generaliza-
tion of Shafieloo et al.’s model [6] and contains a phase of
radioactive-like decay valid in the context of solving this
problem. Shafieloo et al. considered three different ways of
dark energy decay. In our paper, we investigate the second
way of the decay into dark matter. The models of the decay
of the dark energy analyzed in [6] can be a useful tool for
numerically testing decay processes discussed in [1] and for
analyzing the properties of the decaying dark energy at times
t > T. Namely, Shafieloo et al. [6] analyzed the properties
of the model of the time evolution of the dark energy. Their
model assumes a “radioactive decay” scheme for decaying
dark energy in which the present value of the dark energy
density, ppg (%), is related to its value at an earlier instant of
time, ppE(7), by
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PDE(t) = ppE(tp) X exp[—1" (t —ty)] = ppe(t —1p), (1)

where the only free parameter is the decay rate I". Shafieloo
etal. [6] derived this equation from the fundamental equation
of the theory of radioactive decays,

PDE(t) = — I" ppg(?) ()

(see Eqgs. (2.1) and (2.2) in [6]). These equations are known
from the Rutherford theory of the decay of radioactive ele-
ments. Rutherford deriving these equations assumed that the
number decaying radioactive elements at a given instant of
time is proportional to a number of these elements at this
moment of time [28-31] as in Eq. (2). So the Rutherford
equations and thus also Egs. (1)—(2) are the classical physics
equations.

In the context of Eqgs. (1)—(2) one may ask what ppg(?)
is built from that decays according to radioactive decay law?
For physicists the only reasonable explanation for this prob-
lem is the assumption that ppg () describes the energy of an
extremely huge number of particles occupying a volume Vj
at the initial instant of time #y and decaying at later times.
Of course when such particles can be considered as classi-
cal particles, then this process can be described using the
classical radioactive decay law. Unfortunately the process of
the creation of the Universe is not a classical physics pro-
cess, but it is a quantum process and particles or states of
the system created during such a process exhibit quantum
properties and are subject to the laws of quantum physics.
The same concerns ppg(?) generated by quantum fluctua-
tions or excitations of a quantum scalar field, which can be
described as excited metastable states of this field and the
process of their decay is a quantum process. Therefore, as a
quantum decay process it exhibits at late times completely
different properties than the classical radioactive decay pro-
cess, as pointed out by Krauss and Dent. Simply, if ppg ()
is related to the extremely huge number of metastable states
(excitations of the scalar field or its fluctuations) generated
at 7 in a volume V), it is very likely that many of them can
be found undecayed at times longer than the cross-over time
T. All this suggests that Egs. (1) and (2) may not be used
when one wants to describe such a processes.

It seems that a reasonable way to make these equations
suitable for description of quantum decay processes is to
replace the quantity (the decay rate) I" appearing in Egs. (1)
and (2) by a corresponding decay rate derived using the quan-
tum theory of unstable systems. The decay rate I" used in
Egs. (1) and (2) is constant in time but the decay rate derived
within the quantum theory is constant to a very good approx-
imation only at the so-called “canonical decay regime” of
times ¢ (that is, when the quantum decay law has the expo-
nential form, i.e. when ¢t < T) and at times ¢ much later
than T it tends to zero as 1/t when time ¢ tends to infin-

ity (see, e.g., [32]). This means that the decay process of
an unstable quantum system is slower and slower for suf-
ficiently late time, which was also pointed out in [1]. This
and other properties of the quantum decay process seem to
be important when considering the cosmological inflation-
ary and late time (much later than the inflationary regime of
times) processes including transition processes of the dark
energy density from its early time extremely large values to
its present small value. Therefore we need quantities charac-
terizing the decay processes of unstable quantum systems.

The paper is organized as follows. Section 2 contains a
brief introduction to the problems of unstable states and a
description of quantities characterizing such states, which are
used in the next sections. In Sect. 3 we analyze a possibility
to describe metastable dark energy considering it as an unsta-
ble quantum system. Section 4 contains a discussion of the
cosmological equations with decaying dark energy accord-
ing to the quantum mechanical decay law, and the results of
the numerical calculations are presented in graphical form.
In Sect. 5 we present a statistical analysis. Section 6 contains
the conclusions.

2 Preliminaries: unstable quantum states

The properties of unstable quantum systems are character-
ized by their survival probability (decay law). The survival
probability can be found knowing the initial unstable state
|¢) € H (H is the Hilbert space of states of the consid-
ered system) of the quantum system, which was prepared
at the initial instant #y. The survival probability, P(t), of
this state |¢) decaying in vacuum equals P(r) = |A(1)|%,
where A(t) is the probability amplitude of finding the sys-
tem at the time 7 in the rest frame O in the initial unstable
state |@), A(t) = (¢|¢(¢)). Here |¢(¢)) is the solution of the
Schrédinger equation for the initial condition |¢ (f9)) = |¢),
which has the following form:

0
ih—1¢(1) = Hl ). 3

Here |¢), |¢ (1)) € H, and $ denotes the total self-adjoint
Hamiltonian for the system considered. The spectrum of §) is
assumed to be bounded from below: Eyi, > —o0is the lower
bound of the spectrum o.($)) = [Emin, +00) of $). Using
the basis in H built from normalized eigenvectors |E), E €
o.($) of $H and using the expansion of |¢) in this basis one can
express the amplitude A(¢) as the following Fourier integral:

A(I)EA(t—t0)=/ wE)e FEC—0) 4p (4

Emin

where w(E) = w(E)* and w(E) > 0 (see [2,3,5]). Note
that from the normalization condition P(0) = |A(0)|® = 1

@ Springer
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it follows that fg:ﬂn w(E) dE = 1, which means that in the
case of unstable states w (E) is an absolutely integrable func-
tion. The consequence of this property is the conclusion fol-
lowing from the Riemann—Lebesgue lemma: we need to have
|A(t)] = Oast — oo. All these properties are the essence of
the so-called Fock—Krylov theory of unstable states [2,3,5].
So within this approach the amplitude A(z), and thus the
decay law P(t) of the unstable state |¢), are completely
determined by the density of the energy distribution w(E)
for the system in this state [2,3] (see also [4,5,33-37]. (This
approach is also applicable in quantum field theory models
[38,39].)

Note that in fact the amplitude A(f) contains informa-
tion as regards the decay law P(¢) of the state |¢), that is,
as regards the decay rate Iy of this state, as well as the
energy Ey of the system in this state. This information can be
extracted from A(#). It can be done using the rigorous equa-
tion governing the time evolution in the subspace of unstable
states, H)| 3 |¢)| = |¢). Such an equation follows from the
Schrodinger equation (3) for the total state space H.

Using the Schrodinger equation (3) one finds that for the
problem considered

d
i (@le (1)) = (@191 (). &)

From this relation one can conclude that the amplitude A(z)
satisfies the following equation:

ih% = h(t) A1), )

where

h(t) = (P19lp(®) _ i 0A(t)
T A0 A ot

)

and A (¢) is the effective Hamiltonian governing the time evo-
lution in the subspace of unstable states H = PH, where
P = |¢)(¢p] (see [32] and also [41,42] and the references
therein). The subspace HOH || = H 1 = QH is the subspace
of decay products. Here Q = I — IP. One meets the effec-
tive Hamiltonian 4 (¢) when one starts with the Schrodinger
equation for the total state space H and looks for the rigor-
ous evolution equation for a distinguished subspace of states
H; C H [32,37]. In general, h(t) is a complex function of
time and in the case of H| of dimension two or more the
effective Hamiltonian governing the time evolution in such a
subspace it is a non-hermitian matrix H or a non-hermitian
operator. We have

h(t) = Eg(t) — %Fw), ®)

@ Springer

and E4(t) = N[h()] and IH() = —23[h(1)], are the
instantaneous energy (mass) Ey(f) and the instantaneous
decay rate, (1) [32,41,42]. (Here 3 (z) and T (z) denote
the real and imaginary parts of z, respectively.) The quantity
I'y(t) = =23 [h(t)] is interpreted as the decay rate because
it satisfies the definition of the decay rate used in quantum

theory: Fq’h([) o _ ﬁ 37;(’). Using (7) it is easy to check
that
y() 1 0P() I IVYGIE
B P ot JA@W]?> ot
2
=- I [h()). 9)

The use of the effective Hamiltonian % (z) leads to the
following form of the solutions of Eq. (6):

Ay = RO T (E"’(t)_%F“’(t)), (10)

where h(7) is the average effective Hamiltonian A (¢) for

the time interval [O, ¢]: m def % foth(x)dx (averages

m, m are defined analogously). Within a rigorous
treatment of the problem it is straightforward to show that
the basic assumptions of the quantum theory guarantee that
(see, e.g. [32])

lim Iy(t) =0 and lim Ty(r) = 0. (11)
11— 00 11— o0

These results are rigorous. For Ey(f) one can show that
limy 00 E¢ (1) = Emin (see [43]).

Equations (6) and (7) are convenient when the den-
sity w(E) is given and one wants to find the instanta-
neous energy Ey(7) and decay rate I'y(f): Inserting w(E)
into (4) one obtains the amplitude A(#) and then using
(7) one finds the h(t) and thus Ey(f) and Is(t). In the
general case the density w(E) possesses properties anal-
ogous to the scattering amplitude, i.e., it can be decom-
posed into a threshold factor, a pole-function P(E) with
a simple pole and a smooth form factor F(E). We have
w(E) = O(E — Emin) (E — Enin)* P(E) F(E), where o
depends on the angular momentum / through o; = « 41 (see
Eq. (6.1)in [5]), 0 < @ < 1) and ®(E) is a step function:
O(E) =0 for E <Oand ®(E) =1 for E > 0.
The simplest choice is to take « = 0,/ = 0, F(E) = 1
and to assume that P(FE) has the Breit—Wigner (BW) form
of the energy distribution density. (The mentioned Breit—
Wigner distribution was found when the cross-section of
slow neutrons was analyzed [44].) It turns out that the decay
curves obtained in this simplest case are very similar in
form to the curves calculated for the above described more
general w(E) (see [33] and the analysis in [5]). So to find
the most typical properties of the decay process it is suf-
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ficient to make the relevant calculations for w(E) mod-

eled by the Breit—Wigner distribution of the energy density:
o(E) = wpw(E) € 2 6 (E~Enin) T
N is anormalization constant. The parameters Eg and I cor-
respond to the energy of the system in the unstable state and
its decay rate at the exponential (or canonical) regime of the
decay process. Epin is the minimal (the lowest) energy of
the system. Inserting wpw (E) into Eq. (4) for the amplitude

A(t) after some algebra one finds that

—+Eot Iy (Fo(lh— to))’ (12)

where

Alt) = At — 1g) = —

where
o0
def 1 _
Ig(t) = f e T dy. (13)
- N°+ 3z
Here 7 = M = %, 70 is the lifetime, 19 = 1’3 , and

B = EO_T‘OE”"" > 0. (The integral Ig(t) can be expressed
in terms of the integral-exponential function [40—42]; for a
definition, see [45,46].)

Note that the more convenient is to use t’ = (¢t — ty) in
(12), (13) or (4) and in a formula of this type, or to assume
that 7o = 0 in all formulas of this type, because this does not
change the results of calculations but makes them easier. So
from this point on we will assume that 7y = 0.

Next using this A(¢) given by Egs. (12), (13) and Eq. (7)
defining the effective Hamiltonian /4 (¢) one finds that within
the Breit—-Wigner (BW) model considered

It
b (#)

h(t) = Eo + ) ——=, (14)
(%)
B\ h
where
o0 x .
Jg(1) =/ -e T dx. (15)
-B x2 4+ iy

Working within the BW model and using Jg(z) one should
remember that Jg(0) is undefined (lim;_o Jg(r) = ©0).
Simply within the model defined by the Breit—Wigner distri-
bution of the energy density, wpw (E), the expectation value
of 9, thatis, (¢|$|¢), is not finite. So the whole consideration
based on the use of Jg(7) is valid only for T > 0.

It is relatively simple to find the analytical form of Jg(7)
using the following identity:

Jg(t) =i——

el ﬂ(T)
at (16)

We need to know the energy of the system in the unstable
state |¢) considered and its decay rate. The instantaneous

energy Ey (1) of the system in the unstable state |¢) has the
following form within the BW model considered:

I
(%)

Ey(t) =N[ht)]=Eo+ToN | ——= |, 17)
B (%)
whereas the instantaneous decay rate looks as follows:
Jg(7)
F(t):—2?s[h(t)]:—21“0‘3|: }
’ I(r)
I
(%)
=-21p3 . (18)

()
It is relatively simple to find the asymptotic expressions

IgT and Jg(7) for T — oo directly from (13) and (15) using,
e.g., the method of integration by parts. We have for t — oo

I i BT 1+ Zﬂ i
ﬂ(T)_;—ﬂz—i-zll{_ ZIL;
2 l
+|:,32+21L i| 7 } (19)
and
i elPT 262 | i
Jg(1) =~ _,32+ {,3+|:1—,32+%j|;

82 i\
+ 2/3 2/3 -6 (—) —I—} (20)
B+ [ B +3 T
These two last asymptotic expressions allow one to find for

T — o0 the asymptotic form of the ratio I’S (©)

used in Eqgs.
(14), (17) and (18), having a much simpler forrn than asymp-
totic expansions for Ig(r) and Jg(r). One finds that, for
T — 00,

Jp(r) N on

i
Ig(t) T B2 + l 72

Starting from this asymptotic expression and Eq. (17) one
finds, e.g. that, for t — oo,

Eo — Enmin h 2
0~ —mb (7) L@

Emin — 2
‘hg - Emin

Es]; 00 =

where hg =Ey— %F(), and

1 h
Ty g =200 — o =24 (23)

The last two relations are valid for ¢t > T, where T denotes
the cross-over time, i.e. the time when exponential and late
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time inverse power-law contributions to the survival ampli-
tude become comparable.

3 Metastable dark energy with a decay law from
quantum mechanics

Note that the model described by Eqgs. (1)—(2) is the classi-
cal physics model and therefore it cannot be applied directly
when one would like to follow Krauss and Dent and to con-
sider the decay of the dark energy density ppg(#) as the
quantum decay process. For example, the late time effects
discussed in [1] can never occur in the SHSS model. The
simplest way to extend models considered in [6] so that they
might be used to describe the decay of ppg(?) as a quantum
process seems to be a replacement of the classical decay rate
I'" in Egs. (1), (2) by the decay rate I'4(t) /% appearing in the
quantum theoretical considerations. It is because the classical
decay rate I,s = I' corresponds to the quantum physics
decay rate I'quant = Iy (¢) divided by 7 (that is, to Iy (1) /1)
and using I (¢) one can insert it into Eq. (2) to obtain

1
PDE(?) = —gﬂz)(l),ODE(l), (24)

instead of the classical fundamental equation of the radioac-
tive decays theory. In fact this equation is a simple improve-
ment of models discussed in [6], and it can be considered as
the use of quantum corrections in the models mentioned. In
such a case Eq. (1) takes the following form:

pE(f) = ppE(T0) X exp [—% P¢(r>} (25)

1 t
= ppg(fh) X exp [—Ef Iy (x) dx:| , (26)
I

0

where I (1) is given by Eq. (18) and T (1) € 1 [/ Iy (x)dx

is the average decay rate for the time interval [0, 7]. These
relations, replacing Eq. (1), contain quantum corrections con-
nected with the use of the quantum theory decay rate.

Note that using the identity (9) and Eq. (12) one can rewrite
Eq. (26) as follows:

2
. 27

2

) = —
PDE(?) 172

I_' _
ppE(f0) ’1,3 (M)

A

which can make simpler numerical calculations.

Now in order to obtain analytical or numerical results hav-
ing Egs. (24)—(26) one needs a quantum mechanical model
of the decay process, that is, one needs w(E) (see (4)). We
begin our considerations using the Breit—~Wigner model ana-
lyzed in the previous section. Inserting I () given by (18)
into Eq. (24), or Egs. (25) and (26) we can analyze the decay

@ Springer

process of ppg (). One can notice that performing the calcu-
lations, e.g. using the Breit—Wigner model, it is more conve-
nient to use Eq. (27) with Ig(¢) given by Eq. (13) than using
Eqgs. (25) and (26) with I (¢) given by Eq. (18).

Note that one of the parameters appearing in the quantum
mechanical formula (18) for I (¢) is Ip. This parameter can

be eliminated if we notice that 8 = E(’_Tf“‘i“ > 0. Hence

Iy = %, and therefore one can rewrite (18) as

_ Eo — Emin . Jp(T)
Ty = 2= ‘S[lﬂ(f)] (28)
or
Eo Emin
I s N /10
Ty =-2— Vodl:lﬁ(r)il, (29)

where V) is the volume of the system atr = 73. We have 5—8 =

¢ def . .
%{3 = pY . and E"}:)‘“ = ppare, (Where pgg is the energy

density calculated using quantum field theory methods), so
Eq. (29) can be rewritten as follows:

0
__~ PDE — Pbare ~ Jg(T)
Iy(t) =-2 —ﬂ Vo S |:_1/3(T):| . (30)

The parameter 7 used in (28)—(30) denotes time ¢ measured
in lifetimes as mentioned after Eq. (13): t = Tt—o Using the

parameter § the lifetime 7o can be expressed as follows: 79 =
B h
ngfpbare VO ’

The asymptotic form (23) indicates one of the main dif-

ferences between the SHSS model and our improvement of

this model. Namely, from Eq. (1) it follows that

lim ppg(t) = 0. 31)
11— 00

From (1) one sees that ppg(#) is an exponentially decreasing
function of time.

It is interesting to consider a more general form of the
energy density,

PDE() = PDE(!) — Pbare, (32)

where ppare = const is the minimal value of the dark energy
density. Inserting the density ppg(¢) into Eq. (1) one con-
cludes that ppg () tends to ppare eXponentially fastast — oo.
Let us see now what happens when we insert ppg(f) into
our Eq. (24) and consider only the asymptotic behavior of
ppE(?) for times t+ > Ty > T. In such a case inserting the
late time asymptotic expression of Eq. (23) into Eq. (24) one
finds for very late times ¢ > Ty that
n PoEO (i)_z, (33)
PpoE(To) To
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thatis, fort > To > T,

1
PDE(?) = Ppare + D t_27 (34)

where D = const. Note that the same result follows directly
from (27) when one inserts there A(¢) given by Eq. (12)
and uses the asymptotic expression of Eq. (19) for I5(7),
which shows that our approach is self-consistent. The result
(34) means that quantum corrections do not allow ppg(#) to
tend to ppare €Xponentially fast when + — oo, but ppg(?)
must tend to pPpare as l/t2, for t — oo, which is in the
full agreement with our earlier results, presented, e.g., in
[20,47-50]. So in fact, as one can see, the SSHS model is the
classical physics approximation of the model discussed in our
papers mentioned, where the cosmological parametrization
resulting from the quantum mechanical treatment of unstable
systems was used.

4 Cosmological equations

We introduce our model as the covariant theory with the inter-
action term [51]. We consider the flat cosmological model
(the constant curvature is equal zero).

The total density of energy consists of the baryonic matter
PB, the dark matter ppy and the dark energy ppg. We assume,
for the baryonic matter and the dark matter, the equation
of state for dust (pg(og) = 0 and ppm(ppm) = 0). Also
we consider the equation of state for the dark energy to be
PDE(PDE) = — PDE-

The cosmological equations such as the Friedmann and
acceleration equations are found by the variation action by
the metric g, [51]. In consequence we get the equations

-2
a
3H? = 3~ = pou =B+ pOM + PDE (35)

and

a 1
a_ 6 (Prot + 3 Pot(prot)) = pB + DM — 2PDE, (36)

where H = ‘E‘ is the Hubble function. Here, we assume

817G =c=1.
Equations (35) and (36) give the conservation equation in
the following form:

Prot = —3H (prot + Prot(Prot)) (37

or in the equivalent form
pm = —3Hpm — PDE, (38)

where pm = pB + ppM.-

PoE (1)
Phare

1osh

104

100

Fig. 1 The dependence ppg(¢) [from Eq. (40)]. For illustration we put
B = 800, Iy = 204 and € = 1000ppyre. The qualitative behavior of
ppE does not depend on €. The units of time ¢ are determined by the
choice of units of Iy because % is dimensionless

Let Q denote the interaction term. Equation (38) can be
rewritten as

ppm = —3Hppm + Q and ppg = — Q.
(39)

pb = —3Hps,

If Q > 0 then the energy flows from the dark energy sector
to the dark matter sector. If O < O then the energy flows
from the dark matter sector to the dark energy sector.

Figure 1 shows the diagrams of the evolution of ppg(?).
Note that the oscillatory phase appears in the evolution of
ppE(?). Figure 2 presents the evolution of the f¢ (1). At the
initial period we obtain a logistic-type decay of dark energy.
The period when f¢ (t) grows to a plateau is characteristic
for the so-called Zeno time [52]. It increases slowly about
0.0004 (the slope of this curve is 0.0001) with the cosmic
time ¢ in the interval (0, 4). Then in the interval (4, 30000) it
becomes strictly constant. This behavior justifies a radioac-
tive approximation given in Ref. [6]. For the late time, f¢ (1)
approaches zero.

Using (27) we get the final formula for ppg(?),

TIot
s (7)

PDE (0) —Pbare
150"
the ACDM model (Ig(0) = %% = 7 + 2arctan(2B) and

B > 0).
The canonical scaling law for cold dark matter should be
modified. In this case

2

PDE(?) = Pbare + € ) (40)

where € = €¢(B8) = measures the deviation from

opM = pom0a > H, 41
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Ty(t)
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0.0008

T
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0.0002
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0.0008
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0.0002 |

. . . . Ct
20000 40000 60000 80000 100000

Fig. 2 The dependence 1:‘4, (7) for the best fit values (see Table 1). The
upper panel presents the evolution of I (¢) for the early Universe and
the present epoch. The lower panel presents evolution of f‘¢(t) for the
late time Universe. The cosmological time ¢ is expressed in %TN{(pmc. In

. . . sxMpc
these units, the age of the Universe is equal 1.41 355

PpE (7)
3 Hy?

0.6916
0.6915
0.6914
0.6913

0.6912

I BT S S S S S S ) S S SR S S S S— PR t
0.2 0.4 0.6 0.8 1.0 1.2 1.4

Fig. 3 The dependence ppg(t) (from Eq. (40)) for the best fit value of
model parameter (see Table 1). The cosmological time ¢ is expressed

in igg/{gg. The present epoch is for t = 1.41?307%. Note that, in the

Planck epoch, the value of /’D;T(’z"‘) is equal to 0.6916
0

where § = ﬁ f FQDMd In a. The dependence ppg(?) [from
Eq. (40)] for the best fit value of model parameter (see
Table 1) is presented in Fig. 3 and the evolution of §(¢) is
shown in Fig. 4.

@ Springer

n_2p
Iy B2 +%
(see [40]) the approximation of (40) in the following form:

Assuming that 8 > 0 one obtains for ¢ > t;, =

PDE(!) & Pbare
I
, 1 47re_72’ sin (ﬁ %1) 1
+e|dnte n " + I N + 5
GHame (G )

(42)

For the best fit value (see Table 1) 17 ~ 2Tj.
From Eq. (42), it results that, for the late time, the behavior
of dark energy can be described by the following formula:

€ 1

((% N /32) %>2 2 (43)

PDE(?) A Pbare +

This case was considered in [53,54].
If we use Eq. (42) in the Friedmann equation (35), we get

3H? = Prot = PB + PDM + Pbare + Prad.dec.

~+Pdam.osc. + Ppow.law> (44)
To, . . . .
where pOrad.dec. = 47%ee” 7! is the radioactive-like decay
7it . l"
dee 20 sm(ﬁTOt)
part of the dark energy, pdam.osc. = — 1 Tep-
( 7 +,32) 70[

resents the damping oscillations part of the dark energy and
Ppow.law = ﬁ represents the power-law part of the
(G=+)%)

dark energy. Using dimensionless parameters, §2; = -2

3HZ
where Hj is the present value of the Hubble constant, Eq.
(44) can be rewritten as

H2
? = §28 + $£2pM + $2bare + $2rad.dec. + $2dam.osc. + onwilaw-
0

(45)

If the radioactive-like decay dominates then one can define
the e-folding time A and half life time 77, = AIn2 = %

The evolution of §21ad dec., £2dam.osc.» $2pow.law With respect
to time, for the best fit value (see Table 1), is presented in
Fig. 5.

In the moment when the period of the radioactive-like
decay Tend rad.dec. finishes, the value of praq.gec. 1s equal to the
value of pgam.osc.. It leads us to the condition

I
, _n, 4nee_72’sin<ﬁ%t>
dree” " = i N To ) (46)
(7 +8%) 3t

or, after simplifying,

_n, sin (,6%1)
mTe 2T = 1—21,0 (47)
(z+8) 71
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0.010
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Fig. 4 A diagram of the evolution of §(z), where z is redshift. For
illustration we put 8 = 800, Iy = 20/ and € = 1000 ppare. The function
8(z) reaches the maximum for z = z¢, which is a solution of equation

_ 0(z0)
3(20) = Fzy)pomtan)

Equation (47) has infinitely many solutions but T¢pd rad.dec. 1S
equal to the least positive real solution of (47) because the
period of the radioactive-like decay is before the period of
the damping oscillation decay.

Searching for the value of Tend rad.dec. can be simplified by
using of the upper envelope of oscillations of pgam.osc., Which
is given by

_Iy,
dmee  2n

—_—. 48
(45 i -

€upper @) =

Then we get an approximation of Eq. (47) in the form
Orad.dec. = €upper OF after simplifying

1

nefgt = —
(3457 31

(49)

The solution of Eq. (49) gives us the approximated value of
Tend rad.dec. -

Note that a solution of Eq. (49) cannot be less than the
value of Tepd rad.dec. having subtracted the value of one period
of oscillation of pgam.osc. (i-€., Tgam.osc. = %’T—Fﬁ) and cannot
be greater than the value of Teng rad.dec.. In consequence for
B > 29, the error of the approximation is less than 1%. The
dependence Tend rad.dec. (B) 1s presented in Fig. 6.

From the statistical analysis (see Sect. 5), we have the best
fit values of I'h/h = 0.00115 and B = % — 1 =799 (see
Table 1) and Eq. (49) gives Tend rad.dec. = 2.2 % 10* Ty, where
Ty is the present age of the Universe.

5 Statistical analysis

In our statistical analysis, we used the following astro-
nomical data: supernovae of type la (SNIa) (Union 2.1

Qrad.dec (t)

0.437 F

0.436

T

0.435

T

0.434

T

Q dam.osc. (t)

0.00008
0.00006 f
0.00004 f

0.00002

—0.00002

———

-0.00004 *
'Qpaw.law. (1)
4.x107°
3.x107°
2.x107

1.x1079 1

! ! ! ! t

4 6 8 10

Fig. 5 The dependence $2rad.dec.> $2dam.osc. -onw.law with respect to
the cosmological time ¢ for the best fit value of model parameter (see

. . . . sxMpc :
Table 1). The cosmological time 7 is expressed in 1577, - In these units,

the presentepochisforts = 1.41 ;S&Ig; . Letus note that while the density
parameters do not change practically during the cosmic evolution for
the cases shown in the upper and middle panels, the density parameters
are lowered by many orders of magnitude for the case presented in the

lower panel [20]

dataset [55]), BAO data (Sloan Digital Sky Survey Release
7 (SDSS DR7) dataset at z = 0.275 [56], 6dF Galaxy Red-
shift Survey measurements at redshift z = 0.1 [57], and
WiggleZ measurements at redshift z = 0.44,0.60,0.73
[58]), measurements of the Hubble parameter H(z) of
galaxies [59-61], the Alcock—Paczynski test (AP)[62,63]
(data from [64—72].) and measurements of CMB by Planck
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T end rad.dec
20000 -
15000 -
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5000

200 400 600 ﬁ
Fig. 6 A diagram presents a dependence Tendrad.dec.(8) given by
Eq. (49) for B > 29. For illustration we put the best fit value of Iy

(see Table 1). The values of Tend rad.dec. are expressed in terms of the
present age of the Universe Tj

[73]. The equation for the likelihood function is given
by

Lot = LsntaLBaoLAPL H(z) LeMmB- (50

The likelihood function for SNIa has the form
1 2
LsNa = exp _E[A — B7/C +log(C/Q2m)] |, (5D

where A = (Hobs _ Mth)(c—l(uobs _ Mth)’ B = (C—l (Mobs _
,ufh), C = TrC ! and Cis a covariance matrix for SNIa, ,uObS
is the observer distance modulus and u™ is the theoretical
distance modulus.

The likelihood function for BAO is described by the equa-

tion
rs(zd) ) C_l (dobs _ rs(zd) ):| 7
Dy (z) Dy (z)

(52)
where r¢(zq) is the sound horizon at the drag epoch [74,75].
The likelihood function

lN H[Obs—Hithz
LH(Z)=CXP|:_§Z< (zi) - (zi) ):| (53)

i=1

1 '
LBAO = eXp |:—2 (dObS -

is for measurements of the Hubble parameter H (z) of galax-
ies.
The likelihood function for AP is given by

IS (APG)™ — AP(z)™?

i=1

(54)
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Fig. 7 Diagram of the temperature power spectrum of CMB for the
best fit values (red line). The error bars from the Planck data are pre-
sented by the color blue

Table 1 The best fit and errors for the estimated model with « from the

interval (00.0,0.033), Iy /7 from the interval (0.00 {SFH0, 0.036 {34

and E/3H02 from the interval (0.00, 0.0175). We assumed that £2 ¢ =
0.048468, Hy = 67.742X0 and 2m,0 = 0.3089. In the table, the

sxMpc
- 100 km
values of I'y/h are expressed in SxMpe

value of B parameter is equal to 799

_ 1
Because o = 5 the best fit

Parameter Best fit 68% CL 95% CL
o 0.00125 +0.00104 +0.01777
—0.00125 —0.00125
Io/h 0.00115 +0.00209 +0.2123
—0.00115 —0.00115
e/S'Hg 0.0111 +0.0064 +0.0064
—0.0083 —0.0093

where AP(z)? = %Z)foz Ifé,) and AP(z;)° are obser-

vational data. The likelihood function for CMB is given by

1
Lew = exp [—5@“‘ —x)C (" — x°b5)] .59

where C is the covariance matrix with the errors, X is a vector
of the acoustic scale /4, the shift parameter R and Q2ph? where
Ipn = rsf—z*)c foz* Hd(—zz/,) and R = \/Q2moH} foz* HdTZZ//)’ where
z* is the redshift of the epoch of the recombination [74].

In this paper, we used our own code CosmoDarkBox in
the estimation of the model parameters. Our code uses the
Metropolis—Hastings algorithm [76,77].

In the statistical analysis, we estimated three model param-
eters: o = ﬁ Iy, €/ 3H02. Our statistical results are com-

pletely presented in Table 1. The diagram of the temperature
power spectrum for the best fit values is presented in Fig. 7.
Therefore the radioactive type of decay gives the most effec-
tive mechanism of the decaying metastable dark energy. We
estimated also that the decay half life time 77 /> of dark energy
is equal to 8503 Gyr ~ 616 x Tj.



Eur. Phys. J. C (2017) 77:902

Page 11 of 14 902

6 Discussion and conclusions

The main aim of this paper was to study the implication of
the derived form of the running dark energy. In our approach
the formula for the parametrization of this dark energy is
derived directly from quantum mechanics rather than being
postulated in a phenomenological way. The evolution sce-
nario of dark energy contains three different phases: a phase
of radioactive-like decay in the early Universe, a phase of
damping oscillations and finally a phase of the power-law
type of decay.

We investigated the cosmological evolution caused by
such a variability of dark energy and matter. The dynamics
of the model is governed by a cosmological dynamical sys-
tem with an interacting term because the energy-momentum
tensor is not conserved in this case.

Using results of the investigation of variability of dark
energy with the cosmological time, we analyzed the issue of
whether the problem of the cosmological constant could be
solved within the considered model based on the assump-
tion that the decay process of the dark energy is the quan-
tum decay process having the same form as the decay pro-
cess of the unstable quantum systems or not. For simplic-
ity it was assumed that this decay process is determined by
Eq. (4) with the distribution of the energy density w(E) in
the unstable quantum state having the Breit—-Wigner form
w(E) = wpw(E). We show that within such a model dark
energy decays and then the canonical scaling law for cold
dark matter @3 should be modified. Unfortunately, from our
analysis it follows that within the considered model, where
w(E) = wpw (FE) and the assumptions leading to estimations
presented in Table 1 are used, there is a very small difference
between ppg(0) and ppg(7Ty), which cannot be considered
as a solution of the cosmological constant problem. On the
other hand one cannot exclude that w (E) has such a form as
will lead by (4), for such a decay law, to ppg(0) > ppge(70)
for suitably chosen parameters of the model.

Using astronomical data we tested the model and see that it
isin good agreement with the data. Our estimation also shows
that the fraction of all components of the dynamical dark
energy in the whole dark energy is larger than the contribution
of the cosmological constant term.

In our model it is calculated that the A term has a dynami-
cal nature as a consequence of a decaying of the dark energy.
In consequence the conservation of the energy-momentum
tensor (EMT) is violated. Recently, Josset and Perez [51]
have demonstrated the model in which the violation of EMT
can be achieved in the context of the unimodular gravity and
how it leads to the emergence of the effective cosmological
constant in Einstein’s equations. In our approach the viola-
tion of the conservation of EMT is rather a consequence of
the quantum mechanical nature of the metastable vacuum,
rather than a modification of the gravity theory.

In our approach the concrete form of the decaying dark
energy is derived directly from a quantum mechanical consid-
eration of unstable states. We obtain a more complex form of
decaying dark energy in which we have found a radioactive
type of its decay. We also estimated the model parameters
as well as fractions of three different forms of decaying:
radioactive type, damping oscillating type and power-law
type. From the astronomical data we see that the radioac-
tive type of decay is favored and 44% of the energy budget
of the Universe corresponds with a radioactive-like decay.

In our paper we investigate the second way of the decay
of dark energy into dark matter from the three different ways
of dark energy decay considered by Shafieloo et al. [6]. They
proposed a class of metastable dark energy models in which
dark energy decays according to the radioactive law. They
assumed a phenomenological form of the decay, studying
observational constraints for the cosmological model. In our
paper, it is derived directly from quantum mechanics. Our
results are complementary to their results because they jus-
tify the phenomenological choice of the exponential decay as
a major mechanism of dark energy decay. Moreover, our cal-
culation of the decay half life is in agreement with Shafieloo
et al.’s calculation. We see that the radioactive-like decay
dominates up to 2.2 x 10*Tp. Our calculations show that the
radioactive-like decay has only an intermediate character and
will be replaced in the future evolution of the Universe by an
oscillation decay and then decay of 1/7 type.

One of the differences between our approach and the the-
ory developed by Shafieloo et al. is that they consider only
decay of the dark energy into dark constituents assuming that
the decay rate I of the dark energy is constant and depends
only on its internal composition. The latter assumption is
approximately true only if one considers decay processes as
classical physics processes. The detailed analysis of decay
processes of unstable quantum systems shows that the basic
principles of the quantum theory do not allow them to be
described by an exponential decay law at very late times as
well as at initial stage of the decay process (see, e.g., [S] and
the references therein, or [78]) and that the decay law can be
described by the exponentially decreasing function of time
only at “canonical decay regime” of the decay process, that s,
at intermediate times (at times longer than the initial stage of
the evolution of the unstable quantum system and shorter than
the cross-over time 7). These properties of quantum decay
processes mean that in general the decay rate cannot be con-
stant in time, I = I'(t) # const (see, e.g., [32,37,42,78]),
and at the “canonical decay” stage I'(¢) =~ I, to a very good
approximation.

These properties of the decay rate were used in our paper.
The advantage of the use of the decay rate following from
the quantum properties of the decaying systems is that such
an approach allows one to describe correctly the initial stage
of the dark energy decay process, and at very late times.
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It is impossible to realize this within the approach used by
Shafieloo et al. Moreover, the use of I” = const may lead to
the results which need not be correct. The example of such
a situation is the analysis performed in Appendix A, Sec-
tion Al, of Ref. [6], where the authors considered the case
I't < 1 and then applied the results obtained within such
an assumption for the analysis of properties of their Model 1.
Namely, there are many reasons for drawing the conclusion
that the decay of the dark energy must be a quantum decay
process (see the discussion in Sect. 1) and that it cannot be a
classical physics process. So when one wants to describe
the early stage of the decay process of the dark energy,
which mathematically can be expressed by the assumption
that I"t < 1 one should not use a relation of the type (1) but
the relation

ppE(t) = ppE(0) |A(D)[%, (56)

resulting from the quantum mechanical treatment of the
decay process. Instead of considering the relation of this type,
the authors of [6] used Eq. (1), which leads to Eq. (A1) in [6]
for I't < 1, that is, to

poe = ege 11~ ey(1 = I't) (57)

(eg is defined in [6]), which is mathematically correct but
it is not correct when one considers the decay of the dark
energy as a quantum process. In the case of a quantum decay
process one should use a relation of the type (56) and the
approximate form of |A(1)|? for very short times. In such a
case (see, e.g. [5,32])

IA()|? ~ 1 —d*t?, for t — 0, (58)

where d = const and it does not depend on I". Therefore we
should have

poE(1) = ppE(0) (1 —d? %), for t— 0, (59)

for short times ¢, when the decay of the dark energy is a
quantum decay process. The difference between Egs. (57)
(i.e., (Al) in [6]) and (59) is dramatic (the use g in (57)
and ppg(0) in (59) is not the point). The problem is that
the authors of [6]) use their result (A1) (that is, Eq. (57)) in
Eq. (A2) and then all considerations related to their Model I
in Section A I of Appendix A are founded on Egs. (A1) and
(A2). This means that the conclusions drawn in [6] (based on
the analysis performed in Sect. A I of Appendix A) may not
reflect real properties of the decaying dark energy. It should
be noted that our analysis performed in this paper is free of
this defect.

Note also that Shafieloo et al. [6] considered only the
decays of the dark energy into dark components: dark mat-

@ Springer

ter and dark radiation, whereas we consider the general case
(that is, in our approach the decay of the dark energy into a
visible baryonic matter is also admissible, which cannot be
excluded in the light of the recently reported discovery of
baryonic spindles linking galaxies [79-81]).
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1 Introduction

In spite of an excellent agreement of the ACDM model with observational data some basic
assumptions of this model need justification. There are some ingredients in the model which
could hardly be derived from a certain fundamental theory. The presence of dark energy
(DE)with its currently small value is difficult to explain in the standard model of elementary
particles [1]. Then, the relation of dark energy to the dark matter (DM) seems accidental
(coincidence problem). That these components are of the same order suggests that there may
be certain dynamical relation between them. We suggest a model describing an irreversible
flow of DE to DM. We assume that the total mass of the dark matter does not change. These
assumptions lead to the unique model of the DM-DE interaction.
The Einstein equations are

1
RM _ §ngR:T“”’ (1.1)
where RM is the Ricci tensor, g"¥ the metric and 87G = ¢ = h = 1, we can decompose the
right-hand sides of (1.1) as
TH = TP 4 T 4 TW 4 T (1.2)
where the absence of an interaction between baryonic matter Tj, radiation Tr and the dark

COHIpOIlth means
V(TR +Ti") = 0. (1.3)



The conservation of the total energy gives
VI = -V, T = 352" (1.4)

with a current J” and a certain constant x which can be calculated when the model of TC%
is defined.

The relation between the non-conservation law (1.4) can explain the coincidence between
DM and DE densities as well as the relevance of the dark energy exactly at the present epoch.
We need a model for T}” and T;”. We assume that the gain of energy of the dark matter
consisting of particles of mass m results from a diffusion in an environment described by an
ideal fluid. There is only one diffusion which is relativistic invariant and preserves the particle
mass m [2]. The corresponding energy-momentum satisfies the conservation law (1.4). The
current J” in eq. (1.4) is conserved [3-5]

V" = 0. (1.5)

This is a realization of the conservation law of the total mass of the dark matter. In a
homogeneous universe the current conservation implies

JO = #a_?’, (1.6)
where a is the scale factor of an expanding metric and another constant ~.

In a homogeneous space-time we can represent the DM as well as DE energy-momentum
as the energy-momentum of an ideal fluid. The conservation law (1.4) leads to a particular
interaction among the fluids. An interaction which is a linear combination of the DM and DE
fluids has been discussed in [6]. Non-linear interactions are discussed in [7-10]. Our formula
for the DM dissipation (1.4) follows from the assumption that the dissipation results from a
relativistic motion in a DE fluid. It cannot be expressed as a polynomial formula in DM and
DE fluids as it is in the above mentioned references. Nevertheless, we are able to express the
dynamics of the model as a quadratic dynamical system what makes our approach similar to
that of refs. [7, 8, 10].

Methods of dynamical systems [11] have been recently used in a cosmological model with
diffusion described by a cosmological scalar field [12]. A similar analysis of the dynamics
has been also explored in the context of Bianchi cosmological models [13] as well as in a
description of non-homogeneous and anisotropic cosmological models [14]. In this paper we
intend to explore cosmological models as closed dynamical systems with matter (dark and
baryonic) and dark energy in the form of ideal fluids whose interaction is determined by the
current J¥ (1.4). In contradistinction to above mentioned models our model does not contain
non-physical trajectories passing through py,, = 0 line [15].

The plan of the paper is the following. In section 2 we review the model of a relativistic
diffusion and explain eq. (1.4). In section 3 we derive exactly soluble limits relevant for
early and late universe. We discuss energy-momentum conservation and Einstein equations
in section 4. In section 5 we formulate the cosmological equations of section 4 as a closed
dynamical system. We determine its critical points and the phase portrait. In section 6 we
fit the parameters of the model to the observational data.

2 Relativistic diffusion

In this section we consider a Markovian approximation of an interaction of the system with
an environment which leads to the description of this interaction by a diffusion. We consider



a relativistic generalization of the Krammers diffusion defined on the phase space. It is
determined in the unique way by the requirement that the diffusing particle moves on the
mass-shell (see [2, 16-18]).

Let us choose the contravariant spatial coordinates p’ on the mass shell and define the
Riemannian metric

ds* = guudpudpy = *ijdpjdpkv
where Greek indices i, v = 0, 1,2, 3, Latin indices j, k =, 1,2, 3 and pq is expressed by p’/ from
p? = m2. We have (we assumed that go, = 0)

Gjr. = —gjk + pjprw 2,

where
w? =m® — g;rp'p".
Then, the inverse matrix is
GIk = _gi* o m~2pipk,
Next,
G = —det(Gji) = —m* det(gjp)w™

We define diffusion as a stochastic process generated by the Laplace-Beltrami operator
A% on the mass shell

1 .
AT = ﬁajcﬂ’f\/éak, (2.1)

where 0; = W and G = det(G,y) is the determinant of G .
The transport equation for the diffusion generated by A g reads

(P05 — T, pp” 0 = K2 AHQ, (2.2)

where FZV are the Christoffel symbols, J); are space-time derivatives and k2 is the diffusion

constant.
Then, we can define the current

JH = \f/ 3p0 Q, (2.3)

where g = | det[g,,]| and the energy momentum

Ty = f/ 3P prp Q. (2.4)

It can be shown using eq. (2.2) that [3-5]

VI = 3k2” (2.5)
and ) )
VuJt =g 20,(92J") =0. (2.6)
Hence,
1 1 .
g 20(g2J%) = —0;J7. (2.7)

This implies (1.6) if the metric is homogeneous and € does not depend on z. The constant
v can be expressed from eq. (2.3) as

o = g/ (;:)39 = 7. (2.8)




3 The limits ma — 0 and ma — o

Most of our subsequent results hold true for a general FWR metric
ds* = gu,datde’ = dt* — a*hjda’ da”, (3.1)

but for simplicity of our analysis we restrict ourselves to the flat space hj;, = ;. We rewrite
the diffusion equation in terms of the covariant momenta

g = gijp’ (32)

Then, AT in eq. (2.1) depends on y/m?a? + q? and on a. The assumption g* > m?a? (high
energy approximation) is equivalent to the limit

m?a® — 0. (3.3)

Let
v= /dta (3.4)

Then, in the limit m2e¢®> — 0 and in a homogeneous universe (€ independent of spatial

coordinates) we obtain

0? 0

-2

K 0, = qiqj——=—0+ 3¢, — 3.5
|al0, i G, o (3.5)

or in the original contravariant coordinates

2

OptopI

_92 _ i i i
ak ]p\(@t 2Hp76pj>Q—pp7 Q+3p78pj.Q (3.6)

If in \/mZ2a? + q? we assume q> < m?a? (low energy approximation,i.e., we neglect q) then
in the limit

m2a2 — 00

eq. (2.2) simplifies to
1
m k20,0 = iAqQ’ (3.7)
where

t
o= 2/ ds a* (3.8)
to

and Aq is the Laplacian. This is the non-relativistic diffusion equation. In terms of the
original contravariant momenta eq. (3.7) takes the form

19 0 1
mta?k 2 <at - 2Hpjapj> Q= §ApQ. (3.9)



4 Current conservation and Einstein equations

The energy-momentum (2.4) in a homogeneous space-time can be expressed as an energy-
momentum of a fluid

™ = (p+ p)ul'v” — g"p, (4.1)

where
guutu” = 1. (4.2)

The divergence equations (1.4) in the frame u = (1,0) takes the form

Otpam + 3H(1 4 ) pgm = va >, (4.3)
where
~ Pdm
W= —.
Pdm

We assume that the energy-momentum tensor of the dark energy has also the form of an
ideal fluid (4.1). Then, from egs. (1.4) and (1.6)

Orpde + 3H (1 + w)pge = —ya>. (4.4)

On the basis of observational data we choose w = —1 in eq. (4.4). In the diffusion model w
depends on time as follows from the formula

1 1 -1
W = B/dpa2p29t(/dppoﬂt)
Po

1 m? 1 -1 l-w
=5 - [dp—ou( [ dopot) =" 45
3 3 ppo t / PDPos & 3 (4.5)
In an expansion in m we can apply the explicit solution [19] of eq. (3.6) (m = 0) and calculate
m2a?
w=————,
6(Ty + K%v)

where Ty is a parameter which has the meaning of the temperature of the DM fluid at t = tg.

In the ultrarelativistic (massless) case (3.6) we have w = 0, hence W = 1

3
We can express the solution of eq. (4.3) as
t
Pam(t) = pam(0)a™* exp </ dr Hw)
to

t t s
+ va"* exp (/ dr Hw) / dsa(s)exp </ dr Hw) . (4.6)
to to to

paclt) = pacl0) — 7 / a(s) ds. (4.7)

to

For w = -1

We still consider the non-relativistic limit of the energy-momentum (2.4)

2.2

~ _ 1 -~ a‘p
pam = T = \/g(27) 3/dpp0(2:g 2Zm + /g(2m) 3/dp . Q

= Zma_3 + a_2pn'r, (48)




where )

Pr = \/§(27r)_3/dp Qa4§—m. (4.9)

Using the non-relativistic diffusion equation (3.9) we can show that py, satisfies the
non-conservation equation

ata_zpnr + 3H(1 + 'J)m")a_Qpnr = ’Ya_?), (410)

where Wy, = % The non-relativistic diffusive energy in eq. (4.8) is a sum of two terms
Zma 2 which describes a conservative non-relativistic total rest mass and a_Qpnr describing
the diffusive energy gained from the motion in an environment of the dark energy. The sum
of these energies satisfies the equation (which is not of the form) (1.4))

Otpam + SHpam = 3ZK%a™> +2ZmHa ™3, (4.11)

The solution of eq. (4.10) is

() = a7 (pmm) " ;70), (1.12)

where o is defined in eq. (3.8). As a consequence of egs. (4.8), (4.10) and (1.4) the non-
relativistic dark energy satisfies the same eqgs. (4.4) and (4.7) as the relativistic dark energy.

The Friedman equation in the FRW metric (3.1) with the dark matter, dark energy and
baryonic matter p, reads

1
H? = g(ﬂdm + pde + pp)- (4.13)

By differentiation

= —% ((1+ @)pan + 1), (4.14)

In egs. (4.13)—(4.14) we should insert the general expressions for DM and DE. We need an
approximation for w(t). There we shall discuss approximations to eq. (4.6). In a subsequent
section we study the relativistic homogeneous dynamical system (4.3), (4.4) and (4.14) under
the assumption that @ is time independent. The non-relativistic (low z) approximation (4.8)
when inserted in eq. (4.13) gives the Friedmann equation

1 3 '
3 (a_5 (Pdm(O) + 22n20> + Zma™* + pp(0)a™> + pae(0) — 3252/ ds a(s)_3>'
to

3
(4.15)

H? =

Egs. (4.7), (4.11) and (4.15) form a system of ordinary differential equations which is ex-
pressed by means of new (energetic) variables into a quadratic dynamical system in the
next section.

5 Dynamical system approach to the DM-DE interaction

In this section we reduce the dynamics of the diffusive DM-DE interaction to the form of
autonomous dynamical system ‘fl—f = & = f(x), where z is a state variable and ¢ is time.
In this approach one describes the evolution of the diffusive DM-DE interaction in terms of

trajectories situated in a space of all states of the system, i.e., a phase space. This space



possesses the geometric structure which is a visualization of a global dynamics, i.e. it is
the space of all evolutional paths of the physical system, which are admissible for all initial
conditions. The equivalence of phase portraits is established by means of a homeomorphism
(topological equivalence) which is mapping trajectories of the system while preserving their
orientation. The phase space is organized by critical points, which from the physical point of
view represent stationary states of the system. From the mathematical point of view they are
singular solutions of the system x = f(x), where x € R" is a vector state, corresponding to
vanishing right-hand sides of the system, i.e. f = [f*(z),..., f*(x)] and V; f(z) = 0. The final
outcome of any dynamical system analysis is the phase portrait of the system from which one
can easily obtain the information about the stability and genericity of particular solutions.
The methods of dynamical systems [11], which enable us to investigate the dynamics
of the system without the knowledge of its exact solutions, have been recently applied in
a similar context of cosmological models with diffusion [12]. An analysis of cosmological
dynamics has also been explored in Bianchi cosmological models [13]. Some of these methods
are applicable to non-homogeneous and anisotropic cosmological models [14] as well. In
this paper we intend to explore an energy exchange in models describing matter (dark and
baryonic) and dark energy in the form of the cosmological ideal fluids. In contrast to Alho et
al. [12] our model does not contain non-physical trajectories passing through py, = 0 line [15].

5.1 Cosmological models with constant equation of state for DM and cosmo-
logical constant — Dynamical system analysis

Let us consider the continuity equations for the model with @ = const and w = —1 (dark
energy in the form of the cosmological constant). The corresponding continuity equations
take the form (4.3)—(4.4)

a%(mﬂ)i(pdma?)(wﬂ)) = va~? >0, (5.1)
dpde _3

_ 2

dt ya <0, (5.2)

where 7 > 0. To formulate the dynamics in the form of a dynamical system, we rewrite in a
suitable way equation (5.1)

-3

_ dpdm/pdm _ dIn pam ya

J = = =-3(1+w . 5.3
da/a d(lna) (1+@) + Hpgm (53)
Next we define a dimensionless quantity, which measures the strength of the interaction
-3
Ya
0= i 5.4
dem ( )

Clearly, in general § is time dependent. Let us consider that 6 = §(a(t)). If this quantity is
constant during the cosmic evolution, then the solution of eq. (5.3) has a simple form

Pdm = pdm,Oa_g(l—Hb)—Hs- (55)
Our aim is to study the dynamics of the energy transfer from the DE to DM sector. The
corresponding system assumes the form of a three-dimensional dynamical system.

Recalling that 87G = ¢ = 1 we define

— Pdm



where H = dl“a is the Hubble parameter and ¢ is the cosmological time. The differentiation
with respect to the cosmological time ¢ will be denoted by a dot ( = %). The variables z
and y have the meaning of dimensionless density parameters.

For simplicity of presentation it is assumed that FRW space is flat (zero curvature
in the Friedmann equations (4.13)). In this case the acceleration equation assumes the
following form

. 1
H = _E(peff + peff)v (57)

where pof = Pdm + Pde aNd Pef = WPIm — Pde are the effective energy density and pressure of
the matter filling the universe, w = pdm.

Taking a natural logarithm of the state variables (5.6) and the interaction effect vari-
able (5.4) and performing the differentiation with respect to the cosmological time ¢ we obtain

pdm H

P H

S fdm of — _3H(1+ @) +6H — 2= 5.8
= I (1+w)+ IR (5.8)
' H H

Ui oH spe o (5.9)
y pn  H H

5 H pdm ~ H
—=-3H—-— -2 =30H - 6H — — 5.10
o H Pdm v H’ ( )

where o = pd—/’\“.
It would be convenient to divide both sides of the system (5.8)—(5.10) by H and then
reparameterize the original time variable t following the rule

t—7=Ina. (5.11)

The differentiation with respect to the parameter 7 will be denoted by a prime (' = %).
Note that ?TZ = a~! is a strictly monotonic function of the scale factor a.

After the time reparameterization (5.11) the system (5.8)-5.10 can be expressed as the
three-dimensional system of equations

¥ =x (—3(1 +w)+6 — 2;) , (5.12)

y = ( da —2— H ) (5.13)
§ =5 (3w 5 H) (5.14)

where }1;12 can be determined from the formula (5.7)
H=—-(140)pam = %( + @) H?x, (5.15)
ie., '
% _ _2(1 + i) (5.16)

In this way the dynamics of the process of decaying cold dark matter satisfying the
equation of state pgm = Wpqm in the background of the flat FRW metric can be described by



means of the dynamical system theory. The resulting three-dimensional dynamical system
has the form

¥ =x(-3(14+w)+6+3(1+w)x), (5.17)
Y =z (—5+3(1+w)y), (5.18)
5/:5(3@5+2(1+@)x>, (5.19)

where o = z/y.

Note that the right-hand sides of the dynamical system (5.17)—(5.19) are of a polynomial
form. Therefore all methods of dynamical system analysis, especially analysis of the behavior
on the Poincaré sphere, can be adopted; both in a finite domain as well as at infinity. One
can see that the system (5.17)-(5.19) has as an invariant submanifold {£5 = 0}, the set
{z: x = 0}, corresponding to the case of the vanishing dark matter energy density.

Clearly, the system (5.17)—(5.19) has also an invariant submanifold {é: § = 0} cor-

responding to the case of the vanishing interacting term () = 0 as it appears in the
ACDM model.
Another interesting submanifold is the plane {y: y = ﬁ}

5.2 Dynamics of the model for dust matter

Let @ be equal to zero. Then, the equation of state for matter is of the form of a dust.
Because z +y =1 (Qam + Qde = 1) then the dynamical system (5.17)—(5.19) reduces to the
two-dimensional dynamical system in the following form

¥ =x(-3+0+32), (5.20)
§=4 <—6 + 295) : (5.21)

The phase portrait for the dynamical system (5.20)—(5.21) is presented in figure 1. On this
phase portrait the deS; universe is a global attractor for expanding universes. On another
hand the critical point (3) is a global repeller representing the Einstein-de Sitter universe.
The saddle point is representing the static Einstein universe.

For the analysis of the behavior of trajectories at infinity we use the following sets of
two projective coordinates: & = %, 6= % and X = 5 A= %.

The dynamical system in variables Z and 6 covers the behavior of trajectories at infinity

¥ =231 -6 -3), (5.22)

§=0 (355 —20 — ;’) , (5.23)

where / = #4L. The phase portrait for the dynamical system (5.22)—(5.23) is presented in
figure 2. } )
The dynamical system for variables X and A is described by the following equations

X' =X (—3A + gf( + 2> , (5.24)

A=A <1 — 35() , (5.25)

\)



critical point

type of critical point

type of universe

r=0,0=0
2 x=2/3,0=1
(. =3/2,7=3/2)
(X =2/3,U=1)

(i=1,a=0)
£=0,0=0

5 X=0A=-3/4
X=0,A=0

saddle-node
saddle

unstable node

stable node

saddle

unstable node

de Sitter universe without diffusion effect

scaling universe

Einstein-de Sitter universe without diffusion effect

static universe

static universe

de Sitter universe with diffusion effect

Table 1. Critical points for autonomous dynamical systems (5.20)—(5.21), (5.22)—(5.23), (5.24)—(5.25),
their type and cosmological interpretation.

where ’ = Ad%. The phase portrait for the dynamical system (5.24)—(5.25) is presented in
figure 3.
We use also the Poincaré sphere to analyze critical points in the infinity. We define

variables
T 1)

— _ = 5.26
V1422 + 62 V14062 + 22 (5:26)
and in these variables the dynamical system has the following form
X' =X [—N <ZX - A> +(1-XHBX +A-3V1- X2~ A2)} , (5.27)
A=A [(1 — A?) (;X — A) — X?(BX +A-3V1- X2~ AQ)] : (5.28)

where / = /1 — X2 — AZ-L. The phase portrait for the dynamical system (5.27)—(5.28) is
presented in figure 4. Critical points for autonomous dynamical systems (5.20)—(5.21), (5.22)—
(5.23), (5.24)—(5.25) are completed in table 1.

5.3 Dynamics of the model at the late time (ma — oco)

As can be seen from eq. (4.8) the relativistic model of the dark matter consists of two fluids
first with @ = 0 and the second with @w = % So, in the approximation ma — oo and w = —1
we have according to eqs. (4.7), (4.11) and (4.15) the following DM and DE continuity
equations

pdm + BpamH = va"3 +2ZmHa ™3, 5.29)
Pae = —ya ">, (5.30)
We define the variables
Pdm Pde (2Zm)a_3 ya ’
= 5> = 5 = d 5 == 53].
T3y YT 3me Pdm an H pam (5:31)
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If we use the variables (5.31) and time 7 = Ina then we obtain the following dynamical
system

H
H
Yy =—z(5+u) — Qyﬁ, (5.33)
' =u(2 -6 —u), (5.34)
H
where ' = % and % = —12(5—u). Because z+y = 1 (Qgm + Qge = 1) then the dynamical

system (5.32)—(5.35) reduces to the three-dimensional dynamical system.

The dynamical system (5.32)—(5.35) has the invariant submanifold {% = 0}, which is
the set {x: © = 0} or {u: u = 5}. There is also an interesting submanifold § = 0. On the
invariant submanifold § = 0 the dynamical system (5.32)—(5.35) reduces to

(u+5(x —1) — zu), (5.36)
(2 —u). (5.37)

=z
' =u
The phase portrait for the dynamical system (5.36)—(5.37) is presented in figure 5. Note
that critical point (1) is representing the deS universe without the diffusion effect. On the
other hand the de Sitter universe without diffusion is represented by saddle critical point.
Therefore the model with diffusion is generic in the class of all trajectories.

For the analysis the behavior of trajectories at infinity we use the following two sets of
projective coordinates: & = %, u=7and X =7, U = % .

The dynamical system for variables £ and 4 is expressed by

¥ =z(5z(x-1)+u(l —2a)), (5.38)
o =a(2(7% —5) +a(l —2%) + 1), (5.39)
where ' = 5@2%. The phase portrait for above dynamical system is presented in figure 6.

In comparison to the phase portrait in figure 5 a new critical point (5) is emerging. It is
representing the Einstein-de Sitter universe fully dominated by dark matter.
The dynamical system for variables X and A is described by the following equations

X=X (ﬁ(z —70) + X (50 — 1)) , (5.40)
U’::02<1-20>, (5.41)

where ' = U 24 The phase portrait for the dynamical system (5.40)—(5.41) is presented in
figure 7. Note the de Sitter universe represented by critical point (1) which is a stationary
universe without effect of diffusion is a global attractor.

Critical points for autonomous dynamical systems (5.36)—(5.37), (5.38)—(5.39), (5.40)—
(5.41) are completed in table 2.

We apply also the Poincaré sphere to this system in order to analyze critical points at
infinity. We define the variables

x U

X=—_*  pg-__" 5.42
N Er N Eer (5:42)
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No critical point type of critical point type of universe
1 z=0,u=0 saddle de Sitter universe without diffusion effect
2 r=1u=2 saddle scaling universe
(=1, u0=2)
(X =1/2, U =1/2)
3 z=1u=0 unstable node FEinstein-de Sitter universe without diffusion effect
(z=1,u=0)
4 z=0,u=2 stable node de Sitter universe without diffusion effect
(X=0,U=1/2)
z=0,u=0 stable node static universe
X=0,0=0 unstable node de Sitter universe without diffusion effect

Table 2. Critical points for autonomous dynamical systems (5.36)—(5.37), (5.38)—(5.39), (5.40)—(5.41),
their types and cosmological interpretations.

0 0.25 0.5 0.75 1 1.25

H T
1 11
0.5 0.5
L]
0 0
-0.5}Y -0.5
-1

0 0.25 0.5 0.75 1 1.25 1.5
X
Figure 1. A phase portrait for dynamical system (5.20)—(5.21). Critical point (1) (z = 0, § = 0)
represents the de Sitter universe. Critical point (2) (z = 2/3, § = 1) is a saddle and represents the

scaling universe. Critical point (3) (x =1, § = 0) is an unstable node and represents the Einstein-de
Sitter universe. The critical point (1) is a complex type of saddle-node.

In these variables the dynamical system has the following form
X' =X [mmw_z 1- X202
+ (1= X)(V1- X2 06X +U) =501 - X2 = U%) - XU)|,  (5.43)
U =U[(1-U)VI= X2 - 122V1- X2~ U2 - U)
~ X2(V1- X2 U2(5X +U) —5(1— X% - U?) —XU)}, (5.44)
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Figure 2. A phase portrait for dynamical system (5.22)—(5.23). Critical point (4) (Z = 0, § = 0) and
(5) (£ =0, 6 = —3/4) and represents the static universe. Critical point (2) (Z = 3/2, 6=3/2)isa
saddle and represents the scaling universe. Critical point (3) (£ =1, 6 = 0) is an unstable node and
represents the Einstein-de Sitter universe.

where ' = (1 — X? — UQ)%. The phase portrait for the dynamical system (5.43)—(5.44) is
presented in figure 8.

6 Statistical analysis
6.1 Introduction

In this section we use astronomical observations for low redshifts such as the SNIa, BAO,
measurements of H(z) for galaxies and the Alcock-Paczyniski test. We do not use the obser-
vation for high redshifts such as CMB.

In Loxta = —%[A — B2/C +1In(C/(2m))], (6.1)

where A = (p°P — ") C= (P —pth), B = C1 (P —pth), C = TrC~! and C is a covariance
matrix for SNIa. The distance modulus is expressed by u°” = m — M (where m is the
apparent magnitude and M is the absolute magnitude of SNIa) and pth = 5logyo D1, + 25
(where the luminosity distance is Dp = ¢(1+ 2) [, I?TZ;))

We also use BAO observations such as Sloan Digital Sky Survey Release 7 (SDSS DRT)
dataset at z = 0.275 [20], 6dF Galaxy Redshift Survey measurements at redshift z = 0.1 [21],
and WiggleZ measurements at redshift z = 0.44,0.60,0.73 [22]. The likelihood function is

expressed by the formula

In Lpao = —% (dobs - ;é@) c! (dObS - ;&g) : (6.2)

where r4(z4) is the sound horizon at the drag epoch [23].
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Figure 3. A phase portrait for dynamical system (5.24)(5.25). Critical point (5) (X = —4/3, A = 0)
represents the static universe. Critical point (2) (X = 2/3, A = 1) is a saddle and represents the
scaling universe. Critical point (6) (X = 0, A = 0) is an unstable node and represents the de Sitter
universe. Note that if A < 0 the arrow of time indicates how the scale factor is decreasing during the
evolution.

For the Alcock-Paczynski test [24, 25] we use the likelihood function

th =) — obs 2z 2
lnLAp:—;Z(AP (=) UQAP () . (6.3)

where AP(2)" = @ Iy Hd(zz, 7y and AP(z)°" are observational data [26-34].
In addition, we are applying measurements of the Hubble parameter H(z) of galaxies
from [35-37]. In this case the likelihood function is expressed by

N

obs __ o t 2
Ly =23 (chz-) b () h) | o

2 0;
i=1 ’

The final likelihood function is in the following form

Lot = LsNtaLBaoLap Ly (z)- (6.5)

We use our own code CosmoDarkBox to estimate the model parameters. This code
applies the Metropolis-Hastings algorithm [38, 39] and the dynamical system formulation of
model dynamics to obtain the likelihood function [23, 40]. The dynamical system formulation
of the cosmological dynamics developed in section 5 plays a crucial role in our method of
estimation. We solve the system numerically using the Monte Carlo method and than put
this solution to the corresponding expression for observables in our model.
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Figure 4. A phase portrait for dynamical system (5.27)—(5.28). Critical point (1) represents the de
Sitter universe. Critical point (2) is a saddle and represents the scaling universe. Critical point (3)
is an unstable node and represents the Einstein-de Sitter universe. Critical point (4) represents the
static universe. Critical point (5) represents the static universe. Critical point (6) is an unstable node
and represents the de Sitter universe. Note that if A < 0 the arrow of time indicates how the scale
factor is decreasing during the evolution.

For comparison models with diffusion with the ACDM model, we use Bayesian infor-
mation criterion (BIC) [41, 42]. The BIC is defined as

BIC = —2In L+ jlnn, (6.6)

where L is the maximum of the likelihood function, j is the number of model parameters (in
this paper for our models 7 = 3 and for ACDM j = 2) and n is number of data points (in
this paper n = 622).

6.2 Model of DM-DE interaction and w = 0

Let us consider the model of DM-DE interaction and with dark matter in the form of dust.

We present a statistical analysis of the model parameters such as Hp, Qqm,0 = a ;E’QO, where
0

J T at, where T is the present age

v
3H2
of the Universe. We must have €2, > 0 because v > 0 for a diffusion.

Pdm,o is the present value of dark matter and €2, o =

The Friedmann equation for @ = 0 in terms of the present values of the density param-
eters takes the form

—— zacmoa—3+%a—3/ dt + Q002 4+ Qe (0 —%/ a~3dt, 6.7
Hg ’ " dt ’ ) ST a3dt 67
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Figure 5. A phase portrait for dynamical system (5.36)—(5.37). Critical point (1) (x = 0, v = 0)
represents the de Sitter universe without the diffusion effect. Critical point (2) (z =1, u = 2) is a
saddle type and represents the scaling universe. Critical point (3) (x =1, u = 0) is an unstable node
and represents the Einstein-de Sitter universe without the diffusion effect. The critical point (4) is
representing the Einstein-de Sitter without the diffusion effect.

Pcm,0
3HZ

. 3 & T _
which scales as a3, Q0 = 57 a3t
0

where Qe o = where pem o is the present value of the conservative part of dark matter,

In these estimation we use formulation of dynamics in the form of a two-dimensional
non-autonomous system with the redshift variable z. This model possesses three parameters
v, Hp and Qy (2 =0) = Qmo

3 Y

Q =" Q.- — P+ 2)>?

m =yt g
3 1

P=-"_—""Q.0P 6.
214 o ™0t (6.8)

where P = % and ' = 2.

Statistical results are presented in table 3. Figure 9 shows the likelihood function with
68% and 95% confidence level projections on the plane (4m,o, §2,). For this case the value
of reduced x? is equal 0.187767.

The value of BIC, for this model is equal BIC;=135.527. Because BIC for the ACDM
model is equal BICAcpym=129.105, ABIC = BIC; — BICpcpwM is equal 6.421. If that a value
of ABIC is more than 6, the evidence for the model is strong [42]. Consequently, the evidence
in favor of the ACDM model is strong in comparison to our model.
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Figure 6. A phase portrait for dynamical system (5.38)—(5.39). Critical point (5) (z = 0, @ = 0)
represents the static universe. Critical point (2) (£ = 1, @ = 2) is a saddle and represents the
scaling universe. Critical point (3) (Z = 1, @ = 0) is an unstable node and represents the Einstein-de
Sitter universe. Note that the Einstein-de Sitter universe is fully dominated by dark matter. It is an
attractor solution as well as the de Sitter which one can see in figure 5.

parameter best fit 68% CL  95% CL
+0.75 +1.57
H 67.97 km /(s Mpc
° [EMp) e s
0.0223 0.0485
Qim0 0.2658 * *

—0.0208 —0.0415
+0.0735  +0.1570
-0.0135 —0.0135

Q0 0.0135

Table 3. The best fit and errors for the estimated model for SNIa+BAO+H (z)+AP test with Hp
from the interval (65.0 (km/(s Mpc)), 71.0 (km/(s Mpc))), Qdm,0 from the interval (0.25,0.40), £, o
from the interval (0.00,0.20) Q, o is assumed as 0.048468. The value of reduced x? is equal 0.187767.

6.3 Model with DM-DE interaction for ma — oo

Let us consider a late time behavior of the universe. For the case ma — oo we estimated
. T
values of cosmological parameters such as 2,9 = ﬁ f a’dt, Zm,0 = ?)Z?”é, Hy and . The

formula for the Friedmann equation in terms of the present values of the density parameters
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Figure 7. A phase portrait for dynamical system (5.40)—(5.41). Critical point (2) (X = 1/2, U = 1/2)
is a saddle and represents the scaling universe. Critical point (6) (X = 0, U = 0) is an unstable node
and represents the de Sitter universe. At this critical point the effect of diffusion are important.
On the other hand the critical point (6) is an unstable stationary solution in which the effect of the
non-zero term (Zm) vanishes.

is in the form

JiE Qo
— = Qqmoa ° + ——a""
H " fT a?dt

t Q t
/ a?dt + Qzma™> + Qq0(0) — TWO/ a”3dt, (6.9)
7 a=3dt

where Q. o = =15 T 434t and Qam o is the present value of the part of dark matter, which
v 3H, ;
0

scales as a~°.

The results of our analysis of the model are completed in table 4. Figure 10 shows the
likelihood function with the 68% and 95% confidence level projections on the plane (Q4mo,
€2,). For this case the value of reduced x? is equal 0.188201.

The value of BIC, for this model is equal BIC3=135.795 Because BIC for the ACDM
model is equal BICxcpym = 129.105, ABIC = BICy — BICxcpwm is equal 6.690. If that a
value of ABIC is more than 6, the evidence for the model is strong [42]. Consequently, the
evidence in favor of the ACDM model is strong in comparison to our model.

We can compare the behavior of )4, for our models with others models of the early dark
energy. In Doran and Robbers model [43] the fractional dark energy density is assumed as a
constant, which is different from zero, for the early time universe. This means that Q4. (z)
cannot be negligible for the early universe for this model. In our models, Q4. approaches
zero for the high redshifts (see figure 11) and Qg is negligible for the early universe. In
consequence, we do not use the high redshift astronomical observations, such as CMB, to fit
values of model parameters for our models.
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Figure 8. A phase portrait for dynamical system (5.43)—(5.44). Critical point (1) represents the
de Sitter universe without the diffusion effect. Critical point (2) is a saddle type and represents the
scaling universe. Critical point (3) is an unstable node and represents the Einstein-de Sitter universe
without the diffusion effect. The critical point (4) is representing the Einstein-de Sitter with the
diffusion effect. Critical point (5) represents the static universe. Critical point (6) is an unstable node
and represents the de Sitter universe.

parameter best fit 68% CL  95% CL
. 1.2
Ho 68.04 +0.73 +1.27
—0.70 —1.25
0.0082 0.0137
Q0 0.0106 *
7 —0.0106  —0.0106
0.0356 0.0536
Qzmo 0.2943 + +
' —0.0077  —0.0231
0.2198 0.4555
ol 0.0299 * *
—0.0299 —0.0299

Table 4. The best fit and errors for the estimated model with w = 2/3 for SNIa+BAO+H (z)+AP
test with Qz,, 0 from the interval (0.22,0.38), €2, ¢ from the interval (0.0,0.03), v from the interval
(0.00(100 km/(s Mpc))*,0.500(100 km/(s Mpc))*) and Hy from the interval (65.0 (km/(s Mpc)), 71.0
(km/(s Mpc))). Qpo is assumed as 0.048468. The value of reduced x? is equal 0.188201.
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Figure 9. The intersection of the likelihood function of two model parameters (Qam,o, €24,0), for the
case of the model of DM-DE interaction and w = 0, with the marked 68% and 95% confidence levels
for SNIa+BAO+H (2)+AP test. Qqm,o is the present value of dark matter.

[
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Q0
Figure 10. The intersection of the likelihood function of two model parameters (Qzm 0, £24,0), for the

case of the model with DM-DE interaction for ma — oo, with the marked 68% and 95% confidence
levels for SNIa+BAO+H (z)+AP test.

7 Conclusion

In this paper we studied the dynamics of DM-DE interaction with the relativistic diffusion
process. For this aim we used the dynamical system methods, which enable us to study
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Figure 11. The diagram presents the evolution of 1 — Qg.(2) = ;1127;07)]0/(:1)2’ where z is redshift,
0
Qmof(z) = pé‘}l(,‘;) and f(0) = 1, for the first model (blue line) and for the second model (red line).
0

We assume the best fit values of model parameters (see table 3 and 4). Note that, for the early
universe, for the both models, 1 — Qg.(2) is going to a constant (the horizontal asymptotics equals
one). This means, that Q4.(2) for the high redshifts is negligible.

all evolutional scenarios admissible for all initial conditions. We show that dynamics of our
model reduces to the three-dimensional dynamical system, which in order is investigated on
an invariant two-dimensional submanifold. From our dynamical analysis the dynamics is free
from the difficulties, which are present in Alho et al.’s models with diffusion [12], namely
there is no non-physical trajectories crossing the boundary set py,, = 0 [15].

The model is tested by astronomical data in two cases of dark matter in the domain of
low redshifts (SNTa, BAO, H(z) for galaxies and AP test).

In the model under consideration the energy density of dark matter is a growing function
with the cosmological time on the cost of dark energy sector. In the basic formulas on H?(z)
some additional terms appear related with the diffusion process itself. These contributions
can be interpreted as the running Lambda term (Qw,o # 0) and a correction to the standard
scaling law oc a3 for dark matter. At the present epoch the value of the density parameter
related with the dark matter correction is about 1% of total energy budget.

In the first model it is assumed dark matter in the form of dust. The estimated values
of the model parameters are comparable with the parameters for the ACDM model and the
value of reduced chi-square of this model is 0.187767. We also studied the second model with
diffusion in a late time approximation: ma — oo. The value of density parameter of {1, o
related with diffusion is equal 0.0106. In this case the value of reduced chi-square is 0.188201.
For comparison, the value of reduced chi-square of the ACDM model is 0.187483.

The value of ABIC = BIC; — BICxcpwMm for the first model is 6.421 and for the second
model is equal 6.690. While the evidence is strong in favor of the ACDM model in comparison
to our model, our model cannot be rejected based on our statistical analysis.
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We study dynamics of cosmological models with diffusion effects modeling dark matter and dark energy
interactions. We show the simple model with diffusion between the cosmological constant sector and dark
matter, where the canonical scaling law of dark matter (p,, oa~>(¢)) is modified by an additive e(¢) =
yta=3(1) to the form pg, = pamoa>(t) + €(t). We reduced this model to the autonomous dynamical
system and investigate it using dynamical system methods. This system possesses a two-dimensional
invariant submanifold on which the dark matter-dark energy (DM-DE) interaction can be analyzed on the
phase plane. The state variables are density parameter for matter (dark and visible) and parameter &
characterizing the rate of growth of energy transfer between the dark sectors. A corresponding dynamical
system belongs to a general class of jungle type of cosmologies represented by coupled cosmological
models in a Lotka-Volterra framework. We demonstrate that the de Sitter solution is a global attractor for all
trajectories in the phase space and there are two repellers: the Einstein-de Sitter universe and the de Sitter
universe state dominating by the diffusion effects. We distinguish in the phase space trajectories, which
become in good agreement with the data. They should intersect a rectangle with sides of
Q,,0 € [0.2724,0.3624], € [0.0000, 0.0364] at the 95% CL. Our model could solve some of the puzzles
of the ACDM model, such as the coincidence and fine-tuning problems. In the context of the coincidence

-+0.1109

problem, our model can explain the present ratio of p,, to p,, which is equal 0.45761 5/ at a 20

confidence level.

DOI: 10.1103/PhysRevD.94.043521

I. INTRODUCTION

Thanks to astronomical observations the modern cos-
mology has elaborated on the concept of the standard
cosmological model called the cold dark matter model with
the cosmological constant (ACDM model). From a meth-
odological point of view cosmology has achieved a similar
status as the particle physics with its standard model of
particles. The ACDM model acts as an effective theory
describing the Universe from redshift z =0 (today) to
z = 10° (the epoch of primordial nucleosynthesis). In the
very structure of the ACDM model there are essentially two
components: matter (dark matter and baryonic matter) and
dark energy. It is assumed that the universe is spatially
homogeneous and isotropic, and that its evolution is
governed by Einstein field equations with the energy
momentum tensor for the ideal fluid satisfying the baro-
tropic equation of state p = p(p), where p is the energy
density of fluid. From the observational point of view it is
convenient to use dimensionless density parameters €2;,

“marek.szydlowski@uj.edu.pl
Taleksander.stachowski@uj .edu.pl

2470-0010/2016/94(4)/043521(12)
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defined as the fractions of critical density 3H3 which
corresponds to a flat model. These parameters are observ-
ables which can be determined from astronomical obser-
vations [1]. In the ACDM model it is assumed that all fluids
are noninteracting.

The natural interpretation of the cosmological constant is
to treat it as the energy of the quantum vacuum [2]. The
cosmological model with the cosmological constant term
and pressureless matter fits well to the observation data of
measurements of SNIa luminosity distance as a function of
redshift [3] and observations microwave relic radiation
(WMAP, Planck). Measurements of large-scale structures
also remain consistent with the ACDM model. Although
the ACDM model describes well the present Universe the
nature of its basic constituents (dark energy and dark
energy) remains unknown. So dark energy and dark matter
are like some useful fictions in the terminology of Nancy
Cartwright [4]. Comparing the value of the cosmological
constant required us to explain the effect of the accelerated
expansion of the Universe observations of distant super-
novae type SNIa with the value of the cosmological
constant interpreted as the energy of the quantum vacuum,
we get the most incredible gap in history of physics

© 2016 American Physical Society
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Poac/Pa = 10143 In this context, the question is born why
the value of the cosmological constant is the small, why not
simply a zero? This is the known problem of the cosmo-
logical constant. In the model under consideration, the
comparison of p,,./pa still gives 83 orders of magnitude
from the measurement value because p,,./p = 10%.

Another problem related closely with the problem of the
cosmological constant is the coincidence problem [5]. This
problem is caused by the lack of explanation of why in
today’s era the density of dark matter and dark energy are
comparable although it is assumed that they have different
time of origin. In this paper we construct a cosmological
model in which it is assumed that the process of interaction
between sectors of dark matter and dark energy is con-
tinuous. Relativistic diffusion describes the transfer of
energy to the sector of dark matter. As a result, we go
beyond the standard model assuming from the outset that
dark matter and dark energy interact. This effect is
described by the running cosmological constant and the
modification of the standard scaling law of the dark matter
density.

If we assume that general relativity is an effective theory
which can be extrapolated to the Planck epoch, then the
interpretation of the cosmological constant parameter
appeared in the ACDM model as a vacuum energy seems
to be natural. By equating this density to the energy density
of the zero point energy that is left in a volume after
removing all particles, then we obtain that its value is about
120 orders of magnitude higher than the corresponding
value required for explanation of acceleration of the
Universe in the current epoch. In the Universe with such
a high value of cosmological constant (dark energy) we
have a rapid inflation and galaxies would have no time to
form. The lack of explanation of this difference is called the
cosmological constant problem.

Its solution can be possible if we can find some physical
mechanism lowering dramatically this value during the
cosmic evolution. Of course this process should be defined
in a covariant way following general relativity principles.

Our hypothesis is that diffusion cosmology can offer the
possibility of obtaining a low value of the cosmological
constant today because the effects of diffusion effectively
produce the running cosmological constant.

The first model with diffusion, dark matter-dark energy
(DM-DE) interaction was constructed by Calogero and
Velten [6—8]. In Calogero and Velten’s paper, dark matter is
modeled by dust matter and dark energy by the scalar field.
In Haba et al’s approach [9], dark matter is modeled by a
coefficient of the equation of state w as a function of
redshift and dark energy assumes the form of the decaying
A parameter. In Calogero and Velten’s approach, the model
is based in a modification of the geometric side of
Einstein’s equations. Haba et al’s approach is consistent
with general relativity at very beginning. Taking into
account the cosmological equations there is no difference

PHYSICAL REVIEW D 94, 043521 (2016)

between these approaches if we replace py,(a) by ¢(7)
and w = const.

We study how a value of effective running cosmo-
logical constant parameter changes during the cosmic
evolution and for late time is going to be a small
constant value.

From the astronomical observations of distant super-
novae SNIa and measurements of CMB by Planck, meas-
urement of BAO and other astronomical observations we
obtain that the present value of the energy densities of both
dark energy and dark matter are of the same order of
magnitude [10]. If we assume that the standard cosmo-
logical model (ACDM model) is an adequate way to
describe the cosmic evolution, then the value py,/pm Will
depend on the cosmological time or redshift and the
question arises: Why are two quantities with different time
of origin comparable at the present epoch? It is called the
cosmic coincidence problem.

We are looking for some physical relativistic mechanism
which gives rise to this coincidence observed for the current
Universe. In the opposite case very special initial conditions
are required for its realization (fine tuning problem). In the
framework of diffusion cosmology our investigation of
this problem shows that while the values of dark matter and
dark energy densities are comparable today they were
significantly different in the past history of the Universe.
Because the diffusion effects effectively act for fluids
which interact with each other during the cosmic evolution.
As a consequence dark energy is running and a canonical
rule of scaling dark matter p,,, proportional to a=> is
adjusted.

The main aim of our paper is to demonstrate how the
coincidence problem can be naturally solved in the frame-
work of diffusion cosmology. The interacting dark energy
models have been considered by many authors in the
context of this problem. One of the reasons to study these
models is to solve the cosmic coincidence problem
[[1-15]. To this aim different ad hoc proposed models
of an interacting term were postulated a priori. In these
models the covariance of general relativity is usually
violated and therefore they have limited application to
cosmology. In the present work we consider a unique
relativistic diffusion model where an interaction mecha-
nism is motivated physically.

In the study of evolutional scenarios of the model under
consideration we apply the dynamical systems methods
[16]. Our model belongs to a general class of jungle type of
cosmologies represented by coupled cosmological models
in a Lotka-Volterra framework [17].

The crucial role in the organization of the phase space
plays the critical point located inside the physical region.
The possible bifurcation of this point is studied in detail for
extracting variability of DE and DM density as the function
of the cosmological time. It is interesting that at this critical
point pg,, « pg. (scaling type solution).

043521-2
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II. FRIEDMANN EQUATION FOR DIFFUSION
INTERACTING OF DARK MATTER
WITH DARK ENERGY

Haba et al. postulated a particular model of an energy-
momentum exchange between DM and DE sectors, while a
baryonic sector was preserved [9]. In this approach, it is
assumed that the whole number of particles is conserved in
the dark sector. In this paper we reconsider this model in the
light of aforementioned cosmological problems.

We assume Einstein equations in the form

1
R~ g"R=T". (1)

where ¢"* is the metric, R is the Ricci tensor. In this paper
we use the natural units 87G = ¢ = 1.

Because of a cosmological application we assume that
the universe has topology R x M3, where M? is homo-
geneous and isotropic space. Then the spacetime metric
depends only on one function of the cosmic time 7—the scale
factor a(t). Additionally for simplicity we also assume
flatness (k = 0) of sections # = const. We decompose the
energy-momentum tensor on two parts

TH = T 4 TW. 2)

We assume the conservation of the total energy momen-
tum, which gives

-V, T =V, T =32, (3)

where «? is the diffusion constant and J* is the current,
which represents a flow of stream of particles.

We also assume that energy density of the dark matter
consisting of particles of mass m 1is transferred by a
diffusion mechanism in an environment described by a
perfect fluid. There is only unique diffusion which is
relativistic invariant and preserves the particle-mass m
[18]. The corresponding energy-momentum satisfies the
conservation law (3).

The Friedmann equation in the Friedmann-Robertson-
Walker (FRW) metric with baryonic matter, dark matter and
dark energy reads

3H? = pp + Pam + Pae- (4)

where p,, and pg4. are determined by relations
P = Poo@ > + Pamoa™ +y(t = tg)a”>, (5)
t
Pae = Pae(0) =¥ / a”dr. (6)

The current J* in Eq. (3) is conserved [19-21]

V" =0, (7)

PHYSICAL REVIEW D 94, 043521 (2016)

The above conservation condition for the FRW metric
reduces to

JO =y/3%a>3 (8)

with a positive constant y which can be computed from the
phase space distribution Q(p, x) of diffusing particles [9].

The condition (3) after calculation of divergence reduces
to the continuity conditions for energy density of both
matter and dark energy

pm = —3Hp, +ya™, 9)

pde = _70_37 (10)

where we assume the equation of state for dark energy as
Pde = —pPg. and for matter as p,, = 0; a dot denotes
differentiation with respect to the cosmological time ¢.
Eq. (9) can be rewritten as

d d
a—(pna’) = ya= & 1 (E) =7, (11)
where E is the total energy of matter in the comoving
volume V ~ @3. From relation (11), we can obtain that
E=y(t-1).

In our paper [9] we considered one unique model of an
energy transfer from dark energy (DE) to dark matter (DM)
with the diffusive interaction in the dark sector where DE
and DM can be treated as ideal fluids. Particles are
scattering in an environment of other particles. If we
assume that the subsequent scattering events are indepen-
dent, the particle motion is described by a Markov process.
In order, the assumption that the energy of the particle
remains finite leads to the conclusion that the Markov
process must be a diffusion.

Therefore diffusion is in some sense unique because
there is only one diffusion which is relativistic invariant and
preserves the mass [18,22,23]. In consequence the inter-
action between DM and DE fluids is defined in a
unique way.

III. DIFFUSION COSMOLOGY

In the investigation, the dark energy and dark matter
interaction plays a role in the continuity equation. This
equation is a special case of jungle cosmological models
[17]. We assume that p,, = p;, + pgn, Where p,, is density of
baryonic matter and p,,, is density of dark matter. The
equation of state for dark energy is expressed by p,, =
—p4e in our model, where p,, is pressure of dark energy
and the equation of state for matter is given by p,, =0,
where p,, is pressure of matter.

The Friedmann equation is expressed in the following
form

043521-3
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3H? = ppoa™ + pamoa + y(t — to)a™ + pg.(0)

t
—y/ a=3dt, (12)

where  pyo0a =pp, pamoa +y(t—10)a = pay,
pa.(0) —y [fa=3dt = p,,. From the Friedmann formula
we get a condition

1 :Qm+gde7 (13)

where Q,, = {’# and Q;, = f;_’lz are dimensionless density
parameters.
We can obtain Egs. (9)—(12) in the form of the dynamical

system x' = f(x,y.6), ¥ = f,(x,y.6) and &' = f5(x,y.9),

_ _ _ ya? I — _d
where x =Q,, y=Qy, 6 = o and ' = -
entiation with respect to the reparametrized time In a(z).
For these variables, the dynamical system is in the

following form

is a differ-

X =x(=3+65+3x), (14)
Y = x(=0+3y), (15)
5’:5(—5+%x>. (16)

From Eq. (13), we have the following relation
x+y=1 (17)

Then dynamical system (14)—(16) is reduced to the two-
dimension dynamical system.

PHYSICAL REVIEW D 94, 043521 (2016)

For analysis of the critical points in the infinity, we use
the Poincaré sphere. Let us introduce new variables in
which one can study dynamical behavior at infinity

X o
N VS
For these variables we get the dynamical system
! 2 3 2
X =X|-A EX_A +(1-X%)
x (3X+A-3 1—X2—A2)} (19)

A’zA{(l—A%(%X—A)
- X*(3X+4A-3 1—X2—A2)}, (20)

where/=v/1-X?- A%< Critical points, for Egs. (19)—(20),
are presented in Table I. The phase portrait for the dynamical
system (19)—(20) is presented in Fig. 1.

In the phase portrait there is an interesting class of
trajectories labeled as “I”, starting from the critical point 6
and approaching the de Sitter state. Because the diffusion
has the physical sense only for interval ¢ > ¢, the corre-
sponding cosmological solution should be cut off for any
t < t, from the de-Sitter solution. Hence, we obtain that
a(ty) is a positive number, i.e., a solution which represents
the critical point (6) is nonsingular. All trajectories starting
from the de Sitter state can be treated as a models of an
extended idea of emergent cosmology [24] [25].

TABLE I. Critical points for dynamical system (19)—(20), their type and cosmological interpretation.
Type of Dominating part

No. Critical point critical point ~ Type of universe  in the Friedmann equation H(t) a(r)

1 Xy =0, Saddle de Sitter universe Cosmological constant e =
Ay=0 without H(r) = /3 a(r) eV

diffusion effect

2 X, = /2/11, Saddle Scaling universe Matter and dark energy — H(t) = (t — )" a(t) < (t—1tg)
Ay =3/V/22 Pm * Pae)

3 Xy =1/V2, Unstable Einstein-de Sitter Matter H(t)=3(t—10)""  a(t) (1= 19)*?
Ay=0 node universe

4 X, =1, Stable node Static universe Matter and running H(t)=0 a(t) = const
Ay=0 dark energy

5 Xy =4/5, Saddle Static universe Matter and running H(r)=0 a(t) = const
Ay =-3/5 dark energy

6 Xy =0, Unstable de Sitter universe Running dark energy a0 24,
Ap=1 node with diffusion H(r) = /™5 a(f) o« eV

effect

7 Xy =0, Stable node  de Sitter universe Running dark energy A _/Boare

Ay =1 with diffusion H(1) = 3 a(r) e ’

effect
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FIG. 1. Phase portrait of dynamical system x’ = x(5 + 3x — 3),

/sl 3 _ w5 _ya? | — _d
& = 8(=6+5x), where x = Q,, _3H2’6_H/1,,‘ and " = 7 on

the Poincaré sphere coordinates are X =-——f——7

V242

A =—=%_—_ Critical point (1) represents the de Sitter
2y 422

universe—a global attractor for all physical trajectories. Critical
point (2) represents the scaling universe. Critical point
(3) represents the Einstein-de Sitter universe. Critical points
(4) and (5) represent the static universe. Critical point (6) repre-
sents the de Sitter universe. The gray region represents the
domain of the present value of X and A, which is distinguished by
astronomical data. Let us note trajectories lie in the domain with
A < 0 represent the contracting model but there is no symmetry
with respect to the A-axis. At critical point (6), energy density of
baryonic matter is negligible as well as density of dark matter and
only effects of the relativistic diffusion are important.

While in the standard emergent cosmology universe
is starting from the static Einstein model, trajectories of
type I are simple realization of extended idea of emergent
Universe in which Universe is starting rather from the
stationary state.

The results of our previous paper [9] show that the density
parameter for total (dark and visible) x and dimensionless
parameter § are constrained to x € (0.2724,0.3624),
& € (0.0000,0.0364) at the 95% confidence level. This
domain is represented in the phase space by a shaded
rectangle. Only these trajectories which intersect this
domain are in good agreement with the observation at a
20 confidence level. Therefore observation favored the
cosmological models starting from the Einstein-de Sitter
solution and going toward the de Sitter attractor (trajectory II
on the phase portrait).

Note that on the phase portrait there are trajectories
labeled as “T” starting from the de Sitter state and
approaching the de Sitter state at late times. They are
going toward a saddle point—representing a nonsingular
solution. However all these trajectories do not intersect
the rectangle and therefore they are not favored by
observation.

PHYSICAL REVIEW D 94, 043521 (2016)
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FIG. 2. The evolution of dark matter energy density for
trajectories of type II (for the best fitted values of model
parameter together with confidence level at 95%). Dark matter
pam 18 expressed in [100 x km/(s Mpc)]>. We choose
(sMpc)/(100 x km) as a unit of the cosmological time 7.

The saddle point in the phase space is representing the
Milne universe (see Table I). Therefore, the interacting
term is proportional to = and consequently is of the form
Pam = Mpare + @212, The cosmological model with such a
parametrization of dark energy was studied by Szydlowski
and Stachowski [26,27].

Figures 2 and 3 present the evolution of dark matter p,,
as a function of the cosmological time ¢ for trajectories of
type II. The evolution of the cosmological time for matter is
determined by the following formula

Pn(t) = pmoalt — 1) +y(t—to)a(t —10)7.  (21)

The addictive form of the scaling relation for dark
matter (21) suggests that dark matter consists of two
components: the first term scaling like p,,oa(f)~* and

Pdm (t)

S S E S S S |

I
I
I
I
L Il L L L L L L
1.0 12 1.4 1.6 1.8

FIG. 3. The evolution of dark matter energy density for
trajectories of type II (for the best fitted values of model
parameter together with confidence level at 95% for the present
epoch). Dark matter p,,, is expressed in [100 x km/(s Mpc)].
We choose (sMpc)/(100 x km) as a unit of the cosmological
time . The value of the age of the Universe for the best fit with
errors are presented by the dashed lines.
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the second term scaling like yza(t)~3. The latter describes
an amount of dark energy density which is transferred to
dark energy sector by the diffusion process. In the unit of
Qa1 the canonically scaling dark matter is 25.23% while
transferred dark energy is about 1.35%. The amount of
transferred dark energy today is of the order yT where T is
the age of the Universe.
In consequence of Eq. (21), §(¢) can be rewritten as

|
8(t) = —pr——r. (22)
H(™+ 1= 1)
Therefore at the present epoch we have
1
8(T) = (23)

Ho(”'"70+T)’

where f, = 0 and r = T is the present age of the Universe.
Note that while at late time &(¢) = \/% 1 for small

time (1) = 2370 (t—1tp).

If we give y =0 in Eq. (21) then p,, is scaling in the
canonical way. From Eq. (21) one can simply obtain that
the density of dark matter is

Pam = (Pmo = Poo)alt = t0) ™ +y(t = to)alt —19)~>.
(24)

Note that the interval of the values of py,, is (0, +c0) or
(0, piax), which depends on a type of trajectory. The
evolution of the scale factor a(r) with respect to the
cosmological time, for trajectories of type II, is demon-
strated in Fig. 4. The function §(¢), for trajectories of
type 11, is presented in Fig. 5 and the consideration for the
maximum of this function is in the form

a(t)
25f

20f
15F
LOF

0.5f

IR S S S Y S S S S S I S T S S S S S S SN IS SO SO S S | t
0.5 1.0 1.5 2.0 2.5 3.0

FIG. 4. Diagram of scale factor as a function of cosmological
time ¢ for trajectories of type II (for the best fitted values of model
parameter together with confidence level at 95%). For the present
epoch T a(T) = 1. A universe is starting from the initial singularity
toward a de Sitter universe. This type of behavior is favored by the
observational data. We choose (s Mpc) /(100 x km) as a unit of the
cosmological time z.
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e S S W
2 4 6 8 10

FIG. 5. Evolution of dimensionless parameter 6 of cosmologi-
cal time ¢ for trajectories of type II (for the best fitted values of
model parameter together with confidence level at 95%). Note
that as trajectory in the phase space achieved the state of the
pericentrum located in the saddle point, this state is correspond-
ing on the diagram the maximum. Note that the existence of a
maximum value of & parameter (/’”7“0—1— max — 10)Pm (Fmax) =
2H (14 )- For the late time &(#) function is decreasing function
of ¢ and p(c0) = 0. We choose (s Mpc)/(100 x km) as a unit of
the cosmological time ¢.

(2224 s )nltm) = 2 1), 25)

where f,,,, is corresponding to the value of the cosmo-
logical time at the maximum.

The Hubble function H(t), for trajectories of type I, is
presented in Fig. 6. Note that the Hubble function in the late
time is constant. The evolution of p,,, for trajectories of
type I, is shown in Fig. 7 and for late time p,, is going
toward constant value. The evolution of Q,/Q,,, for

H()

251

20f

IR S S S T S S S S S S S S S (NS S S S E SR S S S | t
0.5 1.0 1.5 2.0 2.5 3.0

FIG. 6. Dependence of Hubble function of trajectories of type 11
(for the best fitted values of model parameter together with
confidence level at 95%). For late times H() goes to constant
values (deS,). The Hubble function H(r) is expressed in
[100 x km/(s Mpc)]. We choose (s Mpc)/(100 x km) as a unit
of the cosmological time ?.
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FIG. 7. The evolution of dark energy density for the best
fitted values of model parameter for trajectories of type II. Dark
energy p,, is expressed in [100 x km/(s Mpc)]>. We choose
(sMpc)/(100 x km) as a unit of the cosmological time .

ﬂm (t)/ﬂde(t)
40
20
=20+
FIG. 8. Diagram of relation ,,/Q,, for trajectories of type II

(for the best fitted values of model parameter together with
confidence level at 95%). We choose (s Mpc)/(100 x km) as a
unit of the cosmological time z.
'Qm(t)/ ﬂdc (t)
0.7 F
0.6 F

0.5F

0.4+
03F
02F

0.1F

1

1.35

n 1 n n n n 1 n n n n 1 t
1.40 1.45 1.50

FIG. 9. Diagram of relation Q,,/Q,, for trajectories of type II
for the present epoch. Note that at the present epoch p,, o < p.0
(therefore coincidence problem is solved). We choose
(sMpc)/(100 x km) as a unit of the cosmological time . The
value of the age of the Universe for the best fit with errors are
presented by the dashed lines.
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H(t)

SN S S S S S S S SN (S S S S S IS ST ST S SN N S ST ST S t
0.5 1.0 15 2.0 2.5 3.0

FIG. 10. The relation of H(z) for typical trajectory of type L
The H(t) function is expressed in [100 x km/(s Mpc)]. Note that
H(0) is finite therefore it is not a singularity. We choose
(sMpc)/(100 x km) as a unit of the cosmological time 7.

a(t)
st

P S I E

0.5 1.0 1.5 2.0 2.5 3.0

FIG. 11. Diagram of a(r) for typical trajectory of type I. Note
that a(0) is finite therefore it is not a singularity. We choose
(sMpc)/(100 x km) as a unit of the cosmological time .

Pm(t)
0.10f
0.08 F
0.06
0.04

0.02f

IR S S S S ST S S S S T S S S S S S S T S S S SO S S | t
0.5 1.0 15 2.0 2.5 3.0

FIG. 12. Diagram of p,, () for typical trajectory of type L
Note that p,,(0) is equal zero therefore it is not a singularity.
Matter p,, is expressed in [100 x km/(s Mpc)]?>. We choose
(sMpc)/(100 x km) as a unit of the cosmological time .
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pde(t)
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FIG. 13. Diagram of p,,(#) for typical trajectory of type I
Note that pg,(0) is finite therefore it is not a singularity. Dark
energy p,, is expressed in [100 x km/(s Mpc)]>. We choose
(sMpc)/(100 x km) as a unit of the cosmological time .

'Qm (t)/ﬂde (t)

0.12
0.10
0.08
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0.5 1.0 1.5 2.0 2.5 3.0

FIG. 14. Diagram of Q,,()/Q,(¢) for typical trajectory of type
I. We choose (s Mpc)/(100 x km) as a unit of the cosmological
time 7.

5(t)
s
10}
st
n 1 n n n 1 n n n 1 n n n 1 n n n 1 t
0.2 04 0.6 0.8 1.0
FIG. 15. Diagram of §(z) for typical trajectory of type I. We

choose (s Mpc)/(100 x km) as a unit of the cosmological time 7.
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trajectories of type II, is demonstrated in Figs. 8 and 9.
For the trajectories of type I, the functions H(z), a(t), pam>
Pdes Qun/Qq. and 5(1) are presented in Figs. 10, 11, 12, 13,
14, 15. These figures show that there are two distinct
behaviors of trajectories of type I and II. While the
trajectory of type II represents a matter dominating model
with a singularity the trajectories of type I represents the
model without an initial singularity.

IV. GENERALIZED DIFFUSION COSMOLOGY

Dynamical system methods are especially suitable in
investigation of dynamics of both fluids, dark energy and
dark matter. Presented here the dynamical system approach
to the study of DM-DE interaction in diffusion cosmology
can be simply generalized to the case when both dark
energy and dark matter satisfy a general form of the
equation of state

Pde = WPde> (26)
Pdm = VNVPdmﬂ (27)
Py =0, (28)

where w and w are constant coefficients equation of state
for dark energy and matter respectively. Then the continuity
equations for baryonic and dark matter and dark energy are
presented by

Pam = =3(1 +W)Hpgy, +ya™>, (29)
/.’de = _3(1 + W)dee - ]/Cl_3, (30)
P» = —3Hp,,. (31)

The corresponding dynamical system assumes the form
of a 3-dimensional autonomous dynamical system

dﬁa:34“+“Nx—U+(P+My+ﬂ, (33)
dcliza:3y[(1+W)(y_l)+(1+v~v)x}—xz, (34)
dﬁazzpw‘z+%ﬂl+wﬂ+%l+wwﬂ, (35)

where we choose state variables x = Q,,, and y = Q,;, and
z = 6 like in a previously considered case.

Because 1 =x-+y the above dynamical system
reduces to
dx Z
= W — —_ 1 —i| s
= x| w)(r = 1) +3 (36)
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TABLE II.  Critical points for dynamical system (36)—(37), their positions, types and cosmological interpretation.
No. Critical point Type of the universe

1 X =0,20=0 de Sitter universe without diffusion
2 xo=1,20=0 Einstein-de Sitter

3 Xy = —%, 0=1+3w Scaling universe (p,, « pg.)

4 X0 =0,2zp=3/2(1 +2w+w) de Sitter universe with diffusion

dz_
dlna

z 3v~v—z+%[(l+v~v)x+(1+w)(l—x)]}. (37)

Critical points of the dynamical system (36)-(37) are
completed in Table II. Especially there is an interesting
critical point inside the admissible region D={(x,z):x>0,
z>0} representing scaling solution: p,,  pg. It is a
saddle fixed point in the phase space D. This critical point
is important in the context of the solution of the cosmic
coincidence problem as well as the scaling solution in the
context of the quintessence idea.

The above system possesses critical points on the planes
of the coordinate system or inside the phase space
D ={(x,z):x,z > 0}. Of course the system under con-
sideration is restricted to the submanifold x4y =1,
because the constraint condition Q,, + Q,;, = 1.

The behavior of trajectories of the dynamical system
(36)—(37) depends on the values of parameters w, w. By
choosing different values of these parameters one can study
how phase space structure changes under change of values
of parameters. The equivalence of the phase portraits is
established following homeomorphism preserving direc-
tion of time along the trajectories. If there exists a value of
parameter for which phase is not topologically equivalent,
then such value is the bifurcation value.

The stability of critical points depends on the lineariza-
tion matrix. At the critical point (3), the linearization matrix
has the following form

Of o (x.2) Ofx(x.2)
Ox 0z
X0,2 X052
A = a0 o a0 o
Of . (x.2) O (x2)
X020 X0:20

(e R
<§(1+3fv)(fv—w) ) (38)

-1 -3w
where f,(x, z) and f.(x, z) are the right sides of Egs. (36)
and (37) and xy and z are coordinates of critical point
(3) (see Table II).
The determinant of matrix (38) can be expressed by the
formula

detA = = (1 4 3w)(1 + 3w) (39)

\SROV)

and the trace of matrix (38) is described by
trA = =2 -3(w+w). (40)

Therefore the critical point (3) is stable when w + w >
-2/3.

The characteristic equation for matrix A at critical
point (3) is in the following form

22 — trAd + detA = 2% + (2 + 3w + 3w)4
3 -
+§(1 +3w)(1+ 3w)
=0. (41)

From the characteristic Eq. (41), we can obtain the
eigenvalues for critical point (3) (see Table II). In
Fig. 16 we demonstrate the stability of critical point (3),
depending on w and w.

The linearized Eqs. (36)—(37) at critical point (3) is given
by the following formulas

—_

saddle L stable focus

) 1 stable node j )
unstable node [

- O B
unstable fo%us [
_2f

FIG. 16. Diagram of stability of critical point (3), depending
on w and w. In the gray domains there is the focus type of
critical point and the boundaries of this domains is given

by the lines w=2%(1+6w+/-1+9%(2+3w)) and
w=1(146W—/—1+9%W(2+ 3W)). In the blue regions there
are the saddle type of critical point and is limited by lines w =
—1/3 and w = —1/3. In the white top and bottom regions there

are the stable and unstable nodes, respectively.

w

saddle
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(x = x0) = A (x —x0) + A2z — 20)
= (-1 —3w)(x+31;7_3:j)>
4 (%) (2= 1-3), (42)

(z=20)" = A (x = x0) + Ana(z = 20)
3 e 143w
:E(l +3W)(W—W)<X+3(‘7V_W)>

+ (=1 =3W)(z— 1 —3W), (43)

where x, = 3}W W) and zg = 1 + 3w. The solutions of the

above equations are presented by formulas

—2-3w-3w—a a 1 + 3w
x = Cla( 2-3-3 )/2(61 + CZ) —m, (44)
3(w— s
z=C 73:_ 6::) a(_2_3w_3w_“)/2((3® - 3w —a)a”
+C3w—=3w+a))+ 1+ 3w, (45)

where a = /=1 + 9%W? + 9w? — (1 + 6W)(1 + 6w).

It is interesting to check how the structure of phase space
changes under changing coefficient equation of state for
dark matter from O (cold dark matter) to w = 1/3 (hot dark
matter).

Results of dynamical investigation show that structure of
the phase space is preserved under changes of the model
parameter. Let us considered some details.

V. DIFFUSION COSMOLOGY WITH THE HOT
RELATIVISTIC DARK MATTER

In this section we consider the case with relativistic dark
matter (W = 1/3) and w = —1. Then the equation of state
for dark matter is in the form p,,, = % Pam» Where p 4, is the
pressure of dark matter. We get the following equations

PHYSICAL REVIEW D 94, 043521 (2016)
7 =z(1-z+2x). (47)

We can analyze the critical points in the infinity. In this
case we use the Poincaré sphere. Let X = \/T
5

A= \/xf+_52' For variables X and A, we get the dynamical

system

X’—X[—A2<\/1—X2—A2+%X—A>

2. @)

+(1-X)BX+A-4V1-X>-

A= [1—A2 (\/ﬁJr X - A)

-X*3X+A-4 1—X2—A2)], (49)

where / = V1 — X2 — A2 4 Critical points, for the above
equation, are presented in Table III. The phase portrait for
the dynamical system (48)—(49) is demonstrated in Fig. 17.

It is interesting to see how different solutions with and
without an initial singularity are distributed in the phase
space. To answer this question it would be useful to
consider a phase space structure of the models under
consideration. For this aim we reduce the dynamics to
the form of an autonomous 2D dynamical system. In such a
system the state variables are dimensionless parameters: the
density parameter for radiation dark matter and the param-
eter ¢ characterizing the rate of energy transfer to the dark
matter sector.

The main advantage of visualization global dynamics on
the phase portrait is the possibility to see all solution of the
system admitted for all initial conditions. On the phase
portrait there is the geometric representation of evolutional
paths of both solution types. Critical points are representing
asymptotic states of the system, i.e. stationary states.
In order, trajectories joining different critical points are
representing the evolution of the system.

Similarly to dynamical investigations presented in our

4 P —_—

¥ = x(—4 42+ 4x), (46) previous paper [9] we added to the plane circle at infinity
TABLE III.  Critical points for dynamical system (48)—(49), their type and cosmological interpretation.
No. Critical point Type of critical point Type of universe
1 Xo=0,A0=0 Saddle de Sitter universe without diffusion effect
2 Xo=2/7, Ay =6/7 Saddle Scaling universe
3 Xo=4/5A=0 Unstable node Einstein-de Sitter universe
4 Xo=1,A0=0 Stable node Static universe
5 Xy =4/5, Ay =-3/5 Saddle Static universe
6 Xo=0,40=1 Unstable node de Sitter universe with diffusion effect
7 Xo=0,A=-1 Stable node de Sitter universe with diffusion effect
8 Xo=0,A,=1/V2 Stable node de Sitter universe with diffusion effect
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FIG. 17. Phase portrait of the dynamical system (36)—(37).
Note that trajectories for the A < 0 represent solutions with the
negative value of H. From the cosmological point of view
trajectories representing expanding models with A > 0 are
physical. Critical points (1) represents the de Sitter universe
without diffusion effect. Critical point (2) represents the scaling
universe. Critical point (3) represents the Einstein-de Sitter
universe. Critical points (4) and (5) represent the static universe.
Critical point (6) and (8) represent the de Sitter universe with
diffusion effect.

via the construction of the Poincaré sphere. Hence we
obtain a compact phase space and consequently a global
phase portrait. In Fig. 17 we have identified linear solutions
without the initial singularity as the representing by saddle
critical point (2). In the phase portrait there are critical
points at a finite domain as well as located on the boundary
at infinity.

Note that the phase portrait has no symmetry with
respect to the x-axis. Critical point (6) is representing an
expanding stationary de Sitter type solution determined by
diffusion effects. We denote as typical trajectories starting
from this critical point and going toward the de Sitter empty
universe. These trajectories we called trajectories of type 1.
In the phase portrait there are also present trajectories of
type II. These trajectories are starting from the Einstein-de
Sitter universe with the initial singularity and coming
toward the de Sitter universe labeled as critical point (8).

Looking at the phase portrait one can observe that
only critical points of type unstable and stable node
(global attractors and global repellers) and saddle appear
in the phase space. Therefore the model obtained is
structurally stable, i.e. any small change of its r.h.s does
not disturb the global phase portrait. Physically this means
that corresponding model is realistic. Mathematically this
fact has a nice interpretation in the context of the Peixoto

PHYSICAL REVIEW D 94, 043521 (2016)

theorem [16] that they are generic in this sense because they
form open and dense subsets in the space of dynamical
systems on the plane.

VI. CONCLUSION

The standard cosmological model (ACDM model) is
widely accepted but it has still some problems, namely the
cosmological constant problem and the coincidence prob-
lem. In the standard cosmological model (ACDM model) it
is assumed that all fluids are noninteracting. In this paper
we construct a cosmological model in which it is assumed
that the process of interaction between sectors of dark
matter and dark energy is continuous. Relativistic diffusion
describes the transfer of energy to the sector of dark matter.
This effect is described by the running cosmological
constant and the modification of the standard scaling
law of the dark matter density to the form pyyga(f)=>+
yta(t)~3. The dynamics of this model is studied for possible
explanations of cosmological puzzles: the cosmological
constant problem and the coincidence problem.

In the context of the coincidence problem, our model can
explain the present ratio of p,, to p,, which is equal
0.45761034% at a 26 confidence level. In our model, the
canonical scaling law of dark matter (pg,0a=>()) is
modified by an additive e(¢) = yta—(t) to the form
Pdm = pdnl,Oa_3(t) + €<t)'

The analysis of the time dependence of density of dark
energy and dark matter, we conclude that the value of
effective energy of vacuum runs from an infinite value to a
constant value, and the delta amendment to the scaling law
goes from zero to zero and being different from zero in a
long intermediate period. This characteristic type of behav-
ior is controlled by the diffusion effect.

The paper presents a detailed study of the behavior of a
state of the system represented by the state variables (x, §).
In this context, it was natural to consider the diffusion
mechanism which controls the change of the ratio of both
energy densities and the very dynamics of this process
remains in analogy to the description of population changes
of competing species [17]. A crucial role plays the saddle
critical point Ha = const, which is a scaling type of the
solution (p,, « p4.). The position of this point cannot be
disturbed by a small perturbation (structurally stable point
as well as whole system).
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Abstract We study the dynamics of cosmological models
with a time dependent cosmological term. We consider five
classes of models; two with the non-covariant parametriza-
tion of the cosmological term A: A(H)CDM cosmolo-
gies, A(a)CDM cosmologies, and three with the covariant
parametrization of A: A(R)CDM cosmologies, where R(t)
is the Ricci scalar, A (¢)-cosmologies with diffusion, A(X)-
cosmologies, where X = %g“ﬂ VuVpé is a kinetic part of
the density of the scalar field. We also consider the case of an
emergent A (a) relation obtained from the behaviour of tra-
jectories in a neighbourhood of an invariant submanifold. In
the study of the dynamics we used dynamical system methods
for investigating how an evolutionary scenario can depend
on the choice of special initial conditions. We show that the
methods of dynamical systems allow one to investigate all
admissible solutions of a running A cosmology for all initial
conditions. We interpret Alcaniz and Lima’s approach as a
scaling cosmology. We formulate the idea of an emergent
cosmological term derived directly from an approximation
of the exact dynamics. We show that some non-covariant
parametrization of the cosmological term like A(a), A(H)
gives rise to the non-physical behaviour of trajectories in the
phase space. This behaviour disappears if the term A(a) is
emergent from the covariant parametrization.

1 Introduction

Our understanding of the properties of the current uni-
verse is based on the assumption that gravitational inter-
actions, which are extrapolated at the cosmological scales,
are described successfully by the Einstein general relativ-
ity theory with the cosmological term A. If we assume that
the geometry of the universe is described by the Robertson—
Walker metric, i.e., the universe is spatially homogeneous and

2 e-mail: aleksander.stachowski @uj.edu.pl

b e-mail: marek.szydlowski@uj.edu.pl

isotropic, then we obtain the model of the current universe
in the form of standard cosmological model (the ACDM
model). From the methodological point of view this model
plays the role of an effective theory which describes well the
current universe in the present accelerating epoch.

If we compare the ACDM model with the observational
data, then we find that more than 70% of the energy budget
is in the form of dark energy and well modelled in terms of
an effective parameter of the cosmological constant term.

If we assume that the SCM (standard cosmological model)
is an effective field theory which is valid up to a certain
cutoff of mass M, and if we extrapolate of the SCM up to the
Planck scale then we should have A ~ 1. On the other hand
from the observations we find that both density parameters

_ A __ Pmo : : :
Qa0 = 32 and Qp o = 3H2 are order one, which implies

A HO2 ~ 107120, We assume the natural units G = ¢ =
h =1 here.

In consequence we obtain the huge discrepancy between
the expected and observed values of the term A. It is just
what is called the cosmological constant problem requiring
the explanation why the cosmological constant assumes such
a small value today.

In this context an idea of a running cosmological con-
stant term appears. It was developed in a series of papers
by Shapiro et al. [1-4]. Shapiro and Sola [5] showed neither
there is the rigorous proof indicating that the cosmological
constant is running, nor there are strong arguments for a non-
running one. Therefore one can study different theoretical
possibilities of the running A term given in a phenomeno-
logical form and investigate cosmological implications of
such an assumption. Such models are a simple generaliza-
tion of the standard cosmological model in which the term
A is constant.

The corresponding form of the A(#) dependence can be
motivated by quantum field theory [5-7] or by some theoret-
ical motivations [8,9]. Padmanabhan [10] and Vishwakarma
[11] also suggested that A oc H? from the dimensional con-
siderations.
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The relation A(z) is not given directly but through a
function which describes the evolution of the universe. One
can consider two classes of models with the non-covariant
parametrizations of the A term:

— the cosmological models in which dependence on time is
hiddenand A(t) = A(H(t)) or A(t) = A(a(t))depends
on the time through the Hubble parameter H (¢) or scale
factor a(t),

and three classes of models with covariant parametrizations
of the A term:

— theRicci scalar of the dark energy model,i.e., A = A(R),

— the parametrization of the A term through the scalar field
¢ (t) with a self-interacting potential V (¢),

— as the special case of the previous one, the A term can
be parametrized by a kinetic part of the energy density of
the scalar field X = %g"‘ﬁ Vo V.

Note that some parametrizations of the A term can also
arise from another theory beyond general relativity. For
example Shapiro and Sola [5] suggested that a solution,
which is derived from the form of pp (H) = pg +a(H? —
Hoz) + O(H*), can be a solution of the fundamental general
relativity equations.

Another problem, which is related to the standard cosmo-
logical problem, is the problem of coincidence [12]. From the
cosmological data such as measurements of distant SNIa,
CMB, BAO and other astronomical observations, we find
that we live in the very special age of the universe when
PA ~ Pdm ~ pPb- The appearance of any epoch with this
coincidence is puzzling and we should explain why we live
in such a special epoch.

The appearance of scaling solutions in the phase space
suggests that in this model the problem of cosmic coincidence
can be solved because during the whole evolution pp ~ pp.

The motivation for studying cosmology with the decay-
ing vacuum comes from the solution of the cosmological con-
stant problem as well as the cosmic coincidence problem —the
main problems which standard cosmological model strug-
gles. In this context, different propositions of parametriza-
tion of the A term are postulated. As mentioned above both
the covariant contributions to the general relativity action
and others violate this covariance. We study cosmological
implications of such choices. And the methods of dynami-
cal systems will be used to help us to understand better the
dynamical aspects of this problem.

We are looking for such parametrizations of the A term
for which in the phase space the de Sitter stationary state is a
global attractor and a generic class of initial conditions gives
rise in this attractor. It is a consequence of the fact that we are

@ Springer

going toward a solution of the standard cosmological model
without an idea of the fine tuning.

The main aim of this paper is to study dynamics of the
cosmological models with the running cosmological term
and dust matter. We apply dynamical systems methods to
investigate theoretically possible dynamics of these mod-
els. The main advantage of these methods is the possibility
of studying all solutions (cosmological evolutionary scenar-
ios) for admissible initial conditions. The phase space is a
geometrization of the dynamics whose structure informs us
how generic are solutions with desired properties. In this
approach we are looking for attractor solutions in the phase
space representing generic solutions for the problem which
gives such a parametrization of A (#) which explain how the
value of cosmological term achieves a small value for the cur-
rent universe. We search for such an evolutionary scenario
for which the Apare 1s an attractor in the phase space.

The dynamics of both the above mentioned subclasses of
the A (#)CDM cosmologies is investigated by dynamical sys-
tem methods. Bonanno and Carloni have recently used these
methods to study the qualitative behaviour of FRW cosmolo-
gies with time-dependent vacuum energy on cosmological
scales [6]. Of course, the methods of dynamical systems are
not a way to solve problems of the cosmological constant. It
is only a useful tool for the visualization of the dynamics in a
geometrical way which can help us to better understand the
term A during the cosmic evolution.

We also develop the idea of an emergent relation A(a)
obtained from the behaviour of the trajectories of the dynam-
ical system near the invariant submanifold % = 0. By the
emerging of a running parametrization A (a) we understand
its derivation directly from the true dynamics. Therefore, the
corresponding parametrization is obtained from the entry of
trajectories in a de Sitter state.

Measurements of the cosmic microwave background
anisotropy are considered in the background of the ACDM
model and indicates that the cosmological spatial hypersur-
face of the FRW geometry is very close to flat [13,14]. On
the other hand, under of the assumption of flatness, the data
favour rather the time-independent dark energy [15].

It is well known that if a spatially curved time variable
dark energy model is used to analyse the CMB anisotropy
measurements then there is a degeneracy between the spatial
curvature and the parameters which govern the dark energy
time variability. For this reason it seems that an in-depth
analysis should be performed of the influence of curvature
effects on the dynamical scenarios of different cosmological
models.

For this aim we consider the following issues.

— We explore idea of the reducing dynamics to the form of
the 2D dynamical system of the Newtonian type as soon
as possible. In this system, the energy integral is related
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with the curvature index (or density parameter for the
curvature fluid) and therefore energy levels will deter-
mine evolutional paths in the configuration space. All
information, which is concerning these types of evolu-
tion, can be directly taken from the geometry of potential
function V (a) because the curvature effect of new types
of evolution emerges. For example we can obtain oscil-
lating models, models with bounce, oscillating models
without the initial and final singularity etc.

— From the cosmological point of view, it is interesting to
find in the phase space attractors, which position is caused
by curvature effects. In the generic case these attractors
lie on the invariant submanifold, which represents the
surface of the flat model. However, our dynamical analy-
sis gives us an opportunity to detect curvature attractors
beyond the invariant submanifold, which represents the
evolution of the flat models, which are studied in detail
by the phase portraits of the lower dimension.

2 A(H)CDM cosmologies as dynamical systems

From the theoretical point of view if we do not know the
exact form of the A (¢) relation we study the dynamical prop-
erties of cosmological models in which the A-dependence
on the cosmological time ¢ is through the Hubble parameter
or scale factor,i.e. A(t) = A(H(¢)) or A(t) = A(a(t)). The
connection of such models with the mentioned ones in the
previous section will be demonstrated, in which the choice of
a A(t) form was motivated by physics. Cosmological models
with a quadratic A-dependence on the cosmological time are
revealed as a special solution in the phase space.

In the investigation of the dynamics of A (H) cosmologies
we apply the dynamical system methods [16]. We investigate
all solutions which are admissible for all physically admitted
initial conditions. The global characteristics of the dynam-
ics are given in the form of phase portraits, which reflect
the phase space structure of all solutions of the problem.
The phase space structure contains all information as regards
dependence of solutions on initial conditions, its stability,
genericity, etc. Then we can distinguish some generic (typ-
ical) cases as well as non-generic (fine-tuned) ones, which
physical realizations require a tuning of the initial conditions.
The methods of dynamical systems allow us to study the sta-
bility of the solutions in a simple way by investigation of te
linearization of the system around the non-degenerate critical
points of the system.

If the dynamical system is in the form x = ‘é—’l‘ = f(x),
where x € R” and f is of class C°°, then the solution of this
system is a vector field x(¢; Xxo) where x(#p) is a vector of
initial conditions. Beyond this regular solution there are sin-
gular ones. They are special and obtained from the condition
of vanishing of its right-hand sides.

The A (H)CDM cosmological models have recently been
investigated intensively in the contemporary cosmology [8,
17-19]. Among these class of models there is one with a
particular form of A(t) = A +aoH 2 1t was studied in detail
in [17]. Its generalization to the relation of A(H) given in
the form of a Taylor series of the Hubble parameter can be
found in [20].

It is also interesting that motivations for studying such
a class of models can be taken from Urbanowski’s expan-
sion formula for decaying false vacuum energy, which can
be identified with the cosmological constant term [7]. It is
sufficient to interpret the time ¢ in terms of the Hubble time
scalet =ty = % Therefore, A(H)CDM cosmologies can
be understood as some kind of effective theories of the influ-
ence of vacuum decay in the universe [21]. This approach is
interesting especially in the context of both the dark energy
and the dark matter problem because the problem of cosmo-
logical constant cannot be investigated in isolation from the
problem of dark matter.

In A(H) cosmologies, in general, a scaling relation on
matter is modified and differs from the canonical relation
pm:pm,oa_3 in the ACDM model. The deviation from the
canonical relation here is characterized by a positive constant
e such that py, = pm.oa 3¢ [22].

FRW cosmologies with a running cosmological term A(z)
such that pyae = A(t) and pyac = —A(t) can be formulated
in the form of a non-autonomous dynamical system,

W =12~ Lo+ 3pm) + 2AG) 1
i = 6 Pm Pm 3

dp . A

d_tm = pm = —3H(pm + pm) — A, @

where py, and pp, are the energy density and the pressure of
matter, respectively, and a dot denotes differentiation with
respect to the cosmological time ¢. In this paper, we assume
that 87 G = ¢ = 1. In this model the energy-momentum ten-
sor is not conserved because of the presence of an interaction
in both matter and dark energy sector. System (1)—(2) has a
first integral called the conservation condition in the form

pm — 3H? = —A(1). 3)

Note that the solution p, = 0 is a solution of (2) only if
A = const. Of course system (1)—(2) does not form a closed
dynamical system, while a concrete form of the A (¢) relation
is not postulated. Therefore, this cosmology belongs to a
more general class of models in which the energy-momentum
tensor of matter is not conserved.

Let us consider that both visible matter and dark matter
are given in the form of dust, i.e. pp, = 0 and

A@t) = A(H(@)). 4)

@ Springer
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Due to the above simplifying assumption (4), system (1)—
(2) with the first integral in the form (3) assumes the form of
a two-dimensional closed dynamical system,

. 2 1 1
H=—H"—cpm+ 3 A0, o)

6
1 A(H
bm = —3Hpm — A'(H) <—H2 —gPmt %) . (0

where A'(H) = S—I‘} and pym — 3H? = —A(H) are the first
integrals of system (5)—(6).

Let us consider A (H) given in the form of a Taylor series
with respect to the Hubble parameter H, i.e.

=1 4ar

A(H) = ———A(H)|oH". 7

(H) ;n!dm (H)lo )

We assume additionally that the model dynamics has a
reflection symmetry, H — —H,i.e., a(t) is a solution of the
system and a(—t) is also its solution. Therefore, only even
terms of type H>" are present in the expansion series (7).
Finally, we assume the following form of the energy density
parametrization through the Hubble parameter H [1]:

oa(H) = Apgre + 02 H> +agH* 4 - - . ®)

There are also some physical motivations for such a choice
of the A(H) parametrization (see [19]).

It would be useful for the further dynamical analysis of
the system under consideration to re-parametrize the time
variable

T+ 7 =1Ina O]

and to rewrite the dynamical system (5)—(6) in the new vari-

ables
x=H> y=pm. (10)

Then we obtain the following dynamical system:

d 1 1
X=-= =2|:—x——y+§(A+a2x+a4x2+~~):|,

dlna 6
(11)
o W 3y — L e+ 20ax + )
= =-3y — —(« oyx + - -
Y = dina YTz Tam
11
x[—x—gy+§(A+azx+a4+-~-)]
(12)
and
y—3x = —(A+ax +agx’+---) (13)

where instead of Apare We write simply A, which represents
a constant contribution to the A (H) given by the expansion
in the Taylor series (7).

@ Springer

Now, with the help of the first integral (13) we rewrite
system (11)—(12) to the new form

/ L oy (14)
X =2—-x—-= = —y,
S Y

3x —y
5

y = -3y — (g + 2a4x + --+) (15)
Therefore, all trajectories of the system on the plane (x, y)
are determined by the first integral (13).

The dynamical system (11)—(12) in a finite domain has a
critical point of the one type: a stationary solution x = xo,
y = yo = 0 representing a de Sitter universe. In the original
variables (H, py) we have two solutions: the stable expand-
ing de Sitter universe and the unstable contracting de Sitter
universe, both lying on the H axis. Note that if stationary
solutions exist then they always lie on the intersection of the
x axis (y = 0) with the trajectory of the flat model repre-
sented by the first integral (13), i.e., they are solutions of the
following polynomial equation:

1
x—g(A+a2x+a4x2+-~~):O (16)

and y = 0 (empty universe).

Note that the static critical point which represents the
static Einstein universe does not satisfy the first integral (13)
because both y and A are positive. Let us notice that if we
substitute y into (11) then the dynamics is reduced to a form
of a one-dimensional dynamical system,

dx )

— = —@Bx — A —ox —agx”—---). (17)
dr

y=3x — (A + aox + agx>+---). (18)

Following the Hartmann—Grobman theorem [16] a system
in the neighbourhood of critical points is well approximated
by its linear part obtained by its linearization around this
critical point.

On the other hand, a linear part dominates for small x
in a right-hand side. Let us consider the dynamical system
(17) truncated on this linear contribution, then the Hartman—
Grobman theorem [16] guarantees us that the dynamical sys-
tem in a neighbourhood of the critical point is a good approx-
imation of the behaviour near the critical points. This system
has the simple form

dx
— =x(p —3) + A, (19)
dr

y=0B—wm)x — A. (20)

System (19)—(20) has the single critical point of the form

_ A
T 3w’

X0 y=0. 2D
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It represents an empty de Sitter universe.

Let us now shift the position of this critical point to the
origin by introducing the new variable x — X = x — xo.
Then we obtain

dx
— = (n — X, (22)
dr

which possesses the exact solution of the form
X = Xoe" @™V = Xga 7, (23)

where «» is constant. Of course this critical point is asymp-
totically stable if ap < 3. The trajectories approaching this
critical point at T = Ina — oo has the attractor solution
X = Xpa®273 or x = X + xg, where xo = 3—Aa2 or X =0
(see Fig. 1). This attractor solution is crucial for the construc-
tion of a new model of a decaying Lambda effect strictly
connected with the dark matter problem [9,21].

The solution (23) has a natural interpretation: in a neigh-
bourhood of a global attractor of system (17), trajecto-
ries behave as the universal solution, which motivates the

Alcaniz-Lima approach in which

x = H? = Dm0 =31an | PAO 4)
3 3
where pm,0 = ﬁpm,(%
We can rewrite Eq. (1) as the Newtonian equation of
motion for a particle of unit mass moving in the potential
Vi(a)

aVv
i= V@ (25)
da
In our case the potential V (a) is given in the following form:
1 A 1 A
V —_ _ _ 2y, —l+an _ 2. 26
@ =33, ~ e 23—y (20)
The first integral of (25) can be expressed by
d2
5 + V(a) = E = const, 27
where E is the value of the energy level (for the positive
curvature E = —1/2, for the negative curvature £ = 1/2 and

for the flat universe E = 0). Figure 2 presents the evolution
of V(a) for ap = 0.1 and for ap = 1.

In our case if we consider the curvature in the dynamical
analysis then we get new solutions for the positive curvature

o

X

Fig. 1 A one-dimensional phase portrait of the FRW model with A =
A(H). Note the existence of universal behaviour of the H2(a) relation
near the stable critical point (1) of the type of stable node. In a neighbour-

hood of this attractor we have the solution X = H? — 3 _Aaz = Xoa®2 3

and pm = 3 —an)H? — A = Xpa®2~3. Therefore both py, and pp — A
are proportional (scaling solution)

Vet

. . . Log
0 1 2 3 4

Fig. 2 The potential Veg(a) for ar = 0.1 (top diagram) and oy = 1
(bottom diagram). The top dashed lines (Vesf = 1/2) represent the
energy level, which corresponds with the negative curvature. The bot-
tom dashed lines (Veit = —1/2) represent the energy level, which corre-
sponds with the positive curvature. The middle dashed lines (Vegr = 0)
represent the energy level, which corresponds with the flat universe. The
forbidden domain for the motion is colored. The maximum of the poten-
tial is corresponding to a static Einstein universe in the phase space. Note
that, for the case of positive curvature, the universe can oscillate with
the initial singularity (the left bottom part of the top diagram) or be a
universe with a bounce (the right bottom part of both diagrams)

such as the oscillating universe with the initial singularity
and the universe with the bounce. But if we perturb solutions
for the flat universe by a small spatial curvature then these
solutions do not change qualitatively (see Fig. 2).

3 A(a(t))CDM cosmologies as a dynamical system

In their construction many cosmological models of a decay-
ing A make the ansatz A(t) = A(a(t)). For a review of
different approaches in which ansatzes of this type appear,
see Table 1.

In this section, we would like to discuss some general
properties of the corresponding dynamical systems which
model adecaying A term. It would be convenient to introduce
the dynamical system in the state variables (H, p),

@ Springer
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Table 1 Different choices of the A(a) parametrization for different
cosmological models appearing in the literature

A (a) Parametrization References
A~a™ [23,24]
A =My (R) [25]
=2 (2 [26]
PA = Poo + a3t [9]
pae =a~ 4D, @ =2(1 - Qo — Qo) [27]
or = 3a2m2a () 28]
A _
= Qﬁisfcxa 2 [29]
A=A+ Apa™™ [30]
1 Abare A(a)
H=-H>—-— , 28
gPm + 3 + 3 (28)
. dA
Pm = —3Hpm — — (Ha) (29)
da
or
dH’ o(—m2 -] +1A +1A( ) (30)
= —_ —_—— —_ —_ a B
dina L
dpm dpom dA
= — = —3pm —a— 31
dr  dlna om =4 4a (31
with the first integral of the form
pm = 3H? = Apare — Aa). (32)

As we have prescribed the form of the A (a) relation, we
can start the dynamical analysis with Eq. (28). It would be
convenient to rewrite it to the form of the acceleration equa-
tion, i.e.,

d 1 AbaIe

(a) + +A(a)
_ —= — = a -
a_ ™M 3 3

where pm(a) is determined by Eq. (31) which is a linear
non-homogeneous differential equation which can be solved
analytically

(33)

dpm _ _ d_A

? = —3pm dr (a) (34)
and

Om = — (/ a*dA(a) + c) a3 (35)

Equation (33) can be rewritten in an analogous form to
the Newtonian equation of motion for a particle of unit mass
moving in the potential V (a) (Eq. (25)), where

1 @ JdA A 1
V(a) = ga_l </ a?’ada + C) — %az — gazA(a).

(36) x'=-3x+(y—A)QB—e),

@ Springer

The integration of the above function gives the form of
the potential.

Of course, Eq. (25) can be rewritten as the Newtonian
two-dimensional dynamical system
.oV
p= T oa’
where the first integral has the form of Eq. (27). The integral
of energy (27) should be consistent with the first integral (32),
ie.,

a=p, (37

Pm + pA = 3H2,

a_3/a3A’(a)da+3

(38)
)

% = Abue + A@). (39)

Because the system under consideration is a conservative
system, centres or saddles can appear in the phase space. If
the potential function V (a) possesses a maximum, then in the
phase space we obtain a saddle type critical point. If V (a)
has a minimum, this point is a centre.

As an example of adopting the method of the effec-
tive potential, which is presented here, let us consider the
parametrization of A(a) like in the Alcaniz—Lima model of
decaying vacuum [9]. They assumed that energy density of
vacuum is of the form (see Table 1)

€0m,0 _
PA = Pv,0+ g e
3—¢

where p, o iS vacuum energy pm o is the energy density of
matter at the present moment for which we choose a = 1 =
ap. Because pyyc < 0, i.e., the energy of vacuum is decaying,
from the conservation condition

(40)

Pm = —3Hpm — Pyac 41)
we obtain
. . Jol
Pvac = —Pm — 3Hpm = —pm (_m + 3H) (42)
m
and the vacuum is decaying if
dl
Dom _ _3, 43)
dlna

Let us notice that p, = 0 is a solution of the system (41)
only if A is constant. It is a source of some difficulties in
the phase space because the trajectories can pass through the
line p;, = 0. As a consequence of decaying vacuum energy
density of matter will dilute more slowly compared to the
corresponding canonical relation in the ACDM model, i.e.,
the energy density of matter is scaling following the rule

Pm = pmoa T, (44)

where € > 0.
The dynamical system obtained from Eqgs. (30)—(31) with
the parametrization (40) has the following form:

(45)
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Fig. 3 A phase portrait for the dynamical system (45)—(46). The crit-
ical point (1) at x = 0, y = A is a stable node. It represents a de
Sitter universe. The red line represents the solutions of scaling type
y = 352x + A. The grey region represents a non-physical domain
excluded by the condition p, = x > 0, ppo = y > 0. Note that tra-
jectories approach the attractor along a straight line. Let us note the
existence of trajectories coming to the physical region from the non-
physical one. We treated this type of behaviour as a difficulty related
to an appearance of ghost trajectories, which emerges from the non-

physical region

y==(—-MN3B—e), (46)
r__,_* Y
7=—z 6+3’ 47

with the condition y = A + 55_x, where x = pm, y = pa,
z=H?and’' = dir. The above dynamical system contains
the autonomous two-dimensional dynamical system (45)—
(46). Therefore this system has an invariant two-dimensional
submanifold. A phase portrait with this invariant submanifold
is demonstrated in Fig. 3.

For a deeper analysis of the system, the investigation of
trajectories at the circle x> 4+ y? = oo at infinity is required.
For this aim the dynamical system (45)—(46) is rewritten in
projective coordinates. Two maps (X, Y) and (X, Y) cover
the circle at infinity. In the first map we use the following
projective coordinates: X = %, Y = f—c and in the second one
X = § Y = % System (45)—(46) rewritten in coordinates
X and Y has the following form:

X =X((Y —AX)(=3+¢€)+3), (48)
Y = + DY —AX)(=3+¢€)+3Y (49)

and for variables X , Y , we obtain

-2-1.5-1-0.50 0.5 1 1.5
2

1.5 1.5
1 1
0.5 3 0.5
> 0 0
-0.5 -0.5
-1 -1
-1.5 -1.5

-1.5-1-0.50 0.5 1 1.5 2
X

Fig. 4 A phase portrait for the dynamical system (48)—(49). Both the
critical point (2) at the origin X = 0, ¥ = 0 and the critical point
(3)at X = 0, Y = 5% present nodes. The red line represents the
solutions of a scaling type Y = 3% 4+ A X. The grey region represents

a non-physical domain excluded by the condition X > 0, Y > 0

Table 2 Critical points for autonomous dynamical systems (45)—(46),
(48)—(49), (50)—(51), their eigenvalues and cosmological interpretation

No. Critical point Eigenvalues Type of Type of
critical universe
point

1 x=0,y=A —3, =3 + € Stable node de Sitter

2 X=0,Y=0 3,¢ Unstable node Einstein—de

Sitter
3 X=0,Y=3%5 3-¢€ —€ Saddle Scaling
universe
Pm Is
proportional
to pa
X' =0+X)(1—-AY)3—¢) —3X, (50)
Y =Y(1—AY)(3 —e). (51)

The phase portraits for dynamical systems (48)—(49) and
(50)—(51) are demonstrated in Figs. 4 and 5. The critical
points for the above dynamical system are presented in
Table 2 (Fig. 3, 4).

The reduction of the dynamics to the particle-like descrip-
tion with the effective potential enables us to treat the evolu-
tion of the universe in manners of classical mechanics. One
treats the scale factor as a positional variable and

pefi(@)a’
Vefr(a) = —eT
1 € a—3+e
=~ (pma™ 4 pyo+ Lm0 ) (52
6 3 —¢
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Fig. 5 A phase portrait for the dynamical system (50)—(51). The criti-
cal point (1) at X = 0, Y = 1/A presents a stable node and the critical

. . S 3— _ . .
point (3)isat X = ==£, Y = 0 presents a saddle type point. The red line

represents the solutions of a scaling type ¥ = (1 — f:f( /A. The

grey region represents non-physical domain excluded by the condition
X>0Y>0

where peff = om + Pvac(a) and
a? k
5 + Vetr = 5 (53)

The motion of a particle (the universe, that is; it mimics a
unit-mass particle in that description) is restricted to the zero
energy level E = 0 (because we considered a flat model). The
evolutionary paths of the model can be directly determined
from the diagram of the effective potential Vegr(a).

Figure 6 demonstrates the diagram V.g(a) for values
€ = 0.1 and 1. In general, for the phase portrait in the plane
(a, a) the maximum of V (a) corresponds to the static Ein-
stein universe. This critical point is situated on the a-axis and
itis always of the saddle type. Of course, it is only admissible
for closed universes. In that case a minimum corresponds to
a critical point of a centre type. If we include the curvature
in the dynamical analysis then we get new solutions for the
positive curvature such as the oscillating universe with an
initial singularity and the universe with a bounce. But if we
perturb solutions for the flat universe by a small spatial cur-
vature then these solutions do not change qualitatively (see
Fig. 6).

The Alcaniz—Lima model behaves in the phase space
(a,a) like the ACDM one [9]. Trajectories start from
(a,a) = (0, co) (corresponding to the big bang singularity),
approach the static universe and then evolve to infinity. Note
that if 0 < € < 1 then dynamics is qualitatively equivalent
to the ACDM model.

The Eq. (29) can be written as

Pm = —3Hpm — 3Hpmd (1), (54

@ Springer

Vet

Vet

Fig. 6 The potential Vefr(a) for € = 0.1 (top diagram) and for € = 1
(bottom diagram). The top dashed lines (Veff = 1/2) represent the
energy level, which corresponds with the negative curvature. The bot-
tom dashed lines (Veit = —1/2) represent the energy level, which corre-
sponds with the positive curvature. The middle dashed lines (Vegr = 0)
represent the energy level, which corresponds with the flat universe. The
colored region represents a forbidden domain for the motion. The shape
of diagram of the potential determines the phase space structure. The
maximum of the potential is corresponding to a static Einstein universe
in the phase space. Note that the universe with the positive curvature is
an oscillating universe with the initial singularity (the left bottom part
of the top diagram) or is a universe with a bounce (the right bottom part
of both diagrams)

where § (1) = —ﬁ‘é—ga. Therefore,

pm = —3Hpm(1 + (1)), (55)
dA ; ?sz\“ PA

where —3Hpnd(1) = 3, Ha,ie., 8(1) = — 3o X o If

8(t) is a slowly changing function of time, i.e., 5\ (1) =3¢ then

(55) has the solution p, = pmoa >+°.

4 A(R)CDM cosmologies as a dynamical system

The Ricci scalar dark energy idea has been recently consid-
ered in the context of the holographic principle [31]. In this
case dark energy can depend on time ¢ through the Ricci
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Fig. 7 A phase portrait for dynamical system (59)—(60) with o = 2/3.

The critical point (1), which is located on a-axis, (a = ./ %,

x = 0), is a saddle point and represents a static Einstein universe. The
red lines represent the trajectories of the flat universe. They separate the
regions in which closed and open models lie. In the region, at the right
from the critical point (1), bounded by the incoming separatrix from
above and the outgoing separatrix from below, trajectories are going
out from the contracting Milne solution, reaching the api, and coming
into the expanding Milne solution

scalar R(t), i.e., A(t) = A(R(t)). Such a choice does not
violate covariance of general relativity. A special case is the
parametrization pp = —%R = 3a(H +2H? + a%) [27].
Then the cosmological equations are also formulated in the
form of a two-dimensional dynamical system,

. 1
H=—H2—6(pm+pA), (56)
b= —3Hpm (57)

with the first integral of the form

1 3k 2 _ 1-20
H2=§(—;+mpm,oa P+ foa* @ )» (58)

where fo is an integration constant.
From the above equations, we can obtain a dynamical
system in the state variables a, x = a,

a=x, (59)

1
a2
2—«a

1 o 2_3
B R — | QA,O — Qm,O ae« . (60)
o 2—«

The phase portrait on the plane (a, x) is shown in Fig. 7.

In order to analyze the trajectories behaviour at infinity
we use the following sets of projective coordinates: A = %
X =2

a

X =—Cmo

The dynamical system for variables A and X is expressed
by

A=—-XA, (61)
1
m’02 —o

]l -« o a2 5
+ Q0 — Qmo A% ]—X . (62)
o 2—«

We can use also the Poincaré sphere to identify the critical
points at infinity. We introduce the following new variables:

— a — X .

= T Y = Nirweeh In the variables (B, Y), we
obtain a dynamical system of the form

X=A3[—Q

B’ = YB*(1 — B?)

- BY[ — Qmo (1— B — Y23
2—«o
1 —
+ < a) (QA,O _ Qm,o o )B—l+2/(¥
o 2—«a
x (1— B2 — Y2)2—1/“], (63)

(1— B2 — Y232

,_[ Q 1
o m'02—a

1 —
+ <_a> <QA,O _ meo o ) B—l+2/0{
o 2—«

x (1—B?— Y2)2—1/“](1 — Y% —¥2B3, (64)

where ' = BZ%.
The phase portraits for the dynamical systems (61)—(62)
and (63)—(64) are demonstrated in Figs. 8 and 9, respectively.

Fig. 8 A phase portrait for dynamical system (61)—(62) witha = 2/3.
The critical point (1) on the A-axis, (A = ,/ W, X =0),isa

saddle and represents a static Einstein universe. The red lines represent
the trajectories of a flat universe and they separate the regions in which
closed and open models lie. The critical point (2) is a degenerate point
at which the expanding and contracting Milne solutions are glued
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Fig. 9 A phase portrait for dynamical system (63)—(64) witha = 2/3.

.. . . 2pn—pmo )2 i
The critical point (1) is at (B = 1/ (TO') +1,Y =0)isa

saddle and represents a static Einstein universe. The critical point (2)
at the B-axis, Y = 0 is a stable node and represents a Milne universe.
The critical points (3) and (4) at (B =0,Y = 1)and (B =0,Y = —1)
are nodes and represent Einstein—de Sitter universes. The blue region
represents a physical domain restricted to B2+Y2<0,B > 0.The red
lines represent the flat universe and they separate the regions in which
closed and open models lie

If we include the curvature in the dynamical analysis then
we get new types of universes. In the phase space in the pos-
itive curvature domain, new trajectories appear which rep-
resent the oscillating universe with an initial singularity and
the universe with a bounce. For this model, the universe with
the bounce start from the Milne universe and is the universe
without the initial singularity. A similar situation holds for
many f(R) models, where the de Sitter universe is at the
infinite past. Non-singular solutions of this type were found
by Starobinsky [32].

5 Cosmology with emergent A (a) relation from exact
dynamics

In order to illustrate the idea of an emergent A (a) relation
let us consider cosmology with a scalar field which is non-
minimal coupled to gravity. For simplicity, without loss of
generality of our consideration, we assume that the non-
minimal coupling & is constant like the conformal coupling.
It is also assumed that dust matter, present in the model, does
not interact with the scalar field. Since we would like to nest
the ACDM model in our model we postulate that the potential
of the scalar field is constant. We also assume a flat geometry
with the R-W metric. The action for our model assumes the
following form:

@ Springer

where

1
Sg + Sp = 5 / VE(R +g"8,¢d,¢ — ERY?

—2V($))d*x, (66)

Sm = / VE8Lmd*x, (67)
where the metric signature is (—, +, +, +), R = 6(% + Z—z

is the Ricci scalar and the dot denotes the differentiation

with respect to the cosmological time ¢, i.e.,” = g—t and L, =

—Pm (1 + [ %dpm).

After skippingrgn the full derivatives with respect to the time,
the equation of motion for the scalar field is obtained after
the variation over the scalar field and metric,

g_izo & $+3HG+ERG+ V() =0, (68)

where ' = % and
5S 1. )
=0 © £ = 5¢2 +3:H?¢? + 66 Ho

+V(¢) —3H?> = 0. (69)

Additionally, from the conservation condition of the equa-
tion of state p;, = pm(om) for the barotropic matter we have

pm = =3H (pm + pm(pm)). (70)

Because we assume dust matter (py,=0), Eq. (70) has a
simple scaling solution of the form

Pm = Pm,0d ", (71)

where a = a(t) is the scale factor from the R-W metric
ds? = dr? — a?(1)(dx? + dy? + dz?).

Analogously, the effects of the homogeneous scalar field
satisfy the conservation condition

Py = —3H(pg + py), (72)
where
Py = %dﬂ +V(9) + 65 Ho + 35 H> ¢, (73)

1 . . .
po = 5(1 = 46)p? = V(§) + 26 Hpd — 26(1 — 6£)H¢?
—3&(1 — 86)H?¢* + 26V (). (74)

In the investigation of the dynamics it would be convenient
to introduce the so-called energetic state variables [33]

o ) yZW«m =9 75)
S VeH T 3H T T U6

The choice of such state variables (75) is suggested by the
energy constraint £ = 0 (69).
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The energy constraint condition can be rewritten in terms
of dimensionless density parameters

Qm+ Qp =1 (76)
then

Qp=1—Qn=(1—66)x>+ y> + 65(x + 2)°
=1—Quoa’ (77)

and the formula H (x, y, z, a) rewritten in the terms of state
variables x, y, z assumes the following form:

H Z—Q + Q
Hy - m

= (1 —68)x>+y? +6E(x 4+ 2)> + Qm.oa >,
(78)

Equation (78) is crucial for the model testing and estima-
tion of the model parameters using astronomical data.

Because we try to generalize the ACDM model itis natural
to interpret the additional contribution beyond Apge as a
running A term in (78). In our further analysis we will called
this term ‘emergent A term’. Therefore,

QA,emergent =1- 6%’))62 + y2 + 68 (x + Z)z' (79)

Of course, state variables satisfy a set of the differential
equations in the consequence of Einstein equations. We try to
organize them in the form of autonomous differential equa-
tions, i.e., some dynamical system.

For this aim let us start from the acceleration equation,

. 1 3
H = —E(peff + Ppefr) = _§H2(1 + Weff), (30)

where pefr and pefr are the effective energy density and the
pressure, while wefr = % is an effective coefficient of equa-
tion of state. Moreover, peff = pm + P¢ and per = 0 + pg.

The coefficient equation of state wefr is given by the for-

mula
1
1= 6E(1 — 6£)72
x [(1 —48)x2 — Y2 (1 + 2E02) + 4Exz + 12§2z2] :
1)

Weff =

where A = —+/6 % is related to geometry of the potential,
d

where ' = 76
The dynamical system which describes the evolution in
the phase space is in the form

S SR S S SN L. |

= — = -3x — — — (x —

d(na) _ dr cra “H?
(82)

dy dy 1 H
= = — Xy — y—, 83
dina) _dr 27 7T 0m2 (83)
d d
< = —Z = _x, (84)
d(Ina) dr
dx dx
D& —A2(C() = Dx, (85)
where I = %&(@ and
H 1

1 I
=1 |:—§(/0¢ + py) — 5Pm.0d ]

SR [—125(1 — 68)7% — 3602z
65z2(1 — 68) — 1

g _ 2 2 E_gz
+2(1 6&)x +3§(x+z)+2 2y:|. (86)

Let us notice that the dynamical system (82)—(85) is closed
if we only we assume that I' = I"(}).
From the form of system (82)—(85) one can observe that

it admits the invariant submanifold {% = 0} for which the
equation in the phase space is of the form

—126(1 — 68)7% — 3Ery%z + %(1 — 68)x2

3
~y2=0. (87)

3
3 L N
@ 27+ 5 - 3

Therefore, there are no trajectories which intersect this
invariant surface in the phase space. From the physical point
of view the trajectories are stationary solutions and on this
invariant submanifold they satisfy the condition

H 1 1 s
=0 & —2(pstpe) — zpmoa > =0.  (83)

If we look at the trajectories in the whole phase in the
neighbourhood of this invariant submanifold, then we can
observe that they will be asymptotically reached at an infinite
value of time t = Ina. They are tangent asymptotically
to this surface. Note that in many cases the system on this
invariant submanifolds can be solved and the exact solutions
can be obtained.

As an illustration of the idea of the emergent A (a) relation
we consider two cases of cosmologies for which we derive
A = A(a) formulae. Such parametrizations of A(a) arise if
we consider the behaviour of trajectories near the invariant
submanifold of dynamical systems

V = const or A = 0, the case of minimal coupling,
§=0;
V = const, the case of conformal coupling, § = %.

@ Springer



606 Page 12 of 21

Eur. Phys. J. C (2016) 76:606

In these cases the dynamical system (82)—(85) reduces to

dx . dx _ 3 H (89)
dna) _dr T Ymr

dy dy H

=2 = —y—, 90

d(lna) ~ dr Y02 0

dz dz

= —-— = 5 91

d(Ina) dr * Ob
where
H 3, 3 3,
= Tx? T Ty? 92
77 2x > + 2y (92)
and
dx H
E:—S){—ZZ—m(X‘FZ), (93)
dy H (94)
aw . HY
dz
= —x, 95
dr * &
where
H 1 , 3 3,
- )2 T 2, 96
72 2u+n 2+2y (96)

The dynamical system (93)—(95) can be rewritten using
the variables X = x 4+ z,Y = y and Z = z. Then we get

dx H

— = -2X - —=X, 97
dt H? 7
dy H
— =Y —,
dt H?
dz

—=X-2, 99
i 99)

(98)

where

i__lX2_§+§y2
H2 2 2 2
The next step in a realization of our idea of the emergent
A is to solve the dynamical system on invariant submanifold
and then to substitute this solution into Eq. (79).
For the first case (¢ = 0,V = const), the dynamical
system (89)—(91) has the following form:

(100)

dx _ dx _ 3 (101)
dina) dz "
dy dy
= — =0, 102
d(Ina) dr (102)
dz dz
- 103
d(na) _dr (103)

@ Springer

with the condition

0=x>—y>+1. (104)

The solution of the dynamical system (101)—(103) is x =
Cia=3, y =const and z = —%Cla_3 + C».

The phase portraits and a list of critical points for the
dynamical system (89)—(91) is presented in Figs. 10, 11 and
Table 3, respectively. The critical point (1) represents the
matter dominating universe — an Einstein—de Sitter universe.

Finally, for first case 24 emergent 1S given as

—6
QA,emergf:nt = QA,emergent,Oa + QA,()- (105)

Now, let us concentrate on the second case (§ = 1/6, V =
const). The system (93)—(95) assumes the following form:

dx

== 3y —2g, (106)
dr

dy

— =0 = y=const, (107)
dr

dz _ (108)
dr — *

with the condition

0=(x+2)>%—-3y>+3. (109)

The dynamical system (106)—(108) is linear and can be
simply integrated. The solution of the above equations are
x = —2C1a_2—C2a_1,y = constandz = Cja~24+Cra~!.

The phase portrait and critical points for the dynamical
system (93)—(95) are presented in Figs. 12, 13 and Table 4.

-1 -0.5 0 0.5 1
3
1 1
0.5 \ 0.5
5 1 4
> 0 0
-0.5 ( -0.5
-1 -1
2
-1 -0.5 0 0.5 1
X

Fig. 10 The phase portrait for autonomous dynamical system (89)—
(90). The critical point (/) represents a Einstein—de Sitter universe. The
critical points (4) and (5) represent a Zeldovich stiff matter universe. The
critical point (2) represents a contracting de Sitter universe. The critical
point (3) represents stable de Sitter universe. The de Sitter universe is
located on the invariant submanifold % = 0. The blue region presents

the physical region restricted by the condition x> 4+ y?> < 1, which is a
consequence of 2, > 0
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Fig. 11 The phase portrait for dynamical system (89)—(91). The criti-
cal point (/) represents the Einstein—de Sitter universe. Note that time
dt = Hdt is measured along trajectories, therefore in the region H < 0
(contracting model) time 7 is reversed to the original time 7. Hence, the
critical point (2) represents an unstable de Sitter universe. Point (3) is
opposite to the critical point (2) which represents a contracting de Sitter
universe. The de Sitter universe is located on the invariant submanifold
H_ — 0, which is an element of a cylinder and is presented by green
lines. The surface of the cylinder presents a boundary of the physical
region restricted by the condition x% 4+ y2 < 1, which is a consequence
of @ >0

To illustrate the trajectories’ behaviour close to the invariant
submanifold (represented by the green lines) in the phase
portrait (13) we construct two-dimensional phase portraits;
see Fig. 14. In the latter trajectories reach the stationary states
along tangential vertical lines (green lines).

On invariant submanifold (109) the dynamical system
(106)—(108) reduces to

dx
= =y, 110
17 x (110)
dz
— =z 111
dt < (1)

The solutions of (110)=(111)are x = Cja—'andz = Cra™1.
Finally, we have

i.e., the relation A(a) o< a~* appears if we consider the
behaviour of trajectories in the neighbourhood of an unstable
de Sitter state % = 0. Therefore, the emergent term is of the
type ‘radiation’. In the scalar field cosmology there is a phase
of evolution during each effective coefficient e.o.s. is 1/3 like
for radiation. If we find a trajectory in a neighbourhood of a
saddle point then such a type of behaviour appears [33] (Fig.
14).

We can rewrite Eq. (86) as the Newtonian equation of
motion for a particle of unit mass moving in the potential
V(a) (Eq. (25)). On the invariant submanifold {% = 0} the
above equation gives the following form of the potential:
Via) = —% da’. (113)

Figure 15 presents the evolution of V (a). For the positive
curvature we get new solution which is the universe with the
bounce. If we perturb solutions for the flat universe by a small
negative spatial curvature then these solutions do not change
qualitatively (see Fig. 15). But for the positive curvature, we
always get the solutions, which represents the universe with
bounce.

6 How to constrain emergent running A (a)
cosmologies?

Dark energy can be divided into two classes: with or without
early dark energy [34]. Models without early dark energy
behave like the ACDM model in the early time universe.
For models with early dark energy, dark energy plays an
important role in evolution of early universe. The second type
models should have a scaling or attractor solution where the
fraction of dark energy follows the fraction of the dominant
matter or radiation component. In this case, we use the frac-
tional early dark energy parameter Qg to measure a ratio of
dark energy to matter or radiation.

The model with & = 1/6 (conformal coupling) and
V = const belongs to a class of models with early con-
stant ratio dark energy in which Qg4e.=const during the radia-

QA emergent = 24,0 + 2 A,emergem,oa_“, (112) tion dominated stage. In this case we can use the fractional
Table 3 The complete list of o o - o I -
critical points of the Critical point Coordinates Eigenvalues Type of critical point Type of universe
antonomous dynamical system 1 x=0,y=0 3.3 Saddle Einstein—de Sitter
(89)-(90) which are shown in ] ]
Figs. 10 and 11 2 x=0,y=-1 -3,-3 Stable node Contracting de Sitter

3 x=0,y=1 -3,-3 Stable node de Sitter

4 x=1,y=0 3,3 Unstable node Zeldovich stiff

Matter dominating
5 x=—-1,y=0 3,3 Unstable node Zeldovich stiff

Matter dominating

Coordinates, eigenvalues of the critical point as well as its type and cosmological interpretation are given
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Fig. 12 The phase portrait for dynamical system (97)—(98). The criti-
cal point (/) represents a Einstein—de Sitter universe. The critical point
(4) and (5) represent Zeldovich stiff matter universes. The critical points
(2) represents a contracting de Sitter universe. The critical point (3) rep-
resents a stable de Sitter universe The de Sitter universe is located on the
invariant submanifold - 5z = 0. The blue region presents the physical

region restricted by the condition X2+ Y2 < 1, which is a consequence
of @y >0

Fig. 13 The phase portrait for dynamical system (97)—(99). The crit-
ical point (/) represents an Einstein—de Sitter universe. Note that time
dt = Hdt is measured along trajectories, therefore in the region H < 0
(contracting model) time 7 is reversed to the original time 7. Hence, the
critical point (2) represents an unstable de Sitter universe. Point (3) is
opposite to critical points (2) which represents a contracting de Sitter
universe. The de Sitter universe is located on the invariant submanifold
% = 0, which is the element of a cylinder and is presented by green
lines. The surface of the cylinder presents a boundary of the physical
region restricted by the condition X%+ Y2 < 1, which is a consequence
of @ >0

early dark energy parameter Q [34,35] which is constant
for models with constant dark energy in the early universe.
The fractional density of early dark energy is defined by the
expression Qf = 1 — g— where Q4o 1S the sum of dimen-
sionless den51ty of matter and dark energy. In this case, there
exist strong observational upper limits on this quantity [14].
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For this aim let us notice that during the ‘radiation’ epoch
we can apply this limit Q3 < 0.0036 [14] and

Qm’0a73 + Qr,0a74
Qm,Oa_3 + Qr,Oa_4 + Qa0+ Qemergent,Oa_4
(114)

1 - Q5=

Let us consider a radiation dominating phase a(t) « 12
(Pett =  petr) [33],

_3 )
Qm.ot~ 2 + 20t

1= = -3 -2 -2
Qm,Ot 2+ S.Zr,Ot + QA,O + S.Zemergem,Ot
at early universe Q0 . (115)
Qr,0 + Qemergent,O
Qg at the early universe is constant and
Q
Qf=1- il < 0.0036. (116)

Qr, 0o+ Qemergent, 0

Qemers
From the above formula we get %Lgmo < 0.003613. In
consequence we have a strict limit on a strength of the running
A parameter in the present epoch, Qemergent,0 < 3.19 x 1077

7 Cosmology with non-canonical scalar field

The dark energy can also be parameterized in a covariant
way by a non-canonical scalar field ¢ [36]. The main dif-
ference between canonical and non-canonical description of
the scalar field is in the generalized form of the pressure py
of the scalar field. For the canonical scalar field, the pres-
sure p¢, is expressed by the formula py = 5 — V(¢)), where
= d and V (¢) is the potential of the scalar field. In the non-
canonical case, the pressure is described by the expression
Do = (g)a — V(¢), where « is an additional parameter.
If « is equal 1 then the pressure of the non-canonical scalar
field represents the canonical case.
The theory of the non-canonical scalar field is of course
a covariant formulation because this theory can be obtained
from the action, which is described by the following formula:

"N
= /\/—_g R+ (%) — V(@) + L |d*x, (117
where L, is the Lagrangian for the matter. Note that if V (¢)
is constant then the model is equivalent to the model which
is filled with an ideal fluid with the equation of state p = wp
(where w is determined by «) and the cosmological constant.
After variation of the Lagrangian £ with respect to the metric
we get the Friedmann equations in the following form:

$* 3k
3H? —,0m+(2a—1)< ) +V(¢)—a—2, (118)



Eur. Phys. J. C (2016) 76:606

Page 15 of 21 606

Table 4 The list of critical

points for the autonomous Critical point Coordinates Eigenvalues Type of critical point Type of universe
dynamical system (97)~(98) 1 X=0,Y=0 32, —1)2 Saddle Einstein—de Sitter
which are shown in Fig. 12 and ) .
13 2 X=0Y=-1 —-3,-2 Stable node Contracting de Sitter
3 X=0,Y=1 -3,-2 Stable node de Sitter
4 X=1,Y=0 1,2 Unstable node Zeldovich stiff
Matter dominating
5 X=-1,Y=0 1,2 Unstable node Zeldovich stiff

Matter dominating

Coordinates, eigenvalues of the critical point as well as its type and cosmological interpretation are given

-1 -0.5 0 0.5 1
1 ‘ 1
A
0.5 0.5
2 3
N 0 0
-0.5 -0.5
(]
-1 -1
-1 -0.5 0 0.5 1
Y

Fig. 14 The phase portrait of the invariant submanifold X = 0 of the
dynamical system (97)—(99). The critical point (/) represents a Einstein—
de Sitter universe. The critical points (3) represents a stable de Sitter
universe. The critical point (2) represents a contracting de Sitter uni-
verse. Note that because of time parametrization dt = Hdrt in the
region X < 0, the cosmological time ¢ is reversed. In consequence, the
critical point (2) is unstable. The de Sitter universe is located on the
invariant submanifold {% = 0}, which is represented by green verti-
cal lines. By identification of green lines of the phase portrait one can
represent the dynamics on the cylinder. The boundary of the physical
region is restricted by the condition Y2 < 1, which is a consequence
Qm > 0. Note that trajectories reach the de Sitter states along tangential
vertical lines

¢2

34 _ Pm 1 ) % 119
- ;—7"'(014' )<7) — Vi(®). (119)

We obtain an additional equation of motion for a scalar
field after the variation of the Lagrangian £ with respect to
the scalar field ¢,

. 3H$ Vi) N2\
A (a(Za— 1)) (?) =0 20
where ' = %.

For o = 1, Egs. (118), (119) and (120) reduce to the case
of the canonical scalar field. For « = 0 we have the case

Vesr
2

0 1 2 3 4 "
Fig. 15 The figure presents a potential Veg(a). Thetop dashed lines
(Ve = 1/2) represent the energy level, which corresponds with the
negative curvature. The bottom dashed lines (Vorf = —1/2) represent
the energy level, which corresponds with the positive curvature. The
middle dashed lines (Ver = 0) represent the energy level, which corre-
sponds with the flat universe. The forbidden domain for the motion is
colored. Note that, for the case of the positive curvature, the universe is
with the bounce (the right bottom part of the diagram)

with the constant scalar field. The case « = 2 with the con-

stant potential V is interesting since the scalar field imitates

radiation because $>* o< a~* in the Friedmann equation.
For the constant potential V = A, Eq. (120) reduces to

. 3H¢

=0 121
Ay (121)
Equation (121) has the following solution:
$ = goa . (122)

We can obtain from (118), (119) and (120) the dynamical
system for the non-canonical scalar field with the constant
potential in the variables a and x = 4,

(123)

A 3
=, (124)

@ Springer
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Fig. 16 A phase portrait for the dynamical system (123)—(124) for
example with @ = 1/8. The red lines represent the flat universe and
these trajectories separates the regions in which closed and open models
lie. Note that all models independence on curvature are oscillating

Fig. 17 A phase portrait for the dynamical system (125)—(126) with
o = 1/8 as an example. The red lines represent the flat universe and
these trajectories separates the regions in which closed and open models
lie

where’ = a? %. The phase portrait for the dynamical system
(123)—(124) is presented in Figs. 16 and 17.

The system (123)—(124) possesses critical points which
belong to two types:

1. static critical points xg = 0,
2. non-static critical points ap = 0 (Big Bang singularity).

If we assume the matter in the form of dust (p = 0) then
non-static critical points cannot exist at a finite domain of
the phase space. The Big Bang singularity corresponds to a
critical point at infinity.

Note that, if « > % then the eigenvalues for the critical
point (ag, 0) are real and correspond to a saddle type of criti-

@ Springer

-3

Fig. 18 A phase portrait for the dynamical system (127)—(128) with
o = 1/8 as anexample. The critical point (/) atthe origin B =0,Y =0
presents a stable node and Einstein—de Sitter universe. The grey region
represents a non-physical domain excluded by the condition XY > 0.
The red lines represent the flat universe and these trajectories separate
the regions in which closed and open models lie

3

2
1 1
X 0 k=+1 0
-1 -1
-2 -2
-3

Fig. 19 A phase portrait for the dynamical system (123)—(124) with
a = 50 as an example. The critical point (/) is a saddle and represents
a static Einstein universe. The red lines represent the flat universe and
these trajectories separates the regions in which closed and open mod-
els lie. Note that all models have independence on curvature and are
oscillating

cal point. Therefore, for o > % the qualitative structure of the
phase space is topologically equivalent (by homeomorphism)
to the ACDM model. Hence, the phase space portrait is struc-
turally stable, i.e., it is not disturbed under small changes of
the right-hand side of the system.

For the analysis of the behaviour of trajectories at infinity
we use the following sets of projective coordinates:
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Fig. 20 A phase portrait for the dynamical system (125)—(126) with
o = 50 as an example. The critical point (/) is a saddle and represents
a static Einstein universe. The critical point (2) represents a stable de
Sitter universe. The critical point (3) represents a contracting de Sitter
universe. The red lines represent the flat universe and these trajectories
separate the regions in which closed and open models lie

0 0.2 0.4 0.6 0.8 1 1.2

1 1
k=+1
0.8 0.8
» 0.6 0.6
0.4 0.4
k=-1
0.2 0.2
4
0 0
0 0.2 0.4 0.6 0.8 1 1.2
B

Fig. 21 A phase portrait for dynamical system (127)—(128) for exam-
ple with & = 50. The critical point (4) at the origin (B = 0, Y = 0)
is an unstable node and represents an Einstein—de Sitter universe. The
red lines represent the flat universe and these trajectories separate the
regions in which closed and open models lie

>

1. A , X
2. B=%Y

===

= Q=

5

Two maps cover the behaviour of trajectories at the circle at
infinity.

The dynamical system for variables A and X is expressed
by

A =—XA?,

X = A% _M_“_"'lmf_l + A é_xz ,
6 3 3

(125)

(126)

where ' = A%. The dynamical system for variables B and
Y is given by

: I 5w A
B=BY [B+(£Y3+ﬂ3._’zayzi_. __33”’

6 3 3
(127)

. | . A
y =12 <§Y3 n %Blfw ymeT — —B3> .28

3

where = BZY%.

From the analysis of the dynamical system (127)—(128)
we find one critical point (B = 0, Y = 0) which repre-
sents the Einstein—de Sitter universe. The phase portraits for
dynamical system (125)—(126) and (127)—(128) are depicted
in Figs. 18, 19, 20, and 21.

Let us consider the curvature in the dynamical analysis.
Then in the phase space in the positive curvature domain, we
find new trajectories which represent an oscillating universe
with the initial singularity and a universe with a bounce (Figs.
17, 20, 21).

8 Cosmology with diffusion

The parametrization of dark energy can also be described in
terms of the scalar field ¢ [37,38]. As an example of such a
covariant parametrization of A let us consider cosmological
models with diffusion. In this case the Einstein equations and
equations of the current density J* are the following:

1
R;w - _g;wR + d)g;u) = Tll,l)v

5 (129)
V" =0oJ", (130)
VY, J* =0, (131)

where o is a positive parameter.

From the Bianchi identity, V# (R/w — %g,wR) =0, and
Egs. (129) and (130) we get the following expression for
Ala(t)):

Vup =0l (132)

We assume also that matter is a perfect fluid. Then the energy-
momentum tensor is expressed in the following form:

T;w = puyuy +p (g/l.u + M;Lul)) , (133)

where u, is the 4-velocity and the current density is expressed
by
J* = nut. (134)

Under these considerations Eqgs. (130), (132) and (131)
are described by the following expressions:

Vu(put) + pV,u* =on,
V. (nu*) =0,

(135)
(136)
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Fig. 22 A phase portrait for the dynamical system (142)—(142). The
critical point (/) (x = 0, y = 0) is a stable node and represents the de
Sitter universe. The critical point (2) (x = 2/3, y = 2/3) is a saddle
and represents the Milne universe. The critical point (3) (x = 1,y = 0)
is an unstable node type and represents the Einstein—de Sitter 