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ABSTRACT

Generic quantum many-body systems have thermal eigenstates, as pos-
tulated by the Eigenstate Thermalization Hypothesis (ETH). Because
of that, long-time values of the observables in a system initialized at a
finite energy density are described by a microcanonical ensemble and
depend only on the energy, while the memory of the details of the
initial state is lost. However, some systems violate the ETH and do not
thermalize. Examples include integrable, many-body localized (MBL),
and quantum many-body-scarred (QMBS) models, as well as models
with a fragmented Hilbert space. This work proposes new numerical
tools useful for studying ergodicity breaking in quantum systems.

The transition between the MBL and ergodic phases is hypothesized
to be governed by the so-called quantum avalanche mechanism. An
initial ergodic bubble, caused by an accidental fluctuation in the
system properties, can interact with its surroundings, expand and
eventually thermalize everything around. We perform a detailed
study of the quantum avalanche mechanism in the disordered XXZ
spin-1/2 model. We propose a machine learning algorithm based on
autoencoder neural networks that allows us to detect ergodic bubbles
with a spatiotemporal resolution using an experimentally measurable
two-body correlation function. With this detection mechanism, we
study the distribution of bubble sizes in different regimes of the
model, and identify rare thermalization events. In a further work,
we investigate the influence of ergodic bubbles on the MBL phase by
deliberately planting an ergodic bubble on one side of the system.
Utilizing two-body correlation functions, we show that the observation
of the termination of quantum avalanches requires a fine-tuning of
the initial state, even in the deeply localized regime of the model.
We also confirm that an ergodic bubble modeled by a Hamiltonian
from the Gaussian Orthogonal Ensemble of random matrices, as often
assumed in the theory of avalanches, has a similar effect on the system
as a real bubble. The third work concentrates on the proposition of
a new probe of quantum information propagation. We employ time
evolutions of an autocorrelation function for a single lattice site and
look at the difference between its measurement in the system of size L
and its restriction to ¢ < L sites. The probe is benchmarked in ergodic,
Anderson localized, and MBL regimes of the disordered XXZ model,
and compared to other existing tools.

In quantum many-body scarred systems, almost all eigenstates are
thermal, but there exists a small number of special, low-entanglement
eigenstates across the entire spectrum. The Hilbert space is split
into (approximately) disconnected sectors, corresponding to differ-



ent families of scarred eigenstates. In the last work, we introduce a
quantum machine learning algorithm based on quantum variational
autoencoders, that can detect different families of scars. We identify
previously overlooked families of scars in the PXP model and demon-
strate a successful application of our algorithm to the spin ladder
model with a fragmented Hilbert space.



STRESZCZENIE

Hamiltonian typowego, wielocialowego ukladu kwantowego posi-
ada termalne stany wlasne, jak przewiduje hipoteza o termalizacji
stanéw wiasnych (ETH). Powoduje to, ze w ukladzie rozpoczynajacym
ewolugcje ze stanu o skoriczonej gestosci energii, dtugoczasowe wartosci
oczekiwane obserwabli sa opisywane przez zesp6t mikrokanoniczny
i zalezg jedynie od wartosci energii, za§ pamie¢ o szczegélowych
wlasnosciach stanu poczatkowego szybko zanika. Istnieja natomi-
ast uklady, ktére nie spetniaja ETH i nie ulegaja termalizacji. Wér6d
przykladéw znajduja sie modele catkowalne, zlokalizowane wielociato-
wo (MBL), modele z wielocialowymi bliznami kwantowymi (QMBS),
a takze z pofragmentowana przestrzenia Hilberta. W niniejszej pracy
przedstawiamy nowe narzedzia numeryczne stuzace do badar nad
procesem tamania ergodycznosci w uktadach kwantowych.
Przyjmuje sig, Ze za przejScie pomiedzy faza MBL oraz faza ergodycz-
na jest odpowiedzialny mechanizm tzw. lawiny kwantowej. Poczatko-
wy babel ergodyczny, wytworzony przez losowa fluktuacje wiasnosci
uktadu, moze oddziatywa¢ z otoczeniem, rosngé¢, a w konsekwengji
termalizowac¢ reszte uktadu. Szczegétowo badamy mechanizm lawiny
kwantowej w modelu XXZ ze spinem 1/2 oraz nieporzadkiem. Pro-
ponujemy algorytm uczenia maszynowego oparty na sieciach neu-
ronowych o architekturze autoenkodera, ktéry pozwala nam na wykry-
wanie babli ergodycznych w czasie i przestrzeni z uzyciem jedynie
dwuciatowych funkgcji korelacji mierzalnych eksperymentalnie. Uzywa-
jac powyzszej metody, badamy rozkiady wielkosci babli w r6znych
rezimach modelu, a takze identyfikujemy rzadkie zdarzenia, w ktérych
nastepuje termalizacja. W kolejnej pracy pochylamy sie nad wptywem
babli ergodycznych na faze MBL, w sposéb kontrolowany umieszczajac
babel ergodyczny po jednej stronie uktadu. Wykorzystujac dwu-
cialowe funkcje korelacji, pokazujemy, ze aby zaobserwowa¢é zatrzy-
manie si¢ lawin kwantowych nalezy precyzyjnie przygotowa¢ stan
poczatkowy, nawet w silnie zlokalizowanym rezimie modelu. Potwier-
dzamy takze, ze babel ergodyczny modelowany przez Hamiltonian
bedacy ortogonalng macierza losowa z rozkltadu Gaussa, jaki zwykle
zaklada sie w teoriach opisujacych lawiny kwantowe, ma bardzo
podobny wplyw na zachowanie ukfadu, jak realny babel ergody-
czny. Trzecia praca koncentruje si¢ na propozycji nowego sposobu
pomiaru propagacji informacji kwantowej. Poréwnujemy ewolucje
czasowe funkcji autokorelacji pojedynczego spinu, wyliczajac ich
réznice miedzy ukladem z L spinami oraz jego ograniczeniem do
¢ < L spinéw. Zachowanie si¢ proponowanej wielko$ci analizujemy
w rezimie ergodycznym, z lokalizacja Andersona oraz MBL modelu



XXZ z nieporzadkiem, oraz poréwnujemy je do wynikéw uzyskanych
za pomoca innych narzedzi.

W uktadach z wielociatowymi bliznami kwantowymi prawie wszys-
tkie stany wlasne sa termalne, ale na przestrzeni catego spektrum
istnieje tez niewielka liczba specjalnych stanéw witasnych o niskim
splataniu. Przestrzeri Hilberta jest podzielona na (prawie) niepotaczone
ze soba sektory, odpowiadajace kolejnym rodzinom blizn kwantowych.
W niniejszej pracy wprowadzamy algorytm kwantowego uczenia
maszynowego oparty o kwantowy autoenkoder wariacyjny, dzieki
ktéremu mozliwe staje si¢ wykrywanie rodzin blizn kwantowych.
Identyfikujemy pominiete wcze$niej rodziny blizn w modelu PXP i
pokazujemy skuteczne dzialanie naszego algorytmu na przykladzie
modelu drabiny spinowej z pofragmentowana przestrzenia Hilberta.
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PREFACE

A generic isolated many-body quantum system reaches thermal equi-
librium, acting as its own thermal bath, and being accurately described
by a microcanonical ensemble. However, some systems violate this
rule and exhibit non-ergodic behavior. There are examples of interact-
ing quantum systems that are integrable and do not thermalize, but
only in the fine-tuning scenario and small perturbations destroy inte-
grability. In the presence of disorder, some finite interacting systems
are in the many-body localized regime, characterized by a complete
set of local integrals of motion. Another class of non-ergodic systems
are those with fragmented Hilbert spaces, in which disconnected parts
of the Hilbert space emerge and the system initialized in one of such
sectors cannot explore the other sectors. Some systems thermalize or
not, depending on the choice of the initial state, such as those hosting
quantum many-body scars.

This Introduction aims to serve as a guide for the reader of the four
papers on ergodicity breaking in quantum many-body systems, which
constitute the PhD Thesis and are attached at the end:

[1] Tomasz Szoldra, Piotr Sierant, Korbinian Kottmann, Maciej
Lewenstein, and Jakub Zakrzewski, “Detecting ergodic bubbles
at the crossover to many-body localization using neural networks”,
Phys. Rev. B 104, L140202 (2021)

[2] Tomasz Szoldra, Piotr Sierant, Maciej Lewenstein, and Jakub
Zakrzewski, "Catching thermal avalanches in the disordered XXZ
model”, Phys. Rev. B 109, 134202 (2024)

[3] Tomasz Szoldra, Piotr Sierant, Maciej Lewenstein, and Jakub
Zakrzewski, "Tracking locality in the time evolution of disordered
systems”, Phys. Rev. B 107, 054204 (2023)

[4] Tomasz Szotdra, Piotr Sierant, Maciej Lewenstein, and Jakub
Zakrzewski, "Unsupervised detection of decoupled subspaces: Many-
body scars and beyond”, Phys. Rev. B 105, 224205 (2022)

The Introduction covers elementary concepts in the field of thermal-
ization and ergodicity breaking, omitted in the publications due to
the lack of space and the typical article format. The physical models
considered in the publications are also briefly outlined. The results
obtained in each of the papers are summarized. Additional commen-
taries aim to put these works into a broader literature context and
propose new, promising research directions.

This Introduction is organized as follows. In Ch. 1 we start with the
basic concepts of thermalization, ergodicity, and ergodicity breaking.

13
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We begin Ch. 2 with a brief description of many-body localization
and the disordered XXZ model and proceed to Articles [1, 2], which
make a step forward to answer the question of the robustness of the
MBL phase to thermalization in the thermodynamic limit against the
putative quantum avalanche scenario. We also cover the topic of the
propagation of quantum information in quantum many-body systems
and present Article [3], proposing a novel probe of information spread-
ing based on the differences of single-body correlation functions in the
system and its enlarged copy. Chapter 3 introduces quantum many-
body scars and the PXP model. We summarize Article [4], in which we
design a quantum machine learning algorithm for detecting clusters
of similar, scarred eigenstates in an otherwise thermalizing spectrum.
Several comments about related works are made. We conclude in
Ch. 4.

Throughout this work we assume natural units with 7 = 1.



INTRODUCTION

The ergodic hypothesis by Boltzmann [5], dating back more than 120
years, states that when the classical statistical system reaches equi-
librium, it visits the whole phase space during in the time evolution.
The time spent in each part of the phase space is proportional to its
volume, defining a statistical ensemble. When the long-time observ-
ables become equivalent to the ensemble averages, the system is said
to have thermalized.

Quantum thermalization, ergodicity, and, in particular, ergodicity
breaking, are the key ideas in Articles [1—4] which constitute the PhD
Thesis. Nevertheless, a typical research article is written for specialists,
assuming prior knowledge of the basic ideas in the field. This Chapter
aims to fill this gap and introduce the reader into the concepts of
thermalization and ergodicity in quantum mechanics. We start with
the effective description of quantum chaos through the random matrix
theory in Sec. 1.1. In Sec. 1.2 we introduce the notion of quantum
thermalization and the eigenstate thermalization hypothesis. Ways to
break ergodicity in quantum systems are briefly discussed in Sec. 1.3.

1.1 QUANTUM CHAOS AND THE RANDOM MATRIX THEORY

Works by Wigner (and later of Dyson, Mehta and others) in the 1950’s
and 1960’s [6—9] tackled the problem of explaining the properties of the
energy spectra of complex heavy nuclei. Wigner quickly realized that it
is quite hopeless to understand these systems from a microscopic point
of view by calculating the exact energy levels and the Hamiltonian
eigenstates. Instead, he concentrated on the statistical properties of
the spectrum, drawing the first important connection between the
quantum systems and the random matrix theory. Wigner discovered
that if one considers a small part of the spectrum with a constant
density of states, in a generic non-fine-tuned basis the Hamiltonian
looks like a random matrix.

Random matrix theory (RMT) defines a random ensemble P(H) of
square matrices H. Let us restrict to the case when the N x N matrices
are real and symmetric (called Gaussian orthogonal ensemble (GOE),
denoted by B = 1 and corresponding to Hamiltonians with time-
reversal symmetry) or hermitian (Gaussian unitary ensemble (GUE),

15
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B = 2, without time-reversal symmetry). For the sake of simplicity, let
us consider only the GOE which is uniquely defined by the following
requirements [10]:

1. The ensemble is invariant under every orthogonal transformation
H =WTHW,  P(H)dH' = P(H)dH, (1.1)

where W is any real orthogonal matrix and the measure is
dH = 2NWN=U/ATT _; ydHyTT << j< nd Hi.

2. The matrix elements H;; (with i < j) are independent random
variables.

Point 1. assures that no specific basis is favorable, hence all states
behave in the same way when acted upon by the matrix H. Point
2. gives a possibility for an analytic solution of many problems
in the RMT. Similarly, one can define a GUE ensemble by requiring
invariance under unitary transformation. The conditions 1., 2. uniquely
determine the probability distribution:

P(H) = %exp (—2“;2 Tr(H2)> (1.2)

where a sets the overall energy scale and Z is the normalization
constant. Indeed, due to the presence of the trace, the probability
is invariant under any orthogonal/unitary rotations of the matrix
H. Within the RMT, one can calculate statistical properties of the
eigenvalues and the eigenvectors of the Hamiltonian.

EIGENVALUES The adjacent energy level gaps s, = E, 41 — E, come
from the Wigner-Dyson distribution

P(s) = ApsP exp (—Bgs?), (1.3)

with Ag, Bg found by normalizing the probability distribution and
fixing the mean level spacing to unity [7]. Eq. (1.3) was derived exactly
for 2 x 2 matrices and approximates the gaps distribution very well
also for large matrices [11]. In 1984, Bohigas, Giannoni and Schmit
(BGS) [12] conjectured that the level statistics of generic quantum
systems that have a chaotic classical limit are described by the RMT
and the Wigner-Dyson distribution. This was indeed confirmed in
heavy nuclei [13], quantum chaotic billiards [14], hydrogen atom in a
strong magnetic field [15], spin lattices [16] and many other models.
Calculating the level spacing statistics in practice requires a pro-
cedure of level unfolding (renormalizing the mean energy density to
unity) which can be quite challenging for real spectra where the lo-
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cal energy density fluctuates [16]. To deal with this problem, one
computes the gap ratio [17] defined as

_ min(sy, Sp41)

Tn = max(sy, Sni1) (1.4)
which is not sensitive to the local density of states. For the GOE, the
mean gap ratio reads 7gog ~ 0.5307 [18]. For an integrable system,
the energy gaps are described by the Poisson distribution P(s) o e~
and the mean gap ratio is 7ps ~ 0.386294 [19].

EIGENSTATES Let us discuss the structure of the eigenvectors of
H. For brevity, we concentrate on the GOE random ensemble. Since
any two Hamiltonians that are related by an orthogonal transforma-
tion belong to the same ensemble, there can be no structure in the
eigenvectors of H. The eigenvectors of H are just random unit vectors
(v1,v,...,0p) in the Hilbert space of dimension D, satisfying the
normalization condition

P(v1,03,...,0p) oc(S(Zvlz—l). (1.5)

1

One of the central concepts in quantum many-body physics is the
entanglement, defined for a given bipartition A, B of the whole system
AB. It can be quantified by the von Neumann bipartite entanglement
entropy (EE)

Sin=—Tr(palnpa), (1.6)

where p 4 is the reduced density matrix for subsystem A4,

pa=Teg[p) (¢], (1.7)

and |) is the quantum state. Let us concentrate on one-dimensional
systems. The RMT predicts that eigenstates entanglement entropy
is proportional to the volume of the subsystem size L4 as Syn =
s(E)L 4 + C, which is called volume law. Global conservation laws such
as total magnetization affect the constant C [20]. On the other hand,
for example for the groundstates of generic gapped Hamiltonians,
the EE saturates at a constant value, S,y &~ const, which is known
as the area law'. Specifically, for an equal bipartition, L4 = L/2, the
average entropy reaches the maximal Page value [21], Syn rMT =
InDy — D%/(2D) = (LIn2—1)/2, where D and D4 denote the
dimension of the full and subsystem Hilbert space, respectively.

We only discussed spatial dimension d = 1. In a general case, volume of the system
is proportional to L7 and its area to L9~!. Hence, SyN & L4 is the volume law, while
Syn & L471 is the area law.

17
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1.2 THERMALIZATION, ERGODICITY AND THE EIGENSTATE
THERMALIZATION HYPOTHESIS

Let us define thermalization in the quantum case. We choose an initial
state with a mean energy® E. The system is said to thermalize if
a joint probability distribution of physical observables O(t) reaches
a microcanonical prediction and remains close to it for almost all
future time. Another definition says that the system is thermal or
ergodic if the reduced density matrix of any small subsystem A of
the whole system AB, p4(t) = Trg |(t)) (¥(t)|, evolves to a Gibbs
density matrix

eq - e PH

i — eq o eq —
lim p4(t) = Trs " = 0, p 7

(1.8)

where H is the Hamiltonian, B is the inverse temperature defined
by the expectation value of the energy of the initial state (there is no
external bath), and Z is a partition function. Equation (1.8) implies that
subsystem B acts as a thermal bath to subsystem .4. Thus, the long-
time expectation values of operators O(t) are equal to their thermal
expectation values.

We can write the time evolution of the initial state |¢p) in the
eigenbasis of the Hamiltonian:

(1)) = Y ene™ " ), (1.9)

where ¢, = (n|¢p). A time-dependent observable O(t) reads

O(t) = (¥ O[p(t) = Lleal” Oun + 3 creue’F=F O,
n n,m#n

(1.10)
where Oy, = (n] O |m). The first term in the sum corresponds to a
long-time average, while the second term encodes time-dependent
fluctuations and defines the timescale of equilibration. In turn, the
matrix elements O,,, determine the thermalization properties of the
system. In the 1990’s, Deutsch [23] and Srednicki [24, 25] observed that
the RMT, although correctly capturing the energy level statistics, does
not accurately predict matrix elements O, that model thermalization
in real physical systems, and proposed an extension to the RMT - the
Eigenstate Thermalization Hypothesis (ETH). The ETH is a surmise
for the operator matrix elements in the Hamiltonian eigenbasis,

Oun = O(E)Sum + ¢ 5B/2£5(E, w)Rypm, (1.11)

For a typical initial product state and system of volume V, the energy width of the
initial state is A o 1/V, which is small compared to the energy spectrum full width
scaling proportionally to V [22].
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where E = (E,, + Ey)/2, w = E; — Epy, S(E) is the thermodynamic
entropy at energy E (i.e.,, S(E) = Inp(E) where p(E) is the density of
states), and, importantly, O(E) and fo(E, w) are both smooth functions
of their arguments and do not scale with the system size. Ry, is a
random variable with zero mean and unit variance. It is generally
expected that all physical observables (i.e., observables for which
statistical mechanics applies) satisfy the ETH Ansatz (1.11). There
is no restriction on the locality of operators but operators such as
projectors on the system eigenstates P, = |n) (n| are excluded [14].
The long-time expectation value of the average of the operator O(t),
Eq. (1.10), is the microcanonical expectation value O(E), i.e., the ETH
predicts thermalization. For a review on thermalization and the ETH,
see Ref. [14].

1.3 BREAKDOWN OF ERGODICITY

Although the ETH seems to be a universal description of interacting
quantum many-body systems, questions about the existence of systems
that violate it immediately arise. Without the need to satisfy the
contraints of statistical mechanics, non-thermalizing quantum systems
can potentially uncover new, unconventional, non-equilibrium phases
of matter, and provide memories to store quantum information.

We will briefly discuss the classes of ergodicity breaking in quantum
systems. If the system does not go into equilibrium, it necessarily vio-
lates the diagonal part of the ETH. The system may behave differently
depending on the initial state. Systems for which thermalization fails
for all initial states are said to exhibit strong ETH violation or strong
ergodicity breaking. For some systems, while most generic initial
states thermalize, there exist a few special initial states which do not
— we will refer to such a phenomenon as a weak ergodicity breaking.
These thermalization properties must be reflected in the structure
of the Hamiltonian eigenstates. In case of strong ergodicity break-
ing, all> eigenstates are non-thermal (in the sense of not satisfying
Eq. (1.8)), while in the case of weak ergodicity breaking almost all of
them are thermal except a small number. Origin of the non-ergodicity
in isolated many-body quantum systems can come from one of the
following phenomena:

INTEGRABILITY An integrable system possesses a complete set of
exponentially many integrals of motion, i.e., operators that commute
with the Hamiltonian, and falls into the category of strong ergodicity
breaking. In many cases, operators corresponding to the integrals of
motion can be constructed analytically and the model can be solved
exactly. Profound examples of exactly solvable models are XXZ chain
without external disorder [26] and the Hubbard [27] model, both in

3 More precisely, all eigenstates except those near the edges of the spectrum.
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one dimension. Although in classical mechanics the Kolmogorov-
Arnold-Moser (KAM) theorem [28-30] guarantees the stability of the
periodic trajectories in the phase space (also known as KAM tori)
under small perturbations, there is no rigorous KAM theorem for
quantum systems and they are generically expected to be unstable
against perturbations. Thus, from an experimental perspective, all
integrable interacting models are fine-tuned. Energy gaps in the
spectra of integrable systems follow Poisson statistics. The eigenstates
are generically volume-law entangled, so it is hard to distinguish them
from thermal eigenstates using this criterion.

MANY-BODY LOCALIZATION The interplay of interactions and
strong disorder leads to the appearance of a complete set of so-called
local integrals of motion (LIOMs) which are almost conserved during
the time evolution. This constitutes an interesting example of emergent
integrability — the many-body localization (MBL), which is an analogue
of Anderson localization for interacting systems. Numerical results
obtained for finite systems confirm that the spectral properties of
MBL Hamiltonians are characteristic to integrable systems (Poisson
statistics), and that all eigenstates are non-thermal and show the
area-law of entanglement.

QUANTUM MANY-BODY SCARS There are systems for which most
but a few eigenstates are thermal. Special eigenstates with features
not fulfilling the ETH are called quantum many-body scars (QMBS)
and can appear anywhere in the spectrum. In a typical system, the
number of these special eigenstates is exponentially smaller than the
number of thermal eigenstates, i.e. their number grows polynomially
with the system size, while the number of all eigenstates grows ex-
ponentially. Hence, these systems exhibit weak ergodicity breaking.
Presence of special eigenstates does not affect the level statistics which
are captured by the Wigner-Dyson distribution. Quantum scars are
typically area-law entangled. In some models exhibiting scars, like
the PXP model [31] described in Ch. 3, there are families of QMBS
spaced almost equally in energy, giving rise to long-time revivals from
specific simple initial states.

HILBERT SPACE FRAGMENTATION Presence of some dynamical
constraints or hidden symmetries can lead to the emergence of dy-
namically disconnected subspaces of the Hilbert space, which is called
Hilbert space fragmentation [32]. The presence of subspaces is not
caused by any simple symmetries of the Hamiltonian, such as trans-
lation, reflection, etc. If the wave function is initialized in one of the
subspaces, it stays there during the time evolution and does not spread
to other subspaces. The Hamiltonian has a block-diagonal form, and
the properties of the eigenstates in each block can be different: some
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blocks may scale their size with the whole system and be integrable,
some may fulfill the ETH, while some may have a fixed small size
independent of the total Hilbert space size. Fragmented Hilbert space
can be spanned by both area-law and volume-law eigenstates. The
number of eigenstates which violates the ETH in the thermodynamic
limit determines whether we are dealing with strong Hilbert space
fragmentation (finite fraction of the Hilbert space size), or weak Hilbert
space fragmentation (measure zero set). Due to the presence of non-
trivial symmetries and overlapping symmetry sectors, level statistics
of such systems can be different from the Wigner-Dyson and Poisson
statistics [19, 33]. Sometimes the weak Hilbert space fragmentation is
considered as equivalent to quantum scarring [32, 34].
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MANY-BODY LOCALIZATION

2.1 INTRODUCTION

In the 1958 paper [35], P. W. Anderson showed that when non-
interacting quantum particles are placed in a static disordered medium’,
the particle transport is fully inhibited. This phenomenon is now called
Anderson localization (AL). The single-particle eigenstates of such a
system are exponentially localized in real space, |y (x)| o e~ ¥~%0l/¢ar,
where §41, is the localization length and x( determines the center of
mass. If a wavepacket is initially localized around a certain point, it
will not spread during the time evolution on the lengthscales larger
than the localization length {a1. AL is a general wave phenomenon
that, loosely speaking, happens due to destructive interference of the
waves scattering on the potential barriers due to disorder. For a review,
see Ref. [36].

A natural way to extend the Anderson model is to take interac-
tions into account. In the limit of weak interactions, the localization
is destroyed and the thermal eigenstates describe the system, see
e.g. Ref. [37]. It was quickly realized that to see a lack of thermaliza-
tion, one needs to set the strength of interactions to values comparable
to the disorder strength [38]. Isolated, interacting, and disordered
systems that do not thermalize on a sufficiently long timescale are
called many-body localized.

This Chapter aims to present and summarize Articles [1—3], provid-
ing new insights about the MBL in finite systems. Before we begin
with the Articles, we provide a definition of MBL in Sec. 2.1.1, and
in Sec. 2.1.2 introduce the drosophila model in the studies of MBL, the
disordered XXZ spin-1/2 chain. The status of the field of MBL, with
the main problems outlined in Sec. 2.1.3, have shaped the motivation
for the studies made in the Articles. Each Article is then commented
on in Secs. 2.2, 2.3, 2.4.

Precisely, Anderson considered an effective non-interacting description of strongly
interacting electrons moving in a disordered medium.
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2.1.1  Definition of many-body localization

The many-body localized phase is defined in the thermodynamic limit
(TL) through the long-time average of the expectation value of some
few-body physical operator O by requiring it to disagree with the
microcanonical expectation value,

lim lim 1 /to dt O(t) # Tr{pmcO}. (2.1)
L—ootg—oo tg Jo

The order of size L and time ¢t limits matters, and usually one first
takes a limit with time and then with size going to infinity. If one
studies the properties of the eigenstates for finite L, the limit of t — oo
is taken implicitly. In the time dynamics from a quench scenario, one
usually calculates the time evolution of some observable up to a long
time, then tries to fit a long-time behavior and performs a scaling to
an infinite system size. Finite systems, if they do not thermalize at
the longest relevant Heisenberg timescale given by the inverse energy
level spacing, are in the MBL regime rather than phase.

Alternatively, the MBL can be defined as a phase/regime with a
complete set of emergent local integrals of motion (LIOMs) [39, 40].
The eigenstates of any MBL Hamiltonian, due to low entanglement,
can be smoothly transformed into simple product states through the
action of a quasilocal unitary operator U. In the case of spin-1/2
Hamiltonians expressed in terms of Pauli operators o ¥, denoting
the aforementioned product state as an eigenstate of another set of

spin-1/2 operators 77, one can write
z __ z77t
T =Uo;U’, (2.2)

where 77 are the LIOMs. Unitary U is quasilocal, i.e., it can be
factored into a sequence of maximally n-site operators with decreasing

norms, U =11, .. LI(B) LI(Z) with the Frobenius operator norm

C L4142 i+
satisfying ||1 — Uf?il il < e7"/¢,and ¢ is interpreted as the LIOM
localization length. The full Hamiltonian transforms into
H= E]iTiZ + E]i]'TijZ + 2 ]i]'kTiZTjZT]? +..., (2.3)
i i<j i<j<k

with the couplings

]ij (¢4 6_‘i_j|/K, ]ijk X E_‘i_k‘/K, ey (24)
where « is a constant. Indeed, [77, H] = 0, and the system described by
LIOMs is integrable. Although a unitary U also exists in the ergodic

regime, it is not quasilocal.
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2.1.2 The disordered XXZ model

A paradigmatic model exhibiting the MBL behavior, studied by us, is
the spin-1/2 XXZ model defined by the following Hamiltonian:

L-1 L
Hxxz =] ) (ofof 1+ Uiyaf/ﬂ +AcFof ) + Y WioF,  (2.5)
i=1 i=1

where | = 1 sets the energy scale, A = 1 is the interaction amplitude, L
is the system size, and W; is a random variable uniformly distributed
in the interval [-W, W|. The Hamiltonian conserves the total mag-
netization of,; =} ; 07. In the following, we will always concentrate
on the largest oy, = 0 symmetry sector of dimension ( L?z)' Through
the Jordan-Wigner transformation [41], the model can be transformed
into an equivalent model of interacting spinless fermions hopping on
a lattice with random chemical potential on each site. For W = 0 the
model is integrable through the Bethe Ansatz [26]. Strong ergodicity
breaking in this model happens (at least for a finite system size) at a
sufficiently large disorder amplitude W, currently estimated at around
W, = 54 [42].

2.1.3 Status of MBL: major problems

For an illustration of the major difficulties in analyzing the ETH-MBL
transition in disordered XXZ and other models, we highlight a few
approaches in the following paragraphs.

ENERGY SPECTRA  Statistics of the mean energy level gap ratio,
Eq. (1.4), can reveal if the system exhibits chaotic or integrable behav-
ior. Figure 2.1a) shows 7 in the middle of the spectrum as a function of
disorder strength W for different system sizes. The curve transitions
from the GOE value for the weak disorder, 7gor =~ 0.53, to Poisson
statistics 7ps ~ 0.39 in the large disorder limit. However, upon in-
creasing the system size, the transition point steadily drifts towards
larger values of W. The departure of 7 from 7gog starts at Wr(L) o L
[44], and the crossing point for consecutive system sizes drifts as
W*(L) =~ W¢ + C/L, where C is a constant [17]. Extrapolation of the
latter trend to L — oo gives the critical disorder strength W ~ 5.4
[42], but a question on which, if any, of the two trends prevails in the
TL is not yet resolved [45].

EIGENSTATES Eigenstates of the Hamiltonian contain more infor-
mation than the energy spectrum. An insightful property used to
characterize the eigenstates is the von Neumann EE, see Eq. (1.6).
Figure 2.1b) shows the rescaled EE sg = Syn/Syn, rmT (data extracted
from Ref. [42]) and a crossover between the volume-law entangle-
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Figure 2.1: a) Values of the middle-spectrum average gap ratios 7 of the XXZ

model as a function of the disorder strength W. The crossing
point of the lines, as well as the disorder at which departure
from the GOE prediction is observed, drifts significantly with the
system size. b) Rescaled entanglement entropy sg = Syn/SrMmT
as a function of disorder strength: change from volume law for
weak disorder to area law for strong disorder. Inset: Transition
disorder strengths as a function of system size L, marking the
departure from the GOE prediction at WT(L) or the crossing
point at W*(L) (crossing point is shown also for the rescaled
entanglement entropy sg). Dashed line marks extrapolation to
L — oo. Numerical data for panels a), and b) was extracted from
[43]. The inset is adapted from [42] with permission.
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ment for the weak disorder (sg — 1), and the area-law entanglement
(sg — 0) for the large disorder. Significant drifts of the transition cross-
ing point disorder strength with system size make the extrapolation
to L — oo similarly ambiguous as for 7.

Over the past several years, many other works have tried to charac-
terize the eigenstates, see reviews [45—47]. These attempts include the
details of the eigenstate entanglement structure along the crossover
[48], trace distance between the eigenstates [49] as well as the reaction
to a small perturbation of the Hamiltonian measured through the
fidelity susceptibility [50]. Typically, there are similar problems with
an unambiguous extrapolation of the crossover disorder strength to
the critical disorder strength in the thermodynamic limit.

DYNAMIC QUANTITIES The MBL phase is defined as the lack of
thermalization of observables to microcanonical values during the
time evolution. Thus, studying the time dependence of observables in
disordered many-body systems is a natural setup for distinguishing
quantum ergodicity from MBL. Since performing time evolution for
a chosen initial state with methods such as Chebyshev kernel poly-
nomial expansion [51, 52] (see Appendix A for more details), Krylov
space time evolution [53, 54] or tensor networks algorithms [55-58]
is not as complex as solving a (more general) exact diagonalization
(ED) problem, larger system sizes than in ED are within reach, which
is particularly important as studies of MBL are concerned about the
limit of large system sizes.

A typical quantity employed in the studies of MBL, dating back to
the early experiments with ultracold fermions in an optical lattice [59],
is the correlation function

1 L=lo

C(t) = — ) (o7 (1) (0)), (2.6)

€0 =3,

where [y < L is set to eliminate the boundary effects, and ¢ is a
constant set by requiring C(0) = 1. The behavior of C(t) quanti-
fies the (auto)correlations between the initial projection of the z spin
components and their time-evolved values. For the Néel initial state
|p(0)) = {141 ...), the correlation function C(t) is also called the
imbalance”. If the imbalance stays close to 1, the system retains the
memory of the initial state and is regarded as many-body localized.
Extensive studies of the imbalance in the XXZ model [60] in systems
of size up to L = 200 and W = 8 have revealed a very slow power-law
decay as C(t) o t~F, where B ~ 1073, at least up to times t = 1500.

In the interacting spinless fermion picture of the XXZ model, the Néel state corre-
sponds to a density wave with every even site occupied by a fermion and every
odd site empty. In this case, the imbalance measures if the time evolution retains
the memory of the imbalanced initial state or leads to the redistribution of fermions
equally on even and odd sites.
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Figure 2.2: Due to a locally weak random disorder, an ergodic bubble (in
red) of size { < L (here ¢ = 3) can emerge in the system, which
happens with probability p, — 1 in the limit of large system
L — oo. The ergodic bubble can thermalize its surroundings
through interactions. In the quantum avalanche scenario of the
ever-expanding single bubble, the whole system is eventually
thermalized. Red lines mark strong two-body correlations within
the bubble.

Whether the slow decay continues until the largest physically rele-
vant Heisenberg timescale, exponential in the system size, remains
unknown. At larger disorder strength, the dynamics slow down even
more, with § « e~ [45], making the determination of whether the
system eventually thermalizes extremely challenging, if not impossi-
ble.

A detailed description of all other studies of time-dependent wave
function properties, including experimental works, goes beyond the
scope of this short note to the subject. Notable examples include
the investigation of the entanglement entropy [42, 61-66], inverse
participation ratio [67], spin transport properties [68—70], out-of-time-
ordered correlators [71, 72], survival probability [73], and operator
spreading [74]. Nevertheless, all of the studies are limited to either
small systems or finite times, denying a definite answer about the TL.

MODELING: QUANTUM AVALANCHES One can take an alternative
approach to the studies of eigenstates and dynamical properties re-
sulting from a given Hamiltonian and try modeling certain microscopic
physical mechanisms, assuming that they drive the transition. Pre-
dictions of these models can be then compared with the numerical
simulations for small systems and followed by a reasonable assump-
tion that the mechanism works universally across system sizes and
translates to the thermodynamic limit. So far, a few models that are
believed to describe the essential aspects of the ETH-MBL transition
have been proposed, see Ref. [45] for a recent overview. Articles [1, 2]
concentrate on one of them, the so-called quantum avalanche scenario
introduced by Ref. [75]. In this setting, thermalization is caused by
rare thermal regions, also known as ergodic bubbles or Griffiths regions
[76—79], that emerge due to accidentally low local disorder, see Fig. 2.2.
The ergodic bubble thermalizes its surroundings, leading to a larger
ergodic bubble with more potential for further thermalization. In a



2.1 INTRODUCTION

single realization of random disorder from the interval [—W, W], the
probability that at ¢ consecutive sites the absolute disorder value is
smaller than Wy, is p; = (Wg/W)’. Thus, the weak disorder re-
gions are exponentially rare with their size. On the other hand, in
the thermodynamic limit of L — oo, having at least one accidental
ergodic bubble of size at least ¢ (where ¢ < L is arbitrary) is a ran-
dom event that happens with probability arbitrarily close to 1. Given
that, studying the fate of the MBL region in the presence of ergodic
bubbles across the finite-size ETH-MBL crossover is very important
for understanding whether localization persists in the thermodynamic
limit. The avalanches have been studied numerically in small systems
[80-86]. The problem with the avalanche mechanism is that it remains
to be verified how well its idealized model corresponds to behaviors
in “real” systems - this is the topic partially covered by Articles [1,
2]. A formal description of the avalanche mechanism is presented in
Article [2].

We should mention that several alternative mechanisms driving the
MBL transition have been proposed. These include the study of the
many-body resonance mechanism [77, 87, 88] (with potential links to
the quantum avalanches [86]), and the analysis of the fate of strong
impurities from Ref. [89].

suMMARY Clear signs of emergent integrability have been detected
in finite systems, but the verification of whether the MBL survives to
the thermodynamic limit remains elusive. One possibility is to look at
the features of the energy levels and the eigenstates. This approach
is limited to small system sizes due to an exponential growth of the
Hilbert space dimension with the system size L, and extrapolation to
the thermodynamic limit is not supported by solid theoretical argu-
ments, yielding inconclusive results. Another possibility, allowing one
to reach larger system sizes, is to compute the time evolution of the
system in a quench scenario. Here, the problem with the exponential
slowdown of the dynamics with disorder amplitude makes the deter-
mination of even the existence of the ETH-MBL transition beyond the
reach of state-of-the-art numerics. Finally, one can model the MBL
transition by an idealized microscopic mechanism, the relevance of
which for real systems is not entirely understood.
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2.2 ARTICLE 1: DETECTING ERGODIC BUBBLES AT THE
CROSSOVER TO MANY-BODY LOCALIZATION USING NEURAL
NETWORKS

suMMARY Although the construction of the perturbative model
of quantum avalanches [75] can lead to interesting insights about
the MBL transition in an idealized setting, one still needs to verify
whether it accurately describes the dynamics of “real” many-body
systems such as the disordered XXZ model. In this Article we propose
a neural-network-based algorithm for the detection of ergodic bubbles
based on the time evolution of the two-body correlation functions.

Using Chebyshev’s polynomial kernel time evolution method, de-
scribed in Appendix A, we construct a dataset with the correlation
functions as a function of time and space for the initial Néel state and
the XXZ Hamiltonian with random and quasiperiodic disorder. We
train a neural network with an autoencoder architecture, to encode
and decode the time series with two-body correlations <Uf(t)(f]:z(t)) in
the ergodic regime of the model. In this way, the network learns the
universal properties of correlation function evolutions in the thermal-
izing system. Later, we use the neural network for the data across the
ETH-MBL crossover. By inspecting the error of the input reconstruc-
tion, we can identify spatiotemporal regions corresponding to ergodic
bubbles.

Our results confirm the relevance of rare Griffiths regions for the
quantum avalanche process. We study the distribution of ergodic
bubble sizes which changes from an exponential decay in the MBL
regime of the model to a power law in the critical regime, which is
compatible with the avalanche scenario of thermalization.

Additionally, we compare our results with a method from earlier
Ref. [48] for detecting entanglement clusters in quantum wave functions,
previously applied to eigenstates. Here, the algorithm is applied to
time-evolved states and yields result in qualitative agreement with
the ergodic bubble detection by neural networks, as outlined in the
Supplemental Material of [1]. Recently, Ref. [90] has studied a related
concept of correlation clusters, i. e.clusters of strongly correlated spins
on a graph with an adjacency matrix defined by pairwise connected
correlations. A comparison of both methods would be an interesting
subject of future work.

AUTHOR’S CONTRIBUTIONS T.S. performed all numerical calcula-
tions for system sizes L < 16, proposed, implemented, and tested the
neural networks for the ergodic bubble detection, reporting the results
and discussing them in the group. Numerical calculations for system
size L = 24 were supplied by P. S.. All figures (except Fig. 1 in [1],
prepared by K. K.) were produced by T. S., who also drafted the initial
version of the manuscript, and served as the corresponding author.
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Figure 2.3: Model of an engineered ergodic bubble studied in Article [2].
The strongly disordered subsystem A of length L4 is modeled by
LIOMs interacting with sites from a weakly disordered subsystem
B of size Lp. The approximately exponential decay of two-body
connected correlations of each spin with the bath (averaged over
the bath), defines the decay length ¢;(#). Lines denote the strength
of interactions between the spins in the LIOM and the bath,
falling off exponentially with the distance, with a red (white)
color corresponding to stronger (weaker) interactions. These
interactions can potentially lead to a decay of the LIOM with
time.

2.3 ARTICLE 2: CATCHING THERMAL AVALANCHES IN THE
DISORDERED XXZ MODEL

SUMMARY As mentioned in Sec. 2.1.3, although the ergodic bubbles
almost surely occur in disordered systems in the thermodynamic limit,
they are exponentially rare in finite systems. This severely complicates
the study of their influence on MBL, even using special ergodic bubble
detection methods such as that based on neural networks [1]. This
motivation has led us to the consideration of a disordered Heisenberg
spin chain model in which an ergodic bubble of size Lp is engineered as
a region with weak disorder Wp = 0.5 (deeply in the ergodic regime)
and placed at one end of the chain of length L4 and disorder W, see
Fig. 2.3. In this setting, the seed for an avalanche is present in each
disorder realization. One should note that the first propositions of
such investigations date back to Ref. [81] which looks at the system’s
eigenstates. Time evolutions were studied in Ref. [91] experimentally
implementing the Bose-Hubbard model with quasiperiodic onsite
disorder potential, and in Ref. [92] considering the XXZ chain with
periodically enabled and disabled coupling to an ergodic bubble.

We use the Chebyshev polynomial expansion of the time evolution
operator, Appendix A, to compute the time evolution of the initial
quantum state with the disordered XXZ Hamiltonian. During the sim-
ulation, we measure the imbalance C(t), Eq. (2.6), and the connected
two-body correlation function

(o7 () (1)) = (o7 (H)oy (£)) — (o7 (£)) (e} (1)) (27)
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and for each spin i we calculate the average correlation with the sites
in the ergodic bubble. In the MBL regime, at a fixed time t, the average
correlation decays approximately exponentially with the distance from
the interface, and a fitted decay length ¢;(¢) quantifies the distance
thermalized by the ergodic bubble.

Our analysis of ¢;(t) identifies conditions under which the system
does not thermalize even in the presence of the ergodic bubble. We pro-
vide analytical arguments that without an avalanche, the §;(f) < Int
growth will saturate at a time exponential in the ergodic bubble size.
The logarithmic in-time growth of ¢;(t) beyond this timescale, up
to the Heisenberg time, as well as faster-than-logarithmic growth,
are compatible with the scenario of quantum avalanches but do not
exclude other microscopic mechanisms responsible for thermaliza-
tion. Our interpretation corrects that from an earlier Ref. [91] which
erroneously attributes ¢;(f) « Int to the termination of avalanches.

The numerical results confirm the expectations based on the sim-
plified model of quantum avalanches but highlight the importance
of the choice of the initial state. Even deep in the MBL regime, the
growth ¢;(t) o Int continues until the largest timescales if the evolu-
tion starts in the Néel state. If the evolution starts from a fine-tuned
state: product of eigenstate in the considered spin chain and Néel state
in the ergodic bubble, we see the termination of avalanches at expected
timescales. However, extraction of the critical disorder strength from
the analysis of §;(t) in finite-size systems poses a challenge because
it is not clear how one should go to the TL with both lengthscales
L4, Lg. We further show that the LIOM localization length ¢ can be
extracted from the dynamics of ¢;(t), and analyze the influence of the
bath properties on the thermalization process, demonstrating that the
ergodic bubble governed by a GOE Hamiltonian faithfully reproduces
results of a weak disorder ergodic bubble. We also investigate the
behavior of correlations within the bubble when it is in contact with an
MBL system. Finally, we show that the kicked XXZ model of Ref. [92]
has a positive bias towards thermalization not observed in our model.

AUTHOR’S CONTRIBUTIONS T.S. performed all numerical calcu-
lations and data analysis, reporting the results and discussing them
in the group. All figures were produced by T. S., who also drafted
the initial version of the manuscript and served as the corresponding
author in the journal submission.

Derivation of the independence of the decay rate, Tj in the Article
[2], on the bubble size (hence, correction of the error from an earlier
Ref. [91]) is a contribution from P. S..



2.4 ARTICLE 3 33

a) Q)
W)Y (t)) | Ci(t) — czgt\)
[e—th ] e—iHLt] [e—ngt]
\ ™\

1(0)) L
sasaush saprus

Figure 2.4: Three ways of measuring the transfer of quantum information in
a many-body quantum system. Time goes from bottom to top.
a) Loschmidt echo is the fidelity between the state time-evolved
with the Hamiltonian H and a weakly perturbed H’. b) Out-of-
time ordered correlator checks whether the order of applying two
operators (B at time t = 0 and A at time ) changes the resulting
state. c) Correlation function difference from Article [3] gives
spatial information about the change of autocorrelation function
in a system with L spins when the last L — ¢ spins are removed.
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2.4 ARTICLE 3! TRACKING LOCALITY IN THE TIME EVOLUTION
OF DISORDERED SYSTEMS

SUMMARY Various probes have been proposed to describe the static
and dynamic properties of quantum chaos (or a lack of it) in interact-
ing quantum models, see Sec. 2.1. In particular, understanding and
quantifying how quantum information spreads in the system is an
important part of the studies of quantum chaos and ergodicity break-
ing. Examples of such probes include the Loschmidt echo [93, 94],
see Fig. 2.4a), the out-of-time ordered correlator (OTOC) [71, 72, 95—
98], see Fig. 2.4b), spin echo and double electron-electron resonances
(DEER) [99], entanglement entropy [91], quantum mutual information
[48, 100], and Holevo information [101, 102].

In Article [3] we propose a scheme for measuring the spread of
quantum information with spatiotemporal resolution using the values
of single-body correlation functions C;(t) = (o7 (t)c7(0)). We com-
pare the time evolution of this object for the same site but in two
systems of size L (denoted as C;(t)) and ¢ < L (denoted as c;(t)), see
Fig. 2.4¢c). The correlation function difference (CFD) can be traced back
to information transfer from the extra sites attached to the system. In
this way, in comparison to OTOCs from Fig. 2.4b): (i) we eliminate
the need for the reversal of time evolution, (ii) we employ only a
single-body operator. Thus, our probe is potentially more accessible
experimentally. Our approach is similar to the Loschmidt echo but
gives us additionally the spatial resolution, while the Loschmidt echo
deals only with a global quantity — the fidelity of two states’.

As future work, one could modify the Loschmidt echo from Fig. 2.4a) and instead
of calculating the overlap of two quantum states, calculate the fidelity between two
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Using the CFD, we characterize three different regimes of the disor-
dered XXZ model: ergodic, MBL, and AL. We uncover and eliminate
technical problems in the interpretation of the CFD that arise due to
the overall decrease of the correlation function oscillation amplitude
in an interacting system. In the ergodic regime, we find that the CFD
quickly grows due to the non-locality of the dynamics and identify
a power law relation between the time and space for a fixed value
of the CFD, with an exponent suggesting a superdiffusive spread of
quantum information captured by the CFD. In the AL regime, we
observe an information lightcone, with the spread of the CFD slowing
down exponentially with the distance from the removed site. In the
MBL regime, a similar trend is observed. A slow growth in time of
the characteristic length scale that describes the exponential decay of
the CFD is identified in the MBL regime.

AUTHOR’S CONTRIBUTIONS T.S. performed all numerical calcula-
tions, except the tensor network time evolution, and the data analysis,
reporting the results and discussing them in the group. All figures
were produced by T. S., who also drafted the initial version of the
manuscript.

reduced density matrices of subsystem composed just of a single site. This would
add spatial resolution to the Loschmidt echo.



QUANTUM MANY-BODY SCARS

3.1 INTRODUCTION

In 2017, an experiment with a quantum simulator based on 51 Rydberg
atoms in a one-dimensional lattice revealed an unexpected dynamical
behavior [103]. For specific, simple initial states the system showed
oscillations of the wave function return probability at long times,
while for generic initial states the system quickly relaxed to a thermal
ensemble, which is a signature of ergodicity. This was intriguing
as the effective Hamiltonian describing the system did not possess
any straightforward conservation laws other than energy, eliminating
integrability as a possible explanation of this effect. Localization
phenomena were also ruled out due to dependence on the initial state,
as well as the lack of any external disorder.

Soon later, the lattice with Rydberg atoms was modeled by an
effective, idealized "PXP” model [31], which we describe in Sec. 3.2.
Ergodicity breaking was traced back to the presence of a small number
of special, ETH-violating eigenstates in the highly excited part of the
spectrum, submerged in an otherwise thermal sea of eigenstates [31,
104]. It was found that the system violates the ETH weakly, i. e., the
non-thermal eigenstates comprise a vanishing fraction of the whole
Hilbert space. Oscillatory revivals of the system originate from the fact
that these eigenstates have low entanglement entropy, an increased
fidelity with the simple initial state, and are approximately equally
spaced in energy.

The special eigenstates are called quantum many-body scars. It is now
understood that scarring is connected with the decomposition of the
Hilbert space into two sectors

H =~ Hscar @ chermal/ (31)

where Hgear is the scarred subspace, and Hinermal is the subspace
spanned by thermal eigenvectors of the Hamiltonian. These subspaces
are approximately, or sometimes exactly, decoupled from each other
in the sense that when the time evolution of the system starts in one
subspace, the probability density stays there for a long time.

35



36

QUANTUM MANY-BODY SCARS

The scarring phenomenon has been discovered in plenty of other
interacting quantum models and several practical uses in quantum
technologies have been found. Early Ref. [105] uses scars to pre-
pare Schrodinger cat states in the Rydberg atom array. The special
entanglement properties of the QMBS can be utilized for entanglement-
enhanced metrology [106—-108]. Robustness of scars against disorder
can be potentially used in near-term quantum devices as a resource
for quantum hardware calibration [109]. Refs. [110, 111] use scars
embedded in the spectrum of the Floquet time evolution operator of a
driven PXP model to construct period-doubling discrete time crystals
[112]. For an extensive summary on the subject of QMBS, the reader
is referred to recent reviews in Refs. [113-115].

This Chapter aims to present and summarize the Article [4]. In
Sec. 3.2 we shortly discuss the PXP model and the problem we want
to solve. Section 3.3 is a commentary on Article [4].

3.2 THE PXP MODEL

Let us come back to the experiment with an array of Rydberg atoms
[103]. A Rydberg atom can be effectively viewed as a two-level sys-
tem, i.e., spin-1/2, where one projection of the spin, in this context
usually denoted as |o), corresponds to a groundstate of the Rydberg
atom, while the other projection |e) to the highly excited (principal
quantum number of order n ~ O(50)) Rydberg state. In presence
of the microwave field, the atom performs Rabi oscillations between
these two levels. Let us notice that a highly excited atom has a large
dipole moment because the electron spends most of time far from the
nucleus. When two Rydberg atoms are put together, they interact via
the van der Waals dipole-dipole interactions, strongly dependent on
the distance r between the atoms as « 1/, If the atoms are close
enough, the energy penalty of the van der Waals interaction prohibits
the situation in which both atoms are excited |...ee...). This phe-
nomenon is called a Rydberg blockade [116-118] and constitutes an
effective constraint on the dynamics of the array of Rydberg atoms in
a lattice with period smaller than the Rydberg blockade radius: an
atom cannot transition to an excited state if any of its neighbors is in
the excited state.

The effective model of a perfect Rydberg blockade is called the PXP
model and is defined by the following Hamiltonian:

L
Hpxp = ) _ P10 Pii1, (3-2)
i=1

where we assume periodic boundary conditions (P41 = Py, Py = Pr).
Projectors P; = (1 —07)/2 = |o); (o|; ensure that no two neighbor-
ing spins can be both in the |e) state at the same time: states like
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|...ee...) are annihilated by the Hamiltonian and thus excluded
from the Hilbert space. Without the projectors, the Hamiltonian given
by Eqg. (3.2) would correspond to simple Rabi oscillations of individ-
ual spins with the operator ¢ = [o); (|, 4 |0); (e|;, but the Rydberg
blockade makes the model interacting.

Simulations of the PXP model have confirmed the experimental
results: when the system is initialized in a simple initial product
state |Z,) = |[oeoe...), i e. acharge density wave with period 2, it
performs long-time revivals of the wave function and local observ-
ables [31, 104]. Other initial states such as period-3 density wave
|Z3) = |ooeocoe...)show similar revivals with different frequency,
whereas other “simple” states such as period-4 density wave |Z4) or
no excitations |[oooo...) thermalize. Inspection of the eigenstates
of the PXP Hamiltonian in Fig. 3.1 reveals that there is a number
of special eigenstates, approximately equally spaced in energy, with
an increased overlap with the initial state |Z,) (similarly for |Z3)
- plot not shown), as well as the low entanglement entropy. These
eigenstates form families living in the corresponding subspaces of the
Hilbert space and manifestly violate the ETH prediction. However,
one can see that the entanglement entropy for some other states is
also low and a certain regular structure is visible, but no families
are identified. In Article [4] we aim to characterize this part of the
spectrum.

3.3 ARTICLE 4: "UNSUPERVISED DETECTION OF DECOUPLED
SUBSPACES: MANY-BODY SCARS AND BEYOND”

suMMARY The von Neumann entanglement entropy of the PXP
Hamiltonian (3.2) shows a rich structure in the low-entanglement
part. Although the two simplest scar families can be traced back
to have a large overlap with the |Z,) and |Z3) “parent” states, the
question whether other eigenstates also form families (clusters) of
scars with a common “parent” state, remained open. The problem is
complicated by the fact that the eigenvectors are mutually orthogonal
to each other so standard similarity measures from linear algebra,
such as the inner product, surely fail. Article [4] introduces a new
paradigm in the automatic detection of clusters of eigenvectors from
the same subspace of the Hilbert space based on an unsupervised
quantum-inspired machine learning algorithm.

The main idea relies on using the quantum variational autoen-
coder (QVAE) circuit, Fig. 3.2, as a measure of similarity between the
eigenvectors of a given Hamiltonian presumably hosting families of
quantum scars or the fragmented Hilbert space. The purpose of the
QVAE is to “compress” the input quantum state on N qubits onto
a smaller number of N — Ni,qn qubits. The remaining Ni,sp “trash”
qubits are supposed to be always in the same product state and all
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Figure 3.1: a) Fidelity of the |Z,) state with the eigenstates of the PXP model
for system size L = 24, restricted to the zero momentum and
inversion-symmetric symmetry sector. There is a small number
of special eigenstates with a large overlap, approximately equally
spaced in energy. Colors denote the density of states, with yellow
(purple) corresponding to large (small) density. In a similar way,
eigenstates corresponding to the Z3 family can be identified. b)
Von Neumann bipartite entanglement entropy calculated for the
same eigenstates. Scars corresponding to the Z, and Z3 families
show anomalously low entropy. However, there are more low
entropy states, characterization of which is our goal.
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Figure 3.2: Schematic representation of a quantum variational autoencoder.
Horizontal lines correspond to qubits. The input state |¢) is
transformed by a parametrized unitary operator U(6). The trans-
formation is variationally optimized so that the resulting state
is |@) ® [o)“Nuash  where Nigaqh is @ number of so-called “trash
qubits”, which do not carry any information about the input state,
and latent representation |¢) is defined on a smaller number of
qubits than [i). In contrast to the neural network autoencoder,
the encoder U(#) automatically provides a decoder U (). Dur-
ing decoding, the state of the trash qubits on the encoder output
is disregarded and a new product state is prepared.

information about the input is supposed to be transferred to the other
qubits. Such a situation is achieved after variational optimization
of the circuit parameters on a training dataset to minimize the cost
function quantifying the independence of the trash qubits on the input.
In our case, the trash qubits are supposed to always be in the product
state \o>®N*mSh, so the cost function is the number of “e” measured on
trash qubits. Successful training of the QVAE relies on the assumption
that the training dataset consists of states with low entanglement [119].

We have found suitable circuit hyperparameters for the PXP model
by testing the scar family detection on the known Z, and Z3 scar
families. In order to reach relatively large system sizes of N = 24, we
have restricted the unitary gates of the circuit to be compatible with
the constraints of the PXP model Hilbert space. We then proceeded
to analyze the rest of the low-entanglement part of the spectrum.
As a result, we have identified five new families of scars and their
characteristic features.

In order to show that our algorithm is not limited only to a specific
PXP model, we also considered the spin ladder model with exactly
decoupled subspaces from Ref. [120]. The QVAE algorithm allowed
us to successfully identify hidden symmetries in the Hilbert space.

RELATED WORKS There were other attempts at detecting scars with
the use of machine learning and other algorithms. Refs. [121, 122]
concentrate on identifying single-particle scars with ML on classical,
image-like data. Working with many-body models, a recent work [123]
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proposes multidimensional scaling (of which the principal component
analysis is a special case) to detect whether an initial state corresponds
to scarring dynamics or not based on spin configurations stochastically
probed during time evolution. In a series of works, Moudgalya et
al. [124—-127] introduce the concept of commutant algebras to find
invariant subspaces in the Hilbert space with numerical and analytical
tools. Ref. [49] discusses an alternative similarity measure for eigen-
states based on trace distances between the reduced density matrices,
potentially also useful for detecting hidden symmetries. Ref. [128]
proposes an algorithm for finding local conservation laws in models
with Hilbert space fragmentation and MBL.

The algorithm proposed by us is limited by the need of the exact
diagonalization (ED), required to propose candidates for the scarred
eigenstates, which are then processed by the QVAE. For Hilbert spaces
of dimension beyond ~ 10°, ED becomes infeasible. After the publica-
tion of our paper, there were at least two attempts to obtain scarred
eigenstates in the spectra of large systems beyond ED. Both are based
on low entanglement of the scarred eigenstates. Ref. [129] uses the
density matrix renormalization group algorithm for matrix product
states with a small bond dimension to find scar eigenstates in the
highly excited part of the spectrum. Ref. [119] does essentially the
same for shallow quantum circuits. Both works show that our algo-
rithm could potentially be used in the future for larger systems than
attainable with the ED.
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CONCLUSIONS

In a series of Articles [1—-4] we make a step forward in understanding
ergodicity breaking phenomena in quantum many-body systems and
provide novel numerical tools for their analysis.

Two of our studies of MBL concentrate on modeling the breakdown
of localization through quantum avalanches. To check the relevance
of this mechanism in the disordered XXZ model, in Article [1] we pro-
pose an algorithm based on neural networks that can detect ergodic
bubbles in the time evolutions of two-body correlation functions in
the disordered XXZ spin chain. We find qualitative and quantitative
differences between the average bubble size growth in time and the
bubble size distribution in the MBL, critical, and ergodic regimes.
Overall, these results are consistent with previous claims that quan-
tum avalanches can be responsible for destroying localization [75]. It
is also worth noting that results obtained with neural networks are in
qualitative agreement with an algorithm based on quantum mutual in-
formation for identifying entanglement clusters [48] but because of the
use of simple correlation functions require much less computational
and experimental resources. This constitutes an excellent example of
how to avoid extensive quantum calculations and delegate a difficult
quantum data analysis problem to a deep learning model. It should be
pointed out that it would be very interesting to compare the ergodic
bubbles detected by the neural network with the correlation clusters
from later Ref. [90], constructed on similar data but using graph theory
to find correlated “communities” of lattice sites.

In the follow-up Article [2], instead of looking for accidental ergodic
bubbles, we plant an ergodic bubble in the system for every disorder
realization at one end of the chain. We employ connected two-body
correlations of spins with the bubble to investigate how far the bubble
spreads from the initial setting depending on the disorder strength.
Our central result is the demonstration that avalanche suppression in
the MBL regime is not as easy to observe as it was previously claimed
in Ref. [91], i.e,, an unbounded growth of the volume thermalized
by the bubble proportional to Int shall be interpreted as a highly
non-perturbative avalanche spreading process. We also discover that
the initial state plays a significant role for the fate of an avalanche in
the considered model. We highlight the technical difficulties in data
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analysis for non-self-averaging quantities, such as the investigated
correlation decay rate, which is a warning for all future numerical
works on MBL in the disordered XXZ model. Furthermore, our
results are compared with those of Ref. [92], studying the XXZ model
with a weakly disordered bath connected periodically. We find a
fundamental difference in the system’s behavior — the time-dependent
model has a natural tendency towards thermalization. Thus, Ref. [92]
may be misinterpreting thermalization coming from the driving with
that coming from the avalanches due to the bath. It would be very
interesting to check if the same applies to other Floquet models with
the ETH-MBL transition, such as the disordered kicked Ising model
from Ref. [130]. The setup with a planted ergodic bubble considered
by us is quite general and not restricted only to the disordered XXZ
model. Our work, by providing the tested numerical analysis tools
and their exhaustive characterization, opens new pathways in the
study of thermalization caused by ergodic inclusions for various other
Hamiltonians.

The Article [3] introduces a novel method of measuring the propaga-
tion of quantum information in many-body systems using single-body
autocorrelation functions. The autocorrelation is computed at a certain
moment in time in a system of size L and its smaller copy of size ¢ < L.
The correlation function difference (CFD) informs whether the pres-
ence of additional sites affects the local measurement, which is a proxy
for measuring the transfer of quantum information. Benchmarking
this probe in the different regimes of the disordered XXZ model, we
unravel and solve technical difficulties for potential future users. By
working only with simple, experimentally accessible observables, the
CFD becomes a feasible tool for investigations of quantum many-body
dynamics. In particular, our method does not require the reversal of
time necessary for OTOC, and provides the spatial resolution unlike
the Loschmidt echo. As a future work, it would be interesting to find
further links between the CFD and some other quantum information
propagation probes, and apply the CFD to other quantum models.

In the Article [4], we propose a quantum many-body scar clusteriza-
tion algorithm based on an unsupervised quantum machine learning
platform. As a key result, we show that a quantum variational autoen-
coder can be trained to serve as a similarity measure between the PXP
Hamiltonian eigenstates and identify known and new families of scars.
The proposed algorithm can be used for other quantum models as we
highlight by applying the QVAE to the disordered spin-1/2 ladder.
For other models, the suspicion that hidden symmetries are embedded
in the Hilbert space may come from unconventional level statistics
[19]. Nevertheless, the requirement for a practical trainability of the
chosen circuit architecture is the weak, area-law entanglement, which
eliminates the algorithm’s applicability to a large class of models with
volume-law entangled eigenstates. Concerning future work, it would
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be interesting to find links between the mathematical framework of
commutant algebras [124-127] for detecting hidden symmetries, and
the QVAE clustering. One could as well try applying the trace dis-
tance between the eigenstates [49] to investigate families of scars in
the PXP model. Newly developed methods for scarred excited state
calculations with tensor networks [129] and quantum circuits [119]
may allow for applying our algorithm to much larger systems in the
future.
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EXACT TIME EVOLUTION BASED ON THE
CHEBYSHEV POLYNOMIAL EXPANSION

Let us consider the problem of numerically solving the Schrodinger
equation (SE)

dly) _

where the Hamiltonian H does not depend on time. Formally, the
solution is given by

(1) = U [p0)),  U(t) =e . (A.2)

The matrix exponent in Eq. (A.2) can be easily computed for any time
t if the Hamiltonian is in the diagonal form after exact diagonalization.
The ED has a O(D?) computational cost and O(D?) memory cost for
keeping the resulting eigenstates. Storing only the time-evolved wave-
function | (t)) at a time instant t would bear a significantly smaller
memory cost of O(D). Thus, it is memory-efficient to propagate the
state |(0)) in many timesteps At up to time ¢, each time applying the
unitary operator, |(T + At)) = U(At) |¢(T)).

i

The simplest scheme to propagate Eq. (A.1) by a timestep At is to
expand the operator U(At) into a Taylor series

U(At) ~1—iHAt+.... (A.3)

In a typical many-body problem, excluding all-to-all interacting mod-
els, the Hamiltonian matrix is sparse in the computational basis, and
this can be utilized to efficiently compute the action of the Hamil-
tonian matrix on the state vector with the numerical cost of O(dD)
where d is the average number of non-zero elements of the matrix in
a row. However, a numerical time evolution based on this expansion
is unstable because it does not preserve the time-reversal symme-
try of the SE. Although Eq. (A.3) can be symmetrized to restore the
time-reversal symmetry and preserve the norm and energy of the
state, the timestep At must be very small in order to limit the error of
the Taylor expansion, making the scheme impractical for long time
evolutions [51]. The problem boils down to finding the polynomial
approximation of U(t) in terms of H. It has been shown [51] that the
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lowest approximation error is achieved using the expansion based on
the Chebyshev polynomials’

k=1

N
lﬂm)%em“(bwAﬂ+2ZX4Vth0HGﬂ>, (A4)

where 4 = (Emax — Emin)/2, b = (Emax + Emin) /2, and Enin(Emax) i
the minimal (maximal) eigenvalue of the Hamiltonian H. The rescaled
Hamiltonian is H = (H — b)/a, and Ji(t) is the Bessel function of the
first kind of order k,

2 m—li—;cn—l—l) <2>2m+k' (A.5)

where I'(z) is the gamma function. The Chebyshev polynomials of the
first kind T,,(x) are defined on the interval [—1, 1] by

T, (x) = cos(n arccos x), (A.6)

satisfy the orthogonality relation with respect to the inner product

A.
0.9 = [ st (A7)
and can be computed using the recurrence relation
To(x) = 1, (A.8)
Ti(x) = x,
Tui1(x) = 2xTyu(x) — T-1(x).

The order of expansion N is determined numerically so that the
resulting approximate operator preserves the norm of the state vector
it acts upon up to a desired accuracy. The extremal values of the
energy Emin, Emax are computed using the Lanczos algorithm [131].

1 We adopt the notation from Ref. [45].
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The transition between ergodic and many-body localized (MBL) phases is expected to occur via an avalanche
mechanism, in which ergodic bubbles that arise due to local fluctuations in system properties thermalize their
surroundings leading to delocalization of the system, unless the disorder is sufficiently strong to stop this
process. We propose an algorithm based on neural networks that allows us to detect the ergodic bubbles using
experimentally measurable two-site correlation functions. Investigating the time evolution of the system, we
observe a logarithmic in time growth of the ergodic bubbles in the MBL regime. The distribution of the size
of ergodic bubbles converges during time evolution to an exponentially decaying distribution in the MBL
regime, and a power-law distribution with a thermal peak in the critical regime, supporting thus the scenario
of delocalization through the avalanche mechanism. Our algorithm permits us to pinpoint the quantitative
differences in the time evolution of systems with random and quasiperiodic potentials, as well as to identify
rare (Griffiths) events. Our results open different pathways in studies of the mechanisms of thermalization of

disordered many-body systems and beyond.

DOI: 10.1103/PhysRevB.104..140202

Introduction. Many-body localization (MBL) [1,2] is
a phenomenon that prevents strongly disordered quantum
many-body systems from reaching thermal equilibrium [3-5].
In this dynamical phase, the transport is suppressed [6] due
to the presence of a complete set of local integrals of mo-
tion [7-10] that account also for the logarithmic growth of
entanglement entropy in time evolution [11-13], or the area-
law entanglement of the eigenstates (for recent reviews, see
Refs. [14,15]). While the properties of the MBL phase are
considerably well understood, its stability in the thermody-
namic limit has recently been vividly debated [16-21], and it
may depend on various system specific properties [22].

The delocalization of MBL was proposed to occur via an
“avalanche” mechanism [23,24]. In this approach, small er-
godic regions (“ergodic bubbles”) immersed among insulating
blocks delocalize their surroundings and grow at the expense
of the localized regions. If the disorder is not sufficiently
strong to stop this process, the system becomes delocalized.
The avalanche mechanism was soon incorporated into the real
space renormalization group approaches [25-28] that suggest
the transition to MBL is of the Kosterlitz-Thouless type.
This conclusion is supported by a structure of entanglement
clusters in the eigenstates of a system at the MBL transition
identified in Ref. [29] with the help of quantum mutual infor-
mation [30]. A related concept of the “entanglement length”
was introduced in Ref. [31].
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The signatures of MBL have been observed experimen-
tally in setups of ultracold atoms [32-35], ions [36], or
superconducting qubits [37-39]. Most of the experiments
investigated the time evolution of the initial product states
probing correlations between the initial and time-evolved
occupations of lattice sites. Strong correlations persist-
ing in the long time limit of time evolution indicate the
memory of the initial state and the onset of MBL [40].
Recent experiments [41-43] were able to directly measure
the density correlations between various lattice sites, hence
opening up new directions in investigations of quantum
dynamics.

The aim of this Letter is to propose a scheme to detect and
study the dynamics of the ergodic bubbles at the crossover
to MBL relying on the two-site correlation functions that are
directly measurable in experiments. In this way our study
parallels recent attempts to understand the delocalization of
the dynamics via the avalanche mechanism and many-body
resonances scenario [44-46]. To achieve our goal we employ
recurrent neural networks (RNNSs) that are tailored to time-
dependent data and have achieved unprecedented success in
natural language processing tasks in recent years [47-49].
Our scheme allows us to identify the ergodic bubbles, i.e.,
the regions of the system, where the dynamics is ergodic, and
to study their time evolution. We pinpoint the mechanism of
delocalization of the MBL phase by probing the distribution of
the ergodic bubbles. Comparing various types of disorder, we
detect rare Griffiths regions [S0-54] and discuss their impact
on delocalization of the MBL phase.

©2021 American Physical Society
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The models. From now on we concentrate on the random-
field Heisenberg model with the Hamiltonian

L
H=7) 58w+ ) WS M

i=1 i=1

where S; are spin-1/2 operators, J = 1 is fixed as the energy
unit, and periodic boundary conditions are assumed. Setting
W; to be independent random variables uniformly distributed
in the interval [—W, W], we obtain the model with random
disorder, widely studied in the context of MBL [55—65]. Esti-
mates of the critical disorder strength vary between WXP ~
4 [66,67] and WRP > 5 [31,68,69]. We consider also the
quasiperiodic potential W; = W cos(2z¢i + ¢), where ¢ €
[0, 2] is a random phase, W characterizes the strength of the
potential, and the golden ratio ¢ = (v/5 — 1)/2 is used. The
transition to the MBL phase for that ¢ value occurs at WCQP A
2.5 [70-73]. The random potential features rare regions in
which disorder may be anomalously weak or strong. There
are no such fluctuations in the quasiperiodic case. Hence, the
MBL transition may be qualitatively different in the two cases
[74].

In what follows we use RNNs to analyze the approach to
thermal equilibrium in the course of the time evolution of
system (1). The neural networks have been applied to studies
of properties of eigenstates of disordered quantum many-body
systems [75-78] or in investigations of gross features of their
time dynamics [79-81].

Ergodic bubble detection. We define a set of neighboring
spins to be an ergodic bubble (or cluster) if the local observ-
ables associated with them have properties characteristic to an
ergodic/thermal phase. In particular, the observables undergo
fluctuations in the course of time evolution and this feature
may be used for their direct detection. Nevertheless, providing
a well-defined criterion for distinguishing the ergodic from the
nonergodic evolutions remains a nontrivial task. In this sec-
tion we propose an algorithm employing neural networks that
learns how the ergodic evolutions “look like,” and later assigns
the time evolutions of experimentally accessible observables
to an ergodic or nonergodic class.

At the core of our framework is the anomaly detection
scheme [82] (similar techniques were recently used for map-
ping out phase diagrams of the quantum many-body systems
[83-85]). Precisely speaking, we consider a neural network
of an autoencoder architecture, whose goal is to spot the
characteristic features of the input data, “compress” it into
a latent representation (the encoder network), and, from
there, to accurately reproduce the original input (the decoder
network)—compare Fig. 1. The autoencoder is trained on the
normal data until it efficiently reproduces them, and then eval-
uated on a data set consisting of normal and anomalous data to
identify the anomalous data based on the high reconstruction
loss. In our case, the normal data correspond to the time
series of observables in the ergodic regime at weak disorder,
as opposed to the nonergodic evolutions for large disorder,
regarded as the anomalous data.

Specifically, as input data we use the two-site correlation
functions G; 4(t) = (S;(#)S;, ;(1)). Let us define a collection
of these correlations x;(¢) that is supposed to characterize

time t

FIG. 1. Neural network architecture: A snapshot x;(t) of two-
point correlation functions is input to the multichannel time series
autoencoder. The object x;(¢) is processed by two consecutive LSTM
layers in the encoder. The LSTMs additionally receive (pass) a hid-
den state from (to) the previous (next) time step, thus creating a
time order. The decoder is simply composed of three dense (fully
connected) layers. The network outputs the time series X;(¢) that
reconstructs the input signal x;(¢).

site i at time t. It consists of correlation functions C; 4()
corresponding to dp neighbors of site i, sampled across n,
discrete points in time,

xi(t) ={Ciat +nADY gy = _4y. .. —11. ... dy» 2)

where, in our implementation, we take At = 0.5, dy = 2, and
n, = 32. The four-channel time series of length 32 starting
at time ¢, x;(¢), constitutes a single input to the neural net-
work. Having a trained autoencoder network we can perform
an anomaly detection by measuring the reconstruction loss
Li(t) = ||X;(t) — x;(t)]|, where || - || is the Euclidean norm (see
Fig. 2). In order to classify a site i at time ¢, one needs to set a
loss cutoff parameter /. In our algorithm, the thermal bubble
is defined as a set of adjacent sites which satisfy [; < Ioy,
that is, for which the network succeeds in reconstructing the
temporal evolution of observables with loss no larger than /.
Thus, we have a quantitative tool to detect the ergodic clusters

16

00 100 102 108
t t

10° 10! 10? 10°

FIG. 2. Neural network loss—a measure of nonergodicity in the
system. In the ergodic regime W = 1.5, the nonergodic (high loss)
regions quickly disappear; they persist in the MBL phase at W =
5.5. Both evolutions were calculated for the same uniform disorder
realization but with a different amplitude. Insets show the two-site
correlations (input of the NN, solid lines), Eq. (2), and the NN output
(dashed lines). The NN learned to reconstruct ergodic evolutions per-
fectly (left inset). It performs significantly worse on the nonergodic
data (right inset) it has not encountered during training, as expected
in the anomaly detection scheme.
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FIG. 3. (a) The average size n,, of the ergodic bubbles as a
function of the loss cutoff /., at time t = 20 (dashed lines) and
t = 1980 (solid lines) for random disorder. The ergodic (W = 1.5),
critical (W = 4.5), and MBL (W = 7.0) regimes differ qualitatively
by the dependence of n,, on ., and by the amount the bubbles grow
in time. (b) Logarithmic in time growth of the average bubble size
for I, = 0.15 and several disorder strengths W. Inset: See text.

and to differentiate them from sites at which the anomaly is
detected and the dynamics is not ergodic.

Among many neural network architectures, particularly
well suited for multichannel time series processing, are RNN's
that naturally utilize the temporal order by recursively includ-
ing the data from previously processed time steps. In our
case, the encoder part of the network consists of a special
type of RNN with two layers of long short-term memory
(LSTM) architecture [86] with 64 and 32 units (see Fig. 1).
As a decoder we use three dense time-distributed layers of
dimension 128 and 64 and 32. The training data set consists
of time evolutions from ¢t = 100 to t+ = 2000 corresponding to
100 realizations of uniformly distributed disorder of strength
W €{0.1,0.2, ..., 0.5} for system size L = 16. For a detailed
comparison with the networks trained on larger values of dis-
order, as well as on the quasiperiodic distribution of disorder,
see the Supplemental Material [87]. We stop the training after
a certain value 1.7 x 1073 of the validation loss is achieved.

Dynamics of ergodic bubbles. We denote the average in a
given state as (-),, and average over 2400 disorder realizations
as (-)w . To control the risk that a single neural network model
accidentally learns a random feature of the data which another
model does not, we independently train 30 models on the same
data and denote the average over them as (-)y. All error bars
in the following plots correspond to one standard deviation
in this averaging. We will consider the distributions of the
number of spins # in an ergodic bubble, as well as the average
size of ergodic bubbles n,, = ({(n)y)w)n. If there are no er-
godic bubbles in a time-evolved state | ), we manually define
(n)y = 0. Initially, the spins are fully uncorrelated and the
initial state is chosen to be a Néel state |v) = [P 11 -+ ).
The time evolution with Hamiltonian (1) is calculated numer-
ically by means of a kernel polynomial method [88-90] for a
system consisting of L = 24 spins.

We start our studies of the MBL transition by checking how
the average size of ergodic bubbles depends on the cutoff
[see Fig. 3(a)]. In the ergodic regime the increase of n,, with
lcqt 1s much sharper than for the critical and MBL regimes
which signifies that our algorithm indeed detects the prevalent

ergodicity in the system. Moreover, comparing the results for
t =20 and ¢t = 1980, we observe that the number of ergodic
regions increase in the course of the evolution, but the growth
is much smaller in the MBL than in the ergodic and critical
regimes. We may now choose a “reasonable” value of the
cutoff /., = 0.15, for which, at W = 1.5, the neural network
treats almost the entire chain as a large thermal bubble and in
the critical regime it finds a mixture of ergodic bubbles and
nonergodic regions.

In Fig. 3(b) we present the bubble dynamics for the chosen
value of cutoff [, = 0.15 and different disorder strengths.
Due to a limited temporal resolution of our classification
scheme [the time window in which the snapshot x;(¢) of two-
site correlation functions has a length of n, Ar = 16], in the
initial stage of the evolution we detect ergodic clusters of
nonvanishing size. In the course of time evolution the ergodic
bubbles thermalize their surroundings and, consequently, the
average size of the ergodic bubbles grows with time. Our
results indicate that the growth of the bubbles is logarithmic
in time.

The inset of Fig. 3(b) shows the logarithmic growth rates c,
fitted from n,, (t) = « logt + C for different loss cutoffs /., =
0.1, 0.15, 0.2 (from top to bottom, open markers), considered
as a function of W. They are surprisingly well compatible with
the similar logarithmic growth rates of the bipartite von Neu-
mann entanglement entropy S(A) = Tr4(p.41n p4), where
o4 is the reduced density matrix of subsystem .4 consisting
of spins indexed by i =1...L/2 (bottom, solid markers).
That is, in both cases, a(W) = Cexp(—pBW), where B =
(0.55 £ 0.05) while C is different for entropy and clusters for
dimensional reasons. Importantly, this conclusion holds for
arbitrary cutoff /., € [0.1, 0.2], indicating that our algorithm
serves also as an indirect qualitative measure of the entan-
glement entropy. The decrease of the growth rate of ergodic
bubbles with disorder strength W is consistent with the expo-
nential slowdown of dynamics [18,91] with increasing W at
the crossover to MBL regime.

The qualitative correspondence between the growth of er-
godic bubbles and spreading of the entanglement in the system
can be explained by a simple argument. Let us assume that
the chain contains an ergodic cluster of length n. If the cut
that separates the subsystem .4 from its surroundings does not
split the cluster, the contribution from this realization to the
average entropy is relatively small. However, if the cut splits
the cluster, the contribution will be much larger because A
contains spins strongly entangled with the rest of the ergodic
bubble. According to the volume law of entanglement, this
contribution will be proportional to the number of cluster
sites included in A which is proportional to n,,. Therefore,
we may conclude that S is proportional to n,,. Moreover,
we are convinced that the network detects strongly entangled
parts of the system without the need to directly quantify the
entanglement.

Distribution of ergodic bubbles. Further insights into MBL
transition are obtained from an analysis of the distributions
of the ergodic bubble size n. In Fig. 4(a) we present such
distributions for random disorder, in the initial stage ¢ = 20,
and after a long evolution time ¢ = 1980. In both cases, in
the MBL regime (W = 7), the distribution decays exponen-
tially as exp(—ny ), consistently with an intuitive expectation
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FIG. 4. Histograms of the bubble sizes n at time r = 20 (open
markers) and r = 1980 (solid markers), at a cutoff level /., = 0.15
and (a) uniform and (b) quasiperiodic distributions of disorder, 2400
realizations.

that ergodic bubbles correspond to rare events in which the
disorder is anomalously weak on n neighboring lattices sites.
Indeed, if p < 1 is the probability to have the weak disor-
der on a certain site, the probability to find n such sites is
p' = e"'°¢P_ In the vicinity of the critical regime (W = 4),
the ergodic bubbles are distributed, at + = 1980, according
to a heavy-tailed distribution, the determination of which is
a hard problem given the data change by less than one or-
der of magnitude. There emerges a thermal peak at n ~ L.
Indications of a heavy-tailed distribution of the power-law
type n~# and the presence of a thermal peak in the critical
regime were observed in renormalization group schemes [92]
as well as in exact diagonalization studies [93]. Exactly at
the transition one expects the exponent 8 governing the de-
cay of ergodic clusters to be equal to 2 [27]. The smaller
value of B for W = 4 suggests that system becomes ergodic
in the thermodynamic limit at this disorder strength. Here,
B =2 is obtained around W = 5.3. While pinpointing ex-
actly the transition point would require much larger system
sizes and evolution times, our results support the picture of
the MBL transition occurring via rare avalanches [23]. Fi-
nally, on the ergodic side of the crossover (W =2.5) we
observe the abundance of dominant thermal clusters of size
n ~ L. During the time evolution from ¢ = 20 to t = 1980,
the number of large ergodic bubbles grow in time at the
expense of the smaller ones. This process eventually leads
to delocalization of the whole system. The transition from an
exponential to a heavy-tailed distribution in Fig. 4, with the
values of § for W = 3.5-7.0, is presented in the Supplemental
Material [87].

The situation is qualitatively similar for the system with
a quasiperiodic potential as shown in Fig. 4(b). In the MBL
regime (W = 4) the probability to detect an ergodic bubble of
size n is exponentially small in n. This suggests a presence
of a similar rare event mechanism as in the case of random
disorder. Such a mechanism, in the absence of fluctuations
in the quasiperiodic potential, might be associated with rare
configurations of the state of the system [94]. In the critical
regime (W = 2.5), we find that the bubble size is distributed
according to a power law n~22, although there are no traces
of the thermal peak at n ~ L. This suggests that delocalization
in a quasiperiodic system occurs, similarly to the random
case, via an avalanche mechanism [95]. Finally, in the ergodic

< <o =
~ > o)

probability density

<
o

<
=)

T 6 8 10
(Wi — Wi

0 2 1 6
S(L/2) at t = 2000
FIG. 5. Properties of 2400 realizations of uniform disorder W =
5.5 (solid black line), including those 74 for which very large clusters
n > L — 1 = 23 were detected in the course of evolution from ¢t = 0
tot = 1980 by a single neural network model (dashed pink line).

regime (W = 1.5), the broad distribution of ergodic bubbles at
small time t+ = 20 quickly evolves into a single thermal peak
at n ~ L. The small variance of the size of ergodic bubbles
both in ergodic and thermal regimes suggests that the MBL
transition in quasiperiodic systems is more stable than in the
random case [96].

Griffiths regions. For the random disorder, even at W =
5.5, our algorithm detects ergodic bubbles of size n > L —
1 (see the Supplemental Material [87] for a corresponding
plot similar to Fig. 2). Figure 5 shows a comparison of
the properties of all disorder realizations with the properties
of those anomalous realizations. Exceptionally large bipar-
tite entanglement entropy S(A) and strongly resonant values
of disorder distinguish these anomalous realizations from
the background. This shows that our algorithm detects rare
Griffiths events that arise due to fluctuations in the random
disorder. For a quasiperiodic potential the atypically large
bubbles were not detected at all if the cutoffs ., were set
at the same level. Even if we tune the cutoffs so that the
number of detected anomalous realizations is comparable to
the uniform disorder case, their features are not distinctive (for
details, see the Supplemental Material [87]).

Summary. We proposed an algorithm based on neural net-
works, which allows us to detect and study the dynamics
of ergodic bubbles in disordered many-body systems—the
subject intensively discussed recently [44—46]. The algorithm
learns itself the features of ergodic time evolution and em-
ploys the anomaly detection scheme to identify lattice sites, at
which the evolution is nonergodic. Detected ergodic bubbles
grow logarithmically in time in the MBL regime, which indi-
cates that our algorithm captures the features of entanglement
in the system without quantifying it directly. The distribu-
tions of the size of ergodic bubble, exponential in the MBL
regime and heavy tailed with a thermal peak in the critical
regime, support the avalanche scenario of delocalization of
the MBL phase. Those results are in qualitative agreement
with the results obtained when the algorithm of Ref. [29]
is used to identify entanglement clusters in the state of the
system during time evolution, as we show in the Supplemen-
tal Material [87]. The approach of Ref. [29] relies on the
quantum mutual information of numerous subsystems that is
very hard to measure in practice. In contrast, our approach
employs only two-site correlation functions readily accessible
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in present-day experiments. Hence, our algorithm allows for a
quantitative investigation of the mechanisms of thermalization
at the MBL transition, not only in the numerics, but also in the
experimental setup.
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ERGODIC BUBBLE SIZE HISTOGRAMS

In FIG. S1 we show how the ergodic bubble size dis-
tribution changes from a heavy-tailed decay (here we as-
sume a power-law Cn~%) with a thermal peak in the criti-
cal regime W = 4, into an exponential decay C exp(—mn-y)
when W = 7 in the many-body localized phase. All fits
are performed on n = 3...22 to minimize the influence
of the thermal peak on the fit, and averaged over 10 inde-
pendently trained neural networks with the correspond-
ing error bars representing the standard deviation of this
averaging. We extract the fitted parameters and present
them in FIGs. S1(d),(e). We notice that on the MBL side
~ increases with an increasing disorder strength. More-
over, it is expected [1] that at the critical point 8 = 2
and our results range from 8 = 0.62(14) at W = 3.5 to
B8 =3.20(26) at W = 7.0, with 8 =2 around W = 5.3.

In FIG. S2 we provide an example of an anomalous re-
alization/Griffiths event, detected by the neural network.
An initially strongly non-ergodic regions thermalizes af-
ter some time due to the interaction with its ergodic sur-
roundings.

ALTERNATIVE CLUSTERING ALGORITHM
BASED ON QUANTUM MUTUAL
INFORMATION

In this part of the Supplemental material we compare
our neural network-based algorithm with a scheme intro-
duced in [2] that detects so-called entanglement clusters.
We start with a short revision of this algorithm, point
out important differences between entanglement- and er-
godic clusters, and then apply this method to the time
evolving quantum states, obtaining results in qualitative
agreement with our neural network approach.

The input to the entanglement clustering algorithm is
the many-body wave function |¢). After the clusteriza-
tion procedure, entanglement clusters should contain in-
dices of spins strongly entangled with each other and, at
the same time, weakly entangled between separate clus-
ters. The clusters are constructed starting from the whole
system and subdividing it recursively into two parts A, B

containing n 4, ng sites each, at every step minimizing
the normalized quantum mutual information (QMI) of
the splitting,

S(A) + S(B) — S(AU B)

min(n4,ng)

0 <i(A,B) =

<2In2, (S1)

where the von Neumann entropy of subsystem A reads

S(A) =Tra(palnpa), (52)

p4 is its reduced density matrix, and periodic bound-
ary conditions are assumed. The number of all such
possible bipartitions to choose from grows exponentially
with the system size. To make the problem numerically
tractable, only a certain class, the continuous biparti-
tions, are left as candidates for the splitting. (“Continu-
ous” means that the splitting does not introduce holes in
a single cluster. For example, a cluster consisting of sites
{1,2,3,4,5,6} can be divided into {1,2,5,6} and {3,4}
but not into {1,3,5,6} and {2,4}. However, holes in the
clusters may occur due to periodic boundary conditions
assumed at each step, e.g. splitting {1,2,5,6} can result
in {1,6} and {2,5}.) Splitting is performed recursively
until the cluster size is equal to 1 and the final representa-
tion of the wave function forms a binary tree. Each node
of the tree contains indices of the lattice sites, as well as
the QMI of the minimal bipartition i. Then, the user
chooses a certain cutoff of the quantum mutual informa-
tion iy and traverses the tree starting at the root. If
the current node contains at least two sites and i < icyg,
one goes down to the node’s two children. In the oppo-
site case, i > .y, the list of sites at the current node
is considered an entanglement cluster. A list of all such
clusters is the final output of the clustering algorithm at
the QMI cutoff level icyy.

There is an important difference in the sense of entan-
glement and ergodic clusters: every site must be a mem-
ber of one and only one entanglement cluster whereas
it doesn’t necessarily have to be assigned to an ergodic
cluster; the observables associated with single spins from
an entanglement cluster may show either ergodic- or non-
ergodic kind of dynamics. This means that the QMI clus-
tering algorithm detects a somewhat different family of
clusters than the neural network. On the other hand, it is
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FIG. S1. Transition from an exponential to a power-law decay of ergodic bubble size n distributions for loss cutoff l¢, = 0.15
and system size L = 24. (a): Bubble size histograms at large time ¢ = 1980. Exponential fit C'exp(—n<y) (dashed line) deviates
from the W = 4.0 datapoints and agrees very well with those for W = 7.0.(b): same as (a) but with power-law fits Cn ="
(notice the logarithmic horizontal scale). Here, the fit describes datapoints at W = 4.0 better than for W = 7.0. All fits were
performed between n = 3 and n = 20 only. (c): Measure of the fit quality R? = 1 — RSS/TSS, where RSS,TSS — residual
and total sum of squares, for exponential and power-law fits like in (a) and (b) but for more disorder strengths. Power-law fits
the data better in the critical regime W < 4.5. On the MBL side, W Z 4.5, the exponential decay has a lower relative error.
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FIG. S2. Neural network loss for an anomalous W = 5.5
disorder realization, detected at the cutoff level ..t = 0.15,
system size L = 16. We notice the disappearance of the large
loss (non-ergodic) region due to thermalization by its envi-
ronment.

known that if at least a few spins are strongly entangled,
their observables will converge towards thermal values
and thermal evolutions, thus large entanglement clusters
become equivalent to ergodic clusters. It is, however, not
meaningful to compare very small ergodic clusters (n = 1
or 2) with similarly small entanglement clusters. Addi-
tionally, in our approach, a time series of spin correlations
is needed to clusterize the system, whereas in the QMI
case the clusters can be defined at time ¢ based on the
entanglement properties of the instantaneous wave func-
tion |¢(t)). Furthermore, entanglement clusters can have
holes (see the discussion in the preceding paragraph), and
NN clusters cannot, but, as argued in ref. [2], QMI clus-
ters with holes amount to less than 5-10% of all clusters
in a typical scenario. For a summary of this paragraph
see TABLE 1.

So far, the QMI clustering procedure has been applied

Gcut t

FIG. S3. a) Average size of entanglement clusters n,y, at time
instants ¢ = 20 (dashed lines) and ¢ = 1900 (solid lines) for
different QMI cutoffs icys and random disorder strengths W,
system size L = 16. b) Average cluster size growth in time
for cutoff icyy = 0.5.

Entanglement clusters
n>1

doini=1L
defined for |¢(¢))

Ergodic clusters
n>0
>ini <L
defined for {¢(t),...,|v¥(t + nAt))}

TABLE 1. Comparison of some properties of entanglement
clusters and ergodic clusters.

only to the middle-spectrum eigenstates of the disordered
Heisenberg Hamiltonian [2]. Here, we extend those stud-
ies to characterize the cluster growth in time and com-
pare the results with the neural network clustering. The
system size is limited to L = 16 due computationally
expensive entanglement entropy calculations. As in the
Letter, we denote the averaging of the cluster size over a
single state as (.), and over disorder realizations as {.)y .
In FIG. S3a) we present the average entanglement clus-
ter size nay = ((n)y)w for different cutoff values ey at
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FIG. S4. Histograms of the entanglement cluster sizes n de-
tected at the QMI cutoff level ic,r = 0.4 by the QMI clustering
algorithm close to the start of the evolution ¢t = 20 (empty
markers) and after a long time ¢ = 1900 (filled markers) for
2500 disorder realizations with system size L = 16.

time £ = 20 and ¢ = 1900. We confirm that, similarly to
the NN case, the transitions with cutoff are qualitatively
different in the ergodic, critical and MBL regimes and
that the clusters grow regardless of the cutoff. Next, we
select an intermediate value of the cutoff ic,y = 0.5, in
FIG. S3b) we analyze the average cluster size evolution
in time and, like for neural networks, observe a logarith-
mic growth n,,(t) = alogt + C in the MBL phase. We
find no relation between the growth rates a of entan-
glement entropy and entanglement clusters because the
latter strongly depend on the chosen threshold I.,t.

In FIG. S4 we plot the histograms of entanglement
cluster sizes in the ergodic, critical and MBL regime for
uniform and quasiperiodic disorder. In the ergodic case,
we notice the disappearance of initially large number of
small clusters and the appearance of the power-law dis-
tribution p(n) ~ n~* with a peak for large clusters domi-
nating the distribution after a long time evolution. In the
critical regime, after the evolution, we detect a mixture
of all cluster sizes. This is in agreement with the main re-
sult from the study of eigenstates [2], namely that at the
critical point small entanglement clusters are entangled
together to form larger clusters — choosing a constant cut-
off we are able to observe clusters of nearly all sizes. In
contrast, in the localized phase, the clusters become small
and independent of each other, with the cluster distribu-
tion described by p(n) ~ exp(—n~y) without the thermal
peak. All qualitative conclusions about the properties of
the cluster distributions are thus in agreement with the
NN results presented in the Letter. A one order of mag-
nitude difference in the number of the smallest clusters
is connected with the different meanings of ergodic and
entanglement clusters, as described in the previous para-
graph — between the two methods one can only compare
the properties of the largest clusters.

Griffiths regions We can verify whether the anoma-
lously large clusters, at large disorders, detected by the
QMI clustering algorithm, have the same properties as
the Griffiths events [3-7] found by the neural network.

aom. events (NN) 0.25 i
amom. events (QMI) .

—
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FIG. S5. Anomalous realizations for uniform (first row) and
quasiperiodic (second row) disorder for system size L = 16.
At the same values of cutoffs as in the uniform disorder case,
no anomalous realizations are detected at all. If the cutoffs
are tuned t0 icur = 0.33, lcur = 0.09 (presented here) to obtain
a similar number of anomalous realizations as in FIG. 5 from
the Letter, these realizations are not as clearly distinguishable
from the background as in the uniform disorder case (maybe
except for a fraction of the high-entropy states detected by
QMI).

In FIG. S5 we plot histograms similar to FIG. 5 from the
Letter, except the system size is now L = 16 (this does
not change NN results qualitatively). FIGs. S5(a),(b)
clearly show, that for the uniform disorder W = 5.5, the
anomalous events detected by both methods at the cutoff
levels lcyy = 0.15, icyy = 0.50 have nearly the same dis-
tributions of entanglement entropies and resonant disor-
ders. Applying both methods to the quasiperiodic disor-
der with amplitude W = 4.0 (FIG. S5), we do not detect
any anomalous realizations at the same cutoff levels. If
we tune the cutoffs so that finding a large cluster is more
probable (lcuy = 0.25, icuy = 0.20), a comparable num-
ber of anomalous disorder realizations is detected, but
their features are not distinct from the background, ex-
cept slightly larger entropies found by the entanglement
clustering method. This difference is not surprising be-
cause entropy properties are the object based on which
the entanglement clusters are built.
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FIG. S6. Comparison of ergodic bubble size distributions ob-
tained using neural networks trained on different input data
(see TABLE 1II) at loss cutoff lcut = 0.15 in the L = 16 sys-
tem.
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FIG. S7. Bubble size histograms for the model trained on
W = 0.1—1.0. For the same value of the loss cutoff lcut = 0.15
as for the model trained on W = 0.1 — 0.5 presented in the
Letter we obtain a histogram with more large bubbles, even
for W = 7.0. (b) By tuning the cutoff down to 0.04 we can
recover the same qualitative histogram as in FIG. 4a in the
Letter. Here, L = 24.

NEURAL NETWORK TRAINING

In the Letter we present results obtained using a net-
work trained on evolutions corresponding to uniform dis-
order in the range W = 0.1 —-0.5 and time ¢ = 100—2000,
which we assume to be all ergodic. To perform a consis-
tency check and verify how the input data affects the
model performance, we also train models on larger val-
ues of disorder up to W = 1.0, as well as on quasiperiodic
disorder of the same amplitudes.

Specifically, the training dataset consists of 100 re-
alizations of disorder from the set called "w”: W €
{0.1,0.2,...0.5} or "W”: W € {0.1,0.2,...1.0}. We
train separately on disorders coming from the uniform
(models called "U-w”, "U-W”) and quasiperiodic ("Q-
w”, "Q-W”) distributions, as shown in TABLE II. We
stop the training after a certain value 1.7 - 1072 of the
validation loss is achieved. Validation data corresponds
to 40 disorder realizations that the network does not use

to tune the weights but only to terminate the training
when the desired level of loss is achieved.
model name‘dist. of disorder‘values of disorder

"U-w” uniform {0.1,0.2,...0.5}
"U-W” uniform {0.1,0.2,...1.0}
7 Q-w” quasiperiodic | {0.1,0.2,...0.5}
7Q-W” quasiperiodic | {0.1,0.2,...1.0}

TABLE II. Distributions and values of disorder used for train-
ing four classes of neural network models. At each value of
disorder, time series of its 100 random realizations were used
as input. From each model class, 10 neural networks were
trained independently on the same data.

In FIG. S6 we present cluster size histograms similar
to FIG. 4 from the Letter but for all considered models
and only at the end of the evolution ¢ = 1900 and L =
16. We observe that all networks except “U-W?” give
consistent results. We suspect that this is due to the fact
that in the “U-W” training scenario the timescale of the
full thermalization of the system is longer than ¢ = 100.

In FIG. S7 we further evaluate the “U-W” networks
for L = 24. They show a similar behavior as for L = 16
- under the same loss cutoff, they detect large bubbles
even at W = 7.0 (FIG. S7(a)). However, we find out that
upon decreasing the threshold, the histograms from FIG.
4(a) in the Letter can be qualitatively recovered. This
means that if one allows for a change in the threshold,
the training procedure is robust with respect to the input
training data.

It is important to note that the neural networks are
trained on the L = 16 data only. They can later be ap-
plied to any system size L which is a strong advantage of
the method. It is possible because the two-site correla-
tions the network uses as an input are local observables
characterizing a single site and not the whole system of
length L.
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We study the XXZ model with a random magnetic field in contact with a weakly disordered spin chain,
acting as a finite thermal bath. We revise Fermi’s golden rule description of the interaction between the
thermal bath and the XXZ spin chain, contrasting it with a nonperturbative quantum avalanche scenario for
the thermalization of the system. We employ two-point correlation functions to define the extent &; of the
thermalized region next to the bath. Unbounded growth of &, proportional to the logarithm of time or faster
is a signature of an avalanche. Such a behavior signifies the thermalization of the system, as we confirm
numerically for a generic initial state in the ergodic and critical regimes of the XXZ spin chain. In the
many-body localized regime, a clear termination of avalanches is observed for specifically prepared initial
states and, surprisingly, is not visible for generic initial product states. Additionally, we extract the localization
length of the local integrals of motion and show that a bath made out of a weakly disordered XXZ chain
has a similar effect on the system as a bath modeled by a Hamiltonian from a Gaussian orthogonal ensem-
ble of random matrices. We also comment on the result of the earlier study [Phys. Rev. B 108, L020201
(2023)], arguing that the observed thermalization is due to external driving of the system and does not occur
in the autonomous model. Our work reveals experimentally accessible signatures of quantum avalanches and

identifies conditions under which termination of the avalanches may be observed.

DOI: 10.1103/PhysRevB.109.134202

I. INTRODUCTION

The ergodic hypothesis of Boltzmann [1] stipulates that all
microstates of a many-body system are equiprobable over a
sufficiently long period of time. Such an equilibrium state can
be described within the framework of statistical mechanics
with several macroscopic variables. The eigenstate thermal-
ization hypothesis (ETH) [2-5] describes the equilibrium of
isolated quantum many-body systems, warranting that, after
the thermalization process is complete, local observables, in-
cluding their higher order correlation functions, are described
by appropriate ensembles of statistical mechanics [6—10].

While the applicability of the ETH has been confirmed
for a wide range of quantum many-body systems, see, e.g.,
Refs. [11-16], a phenomenon of many-body localization
(MBL) [17-21] has been proposed as a general mechanism
that prevents many-body systems from reaching the thermal
equilibrium in the presence of a strong disorder. Numerical
results for spin-1/2 XXZ chains [22,23], bosonic models
[24-27], or systems of spinful fermions [28-31] indicate
a rapid slow-down of dynamics with increasing disorder
strength [32-35], as confirmed experimentally in setups of
ultracold atoms [36—41], ions [42], or superconducting qubits
[43—46]. Early studies interpreted this behavior as a stable
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MBL phase [47-49]. In such a dynamical phase of matter,
the information about details of the initial state of the system
is kept indefinitely in the values of local integrals of motion
(LIOMs) [50-56]. At the same time, the transport is sup-
pressed [57], and the entanglement spreads slowly [58—60].
However, it has recently become apparent that the numerical
evidence about the dramatic slow down of the dynamics with
increasing disorder strength [61-64], and the related proper-
ties of highly excited eigenstates [65—72], do not necessarily
imply an existence of a stable MBL phase and could be rather
interpreted in terms of an MBL regime [73-75], in which the
thermalization occurs only at enormous time scales and only
for sufficiently large system size [76,77].

The question of the existence of a stable MBL phase is
actively pursued, and the answer may be model-dependent
as suggested by recent numerical studies [76,78,79]. One
approach to tackle this question, fundamental for our un-
derstanding of nonequilibrium many-body physics, is to
investigate a mechanism that underlies the slow thermaliza-
tion of a strongly disordered many-body system. Spatially
uncorrelated disorder, assumed in the standard models of
MBL, necessarily leads to the emergence of Griffiths re-
gions, where the disorder is locally weaker. The Griffiths
regions play an essential role in the physics of quantum phase
transitions [80] and affect the slow dynamics of disordered
many-body systems [81-84]. The significance of Griffiths re-
gions was further highlighted when an avalanche mechanism

©2024 American Physical Society
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FIG. 1. (a) Scheme of our setup: two spin-1/2 XXZ chains
of sizes L,, Lp, governed by Hamiltonians H,, Hp, with differ-
ent amplitudes of random disorder, connected at the interface by
H,g. (b) Sketch of the signatures of quantum avalanches obtained
in Sec. II for the model from (a). First-order perturbative scheme
predicts the growth of thermalized region as oc In(t) up to t ~ 258
when the system starts to feel the discreteness of the bath spectrum
(blue curve). In the avalanche scenario, the bath continually increases
its size and the logarithmic growth continues until the Heisenberg
time 7y (red curve) or speeds up (green curve).

for MBL transition was proposed [85]. The avalanche mecha-
nism assumes that the Griffiths regions of anomalously small
disorder become ergodic bubbles, and describes, under cer-
tain simplifying assumptions, how the ergodic bubbles grow
by thermalizing their surroundings. The simplified model of
avalanche spreading is itself an interesting model of ergod-
icity breaking [77,86—89], and constitutes the basis of various
phenomenological approaches to MBL [90-93]. Nevertheless,
understanding the relevance of the avalanche mechanism for
the dynamics of disordered many-body systems [94-99] and
how to model the spread of avalanches [75,100-102] remain
the major challenges in the field of MBL.

In this work, to study the fate of such ergodic bubbles in a
controlled setting, we follow the approach of [103-105] and
divide the lattice into subsystems A and B with different dis-
order strengths Wy and Wy < Wj. The subsystem A plays the
role of an MBL system, while the subsystem B is the ergodic
bubble, see Fig. 1(a). By monitoring the growth of correlations
between the bath B and the MBL system A, we investigate
how the bath influences the dynamics of the subsystem A, and
whether it induces its thermalization. Quantitative analysis of
the correlations between the subsystems allows us to pin-point
the onset of the propagation of avalanches that destabilize
the MBL system. We distinguish three different types of be-
havior of the system, presented in Fig. 1(b). If the evolution
starts from a generic initial state, the system thermalizes in
the ergodic and critical regime and the quantum avalanches
spread faster than o In(z). For the same initial state, but in
the MBL regime, we still observe a nontrivial increase of the
thermalization distance &;(¢) o In(z). The latter behavior is
an artifact of the initial state. Considering a product state of

a highly excited eigenstate of subsystem A and arbitrary state
in subsystem B as the initial state, we demonstrate that in the
MBL regime the growth of &,(¢) terminates at a time set by
the bath size signifying the halt of spreading of avalanches.

The rest of this paper is structured as follows. In Sec. II, we
outline a general picture of the possible scenarios for interac-
tion of an ergodic bath with an MBL system. Subsequently,
in Sec. III, we present the disordered spin-1/2 XXZ model
and describe the correlation functions that allow us to inves-
tigate the propagation of avalanches, followed by numerically
extracted signatures of avalanche propagation in our setup.
In Sec. IV, we discuss a situation when the Hamiltonian of
the subsystem B is replaced by a GOE random matrix, study
the sensitivity to the disorder strength in the bath, and discuss
the influence of the subsystem A on the dynamics of the bath
B. Finally, in Sec. V, we show that periodic turning on and off
of the coupling between subsystems A and B leads to much
stronger tendency towards delocalization in comparison to the
case of the time independent coupling.

II. ERGODIC BUBBLES IN MBL SYSTEM

Typically, MBL is studied in systems with uncorrelated
on-site disorder, with values drawn from a uniform distribu-
tion on an interval [—W, W]. The probability that a stretch
of £ consecutive sites, denoted as subsystem B, experiences a
weaker disorder Wy < W is exponentially small in £ and equal
to p; = (Wg/W)‘. However, the probability of finding an er-
godic bubble, i.e., a thermal subsystem with weak disorder
strength W of any finite size ¢, tends to unity with increasing
system size L. Such a subsystem B plays a role of a thermal
bath for the neighboring spins. The fate of this bath, and its
influence on the dynamics of the surrounding spins are of vital
importance for the stability of MBL in the system.

We consider a 1D disordered spin chain described by
spin-1/2 operators .§i = ()?i, ?i, Zi) onsitesi =1,...,L, and
model the situation of interest by the following Hamiltonian:

H = Hy + Hp + Hyg, (D

where H, describes a generic MBL subsystem A, Hp is the
Hamiltonian of the ergodic bubble, identified here as the sub-
system B and Hyp is the coupling between the subsystems A
and B.

The density of states of the thermal subsystem is, at the
leading order, given by pp ~ 2%. Since the subsystem B is
ergodic, the matrix elements of a local operator O; localized
around site i in B, in the eigenbasis of Hp, Hg|Y¥,) = E,|¥,),
are given by the ETH ansatz [2,3,5,106]

(Yl Oil ) = OE)Sum + p5 * fo(E )Rms (2)

where E = (E,, + E,)/2, o = E, — E,, is the energy differ-

ence, R, 1s a random variable of zero mean and unit variance,
1

and the factor p, ? encodes the thermodynamic entropy for
the eigenstates in the middle of the spectrum of Hg [107].
Importantly, O(E) and fo(E, w) are both smooth functions
of their arguments.

The MBL Hamiltonian H, can be expressed in terms of
the set of LIOM operators, {z/},i =1, ..., Ly [49]. Each of
the LIOMs can be expanded in the microscopic spin operators
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where ¢ is the overlap of fj with Z;, and Aﬁ") is an operator
acting nontrivially only at sites j —n, ..., J,..., j +n. The
coefficients of longer-range operators decay as a ~ enlE
[51]. This decay defines the characteristic lengthscale & and is
a crucial property that determines the phenomenology of the
MBL systems by ensuring the quasilocality of LIOMs.

The bath-MBL coupling Hyp involves microscopic spin
operators supported at the interface between the subsystems
A and B. Due to the exponential decay of LIOMs (3), this

coupling can rewritten as Hyp = Zf"z H ;Q with

HJ) = (Ve 017 +He), @)

where O; acts on the degrees of freedom of the ergodic sub-
system B, and r = |i — j| is the distance between the LIOM
and the bath. To write (4), we have neglected all subleading
terms involving higher order products of LIOM operators and
we have kept only the local operator O;. These assumptions
are sufficient for the qualitative analysis of the leading terms
dictating the influence of the bath on the MBL system.

Let us assume that at time ¢t = 0, we prepare the system in
the state

|pin) = [T1...Tj ... T1,) ® |Yn) (&)

with a fixed configuration of LIOMs, t; =%, |, and with the
ergodic bath initialized in the eigenstate |1,) with energy E,,.!

The initial state of the MBL subsystem A may slowly
thermalize due to the coupling Hsp to the ergodic bath B.
In the following, we analyze two extreme scenarios for time
evolution of the system. First, we assume that the ergodic bath
remains unaltered during the time evolution, and employ the
first order of perturbation theory to estimate the decay rate of
the LIOM configuration [108]. We contrast this perturbative
scenario with the nonperturbative avalanche mechanism [85]
which assumes that the thermalized spins become members
of the ergodic bubble, increasing the potential of the bath to
thermalize the subsequent degrees of freedom.

1. Perturbative coupling to a static bath

Let us estimate the time scale for thermalization of the
LIOM ¢%; at site j. To that end, from the bath-MBL interac-

tion we keep only the coupling term H fg"; , and note that, in
the first order perturbation theory, the initial state |¢i,) (5)

'The eigenstate of the bath |/,) is chosen as the initial state for
simplicity. Due to the ergodicity of the bath, product states in real
space become superpositions of eigenstates |1,) with structureless
coefficients, leading to qualitatively the same behavior. In contrast,
the assumption of an initial state being an eigenstate in the subsystem
A is of crucial importance, see Sec. III C.

is coupled to

|pin) = |71 ... Tj ... 7,) @ V), (6)

where T is the opposite spin to 7; and [,,) is an eigenstate
of the bath with m # n. The probability that the LIOM %;
remains in its initial eigenstate t; falls down exponentially in
time with a decay rate given by the Fermi golden rule [108],

T; ~ |75, (7

where the matrix element 7; = (¢ |H ;g |¢in) can be rewritten
with the help of the ETH ansatz (2), giving rise to

I, ~ V22, ®)

where we have neglected the energy dependence of the spec-
tral function fp and of the density of states. We note that the
rate I'; is independent of the bath size Lp since the density

1
of states pp in (7) is canceled by the square of pg? from
(2). Moreover, (8) is valid only on timescales shorter than
Pg ! At larger times, the discreteness of the spectrum of Hp
is resolved, and transitions from the state |¢y,) occur only
in the rare cases of matching between the energies of |¢i,),
|@gin). Therefore LIOM at site j is thermalized at timescale
tj ~1/T'j oc €*/% increasing exponentially with the distance
r from the bath, provided that 7; < pg !, In other words, the
distance &; of penetration of the ergodic bath B into the MBL
subsystem A will grow in time as &; o Int, and then will sat-
urate at a time proportional to 252, Therefore the MBL in the
subsystem A remains stable in this scenario. Indeed, the dif-
ference of energies of the states |¢i,), |@fn) 1S, at minimum (in
a typical case), proportional to pg ! Hence, the first order per-
turbation theory correction to the state |¢;,) is of the order of

Tor
himl ~ 11 ~ ¢l /E)r7 )
Pp
i.e., it is vanishing exponentially with the increasing distance
r from the bath.

2. Avalanche mechanism

The above description assumes that the events of thermal-
ization of subsequent LIOMs are taking place independently,
and that the thermalized LIOMs do not influence the dynamics
of the system at the later stages of the process. In the follow-
ing, we analyze the consequences of an opposite assumption.

Let us now consider thermalization of the LIOM 7, closest
to the bath. Equation (8) implies that the probability remaining
in the eigenstate 77, of the LIOM is significantly below unity
after time f;, o< e?/5. According to the avalanche mechanism
[85], once the state of the LIOM 7, has relaxed, the spin
at site j = L, becomes a member of the ergodic bath, and,
consequently the density of states the new bath B’ is increased
by afactor of 2, pp = 2pp. After r iterations of such a process,
the density of the states of the enlarged bath is pp = 2" pp.
We consider a state |t;...77,—,) ® |¢,), where |¢,) is an
eigenstate of the enlarged bath comprised of Lg + r spins, and
calculate the first order perturbation theory correction to this
state due to the coupling Hyp, which leads us to

~ e((ln2)/2—1/~’§)f. (10)
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In contrast to the perturbative expression for the static bath
B, Eq. (9), the hybridization ratio A is exponentially en-
hanced by a factor ¢""?/2 associated with the growth of
pp upon incorporation of the neighboring spins. As a con-
sequence, thermalization of the MBL subsystem may be a
self-sustaining process if the growth of the bath density of
states overcomes the decrease of the interaction strength with
the distance r, i.e., when (In2)/2 — 1/£ > 0. When this con-
dition is met, an avalanche propagates throughout the system,
and the system thermalizes. According to the Fermi golden
rule rate (8), the avalanche propagation may still be exponen-
tially slow, i.e., the distance &; of penetration of the MBL
system may grow in time &; o In¢. However, the density of
states of the enlarged bath increases after each act of thermal-
izing and incorporation of the neighboring spin, hence, (8) is
valid up to the time scale p;,l, which continually increases
when the avalanche propagates. The discussed scenario pre-
dicts an unbounded logarithmic growth of the thermalization
length £; oc Int. Higher order perturbative corrections, as well
as non-perturbative mechanisms associated with the growth
of the thermal inclusion, beyond the simplified processes dis-
cussed above, may speed up the spreading of avalanche when
(In2)/2 — 1/& > 0. Thus, we define that avalanches spread in
the investigated disordered many-body system whenever the
presence of a thermal inclusion induces logarithmic, or any
faster, growth of £; in time. This definition does not agree with
that of Ref. [103] in which &; o< log is classified as a lack
of an avalanche. Disagreement comes from the fact that the
expression for the decay rate I'j, Eq. (8) is valid only at times
t < pg !, which, in the absence of the avalanche spreading, is
bounded by the constant 252,

III. DISORDERED XXZ SPIN CHAIN WITH
ENGINEERED ERGODIC BUBBLE

The simple scenarios for the time evolution of an MBL
system in contact with an ergodic bath described in Sec. Il rely
on a number of assumptions which are not straightforwardly
testable. For that reason, the direct relevance of the avalanche
mechanism for the dynamics of disordered systems remains
not clear. The first assumption regards the form of LIOM
operators, see Eq. (3). While there are numerical approaches
that allow to construct LIOMs for strongly disordered systems
[55,109-119], probing of the properties of LIOMs at large
time scales, and especially in the vicinity of the crossover
to ETH phase remains a challenge, and one has to resort
to perturbative schemes which are not rigorously controlled
[51]. Moreover, the avalanche mechanism assumes that each
thermalized spin joins the ergodic bath which still can be
described by the ETH ansatz (2). A strict validity of this as-
sumption is unclear [94]. Finally, ergodic bubbles in strongly
disordered systems form due to rare disorder configurations,
and hence, their dynamics can be probed only indirectly, with
specific tools [120].

The above reasons motivate us to analyze numerically the
process of avalanche propagation in a system in which we
assure the presence of the ergodic bubble by dividing the
lattice into two subsystems as shown in Fig. 1(a).

A. The system

We consider the XXZ-spin model with random mag-
netic field, widely studied in the context of MBL
[23,33,61,62,67,73,82,95,121-137], coupled to a bath mod-
elled also by XXZ-spin system. The Hamiltonian reads

H = Hy 4+ Hp + Hyp,
La—1
Hy=1J Z XiXiv1 + VY + AnZiZi

i=1

Ly
+ ) Wiz,
i=1

L1
Hy=J Y XiXip1 + YYip1 + ApZiZiy
i=Lat1
L
+ Z Wiz;,
i=Lat1
Hpp = J(XiXip1 + YY1 + AupZiZiy 1), (1)

where S; = (X;, Y, Z;) are spin-1/2 operators at lattice site
i, J =1 fixes the energy unit (and J~! is the characteristic
time scale which we call a tunneling time having in mind
the equivalent spinless fermions expression of the model
which arises upon the Jordan-Wigner transformation). Open
boundary conditions are assumed. Unless stated otherwise, we
set the interaction strengths Ay = Ap = Ayp = 1. The chain
consists of two subsystems of sizes L4 and Lg, with the total
system size L = L4 + Lg. The on-site magnetic fields, W;, are
independent random variables drawn from the uniform distri-
bution in the interval that differs between the two subsystems:

[—Wa, Wal
[ — Wg, Wp]

if 1 <i< Ly,

otherwise, (12)

Wi e {
see Fig. 1(a). The subsystem B serves as a thermal bath that
seeds the avalanche and initializes the process of thermal-
ization of the subsystem A, and, consequently, of the whole
chain. For that reason, we fix the disorder in the subsystem
B to be weak. If not stated otherwise, we put Wz = 0.5. At
this disorder strength the Heisenberg spin chain thermalizes
quickly, since Wg = 0.5 is well below the various estimates
for critical disorder strength for MBL transition [23,67,137—
139]. We work in the Z = 0 total magnetization sector. Time
evolution is computed exactly using the Chebyshev polyno-
mial expansion of the time evolution operator [140,141].

Observables describing the system (except for imbalance
from Fig. 7) are calculated as a median over 1000 random
disorder realizations unless specified explicitly. Using a ro-
bust estimator, such as median, instead of a usual arithmetic
average, ensures convergence of the measured quantities in
the number of disorder realizations. Median captures a typical
behavior of the system and is not sensitive to few accidental
disorder realizations, particularly affecting the mean value at
the largest disorder strengths, deep in the MBL regime. For a
comparison between results obtained using the mean and the
median, see Appendix A.
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FIG. 2. Model parameters are Ly = 12, Ly = 10, Wy = 4, and W = 0.5. (a) Initially, correlations within subsystem A (first 12 sites) are
short-ranged, while correlations within the bath (sites 13—22) spread over the whole bath. (b) After a sufficiently long time, correlations between
the bath and the MBL subsystem are developed and the system thermalizes. Checkerboard pattern appears due to a specific initial Neel state.
(c) Average (over bath) of two-body correlations for each lattice site. Correlation decay length &, is obtained by fitting an exponential decay

with distance, Eq. (14) (dashed lines).

B. The avalanche spreading

In order to describe the process of the avalanche spreading
and of the ensuing thermalization of the subsystem A quantita-
tively, we fix the initial state as the Néel state and calculate the
two-point connected correlation function (Z,Z;). = (Z,Z;) —
(Z;)(Z;) for sites i and j.

Typical behavior of the (Z;Z;). correlation function for
Wy =4 and Wi = 0.5 is presented in Fig. 2. Initially, at time
scale of one tunneling time only the short-range correlations
are present throughout the system among the neighboring sites
|i — j| = 1 (plot not shown). After several tunneling times,
t ~ 7, the sites within the bath B develop mutual correlations,
while the correlations in the subsytem A remain short-ranged,
see Fig. 2(a). Subsystems A and B begin to develop nontrivial
correlations due to their connection via a bond between the
sites La, La + 1. During the course of time evolution of the
system, the correlations gradually increase, and, at a large
time ¢t = 9820, we observe that the whole subsystem A devel-
ops significant correlations with the bath B. The correlation
between a given site iy from A is, to a good approximation,
the same with all of the sites iz from the bath B. This occurs
because the spins in the bath are strongly correlated with
each other and as such can no longer be treated individually.
In contrast, the strength of the correlation between the spins
from subsystem A with spins of the bath B decreases with the
distance to the edge of the bath.

Our aim is to find out if the correlations between the bath
B and the subsystem A are a nonperturbative effect of the
propagation of a quantum avalanche, or are only a perturbative
result of the bath proximity, as described in Sec. II. To quan-
tify how the correlations with the bath penetrate through the
subsystem A, following Ref. [103], we define a bath-averaged
correlation function for each site,

§20) = (ZiZ)) e\ jery- (13)

An example of the g (i) function is shown in Fig. 2(c).
Clearly, the correlations with the bath in the subsystem A fall
off exponentially with the distance from the interface between
A and B. This leads us to the definition of the correlation decay

length &; which is obtained by fitting

820 = cexp (—LA ’) (14)
&4

at a given instant of time. We note that the employed definition
allows us to accurately determine the decay length &; without
introducing unwanted artifacts of the approach employed in
Ref. [103]. In particular, this method is less sensitive to finite-
size effects and the discreteness of the lattice, see Appendix B
for more details. In the following, we will probe the ther-
malization of the subsystem A mainly focusing on the time
dependence of the decay length &,.

C. Signatures of avalanches due to the bath

Exact diagonalization studies of the disordered XXZ model
[67] suggest the presence of three distinct regimes of the
system characteristics, depending on the disorder strength
W. For the lowest disorder values W < WT (L) the sys-
tem follows ETH, its energy level statistics follow GOE
predictions and the system thermalizes in a generic way.
In contrast, for disorder larger than a certain value W >
W*(L), the spectrum shows signs of emergent integrability
(MBL). If an MBL transition occurs in the system, then
lim; oo WT(L) = limy 0o W*(L) = W,,, where W, is the crit-
ical disorder strength. In that case, for finite systems, there is
a finite transient critical regime W7 (L) < W < W*(L) with
multifractal entanglement structure in the eigenstates [95].
This might suggest that, in these three regimes, the system will
react differently to the attached finite thermal bath. Our expec-
tation is that in the ergodic and critical regimes, any bath will
lead to a growth of &,(¢) faster than oc In(#), consistent with
the avalanche scenario. In the MBL case, the growth o In(z)
should saturate around time ¢ ~ 2% when the subsystem A
starts to resolve the discreteness of the bath’s energy spectrum.

The results of our calculations of the correlation decay
length &;(¢) in all three regimes with a bath of size Ly = 6
and the Néel initial state are presented in Figs. 3(a)-3(c).
Figure 3(a) shows the system behavior in the ergodic regime
with Wy = 2.5. The avalanche is clearly spreading through
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FIG. 3. Growth of the correlation decay length &,(¢) in the three regimes of disorder W,, different subsystem A sizes L4, bath size Ly = 6
and initial Néel state [(a)—(c)] or Ly = 2, 4, 6 and a special initial state (d). Thermal avalanches are observed in the ergodic and critical regimes
[(a) and (b)] as a growth faster than &; o In(¢). Even though there are no quantum avalanches in the MBL regime (c), the growth of &, continues
as o In(¢) much beyond the timescale ¢ ~ 2!, To see termination of avalanches in the MBL regime, one can start with a fine-tuned initial
state, a product state of the subsystem A eigenstate energy £, (we choose E4 closest to 0), and a Néel state in subsystem B (d). For reference,
linear fits &; oc In(¢) are performed between times t = 10-100 (abd) or t = 10-10000 (c) and denoted by dashed red lines. In (d), 5 x 10*
disorder realizations were used. For (d), we employ a special fitting method described in Appendix B.

the system, as suggested by a positive curvature of the decay
length &,(¢), cf. linear fit between times t = 10-100, imply-
ing faster-than-logarithmic growth with time. It suggests that
some assumptions of the perturbation theory introduced in
Sec. II are not valid. In this case, the subsystem A cannot
described by a set of LIOMs. For the smallest system sizes,
the positive curvature is also visible, but the growth of &;(¢)
saturates before reaching t = 10*. It is a finite-size effect
occurring when &; becomes of the order of L4. Increasing Ly
systematically increases accessible &; before saturation. We
also notice that, in fact, no thermal bath is needed to see fea-
tures compatible with avalanches - the curve for Wy = W, =
2.5 and L4 = 16 behaves qualitatively the same as the case
with a bath Wz = 0.5. This means that the system can serve as
a bath for itself, in agreement with the usual understanding of
the thermalization in quantum many-body systems.

In Fig. 3(b), we switch to the critical regime Wy = 4. The
growth of &,(¢) is slower than in the ergodic case, yet it is
still faster than &; ~ In(¢), suggesting the spread of avalanche.
With increasing subsystem size L, the correlation decay
length &, slightly increases, i.e., thermalization is enhanced.
This is compatible with exact diagonalization studies [67]
which show that increase of the system size increases the dis-
order strength at which the ETH-MBL crossover is observed.

Figure 3(c) shows the apparent instability of the strongly
disordered MBL system (W4 = 6) in contact with a ther-
malizing bath when starting from an initial Néel state. We
observe that £; grows as o In(#) for the whole simulation time
t = 10*. Recall that according to the perturbative arguments
presented in Sec. II, if the logarithmic growth of &; contin-
ues beyond ¢ ~ 2L#, one deals with a continually increasing
timescale of thermalization by the bath [see Fermi’s golden
rule in Eq. (8)]. This suggests spreading of an avalanche which
thermalizes the system and may be surprising as other signa-
tures of MBL, such as energy level statistics, entanglement
entropy, Thouless time scaling [67] suggest a deeply localized
regime for this value of disorder in the absence of the bath.

On the other hand, a nontrivial long-time dynamics is also
observed for the bipartite von Neumann entanglement entropy
which grows as o In¢ [74] even in MBL regime. Other works
[75] predict a much larger value of disorder W > 18 needed
for the MBL phase. Looking for the explanation of this coun-
terintuitive behavior of the MBL system, we have checked
that increasing the disorder strength to W4 =20 does not
remove the logarithmic growth until the latest accessible times
t = 10*. Removing the interactions in subsystem A and going
to Anderson localized phase by setting A4 = 0 in subsystem
A also leads to a similar long-time logarithmic growth, see
details in Appendix C.

It turns out that, in order to observe the termination
of a thermal avalanche, as predicted by the perturbation
theory for sufficiently small LIOM localization lengths, one
has to necessarily fulfill one of its assumption: the initial
state must be an eigenstate of the subsystem A. Similar setup
was considered in Ref. [105] with the purpose of analyzing
energy-resolved features of the spectrum and in Ref. [142]
for perturbatively coupled chaotic systems. One can still start
with the Néel state in subsystem B as its eigenstates are fea-
tureless, and so is their superposition. Results for this initial
condition are presented in Fig. 3(d). Clearly, the penetration
of the thermal bath into the MBL subsystem is logarithmic
with time and then stops around time on the order of 2Ls in
full agreement with the perturbative argument. Behavior of
&,(t) is qualitatively the same for many subsystem sizes L,
and fixed bath Lg.

Summarizing, the long-time growth of &;(¢) for Wy = 6 in
Fig. 3(c) seems to be a feature of the MBL regime rather than a
signature of an avalanche spreading and thermalization of the
system. When the initial state is an eigenstate of the subsystem
A, we do not observe any signatures of avalanche spreading
for the same system parameters, see Fig. 3(d). The influence
of the bath is fully captured with the first order perturbation
theory and the highly nonperturbative effects of the avalanche
mechanism are not observed at Wy = 6. This dependence of
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the &; behavior on the initial condition is not occurring at
smaller disorder strengths, when the system thermalization
genuinely begins, for instance at Wy = 4 (data not shown, see
Appendix C). Therefore our analysis indicates that the access
to the eigenstates of Hj is required for observation of the stop
of logarithmic growth of &; in time. Preparation of eigenstate
of Hy is experimentally a nontrivial task, increasing the diffi-
culty of an experiment that could observe the halt of quantum
avalanche spreading. Finally, we emphasize that we are able
to observe the stopping of avalanches only at the considered
(experimentally relevant) time scales and system sizes. We
cannot exclude that the avalanche starts to spread and the
system thermalizes at Wy = 6 for larger L4 or longer times.

D. Extraction of the LIOM localization length
from time evolution

Linear fits from Fig. 3 allow us to extract the localization
length of the LIOMs &, see Eq. (3), and compare it with a
predicted threshold for avalanche, Eq. (10), £5yy = 2/ 1n(2) =
2.9. In both perturbative and nonperturbative pictures, the
LIOM at distance r decays around time #; o< exp(2r/&). In
numerical data from Fig. 3, distance r is measured by the
correlation decay rate £;. Thus one can perform a linear fit

Ei(t) = glnt + const (15)

and extract the LIOM localization length &. For Wy = 2.5, we
get & = 1.1 < &,y between times ¢ = 10 — 100 which grows
to £ =5.4 > &,,, between times ¢t = 1000 — 10000 and is
compatible with the presence of an avalanche in Fig. 3(a).
In the critical regime W4 = 4, the obtained value £ = 0.4 is
smaller than the threshold &,,,. In the localized regime W, =
6, the LIOM localization length extracted from the initial Néel
state scenario is £ = 0.21 and is also well below the threshold
for avalanche. A lower £ = 0.10 is obtained for the special
initial state, signaling some additional effects happening in
the Néel state case which enhance the nontriviality of the
dynamics in that case.

IV. BATH FEATURES

This section is devoted to the features of the bath that might
be relevant for the thermalization process. In Sec. IV A, we
show that the bath can be approximated well by all-to-all
interacting system modeled by a GOE matrix. In Sec. IV B, we
find that the system dynamics does not change qualitatively
upon changing disorder amplitude Wp in the bath (provided
Wp is small enough so the bath is ergodic by itself). Finally,
in Sec. IVC, we study the evolution of correlations within
the bath when connected to subsystem A in its three different
regimes, capturing the moment when the bath starts to grow.
Additional analyses, such as change of the decay length for
a fixed bath and changing subsystem A size L4, or changing
disorder strength Wy, are shown in Appendix E.

A. Modeling the bath as a GOE matrix

Many approaches to thermalization in MBL through
avalanche scenario assumed that the bath can be modeled
by a random matrix from the Gaussian orthogonal ensemble

1 GOE 1 XXZ, W=05 - Wigner semicircle
Before rescaling After rescaling
O5p T g 19 F o T T
é j - ? ‘,;ip‘;“ 1\
= Y J]
ug 0.0 -.ﬂ.{.’(r'#)‘. R S 1
- —-2.5 0.0 25
:‘é 0.5 j- T T "~ T T T " o -4 T T 3
o & p
[ " .
| o
0.0 I L_v’a 1 : a

-5

FIG. 4. Comparison of the density of states for the XXZ model
with uniform W = 0.5 disorder (green dashed line) and the GOE
density of states (blue solid line) for the same system size L. Before
rescaling, the GOE density of states reproduces the Wigner semi-
circle law (black dotted line). After rescaling the GOE density by a
constant multiplicative factor, as described in the text, the two densi-
ties start overlapping in the major part of the spectrum. Histograms
are averaged over 100 disorder and GOE realizations.

(GOE) which should behave identically to a region ther-
malized due to accidentally low disorder values/differences
[85,86,143,144]. The full Hamiltonian for such a setting reads

Ly Ly

H = JZ§5 S + ZVViZi + oHp ok, (16)

i=1 i=1

where Hp gog is a GOE matrix defined for L sites in subsys-
tem B, and « is an energy rescaling factor we will specify
later. Having access to the measures directly probing the
avalanches, we verify this assumption numerically by compar-
ing the two scenarios. Algorithm for numerical construction
of the Hp gog in the total S; magnetization conserving basis
is given in Appendix D. Before, we proceed to present the
results, we explain a caveat that needs to be taken into account
when comparing the two models.

The density of states of Hp gog is given by the Wigner
semicircle law [145,146],

o(E) = L yysy (17)

g

Its spectrum spans an interval of energies —v/2 < E < /2.
In order to reproduce bandwidth of the bath in the XXZ
model, the GOE Hamiltonian is multiplied by a factor « =
(pos — p5)/(2ﬁ), where pgs and ps are the 95th and 5th
percentile of the disorder-averaged XXZ density of states
at W = 0.5. The result of rescaling energies is presented in
Fig. 4. The rescaling gives a real symmetric random matrix
whose middle spectrum energy gaps reproduce the middle
spectrum gaps of the XXZ spin chain with disorder W = 0.5
in the zero magnetization sector. Numerical values of the
rescaling factors for different lengths of the chain L = 2-12
and other “replicated” disorder strengths W =0, 0.5, and 1
are listed in Appendix D.

Naively, one could expect that replacing the nearest-
neighbor interacting low-disorder spin bath with an all-to-all
interacting GOE bath will speed up the thermalization in the
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for the rest of the paper. We compare it with the bath modelled as
a GOE matrix coupled to a single spin at the end of the chain. The
GOE matrix is rescaled to replicate the density of states of the bath
with W = 0.5, see text.

system. The GOE Hamiltonian scrambles quantum informa-
tion very fast, on the timescale O(1) [147,148]. In contrast,
the XXZ model has Thouless time that scales as O(L?) at
best [66,73]. In spite of this, we do not observe any signifi-
cant differences between these two cases when inspecting the
correlation decay length &,(¢) for subsystem A in both ergodic
(W4 = 2) and MBL regime (W4 = 6), see Fig. 5. To our un-
derstanding, it is not a surprise that the long-time ¢ > O(L3)
behaviors are the same for the GOE bath and low-disorder
XXZ model bath, as in both cases the baths have already
thermalized and are in a similar featureless quantum state with
random probability amplitudes dependent only on the initial
energy. However, an unprecedented agreement between these
scenarios also at initial stages of time evolution remains a
puzzle. One possible explanation is that if the subsystem A
is connected with the bath only at its end by a local term in
the Hamiltonian, thermalization of the distant site from the
interface is mostly governed by the rate of propagation of
correlations through subsystem A up to the interface, which
does not depend on the bath properties.

B. Disorder strength Wy

As mentioned in Sec. IV A, the low-disorder bath can be
well modelled by the GOE Hamiltonian. What is more, &;(t)
calculated in Fig. 5 does not change with the disorder strength
of the bath Wy as long as Wy stays far on the ergodic side
of the crossover, Wz =0, 0.5, and 1. This is particularly
important as we are trying to use the “engineered” bath to
model “accidental” baths naturally present in the system due
to accidentally small disorder values. Interestingly, even for
the case of Wz = 0 the thermalizing behavior is consistently
the same. Integrability of the bath is broken in this case by the
interaction with subsystem A.

FIG. 6. Mean off-diagonal correlations within the bath as a func-
tion of time. Shades denote standard deviations of the median.
Results for the disconnected bath (L, = 0) with weak disorder Wz =
0.5 (red line) and the GOE bath of different sizes (purple and
gray line) are compared with the L, = 14, Ly = 6 case. Quantum
avalanche is visible in the W, = 2.5 case since growth of offdiagonal
correlations indicates an increase of the effective size of the bath.

C. Correlations within the bath

We now concentrate on the reaction of the bath when
it is interacting with the disordered XXZ chain. As it was
suggested in earlier studies [94,149], the ergodic bath may
be destroyed when in contact with an MBL system by the
so-called “MBL proximity” effect. In an opposite scenario,
a quantum avalanche may extend the bath into the MBL
subsystem. Here we study the off-diagonal correlations of
spins within the bath to characterize the bath during the time
evolution.

Figure 6 shows the average (over the bath) of the offdiago-
nal correlations within the bath,

L

1
Sonth ofid. = T (ZZpe. ()
bath, offd. Lg(Lg — 1) l-’jZXLA;_] J
i#]

As a limiting case, we check a bath that is modeled by the
GOE Hamiltonian from Sec. IV A with L4 = 0 (no subsystem
A) and Ly = 6, 10. Clearly, the correlations saturate fast at a
negative value and remain stationary - all pairs of spins within
the bath develop correlations between each other until no
more correlations can be built further. The larger the system,
the smaller the absolute value of the bath averaged correla-
tions, since there are more possibilities to transition from a
single site. A similar thermalizing behavior is observed for a
weakly disordered spin bath (Wp = 0.5), also for Ly = 0, but
reaching the equilibrium takes longer compared to the GOE

case for the same size Ly = 6, see discussion in Sec. IV A.
Let us check what happens when the subsystem A is at-
tached in Fig. 6. We examine different disorder strengths
Wy =2.5,4, and 6 for fixed Ly = 14 and Lg = 6. At Wy =6,
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we see clear signatures of saturation of bath correlations
around time ¢ ~ 10. Similar behavior is observed in the criti-
cal regime Wy = 4 but the saturation occurs at a larger value.
Since the correlations saturate at a steady value, we may
conclude that the bath does not change its size at least to the
accuracy offered by this probe. Comparison to the baseline
values for the free and GOE baths suggests an increase of the
effective bath size for Wy = 4 in comparison to the Wy = 6
case. Comparing with GOE bath for Lz = 10 leads us to
the conclusion that the size of the effective bath for Wy = 4
case cannot be larger than 10 sites. Interestingly, a continuous
dynamic drift in the offdiagonal correlations is observed for
W, = 2.5. This is another sign of a quantum avalanche spread-
ing, in addition to the correlation decay length presented in
Fig. 3. Additional sites from subsystem A join the bath by
developing correlations with its constituents. The increase in
the effective size of the bath weakens the correlations therein.

All in all, the dynamics of the correlation functions within
the bath allows to probe the thermalization of the full system
from a different perspective, providing indirect information
about the increase of the effective bath size.

V. KICKED XX7Z MODEL

In their recent work, Peacock and Sels [104] study a model
similar to ours: a strongly disordered Heisenberg spin chain
A with a bath B consisting of weakly disordered spins (Wp =
0.5). However, in their model, the Hamiltonian is periodic in
time. The unitary evolution operator over one period of time
reads

U = e—iHABte—i(HA+HB)T’ (19)

where Hy pap are defined in Eq. (12). The subsystems A
and B evolve separately for half of the period T = 27 = 20
and for the second half only the A-B coupling yields the
dynamics with Hy and Hp being put to zero. We dub this
system “kicked” as the form of the unitary, (19), allows one
to interpret the dynamics as evolving with Hy + Hp for period
7 and then undergoing a § kick of strength Hspt resembling
thus famous kicked rotator or kicked top models [150]. The
time dynamics is studied by looking at the imbalance

4 L2
@)= [ ; (Zi(0)Z;(1)), (20)

for system A of length L4 and B of length Lg — note that
two spins on each side of the system A are not included to
minimalize edge effects.

We compare the imbalance obtained for the kicked model
(19) with that obtained for autonomous system governed by
Eq. (12) for the same parameter values. Reproducing the
results of [104] we note that in the presence of the thermal
inclusion the system A shows a much faster decay than in the
case Wz = W, without a thermal inclusion. This difference
is noticeable even for strongly localized chains at Wy = 12.
At sufficiently long times, the imbalance decays, suggesting
thermalization of the system in the wide range of disorder
values Wy = 4-12. The onset of the decay of the imbalance
scales with disorder as t — re~“W4, with constant a found
to be a =2.1 for Ly =12, Lg = 10, Wg = 0.5. The latter

behavior bears some resemblance to the Thouless time scaling
trn = L*e"/ (where  is a constant) proposed for XXZ spin
chain in Ref. [73].

Intuitively, one could expect that since the bath B is con-
nected with the subsystem A at all times in our case, contrary
to kicked type of dynamics generated by (19), the autonomous
system should thermalize faster. On the other hand, the energy
is absorbed from the driving in the kicked case, favoring the
thermalization of the kicked system, unless the driving is very
fast [151].

The comparison of both models is presented in Fig. 7. The
first column of Figs. 7(a) and 7(e) shows the imbalance as
a function of time in both models. It is clear that although
the signs of thermalization in the kicked model start to appear
at longer times (¢ &~ 200-300) than in the time-independent
model, the acceleration of the imbalance decay at largest
disorder values is much more evident in the kicked case. This
is further demonstrated in the middle column of Figs. 7(b)
and 7(f) which shows how the difference of imbalance in
the case of no bath (W4, = Wpg) and with the bath (W = 0.5)
accelerates with time for the kicked model even for Wy = 12.
In contrast, the growth of the imbalance difference does not
accelerate for the time-independent model. On the contrary, it
rather saturates, at sufficiently large Wy, to a constant (which
is possibly dependent on L4 ). This result is consistent with the
MBL regime and is in a stark difference with the kicked case.

Finally, in the rightmost column of Figs. 7(c), 7(d) and
7(g), we check whether the rescaling of time t — te="4,
which captures the dynamics of the kicked model in a broad
regime of Wy, applies also to the energy-conserving model.
We find the optimal a describing the data by fitting a fourth
degree polynomial to the imbalance and minimizing the fit
error by tuning a. To check if a is universal and does not
depend on disorder Wy, our fits are performed separately
for small disorders (W, € [2, 5]) on the ergodic side of the
crossover [Fig. 7(c)] and for large disorders (W, € [10, 13])
on the localized side. Fitting errors are measured only in
the corresponding fitting range. The resulting optimal a are
a = 6 and 11, respectively. In the latter case, the data can be
in fact almost equally well described by any « € [8, 15], as
the fit error does not change in this interval by more than a
few percent. Notably, due to the presence of the exponent,
the difference between a = 6 and a = 11 cases is huge, the
rescaled times differ by 15(!) orders of magnitude in the mid-
dle of the interval of disorder strengths considered. The lack
of agreement with a found for low disorder values suggests
that the time-independent system does not have a universal
timescale dictated by the disorder value. On the other hand,
for the kicked model, the same procedure gives a ranging from
a = 1.6 for the largest disorders W4 € [10, 12] to a =2.3
for the smallest disorders W4 € [4, 6], and the optimal a is
well-defined in both cases, staying in agreement with a = 2.1
from Ref. [104]. We note that the dependence of a on the
interval of disorder strengths used to determine its value, is
opposite in the two models. This highlights further the differ-
ence in the behavior of the two models at large W, . Details on
how we determine values of the constant a are described in
Appendix G.

Summarizing, the results of Ref. [104] are reproduced
for the kicked case (note that we use numerically exact
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FIG. 7. Comparison of imbalance on sites 3—10 between kicked XXZ model by Peacock and Sels and the energy-conserving model for
Ly =12 and Ly = 10. Solid lines: W, = W, bright lines: Wz = 0.5 [(a), (c)—(e), and (g)]. The speedup of imbalance decay happens due to the
lack of energy conservation (e) because it is not observed in the time-independent case for the same parameters (a). [(b) and (f)] Differences
of imbalance with Wy = W, and Wy = 0.5. Speedup of imbalance decay is visible for the kicked model, while saturation is observed for the
time-independent model. Right column: Imbalance with rescaled time axis t — re~™"4 for the case Wy = 0.5. Optimal constant a is obtained
by minimizing the error of a fourth degree polynomial fit (dashed black line) and a chosen range of disorder. While in the kicked case (g), there
is a single universal constant a &~ 2.1 describing the curve for all W, € [2, 12], in the disordered XXZ model case the optimal constant a drfits
from a ~ 6 for W, € [2,5] to a € [8, 15] for W, € [10, 13]. See text and Appendix G for more details on the fitting procedure.

Chebyshev time propagation rather than the tensor network
time-evolved block decimation method (TEBD) that is ap-
proximate). The results for the kicked and time independent
case differ qualitatively for the considered system size. The
tendency towards the thermalization of the setup of [104],
even at the strong disorder Wy = 12, does not translate to
the energy-conserving setup. While the rescaling t — re~*"
suggests uniformity of the thermalizing behavior in the kicked
case across the broad interval of disorder strengths, the same
rescaling does not allow to collapse the results for our au-
tonomous case with a reasonable accuracy. Importantly, it
is the autonomous, time independent case which is relevant
for our understanding of an avalanche spreading in isolated
quantum spin chains. Indeed, if disorder fluctuations pro-
duce a region of anomalously weak disorder, its interaction
with the surrounding spins is captured by a time independent
Hamiltonian.

VI. CONCLUSIONS AND DISCUSSION

We have analyzed the effects of rare thermal bubbles,
which arise in disordered spin chains due to disorder fluctu-
ations on thermalization of the system. While the behavior of
the ergodic bubbles determines the stability of MBL phase,

their direct investigation is not straightforward since the prob-
ability of appearance of an ergodic bubble is exponentially
small in its size. For that reason, we consider a scenario of
a finite thermal bath (XXZ spin chain with low disorder)
attached to an XXZ spin chain with uniformly distributed
random disorder which plays the role of an MBL subsystem A.
Based on the time evolution of the system, we study the decay
length &;(¢) of connected two-body correlations (Z;Z;). of
the MBL subsystem with the bath. Our perturbative analysis
of the system-bath coupling identifies the conditions under
which the MBL system is not thermalized by the bath. In
this case, &;(t) o In(¢) for a time scaling exponentially in the
bath size, followed by a saturation. In contrast, the quantum
avalanche mechanism includes nonperturbative effects, lead-
ing to thermalization, manifested as a growth &;(¢) o< In(¢) or
faster until time scale which scales exponentially with the size
of the total system.

We perform an extensive numerical study, obtaining a
superlogarithmic growth of &,(¢) in the critical and ergodic
regimes. Such behavior is consistent with the quantum
avalanche mechanism, although we cannot exclude that a
different microscopic mechanism plays a role in the observed
thermalization process. Surprisingly, the £;(¢) o In(?) growth
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until the Heisenberg time is also observed in the deep MBL
regime if the initial state is set to be a simple product state.
However, the above result is not a sign of thermalization but
rather a long-timescale feature of the dynamics, not captured
by the theory. The fact that the system does not thermalize
becomes apparent only if the time evolution starts from an
initial state being a product state of an energy eigenstate in
the MBL subsystem A and Néel state in the bath. In this case,
&,(t) saturates at a constant after a time fixed by the bath size.
The onset of thermalization is visible in the same setting in
the ergodic and critical regimes. Thus we conclude that the
observation of £;(¢) o In(z) long-time growth from an initial
product state does not allow us to unambiguously determine
whether the avalanches propagate or not.

As we show in Sec. III D the rate of growth of £;(¢) allows
us to extract the LIOM localization length &. Extracted LIOM
localization lengths in all three regimes (ergodic, critical or
MBL) of subsystem A are consistent with the predicted ETH-
MBL crossover at &€ = 2/1In(2). We further demonstrate that
the thermalization process does not depend on the details of
the bath, as long as the bath is an ergodic system on its own.
In particular, changing the bath disorder strength between
Wp = 0-1 does not qualitatively change the decay length
growth with time. Moreover, instead of the XXZ spin chain
with low disorder Wy serving as a bath, one can attach a bath
whose Hamiltonian is a properly rescaled GOE matrix and
the thermalization characteristics manifested by the behavior
of £,(t), remain the same to a good approximation.

We also inspect the offdiagonal correlations within the
bath during the time evolution. The correlations in the bath
disconnected from the MBL subsystem A quickly saturate
to time independent values. Similarly, when the bath is con-
nected to XXZ spin chain in the MBL regime, the correlations
saturate at a similar time scale, reflecting the lack of non-
trivial dynamics between the MBL system and the bath. In
contrast, when the XXZ spin chain in subsystem A is in
an ergodic regime, we observe a steady relaxation of the
off-diagonal correlations within the bath, which is a direct
consequence of a quantum avalanche increasing the effective
bath size.

Finally, we contrast our calculations of the imbalance with
the results from the kicked XXZ model [104]. Unlike in
the kicked model, the time rescaling ¢ — te~*"4+ does not
allow us to collapse the results for time evolution of the
imbalance for a wide range of disorder strength, Wy, in our
energy conserving setup. Also, in our model, the change in
the behavior of imbalance with time, with and without a bath,
is not as dramatic as for the kicked case. This suggests that
thermalization in the kicked model is enhanced by the driving
and one should not generically expect the same behavior for
the energy-conserving Hamiltonian model, relevant for the
question of MBL in autonomous systems.

Our results shed new light on the avalanche mechanism
present in the disordered XXZ model. We have provided
numerical evidence consistent with the avalanche spread-
ing from an engineered thermal inclusion and have shown
that their fate depends on the disorder strength W,. At the
same time, we have demonstrated that an observation of the
termination of spreading of quantum avalanches is more chal-
lenging as the system has to be prepared in an eigenstate of the
MBL subsystem A. Notably, preparation of area-law entangle-

ment initial states of the MBL subsystem A, is experimentally
feasible [152].

Our work demonstrates that the disorder strengths in the
XXZ spin chain at which the avalanches propagate and are ter-
minated correspond to regimes of disorder strengths identified
respectively as ergodic and MBL in the exact diagonalization
studies of the model, for example see Ref. [67]. The para-
metric shift of the disorder strengths required for termination
of avalanches observed in Refs. [75,100] with respect to the
exact diagonalization studies may, therefore, be attributed to
the assumptions about the nature of the ergodic bubble made
in Refs. [75,100]. The results presented in our work are valid
for ergodic bubbles placed on several lattice sites and do not
support those assumptions. Nevertheless, we cannot exclude
the possibility that ergodic bubbles of much larger sizes,
which can be found in thermodynamically large systems, seed
avalanches that propagate in presence of much stronger dis-
order. The length and time scales associated with such rare
events are, most likely, not relevant for numerical or experi-
mental investigations of disordered many-body systems.

The numerical data presented in this work are freely avail-
able from Ref. [153] or from the authors upon a reasonable
request.
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(panel a), while the median stays unchanged (panel b).
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APPENDIX A: USING MEDIAN OVER
DISORDER REALIZATIONS

Throughout the analysis of the data supporting the paper
we have encountered issues with the convergence of the mean
over realizations due to rare thermalization events. We have
observed the largest difficulties with the convergence for the
case of an Anderson insulator in subsystem A, A4 = 0, con-
nected to an interacting bath, Ag = 1 = Ayp, see Eq. (11) in
the main text. Figure 8 shows the decay length &,(¢) obtained
by fitting an exponential decay to the g (i) function calcu-
lated as a mean [Fig. 8(a)] or median [Fig. 8(b)] over random
disorder realizations. We have found that even with more than
5000 realizations, including a single anomalous realization in

the calculation leads to a drastic change in the mean value
of g®(i), while not affecting the median g»(i). We have
checked that this originates from a huge increase of the mean
g? (i) function due to thermalization caused by accidentally
small values of disorder in part of subsystem A close to the
bath, i.e., an anomalous rare event. Thus, to stay consistent
with the rest of the results presented in the main text, we
use the median for all system configurations. It is important
to note that for larger values of &; £ 1 we have observed no
difference between the mean and the variance.

APPENDIX B: COMMENT ON THE METHOD
OF THE DECAY LENGTH FITTING

We define the correlation decay length &; according to
Eq. (14) in the main text. To calculate &;, we fit Eq. (14)
to numerical data for |¢?(i)| > 10~% in order not to include
numerical noise.

Another method, chosen in Ref. [103] for bosonic system,
is to calculate the first moment,

La
Sapm == )_(La — D8P ). (B1)
i=1
We believe this definition lacks an easily interpretable
meaning in the spin system as it has a unit of magnetiza-
tion multiplied by distance. Secondly, comparison between
different system sizes is complicated as for a larger system
size L there are more terms in the sum above and the change
in value of &; gy could be related solely to the size change.
Thus, for our purpose of measuring the distance of bath pen-
etration into the MBL system, we propose an alternative to
decay length obtained from exponential fit, i.e., the “center-
of-mass” correlation length,

L . .
Ziil(LA - l)|g(2)(1)|
L : :
>l 1g@ @)
Although the two definitions of &; and &; com Seem more or
less equivalent, practical calculation of &, com is more sensi-
tive to (i) discreteness of the lattice and (ii) finite size effects.
To demonstrate that, we perform a simple numerical experi-

ment in which we assume correlations with perfect artificial
exponential decay with

&4(t) =logyt (B3)

and use two methods to recover this value for finite system
with L4 = 14. Result is shown in Fig. 9. The method of fitting
an exponential decay gives a correct £;(¢), and there are no
finite size distortions. On the other hand, the center-of-mass
method underestimates &, for the smallest values of §; < 0.5,
while having an incorrect positive curvature instead of being
a straight line. For systems deeply in the MBL phase, with a
low &, this could be incorrectly interpreted as a speedup due
to avalanche spreading, whereas the true decay length grows
as in Eq. (B3). Going further up to &; < La/5, the linear trend
on the logarithmic scale is recovered and the center-of-mass
result differs from the true value by an additive factor of
—0.5. This is not problematic, as a constant shift does not
change the conclusions about avalanches. However, at larger

(B2)

‘i:d,CoM =
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FIG. 9. Decay lengths obtained by fitting an exponential decay
exp(—d/&,) (solid line) (with d—distance to interface) and calculat-
ing the center of mass, Eq. (B2) (dashed and dotted-dashed lines)
assuming an artificial model of correlations with &;(t) = log,,¢.
Center-of-mass calculations, Eq. (B2), would falsely suggest that
the long-time growth of &,(¢) is slower than &; ~ log,,(#), and are
visibly affected by finite size effects even for &;/Ls ~ 5. Due to
discreteness of the lattice, for &, é 0.5, the faster-than-logarithmic
growth is erroneously implied by the CoM result.

values, & < L4 /5, a clear negative curvature starts to appear
due to finite size effects. This underestimation of the decay
length could be interpreted as a lack of avalanches, in case
the real decay length actually speeds up. As a consequence,
in the main text we use exponential decay fits instead of the
center-of-mass method. Even though the assumption of an
exponential decay is needed here, the method does not falsely
under- or overestimate the result, and change the conclusion
about avalanches.

Due to small values of the decay length &; in Fig. 3(d) in
the main text, using the exponential fit revealed “jumps” of
£, in time once new sites reached the threshold of |g®(i)| =

10~ and started to be included in the fit. In order to avoid this
artifact, we calculated &; com, and translated the result back to
&, by utilizing the empirical relation between &; and &;.com
found in Fig. 9. In this way, we are able to compare the result
with the other results obtained solely by fitting an exponential
decay.

APPENDIX C: CONDITIONS FOR OBSERVING
TERMINATION OF AVALANCHES

In Fig. 3(c) in the main paper, we have observed a rather
unintuitive behavior: for Wy = 6, &;(¢) continues its growth
until the latest times as &;(f) o In(¢), in contrary to other
measures from literature that suggest strong MBL in this
regime of disorder strength and sizes. Thus we speculated
that this behavior is caused by either an initial state not being
an eigenstate of H, assumed in theory from Sec. II or by
interactions. Results of these investigations are presented in
Fig. 10.

Figure 10(a) with the Anderson insulator (A4 = 0) starting
from an initial Néel state shows that the long-time dynamics
does not disappear even in the case of no interactions. This
is surprising as Anderson localization suppresses transport
through the system. This suggests the explanation of the long-
time growth of £;(¢) for the MBL system in Fig. 3(c) of the
main text—it is a feature of the dynamics and not an indication
of the quantum avalanche. Indeed, setting the initial state in
the Anderson insulator case to the product of an Anderson
orbital (eigenstate with energy E4, which we choose to be
closest to 0) and the Néel state in the bath, Fig. 10(b), we
restore the saturation of &;(¢) growth at large times.

Finally, we check whether the special choice of the initial
state affects the behavior of the model in the ergodic and criti-
cal regime. In Fig. 10(c), we demonstrate that for Wy = 2.5
in the ergodic regime there is a speed up of £;(t) beyond
&4(t) o< In(t), a signature of a quantum avalanche. The same
happens in the critical regime W4 = 4 in Fig. 10 but the speed
up appears later.
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FIG. 10. Correlation decay length &,(¢) calculations in different regimes of the XXZ model, supplementing Fig. 3 in the main text. (a) Even
the localized Anderson insulator (A4 = 0) shows a steady increase of the decay length with time for an initial Néel state. (b) Anderson insulator
and an initial state being a product of an Anderson orbital in subsystem A (we choose energy E4 closest to 0) and Néel state in the bath allows
us to observe saturation in &,(¢). (c) Starting from an special initial state still shows thermalization in the interacting system in its ETH regime,
W, = 2.5. The same is observed in the critical regime with Wy = 4 in (d). In all cases, Ay = 1 = Ayp.
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ALGORITHM 1. Embedding the GOE Hamiltonian in a Z-conserving basis.

basis <— Z-conserving basis of total dimension N, given by integers which contain spin configurations in binary format.
Hx xz < Standard XXZ Hamiltonian matrix of dimension N x N with hopping, interaction and disorder for the first
L 4 spins, expressed in basis. It also includes hopping and interaction for the pair of spins La (last in subsystem A)

and La + 1 (first in subsystem B).
a < GOE spectrum rescaling factor from Table Al.

A + Matrix of 278 x 2B random Gaussian variables of mean 0 and variance 1.

G+ 05%(A+ AT

maskB + (1< L) —1
configuration and O on A, eg.

X < Empty list of dimension N.

for i in range(N) do

000011 for Ly =4, Lp = 2.

the Wigner semicircle —V2 < E < 2.
X[i] + basis[il&maskB
end
n < Number of unique binary numbers in X.
for ¢ in range(N) do
configAi + basis[i| > Lp
configBi + basis[i]&maskB
for j in range(N) do
configAj + basis[j] > Lg
configBj «+ basis[j|&maskB
if configAi == configAj then

Hxxz[j,i] < Hxxz[i, j]
end

end
end
return HXXZ

// Uses binary left shift <.

// GOE matrix of (excess) dimension 2LB x 2lB.
Binary number that has 1 on the B part of the spin

// To find normalization factor of the GOE matrix (number of non-zero elements) so that the final spectrum is

// Binary AND. Gives configuration on subsystem B.

Hxxzi,j] + Hxxz[i,j] + 0.5 a* G[configBi,configBj|//n // Matrix elements of G selected based on
integers uniquely defining configuration in the B part of the chain.

APPENDIX D: GOE HAMILTONIAN—MAGNETIZATION
CONSERVATION AND RESCALING

In order to reproduce the finite spin chain bath by the GOE,
the Hp gorp matrix is supposed to conserve the Z component
of the total magnetization in the whole system. The prescrip-
tion we use for the GOE matrix construction is described as
algorithml.

Furthermore, we rescale the energy spectrum of a GOE
matrix from —v/2 < E < +/2 to replicate the middle part
of energy spectrum of the weakly disordered XXZ chain.
We calculate the spectrum of the XXZ chain and find o =
(pos — ps)/ (2+/2) where p» is the x-th percentile of the en-
ergy distribution. Values of « for different system sizes and
disorder values are listed in Table I. Result of the spectrum
rescaling is presented in the main paper as Fig. 4. We have
also verified in Fig. 11 that the total spectrum of the combined
XXZ and GOE Hamiltonians, given by Eq. (16), reproduces
the original spectrum of the XXZ model with two regions of
different disorder amplitudes, Eq. (12).

APPENDIX E: FURTHER NUMERICAL EXPERIMENTS

In this section of Appendix, we perform further numerical
studies of the interplay of the system and bath parameters and
their effect on thermalization.

1. Fixed bath, changing subsystem A size

In Fig. 12, we check how the long-time value of &,;(t)
changes with L, for two bath sizes Ly = 2 and 6. In particular,
we observe that in the ETH phase (W, = 2.5) &; grows with

TABLE 1. Factors used to rescale the GOE Hamiltonian. In the
main paper, values for W = 0.5 were used.

scale o

0.354
0.837
1.113
1.353
1.574
1.720
0.428
0.927
1.232
1.459
1.666
1.823
0.600
1.115
1.468
1.684
1.915
2.091

0.5

— = —_ —_
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FIG. 11. When bath of size Lp is modeled by a GOE matrix
rescaled by a proper factor «, the spectrum of the model remains ap-
proximately unchanged. Here, Ly = 10. Single disorder realization.

L, faster than linearly. This means that for a larger system,
a larger fraction of the system is correlated with the bath.
Extrapolating this to the large system size limit, Ly > 1,
almost the entire system is thermalized by a finite bath before
reaching the Heisenberg time 7. On the other hand, disorder
values Wy = 4, 6, and 10 give a linear dependence of &; on
L4 and a constant fraction of the system stays localized for
each setting, not being affected by the presence of the bath.

10 — T T T T T T, T
[ Lg=2
i ls=6
8l 3 -
. @
5 oL ¥ i
g "L i
ﬁ L
S 4p :
s 4
2_ -
1 | 1 1

4 8 12 16 20
La

FIG. 12. Fitted bath correlation decay length &, as a function
of A system size L, averaged over time window ¢ € (8000, 9820).
Increasing the bath size from Lg = 2 to Ly = 6 enhances thermal-
ization. However, if the growth is not faster than linear with Ly, the
thermalized part of chain A will occupy at most a finite fraction of
the chain A, and some localized sites far from the interface will not
be affected by the bath. They may still be fully thermalized but at
timescales exponential in system size Ly4.
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FIG. 13. Fitted bath correlation decay length &, as a function of
disorder strength Wy. Ly = 14, Ly = 6.

2. Fixed bath and L,, changing W,

Restricting ourselves to a smaller system size of Ly = 14,
Lp = 6, we check how the late-time decay length depends on
the disorder strength Wy. The result is presented in Fig. 13.
This plot shows that the decay length decreases very fast
between Wy = 2.5 to W4 & 5, and then stays approximately
constant around value &; ~ 0.5 for higher Wj. It suggests that
MBL prevents the spread of avalanches at strong disorder, yet
no sharp transition can be identified due to finite sizes of the
systems of interest.

Cut position
L T MR | ML | L | ]
08 L 1 1410
0.7 F E
E 8
0.6 ]
£ 05 F 3 6
= F
? 04t ]
0.3 E ] 4
02F E
01F . 2
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10° 10' 102 108 104
time t

FIG. 14. Number entropy Sy, for Ly, = 12, Lg = 10, W, =4,
and W = 0.5 (solid lines) or Wy = 4 (transparent lines). Depending
on the position of the cut, a speedup beyond o In(¢) is observed in
the case Wi = 0.5 sooner or later, whereas the growth is slower than
logarithmic when Wy = 4. This suggests that due to the presence of
the bath, a thermal avalanche is traveling through the system. Thus
conclusions from the analysis of the number entropy and correlation
decay length are fully compatible.
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FIG. 15. Disordered XXZ model. [(a) and (b)] Root-mean-squared error (RMSE) of the 4-th degree polynomial fits to imbalance from

Fig. 7 with rescaled time axis according to t — te~*¥A, Lowest values of the error, marked by crosses or stars, correspond to datapoints
forming a universal curve due to rescaling time. Panel (a) shows fit errors when fitting the curve for the largest imbalances - interval of
disorder amplitudes used for fitting is marked by the color, see legend. Minima are very shallow when fitting at large disorder values, signaling
ambiguity of optimal a in that case. Panel (b) shows the RMSE of the fit limited to the data for smallest disorder values, down to W, = 2.0.
(c) Optimal a that describes universality shifts from around 6.5 to 11 when fitting to largest disorders. It stays around 67 when fitting to
smallest disorder values, signaling the lack of a globally universal behavior for all disorder values. Fit was performed between times ¢t = 90 to

t = 9820 to not include initial oscillations of the imbalance, and for disorder values W, = 2, 3, 4, ..., 13.In all cases, Wz = 0.5.

APPENDIX F: COMPARISON WITH OTHER
MEASURES—ENTANGLEMENT ENTROPY

In order to get a view on thermalization process from
another point, we calculate the von Neuman entanglement
entropy of the system. In particular, we are interested in the
number entropy part, which in the spinless fermions descrip-
tion of the XXZ chain measures the uncertainty in the number
of particles in the subsystem. The formula reads

Sum(®) ==Y _ p(n)In p(n), (F1)

where p(n) is the probability of total magnetization
n =), .uZiof achosen subsystem of the whole system, and
p(n) is the block of the reduced density matrix in magnetiza-
tion n sector of the Hilbert space.

In Fig. 14, we notice that in the case of no bath (Wp =
Wy =4, Ly = 12, Ly = 10), the number entropy grows with

time slower than In¢. Bath with W = 0.5 causes a speedup
in the number entropy growth. While the first speedup for cut
between sites 11 and 12 can be observed around ¢ = 10, the
further the cut position is, the longer it takes for the speedup to
be visible. Nevertheless, entanglement entropy for the furthest
cut from the interface obtains a speedup beyond logarithmic
growth when the bath is present. This can be interpreted as an
avalanche reaching the boundary of the system. This conclu-
sion stays in agreement with the result obtained for the same
system by measuring simpler two-body correlation functions
and their decay length, shown in Fig. 3(b) in the main paper.

APPENDIX G: UNIVERSAL SCALING OF TIME
WITH DISORDER

Here we present details on the determination of optimal
constant a in a universal time rescaling law ¢ — te~W4 in the
discussion of Sec. V.
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FIG. 16. Same as in Fig. 15 but for the kicked XXZ model. Minima in (a) and (b) are well defined and do not change significantly
depending on the fitting interval of disorders Wj. (c) shows that an optimal @ minimizing the RMSE has an inverse trend when compared to the
time-independent case in Fig. 15. Nevertheless, its values stay consistently around 2, while in the time-independent case they drift from 6.5 to
11 with the change of fitting disorder interval. Here, W, = 4, 6, 8, 10, 12, and Wz = 0.5.
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To find @ numerically, we fix the value of a, rescale time
t — te~ ™ and perform a fourth degree polynomial fit to the
imbalance from Fig. 7 on the logarithmic time scale. The fit
is performed either for a small interval of disorder values Wy,
or for all data. Root-mean-squared error (RMSE) of this fit
measures the quality of a as a potential constant explaining
the trends in the data that can be captured by a continuous
curve. We repeat the fitting for a range of different values of
a, and the optimal « is the one with the minimal RMSE of the
fit.

Results for fitting a to the data from our disordered XXZ
model with a bath, decsribed by Eq. (12) in the main text,
are presented in Fig. 15. When the fit is performed for the
strongest disorder amplitudes up to W4 = 13 [Fig. 15(a)], the
optimal a has values around a ~ 6.5-11, the RMSE minima
shift significantly when changing the range of disorders used
for fitting, and the minima are very shallow i.e. a is not prop-
erly defined. Fitting to the data corresponding to the weakest
disorder amplitudes, down to Wy = 2, gives a different result:
optimal a stays around 6-7.5 and the minima are deeper [see

Fig. 15(b)]. Optimal a for all considered ranges of disorder are
summarized in Fig. 15(c): constant a drifts between different
ranges of disorder amplitudes used for fitting, and the two
regimes of large and small disorder values give inconsistent
a. This means that the model lacks a universal scaling of time
t — te= W,

The same analysis, repeated for the kicked XXZ model
of Peacock and Sels [104], confirms the presence of a single
universal constant a that drifts much less with the disorder
interval considered. Figures 16(a) and 16(b) show RMSE
of the fourth-degree polynomial fit to the data which has
large (small) disorder values. The minima are well defined
in both cases, and the optimal a stays around 2 with an
absolute error of around 0.3. Thus there exists a single a
that is universal irrespective of the disorder strength, in full
agreement with the statements of Ref. [104]. It is interesting,
though, that all trends observed in this case in Fig. 16(c), are
reverse to trends for the time-independent model, Fig. 16(c).
At present, it is not clear to us why such a change in trend
is present.
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Using local density correlation functions for a one-dimensional spin system, we introduce a correlation
function difference (CFD) which compares correlations on a given site between a full system of size L and its
restriction to £ < L sites. We show that CFD provides useful information on transfer of information in quantum
many-body systems by considering the examples of ergodic, Anderson, and many-body localized regimes in a
disordered XXZ spin chain. In the ergodic phase, we find that the propagation of CFD is asymptotically faster
than the spin transport but slower than the ballistic propagation implied by the Lieb-Robinson bound. In contrast,
in the localized cases, we unravel an exponentially slow relaxation of CFD. Connections between CFD and other
observables detecting nonlocal correlations in the system are discussed.

DOI: 10.1103/PhysRevB.107.054204

I. INTRODUCTION

The understanding of dynamics of interacting quantum
many-body systems has been a subject of extensive research
over recent years. The eigenstate thermalization hypothesis
[1-4] anticipates that such systems are spectrally faithful to
random matrix theory predictions, and when prepared in out-
of-equilibrium states, they evolve in time to an equilibrium
state dependent only on a few global constants of motion but
independent of the details of the initial state. One exception
to this ergodic paradigm is provided by a class of integrable
models [5]. Similarly, ergodicity may be broken in the pres-
ence of a sufficiently strong disorder due to the phenomenon
of many-body localization (MBL) [6-8]. MBL is character-
ized by a simultaneous occurrence of various features such as
the emergent integrability of the system (with the existence of
a complete set of local integrals of motion [9,10]) resulting
in Poissonian spectral statistics [11-17], area-law entangled
eigenstates [18,19], logarithmic growth of the entanglement
entropy in time dynamics of initially low-entangled states
[20-22], and a long memory of the initial state in the dynamics
[23-26] (for recent reviews see [27,28]). Interestingly, the
last years have brought new developments to our understand-
ing of nonequilibrium quantum many-body physics. On one
hand, nonergodic dynamics has been observed in disorder-
free systems such as tilted lattices [29-38], in models with
global constraints [39—45], or, notably, in implementations of
lattice gauge theories [46—52]. On the other hand, following
a seminal work [53], an intensive debate developed concern-
ing the very existence of MBL in the thermodynamic limit
[54-60]. While it seems that there exist models showing a
genuine transition to MBL phase that survives the thermody-
namic limit [61,62], the paradigmatic model for MBL, i.e.,

2469-9950/2023/107(5)/054204(12)
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the disordered Heisenberg chain, still defies a definite answer.
Some recent works [58,63] suggest that a stable MBL phase
occurs in this model only at a very strong disorder shifting
the previously considered border between ergodic and MBL
phases [57,64] by an almost one order of magnitude in dis-
order amplitude. Other studies negate altogether the existence
of MBL highlighting a presence of a persistent (but extremely
slow) growth of the classical part of the entanglement entropy,
the so-called number entropy [65,66] (see, however, [67] for
opposite interpretations of those results). While often sophis-
ticated measures (like an entanglement entropy or a spectral
form factor) are considered, it seems worthwhile to focus also
on observables more easily accessible experimentally, such
as the imbalance addressed in the first experiments showing
signatures of MBL [68,69] or the corresponding two-point
density correlation functions. Still, even for those simpler
observables, it can be shown that no conclusive answer about
the stability of the MBL phase can be obtained on timescales
offered by present day experiments as well as state-of-the-art
simulations using tensor networks [70].

The aim of this work is to introduce an observable that
allows one to probe the locality of dynamics in quantum
many-body systems that would be experimentally more acces-
sible than the out-of-time-order correlator (OTOC) function,
conventionally employed in studies of thermalization and
quantum information scrambling [71-76] (see [77-81] for
studies of disordered systems) or spin echo and double
electron-electron resonances (DEER) employed in [82]. To
that end, we consider a 1D lattice system comprising L sites
with open boundary conditions (OBCs), and we examine two
settings: the first, in which we calculate the two times density
correlation function C,(¢) in a given site (later called simply
the density correlation function for the full system of L sites);

©2023 American Physical Society
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(noninteracting) model and MBL regime. We show that CFD
t behaves differently in each of the three regimes, reflecting the

Yonis

[ACd( ) =1Ca(t) — ca(t)]

N f |

FIG. 1. Scheme for tracking locality of quantum dynamics in a
spin lattice. We compare the time evolution of the single-site corre-
lation function C,(t) at site i = [ — d in a system comprising L sites
(upper panel) with c,(¢) at the same site but in a system of £ < L
sites (bottom panel).

Cd(t)

the second in which we compute the similar density correla-
tion function c,(¢) for a system restricted to / < L sites. Our
setup is illustrated in Fig. 1. The observable of our interest is a
correlation function difference (CFD), AC,(¢), calculated as

ACy(t) = |Ca(t) — ca@)l; )]

see Sec. II for a precise definition of C,(t), c4(t). The CFD
reflects changes in the time evolution of density correlation
functions that occur when the system size is increased from
£ to L. The realization of random disorder on the first ¢
sites stays the same. This quantifies the locality of quantum
dynamics: if the dynamics at site d is not affected by degrees
of freedom residing on sites separated from d by a certain
length scale &, we expect a vanishing CFD AC,(f) = 0 as
long as | —d > &. In contrast, a nonzero CFD indicates a
nontrivial impact of the degrees of freedom at sites i > £ on
time evolution at site d.

We note that CFD is particularly relevant for experiments
in which Cy(t) is directly measurable [83,84] as it requires a
density measurement with a single-site resolution. Moreover,
the change of the system size from ¢ to L in Fig. 1 can be
alternatively interpreted as an introduction of a local tunneling
term that couples sites i < £ and i > ¢ to the Hamiltonian for
L sites. This provides a conceptual link between CFD and
earlier studies of deformation of many-body eigenstates due
to local perturbations [85-88]. A similar scenario was con-
sidered also in the context of local quench of a 1D quantum
spin chain in which two parts of the chain are joined [§9-91]
or split [92]. In that case, the dynamics and the relevant time
scales are dictated by the physics of low-energy excitations (in
particular, by the underlying conformal field theory for critical
spin chains). In contrast, in this work we probe dynamics of
highly out-of-equilibrium initial states.

Section II contains the definition of disordered Heisenberg
model on which we benchmark CFD. In Sec. III we study
the dynamics of the model for three distinct regimes: er-
godic phase with delocalized eigenstates, Anderson localized

various degrees of locality of dynamics in the system. We also
relate our observable to the number entropy which measures
the fluctuations of the number of particles in different parts of
the system. Finally, we conclude in Sec. V.

II. THE MODEL

To study characteristic properties of CFD in different dy-
namical phases of matter, we consider the disordered XXZ
spin chain, with the Hamiltonian

L-1
Hp = ZJ(SfoH +871,1) + ASIST

i=1

L
+ ) hSE, )
i=1

where S¥, k = x,, z are spin-1/2 operators at site i and the
on-site random magnetic field %; is uniformly distributed in
the [—W, W] interval where W is the disorder amplitude.
Further on, we take J = 1 as an energy unit. The model (2)
maps to spinless interacting fermions via a Jordan-Wigner
transformation where J corresponds to tunneling amplitude
between sites while A gives the strength of nearest-neighbor
interactions.

We shall employ CFD to investigate the process of quan-
tum information transfer in this system and compare the
three regimes: ergodic phase (A =1, W < W,), Anderson-
localized phase (A = 0, W > 0), and the MBL regime (A =
1, W > W,), where W, is the critical disorder strength at
which, at relatively small system sizes, the crossover between
delocalized and MBL regimes occurs in an interacting sys-
tem. At the system sizes considered, L & 20, the crossover
is located around W, ~ 3.5 [57,64]. We study time dynamics
from an initial Néel state, a separable state with every second
spin up and every second down (we limit the analysis to a
conserved total magnetization sector S, = 0 for even L) corre-
sponding to every second site occupied and every second site
empty in the fermionic language. While the early experiments
[68] considered a global observable, i.e., a staggered magne-
tization (in other words the imbalance between odd and even
sites) over a whole lattice, we consider the single-site corre-
lation functions defined as C;(t) = C?(¢), where the overline
denotes the disorder average and C}(¢t) = (S;(¢)S;(0)) is the
quantum mechanical expectation value for the ith spin at time
t. The standard imbalance is proportional to a sum of all C;(¢).
Here we use the single-site correlation functions to calculate
the CFD according to Eq. (1). To evaluate ¢;(r), we modify the
Hamiltonian (2) by removing the link between sites i = ¢, £ +
1, i.e., by removing the term J(S}S},, + 5,5, ) + AS;S; |
Such a cut may be realized (probably with some experimental
difficulty) using, for example, the technique of subwavelength
optical barriers [93]. Alternatively, projection of site-resolved
optical potentials [94] in conjunction with optical box poten-
tials [95] can be used to separately investigate dynamics of
the system comprising / and L sites. Similarly, CFD may be
studied experimentally in other quantum simulators such as
ion chains or Rydberg atom arrays; for a review see [96].
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III. CFD IN VARIOUS DYNAMICAL REGIMES
A. Ergodic phase

We start our investigation of CFD by considering the er-
godic phase of the disordered XXZ spin chain, setting W = 1
and A = 1 in (2). We note that, in the fermionic interpretation
of the model, the particle transport in the ergodic phase of the
XXZ spin chain is, depending on the value of disorder strength
W, diffusive for 0 < W < 0.55 (for A = 1) or subdiffusive
for larger disorder strengths W < W, [97-99]. Moreover, for
a short-range Hamiltonian we study, one expects that the
velocity of information spreading in the system is bounded
by the Lieb-Robinson velocity [100,101], which implies that
local excitations propagate within a causal light cone.

With those two points as guiding principles, we compute
the CFD, ACy, for the XXZ spin chainat W =1 and A =1
by calculating the single-site correlation functions c;(¢) and
Ci(¢) for system sizes [ = 26 and L = 28, respectively, using
the Chebyshev expansion of the time evolution operator [102].
The resulting CFD, shown in Fig. 2(a), becomes nonzero at
times that increase with the distance d from the cut. This is in
accordance with the hypothesis that CFD probes correlations
in the system that become increasingly nonlocal during the
course of the time evolution. Importantly, the initial increase
of ACy is followed by a damping of CFD at later times. The
latter behavior does not reflect changes in the nonlocal content
of the dynamics of the system, but rather is caused by the
decrease of temporal fluctuations of C;(¢) and c,(¢) due to
presence of interactions [103,104].

In order to isolate this phenomenon, we quantify the tem-
poral fluctuations of Cy(#) [cy(t)] by calculating a rolling
standard deviation

o (C) =([c:) — (), ), 3)

where the overline denotes the disorder average, and (.), is
an average over time window of some small size At around
time ¢t (we take Ar = 5; as checked the results are similar
for At = 1, 10). The inset in Fig. 2(a) shows that the decay
of 0(C,) is approximately described by a power law in the
interval of times considered. This decay of the amplitude of
temporal oscillations of the single-site correlation functions is
the main factor responsible for the late-time decrease of CFD.
We shall discuss in details the mechanism of this effect in the
following section. To compensate for this effect we inspect
the dimensionless quantity ACy; /o (Cy(#)), which we refer to
as the rescaled CFD.

Figure 2(b) shows the spatiotemporal dependence of the
rescaled CFD in the ergodic phase of the disordered XXZ
spin chain. In particular, by considering the curves at which
ACy/0(Cy(t)) = const we find that a given value of the
rescaled CFD is reached after a time scaling as a power law,
t o« d*, with the distance from the cut and 1 < o < 2. The
power « (dependent on the isovalue curve as denoted in the
figure) is consistently greater than unity for small and medium
d indicating that the information about the cut revealed by
the rescaled CFD spreads superdiffusively. Thus, CFD is not
related to a particle (spin) transport, which is subdiffusive
for the parameters used [97-99]. This is quite interesting
as CFD contains density correlations which are manifestly
linked with the transport. Therefore, our results suggest that

d
25
0.10{]
120
0.08 s
- 1 2 4 ts 632 |
3 0.06

FIG. 2. The CFD, AC,, in the ergodic phase of the XXZ chain
with disorder strength W = 1, length L = 28, and a cut at £ = 26.
(a) Time dependence of AC, for various distances d from the cut.
The inset presents the rolling standard deviation o(C,), Eq. (3),
that quantifies temporal fluctuations of the single-site correlation
function C,(t). (b) The rescaled CFD, AC,/o(C,) as function of
the distance from the cut and time 7 in the log-log scale; the white
dashed lines denote isovalues of AC;/o(C,;), numbers indicate the
values for different lines. Those almost straight lines in the log-log
plot are thus well fitted piecewise by a power law t oc d* with values
of the exponent indicated. Averages are taken over 1000 disorder
realizations.

CFD captures effects of quantum information spreading in the
chain that occurs faster in time than the particle transport but
still slower than the ballistic dependence associated with the
Lieb-Robinson bound. This implies that changes of C;(¢) with
respect to ¢4 () that contribute to CFD are not due to a direct
transfer of particle density n;' from the cut but rather are
due to changes in details of dynamics of particles at distance
d from the cut. Such local changes of dynamics are associ-
ated with accumulated effect of interactions of many particles
between the cut and the considered site. Note also that the
power of ¢ vs d dependence suddenly grows for large d. This
is an artificial finite size effect resulting from the boundary
conditions.

"Particle number n; is related to z component of the spin via Jordan-
Wigner transformation n; = S + 1/2 in a fully local fashion.
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FIG. 3. (a) “Information log-lightcone” in the Anderson local-
ized chain with disorder strength W = 3. Notice the logarithmic
scale for time. (b) Time evolution of AC at different distances from
the perturbed site, L = 100, £ = 50. For a single site, a logarithmic
growth in time can be observed until saturation.

B. Anderson localization

We now switch off the interactions by setting A =0 in
(2). The model is Anderson localized for any W > 0, with
localization length given by the approximate formula [105]

3

SIDC = 10g(1—|——W2/4)’

“)
which reproduces the well-known formulas for the weak-
disorder limit &, = 12/W? as well as for large disorder
&loc =3/ 1Og(W2/4)

Given the exponential localization of single-particle eigen-
states of the system, we expect that the spreading of quantum
correlations from the center of the perturbation (i.e., the bond
where the system is cut) should be exponentially suppressed
compared to the previously analyzed case. Indeed, this is
directly reflected in the behavior of CFD, as shown in Fig. 3(a)
where the “information lightcone,” defined by a condition
AC,(t) = const, is visible but on the logarithmic timescale.
To perform the time evolution, we map the system to a free
fermion model [70,106] which, upon exact diagonalization
of the resulting Hamiltonian, allows us to access the corre-
lation function at arbitrary time ¢. Disorder averages are taken
over 50 000 realizations throughout this section. Similarly, in

Fig. 3(b) we observe that the growth of AC,(¢) begins at the
time log# o< d. At later times, CFD increases logarithmically
in time, AC,(t) ~ alogt, with « slightly decreasing with d,
and then saturates to a certain long-time value. For d = 0, 1
this value is slightly larger than for d > 2 due to the boundary
conditions (OBCs) of the chain, which strongly influence the
value of ¢;(¢) for d ~ 1 and do not affect C,(¢). Importantly,
for the Anderson insulator, in contrast to the interacting case
A = 1 discussed in the preceding section, we do not observe
any decay of CFD at late times. This confirms the prediction
that the latter behavior occurs only in the presence of interac-
tions in the system.

The phenomenology of the CFD behavior in the An-
derson localized system can be explained by the following
perturbative arguments, which rely on the fact of exponen-
tial localization of single-particle eigenstates with localization
length £ (4).

To simplify the following considerations, let us switch to
the fermionic language in which 7 ;41 = J(S'SY, | + S7S},,)
in (2) becomes a tunneling term and the on-site disorder term
is h;iS; = hi(n; — 1/2), where n; is a fermionic number oper-
ator at site i. Furthermore, let us consider the strong disorder
limit W >> 1, so that the localization length is & < 1, ac-
cording to (4). In such a situation, a fermion initially localized
at site j at distance d > &jo. from the cut in the system (recall
Fig. 1) will be oscillating with frequency wy = J?/(e j— €jx1)
between the site j and a neighboring unoccupied site j &£ 1,
where €; ~ h; in the strong disorder limit. Hence, the single-
site density correlation function, c;(t) ~ (n;(¢)), is oscillating
with frequency wy. When we perturb the system by introduc-
ing the link between the sites £ and ¢ + 1, the frequency of
oscillations of the function C4(¢) changes to w; = J?/ (e} -
€74,) since the energies of the states localized at sites j and
Jj £ 1 are changed to € and €. In the strong disorder limit,
the energy shifts Ae; = e} — € are given by the second-order
perturbative expressions

. 2

! €j — €
k#j J

where |¢;) denotes an eigenstate of H, localized at site i. The
sum over k extends over the whole lattice. However, due to the
exponential localization of wave functions, the matrix element
in the numerator is proportional to e~(¢=/I+1¢=kD/Siec Hence,
for a fixed distance from the cut d = |¢ — j|, the energy shift
is exponentially small in d, Ae; ~ e~4/5 (a shift of similar
order is experienced at the site j £ 1). Moreover, A¢;’s fluc-
tuate between disorder realizations, and in some instances the
sum in (5) may be dominated by a single resonance term for
which €; — ¢, « 1. The difference in the frequencies wy and
wy, leads to a dephasing of the oscillations of C,(¢) and c4(t)
which takes place at time fgeph & |@) — wp| ™! A ed/5ie.

A comparison of Cj(¢) and c}(z) for a single disorder
realization presented in Fig. 4(a) immediately confirms our
predictions. We observe a gradual dephasing of the oscilla-
tions of Cj(t) with respect to ¢ (t) which at time fgepn ~
10° leads to a saturation of CFD at a value proportional to
the rolling standard deviation o (Cy), which, in contrast to
the interacting case, saturates quickly in time, as shown in
Fig. 4(b). The fact that the saturation value of CFD becomes
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FIG. 4. Single realization (a) of time dynamics in the Anderson
model for disorder amplitude W = 3, L = 100, £ = 50. Upper panel
shows both C; and ¢, for d = 4. The left inset presents early time
interval ¢ € [150, 200], in which C; and ¢, are in phase. In the right
inset, for ¢ € [1000, 1050], we observe that the dephasing between
the oscillations of C,(t) and c,(¢) has already occurred, yielding
the major contribution to CFD, AC,(¢). (b) The disorder averaged
rolling standard deviation o (C,) of C,. It clearly saturates fast at a
d-dependent value showing that the oscillations persists in time with
a similar amplitude.

independent of d for d Z & can be easily understood. When,
at a given distance d from the cut, the time ¢ exceeds the
dephasing time 4cph, the value of CFD, ACy, is determined by
the properties of local oscillations of fermions and properties
of eigenstates in the vicinity of the site £. Both contributions
become independent of d upon the disorder average. Finally,
the fact that AC;(¢t) ~ a(d)logt, with o decreasing with d,
can be expected from the fact that the distribution of #4epn
is broad and resonances €; — € < 1 in (5) yields, for cer-
tain disorder realizations, growth of AC,(t) even at times
1< e/,

Our predictions are further confirmed by the histograms in
Fig. 5, where we investigate various contributions to the CFD.
First, we consider a difference of the rolling mean values
of Cj(t) and cj(¢), take its absolute value, and consider its
distribution over disorder realizations and intervals of time
between ¢t = 5 x 103-10*. We observe that the histogram is
strongly peaked at |[(C), — (c);| =< 0.03, confirming that the
difference in the average values of Cj(¢) and cj(¢) has a
minor contribution to the CFD AC,(t). In contrast, the rolling
mean value (AC),; of CFD has a much broader distribution
that extends over to ~0.4. The extent of this distribution is
comparable to the extent of the distribution of o (Cy), i.e., the

[:A:O d=2
pLV=3 t=5x10%...10*
1
'3 3 (ACy).
£y L [(Cah = (eal]
g L 0 20(Cy)
o
> 1 BroruL
= [ BRI £ A
= ! REREES
Z 0
2 I H
Q I: B
I: :
I: B
1k :
1071 1] . L Gnmn 1
0.0 0.1 0.2 0.3 0.4 0.5

FIG. 5. Histograms showing that at late times AC, comes from
dephasing of C,(t) vs c,(t). The system is noninteracting (A = 0),
the disorder strength is set to W = 3, and L = 16, £ = 14. We com-
pare (i) the distribution (over disorder realizations) of the absolute
value difference |(Cy), — (cq);| between the rolling mean values of
C5(t) and ¢ (¢); (ii) the rolling mean value (ACy), of CFD; and (iii)
the rolling standard deviation o (C,) of C,(¢). The rolling window
corresponds to At = 10 tunneling times.

rolling standard deviation of the oscillations of C,(¢) around
the mean. This shows that the main contribution to the CFD,
ACy(t), is due to the dephasing mechanism rather than due to
the much smaller difference of the mean values.

Moreover, we observe that the localization length &, is a
universal length scale that describes the system for different
values of W. In Fig. 6 we show that the CFD, AC,(¢), at fixed
time ¢, decreases exponentially as a function of d /&y, with
the agreement between the curves becoming more evident at
large times. Figure 7 shows the time fy, of reaching a given,
fixed value of the CFD, AC,;(¢). This time scales exponen-
tially with d /&, for many values of W, again confirming the
presence of “information log-lightcone” as well as the fact
that &, provides the relevant length scale. The slope in Fig. 7

]
1073,
1075_

1077,

AC

1079}
107H,

10—13_

1071

FIG. 6. Exponential decrease of the CFD AC,(¢) with distance
d from the cut in the system with L = 100, £ = 50, measured in
units of characteristic length scale for the problem, the localization
length &,,.. With increasing time, universal behavior becomes more
prominent. Saturation at large values of d /&, is due to accumulation
of numerical errors in the time propagation.
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FIG. 7. Time t; of reaching a given value of the CFD,
AC,;(tyy) = ACyy, in the Anderson model [Eq. (2) with A = 0] for 0.150+ 12
different disorder strengths W, L = 100, £ = 50.
0.125f 10
depends on the saturation level in AC,;, which confirms that
the distribution of dephasing time fgeph has nonvanishing 5 0-100y ]
weight even at fgepn < /5 This trend, according to expec- <0075k
tations, is more pronounced at smaller disorder strengths, e.g., 6
wW=1. 0.050 .
Analysis performed for the Anderson model shows that in 0.025-
the noninteracting localized system the CFD, AC,(t), changes ’ ‘A 2
on timescales that grow exponentially with the distance, with 0.000E ' - )
10° 10! 10? 10° 10*

a universal length scale set by the localization length &,.. Due
to the simplicity of the noninteracting case, we were able to
pinpoint the dephasing mechanism that is responsible for the
main contribution to CFD. In the next section, we perform an
analogous study but in presence of interactions for the MBL
phase.

C. MBL phase

Let us now consider the interacting case, setting A = 1 in
(2). We start by condsidering W = 5, the disorder amplitude
which is well within the MBL regime for small system sizes
analyzed here (recall that W, ~ 3.5 is the estimation [64] of
the position of ergodic-MBL crossover at L ~ 20). To calcu-
late the time evolution we use the Chebyshev expansion of the
time evolution operator [102]. Similarly to the noninteracting
case, we observe a logarithmic lightcone for the CFD AC,(t)
for A = 1; cf. Fig. 8(a). Another feature shared by the inter-
acting and the Anderson localized models is the linear growth
of AC,(t) with logt presented in Fig. 8(b). There is, however,
a notable difference in the long-time behavior of AC,(t) be-
tween the two cases considered. While in the AL case, the
values of AC,(t) always grow and saturate at a constant value
given by the C,(¢) long-time oscillation amplitude (except for
d = 0, 1, which saturate at slightly larger values due to OBC
around site £; see discussion in Sec. III B), in the MBL case,
at small values of d, AC,(¢) first grows, then saturates, and
finally at still longer times decreases towards an equilibrium
value. The phenomenology of the initial, logarithmic in time,
growth of the CFD at all distances d can be explained in the
same manner as for the AL case. Here the local integrals of
motion (LIOM) [9,10,18,107] play the role of projectors on
localized eigenstates, and the main contribution to CFD comes
from the dephasing mechanism.

t

FIG. 8. (a) “Information log-lightcone” in the many-body local-
ized chain with disorder strength W = 5, L = 16, £ = 14. Notice the
logarithmic scale for time. (b) Time evolution of AC, at different
distances from the cut at £. Change of monotonicity is observed due
to decrease of the C,(¢) oscillation amplitude with time; for details
see Fig. 9.

The change in monotonicity of CFD at later times is anal-
ogous to the previously analyzed ergodic case; cf. Sec. IIT A.
It can be technically explained by an inspection of the oscilla-
tion amplitudes of C,(¢) and c,(¢) calculated as the rolling
standard deviations of the signal o(Cy(¢)) for the rolling
window of At = 10, according to Eq. (3). In contrast to the
Anderson localized phase, where o (C,(¢)) strictly approaches
a constant as a function of time ¢ (see the bottom panel in
Fig. 4 for this effect), temporal fluctuations of C,(¢) decrease
logarithmically in time in the interacting model. This decay
is significant, as o (C,(t)) decreases by a factor of even 30%
between short times of order 10 and longer times of order
10%; see Fig. 9(a). The decay of o (Cy(t)) reflects the fact
that oscillations present in Cy(¢) [and c,(¢)] actually decay
in amplitude with time, as observed earlier for interacting
systems in [103,104]. To compensate for this effect we may
inspect the dimensionless rescaled CFD AC,; /o (Cy(t)) shown
in Fig. 9(b). It grows monotonically in time and does not satu-
rate before time ¢ = 10*. This suggests that slow but nontrivial
dynamics of the density in the system persist to the longest
times considered.

Finally, we consider time evolution of larger systems (L =
100, 200) calculated with the TDVP algorithm [108-111]. We
choose a relatively strong disorder W = 10, which allows us
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FIG. 9. (a) Rolling standard deviation of C,(¢) with time window
of size At = 10 and system size L = 16, cut at £ = 14. Deviation
from the mean decreases with time, explaining the decrease of AC,;
at long times observed in Fig. 8. (b) AC,(¢) in units of the rolling
standard deviation. The decreasing trend is inverted.

to calculate the time evolution of the system to times of the
order of 103J~! with modest bond dimensions x < 200. In
Fig. 10 we plot the CFD as function of the distance d from
the cut in the system, observing an exponential decay AC,; ~
e~4/5veL()  The characteristic lengthscale &ypy (¢) slowly in-
creases with time ¢, consistently with nontrivial dynamics
of imbalance at those timescales reported in [70]. Thus the
analysis of CFD in the MBL regime does not bring a defini-
tive answer about the locality of the dynamics that would

be signified by &ypr(f) "Z2° const. Nevertheless, our results
emphasize the analogies in the behavior of CFD between the
MBL regime and Anderson insulator, showing similar degrees
of locality in dynamics of the systems at finite times.

IV. RELATION TO OTHER LOCALITY MEASURES

The CFD, AC,(t) is a local probe of dynamics and can be
compared with other measures of locality, for instance, with
the entanglement entropy. We note, however, that the latter
quantity is much more difficult to access experimentally.

In particular, the von Neuman bipartite entanglement en-
tropy S;(t) of subsystem A consisting of sitesi € [1, ..., (£ —
d)] can be written as a sum of two terms (see, e.g.,

-O- L =200, y =160
1071 L =100, y =128
, —/\— L =200, x = 160
10-21 a —o— L =100, y =128
.
6 1073} t = 1250
< o)
—4L N\
10 B,
1075, A=1 Oof:50
[ =50 )
—6 I I L L L L L L
W3 5 7 9 11 13 1

FIG. 10. Exponential decrease of the CFD AC, with the distance
from the cut d for XXZ chain with L = 200, 100, with the cut at
¢ = 50. The disorder strength is fixed as W = 10, and CFD is calcu-
lated at times t = 50 and t = 1250. Time evolution of the system was
found using tensor network TDVP algorithm. Average is calculated
over 1008 disorder realizations.

[37,70,84,112—116] for other applications):

Sd (t) = Snum,d(t) + Sconf,d(t)s (6)
with the configurational entropy given by
Scont,a(t) = — Z p(m)Tr[p(n)In p(n)], (N
n

where p(n) denotes the probability that n = Zf:_ld S7 and p(n)
is the block of the reduced density matrix in sector with
magnetization n, while the number entropy reads

Snum.a(1) = =) p(n)log p(n). ®)

In the spinless fermion description of the model, the number
entropy contains information about the distribution of the
number of particles in one part of the chain, with a total num-
ber of particles conserved, while the configurational entropy
measures the number of possible particle arrangements within
the subsystem.

We investigate the absolute differences of the two entropies
ASconf.a(t), ASnum,q(t) after performing the cut between sites
£ and £ + 1, in the same manner as we investigate AC,;(?). In
Fig. 11 we find that the time dependence of AC,(¢) is com-
patible with the difference of the number entropy ASpum.q ().
This is expected ASyum 4(¢): both C4(¢) and Spym 4 (¢) provide
information about a flow of particles between two subsystems.
For small d, i.e., when the cut is close to the site studied,
AC,;(t) and ASyym.q(t) dynamics strongly differ; apparently
the correlation between both quantities is small and affected
by local dynamics in the vicinity of the cut. On the other hand,
for sufficiently large d, say, d > 6, AC,(t) time dependence
mimics that of ASyym.4(?). The latter seems to grow slowly
in time with the growth being similar to Inln# time depen-
dence resembling the recent findings of such a growth in the
number entropy itself [65,660]. Since the matter seems to be
controversial [67], especially due to the difficulty of treating
really large system sizes, the similarity between AC,(¢) and
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FIG. 11. Side-by-side comparison of AC,(¢) and the difference
in the number entropy AS,umq(t) for system size L = 16, cut at
{=14.

ASpum.q(¢) time dynamics for larger d suggests than one could
also use the former in experimental studies to possibly resolve
the issues related to number entropy.

Additionally, we do not expect that CFD may bring some
useful information on the configurational entropy that pro-
vides, let us recall, information about possible particle rear-
rangements in one of the subsystems. This inherently quantum
information may be recovered from spin-spin correlations at
different sites [117,118], but the analysis of the behavior of
this quantity is beyond the scope of the present work.

V. CONCLUSIONS

We have introduced CFD, a local quantity that allows us to
quantify the degree of locality of dynamics of quantum many-
body systems. The CFD, ACy(t), compares time evolution
of single-site density correlation functions in two situations:
when the 1D system comprises of L sites and when the system
is cut at site £ < L. A vanishing CFD at a distance d from
the cut indicates that the degrees of freedom residing at sites
beyond the cut do not affect the dynamics at the considered
site. Conversely, a nonvanishing value of AC,(t) for a certain
d quantifies the degree of influence of sites beyond the cut
on the dynamics at the considered distance from the cut. The
determination of CFD requires a single-site resolution for
measurement of density correlation functions and a single-site
control over the Hamiltonian of the system. Both conditions
are satisfied by present day experiments with ultracold sys-
tems.

In order to benchmark the behavior of CFD, ACy,(¢), in
various dynamical phases of matter, we have studied the
time evolution of disordered XXZ spin chain. Varying the
parameters of the system, we tuned the system between an
ergodic phase, Anderson insulator phase, and MBL regime.
We have shown that the dynamics of the considered dynamical
regimes are characterized by distinct behaviors of CFD. In
accordance with the expectation that the dynamics quickly
gets nonlocal in the ergodic phase, we have observed a quick
increase of CFD, finding that the condition AC,(t) = const
implies a power law relation between the distance from the
cut, d, and time, ¢, at which CFD reaches a given value.
For the Anderson localized system, we have found that CFD
increases logarithmically slowly in time. Consequently, the
condition ACy(t) = const yields the relation ¢t ~ %/ be-

tween the time and space, where & is the localization length
of single-particle eigenstates that becomes the relevant length
scale for the problem. Finally, we have demonstrated a similar
dependence for MBL regime. In the latter case, we observed
a slow increase in time of the characteristic length scale that
governs the exponential decay of CFD, in analogy with earlier
studies of dynamics in MBL regime.

Our study demonstrates the utility of CFD in quantifying
the degree of locality of quantum dynamics of many-body
systems. Observing the diffusive behavior in the ergodic phase
and exponentially slow dephasing in the localized case, we
have shown that CFD is sensitive to dynamics of the density
of particles, but remains oblivious to more complex quantum
correlations in the system. Natural possible directions for
future work include extending CFD to systems of bosons, un-
derstanding its behavior in the absence of symmetries such as
the conservation of the total number of particles, and studying
analogous differences of other, possibly nonlocal, observables
such as two-point correlation functions. Another avenue for
future research is to investigate the behavior of CFD in dis-
ordered many-body systems with real space renormalization
group approaches [119-121].

The numerical data presented in this work are freely avail-
able from [122] or from the authors upon a reasonable request.
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Highly excited eigenstates of quantum many-body systems are typically featureless thermal states. Some
systems, however, possess a small number of special, low-entanglement eigenstates known as quantum scars. We
introduce a quantum-inspired machine-learning platform based on a quantum variational autoencoder (QVAE)
that detects families of scar states in spectra of many-body systems. Unlike a classical autoencoder, QVAE
performs a parametrized unitary operation, allowing us to compress a single eigenstate into a smaller number
of qubits. We demonstrate that the autoencoder trained on a scar state is able to detect the whole family of scar
states sharing common features with the input state. We identify families of quantum many-body scars in the
PXP model beyond the Z, and Z3 families and find dynamically decoupled subspaces in the Hilbert space of
disordered, interacting spin-ladder model. The possibility of an automatic detection of subspaces of scar states
opens new pathways in studies of models with a weak breakdown of ergodicity and fragmented Hilbert spaces.
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I. INTRODUCTION

Recent progress in noisy, intermediate-scale quantum
(NISQ) computers [1-3] lead to a fast development of al-
gorithms suited for use on these machines [4] with the
purpose of achieving a quantum advantage in various areas:
physics, machine learning, quantum chemistry, and combina-
torial optimization. Of particular importance are variational
quantum algorithms [5], in which quantum circuits are ap-
plied to quantum states, whose parameters are optimized with
classical feedback loops. Physical applications include vari-
ational quantum eigensolvers [6—8], algorithms for ground-
state preparation [9], time-evolution simulations [10-12], or
quantum variational autoencoders (QVAE) [13-15]. The au-
toencoders encode the input data into a reduced representation
and then use it to reconstruct the data with the optimal fidelity.
As such, autoencoders are basic tools for data compression
in machine learning. In turn, the task of QVAE is to realize
the unitary transformation that transfers the input entangled
n-qubits state into a product state of k, relevant, entangled
qubits and n — k “trash” separable qubits [see Eq. (1) below].
QVAE have been realized experimentally in a photonic device
[16] and recently employed in investigation of quantum phase
transitions [17]. In this work we demonstrate the applicability
of QVAE in an analysis of properties of highly excited eigen-
states in quantum many-body systems.

According to eigenstate thermalization hypothesis (ETH)
[18-20], a small subsystem of an isolated, interacting quan-
tum many-body system is described by a thermal density
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matrix after a long-time evolution, irrespectively of the ini-
tial nonequilibrium state. However, some systems violate
this paradigm of quantum ergodicity and exhibit a long-
time behavior dependent on the initial state. Examples of
such nonergodic systems include integrable systems [21] and
many-body localized phases in the presence of quenched dis-
order [22-26]. Another mechanism of ergodicity breaking in
a form of persistent oscillations for particularly chosen initial
states has been discovered in the experiment with ultracold
Rydberg atoms [27]. This behavior arises due to the pres-
ence of few atypical, almost equally spaced eigenstates with
low entanglement entropy, the so-called quantum many-body
scars (QMBS) [28,29] that are embedded in the otherwise
thermal spectrum of a quantum many-body system. For initial
states with high overlap with a few QMBS, one observes long-
lived oscillations of observables, whereas for generic initial
conditions the system quickly approaches the thermal equi-
librium state. Several theories explaining the emergence of
QMBS were proposed starting long time ago with the notion
of “scars of symmetries” [30] (see also [31]): a spectrum gen-
erating algebra [32,33], Krylov restricted thermalization [34],
projector embedding [35], and the presence of symmetric,
coupled subspaces [36]. The QMBS occur in PXP model [37],
describing Rydberg atoms chain, but also in Affleck-Kennedy-
Lieb-Tasaki (AKLT) model [38,39], quantum local random
networks [40], frustrated magnetic lattices [41], lattice gauge
theories [42—44], optical lattices [45], or spin systems [46,47].

The aim of this work is to provide a scheme to detect fam-
ilies of QMBS based on QVAE. A family of QMBS is formed
by eigenstates which (a) have an increased overlap with some
“parent” state, (b) are characterized by a sub-volume-law en-
tanglement entropy. The property (a) enables our algorithm

©2022 American Physical Society
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to implicitly extract the features of the parent state from a
single eigenstate in the training and encode them in QVAE.
The probability that training succeeds is enhanced by the
property (b). The performance of the trained autoencoder on
other eigenstates serves as a measure of similarity between
the eigenstates. The other representatives of the family of
QMBS are found as eigenstates for which the performance
of QVAE is significantly better than the typical behavior. In
the following, we first describe details of the scheme. Then
we apply it to detect the Z, family and to discover different
families of QMBS in the PXP model [28,37] and to identify
subspaces of decoupled eigenstates in the spin ladder of [46].

II. QUANTUM VARIATIONAL AUTOENCODER

The QVAE aims to compress the n-qubit input state |y)
into a k-qubit state |¢) (where k < n), i.e., to perform a unitary
transformation U (@) parametrized by the circuit parameters 6,

ly) = UM@Y) = 1¢) ® |0)*" ), (1)

where the last n — k = Ny,sn qubits are called “trash” qubits.
The QVAE circuit starts with randomly initialized parameters
0 which are variationally adjusted (here, using simultaneous
perturbation stochastic approximation optimizer [48-51]) to
“optimal” value 6 = 0* satisfying Eq. (1) for a given set of
input states {|y;)}. At each optimization step, the unitary
U (0) is applied on {|y;)} and the trash qubits are measured
giving either “0” or “1.” The total number of 1 defines the
cost function that the optimizer tries to minimize in the next
parameter update. (Cost function is the Hamming distance
between the measured bit string of 1 and O on all trash qubits
and the desired |0)®"*) trash qubit configuration.) Unlike for
classical autoencoders, training a unitary encoder U (#) auto-
matically provides the decoder UT(#) that can be applied to
the compressed state |¢) ® |0)®"~%) to reconstruct the input
state |1). The cost function fulfills the requirement of locality
on the trash qubits which is critical for circumventing the
“barren plateaus” of the cost landscape and trainability of the
model (see [52,53] for further details).

The architecture of the quantum circuit has to be express-
ible (i.e., able to encode a large class of quantum states with
a few trainable parameters #) and to possess a large entan-
gling capability to transfer the entanglement of the whole
system out of the trash qubits [54]. Building on the previous
results [52,54] we choose alternating layered ansatz consisting
of layers with single-qubit rotations around the y axis by
an angle 6 € [0, 2x], R,(0) = exp(—io,6/2), and two-qubit
controlled-Z (CZ) gates that apply a o, operator on one of the
qubits if the other one is in the state |1) and act as an identity
if the other qubit is in the state |0). Each of L layers of QVAE
consists of Ry(0) rotations of all qubits and CZ entangling
operations between the neighboring qubits, with the pairs of
entangled qubits alternating from layer to layer following a
checkerboard pattern (see [55]).

In our scheme, as an input state |i) to train QVAE we
take a single scar state that belongs to a given family of
QMBS in a considered many-body system. To identify the
other scars from the same family, we evaluate the performance
of QVAE on eigenstates from the spectrum of the model.
The numerical complexity of the procedure is thus O(D) times

the number of iterations for QVAE training and O(D?) for the
comparison of eigenstates where D is the dimension of the
Hilbert space. This is lower than the exact diagonalization cost
O(D?) required for generation of the input data.

III. SCARS IN THE PXP MODEL
The PXP Hamiltonian reads

H=7) PiojP @

1

with periodic boundary conditions, where the projectors
P=1- 0{)/2 ensure that neighboring spin-up states are
separated at least by one lattice site, hence implementing
the Rydberg blockade phenomenon [56] as a constraint on
the Hilbert space. Certain specific initial states like Z, =
|0101...), Z3; = 001001 ...) and product states that contain
domain walls between Z, and Zj3 configurations give rise
to persistent long-time oscillations of the local observables
and the revivals of the wave function, while other states like
|Zo) =10000...) and |Z4) = |00010001...) show fast re-
laxation without revivals. The presence of families of Z, and
Z quantum scars gives rise to this behavior [57-65]. Some of
the scarred states in the PXP model were constructed exactly
as matrix product state (MPS) with a finite bond dimension
[66], from which the family of Z, scars was generated as
quasiparticle excitations.

Input data to QVAE correspond to the eigenstates of the
PXP model obtained through exact diagonalization for the
system size N = 24 in the inversion-symmetric and zero-
momentum sector with the Hilbert space dimension D =
2359 (D « 2L due to constraints and periodic boundary con-
ditions). Local constraints of the PXP model allow to reduce
the computational cost of the procedure by considering only
the projection of QVAE onto the constrained subspace of
Hilbert space. To that end, it suffices to substitute R, () —
R},(Q ), CZ; — E;in the circuit, with Ry () rotating qubit i only
if qubits i — 1, i + 1 are in the |0) state (identity otherwise),
and E; acting on four qubits i — 1, ..., 7+ 2, performing the
entangling operation of qubits i and i + 1 if qubitsi — 1,i + 2
are in the state |0) (identity otherwise). Exact matrix forms
of these operators are given in [55]. This version of the
QVAE will be referred to as the CQVAE. We should note
that the translational and inversion symmetries of the original
Hamiltonian are not exploited in the CQVAE because these
symmetries are manifestly broken by the considered few-qubit
gates. Thus, for N = 24, the CQVAE still acts on 2359 eigen-
states but each of them is expressed in a 103 682-dimensional
Hilbert space.

We select a Z; scar at energy E ~ —2.67 as the training
input state |xo). This state has a significant overlap with the
7 configuration, i.e., |(xo|Z2)|> = 0.15 (cf. with a value
expected in the high-temperature thermal ensemble 1/D =~
0.0004). Figure 1(a) shows performance of a trained autoen-
coder on eigenstates from the PXP Hamiltonian spectrum.
Indeed, we see that the Z, scars are characterized by a signifi-
cant drop in the CQVAE cost. Plots of CQVAE reconstruction
fidelity (not shown) also reveal high-fidelity peaks on Z;
scars. In this way, the family of Z, scars can be identified in
an automatic way. Interestingly, the Z3 family has the largest
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FIG. 1. (a) Performance of the CQVAE with Ny, = 8 and L =
7 trained on the strongest Z, scar of the PXP model with N = 24
close to the middle of the spectrum, applied to all eigenstates. Best
performance is observed in the eigenstates from the Z, scars family
that have an increased overlap with the |Z,) state, as presented in (b).
Lines serve as a guide to the eye. Error bars come from averaging
over 32 independent trainings.

cost even though it has low entanglement entropy showing
that CQVAE learned to distinguish the real-space patterns Z3
scar states from the dominant configurations of Z, family [see
Fig. 1(b)]. Interestingly, at smaller system sizes, e.g., N = 12,
we can recover the “parent” state | x) =~ |Z,) for the family by
optimizing the input of the trained CQVAE to minimize cost
(see [55] for details).

The next step is to find other scarred families. We
select eigenstates with a low entanglement entropy S =
—Trpaln psy< 2.7, where p, is the reduced density matrix of
the half of the spin chain, train the CQVAE on each of them,
and calculate the cost on other eigenstates. Pairs of eigenstates
that have a low cost when training on both of them are re-
garded as belonging to the same scar family. This property
is transitive, i.e., if eigenstates |E;), |E,) have a small cost
and |E,), |E3) as well, then a set |E}), |E;), |E3) is regarded
as one family. Figure 2 shows five families discovered by
the CQVAE in the PXP model for N = 24, with an example
of the training results on one representative of the family
No. 1 [Fig. 2(a)]. The eigenstates from the family No. 1 are
characterized by increased overlaps with several Fock states,
the example of |i;) = [101010010010100100100100) state is
shown in Fig. 2(b). Other Fock states with high overlaps with
the family No. 1 contain a mixture of the same number of
rearranged three Z, and six Z3 patterns. The same holds true
for families No. 2-No.5 of scar states found for N = 24. Pat-
terns with a larger period can be found, e.g., family No. 2 has
increased overlaps with four Z; and three Z4 configurations.
In that way, our QVAE-based scheme allows to explain the
presence and identify relations between eigenstates with low
entanglement entropy of the PXP model [see Fig. 2(c)]. Since
the families of scar states do not have a single simple represen-
tative Fock state, their classification, especially in system-size
independent manner is more involved; in [55] we show the
details of the families for N = 24.

CQVAE cost

X
1 X
t] tralmng point family il ) family #4
Zsy family family #2 family #5
0 * + Z'; famlly family #3 *
— 0 5 10 15
E

FIG. 2. (a) CQVAE cost of eigenstates of the PXP model, N =
24, reveals a scar “family No. 1” upon training on one of its rep-
resentatives. Similar plots for other scarred families found by the
algorithm are given in [55]. (b) Overlaps of the eigenstates with state
|i1). (c) Entanglement entropy vs energy.

IV. DISORDERED SPIN LADDER

Consider a spin ladder with Hamiltonian

L
1
thk+1 +12h#v (3a)
k=1

H=H"+H' =

where
II X __X y_y XX y.y
M1 = 0k 01 + 0,05y + T T + T Tegys
h =J(oftf + o)1) + Avol T + hi(of + 7). (3b)

k=1,...,N labels the rungs of the ladder, and spins on
the left and right legs of the ladder are represented by
Pauli matrices o and 1 (@ = X, Yy, z), respectively. Values
of hy are drawn from a uniform distribution in the inter-
val [—h, h], and we set J =1, h = 0.1, A; = 1. The model
has a U(1) symmetry associated with the total magnetiza-
tion Z = Zﬁcv:l(akz + 7{) and a Z, symmetry associated with
the exchange of the ladder legs o* <> 7. Even though this
model has signatures of quantum ergodicity (e.g., energy-
level spacings follow the Wigner-Dyson distribution), one can
analytically construct exact invariant subspaces of the Hamil-
tonian (3) that are not related to any local conserved quantity
as shown in [46]. It is first noticed that the eigenstates of hkl
on a single rung are [S) = (|9) — |1))/+/2 (“singlet™), |T) =
(19) + 15))/~/2 (“triplet®), |D) = [3) (“doublon”), |H) = |!)
(“holon’), where the first (second) row of the vector corre-
sponds to the left (right) leg of the ladder. Product of such
states is an eigenstate of the total leg Hamiltonian H+. By
examining the action of the remaining H!' on the two-rung
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FIG. 3. Cost function of QVAE trained on an eigenstate from the
one-holon subspace of the spin-ladder model with N = 8 (16 spins
in total), evaluated on the eigenstates from Z = 1 symmetry sector.
Color bar denotes the bipartite entanglement entropy for 4 rungs.
Results averaged over 56 independent trainings of the QVAE with
Niash = 5 and L = 10.

states |{ST,SH,TH,HH ...}) one shows that H! annihi-
lates configurations ST, TS, HH, DD, and moves H (or D)
around if S or T are its neighbors. It follows that configu-
rations |STSTST ...) and |TSTSTS ...) are annihilated by
H! (they are a “vacuum background”). Upon inserting a given
number of only holons (or doublons) between them, e.g.,
|STSH;TSH;TS ...), one constructs an invariant subspace
with a given number of the four letters that are conserved
under the action of the total Hamiltonian H. Dimension of
sgch a subspace after r insertions of doublons (or holons) is
(r)Construction of invariant subspaces in this model required
an involved theoretical insight [46]. Here, by employing the
QVAE we can detect their presence in an automatic way. Let
us restrict only to the Z = 1 symmetry sector of the Hamil-
tonian (3) with N = 8 rungs and a single disorder realization.
We encode the ladder state onto the spatially one-dimensional
quantum circuit, by mapping the left (right) leg of the ladder to
odd (even) sites of the circuit. In this manner, the neighboring
spins of the ladder are mapped to sites of the circuit that
are close to each other. Training of the QVAE on a generic
eigenstate and application to all others gives a featureless
QVAE cost. However, if we train on an eigenstate from the
invariant subspace represented by state |STSTHSTS) with
1 holon H, 4 singlets S, and 3 triplets 7, we get a signifi-
cantly lower error on all 8 eigenstates that span this subspace
(see Fig. 3). The QVAE cost on the other invariant subspace
|TSTSHT ST) with a different number of singlets and triplets
[but an identical entanglement entropy (notice the color scale
in Fig. 3)] is comparable to the QVAE cost on generic, highly
entangled, eigenstates. Similarly, a QVAE trained on an eigen-
state from the subspace |TSTSHTST) yields small costs on
eigenstates from this subspace whereas the cost on eigenstates
from |STSTHSTS) is substantial (plot not shown). This is
in a full analogy with results for PXP model and demon-
strates how QVAE identifies and distinguishes families of scar
states.

V. CONCLUSION

We proposed a scheme based on QVAE that allows to iden-
tify families of nonergodic eigenstates of quantum many-body
systems. We validated our scheme on the Z, family of scar
states of the PXP model. Then, our scheme was employed to
demonstrate presence of families of scar states in spectrum of
PXP model beyond the Z, and Z; families. To confirm the
generality of our approach, we used it to identify the family
of scar states in the disordered spin ladder (3) as well as in a
PXP-like model with a three-body blockade [55]. The use of
QVAE is crucial in our scheme. QVAE learns from a single,
high-dimensional measurement point (a single eigenstate), in
contrast to classical autoencoders that require a larger set of
training data. The flow of the entanglement entropy through
the layers of the autoencoder has a physical meaning and
results in a compression of the quantum state. By respecting
the laws of quantum mechanics, QVAE becomes a versatile
tool in studying eigenstates of many-body systems allowing,
for instance, for a direct implementation of the local con-
straints of PXP model on the QVAE. Finally, we also point
out that having the eigenstates one can try to identify scarred
states by calculating the inverse participation ratio (IPR)
with a negligible numerical cost instead of costly entangle-
ment entropy. Moreover, instead of exact diagonalization used
here, one may use an approximate algorithm, e.g., DMRG-X
[67], to obtain a subset of eigenstates serving as an input
to QVAE.

While all calculations performed here used classical ma-
chine, hardware implementation of QVAE on a physical
quantum computer seems straightforward [17]. Although
preparation of ground states of selected Hamiltonians is pos-
sible by the variational quantum eigensolvers, algorithms that
provide excited states are more involved [4]. Hence, the prepa-
ration of the input states is the most challenging step of our
scheme that is feasible only for limited system sizes. However,
to navigate through the exponentially large Hilbert space one
can use a prior knowledge about the scar states (e.g., their en-
ergy) which may extend the interval of system sizes accessible
on current quantum hardware.
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QVAE ARCHITECTURE

The architecture of QVAE is an Alternating Layered
Ansatz [1, 2] shown in Fig. S1. Optimal angles 6 that
minimize cost defined in the main text are found by the
SPSA optimizer [3—-6] with a random initial guess and au-
tomatic determination of the learning and perturbation
rate implemented in Qiskit [6]. In order to utilize the con-
straints imposed on the Hilbert space in the PXP model,
we implement the unitary circuit U(@) from scratch using
the QuSpin Python library [7, 8]. The code is available
upon request.

Hyperparameters of the circuits: number of trash
qubits Nirash, layers L, measurement shots in the de-
termination of cost Nghots and training iterations Niger
were found heuristically by performing a grid search for
smaller PXP system with N = 18 and choosing hyper-
parameters maximizing drops of cost on the Zs scars if
trained on another Z, scar. Optimal parameters read
Nirash = 6, L = 5, Ngpots = 300, Niter = 20000, yet
other sets with those quantities changed by factors of
up to 25% still yielded statistically significant drops of
Zo scars costs. These results were the starting point for
more computationally expensive N = 24 case - they were
scaled linearly with the system size and adjusted heuris-
tically to optimal values Nipash = 8, L = 7, Nghots = 600,
Niter = 50000 used to produce Figs. 1, 2 in the main text.

Inspection of the training outcomes can give intuition
about the interplay of hyperparameters. It was observed
that overfitting, i.e., a trivial learning of a perfect rep-
resentation of the training eigenstate, which is easily de-
tectable by a large drop in cost of the training point com-
pared to all other eigenstates and no detection of other
Zso scars in the benchmarking process, is caused by too
many parameters (too large L) or too weak compression
ratio (too small Nirash). The number of shots Nghets cOn-
trols the variance of cost between iterations which should
remain at around 1-10% to overcome local minima but
not jump too far in the cost landscape, in full analogy
to the sizes of batches in the stochastic gradient descent
algorithm [9]. We also observed that optimal QVAE cir-
cuits had, unsurprisingly, more layers than CQVAE cir-
cuits for the same number of qubits, because of the need
to represent an exponentially larger part of the Hilbert
space with more parameters. We found that CQVAE was

untrainable for the same number of layers as the QVAE.
We expect this is due to the presence of four-qubit oper-
ations in CQVAE which makes the optimization problem
more difficult. We also noticed that the number of lay-
ers L should be large enough so that trash qubits are
contained within ”light-cone” of the first qubit.

| |
—{ .00 4 R, (o) F—H Ry (0:0) | +—
| |
| |
—{ Ry (02) |- B, 0) - B, (010) | +—
| | 10)
—{ R, (05) 4 Ry (00) - Ry (025) | +—
) l l
—|Ry(94)|— | Ry(ﬂw)l— : Ry(Gla)l—

— Bu(05) =4 By (011) =1 By (017) |—— ]
| |
—{ Ru(60) I——H R, (612) |_F| Ry (015) |—~—{

FIG. S1. Quantum Variational Autoencoder (QVAE) com-
posed of the single-qubit rotations around the y axis
parametrized by angles 8 = (01,...,015) and two-qubit
controlled-Z gates that entangle the neighboring qubits. Sep-
arate layers are denoted by dashed vertical lines.

CQVAE OPERATORS

Below we list exact matrix forms operators used in the
QVAE variant restricted to constrained Hilbert space of
the PXP model. Rotation of one qubit around the y axis
is performed only if its neighbours are in the state |0)
according to

1000)  |010) [001) |100) |101)
cos(6/2) sin(6/2)
~ —sin(0/2) cos(0/2)
Ry (6) 1 (S1)



where states denoted above the matrix enumerate the
3-qubit computational basis with constraints. Similarly,
two neighboring qubits are entangled only if their neigh-
bors are in state |0) by the following operator:

10000) [0010) [0100) [0001) [0101) |1000) |1010)

1
1/vV2 1/v2
1/V2 ~1/v2

1

(52)
In this case, the entangling operator is different than in
the C'Z gate (which acts not trivially only on 2-qubit con-
figuration |11) excluded by the PXP model constraints).

DETECTION OF FAMILIES IN THE PXP
MODEL

We provide technical details concerning the scars iden-
tification in the PXP model. In Fig. S2 we show output
of CQVAE used to determine members of family #1. We
see that there is an overall growth of cost with distance
in energy. Nevertheless, family members can be detected
one by one using transitivity (see main text). Similar
plots have been used to detect other families. Clusters
of mutually related eigenstates (incl. transitivity) were
identified by graph toolbox. Namely, we regard all eigen-
states as graph nodes. For each training eigenstate, its
corresponding node gets a directed link to nodes on which
there are drops in QVAE cost. Then a community detec-
tion tool CommunityGraphPlot in Wolfram Mathematica
is used to list all isolated families with more than one
node and bidirectional links.

CHARACTERIZATION OF FAMILIES IN THE
PXP MODEL

In this paragraph we further characterize QMBS be-
yond the Zs and Zg families detected by the QVAE in the
PXP model. For families #1 — #5 we notice an increased
overlap with a set of Fock states listed in Table S1. For
readability, Fock states are represented by Zs, Zs, Z4, Zs
patterns that appear in them. For example, state de-
noted as 2 —2—-3—-2—-3—-3—3— 3 — 3 corresponds
to Fock state [101010010100100100100100). To illustrate
the increased overlaps with Fock states from Table S1, we
calculate probabilities of finding the eigenstates in any of
those Fock states,

n;

P(i) = ZI(EIfmIZ’, (S3)

name Fock state pattern

(
223233333  (
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family #1 2-2-3-3-2-3-3-3-3  (
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2-2-2-2-2-2-2-2-3-2-3 (

family #4 2-2-2-2-2-2-2-3-22-3 (9,2,0,0
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(

(

(

(

(

(

(

(

2-2-2-2-2-2-3-2-2-2-3

2-2.2.2.2.3-2-2-2-2-3 (9,2,0,0
3-4-4-4-4-5 0,1,4,1
3-4-4-4-5-4 0,1,4,1
3-4-4-5-4-5 0,1,3,2
3-4-4-5-4-4 0,1,4,1
family 45 540345 0,2,2,2

3-4-5-3-5-4
3-4-5-4-9
3-4-5-4-3-5
3-4-5-4-8
3-4-9-3-5

TABLE S1. List of Fock states with increased overlaps with
corresponding QMBS families. Last column contains the
number of occurences of corresponding patterns in the Fock
states.

where #i labels the family and {|fi;)}; are Fock states
listed next to family #i in Table S1, and plot them in
Fig. S4.

We find that for families #1 — #4 the numbers of pat-
terns are conserved, and family #5 gives more than one
number of occurrences of each pattern. Family #4 is
composed of a maximal number of Z, patterns that can
be supplemented by Zsz to fill the whole system with
N = 24. A similar family was observed for other sys-
tem sizes: N = 18 (6,2,0,0) and N = 30 (12,2,0,0) at
shifted energies, see Fig. S5. It is at present not clear
what is the mechanism behind the conservation of the
”domain wall” number within a single family.

INTERPRETING THE QVAE CIRCUIT: INPUT
STATE OPTIMIZATION

In the main text we demonstrate that QVAE allows
one to find multiple scar families among eigenstates of
the PXP model. In the paragraph above we listed physi-
cal features specific to the found families, indirectly indi-
cating "what order parameter the QVAE learns”. Here,
we employ an alternative method to interpret the trained
QVAE circuits. Variationally optimizing the input, start-
ing from a random state, we simultaneously minimize the



CQVAE cost

training point A family #2

Zo family family #3
+ Z;3 family » family #4
Y family #1

family #5

CQVAE cost

h)

0.0 1 1 1 1 1 1 1 1 1 1

FIG. S2. CQVAE cost vs energy for family #1 for all eigenstates within this family. Above data were used to identify members

of family #1.

cost on trash qubits for an ensemble of independently
trained QVAEs with constant circuit parameters. This
approach is in stark contrast to standard training where
the input is given and the circuit parameters are varia-
tionally adjusted. We optimize over an ensemble rather
than a single QVAE for robustness of the result. Op-
timization of the input is a popular method of under-
standing layers in classical deep neural networks working
with real-world pictures [10, 11], with a lot of optimiza-
tion results especially entertaining to look at for humans
[12]. Due to the generative nature of the process start-
ing with random noise, input optimization is sometimes
called ”dreaming” and we adopt this naming here.

In FIG. S3a) we show local magnetization (o7

Z) in an
example ”dreamt” state |Ydream) found for ensemble of
100 CQVAES trained on a Zsg scar eigenstate in the mid-
dle of the spectrum. A Zs-like magnetization pattern in
| Xdream) can be noticed. It is also visible in the structure
factor S(q) = >_, exp(igj)(o7) in FIG. S3b) which has
a peak at ¢ = w. Therefore, even if we assume no prior
knowledge that the |Zs) state represents the Zs scar fam-
ily, we are able to recover |Xgream) = |Z2), serving as a
single representative of this family. Unfortunately, since
the optimization is done in the input space, due to an
exponential increase of computational time with system
size, this method is not feasible for large systems. In
FIG. S3 we used system size N = 12, 50000 input opti-
mization steps, each with 100 shots for cost estimation.
Respective CQVAEs consisted of L = 2 layers, Niyasn = 4

trash qubits, and were trained with Ngnots = 100 shots

for cost estimation and Njser = 1000 parameter optimiza-
tion steps.

PXP-LIKE MODEL WITH A THREE-BODY
BLOCKADE

To demonstrate the universality of our method, we also
apply it to a modified PXP model with another type of
blockade [13, 14]. The Hamiltonian reads

H = Zpifl,i,iﬁrlo'fa (54)

where Pi—l,i,i+1 =1- |1i—11i1i+1> <1i—11i1i+1|- This
is a weaker constraint than in the PXP model. QVAE,
working in the full Hilbert space, Niasn = 5, L = 10,
applied to this model with N = 16 detects scars of the
Zs type, see Fig. S6. No other families have been found
by the algorithm.
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FIG. S3. ”Dreaming”: optimizing the input state to mini-
mize the QVAE cost (see text) simultaneously for 100 QVAEs
trained on a single Zs scarred eigenstate, N = 12. We get a
"representantive” state |Ydream) = |Z2) for the scar family.
a) Local magnetization of the ”dream” state |Xdream) shows
a Zo-like pattern. b) Structure factor of the calculated mag-
netization (averaged over 15 independent optimizations) has
a peak at ¢ = m, signaling a period-2 ordering in the position
space.
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FIG. S4. Probability (S3) of finding eigenstate in any of the
Fock states the scarred family #1 — #5 (a-e, respectively)
have a large overlap with, see Table S1.
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FIG. S5. Probability (S3) of finding eigenstate in Fock states
with (6,2), (9,2), (12,2) Z2 and Zs patterns for N = 18,24, 30,
respectively. Energies of family #4 found for N = 24 by
CQVAE are denoted by dashed vertical lines.
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FIG. S6. Zo scars detected by the QVAE in the variant of
the PXP model with a three-body constraint.
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