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Streszczenie

Niniejsza rozprawa podejmuje problem wykorzystania par atomowych pierwiastkow me-
tali alkalicznych, w szczegdlnosci za$ par rubidu-87, umieszczonych w temperaturze zblizonej
do temperatury pokojowej wewnatrz komorek szklanych z parafinowym pokryciem Scian, do
badan z zakresu informacji i metrologii kwantowej. Celem pracy jest rozwoj metod manipula-
cji i rekonstrukceji stanow kwantowych w takich osrodkach, co otwiera pole dla wielu ciekawych
zastosowan. Jedno z takich zastosowan metrologicznych zostato przedstawione w pracy.

Na tres¢ pracy sktada sie kilka niezaleznych, jednak powiazanych ze sobg czeéci. Pierwsza
z nich jest teoretyczny opis oraz eksperymentalna weryfikacja, opracowanego przez doktoranta,
algorytmu rekonstrukcji stanéw kwantowych atoméw. Przedstawiona metoda opiera sie o po-
miary skrecenia plaszczyzny polaryzacji Swiatta przechodzacego przez oérodek, ktérego stan
kwantowych chcemy zidentyfikowa¢. W porownaniu do znanych wcze$niej metod tomogra-
ficznych, metoda ta cechuje sie mozliwoécia badan w rezimie bliskich odstrojen swiatta, co
pozwala na badanie efektéw, ktére nie mogly by¢ wcezesniej analizowane. Przeprowadzone w
ramach pracy analizy teoretyczne pozwolily na wyprowadzenie zwiazku pomiedzy poszcze-
gbélnymi elementami macierzy gestosci opisujacymi stany kwantowe atomoéw stanowiacych
osrodek, a okreslonymi sktadowymi spektralnymi rejestrowanych sygnaléw skrecenia plasz-
czyzny polaryzacji §wiatla, przechodzacego przez o$rodek umieszczony w zewnetrznym polu
magnetycznym. Dzieki temu mozliwe stata sie rekonstrukcja catego stanu kwantowego uktadu.

Opracowana teoretycznie technika zostala nastepnie zweryfikowana doswiadczalnie. W
ramach badan eksperymentalnych, zademonstrowano mozliwo$é¢ rekonstrukeji stanu podsta-
wowego o catkowitym momencie pedu f = 1 demonstrujac wysoka wiernosé¢ przeprowadzonej
rekonstrukcji. Prace doswiadczalne pozwolity rowniez zademonstrowaé bardzo wysoka odpor-
noscig tej techniki na zaburzenia zewnetrzne, w tym szum pomiaru oraz niedoktadnosci pola
magnetycznego. Ten ostatni element jest niezmiernie istotny z punktu widzenia praktycznych
implementacji tej metody.

Niezaleznym elementem prac nad tomografia stanu kwantowego bylo opracowanie nowej
metody przygotowania stanu kwantowego. Metoda ta pozwolita na catkowite wypompowanie
atoméw z jednego ze pozioméw nadsubtelnych stanu podstawowego atomoéw, przy jednocze-
snym zapewnieniu, ze zadna cze$¢ populacji nie zostata sputapkowana w stanie ciemnym.
Rozwiazanie to pozwolito m.in. na optymalizacje procesu manipulacji stanem kwantowym,
w znaczacy sposob zwiekszajac wiernoéé¢ prowadzonych operacji, co jest kluczowe z punktu
widzenia informacji kwantowej.

Kolejna czesé niniejszej pracy stanowia badania doswiadczalne nowo wyréznionej klasy
stanéw kwantowych zwanej stanami idealnego katomierza kwantowego. Jest to klasa stanéw,
ktére optymalizuja pomiary obrotéw kwantowo-mechanicznych. W ramach doktoratu zaimple-
mentowany zostal stan katomierza dla uktadu o spinie 1. Zostato to zrealizowane przy uzyciu
struktury energetycznej stanu podstawowego f = 1 rubidu-87. Implementacja do$wiadczalna

zostala nastepnie zweryfikowana w oparciu o opisang powyzej metode tomografii kwantowe;j.



Dalsze badania do$wiadczalne, pozwolily m.in. zweryfikowaé, ze parametry wytwarzanych
stanéw rzeczywiscie optymalizuja precyzje pomiaru obrotéow kwantowo-mechanicznych.

Ostatnia cze$¢ pracy stanowia badania nad wykorzystania metody transferu adiabatycz-
nego stanu kwantowego pomiedzy poziomami nadsubtelnymi rubidu-87. Teoretyczne analizy
tego zagadnienia prowadzone byly w rzeczywistej strukturze energetycznej ww. atomu, ktéra
zawiera szereg podpoziomoéw magnetycznych kazdego z poziomdw. Zrealizowane badania wy-
kazaly, ze uktad taki da sie rozseparowaé na szereg tréj- i czteropoziomowych poduktadéw,
przy czym obecnos¢ dodatkowego - czwartego - poziomu energetycznego w stanie wzbudzo-
nym moze w sposob dramatyczny zmieni¢ dynamike transferu. W szczegdlnosci, jego obecnosé
moze spowodowaé zatamanie sie¢ warunku adiabatycznosci procesu, czego skutkiem jest brak
transferu jakiejkolwiek populacji atoméw miedzy stanami kwantowymi. W ten sposéb mozna
m.in. kontrolowaé efektywno$¢ procesu transferu czy generowaé superpozycje standéw pomie-
dzy poziomami, ktére nie sg bezposrednio sprzegane za pomoca swiatta. Odkrycie to otwiera
zatem szereg bardzo ciekawych mozliwosci inzynierii stanoéw kwantowych, ktére nie byty dotad
analizowane.

Opisane czesci, sktadaja sie na spdjna catoéé pracy, ktora przestawia badania autora

prowadzone podczas jego doktoratu.
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Abstract

This dissertation is focused on the utilization of warm atomic vapours of alkali metals for
studies of the quantum information science and quantum metrology. A key figure are rubidium-
87 vapours, in close to the room temperature, enclosed inside glass cells with paraffin-coated
walls. The aim of this work is to develop methods for manipulating and reconstructing quan-
tum states in such media, thereby opening the field to numerous intriguing applications. One
of utilization in the context of the metrological applications is presented in this work.

The content of the dissertation comprises several independent, yet deeply connected parts.
The first part involves the theoretical description and experimental verification of an algorithm
for reconstructing the quantum states of atoms, developed by the doctoral candidate. The
presented method is based on measurements of the rotation of the polarization plane of light
passing through the medium whose quantum state we aim to identify. Compared to previously
presented tomographic methods, this approach allows for measurements in the regime of near-
resonant light detunings. Usage of such regime enable the study of effects that could not
be analyzed before. Theoretical analyses conducted as part of this work have derived the
relationship between the density matrix describing the quantum states of the atoms in the
medium and the specific spectral components of the recorded signals of polarization rotation
of the light when the medium is placed in an external magnetic field. This has enabled the
reconstruction of the entire quantum state of the system.

The theoretically developed technique was subsequently experimentally verified. In the
course of experimental studies, the feasibility of reconstructing the ground state with a total
angular momentum of f = 1 was demonstrated, presenting high fidelity in the reconstruction
process. Experimental work also demonstrated the high resilience of this technique to external
disturbances, including measurement noise and the magnetic field inaccuracies, which is crucial
for practical implementations of this method.

An independent element of the experimental research on quantum state tomography was
the development of a new method for preparing the quantum state. This method allowed for
the complete depopulation of one of the hyperfine levels of the ground state of atoms, while
ensuring that no population was trapped in a dark state. This solution enabled, among other
things, the optimization of the quantum state manipulation process, significantly increasing
the fidelity of the conducted operations, which is critical from the perspective of quantum
information science.

Another part of this work involves experimental studies of a newly distinguished class
of quantum states called perfect quantum protractor states. These are states that optimize
measurements of quantum mechanical rotations. During the doctoral studies, a protractor
state was implemented for a system with spin 1. This was realized using the energy structure
of the f = 1 ground state of rubidium-87. The experimental implementation was then verified
using the previously described quantum tomography method. Experimental studies allowed,

among other things, to verify that the generated states indeed optimize the precision of
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quantum mechanical rotation measurements.

The final part of the dissertation involves studies on the adiabatic quantum state transfer
between the hyperfine levels of rubidium-87. Analyses of this issue were conducted within the
real energy structure of the atom, which includes several magnetic sublevels of each level. The
research demonstrated that such a system can be separated into a series of three- and four-
level subsystems, with the presence of an additional - fourth - energy level in the excited state
dramatically changing the transfer dynamics. Specifically, its presence can cause the collapse of
the adiabatic condition, and as a result deteriorating transfer of any atom population between
quantum states. This discovery allows for controlling the efficiency of the transfer process or
generating superpositions of states between levels that are not directly coupled by light. This
finding opens up a range of very interesting possibilities for quantum state engineering that
have not been analyzed so far.

The described sections form a coherent whole, presenting the author’s research conducted

during the doctoral studies.
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Wstep

Celem niniejszej rozprawy jest oméwienie badan przeprowadzonych przez autora w ra-
mach realizacji doktoratu. Rozprawa ma forme wprowadzenia do cyklu artykutéw opublikowa-
nych w miedzynarodowych czasopismach naukowych i wraz z tymi artykulami stanowi spéjna
cato$¢. Uzupekienie artykutéw dodatkowym opisem pozwala na bardziej szczegdlowe wyja-
$nienie niektérych aspektéw prowadzonych badan, ktére, ze wzgledu na ograniczona objetodé
artykuléw, nie zostaly dotad szerzej oméwione. Ma to pozwolié na pelniejsze zrozumienie

zagadnien opisanych w prezentowanych artykutach.

Gléwnym ,bohaterem” niniejszej rozprawy sa ,ciepte” pary atomowe metali alkalicz-
nych. Ciepte pary atomowe, czyli pary atomowe w pokojowej lub nieco wyzszej temperaturze,
to osrodek, ktory od ponad pot wieku cieszy sie niestabnaca popularnoscia w badaniach fi-
zyki atomowej. Powodem tego jest niewatpliwa tatwo$¢ pracy z takimi osrodkami, ktora w
wiekszodci przypadkow sprowadza sie¢ do wykorzystania szklanej komorki z zamknieta w niej
pod proéznig kropla metalu alkalicznego. Dla kontrastu, wykorzystanie czesto bardziej ku-
szacych osrodkow, takich jak zimne lub ultra-zimne gazy albo putapkowane jony, wymaga
wyrafinowanych uktadéw doswiadczalnych, ktérych budowa niejednokrotnie zajmuje wiele
lat. Oczywistym jest, ze prostota pracy z cieptymi parami atomowymi ma swoja ceng, ktora
jest koniecznosé korzystania z opisu przy pomocy tzw. kolektywnych stanéw kwantowych.
Opis ten zaklada, ze cata grupa atomoéw zachowuje sie w identyczny sposob, co ma prowa-
dzi¢ do obserwacji okreslonego, usrednionego zachowania ukladu. Choé¢ zalozenie to moze
wydawaé si¢ duzym przyblizeniem, to, jak pokazano w ramach niniejszego doktoratu, ww.
formalizm dobrze opisuje cieple pary atomowe. Sam formalizm jest zreszta szeroko wyko-
rzystywany w wielu dziedzinach wykraczajacych poza fizyke atomows. Przyktadowo, byt on
uzyty w pierwszych pracach demonstrujacych mozliwosé implementacji algorytméw kwanto-
wych w magnetycznym rezonansie jadrowym w cieczach. Warto jednak zwrdci¢ uwage, ze
wykorzystanie rezonansu jadrowego w kwantowej teorii informacji ma pewne ograniczenia,
a jednym z nich jest wykorzystanie tzw. stanéw pseudoczystych. O stanach takich mowimy
wtedy, kiedy pojawia sie trudno$é catkowitego spolaryzowania oérodka (w rezonansie magne-
tycznym polaryzacja jadrowa uktadu rzadko przekracza 107°), a same stany opisuja tylko
niewielki podsystem rozwazanego ukladu. W tym kontekscie ogromna przewage maja pary
atomowe, dla ktérych mozliwe jest wzbudzenie atoméw przy pomocy dostepnych zrodel lase-
rowych i uzycie, opracowanej w polowie ubiegtego wieku przez Kastlera, metody pompowania
optycznego. Pozwalaja one na napompowanie uktadu w niemal 100%.

Korzystajac z formalizmu kolektywnej macierzy gestosci, nalezy pamietaé, ze dotyczy on
efektéw udrednionych po wielu atomach. Choé zaweza to obszar mozliwych badan, to jednak,
zachowujac pewng doze ostroznosci, pozwala na opis zachowania uktadéw w szeregu zjawisk,
w ktérych indywidualizm” poszczegdlnych atoméw nie jest az tak wazny. Przyktadem moze
by¢ efekt Zeemana lub Faradaya, zjawiska nieliniowe takie jak nieliniowa magnetorotacja

czy elektromagnetycznie indukowana przezroczystosé, ale takze niektére aspekty $ciskania



spinowego czy badania punktéw wyjatkowych. Tak szerokie spektrum mozliwych do opisu
zjawisk oraz tatwos¢ pracy z parami atomowymi odpowiedzialne sg za ogromng popularnosé
jaka osrodki te zyskuja w metrologii. W szczegélnosci sa one wykorzystywane do pomiaréw
statych i oscylujacych pdl magnetycznych, ale réwniez jako bardzo precyzyjne zyroskopy.
Potaczenie tych zalet z rosnacym zainteresowaniem i rozwojem metrologii kwantowej, czyli
dziedziny wykorzystujacej w pomiarach efekty nie majace swojego analogu w fizyce klasycznej,
sprawia, ze rola cieptych par atomowych na polu wspoélczesnej fizyki atomowej wciaz sie
zwieksza.

Przytoczone powyzej argumenty pokazuja, ze rola opisanych w niniejszej pracy osrod-
kéw jest wciaz wazna na polu fizyki atomowej. Z drugiej jednak strony rozwdj metrologii i
informatyki kwantowej implikuje koniecznosé lepszego zrozumienia proceséow zachodzacych w
tych osrodkach na ptaszczyznie kwantowo-mechanicznej. To wlasnie ten fakt jest gtéwna mo-
tywacja dla powstania niniejszej pracy. Jej gtownym elementem jest rozwdj metod tomografii
stanéw kwantowych wytwarzanych w parach atomowych.

W ramach pierwszego rozdzialu przedstawione zostalo krotkie wprowadzenie do podsta-
wowych, a zarazem niezbednych z punktu widzenia niniejszej pracy poje¢. Obejmuja one za-
gadnienia zwigzane ze struktura energetyczna metali alkalicznych, w szczegdlnosci rubidu-87,
ale takze z opisem oddzialywania atoméw ze Swiattem. Rozdziat 2 stanowi dyskusje bardziej
ukierunkowang na efekty charakterystyczne dla cieptych par atomowych oraz komérek parafi-
nowych. Omoéwiony w nim zostal sposéb opisu standéw kwantowych poprzez stany kolektywne
wraz z dyskusja mocnych i stabych stron tego podejscia w kontekscie cieplych par atomo-
wych. W rozdziale tym opisany zostal réwniez wplyw efektu Dopplera na obserwowane w
cieptych parach zjawiska oraz charakterystyczne dla takiego uktadu kanaty relaksacji. Zwien-
czenie tego rozdziatu stanowi dyskusja nad metodami modelowania efektéw w komoérkach z
antyrelaksacyjnymi pokryciami parafinowymi, bedaca jednoczeénie wstepem i objasnieniem
metod modelowania wykorzystanych w artykutach skladajacych si¢ na niniejsza rozprawe.
Rozdzial 3 pokrétce omawia artykuty stanowigce podstawe niniejszej pracy, zwracajac szcze-
gblnag uwage na aspekty, ktére nie zostaly w artykulach wystarczajaco doglebnie oméwione z
uwagi na ograniczenia na liczbe stron. Calosé rozprawy zamyka podsumowanie przedstawia-
jace konkluzje wynikajace z pracy oraz dalsze kierunki rozwoju projektu, w ramach ktérego

niniejsza praca powstawala.



Rozdziatl 1

Pojedynczy atom w polu klasycznym

Celem niniejszego rozdzialu jest wprowadzenie Czytelnika w podstawy prostego modelu
teoretycznego, pozwalajacego opisa¢ uktad pojedynczego, nieruchomego atomu oddziatuja-
cego z fala elektromagnetyczna (wiazka laserowa) rozwazana jako klasyczne pole elektroma-
gnetyczne. Model ten pozwoli, w dalszej czesci pracy, opisaé zjawiska obserwowane w cyklu
prac stanowiagcych podstawe niniejszej rozprawy doktorskiej.

Aby zaprezentowane rozwazania lepiej oddawaly warunki, w ktérych prowadzone sg ba-
dania doéwiadczalne, w niniejszym rozdziale rozwazana jest struktura energetyczna atoméw
metali alkaliczynych oraz semiklasyczny model ich oddzialywania z polami zewnetrznymi, ta-
kimi jak Swiatlo oraz zmienne i stale pola magnetyczne. Pozwala to opisaé¢ szereg prostych
zjawisk optycznych oraz okresli¢ dynamike, jakiej podlega ukltad atomy—$wiatlo.

W celu pelniejszego opisu oddzialywania atomoéw ze Swiatlem, w koncowej czesci tego
rozdziatu, przedstawiony zostal wstep do opisu oddzialtywania atoméw z dwiema wigzkami
laserowymi. Pozwolitlo to na uzyskanie szeregu ciekawych efektéw, takich jak elektromagne-
tycznie indukowana przezroczystosé (ang. electromagnetically induced transparency - EIT) [1],
spéjne pulapkowanie populacji (ang. coherent population trapping - CPT) [2], czy zjawisko
STIRAP (ang. stimulated Raman adiabatic passage) [3, 4]. Szczegblny nacisk zostal polozony
na zjawisko STIRAP, ktére jest gléwnym tematem artykutu [B].

1.1 Struktura energetyczna atomow pierwiastkéw alkalicznych

Najczesciej wykorzystywana w eksperymentach fizyki atomowej grupa pierwiastkow sa
metale alkaliczne. Taki stan rzeczy wynika z silnego sprzezenia tego typu pierwiastkéw ze
Swiatltem, obecno$ci przejsé atomowych o tatwo dostepnych dlugosciach fali oraz mozliwoéci
manipulacji stanem tych atoméw przy pomocy pdl zewnetrznych (np. pola magnetycznego lub
elektrycznego). Wlasciwosci te sa nastepstwem posiadania przez tego typu atomy zaledwie
jednego elektronu walencyjnego, co utatwia takze ich opis teoretyczny i sprawia, ze mozna je
traktowaé jako atomy wodoropodobne [5].

Szczegdtowa analiza struktury energetycznej, nawet tak prostych atomow jak atomy pier-
wiastkéw metali alkalicznych (jeden elektron walencyjny), wymaga uwzglednienia szeregu
efektéw poczawszy od elektrostatycznego oddzialywania elektronéw z jadrem atomowym,
poprzez sprzezenie spin-orbita, poprawke Darwina, przesuniecie Lamba, konczac na sprze-
zeniu catkowitego momentu pedu elektronu ze spinem jadra. Z punktu widzenia omawianych
w niniejszej pracy badan, szczegélnie istotna jest struktura zwigzana z momentem pedu po-
szczegblnych standéw, ktéra bezposrednio wynika za sktadania spinu elektronu walencyjnego,

orbitalnego momentu pedu elektronu walencyjnego oraz spinu jadra atomowego, ktore opi-
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sane sa odpowiednio operatorami S, L oraz I. Punktem wyjécia do dalszych rozwazan jest
struktura poziomoéw energetycznych atomu wynikajaca z réwnania Diraca dla atomu wodoro-
podobnego, ktora rozroznia stany ze wzgledu na gtéwna oraz poboczna liczbe kwantowa. W
takim uktadzie najsilniejszym efektem, od ktérego nalezy rozpoczaé analize struktury energe-
tycznej jest sprzezenie spinu elektronu z jego orbitalnym momentem pedu, zwane sprzezeniem
subtelnym. W pierwszym przyblizeniu zrédtem tego oddziatlywania jest pole magnetyczne wy-
twarzane przez jadro atomowe w ukladzie spoczynkowym elektronulﬂ [5H7]. Matematycznie,

oddziatywanie to mozna zapisaé przy pomocy hamiltonianu

Hso = ((r)L- S, (1.1)

gdzie ((r) jest stala zalezna od odleglosci pomiedzy elektronem a tadunkiem jadra atomowego.
Standardowa metoda wykorzystywana do rozwazania tego typu sprzezeniu jest wprowadzenie
catkowitego momentu pedu elektronu J=L+8S, a nastepnie skorzystanie z wtasnosci

J2=(L+8S)?=L+2L-S+8% (1.2)

Dzigki temu hamiltonian (1.1) mozna zapisaé jako:
g 6r) a2 2o e
HSO_T(J L —s). (1.3)

W tym sprzezeniu do opisu stanu atoméw metalu alkalicznego wykorzystywane sa trzy
liczby kwantowe J, L oraz S E| W szczegdlnosci stan podstawowy atoméw dany jest jako:
|7 =1/2,s =1/2,1 = 0). Dla atoméw rubidu-87, ktére wykorzystywane sa w pracach stano-
wiacych podstawe niniejszego doktoratu, w zwyczajowo uzywanej notacji spektroskopowe;j [6],
stan podstawowy oznaczony jest jako 52S; /2- Natomiast najnizej lezacy stan wzbudzony, ktory
ma orbitalny moment pedu L = 1, rozszczepia si¢ na 2 poziomy: |J =1/2,S =1/2,L =1)
oraz |J =3/2,5 =1/2,L = 1). Stany te oznaczane sa odpowiednio jako 52P1/2 oraz 52P3/2,
za$ linie widmowe, odpowiadajace przejsciom optycznym pomiedzy tymi stanami a stanem
podstawowy w metalach alkalicznych, nazywane odpowiednio liniami D; oraz Ds.

Dokladniejsza analiza oddziatlywan, ktore sa obecne w atomach, pokazuje, ze w kolejnym
kroku nalezy uwzgledni¢ oddzialywanie catkowitego momentu pedu elektronu J ze spinem
jadra atomowego I, ktéremu, w przypadku rubidu-87, odpowiada liczba kwantowa I = 3/2.
Oddzialywanie to, zwane oddzialywaniem nadsubtelnym, jest dla metali alkalicznych opisane
réwnaniemPt
3(1-9)"+ 2 (1-9) 17

Hrj~ Aypl-J+ B
1R Angst S Bhs oo T 12 — 1)

(1.4)

"W przypadku atoméw pierwiastkéw metali alkalicznych, tadunek jadra odczuwany przez elektron walen-
cyjny jest czeSciowo ekranowany przez elektrony powlok wewnetrznych [6).

2Wszystkie rozwazania zawarte w niniejszej pracy odnosza sie do stanéw podstawowych oraz niskolezacych
stanéw wzbudzonych znajdujacych sie w obrebie jednej linii spektralnej. W zwiazku z tym przyjeta zostata
konwencja, w ktérej wartosci momentu pedu/spinu stanu podstawowego sa oznaczane maltymi literami: s, I, j
oraz f, natomiast dla stanu wzbudzonego wielkimi literami: S, L, J oraz F'.

W tym réwnaniu zaniedbano najmniejszy czton oddzialywania, tj. czton oktupolowy.[8]
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Rysunek 1.1: Schemat ukladu pozioméw energetycznych rubidu-87 wynikajacy z (od lewej) réwnania
Diraca, poprawki na sprzezenie spin-orbita, poprawki nadsubtelnej. W ramach struktury subtelnej
wydzielone sa dwie linie spektralne Dy oraz Ds. Dla poprawienia przejrzystoéci schematu nie przed-
stawiono rozszczepienia zeemanowskiego podpozioméw stanu 52Pj s2- Odleglodci pomiedzy stanami
nie sy przedstawione w skali, za wyjatkiem wzglednych rozszczepien stanu 52P4 /2 oraz rozszczepien
zeemanowskich, ktére obrazuja réznice w czynnikach zyromagnetycznych stanu podstawowego i wzbu-
dzonego.

gdzie Ay, oraz Bpyps to odpowiednio magnetyczna stala dipolowa oraz elektryczna stata
kwadrupolowa, natomiast X = X (X + 1). Poprzez analogie do sprzezenia subtelnego mozna
pokazaé, ze do opisu tego oddzialywania mozna wprowadzi¢ pojecie calkowitego momentu
pedu atomu F, ktorego operator F wiaze si¢ z operatorami catkowitego momentu pedu elek-
tronu J i spinu jadra I relacja F=1+1J. Oddziatywanie nadsubtelne prowadzi do dalszego
rozszczepienia struktury subtelnej. Z punktu widzenia niniejszej rozprawy szczegdlnie istotne
jest rozszczepienie poziomdéw energetycznych rubidu-87 wchodzacych w sktad linii Dy, czyli
rozszczepienie stanéw o calkowitym momencie pedu elektronu j = J = 1/2 na dwa stany o

catkowitym momencie pedu atomu rownym f =11lub f =2 oraz F =1 lub F = 2.

Jednag z podstawowych wlasnosci pozioméw energetycznych w strukturze nadsubtelnej
jest ich degeneracja. Kazdy poziom o calkowitym momencie pedu rownym f, sktada sie z
doktadnie 2 f + 1 podpoziomoéw, ktore nazywamy podpoziomami magnetycznymi. Nazwa wy-
wodzi sie z faktu, iz podstawowym mechanizmem znoszenia degeneracji tych stanéw jest

umieszczenie ich w zewnetrznym polu magnetycznym. W takim przypadku hamiltonian opi-
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sujacy oddzialywanie atoméw z polem jest dany przez:
Hp =g (QSS+9L£+gli> -B, (1.5)

gdzie up to magneton Bohra, natomiast g; to tzw. czynnik g-Landégo dla odpowiedniego mo-
mentu pedu/spinu. W przypadku gdy zewnetrzne pole magnetyczne bedzie stabe, co oznacza,
ze zniesienie degeneracji bedzie znacznie mniejsze niz rozszczepienie nadsubtelne, powyzsze
oddzialtywanie mozna zapisa¢ z wykorzystaniem operatora catkowitego momentu pedu

Hp = pupgrF - B = pF - B. (1.6)

Taki opis wymaga wprowadzenia czynnika g-Landégo dla catkowitego momentu pedu, ktory
wynika z regul sktadania momentéw pedu [5-7]

F+J—IN< J+S—L>F+J—I

gr = gj (1.7)

2F 2J 2F

Przyblizenie w pierwszej réwnosci jest efektem zaniedbania cztonu pochodzacego z jadra ato-
mowego. Wynika ono z faktu, ze typowo dla metali alkalicznych czynnik Landégo spinu ja-
drowego jest o co najmniej dwa rzedy wielko$ci mniejszy od czynnika elektronowego. Przykla-
dowo, dla rozwazanego tutaj rubidu-87 wynosi g = 0.0009951414(10) [9]. Drugie przyblizenie
wynika z przyblizenia czynnikow Landégo dla spinu elektronu gs ~ 2 oraz orbitalnego mo-
mentu pedu g7, ~ 1 [5, 7, [10]. W przypadku gdy pole magnetyczne zorientowane jest wzdluz

osi kwantyzacji z, oddzialywanie mozna zapisa¢ jako:
Hp = WQLF,, (1.8)

gdzie czestos¢ sprzezenia 0, = v5B/h jest nazywana czestoécig Larmora. Gdy do opisu uktadu
zostanie wykorzystana baza rozpicta na stanach wtasnych operatora F., takie oddzialywanie
powoduje liniowe w funkcji pola magnetycznego rozszczepienie podpozioméw zeemanowskich
opisanych magnetyczng liczbg kwantowa my. Ze wzgledu na liniowos¢ rozszczepienia pozio-
moéw efekt ten nosi nazwe liniowego efektu Zeemana [5, 11], natomiast ww. baza, nazywana
jest baza zeemanowska. Dla rubidu-87, wykorzystywanego w pracach przedstawionych w tej
rozprawie, czynnik Zyromagnetyczny vy ~ £700.6 kHz G~! [§], gdzie + odpowiada stanom
podstawowym odpowiednio o f = 11 f = 2. W polach magnetycznych stabszych od pola
magnetycznego Ziemi, tj. sytuacjach rozwazanych w ramach niniejszej rozprawy, rozszczepie-
nie podpozioméw magnetycznych zawiera si¢ w granicy pomiedzy 1 i 100 kHz. Oznacza to, ze
jest ono znacznie mniejsze od rozszczepienia nadsubtelnego tych pozioméw, ktére wynosi ok.
6.835 GHz [8].

7 punktu widzenia powyzszych rozwazan istotne jest na koniec zwrdcenie uwagi na to,
ze operatory momentu pedu sa generatorami grupy obrotéw

Ra(dg) =1 — %j ‘nde, (1.9)

gdzie I%n(dqﬁ) jest operatorem obrotu wokét osi n o infinitezymalny kat d¢. Wynika z tego, ze w
rezymie liniowego efektu Zeemana ewolucja stanéw nadsubtelnych pod wptywem przylozonego
pola magnetycznego odpowiada kwantowo-mechanicznym obrotom o kat Qrtp, gdzie tp jest

czasem dzialania pola B.
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1.2 Oddzialywanie atoméw ze Swiattem

Oddzialywanie atomu z zewnetrznym polem magnetycznym nie jest jedynym oddzialty-
waniem, ktére mozna obserwowaé¢ w atomach metali alkalicznych. Jednym z innych bardzo
istotnych oddziatywan jest oddzialywanie atomu z koherentna wiazka swiatta. Takie oddzia-
lywanie mozna opisywaé w sposéb w pelni kwantowo-mechaniczny [12} |13], jednak w sytuacji
gdy atom oddziatuje z wiazka $wiatta laserowego o ,,makroskopowym” natezeniu, zazwyczaj
wystarczy opisaé to oddziatywanie w rezymie klasycznym, tj. w jezyku oddzialywania atomow
z klasycznym, oscylujacym polem elektrycznym. W takim przypadku oddzialywanie atomu
ze $wiatlem rozwazane jest jako oddzialywanie naladowanej czastki (elektronu zwiazanego
w atomie) z oscylujacym polem elektrycznym. W najnizszym rzedzie przyblizen, kiedy diu-
gos¢ fali elektromagnetycznej jest znacznie wieksza od rozmiaréw atomu, interakcja atomu z
zewnetrznym polem sprowadza sie do oddzialywania dipolowego [5, 12]

~ ~

Hip = —d-E, (1.10)

gdzie d=ef jest operatorem momentu dipolowego elektronu walencyjnego, ktory jest przeska-
lowanym przez tadunek elementarny e operatorem polozenia r. Natomiast E = Eg cos(wt + ¢)
jest polem elektrycznym fali $wietlnej o czestoéci w. Taka postaé operatora momentu dipo-
lowego skutkuje jego bardzo wazng wlasnoscia, mianowicie nieparzystoscia wzgledem odbicia
przestrzennego. Z tej wtasciwosci wynikaja m.in. reguty wyboru dla przej$é¢ dipolowych. Zgod-
nie z nimi w atomach wodoropodobnych przejscia dipolowe pomiedzy stanami o tej samej
parzystosci (tym samym orbitalnym momencie pedu L lub momencie pedu rézniacym sie o
wartos¢ parzysta) sa wzbronione. Co wiecej, jezeli spin jadra atomowego jest rézny od zera
mozna wywnioskowa¢ dodatkowe reguty wyboru:

L—1 # 0, (1.11)
F—f = #1v0, (1.12)
F+f > L (1.13)

Zmajomos¢ postaci operatora momentu dipolowego pozwala na wyliczenie amplitudy prawdo-
podobienstwa A;s przejécia pomiedzy stanem poczatkowym [1);) oraz koncowym [t)f), ktore

jest indukowane $wiattem o okreslonej polaryzacji
Aig o< (rld -mlyy) (1.14)

gdzie n jest wersorem okreslajacym polaryzacje pola elektrycznego wiazki. Jezeli stany wy-
razone sa w bazie zeemanowskiej, w sprzezeniu nadsubtelnym: [i;) = |f,mys) oraz [y) =
|F,mp), to do rozwazania tego problemu wygodnie jest wykorzysta¢ twierdzenie Wignera-
Eckarta [7, [10]. Wymaga to zapisania wersora polaryzacji w bazie sferycznej (polaryzacje o*

oraz m), jednak dzieki temu elementy macierzowe operatora momentu dipolowego przyjmuja
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postac:

(Fmpld-n|f,mg) = > n-q(F,mp|dg|f,mys) = (1.15)
q

= ol s ( Ly )

—-mp q Mmy

gdzie <F H&H f > jest zredukowanym elementem macierzowym operatora momentu dipolowego,
ktory jest taki sam dla wszystkich przej$¢ wchodzacych w sktad tej samej linii w strukturze
nadsubtelnej. Wykorzystujac wlasnosci sktadania momentu pedu, mozna pokazadé, ze zreduko-
wany element macierzowy dla struktury nadsubtelnej mozna przetlumaczy¢ na zredukowany
moment macierzowy dla struktury subtelnej [7, [10]. Pozwala to w tatwy sposéb poréwnywaé
sity przejsé w ramach calej linii spektralnej (np. D; lub Dg). Dodatkowo znajomo$é zreduko-
wanego elementu macierzowego struktury nadsubtelneﬂ pozwala w latwy sposéb zdefiniowaé
czestodé Rabiego dla wigzki oddzialujacej z atomem na zadanym przejéciu

n (il

. . (1.16)

Znajomo$¢ czestosci Rabiego pozwala na wprowadzenie parametru nasycenia [5]. W og6l-
nosci parametr ten jest zdefiniowany jako stosunek szybkosci wzbudzen do tempa relaksacji.
Taka definicja jest dosy¢ ogdlna i pozwala definiowaé parametr nasycenia adekwatny do okre-
Slonego przypadku. Przykladowo, najprostszym parametrem nasycenia jest k1, ktéry mowi o
tym na ile wysycone jest przejécie pomiedzy stanem podstawowym a wzbudzonym. W przy-
padku gdy czesto$¢ wzbudzen dana jest przez czesto$é¢ Rabiego a szybkosé relaksacji przez
stala relaksacji stanu wzbudzonego I' (szeroko$é naturalna), parametr x; przyjmuje postaé
[5]: )
_ %

rz
Tak zdefiniowany parametr nasycenia pozwala oszacowaé¢ warto$é amplitudy pola elektrycz-

K1 (1.17)

nego swiatta, dla ktérego pojawia si¢ znaczace obsadzenie stanu wzbudzonego.

Jednym z najwazniejszych i najczesciej stosowanych przyblizen przy opisie oddzialywa-
nia atoméw ze Swiattem jest przyblizenie fali rotujacej (ang. rotating wave approximation
- RWA) [, [12]. Polega ono na wybraniu takiego ukladu odniesienia, w ktérym energia
stanu wzbudzonego bedzie poréwnywalna z energia stanu podstawowego. Takim uktadem
jest uktad rotujacy na czestosci wiazki laserowej dostrojonej blisko czestosci przejécia atomo-
wego. Transformacja ta jest szczegdllnie tatwa do zapisania w ukladzie dwupoziomowym, w
ktérym U = Pg+l5€ exp~ ™! przy czym P, = lg)g| oraz P = le)e| sa operatorami rzutowania
na odpowiedni stan podstawowy i Wzbudzonyﬂ W takim przypadku odwirowany hamiltonian

4Warto zauwazy¢, ze w literaturze czesto$é¢ Rabiego bywa zdefiniowana zaréwno z wykorzystaniem zredu-
kowanego elementu macierzowego dla struktury subtelnej jak i nadsubtelnej, a wyboér konkretnego przypadku
zalezy od rozwazanego problemu lub zastosowania.

®Uogoélnienie powyzszej transformacji na uklad ztozony z dwéch zbioréw podpozioméw magnetycznych jest
relatywnie proste i sprowadza si¢ do przedefiniowania operatoréw rzutowania jako: P, = S| fmg)Xfmy| oraz
p@ = Z |FmF><FmF\
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oraz macierz gestosci przyjmujg postacie:
H = U -0t (a07) (1.18)
p = UpUT, (1.19)

gdzie tylda oznacza, ze dany operator jest zdefiniowany w bazie rotujacej. Warto zauwazy¢,
ze dziatanie drugiego czlonu w réwnaniu sprowadza si¢ do obnizenia energii stanu
wzbudzonego do wartosci A = w — wy, czyli wartosci odstrojenia pola optycznego od przejscia
atomowego.

Ze wzgledu na regulte wyboru dotyczaca orbitalnego momentu pedu [réwnanie ]
operator elektrycznego momentu dipolowego nie moze sprzega¢ stanu podstawowego lub stanu

wzbudzonego z samym soba. Oznacza to, ze musi on spelniaé zaleznos¢:
d = P.dP, + P,dP.. (1.20)

Powoduje to, iz transformacja hamiltonianu ((1.10) do bazy rotujacej daje:

Hiy = —Eo [PdP, (1+¢21) + B,AP, (14 ¢72)]. (1.21)
Zaniedbanie cztonéw oscylujacych w powyzszym réwnaniu jest istota przyblizenia fali rotuja-
cej.

Warto zwrdci¢ uwage, ze przyblizenie RWA moze by¢ wykorzystywane nie tylko w przy-
padku pdl optycznych, ale réwniez oscylujacych pdl magnetycznych |14]. Istotnym jest wow-
czas zapewnienie, by szerokos¢ linii odwirowywanego przejécia byla znacznie mniejsza niz cze-
stotliwo$¢ tego przejéciaﬂ Jezeli ten warunek nie jest spelniony, obserwowany jest efekt prze-
suwania czestosci rezonansowej wywotany zaniedbana sktadows pola - efekt Blocha-Siegerta
[14-16].

Znajomos¢ postaci podstawowych operatorow opisujacych oddziatywanie atomu z po-
szczegblnymi polami zewnetrznymi pozwala wylicza¢ czasowa ewolucje stanu kwantowego
atomu. Poniewaz jednak atom moze podlega¢ relaksacji (np. poprzez emisje spontaniczna
ze stanu wzbudzonego do stanu podstawowego lub zderzenia miedzyatomowe) jego ewolucja
staje sie nieunitarna. Oznacza to, ze w opisie ewolucji stanéw musimy odwotaé sie do forma-
lizmu macierzy gestosci. W tym formalizmie réwnanie ewolucji moze zostaé zapisane na kilka
réznych sposobéw, ktére zasadniczo réznia sie sposobem opisu relaksacji. Jednym z nich, sze-
roko wykorzystywanym w fizyce atomowej do opisu cieplych par [5], jest réwnanie Liouvilla
w postaci:

ih%p = [H.p] = 5 {L.0} +A00), (1.22)
gdzie [.,.] jest komutatorem, a {.,.} jest antykomutatorem. Operator I' jest operatorem re-
laksacji, natomiast A(p) jest operatorem repopulacji [5]. Postaé tych operatoréw, w sytuacji
gdy calta niehermitowska czesé ewolucji sprowadza si¢ do emisji spontanicznej ze stanu wzbu-

dzonego (stan podstawowy jest nieskoniczenie dlugo zyjacy), zostala przedstawiona w pracy
[12].

SW przypadku przejéé optycznych warunek ten jest zawsze spetniony.
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W informatyce kwantowej réwnanie ewolucji czasowej macierzy gestosci czesto bywa na-
zywane rownaniem master lub réwnaniem Lindblada |17} |18]. Wykorzystuje ono wéwczas opis
niekoherentnej czeséci ewolucji uktadu przy pomocy tzw. operatorow Lindblada lub operatoréw
skokow kwantowych

. d - i oz s sy
ih—p = [H,p] - §Z{p, L#Lu}—kLupr (1.23)
m
gdzie sumowanie po p pozwala na uwzglednienie wielu niezaleznych kanaléw relaksacji i’u-
Rozdzielenie relaksacji na indywidualne kanalty ttumienia jest szczegdlnie uzyteczne przy wy-
korzystaniu formalizmu efektywnych hamiltonianéw |13} [18].

Warto na koniec zauwazy¢, ze relacja pomiedzy dwoma ww. opisami problemu jest rela-

tywnie prosta i mozna ja zapisa¢ w postaci:

= LiL,, (1.24)
M

Ap) =" LupLl,. (1.25)
17

Najbardziej podstawowym kanalem relaksacji wynikajacym z oddzialywania atoméw z
otoczeniem (rezerwuarem) jest relaksacja izotropowa. Sprawia ona, ze atom w dowolnym sta-
nie kwantowym ma takie samo prawdopodobienstwo niekoherentnego przeniesienia do kazdego
innego stanu. Oznacza to, ze cze$¢ operatora relaksacji (repopulacji) odpowiadajaca za ten
kanatl jest opisana odpowiednio znormalizowana macierza jednostkowa, ktéra zostata przeska-
lowana o stala relaksacji v. W parach atomowych metali alkalicznych stata ta jest o wiele
rzedow wielkodci mniejsza niz stata relaksacji stanu wzbudzonego T.

Nalezy zauwazy¢, ze jak dotad relaksacja izotropowa jest jedynym mechanizmem, ktory
powoduje niszczenie stanéw kwantowych w stanie podstawowym. Przez to oraz przez fakt, ze
dla stanéw wzbudzonych wyraznie dominujaca jest relaksacja przez emisje spontaniczna,
czesto jest nazywana wspotczynnikiem relaksacji stanu podstawowego. Jej znajomosé pozwala

na zdefiniowanie drugiego parametru nasycenia [5]

_ %

I{Q—Fily.

(1.26)

Parametr ten okresla amplitude pola elektrycznego, ktoére pozwala na istotna zmiane roz-
ktadu populacji w ramach podpozioméw zeemanowskich stanu podstawowego. Nalezy jednak
pamietaé, ze tak zdefiniowany parametr nasycenia zostal wyprowadzony przy zalozeniu izo-
tropowej relaksacji. W sytuacji, w ktorej istnieja inne kanalty relaksacji, moze on byé¢ zatem
traktowany jedynie jako swego rodzaju przyblizenie pozwalajace na budowanie pewnej intuicji
eksperymentalnej.

1.3 Wplyw atoméw na swiatlo

Jednym z najpowszechniej wykorzystywanych opiséw oddzialywania atomow ze Swiatlem

jest w pelni kwantowo-mechaniczny opis, ktéry wykorzystuje sprzezenie atomowego momentu
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pedu do operatoréw Stokesa $wiatta. Jest to podejécie szczegdlnie uzyteczne, gdy wiazka
Swiatla laserowego jest daleko odstrojona od przejécia atomowego [19] lub w rezymie bardzo
czestych zderzen atoméw, podczas ktérych zachowany jest catkowity moment pedu zderza-
jacych sie atoméw (ang. spin-exchange relaxation free — SERF) [20]. Jedna z najwiekszych
zalet tego podejécia jest opisanie Sciskania spinowego poprzez mechanizm back action [13].
Istnieja takze uogdlnienia tego modelu pozwalajace na opis $wiatta blisko dostrojonego, ale

sa one rzadziej stosowane [21].

Alternatywnym do stricte kwantowego opisu oddzialywania atomy-$wiatlo jest podej-
Scie semiklasyczne, w ktorym Swiatlo propagujace przez osrodek jest traktowane jako kla-
syczna fala elektromagnetyczna. Podejscie to co prawda zaweza mozliwos$ci zastosowan me-
tody jedynie do koherentnych stanéw Swiatla, jednak daje ono szereg przewag obliczeniowych.
Przyktadowo, jest ono czesto wykorzystywane do opisu oddzialywan o charakterze tensoro-
wym. Przykladem jego wykorzystania jest opis dzialania magnetometréw typu AMOR (ang.
amplitude-modulated magneto-optical rotation — AMOR) [22].

Metoda semiklasyczna zostala wykorzystana w pracach [Al |C] do wyprowadzenia sygna-
16w magnetorotacji oraz zdefiniowania mierzonych obserwabli. W tym podejsciu, przy wyko-
rzystaniu réwnan Maxwella dla fali propagujacej w spolaryzowanym osrodku [5], réwnanie
falowe dane jest w postaci:

1
V2E — gafE = upd?P. (1.27)

Mozemy teraz sparametryzowaé pola elektryczne oraz polaryzacje atomowa i zapisaé te wiel-
kosci w postaci [5]:

E = EoRe{ei(kz_“’H‘ﬁ)(cos(e)[cos(a)x + sin(a)y] + (1.28)

+isin(e) [ cos(a)y — sin(a)X]) }

P = Re{ei(kz_‘””‘z’) (P = iPy)x + (Py — iPy)y] } (1.29)

Taka parametryzacja uwzglednia nastepujace parametry opisujace propagujaca wiazke: Ey -
amplituda pola elektrycznego wiazki, k - wektor falowyﬂ w - czestosé kotowa wigzki, ¢ - faza,
« - skrecenie plaszczyzny polaryzacji oraz € - eliptycznosé. Dodatkowo P; oznacza odpowiednia
sktadowa polaryzacji atomowej P. Réwnania i pozwalaja wyznaczy¢ zaleznosé
ewolucji parametréw $wiatta od odpowiednich sktadowych polaryzacji atomowej. W szcze-
gélnosci pozwolilo to w pracy [A] wyliczy¢ zalezno$é parametréw $wiatla spolaryzowanego

"W parametryzacji zalozono, ze $wiatlo propaguje wzdtuz osi z.
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liniowo wzdhuz osi y od polaryzacji osrodka:
w

e (1.30)
D¢ = —260‘206131, (1.31)
D-p = ﬁ%, (1.32)
Eloaon_ QEO“jEOc ) (1.33)

Sposrdd nich szczegdlng uwage podwiecono skreceniu plaszezyzny polaryzacji, ktéra to wiel-
ko$¢ wykorzystano do rekonstrukcji stanéw kwantowych w metodzie opracowanej w ramach
niniejszego doktoratu.

Ostatnim krokiem do wyliczenia ewolucji parametréw $wiatta, pod wpltywem atomoéw, jest

wyrazenie polaryzacji atomowe]j poprzez warto$¢ oczekiwang operatora momentu dipolowego
P = Ny/Tr [pd], (1.34)

gdzie Ny jest liczba atomoéw w osrodku. Wyliczajac ewolucje macierzy gesto$ci w znanych
warunkach, powyzsze réwnanie pozwala na wyznaczenie réwnan ewolucji parametréw $wiatla
takich jak: kat polaryzacji i eliptycznosci oraz amplituda i faza, jako funkcje macierzy gestosci
o$rodka. To podejscie umozliwito m.in. analize ewolucji skrecenia plaszczyzny polaryzacji dla
Swiatta liniowo spolaryzowanego, ktore propaguje sie wzdluz osi zewnetrznego, jednorodnego
pola magnetycznego, przylozonego do probki atomowej. Takie wyprowadzenie zostalo szczegé-
lowo opisane przez doktoranta w dodatkach do artykutu [A]. Warto nadmienié, ze taka analiza
pozwolita na precyzyjne opisanie zachowania ukladu dla niewielkich odstrojen wiazki préb-
kujacej. To zas pozwolilo na uzyskanie informacji o tensorowej sktadowej polaryzowalnosci

atomowej, co wyrdznia opracowang metode na tle innych pokrewnych badan.

1.4 Oddzialywanie atoméw z dwiema wigzkami Swiatla

Opisane wczesniej oddzialywanie atomy-$wiatto ograniczato si¢ do oddzialywania mode-
lowego atomu dwupoziomowego z pojedyncza, monochromatyczna wiazka $wiatta. Natural-
nym rozszerzeniem tego modelu jest zaréwno rozszerzenie struktury energetycznej atoméw
(rozwazanie wiekszej liczby pozioméw), jak réwniez dodanie kolejnej wiazki $witata. Takie
rozszerzenie modelu pozwala na badanie calej rodziny nowych zjawisk takich jak spdéjne pu-
lapkowanie populacji (ang. coherent population trapping — CPT) [2], elektromagnetycznie
indukowana przezroczystosé (ang. electromagnetically induced transparency — EIT) [1] czy
zjawisko STIRAP (ang. stimulated Raman adiabatic passage — STIRAP) [3, 4]. W ramach
cyklu prac stanowiacych podstawe tej rozporawy, szczegdlna uwage poswiecono procesowi
STIRAP.

W najprostszym wariancie zjawisko STIRAP rozwazane jest w tréjpoziomowym uktadzie

typu A (patrz Rys. ﬂ W ogdlnoéci zjawisko to polega na przelaniu populacji atomu po-

8Proces STIRAP mozna rozpatrywaé réwniez w innych uktadach, jak np. w ukladzie kaskadowym. W tej
pracy wykorzystano uktad lambda, poniewaz lepiej oddaje sytuacje atomu rubidu-87.

10
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miedzy dwoma stanami, |i) oraz |f), przy czym bezposrednie przeniesienie populacji miedzy
nimi w oparciu o oddzialywanie dipolowe nie jest mozliwe (przejscie wzbronione). Dlatego tez
do transferu populacji wykorzystuje si¢ stan posredni |e), do ktérego sprzezenie mozliwe jest z
kazdego z dwbch pozostatych stanéw. Najwazniejsza cechg procesu STIRAP jest fakt, ze stan
posredni pomimo mediowania procesu nie jest w zadnym jego momencie populowany. W ten
sposéb straty, ktore moglyby sie pojawi¢ w takim procesie sg zaniedbywalne, a sam transfer
jest koherentny. Przyktadowo, w rubidzie-87 mozliwe jest przeniesienie populacji pomiedzy
dwoma dtugozyjacymi poziomami nadsubtelnymi stanu podstawowego poprzez sprzezenie ich
do krétkozyjacego stanu wzbudzonego.

Kluczowym z punktu widzenia STIRAP elementem procesu jest precyzyjna kontrola sta-
néw wiasnych ukltadu poprzez przylozenie dwéch nastepujacych po sobie impulséw Swiatta
dostrojonych odpowiednio do przejscia |f) — |e) oraz przejicia |i) — |e). W analizie tych im-
pulséw nalezy zauwazyé, ze w pierwszej kolejnosci przykltadany jest impuls pomiedzy stanem
konicowym a stanem posrednim, a dopiero pézniej pomiedzy stanem poczatkowym a stanem
poéredninﬂ Oznacza to, ze sekwencja impulséw jest odwrotna niz ta jakiej mozna by si¢
intuicyjnie spodziewaé.

Opis matematyczny nalezy rozpoczaé¢ od zapisania hamiltonianu dla rozwazanej powyzej
sytuacji oraz wykonania przyblizenia fali wirujacej. W przypadku wiekszej liczby wiazek, ist-
nieje kilka sposobow odwirowania uktadu, ktére w efekcie dajg inng parametryzacje problemu.

Typowym sposobem jest jednak odwirowanie ukladu przez zastosowanie transformacji

A

U(t) = P, + Poe=irt 4 Ppeiler—ws)t (1.35)

gdzie }5# jest operatorem rzutowania na stan | u) Zastosowanie takiej transformacji oraz
zaniedbanie cztonéw szybkooscylujacych powoduje, ze hamiltonian uktadu przyjmuje postac:

1
0 S0 0
H=h| 000 A o |. (1.36)

1
RO

gdzie Q0 (1) = Eg(p) (t){e||d|| f (7)) jest Wolnozmienn czestoscia Rabiego wiazki stokesow-
skiej (pompujacej), ktéra uwzglednia przebieg czasowy impulséw pola elektrycznego Eg(p).
Dodatkowo, A jest odstrojeniem jednofotonowym, za$ § jest odstrojeniem dwufotonowym
(patrzy Rys. , ktore, w przeciwienstwie do odstrojenia jednofotonowego, mocno wptywa
na efektywnosé procesu i z punktu widzenia optymalizacji transferu powinno w zdecydowanej

wiekszosci przypadkéw wynosié 0. Jezeli ten warunek jest spelniony, diagonalizacja problemu

9Pierwszy impuls nazywany jest impulsem stokesowskim, natomiast drugi impuls nazywany jest impulsem

pompujacym.
10Taki zapis pozwala tatwo uogblniaé powyzszy opis na stany zdegenerowane, przyktadowo stany nadsubtelne.
1Wolnozmiennoéé oznacza, ze czas charakterystyczny zmian obwiedni impulséw jest znacznie dluzszy niz

czestotliwo$é optyczna.

11
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Rysunek 1.2: Dwie struktury energetyczne czesto wykorzystywane do opisu procesu STIRAP: a) uklad
typu Lambda oraz b) uklad drabinowy. Rysunek c) przedstawia wykres zaleznosci czasowej amplitud
dwdéch impulséw Swiatla (wiazka stokesowska i pompujaca). Amplitudy sa tak dobrane, ze maksimum
ich efektywnej czestosci Rabiego byly réwne o, dzieki czemu kat mieszania ¢ (wykres d) plynnie
przechodzi od wartosci 0 do 7/2. Takie dobranie parametréw skutkuje efektywnym transferem populacji
ze stanu |i) do stanu |f), bez tymczasowego obsadzania stanu posredniczacego |e) (wykres e). Na
wykresie f) dodatkowo przedstawiono ewolucje energii stanéw wlasnych ukladu w czasie. Jak widaé
w ukladzie wyraznie obserwowana jest separacja standéw w czasie przelewania si¢ populacji, co jest

konieczne ze wzgledu na zachowanie warunku adiabatycznodci.

12
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daje nastepujace wartosci wlasne:

=) = sin (& (£)) sin (2 (£)) i) + cos (¢ (£)) e} + cos (9 (1)) sin ( (1)) |)
0) = cos (9 (£)) i) — sin (9 (1)) |) (1.37)
[4) = sin (9 () cos ( (1)) |i) — sin (¢ (1)) |e) + cos (9 (1)) cos (12 (£)) | £)

gdzie ¥(t) oraz ¢(t) sa nazywane katami mieszania i sa zdefiniowane przez:

tan (9() = gpgg (1.38)
Q2(t) + Q2(¢
tan (2¢(t)) = © ( ) (1.39)

A

Przedstawione powyzej stany wlasne |+), |0) maja energie dane zaleznosciami:

B = %(Ai\/AQJng(t)Jng(t)) (1.40)
By = 0. (1.41)

Istotnym jest fakt, ze przy zalozonej sekwencji impulsow $wiatta kat mieszania zmienia
siec od 0 do 7/2, co oznacza, ze na poczatku sekwencji stan |0) jest tozsamy ze stanem |i),
natomiast na jej koncu ze stanem |f). Istotnym jest zapewnienie takich warunkéw ekspery-
mentu, aby ewolucja kata mieszania byla adiabatyczna. Oznacza to, ze musi ona by¢ na tyle
wolna, aby nie indukowaé przejécia atomu do stanéw |£), dzieki czemu sekwencja STIRAP w
sposéb koherentny przelewa populacje pomiedzy stanami |i) oraz |f). Ubranie tego stwierdze-
nia w matematyczne ramy odbywa sie poprzez wykorzystanie twierdzenia o adiabatycznosci
i powoduje sformutowanie dwéch warunkéw, nazywanych w literaturze lokalnym i globalnym
warunkiem adiabatycznosci [3]. Pierwszy z tych warunkéw, tj. warunek lokalnej adiabatycz-
noéci, naktada wiezy na gltadkos¢ przyktadanych impulsow, oznacza to, ze zmiana obwiedni

impulséw w czasie nie moze by¢ zbyt gwaltowna

[2(092(0) — 95 ()9 (0)

( s
2+ 2() > ’;t#}(t)’ - aTEn (1.42)

Na podstawie powyzszego réwnania mozna wyprowadzi¢ drugi warunek, tj. warunek globalny

adiabatycznosci. W tym celu obustronnie wycatkowuje sie rownanie ((1.42)) po czasie

A:/_OO VOO + 030 de > 7. (1.43)

Tak zapisane rownanie mozna dalej uprosci¢, zaktadajac, ze impuls stokesowski oraz pompu-
jacy maja takie same charakterystyki, oraz ze pole A mozna ograniczy¢ z géry przez maksy-
malng wartosci czestosci Rabiego 4, Oraz czas trwania impulsu T’

Qo > A> /2. (1.44)

13
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Pierwsza z powyzszych nieréwnosci moze by¢é w réznym stopniu wysycona, w zaleznosci od
ksztattu impulséw, im bardziej ksztalt impulsu przypomina impuls prostokatny tym bardziej

bedzie ona dazyta do réwnosci. Powoduje to, ze w praktyce stosuje si¢ uproszczona nierownosé:
QmazT > Amin, (1.45)

gdzie Apin jest minimalnym polem impulséw. W typowych sytuacjach wystarczajacym jest
zalozenie, ze Anin = 37 [4]. Warunek ten intuicyjnie pozwala zrozumieé jak szybko mozna
przeprowadzi¢ sekwencje impulséw przy zadanym natezeniu wiazek laserowych.

Opisane w tym rozdziale zagadnienia, poczawszy od struktury energetycznej metali al-
kalicznych, w tym w szczegdlnosci strukturze energetycznej atomdéw rubidu-87, poprzez opis
oddziatywania tych atoméw z polami magnetycznymi oraz elektromagnetycznymi (Swiattem),
sg krotkim wstepem do opisu zachowania par atomowych zamknietych w komérkach z para-
finowym pokryciem $cian. Znajomoéé tych zagadnien pozwala na bardziej szczegdéltowy opis
zjawisk, z ktorymi mamy do czynienia w eksperymentach prowadzonych w ramach niniej-
szej pracy, w tym m.in. pompowania optycznego oraz nieniszczacego probkowania atoméw
Swiattem. Aby ten opis byt jednak kompletny istotnym jest wprowadzenie cech charaktery-
stycznych dla osrodkéw jakimi sa pary atomowe, ktére zostaly umoéwione w kolejnym rozdziale

niniejszej rozprawy.

14



Rozdziatl 2

Pary atomowe w komodrce z antyre-
laksacyjnym pokryciem Scian

W rozdziale tym Czytelnik zostanie wprowadzony w zagadnienia dotyczace wtadciwosci
i praw, ktérym podlegaja atomy rubidu tworzace pary atomowe o temperaturze pokojowej,
umieszczone w komérce z antyrelaksacyjnym (parafinowym) pokryciem Scian. Na potrzeby
tych rozwazan, modelowy uktad jednoatomowy, oméwiony w rozdziale[l] zostanie rozszerzony
na termiczne zespoly atomowe. Na podstawie opisu ruchu atoméw w komérce, oméwione
zostang zjawiska takie jak u$rednianie oddzialywan, poszerzenie dopplerowskie linii rezonan-
sowej oraz wystepowanie okreslonych kanatéw relaksacji.

Rozdzial ten dyskutuje réwniez zalozenia przyjete przez autora w opracowanej przez niego
technice tomografii stanéw prezentowanej w pracach [Al |C| oraz sposéb, w jaki poszerzenia
dopplerowskie wptywaja na ,rozmywanie” waskich efektéw spektralnych, co zostato zapreze-
towane w artykule [B]. Istotna czescia tego rozdzialu jest takze opis przygotowanych przez
autora modeli numerycznych, ktére wykorzystano w trakcie badan m.in. podczas weryfikacji

procesu przygotowywania stanéw kwantowych (pompowanie optyczne).

2.1 Opis kwantowy zespotu atoméw

Rozwazajac temat par atomowych od strony teoretycznej, kluczowym zagadnieniem jest
sposob opisu stanéw kwantowych atoméw takiego osrodka. Pierwsza i natychmiastowa obser-
wacja, zgodng z rozwazaniami prowadzonymi w rozdziale [1], jest fakt, ze z uwagi na relaksacje
stanéw atomowych i zwigzang z nia niehermitowska ewolucja uktadu, atomy nie moga by¢ do-
brze opisane funkcjami falowymi. Co wiecej, opisanie makroskopowego zespolu atomoéow przy
pomocy pelnej macierzy gestosci, tj. uwzglednienie kazdego z atomdéw z osobna, nie jest moz-
liwe, ze wzgledu na ogromna ich liczbe w oérodku (w temperaturze pokojowej i objetosci 1 cm?
mamy ok. 10! atoméw rubidu). Z tego powodu, czesto stosowana praktyka jest zastosowanie
jednoatomowej macierzy gestosci [5, 23], nazywana réwniez kolektywna lub usredniona ma-
cierza gestosci. Jej formalne wyprowadzenie polega na rozwazaniu uktadu chmura atomowa
i otoczenie, z ktéorym atomy oddzialuja, a nastepnie wyliczeniu czesciowego sladu, kolejno
po otoczeniu, a nastepnie po n — 1 atomach probki, przy czym istotne w tym przypadku
jest zalozenie o nierozréznialnoéci czastek. Bardziej intuicyjne wprowadzenie kolektywnej ma-
cierzy gestosci opiera sie na zapisaniu jej jako Sredniej wazonej po poszczegblnych stanach

kwantowych atoméw w probcee

p= Z Wi |9 )il , (2.1)
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2.1. OPIS KWANTOWY ZESPOLU ATOMOW

gdzie W; nalezy rozumie¢ jako prawdopodobienistwo znalezienia w naszej prébce atomu w
(4)

stanie [1;). Rozpisanie stanéw [i;) = >, RS |¢pa) W bazie ortonormalnej {|¢)}, gdzie e sa

amplitudami prawdopodobienstwa, daje:

p=" Wil |ga Xty (2.2)

i,a,b

*

gdzie * oznacza sprzezenie zespolone. Jezeli jako baze do opisu eksperymentu wybierzemy

baze zeemanowska, to powyzsze rOwnanie przyjmie postacé:

p= Z Wicgf,)ncgf,);, |f,mXf,m| = Z pf.fmmt | FymX fm|. (2.3)
i 7

Nalezy zauwazy¢, ze takie zdefiniowanie macierzy gestosci jest w zupetnoéci wystarczajace do
opisania wszystkich zjawisk jednoatomowych, czyli opierajacych sie¢ na wewnetrznej ewolucji
pojedynczego atomu. Jednak efekty wielocialowe, takie jak splatanie kwantowe [24] czy wielo-
cialowe $ciskanie atoméw [25, 26], wymykaja sie temu opisowi. Dlatego tez waznym pytaniem
jest pytanie o to, na ile takie efekty sa istotne dla atoméw w postaci par atomowych umiesz-
czonych w komorkach z parafinowym pokryciem Scian i czy opis przy pomocy kolektywnej
macierzy gestosci jest w takim przypadku wystarczajacy.

Jednym z efektéw wielocialowych obserwowanych w parach atomowych pierwiastkow al-
kalicznych sa zderzenia atoméw z wymiana spinu. W zderzeniach tych dwa atomy zmieniaja
swoj stan kwantowy, przy czym zmiana ta zachodzi tak, ze zachowany jest wypadkowy rzut
momentu pedu zderzajacych sie atoméw. W temperaturze pokojowej jednak, gestosé rubidu
jest zbyt niska, aby efekt ten byl znaczacy i dlatego zazwyczaj moga one zostaé¢ pominiete [5].
Warto jednak zauwazyé, ze w komorkach z gazem buforowym, ktore czesto ogrzewane sg do
temperatury 100 °C do 150 °C, w ktorych to ci$nienie par rubidu rosnie o 3-4 rzedy wielkosci,
efekt zderzen z wymiang spindéw moze mie¢ duzy wpltyw na ewolucje kwantows uktadu, a na-
wet prowadzi do powstawania mechanizmu SERF. Kolejne dwa efekty wielocialowe zwigzane
sg z generowaniem splatania atomoéw $wiattem, co polega na oddzialywaniu atomoéw ze sobg
przy pomocy fotonu. W pierwszym przypadku, oSwietlenie atoméw odstrojonym $wiattem
(Swiattem prébkujacym) moze spowodowaé, ze kilka atoméw moze oddziatywaé dyspersyjnie
z tym samym fotonem [24, 27]. Drugi z efektéw zwiazany jest z pompowaniem optycznym i
polega na tym, ze w przypadku oswietlenia atoméw wiazka dostrojong do rezonansu, fotony
reemitowane w zjawisku emisji spontanicznej moga by¢ reabsorbowane przez inne atomy [20|
28|. Trzeba jednak zauwazy¢, ze aby te efekty mialy znaczacy wplyw na ewolucje zespotu ato-
mowego, osrodek musi sie charakteryzowaé wysoka gestoscia optyczna [27, 29]. W przypadku
par atomowych w temperaturze bliskiej temperatury pokojowej umieszczonych w komorce o
dhugosci rzedu centymetra, wielko$¢ ta nie przekracza jednosci, co oznacza, ze efekty te sa za-
niedbywalne.Dlatego tez, w rozwazaniach zaprezentowanych w ramach niniejszej pracy efekty
wielocialowe nie majg duzego wplywu na ewolucje rozwazanego uktadu i opis przy uzyciu

jednociatowej kolektywnej macierzy gestosci jest dobrym przyblizeniem.
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2.2. POSZERZENIE DOPPLEROWSKIE

2.2 Poszerzenie dopplerowskie

Nieodzowng czescia pracy z parami atomowymi w temperaturze pokojowej jest koniecz-
no$¢ uwzglednienia ruchu atoméw. Ruch ten powoduje wiele efektéw modyfikujacych zacho-
wanie i wladciwosdci atoméw w chmurze termicznej w stosunku do tych obserwowanych w
atomach nieruchomych.

Jednym z najwazniejszych efektéw, jakie nalezy w takich uktadach uwzglednié, jest efekt
Dopplera [5) 12]. Ruch atoméw powoduje bowiem zmiane wlasciwosci spektralnych o$rodka.
Gdy atom porusza sie bowiem w wiazce lasera, efektywna czestos¢ swiatta obserwowana w
uktadzie poruszajacego sie atomu jest rowna w = wg — k - v, gdzie wq jest czestoscia przejécia
w uktadzie spoczynkowym atomu, k jest jego wektorem falowym, natomiast v jest predkoscia
poruszajacego sie atomu [5, 20]. Natychmiastowym wnioskiem z analizy tej zaleznosci jest
fakt, ze dla przesuniecia czestotliwosdci przejscia istotna jest tylko sktadowa predkosé¢ atomu
wzdluz osi propagacji $wiatta (nazwijmy ja z). To wlasnie z jej powodu atom ,odczuwa”
przesuniecie dopplerowskie czestosci o wartosé Ap = —kuv,.

Rozklad predkosci czastek, bedacych w réwnowadze termodynamicznej, jest dany przez
rozklad Maxwella [5, [20]

2
fo(v)dv = (2£BT>3/ e~/ kB T) gy (2.4)
gdzie v = v2 + ’UZ +v2, a v; jest predkoscia atomu w kierunku 4, m jest masa atomu, nato-
miast T jest temperatura par. Jako ze interesujaca, z punktu widzenia efektu Dopplera, jest
tylko z-owa sktadowa predkosci, réwnanie mozna wycatkowaé po plaszczyznie prosto-
padlej, a nastepnie przepisaé otrzymane wyrazenie przy pomocy przesunie¢ dopplerowskich
odczuwanych przez poruszajace sie w prébce atomy

1
7€_A2D/F%’ dAp, (2'5)

fap,(Ap)dAp = A

gdzie Tp = k+/2kgT/m jest nazywana szeroko$ciag dopplerowska. Dla rozpatrywanego w
ramach niniejszej rozprawy rubidu-87 oraz wzbudzen na linii D;, szerokos¢ Dopplera w tem-
peraturze pokojowej (20 — 50°C) jest réwna I'p /27 ~ 300 MHz.

Znajomosé rozkladu czestodci ,odczuwalnych” przez atomy w gazie pozwala na
sformutowanie ogélnej metody transformowania zaleznoéci spektralnych dla atoméw spoczy-
wajacych do uktadéw o znanym poszerzeniu dopplerowskim. Odbywa sie to poprzez wykonanie
splotu badanej zaleznosci spektralnej a(A) z rozkladem (12.5)

o0

an(8) = (@ s f2,)(8) = [~ a(A+Ap)fay(Ap)dAp. (26)

—o0

Taka metoda jest standardowym podejsciem w analizie o$rodkéw poszerzonych dopple-
rowsko, zostala ona zastosowana przez doktoranta przykladowo w pracy [A], aby zmodyfi-
kowaé¢ przewidziane zalezno$ci amplitudy skrecenia plaszczyzny polaryzacji od odstrojenia
swiatta. W tym konkretnym przypadku efekt Dopplera spowodowal znaczace poszerzenie sze-

rokosci spektralnej badanej zaleznosci (z 6 do 300 MHz) oraz wyrazna zmiane ksztaltu linii z
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2.3. MECHANIZMY RELAKSACJI POLARYZACJI ATOMOWEJ

profilu lorentzowskiego na profil Voigta [30]. Jest to réwniez podrecznikowy przypadek splotu
dwdch struktur spektralnych, z ktérych szerokosé jednej jest znaczaco mniejsza. W granicznym
przypadku, gdy waska struktura staje sie delta Diraca, wynikiem splotu bedzie odtworzenie
profilu maxwellowskiego , co skutkuje poszerzeniem struktury do szerokosci dopplerow-
skiej i takiegoz tez ksztaltu. Dodatkowo, ze wzgledu na fakt iz rozktad jest unormo-
wany do jednoéci, omawiany splot zachowuje pole zawarte pod badana struktura, wynikiem
czego poszerzeniu badanej struktury towarzyszy réwniez znaczacy spadek jej amplitudy. Ta
procedura pozwolila, w artykule [C], przewidzie¢, w jaki sposéb odstrojenie wiazki probkuja-
cej wplywa na stabilno$é procesu rekonstrukeji. Zalezno$é ta zostata pdzniej zweryfikowana
eksperymentalnie, co dowiodlo poprawnosci tego podejscia. Dodatkowo, w artykule |B], po-
zwolita ona przewidzieé¢ ztamanie efektu selektywnoéci transferu populacji poprzez procedure
STIRAP, ktéra zostata zauwazona w uktadach wielopoziomowych.

2.3 Mechanizmy relaksacji polaryzacji atomowej

Jednym z istotnych efektow, ktére nalezy braé pod uwage podczas przygotowywania
do$wiadczen w cieptych parach atomowych sa, charakterystyczne dla takiego osrodka, mecha-
nizmy relaksacji polaryzacji atomowej (kwantowego atomu). Mozna je umownie podzieli¢ na
3 typy: (1) pochodzace od zderzen atoméw stanowiacych gaz, (2) wynikajace ze zderzen ato-
mow gazu ze Sciankami naczynia, oraz (3) wynikajace z niejednorodnoéci pdl oddziatujacych
z atomami prébki.

7 punktu widzenia relaksacji wynikajacej ze zderzen miedzyatomowych mozemy wyréznié
dwa typy zderzen: (1) zderzenia z wymiana stanu spinowego (ang. spin-exchange collisions)
oraz (2) zderzenia niszczace stan spinowy (ang. spin-destruction collisions) |11} 20, [31]. Zde-
rzenia pierwszego rodzaju to niskoenergetyczne zderzenia, przy ktérych nastepuje wymiana
stanu spinu elektronéw walencyjnych dwéch zderzajacych sie atoméw, a hamiltonian oddzia-

lywania dany jest przez:

Hipy = V(r)SW . §3), (2.7)

gdzie S@ oznacza operator spinu elektronu walencyjnego i-tego atomu, natomiast V(r) jest
potencjatem zaleznym od odleglosci pomiedzy jadrami atomowymi. Takie oddzialtywanie spet-
nia dwie, bardzo istotne z punktu widzenia efektywnej ewolucji atoméw witasnosci. Po pierwsze
zachowuje catkowity spin elektronowy zderzajacych sie atomoéw, a po drugie nie wplywa na
zmiane ich spinu jadrowego. Oznacza to, ze efekt zderzen z wymiang spinéw polega gtéwnie
na wymianie stanéw nadsubtelnych zderzajacych sie atoméw [31]. Jak zostalo wspomniane w
rozdziale dwa stany nadsubtelne stanu podstawowego w rubidzie, a nawet ogélniej w me-
talach alkalicznych, charakteryzuja si¢ réwnymi co do wartosci ale przeciwnymi co do znaku
czynnikami zyromagnetycznymi. Wynikiem tego zderzenia z wymiang spinu powoduja mikro-
skopowo odwrécenie znaku ewolucji w polu magnetycznym, a w konsekwencji makroskopowo
defazowanie stanu spinowego grupy atoméw. W temperaturach od 50 do 150°C, to ten me-

chanizm relaksacji jest dominujacy wobec relaksacji wywotanej zderzeniami niszczacymi stan
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2.4. MODELOWANIE EFEKTOW W KOMORKACH Z POKRYCIEM PARAFINOWYM

spinowy, natomiast w temperaturach wyzszych relaksacja wywolana zderzeniami z wymiana
spinéw zaczyna by¢ ograniczana poprzez efekt SERF. Przyktadowo przekrdj czynny na zderze-
nia z wymiang spinéw dla rubidu-87 wynosi 1.9(2) x 10~* cm? [32], co, przy éredniej wartosci
predkosci w temperaturze 40 °C wynoszacej 276 m/s i gestoéci par okoto 10! atom cm =3 [§],
daje Sredni czas pomiedzy zderzeniami wynoszacy 19 ms, podczas gdy dla tych samych warun-
kéw i przy przekroju czynnym wynoszacym 1.6 x 1077 atom cm =2 [33], $redni czas pomiedzy
zderzeniami niszczacymi stan spinowy wynosi Ty, = 22.6s.

Drugim mechanizmem relaksacji sa zderzenia atoméw ze ciankami naczynia. Ze wzgledu
na bardzo niska gesto$é atomowa panujaca w koméree (typowo 10 atomem™3 [34]), praw-
dopodobienstwo zderzenia sie atoméw rubidu jest niezwykle niskie (Srednia droga swobodna
atomu jest okolo 10% razy wieksza niz rozmiary komorki). Oznacza to, ze ruch atoméw w
przestrzeni jest balistyczny (atom porusza sie gléwnie po liniach prostych pomiedzy $cian-
kami komorki), a nie jest, jak w typowych gazach, btadzeniem przypadkowym. W przypadku
wykorzystania szklanej komorki bez zadnych specjalnych pokryé Scian, praktycznie kazde
zderzenie ze $ciankami powoduje depolaryzacje atomu |11]. Oznacza to, ze przy komoérce o
Srednicy 35mm w temperaturze pokojowej $redni czas pomiedzy depolaryzujacymi zderze-
niami wynosi okoto 100 ps. Aby zwigkszy¢ ten czas powszechnie wykorzystywane sg pokrycia
parafinowe [11}, 35]. Zwiekszaja one ilo$¢ zderzen wymaganych do depolaryzacji atomu do
wartosci 103 — 10%, w zaleznosci od rodzaju wykonanego pokrycia oraz geometrii komérki [34
36]. Sam mechanizm zderzenia atomu z pokryciem parafinowym polega na chwilowym osa-
dzeniu sie atomu na warstwie parafiny, a nastepnie jego desorpcji z powierzchni. Caty proces
absorpcja-desorpcja trwa $rednio okolo 10ns [36] i zachowuje stan spinowy atomu. Glow-
nym mechanizmem, wplywajacym na obnizenie czasu relaksacji zwiazanego ze zderzeniami ze
Sciankami, jest zderzenie atomu z niedoskonatosciami pokrycia parafinowego lub uwiezienie w
kropli metalicznego rubidu osadzonego na pokryciu. W obu przypadkach stan spinowy atomu
jest od razu niszczony. W komorkach z pokryciem parafinowym $redni czas zycia atomu Ty,
jest w granicach 10 ms do 1s, co jest wartoscig poréwnywalna z czasem pomiedzy zderzeniami

z wymiang spinéw.

2.4 Modelowanie efektéw w komorkach z pokryciem parafino-

wym

Kolejnym istotnym efektem, ktéry wynika z termicznego ruchu atoméw jest usrednianie
oddziatywan, ktérym podlegaja atomy [37]. Dzieje sie tak dlatego, ze atom, poruszajac sie
w komoérce, w réznych chwilach czasu probkuje inne obszary przestrzeni. W przypadku gdy
pola oddzialujace na probke nie sa jednorodne, atom podlega réznym warunkom ewolucji.
Przyktadowo, inaczej ewoluowaé bedzie stan kwantowy atomu, gdy bedzie on przechodzit
przez obszar, w ktorym oddziatuje z rezonansows wiazka Swiatla, a inaczej gdy $wiatto to jest
nierezonansowe, indukujace np. dynamiczny efekt Starka, lub gdy nie ma go wcale. Podob-
nie inna bedzie ewolucja stanu atomu w stalym polu magnetycznym, a inna gdy pole to jest

przestrzennie niejednorodne, co z punktu widzenia poruszajacego sie atomu implikuje oddzia-
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Rysunek 2.1: Schemat podzialu obszaréw wykorzystanych w modelowaniu, pokazanych z dwoch rzutow:
a) w plaszczyznie YZ oraz b) w plaszczyZnie XY. Obszar zaznaczony na czerwono i oznaczony jako V;
odpowiada obszarowi oddzialywania z wigzka, natomiast obszar niebieski, nazwany jako V,, to obszar
bez wiazki laserowej. Dodatkowo jasnorézowy kolor oznacza obszar wewnatrz V,, ktéry znajduje sie w
infinitezymalnym otoczeniu granicy obszaréw.

lywanie z polem zaleznym od czasu. W koncu wplyw na ewolucje ma réwniez czas, w ktorym
atom podlega takiemu czy innemu oddzialywaniu. Pokazuje to, ze ruch atoméw w objetodci,
w ktérej oddzialywanie zalezy od miejsca w przestrzeni wymaga odpowiedniego modelowania
takich uktadow.

2.4.1 Modelowanie stanéw stacjonarnych z wyréznieniem obszaru wigzki
laserowej

Pierwsza metoda modelowania wykorzystana w ramach cyklu prac stanowiacych niniej-
szy doktorat byto modelowanie oddziatywania atoméw z wiazka Swiatta pompujaca atomy do
stanu stacjonarnego (stan taki stanowil stan poczatkowy dla wielu dalszych badan). Metoda
ta jest oparta o precyzyjne wyliczanie stanu odpowiadajacego réwnowadze termodynamicz-
nej pomiedzy procesami zachodzacymi w obszarze o$wietlonym wiazka laserowa (w wiazce
Swiatla) oraz w obszarze ciemnym (poza wiazka $wiatla). W modelu tym niejednorodnosci
natezenia w wiazce zostaly zaniedbane, tzn. wigzka laserowa opisywana jest jednorodnym
profilem natezeniowym obejmujacym skonczona przestrzen w obszarze komorki . Jak
pokazano na Rys. 2.1] wiazka $wiatla zostala w takim modelowaniu podzielona na dwa wyraz-
nie rozgraniczone obszary: pierwszy, w ktorym atomy nie oddziatujg ze $wiattem, natomiast
moga swobodnie zderzaé sie ze $ciankami komérki, co powoduje relaksacje, oraz drugi obszar,
w ktoérym atomy oddziatujg z wiazka laserowa. Warto zauwazyé, ze gdy rozmiar poprzeczny
wiazki jest maly, rpeam <K Teelr, mozna uprosci¢ obliczenia zaktadajac, ze w obszarze z wiazka
nie nastepuje relaksacja ze wzgledu na zderzenia ze $ciankami, co wynika z niewielkiego prze-
krycia omawianego obszaru ze Sciankami komorki. Oprocz uwzglednienia oddziatywania ze
Swiattem i relaksacji podczas zderzen ze Sciankami komorki w rozwazaniach nalezy dodat-
kowo uwzglednié¢ pole magnetyczne.

Z punktu widzenia obliczeniowego, uwzglednienie dwoch obszaréw oddzialywania mozna
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przedstawi¢ jako uktad o dodatkowym (przestrzennym) stopniu swobody

P= D Paal g s fym)al, fom] (2.8)
o
h
m,m
gdzie a = i(0) odpowiada za pozycje atomu w wiazce lub poza nia. Takie rozszerzenie prze-
strzeni fazowej powoduje znaczne zwiekszenie wymiarowosci problemu, tj. liczba dostepnych
stanéw zwieksza sie dwukrotnie, czyli wymiar macierzy gesto$ci wzrasta czterokrotnie. Oka-
zuje sie jednak, ze tak postawiony problem jest przewymiarowany i mozna go uprosci¢. Nalezy
zauwazy¢, ze jedynym mechanizmem, w ramach ktoérego atom moze przej$¢ pomiedzy obsza-
rami jest termiczny ruch atoméw usredniony po ich relatywnie duzej liczbie. W efekcie podczas
przejscia przez granice obszaréw zachowany jest tylko stan podstawowy uktadu |o(i), f,m),
a stany wzbudzony i koherencje optyczne ulegaja relaksacji. Oznacza to rowniez, ze nie ma
mechanizmu generujacego koherencje pomiedzy stanami w obu obszarach, co z kolei powo-
duje, ze dla f # f’ wszystkie elementy p; o f.f" m.m’ = Posi.f,f'mm’ = 0. Dzieki temu znaczaco
zmniejsza si¢ wymiarowosé problemuEL a macierz gestosci moze zostaé zapisana jako suma
prosta

p = pi D po, (2.9)

gdzie po =3 £.f Pay,f,f mm/ |, f,m)a, f/>m/| :
m,m’
W analogiczny sposéb do rozwazan dla macierzy gestosci, tj. do podejscia, w ktérym

rozdzielamy rozwazania dla obszaréw V; oraz V,, mozemy skonstruowaé¢ hamiltonian calego

uktadu oraz operatory relaksacji i repopulacji (réwnanie (|1.22])):

H(A) = Hi(A) @ H,, (2.10)
r = I;el,, (2.11)
Alp) = Ai(pi) @ Aolpo), (2.12)

gdzie ﬁi(o), fi(o) oraz Ai(o) sg operatorami zdefniowanymi odpowiednio w wigzce i poza ni

Warto zauwazy¢, ze w tej metodzie, pomimo wyraznego rozgraniczenia na dwa obszary, moz-
liwe jest opisywanie oddziatywan obejmujacych caly obszar komoérki. Standardowym przykta-
dem moze by¢ tutaj pole magnetyczne, ktére jest opisane jako pole jednorodne obecne w obu
obszarach.

Do tego momentu w matematycznym opisie ewolucji pominigte zostaly procesy przej-
Scie atomdéw pomiedzy obszarami V; oraz V,. Jak juz wspomniano, przelewanie populacji
i koherencji zeemanowskich pomiedzy obszarami w rzeczywistym eksperymencie odpowiada
przelatywaniu atomow przez granice obszaréow. Proces ten z natury jest procesem stochastycz-

nym, a wiec efektywnie niekoherentnym. Proces przejécia przez granice moze by¢ modelowany

1Przedstawione tutaj rozwazania opieraja sie na modelu z dwoma obszarami oddzialywania, jednak warto
zauwazy¢, ze ten sam tok myslowy mozna uogdlni¢ na wigksza liczbe obszaréw, gdzie przedstawione uprosz-
czenie znacznie zyskuje na znaczeniu, poniewaz redukuje ono skalowanie wymiaru problemu z kwadratowego,
wzgledem ilosci obszaréow, do liniowego.

2 s e . .. . . .. 7

Warto zauwazy¢, ze jedynym operatorem zaleznym od odstrojenia wiazki laserowej jest H;.
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poprzez odpowiedni kanal relaksacji i repopulacji, ktéry efektywnie ,zabiera” atomy z jed-
nego obszaru i ,dodaje” je w tym samym stanie spinowym do drugiego. Jest to wyjatkowo
proste do przedstawienia za pomocg operatoréw Lindblada, gdzie wystarczy wprowadzi¢ zbior
operatoréw o postaci Li0) = Vi) 2 f.m lo(2), f,m)i(0), f,m|, co jednoczeénie prowadzi do
nastepujacej postaci operatoréw relaksacji i repopulacjiﬂ

Aoty = LML = 530140, (2.13)
A(ﬂ)i(o)—»o(i) = L o )le N = = Yi(o) Z ’0 f m |pz(o ),i(0),f,f!m,m/» (214)
I

gdzie 7;(o) jest wspdtczynnikiem przejscia (ang. rate of transition) méwigcym o szybkosci z
jaka atomy przelatuja z obszaru o(i) do obszaru i(o).
Okreslenie wspoélczynnikéw przejscia pomiedzy obszarami mozna rozpoczaé od rozwaze-

nia zmiany liczby atoméw w obszarze V,,
dN, = [—70N, + v N;] dt = 0, (2.15)

gdzie Ny, jest liczbg atoméw w obszarze oSwietlonym i nieoswietlonym swiatlem, zas ostat-
nia réwnos¢ zaktada istnienie rownowagi termodynamicznej w uktadzie. Istnienie réwnowagi
termodynamicznej implikuje réwniez fakt, ze gestos¢ atomoéw nge jest dobrze okreslona jako:
- ]‘\2’ = ]‘\/[Z (2.16)
Warto w tym miejscu rozwazy¢ zachowanie atomow znajdujacych sie pomiedzy dwoma
obszarami, czyli w infinitezymalnie waskim (grubosci dr) obszarze tuz nad granica V; (Rys.[2.1]).
Objetosé tego obszaru dana jest jako S dr, gdzie S jest powierzchnia granicy obszarow. Korzy-
stajac z wczeéniej wprowadzonej gestodci atomowej, mozna oszacowaé liczbe atomdw tuz przy
granicy obszaréow jako Sng dr. Poniewaz rozklad predkosci atomoéw nie wyrdznia zadnego
kierunku, mozna przyjac, ze doktadnie polowa, z tak wyznaczonej liczby atoméw przekroczy
granice obszarow i przejdzie do obszaru V;, a polowa pozostanie w obszarze V,. Oznacza to,
ze zmiana liczby atoméw w obszarze V, na skutek ucieczki atoméw z obszaru przygranicznego

o szerokosci dr wynosi:

1
dN,| §Snat dr. (2.17)

o—1

Mozemy teraz, korzystajac ze Sredniej predkosci atomoéw, obliczyé ubytek atoméw z obszaru
dr w czasie dt. Aby wyliczy¢ Srednia predkosé atomow przekraczajacych granice nalezy wyko-
rzystaé¢ rozklad Maxwella danego réwnaniem (2.4)) i wyliczy¢ warto$é oczekiwana sktadowej

predkosci, ktéra jest prostopadta do powierzchni S:

/{bT S k'bT
No|, = —Sna\| —2—dt = ——1| ~2— N, dt = —v,N, dt. 2.1
s = S o =2 L 1 = v 1)

3Nalezy zauwazy¢, ze sumowanie przebiega réwniez po stanach wzbudzonych.
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Analogiczne rozumowanie mozna przeprowadzi¢ dla doptywu atoméw z obszaru V;, co osta-

tecznie daje nastepujaca relacje na liczbe atomdw opuszczajacych obszar V:

S [kT S kT
Ny= | =2/ 22Ny b 20 [ 2 Nt = [y N, 4 7N e 2.1
d Vo\/; 9\ e i | 4 = [270No + Vi) (2.19)

Uwzglednienie wszystkich opisanych powyzej proceséw pozwala na zapisanie réwnania
Liouville’a rozwazanego uktadu. W sytuacji stacjonarnej przyjmuje ono postac:
dp - i (a < i .
0= a - [H(A)HO} - 5 {F7p} + A(p) - Z (2 {’Ya—wv’yp} - A(p)a—m/) ) (220)

a,a=i,0

ata
gdzie pierwsza czes¢ odpowiada standardowej postaci rownania Liouville’a , natomiast
druga opisuje mechanizm przelewania atoméw pomiedzy obszarami. Warto zauwazy¢, ze tak
postawiony problem polega na rozwigzaniu uktadu réwnan liniowych, co powoduje, ze nume-
ryczne znajdywanie rozwiazan takiego ukladu jest proste i efektywne.

Nalezy w tym miejscu zauwazyé, ze rozwiazanie réwnania pozwala na obliczenie
rozwiazania jedynie dla jednej, konkretnej klasy predkosci atoméw, determinowanej przez
efektywne odstrojenie A ,odczuwane” przez poruszajace sie atomy. Aby uzyskaé¢ wynik od-
powiadajacy osrodkowi poszerzonemu dopplerowsko, nalezy rozwiaza¢ powyzsze réwnanie dla
zbioru réznych odstrojen, ktéry mozna ustali¢ za pomocg rozktadu odstrojen , a nastepnie
obliczy¢ érednia wazona zgodnie z rozktadem (2.5)).

Omoéwiony powyzej sposéb modelowania jest szczegdlnie uzyteczny w przypadku rozwa-
zania stanéw stacjonarnych atomow wystepujacych w postaci termicznych par umieszczonych
w pojemnikach (komérkach) z antyrelaksacyjnym (parafinowym) pokryciem $cian, gdzie spro-
wadza sie on do rozpisania réwnania Liouville’a i nie wymaga wykorzystania metod Monte
Carlo. Metoda ta zostala m.in. wykorzystana przy wyznaczaniu efektywnosci pompowania
atomow w takich ukladach oraz optymalizacji efektywnosci tego procesu w funkcji mocy,
dostrojenia oraz srednicy wiazki Swiatta. Szczegdlnie istotne sa tutaj wnioski dotyczace zalez-
nosci efektywnosci pompowania od mocy wiazki oraz jej srednicy. Wyniki przeprowadzonych
symulacji, przy zalozonych parametrach zgodnych z projektowanym eksperymentem (patrz
Rys. , stoja w zgodnosci z efektem opisywanym w [15, 37], ze efektywno$¢ pompowania
nie zalezy od jej érednicy, a jedynie od catkowitej mocy wigzki. W celu oszacowania zakresu
parametréw, w ktorych powinny lezeé¢ szukane wartosci, mozna wykorzysta¢ zmodyfikowane

wyrazenie na parametr nasycenia dla przejécia nadsubtelnego [38] w komdrkach parafinowych

0% TV,

(2.21)

To samo modelowanie pozwolito na zaprojektowanie metody przygotowania stanéw z wy-
korzystaniem repompowania drugiego stanu nadsubtelnego, co jest niezwykle istotne dla pro-
ces6w tomografii i inzynierii stanéw kwantowych, gdyz nie pozwala na putapkowanie atoméw
w tzw. ciemnym, tj. nie oddzialujacym ze $wiattem stanie kwantowym (patrz rozdzial
Przygotowanie tej procedury wymagato wyznaczenia granicznych wartosci mocy wigzek pom-
pujacej i repompujacej, ich Srednicy, ale takze optymalizacji kierunku i mocy przyktadanego

pola magnetycznego.
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Rysunek 2.2: Wykresy wiernosci wytwarzania stanu metoda opisana w rozdziale , otrzymane po-
przez modelowanie z podziatlem komorki na 2 obszary. W pompowaniu zalozono pompowanie $wiatlem

liniowo spolaryzowanym w osi z, repompowanie $wiattem spolaryzowanym w osi y - obie przekrywa-
jace sie i propagujace wzdtuz osi x. Dodatkowo obecne bylo jednorodne pole magnetyczne o natezeniu
10 mG ustawione w osi z. Wykorzystanie takiej konfiguracji pompowania zostato szerzej wyjasnione w
rozdziale Wszystkie parametry symulacji sa zgodne z wykorzystanymi w uktadzie eksperymen-
talnym z @ﬂ, czyli érednica komorki wynoszaca 33 mm, moc kazdej z wiazek 7mW oraz promien
4.5mm (chyba ze na wykresie oznaczono inaczej). Wiazki sa dostrojone do przejsé, a caly efekt zostal
wyliczony dla poszerzenia dopplerowskiego odpowiadajacego temperaturze 40 °C.
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2.4.2 Modelowanie efektéw transientowych oraz niejednorodnosci

Zupelnie inne podejécie do modelowania dynamiki atoméw w komérce z pokryciem pa-
rafinowym zostalo wykorzystane, gdy obiektem zainteresowania byly efekty dynamiczne. W
ramach pracy nad artykulem |C|, metoda ta zostala wykorzystana do oceny wplywu niejed-
norodnosci cewek na efekt dzialania przykladanych impulséw. Po niewielkich uogdélnieniach
pozwala ona réwniez na uwzglednienie impulséw Swiatta. W takim przypadku przyjeto sposéb
modelowania oparty o symulacje Monte Carlo, w ktérych atom porusza sie w ograniczonej
przestrzeni w zadanym polu. Otwiera to dodatkowe mozliwosci, gdyz tutaj, w przeciwienstwie
do poprzedniej metody, symulowane warunki, w tym np. pole magnetyczne, nie musza by¢
jednorodne w jakimkolwiek obszarze, ale moga by¢ wyrazone funkcjg o dowolnej zaleznoéci
przestrzennej.

Jest oczywistym, ze opisywana metoda wymaga duzych zasobow obliczeniowych ze wzgledu
na fakt, iz przy termicznych predkosciach atoméw oraz relatywnie niewielkich rozmiarach ko-
morek nalezy zastosowaé relatywnie krotki krok czasowy, a odtworzenie zachowania grupy
atoméw wymaga wielokrotnego iterowania symulacji w celu zebrania reprezentatywnej sta-
tystyki. Powoduje to, ze rozwiazywanie pelnego réwnania Liouville’a w kazdym kroku
znacznie ogranicza uzyteczno$é¢ tego rodzaju symulacji. Pewnym uproszczeniem przy symu-
lowaniu wptywu niejednorodnych pdl magnetycznych na ewolucje atoméw jest wykorzystanie

réwnania Blocha [E| 21]

%F(t) — vrF x B, (2.22)
gdzie F(t) = Tr(pﬁ‘) jest wartoscia oczekiwang operatora momentu pedu. Warto zauwazy¢,
ze W przeciwienstwie do standardowego réwnania Blocha, nie uwzgledniono tutaj proceséw
relaksacji, a jedynie unitarng ewolucje pochodzaca od pola magnetycznego. Odpowiada to
symulowaniu stochastycznych kwantowych trajektorii ze stochastycznymi skokami realizuja-
cymi procesy relaksacji w danym ukladzie, a nastepnie obserwowaniu efektu uérednionego po
odpowiednio duzej prébie statystyczne;j.

Podstawowsg kwestia w tak postawionym problemie sg zalozenia odnosnie ruchu atoméw.
Jak zostalo wspomniane w rozdziale[2.3] ruch atoméw w komérkach z pokryciem parafinowym
i bez gazu buforowego jest ruchem balistycznym. Dzieki temu model ruchu atoméw w prze-
strzeni jest bardzo prosty, wymaga jednak uwzglednienia mechanizmu zderzenia ze $ciankami
naczynia. Jak wspomniano wyzej, gdy atom uderza w scianke komérki, nie nastepuje jego od-
bicie sprezyste, ale osadzenie atomu na powierzchni, a nastepnie ,,uwolnienie” w czasie srednio
10 ns. Przy calym procesie stan kwantowy atoméw jest zachowany. Proces absorpcja-desorpcja
jest wiec rownowazny losowaniu nowej wartosci predkosci atomu z rozktadu Maxwella ,
natomiast kata z rozkladu f, (o, ) = cos¥/(27), gdzie ¥ € (0,7/2) jest katem od osi nor-
malnej do komérki w punkcie desorpcji, a kat ¢ jest katem w plaszczyznie stycznej do tego
punktu |15 37]. Jest to rozklad, ktéry jest tozsamy z warunkowym losowaniem wszystkich
trzech sktadowych predkosci z rozktadu Maxwella, gdzie odrzucone zostaja przypadki, kiedy
zwrot predkosci atomu wybiega poza komorke.

Kolejnym, réwnie istotnym efektem, ktéry nalezy uwzglednié, sg opisane w rozdziale
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mechanizmy relaksacji. Ze wzgledu na fakt, iz w tej symulacji rozpatrywana jest trajekto-
ria i ewolucja pojedynczego atomu, nie jest konieczne rozwazanie usrednionej relaksacji w
postaci operatora relaksacji . Zamiast tego mozna skupié¢ sie na fizycznym procesie i
jego skutkach na pojedynczy atom. Takie procesy maja charakter punktowy w czasie, ale ich
wystepowanie jest czysto stochastyczne. Pierwszym rozwazanym mechanizmem relaksacji jest
relaksacja przez zderzenia ze Sciankami komorki. Jak zostato wezesniej opisane, wykorzystanie
parafiny ogranicza ten kanal relaksacji, jednakze nie ttumi go catkowicie, z prawdopodobien-
stwem 1 : 10® stan spinowy zostanie catkowicie zmieniony [15]. W takich sytuacjach losowany
jest nowy zupelnie niezalezny stan spinowy. Drugim mechanizmem relaksacji jest relaksacja
przez zderzenia niszczace stan spinowy, jednak ze wzgledu na wyjatkowo male prawdopodo-
bienstwo zajicia tego procesu moze on zosta¢ zaniedbany. Na koniec nalezy uwzgledni¢ me-
chanizm relaksacji przez zderzenia z wymiana spinéw, gdzie z prawdopodobienstwem dt /T,
gdzie dt to odstep czasu pomiedzy kolejnymi krokami symulacji, atom ulega zderzeniu z wy-
miana spinu [39)].

Ze wzgledu na duza zlozono$é obliczeniowsa, jak i réwniez latwe akumulowanie bledéw
numerycznych podczas obliczen ewolucji, istotnym jest korzystanie z metod upraszczajacych
obliczenia. Dobra praktyka jest wybranie na tyle matego kroku dt¢, aby méc zatozyé, ze w tym
czasie atom znajduje sie w stalym i jednorodnym polu. Pozwala to na analityczne rozwiazanie
ewolucji atomu na kazdym przedziale czasu [t;, t; + dt) wzgledem zmieniajacego si¢ pola.

Przedstawiona w niniejszym rozdziale technika pozwolitla na oszacowanie wplywu nie-
jednorodnoéci p6l magnetycznych wykorzystanych do generowania impulséw kontrolnych w
pracach |C| oraz [D], pokazujac, ze niejednorodnosci pola powoduja defazowanie stanu, ktére

w geometrii wykorzystywanej w eksperymencie jest zaniedbywalne.

2.4.3 Uwagi podsumowujace rozdziat

Modelowanie zachowania atoméw w gazach termicznych, tj. w osrodkach zbudowanych
z atoméw poruszajacych sie (poszerzenie dopplerowskie linii) nastrecza pewnych trudnosci, z
ktérych wiekszosé wynika ze stochastycznej natury ruchu atomoéw. Najdokladniejsze wyniki
modelowania takich uktadéw zapewniaja symulacje Monte Carlo z pelnym rozwiazywaniem
réwnan Liouville’a w kazdym kroku. Jest to jednak metoda niezwykle wymagajaca w kon-
tekscie wykorzystania zasobdéw obliczeniowych, a w efekcie bardzo powolna. W wiekszosci
przypadkéw zupelnie wystarczajace jest wykorzystanie uproszczonych metod. W przypadku
gdy obszarem zainteresowania sa stany stacjonarne uktadu, warto skorzysta¢ z metody opi-
sanej w rozdziale nalezy jednak pamietaé o jej zasadniczym ograniczeniu, jakim jest
zalozenie o jednorodnosci oddzialywan na wydzielonych obszarach komorki. Dodatkowo w
swojej najprostszej wersji taka metoda pozwala na uwzglednienie tylko zaburzen statych w
czasie. Jednakze znane sa w literaturze metody znajdywania rozwiazan stacjonarnych dla
zaburzen periodycznych [40].

W przypadku analizy efektow przejéciowych, przyktadowo odpowiedzi uktadu na zaburze-
nia impulsowe, nadal mozliwe jest skorzystanie z powyzszej metody. Wymaga to jednak wtedy

pelnego rozwiazywania rézniczkowego réwnania Liouville’a zamiast jego postaci stacjonarnej,
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bedacej liniowym uktadem réwnan. Metoda ta jednak, tak samo jak jej stacjonarna wersja,
zaktada jednorodno$é¢ oddzialywan w ramach wskazanych obszaréw. Gdy natomiast wyma-
gane jest symulowanie wplywu niejednorodnosci na ewolucje uktadu atomowego, koniecznym

jest wykorzystanie metod Monte Carlo.
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Rozdziat 3

Inzynieria i tomografia stanu kwan-

towego

Celem niniejszego rozdziatu jest przeprowadzenie Czytelnika przez cykl prac bedacych
podstawa niniejszej rozprawy, ktora jest czescig wigkszego projektu jakim jest rozwdj inzynie-
rii stanéw kwantowych w cieptych parach atomowych. Pierwsza cze$é¢ tego rozdziatu zostalta
poswiecona opisowi techniki tomografii stanéw kwantowych, zaréwno od strony teoretycznej
obejmujacej opracowanie techniki oraz jej analize numerycznag, jak i eksperymentalnej, w ra-
mach ktérej autor zbudowat i zaprogramowal uktad eksperymentalny, a nastepnie wykonal
badania poréwnawcze z wynikami analiz numerycznych. Druga cze$é¢ tego rozdziatu to krok w
strong metrologii kwantowej. W tej czedci zaprezentowana zostata nowo opisana klasa stanéw
kwantowych: perfect quantum protractors. W ramach niniejszego cyklu prac zostala zapre-
zentowana metoda ich wytwarzania w uktadach atomowych oraz zostaly zbadane wlasnosci
tej klasy stanéw w kontekscie pomiaru katéw obrotu. Ostatnia cze$¢ tego rozdzialu opisuje
proces tamania warunku lokalnej adiabatycznosci, ktory rozwazany byl w kontekscie zjawiska
STIRAP obserwowanego w ukladzie rubidu-87.

3.1 Tomografia stanéw kwantowych

Najczesciej stosowang technikg pomiaru stanéw kwantowych w eksperymentach bazuja-
cych na magnetycznym rezonansie jadrowym (ang. nuclear magnetic resonance — NMR) jest
pomiar zaniku magnetyzacji, zwany takze, z uwagi na specyfike pomiaréw w tradycyjnego
NMR, pomiarem sygnaléw FID (ang. free induction decay — FID) |41}, |42]. Technika ta po-
lega na pomiarze makroskopowej magnetyzacji prébki za pomocg zewnetrznego czujnika pola
magnetycznego, zazwyczaj w postaci cewki dostrojonej do czestotliwoéci konkretnego przej-
Scia w strukturze badanej probki. Jak zostalo pokazane przez doktoranta w pracy |A], jezeli
przez préobke termicznych par atomowych pierwiastkéw alkalicznych zamknietych w komorce
szklanej przechodzi wiazka liniowo spolaryzowanego Swiatta, ktorej o$ propagacji pokrywa sie
z osia przylozonego pola magnetycznego, to w sytuacji nieréwnowagowej polaryzacja Swiatta
ulega periodycznej modulacji, efektywnie odtwarzajac zachowanie obserwowane w magnetycz-
nym rezonansie jadrowym (przy zalozeniu, ze wszystkie zaburzenia zewnetrzne poza dwoma
wymienionymi wyzej, np. Swiatlo pompujace i repompujace, sa wylaczone). Dodatkowo praca
[A] wskazuje jawne réwnania opisujace otrzymywane sygnaly w dowolnym ukladzie spino-
wym. Zostaly one wyprowadzone wychodzac z réwnan i oraz wykorzystujac
serie przyblizen charakterystycznych dla wykorzystanego osrodka. Najwazniejszymi z nich sa

zalozenia o charakterystycznych relacjach pomiedzy czasami relaksacji stanu nadsubtelnego
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a szeroko$cig naturalng stanu wzbudzonego, v < I, o niskim natezeniu wigzki prébkujacej,
co objawia sie liniowoscig otrzymanych réwnan wzgledem amplitudy pola elektrycznego Ej,
oraz o odstrojeniu Swiatta probkujacego, ktére jest znacznie wigksze niz czesto$¢ Larmora
ewolucji w polu magnetycznym, 1, < A, przy czym w przeciwienstwie do innych prac z
zakresu tomografii stanéw atomowych [19], odstrojenie to nie jest traktowane w limicie bar-
dzo dalekich odstrojen. Nastepnie otrzymana zaleznos¢ zostala w pracy |C] przedstawiona w

bardziej przyjaznej, z eksperymentalnego punktu widzenia, postaci:
dat; A) = n(A) (7 [(ar) sin(20.8) + (@) cos(221)] — ((A)e " (B)) (3.1)

gdzie A jest odstrojeniem wiazki laserowej od przejscia atomowego, n(A) oraz ((A) sa tzw.
globalnym i lokalnym czynnikiem skalujacym, 7;(2) stalymi relaksacji, odpowiednio, sktado-
wej poprzecznej i podiuznej magnetyzacji atomowej, natomiast &gy oraz 3 sa operatorami
zaleznymi od struktury pozioméw energetycznych. Co ciekawe, wyrazenie jest w pelni
analogicznym wyrazeniem na rejestrowany sygnal w stosunku do wyrazen otrzymywanych
w klasycznych eksperymentach NMR [41] oraz cialostalowych ukladach pélprzewodnikowych
[43]. Dzigki temu obserwacje zaprezentowane w powstalych w ramach niniejszej rozprawy pra-
cach nad tomografia wykraczajg znaczaco poza badanie cieptych par atomowych, zahaczajac
zaréwno o badania NMR cieczy w wysokim polu, jak i badania cial statych. Co wiecej, bada-
nia te majg rowniez bezposrednie przelozenie na pomiary sygnalow NMR w bardzo stabym
i prawdziwie zerowym polu magnetycznym [42, |44], otwierajac dla nich caly obszar badan
zwigzanych z inzynieria stanéw kwantowych.

Warto w tym miejscu zwrdcié¢ uwage na zasadniczg réznice techniki opracowanej w ramach
niniejszej rozprawy a innymi technikami wykorzystywanymi do rekonstrukcji stanu kwanto-
wego atoméw par atomowych. Jak wspomniano powyzej, opracowana w ramach niniejszej
rozprawy metoda nie skupia sie¢ na rezymie, w ktérym wiazka probkujaca jest bardzo daleko
odstrojona. Dzieki temu mozliwe jest obserwowanie wiekszej ilosci sktadowych sygnatu niz
w przykladowo metodzie opisanej w pracach [19, 45|, w ktérych oddziatywanie atom-$§wiatto
jest ograniczone tylko do tzw. sktadowej wektorowej, co efektywnie sprowadza sie do obserwo-
wania tylko sktadowe;j <B> w rownaniu . Co prawda opracowana metoda jest efektywnie
wolniejsza, jednak niosaca wazne zalety. Przykladowo, jak wykazal doktorant w pracy [A],
przy znajomo$ci warunkow, w ktérych jest przeprowadzany eksperyment (pole magnetyczne
oraz natezenie i odstrojenie Swiatla prébkujacego), jest ona wyjatkowo odporna zaréwno na
szumy eksperymentalne, jak i niedoskonatosci procedury kontrolnej.

Najprostsza a jednoczesnie szeroko stosowang metoda rekonstrukeji standéw kwantowych, i
to zar6wno w przypadku qubitéw spinowych [|43|, jak i fotonowych [46], jest technika inwersji
liniowej. W metodzie tej zalozona jest wyjatkowo prosta parametryzacja macierzy gestosci
atoméw, gwarantujaca liniowo$¢ dalszej procedury

x% x% + iﬂs{o x% + ix{l
p= x% - ia:%o 1—af —2f ofi +izl, |, (3.2)
ofy —izf,  aff — il af
gdzie 1 = —1 oraz wszystkie elementy xf}m € R. Warto zauwazy¢, ze taka parametryzacja
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od razu zawiera warunek normalizacji macierzy gestosci (wyrazy na diagonali sumuja sie do

jednosci). Pozwala to na tatwe wprowadzenie zwektoryzowanej postaci macierzy gestosci jako:

T

X = x%,x{i,x%,...] . (3.3)
Nastepnie dla kazdej z obserwabli O; nalezy sformutowaé réwnanie w postaci Tr [Ozp} = b;,
gdzie b; jest wynikiem pomiaru danej obserwabli. Skonstruowanie takich réwnan dla wszyst-

kich zatozonych obserwabli pozwala na zapisanie uktadu réwnan w postaci macierzowej
O -x =Db + by, (3.4)

gdzie bg jest stalym wektorem wynikajacym z zawarcia w (3.2)) warunku normalizacji, na-
tomiast @ jest macierza wspotczynnikéow, ktora wynika bezposdrednio z postaci wybranego
zestawu obserwabli. Standardowym podejsciem do rozwiazania tego réwnania jest wykorzy-
stanie estymacji metoda najmniejszych kwadratéw [47] 48]

x =min ||0-x — (b+ bg)|*. (3.5)

Warto zauwazy¢, ze klasyczne podejscie do metody najmniejszych kwadratéw zaktada,
ze taki uklad réwnan jest nadokredlony, czyli ilo$¢ wykonanych pomiaréw jest wieksza niz
ilos¢ szukanych elementéw macierzowych. Powoduje to, ze macierz wspotczynnikow O nie jest
kwadratowa, a zatem nie mozna jej odwroécié¢. W takim wypadku, standardowym rozwigzaniem

jest pomnozenie calego réwnania (3.4) przez OF, co pozwala wyliczyé wektor x jako:
~1
x = (0'0) 0 (b+bo). (3.6)

Zasadnicza zaleta takiego podejécia jest relatywnie niski koszt obliczeniowy [47].

Kolejng, czesto wykorzystywana metoda estymacji macierzy gestosci jest metoda najwiek-
szej wiarygodnosci [47, 48]. Polega ona na wyznaczeniu najbardziej prawdopodobnego stanu
na podstawie zalozonego rozktadu prawdopodobienstwa obserwowanych danych. Podstawa tej
metody jest skonstruowanie funkcji wiarygodnosci

£ =T Plolbs), (3.7)

gdzie P(plb;) jest prawdopodobienistwem, ze pomiar obserwabli O; w stanie p da w pomiarze
wynik b;. Zazwyczaj, jezeli pomiary kolejnych obserwabli nie wykazuja korelacji, zaklada
sie, ze wszystkie pomiary sa nieskorelowane i pochodza z rozkladu normalnego, a funkcja
wiarygodnosci przyjmuje postaé iloczynu eksponent [40, [48].

Najwieksza zaleta metody najwiekszej wiarygodnosci jest tatwosé parametryzacji macie-
rzy gestosci w taki sposob, aby zapewnié¢ dodatnia okreslonosé macierzy gestoéci. Najprostsza
metoda jest skorzystanie z rozkladu Cholesky’ego 48], gdzie p = LL' oraz

I 0 0
L= | xo+ix3 x4 0 |. (3.8)
Ts +1xg Ty +1rg X9
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Taka parametryzacja natychmiastowo zapewnia dodatnia okreslono$é¢ macierzy gestosci, nato-
miast dodatkowy warunek []; ? = 1 zapewnia jej normalizacje. Zasadnicza wada tej metody
jest jej duza zlozonosé obliczeniowa, co jest szczegdlnie widoczne w wigkszych uktadach. Co
wiecej, w przypadku pomiaréw opartych o zanik magnetyzacji, gdzie do pojedynczego prze-
biegu magnetyzacji dopasowuje sie funkcje wielu zmiennych (estymuje si¢ jednoczesnie kilka
réznych obserwabli), poszczegélne obserwable sa ze soba skorelowane. To dodatkowo utrudnia
konstrukcje funkcji wiarygodnosci.

W ramach przedstawianego cyklu prac nie wykorzystywano jednej metody rekonstrukcji.
Przykladowo w pracy [A] do rekonstrukcji stanéw zostala wykorzystana metoda najwiek-
szej wiarygodnosci, natomiast w pézniejszych pracach [C, |D] zostala wykorzystana inwersja
liniowa, a w przypadkach, gdy zwracata ona wielko$ci niefizyczne (niedodatnio okreslona ma-
cierz gestosci), metoda najwiekszej wiarygodnosci byta wykorzystywana, aby znalezé fizyczna
macierz gestodci, ktora byla najblizej otrzymanej metoda inwers;ji.

3.1.1 Artykut: Optical reconstruction of the collective density matrix of a
qutrit

W ramach artykutu zatytutowanego ,,Optical reconstruction of the collective density ma-
trix of a qutrit” przedstawione zostalo szczegdlowe wyprowadzenie opracowanej przez dok-
toranta metody tomografii stanéw kwantowych. W szczegélnosci opisane zostaly zalozenia
pozwalajace na poprawne dzialanie opracowanej techniki oraz symulacje przedstawiajace za-
kresy parametréow eksperymentalnych pozwalajacych na jej wiarygodne stosowanie. Warto
nadmienié¢, ze pomimo tytulu odnoszacego sie do uktadu tréjpoziomowego, zaproponowana w
pracy metoda jest znacznie ogdélniejsza, gdyz pozwala na wyznaczenie mierzonych obserwabli
dla uktadu dwupoziomowego o dowolnych catkowitych momentach pedu stanu podstawowego
f oraz wzbudzonego F, tj. o dowolnej liczbie pozioméw nadsubtelnych w danym stanie.

W ramach pracy nad opisywanym artykutem doktorant przygotowal teorie wiazaca sy-
gnaly magnetorotacji z konkretnymi elementami macierzy gestosci, co pozwolilo na rekon-
strukcje tych drugich. Byl on takze odpowiedzialny za analizy numeryczne weryfikujace prze-
prowadzona, na podstawie tak otrzymanych sygnaléw, tomografie¢ stanéw kwantowych. W
konicu doktorant jest wspotautorem tresci artykutu.
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Reliable tomography of a quantum state of atoms in room-temperature vapors offers interesting applications
in quantum-information science. To step toward the applications, here, we theoretical investigate a technique of
reconstruction of a collective density matrix of atoms in a state of a total angular momentum equal to unity. By
studying transformation of density matrix due to magnetic-field pulses and deriving explicit relations between
optical signals and specific density-matrix elements, we demonstrate full reconstruction of quantum states.
Numerical simulations allow us to demonstrate that the reconstruction fidelity of pure and mixed states may
exceed 0.95 and that the technique is robust against noise and uncertainties.

DOI: 10.1103/PhysRevA.106.022406

I. INTRODUCTION

One of the most important challenges of quantum-
information science is the reconstruction of an unknown
quantum state [1-5]. The reconstruction requires measure-
ments of different noncommuting observables on a set of
systems occupying the same quantum state. Unfortunately,
due to the no-cloning theorem [6], preparation of identical
copies of a single quantum state is impossible. Utilization
of a macroscopic system, composed of a large number of
particles and described by a collective quantum state, enables
measurements over many elements at the same time [5,7].
Interpretation of such a reconstruction is straightforward in
media composed of particles in a (statistically) identical
quantum state. A specific example of such a system is the
Bose-Einstein condensate [3]. The situation is different in
room-temperature atomic vapors, where inhomogeneous tran-
sition broadening leads to a velocity-dependent interaction
with external fields (the Doppler effect) and, as a result, atoms
in various quantum states are simultaneously present in the
medium. Nevertheless, even in such a case, there are distinct
examples in which atoms may be considered to be statistically
occupying the same quantum state. A specific example of this
situation is an atomic vapor contained in a paraffin-coated
cell, where atoms freely travel between the container walls
and their polarization is preserved in wall collisions [8-10].
Thus, the interaction of atoms is averaged over a whole cell
volume [8,9]). Although in reality, the whole-system state
is a statistical average over quantum states of its micro-
scopic elements, the system still possesses many features of a
quantum state, revealing numerous quantum properties (shot
noise [11,12], squeezing [11], entanglement [13], etc.). In
turn, it is interesting from the point of view of quantum-state
tomography.

In this work, we present an approach to reconstruct the col-
lective density matrix [14,15] of atoms in an atomic ensemble
based on continuous weak measurements [7,15,16]. In mea-
surements, a system under investigation is weakly perturbed

2469-9926/2022/106(2)/022406(13)
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during probing; hence, the attainable information is limited.
This fact can be regained by performing measurements at
many microscopic subsystems (e.g., atoms) at the same time.
The approach was already implemented in quantum-state
tomography of cold atoms (see, for example, Ref. [7]), how-
ever, contrary to previous works, our approach is described
in a semiclassical picture, in which incident light is purely
classical.

The semiclassical approximation is a sufficient and con-
ventional way to describe light-atom interaction when light
is in a coherent state (e.g., laser light). This formalism is
widely used to describe room-temperature and hot atomic
gases [17], but can also be used to describe cold-atom exper-
iments [17,18]. Previous approaches achieved nondestructive
measurements using far-detuned light, which allows one to
use an effective ground-state Hamiltonian [7], neglecting the
tensor part of the light-atom interaction. In our approach, we
take into account entire light-atom interaction, specifically in-
cluding the tensor contribution to the interaction, and calculate
the evolution of the system using the first-order perturbation
theory. As a result, we explore scenarios in which weak, yet
arbitrary, detuning light is used. This is of particular impor-
tance in the case of Doppler-broadened media, where one
needs to account for atoms with different velocity classes.
Moreover, as shown below, by carefully choosing the detun-
ing, one can gain additional information about the system
from a single measurement. Our approach offers the ability to
derive analytical formulas for atomic evolution rather than nu-
merical simulation of the evolution, as previously done [15].
Because the overall evolution of such a system is complicated,
we perform a series of approximations, suitable for alkali
vapors at room temperature. It allows us to relate polarization
rotation and ellipticity change with the quantum properties
of atoms (density-matrix elements). In turn, this enables the
reconstruction of an arbitrary quantum-mechanical state of
atoms based on the observed signals. Additionally, we demon-
strate application of the approach for the full reconstruction
of a density matrix of a three-level system (qutrit) formed

©2022 American Physical Society
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within magnetic sublevels of long-lived ground state [10,19].
The technique is implemented for the reconstruction of both
pure and mixed states, and its precision and robustness against
different limitations (noise and uncertainties) are investigated.

II. RELATION BETWEEN OBSERVABLES
AND QUANTUM-STATE PROPERTIES

Optical tomography of a quantum state is based on mea-
surements of specific properties of light propagating through
a medium consisting of atoms whose quantum state one wants
to reconstruct. Particular examples of observables that provide
such information are the polarization angle « and the degree
of ellipticity €. In Appendix A, the relations of these two
observables with the density-matrix elements characterizing
the atoms of the ground state f and the excited state F', where
f and F denote the total angular momentum in the ground
state and excited state, respectively, are derived. Although it is
possible to derive the relation for any light polarization, here
we limit ourselves to the case of y-polarized light propagating
along the z axis. This gives us the relations for the polarization
rotation d;« and the ellipticity d,¢

urpe, (1)

0,6 — 0,00 = —
¢ N 280E()C *a

where UXTq is the transformation from the spherical to the
Cartesian basis [17] and P is the gth component of the com-
plex polarization of the atomic vapor in the spherical basis:

P = 2N, (— 1/ O TR + D(j]|dY|J)
AL e s Do)

m,
2

where p,., is the optical-coherence amplitude between the
ground state m and the excited state w, D, is given in the
rotating wave approximation, w is the frequency and Ej is
the amplitude of light, and N, denotes the atomic number
density. f and F are the total angular momenta of the ground
and excited state, respectively, j and J are the corresponding
total electronic angular momenta, and / is the nuclear spin.
The reduced dipole matrix element {j||d"||J) is calculated in
the J manifold. It should be noted that the angular-momentum
composition of the system is given by the Wigner 3; and
6j symbols. Precise knowledge of the w/(2¢0Eyc) factor, ap-
pearing in Eq. (1), is of crucial importance for quantum-state
tomography.

The evolution of optical coherence of atoms subjected to
the magnetic field B, and interacting with weak x-polarized
light (we only account for linear terms in Ey and expand the
density matrix as p =Y, E}p™ ~ p© + E)pV), detuned
from the optical transition by A, is derived in Appendix A.
For the current discussion, we simplify the relations by noting
that (a) the ground-state relaxation rate y is typically several

J

-2
. f 1 F F
aR_Z(—m—Z 1 m+1)\—m-—

m=—f

1 1 m

orders of magnitude smaller than the excited-state relaxation
rate I', ' > y, and (b) the Larmor frequency €2, is small
compared with the detuning A, A > ;. This allows us to
simplify the equation for the time evolution of the optical-
coherence amplitude

. r
Z’um(t) ~ _(iA + Z)Z)ﬂm(t)

N KZTR(_l)j_f+3F+l—u Qf+DQF +1)
jor1 Pl
X{F J 1}[Z:U£<—“ q ”)¢%0J7

q.n
3)

where Qg = (j[[d)|lJ)E, is the Rabi frequency, and o0 is
the zeroth-order Zeeman coherence between the ground-state
magnetic sublevels m and n (if m = n, p{®) is the ground-state
population of the sublevel m). It is noteworthy that we dropped
the tilde above ground-state density-matrix elements because
RWA only applies to optical coherences and does not affect
the ground-state density-matrix elements. It is important to
note that, because we are interested in the effects linear in
Ey, Eq. (3) is independent of the excited-state evolution and
depends only on the evolution of the zeroth-order of the den-
sity matrix. The p{%(¢) term describes the evolution of the
ground-state manifold within uniform static magnetic field,
assuming negligible backaction (this is a good approximation
of the ground-state density matrix). Using the Liouville equa-
tion, one can get the time-dependent formulas

Py (1) = (pnn(O) - . (4a)

—yt
2f+l)e T
P (8) = pn(0)e 7 =1, (4b)
Taking a time derivative of Eq. (1) and combining it with
Egs. (3) and (4) allows us to relate the time-dependent polar-

ization rotation and ellipticity change with the density-matrix
elements

d . . r .
5[826 —ida] = —[iA+ ) [0.€ —i0,x]

+f§e*WH&MSHMZQy)

+ (&) cos 2Q,1) —i(B)l, (5

where
Nul‘ ] E(J) J ’ j
X = W(_1)21+2l(2f+ DQRF +1)
. 2
S

and 7 is the reduced Planck constant. Here the density-matrix
elements are grouped into expectation values of the effective
observables

: f)(llﬂ)(m+2| + [m +2)(m]), (7a)
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f-2

&1=Z(_mf_2 | mil)(_mF_l | ,ﬁ)(i|m><m+2|—i|m+2><m|>, (7b)
m=—f
f 2 2

322[(_fm | mF_1> —(_fm ! mﬁl)]|m><m|. 79

Taking real and imaginary parts of the quantity allows us
to solve Egs. (5).

It should be noted that the system has several timescales
associated with different processes. Here, we exclusively fo-
cus on slowly evolving terms (evolution on the timescale of
1/921), neglecting transient effects, which typically occur on
the timescale 1/T".

In typical experiments, room-temperature atomic vapors
are optically thin media, thus one can go to the limit of 9,0 —
Ao« /L, where L is the geometric thickness of the medium. It
allows us to write the polarization rotation as

Ao = yLe V' [(@r)Lr(A)sin 29 1)
+ (@) Lr(A) cos (2Q21t) — <ﬁ)£1(A)], ®)

where Lgiy(A) is the real (imaginary) part of the Lorentz
profile £L(A) = (I' — 2iA)~!. As shown in Eq. (8), the polar-
ization rotation Ac yields information about the ground-state
density matrix. Specifically, the oscillating component of the
signal is associated with the Zeeman coherences, whereas the
nonoscillating component is proportional to the population
imbalance. This dependence naturally implies the strategy to
reconstruct specific density-matrix elements.

Until this point, the motion of atoms was neglected.
Yet, in room-temperature vapors, atomic motion and hence
the Doppler effect need to be taken into account. It can
be achieved by substituting the detuning A, with the
Doppler-shifted detuning A — Ap, A - A — Ap, and aver-
aging the relation over the Doppler distribution fp(Ap) =
(Tp/m)~'exp(—A2%/T3) [17], where I'p is the Doppler
broadening. As a result, we need to rewrite the Lorentz pro-
files in Eq. (8) by

Lray = Veay(D) = (Lray * D), (D), €)

where (. *.)a, stays for the convolution over Ap. One can
notice that V (A) is the Voigt profile by its definition:

Veay(A) = /»CRU)(A — Ap)fp(Ap)dAp. (10)

Unfortunately, the information accessible through Eq. (8)
is limited, i.e., the signal depends only on three observ-
ables (&g), (@), and (B). Thus, to determine the remaining
density-matrix elements or, to be more precise, to create
informationally complete positive operator-valued measure
(POVM) [7], we introduce a set of control pulses Q;. This
allows us to mix the population and coherences of various

magnetic sublevels and extend the set of observables:

TrXQipQ]1 = (0/X Qi) = (X'). (11)

III. SIMULATIONS OF A QUTRIT

Here, we implement our algorithm on a qutrit. In a specific
case, where f =1 and F = 0 (such a transition occurs, for
example, in 87Rb excited at the D, line), the observables (7)
take the form

1
(ag) = 5(,01,4 +p-11), (12a)
(Gr) = é(—pm +po10), (12b)
o 1
(B) = P11 = P10, (12¢)

To gain access to other density-matrix elements, we rotate
the system with the pulses of nonoscillating magnetic fields.
Assuming that the pulses rotate the state around the z axis by ¢
and around the y axis by ¢ and the pulse lengths are negligibly
short, the transformed operators are given by

(X') = (D'(0, 9, p)XD(0, ¥, 9)), (13)

where D is the quantum-mechanical rotation operator [20].
Using Eq. (13), one can calculate the relationship of rotated
operator matrix elements with the elements of the initial oper-
ator

Ry =YD ))d) () Rea, (14)
b,d

where dV) is the Wigner (small) d matrix of the first or-
der [14]. To illustrate this, we consider rotation of the system
by ¥ = /2 and ¢ = 0, which allows us to encode informa-
tion about the Am = 1 coherences in the detectable signal

1= (0.5.0)0(0.30)
- b 2 b b 2 9
1
= —m(l)—w*—ﬂo-l + P10 + po1)- (15)
Similarly, it can be shown that the rotation of the state mixes
the Am =2 coherences with the population of the m =0
sublevel

= (50, 5.0)ex0(0.5.0)

1
= _6('0“ —2p00 + p—1-1 + p1-1 + p-11),  (16)

which eventually enables the full reconstruction of the
ground-state density matrix.

To test the developed quantum-state tomography protocol,
we perform numerical simulations of a given-state density-
matrix evolution. On the basis of numerical simulations, we
determine the polarization rotation of x-polarized light, which
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is then contaminated with white noise and used for recon-
struction of the density matrix. The reconstruction is based on
fitting the polarization-rotation signals A« with the function

Ao = e ""[Ay sin (2R t) + By cos 2Qt) +C,1,  (17)

where A,, By, and C, are the fitting parameters. In our fitting
routine, the three amplitudes are the only free parameters, i.e.,
the Larmor frequency €2; and the ground-state relaxation rate
y are known (the Larmor frequency 2; may be known from
the strength of the magnetic field applied during probing and
the ground-state relaxation rate y could be determined based
on other measurements, such as relaxation in the dark [9,21]).
It should be noted that constraining €2; and y allows extrac-
tions of A, B, and C even in the case of a poor signal-to-noise
ratio (SNR).

Combining Egs. (8), (14), and (17) enables derivation of
the explicit relations between the fitting parameters and the
postpulse ground-state density-matrix elements

Ay —iB
,..O ~ * o o
Py = (pfll) = L ~ (18a)
N y Co
PO — P = i (18b)

As discussed above, a single fitting provides access to three
density-matrix elements (compare with a technique described,
for example, in Ref. [7]). Other density-matrix elements can
be acquired by an appropriate choice of magnetic-field pulses
[Eq. (14)]. In a noiseless system, three sets of pulses allow
full reconstruction of the f = 1 state. However, the presence
of noise and imperfections of the matrix manipulation (e.g.,
uncertainty of the pulse-rotation angles or Larmor-precession
frequency) may introduce uncertainties in the reconstruction.
This may lead to a reconstruction of the matrix that does
not correspond to a physical state. To accommodate for such
an uncertainty, a larger set of pulses may be used, but even
then the results may be nonphysical. To address this prob-
lem, many approaches can be implemented (see, for example,
Refs. [22,23]). Here, we use the approach based on the min-
imization of the distance between the reconstructed matrices
and the matrix corresponding to the closest physical state. For
that, we assume that the distance between matrices is defined
based on the Frobenius norm

(o) =Y Trl(p; — p) ' (pj = pr). (19)
J

where p; is the jth set of “measured” density-matrix elements
(note that only the elements associated with the three observ-
ables are determined in a single measurement, so p; is not a
completely filled matrix). Optimization with the constraints of
semipositivity and normalization is achieved by parametrizing
the density matrix by the Cholesky decomposition [1].

To demonstrate the applicability of the technique, we first
consider the reconstruction of a pure state. The density ma-
trix, corresponding to a nontrivial pure state, is shown in
Fig. 1(a) (blue bars). Polarization-rotation signals [Figs. 1(c)—
1(f)] were calculated for a set of four arbitrarily chosen
magnetic-field pulses. To mimic “experimental” data, we con-
taminated the simulated signals with white noise. To introduce
a measure of the noise, we define the SNR as the ratio between
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FIG. 1. (a) Magnitude of density-matrix elements of the recon-
structed density matrix (blue or dark gray) of a randomly chosen
pure state (orange or light gray). (b) The difference between magni-
tudes of the density-matrix elements of the reconstructed and initial
state. Simulated signals of polarization rotation for a set of initial
magnetic-field pulses: (c) ¢ =0and 8 =0, (d) ¢p =0and b = /2,
() p =m/2 and 8 =0, and (f) ¢ = 7 /2 and 6 = 7 /2. The simu-
lations are performed in for the Larmor-frequency normalized set of
parameters: Qr =1, ' = A =1000, y =0.05 and Qr =1, N, =
10, and Q7 = 100, Q, = 1.

the amplitude of a signal measured for a fully aligned state
(see the Appendix B) to the root-mean-square of noise. In
the case considered, the generated signals were burdened with
noise corresponding to SNR = 25. The data was then fit using
Eq. (17) and the density matrix was reconstructed [Fig. 1(a),
orange bars]. As shown in Fig. 1(b), presenting the difference
between the assumed and reconstructed density matrix, the
reconstruction is reliable and the error is only a small fraction
of the reconstructed values. To quantify the performance of
the protocol, we calculated the fidelity F between the re-
constructed density matrix p, and the matrix o’ used for the
calculations [24]

F(pr, p') = (Trly/ /0rp' /P 1), (20)

which, in the considered case, was 0.997.

Next, we analyzed the reconstruction of a partially mixed
state (Fig. 2). Similarly as before, the rotation signals were
simulated and white noise was added to the data. A noticeable
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FIG. 2. Reconstruction of the partially mixed state: (a) initial
(orange or light gray) and reconstructed (blue or dark gray) state
and (b) absolute values of differences between matrices elements.
The rotation signals, along with the fitting, for (c) ¢ = 0 and 6 = 0,
dep=0andd=n/4,(e) p=n/4and 6 =0, and (f) ¢ =7 /4
and 6 = 7 /4. The simulation parameters identical as in Fig. 1.

difference between this and the previous result is the ampli-
tude of the observed signals, being smaller for the mixed state.
In fact, one can formulate the general observation that the
more mixed the state, the lower the amplitude of the signal.
The fitting of the reconstruction of the state was 0.996.

An important question is the role of SNR and uncertainty
of the rotation pulses in the fidelity of the state reconstruc-
tion. To address this question, we analyze the fidelity of the
reconstruction of pure, partially mixed (an averaged purity of
0.6), and fully mixed (unpolarized) states versus SNR and un-
certainty of rotation induced by DC pulses. For each SNR or
angle uncertainty, the reconstruction was performed 100 times
with a set of four control pulses (four pairs of rotation angles),
rotating the matrix around the z and y axes at random angles.
Randomization of rotation angles was introduced to avoid
trapping of the reconstruction in local minima. The fidelity of
the reconstruction for the pure and partially mixed states was
averaged over ten different states, which were obtained from
the stretched state by a unitary transformation, generated from
the Haar measure [25].

To estimate the average value and the variance of the
fidelity for each set of parameters, we simulate a 1000

Fidelity
0000000~
WhOIONOOO

o1 1 10 100 1 10 100 1000
Signal-to-noise ratio Angle Uncertainty (mrad)

(a) (b)

FIG. 3. (a) Fidelity of the state reconstruction versus SNR and
(b) uncertainty of the magnetic-field pulse rotation. The results are
shown for a pure states (blue circles), partially mixed purity ~0.6
(green triangles) and fully mixed state (red diamonds).

reconstruction (10 states x 100 different sets of random ro-
tation angles and compare the reconstructed state with the
assumed one by calculating the fidelity. We plot the achieved
fidelities for a set of simulation parameters on a histogram
and fit the beta distribution [26]. The choice of beta distri-
bution was dictated by the fact that fidelity is limited to the
range between zero and unity, so modeling it by the normal
distribution would not yield reasonable conclusions. After
fitting, we calculate the expectation value and the variance
of this fitted distribution and treat them as an average value
and variance of fidelity for the chosen set of parameters. The
results, shown in Fig. 3, reveal that already with a single set of
four measurements, each with SNR at a level of 1, the fidelity
exceeds 0.9 and at a level of 10, the fidelity is close to unity.
As described above, such high reconstruction fidelity results
from constraining the Larmor frequency €2; and relaxation or
decay rate y of the signal and, therefore, improving the fitting
precision of Ay, By, and C,.

Another question concerns the role of rotation uncertainty.
We showed with the simulations that rotation uncertainty up to
several tens of milliradians has almost no effect on the fidelity
of the reconstruction. For larger uncertainties, the fidelity
starts to deteriorate (with the distinct exception of the thermal
state). Nevertheless, the precision of the rotation at the level
of a few degrees, which is easily achieved experimentally,
ensures a good reconstruction of the state.

From the perspective of practical implementation of the
protocol [27], an important question concerns the number
of measurements needed for a reliable reconstruction of a
quantum state. Generally, in the considered system, one needs
to measure at least three polarization-rotation signals to fully
reconstruct the density matrix. However, as shown in Fig. 4(a),
for even lower number of measurements, partial reconstruc-
tion is possible, although its fidelity is small. In principle,
the higher the number of measurements, the more precise the
reconstruction. This becomes particularly important in noisy
media, where low signal quality needs to be overcome by
more measurements, so that minimization, being the last stage
of the algorithm, can be performed more precisely.

A different contribution to the uncertainty of the recon-
struction comes from the action of the probing beam. For our
considerations, we have assumed that the action of probe light
is so small that it is negligible. Generally, this is not true, and
the probe action can manifest itself at various levels. For in-
stance, even in a simple case of classical light, there is nonzero
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FIG. 4. Fidelity of the reconstruction versus (a) number of mea-
surements and (b) strength of the light-matter coupling, expressed
as the saturation constant k,, for pure (blue circles), mixed (green
triangles), and thermal (red diamonds) states. The calculations were
performed for the same parameters as in Fig. 3 with SNR ~25 and
no uncertainty in the rotation.

probability of the optical excitation by an off-resonant (probe)
beam. This manifests itself as optical pumping, which modi-
fies the reconstructed state and hence decreases the fidelity of
the reconstruction. This effect is shown in Fig. 4(b), where fi-
delity is measured versus the probe-light saturation parameter
Ky = Q3/(Ty) [17].

For small «,, the pumping is inefficient, so the probe
light does not affect the state. However, the higher the
probe-light intensity, the more probable the excitation is. In
turn, this pumping with the probe leads to deterioration of
the fidelity of the reconstruction. This effect is reduced in
paraffin-coated cells, where the atoms, moving freely through
the cell, enter and exit the light beam, which effectively
averages the perturbation across the entire cell [8]. It al-
lows us to achieve an effective saturation parameter roughly
two orders of magnitude smaller than that in a cold atomic
ensemble [8].

IV. CONCLUSIONS

In this work, we described the technique for reconstructing
a collective density matrix of an arbitrary quantum state. By
deriving explicit relationships between polarization rotation
and ellipticity change with the ground-state density-matrix
elements, we demonstrate the ability of the full reconstruction
of an unknown state. This technique was then analyzed in the
context of the reconstruction of the quantum state of the long-
lived f = 1 state that can act as a qutrit. With the analysis, the
robustness of the technique against noise, experimental uncer-
tainties, and the number of measurements was demonstrated.

In the near future, we plan to use the technique to recon-
struct a collective density matrix of the f = 1 ground state of
room-temperature 8’Rb vapor contained in a paraffin-coated
cell [27]. The reconstruction of the state, initially generated
and modified using a sequences of light as well as static and
oscillating magnetic-field pulses will be performed via the de-
tection of polarization rotation linearly polarized off-resonant
light. The analysis will offer the first step in the practical
implementation of the technique.

We plan to further expand the experimental research. In this
context, however, an important question concerns the ability
to experimentally reconstruct a state of an angular momen-
tum greater than 1. As shown in this article, in principle the

technique offers such a capability. However, the experimen-
tal problem is the degeneracy of the evolution frequency of
Am = 2 coherences. We plan to approach it via lifting the
degeneracy either by using the nonlinear Zeeman effect [28]
or the ac Stark effect [7]. Both lead to energy shifts of mag-
netic sublevels, which remove the coherence degeneracy and
thus differentiate contributions to the signal from different
coherences. Despite the technical challenges associated with
turning the fields on and off;, it is believed that through such
an approach, the reconstruction of an arbitrary quantum state
can be performed. Specifically, we plan to implement the
reconstruction of quantum states of both hyperfine levels of
rubidium atoms.
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APPENDIX A: DERIVATION OF RELATIONS

1. Semiclassical light-atom interaction

In the semiclassical approximation, the relation between
light and atomic properties is governed by the Maxwell equa-
tion [17]:

1
V’E — ga,zE = wod?P, (A1)
where E is the electric field of light and P is the polarization
of the atoms. Taking a generic form of light

E = EgRe{e"*~"*)(cos (¢)[cos (a)x + sin (a)y]

+ isin (€)[cos (a)y — sin (a)x])}, (A2)

where Ey, ¢, €, o, w, and k are the amplitude, phase, ellipticity,
polarization-orientation angle, frequency, and wave number of
light, respectively, and assuming that the polarization can be
written as

P = Re{" & FD[(Py) — iPo))X + (P3) — iPuy)yl}, (A3)

where P are the respective quadrature components of the
atomic polarization, explicit relations can be drawn between
the specific properties of light and the given polarization
quadratures. For convenience, we introduce a complex atomic
polarization vector P, the components of which are defined by
Eq. (A3). Substituting Egs. (A2) and (A3) into Eq. (A1) and
neglecting the second-order derivatives enable one to derive
relations for polarization rotation and degree of ellipticity on
the quadratures P;. Taking linearly polarized light (¢ = 0)
along the y axis (@ = m /2), the polarization rotation, elliptic-
ity, phase change and absorption, defined as partial derivatives
over distance, are given by

@
doo = — P, A4
& 280EOC @ ( a)
9 ® p (Adb)
€ = — ,
: 2e0Eoc "
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w
0,0 = Py, Adc
R SeoEoc. @ (Adc)
1
—0,Ey) = Puy. A4d
Ey ~ 0 2e0Eyc @ ( )

Using the atomic-polarization components, Eqs. (A4) can
be written as

2& OE()C

Px = P(l) + iP(z) = — (8 iaz(X), (ASa)

. 280EOC 1
PV = P(3) =+ lP(4) = ® 8Z€0 — lioazEO . (ASb)

The atomic polarization can be derived as an expectation

value of the dipole operator d,
P = N, (d) = Ny Tr[pd], (A6)

where p is the density matrix, N, is the atomic number
density and, () denotes the expectation value. It is more conve-
nient to calculate the components of the atomic polarization in
the rotation basis. To do so, the dipole operator is transformed
to the rotating basis

d* =Uzd, (A7)

where U is the transformation to the rotation basis [17], and
then the atomic-polarization components take the form

P(z) = 2Na,R6{ Z Z pum lq m;t }
=Re{ ) Uy <2Nm > dféupum) }
q

mp

oot Z Ul.: (2Na, Z dl, bum> }
q mp

= Re

=Reje ™ )" U,.§7>q>. (A8)

q

In the first equity factor two and the real part comes from the
summation over complex conjugated terms in trace in (A6). In
the third equity, we transform the density matrix to the rotating
frame:

(P e

At — ([)mn)
p=MpM = ( (B

(Bpm)e " ) (A9

where M = Pg + ¢! P, is the transformation into the rotating
frame, with Py, beginning the projection operator into the
ground- and excited-state subspace. (9,) and (p,,) are the
submatrices corresponding to the ground and excited states,
and (P, ) denotes the submatrix describing the optical coher-
ences between the states. To keep text more clear, we hold the
convention that for the magnetic quantum number the Latin
letter denotes the ground state, while the Greek stands for the
excited state.

Transferring the system to the rotating frame allows us
to obtain a time-dependent version of Eq. (A3). Using the
Wigner-Eckart formula [20] and recalculating the reduced
matrix element of the dipole operator from the total angular

momentum to the total electronic angular momentum, one can
show that

P = 2N, (=) SO TD@F + D(j]|dY|4)

41 Uzt D]
(A10)

This allows us to calculate an explicit formula for polariza-
tion rotation and ellipticity change:

©__ylpa, (A11)

(d.€ — id,) = gV

2. Hamiltonian of the system
The quantum-mechanical evolution of a quantum state,
described using the density matrix, can be calculated using
the Liouville equation

1 . A
Pl = S o} + Alp), (Al12)

d

7P = [
where H is the total Hamiltonian of the system and [ and
A are relaxation operators responsible for relaxation and re-
population of the levels (see, for example, Refs. [17,29]). The
Hamiltonian H is the sum of the unperturbed Hamiltonian H,
and the interaction operator V, which in the considered case
accounts for the interaction with light and the magnetic field.
In the rotating frame, the unperturbed Hamiltonian is given
by Hy = hAP,, where A is the detuning of the light from

the transition. In the rotating-wave approximation (RWA), the
magnetic and optical parts of the Hamiltonian are given by

Hinag = 12 (B,E.P, + BREP,), (A132)
2 EO A A A
Hyp = 5 —(P,d,B. + P.d,P,). (A13b)

The Larmor frequency 2; = gyupB/h is determined by
the magnetic field B with g, being the ground-state Landé
factor, up the Bohr magneton, 8 = gr /gy the ratio between
Landé factors of the excited and ground states, and ﬁ, is the
dipole operator for linearly polarized light along the y axis.

We assume that our system has two independent mech-
anisms of relaxation. The first originates from spontaneous
emission, resulting in depopulation of the excited state with a
relaxation rate I'. The second comes from the interaction with
environment and it is associated, e.g., with collisions with
container walls, intra-atomic collisions, etc. This relaxation
is typically modeled as isotropic with rate y. In turn, the
relaxation operator is given by

= =~2T+1y. (A14)

Since we want to conserve a number of atoms in our
sample, we need to introduce repopulation. In the rotating
frame, the repopulation due to the spontaneous emission is
given by [29]

~ ~

Ap(p) =2T ZP (d:pd;)P, (A15)
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At the same time, isotropic relaxation should equally repopu-
late the entire ground state, so that

A Y
Aivo =
s0(P) YN

p,. (A16)

3. Evolution of optical coherences

It can be deduced from Eqs. (A10) and (A11) that, in order
to calculate the polarization rotation and the ellipticity change,
the evolution of the optical coherences needs to be deter-
mined. Here, we assume weak probe light, hence the density
matrix can be expanded into the power series over Ey and cut
at the linear term, i.e., p = >, p™WEL ~ p©@ + pVE,

d_ . 24T
B0 = —{zm + QB —m)] + Vz}p,i%m,
(A17a)
d . 2y + T .
B0 = —{z[A + QB —m)] + Z}p}i&(x)
i 5y =(0)
-5 Xn:d;npm(t). (A17b)

J

dt 2

This allows us to express the density-matrix evolution as

d _ . 2y + T .
Epum(t) ~ _{I[A + QL(ﬂM - m)] + }p,u.m([)
iE A
- 2—; > a0 (A18)

It is noteworthy that our evolution depends only on the
ground-state subspace in zeroth order so in the absence of
the optical field. In addition, such an expression can be sim-
plified. First, one should note that as we want to perform a
nondestructive measurement and stay in the regime of low
magnetic field (linear Zeeman effect), we get the condition
Q2 < A. Second, for room-temperature vapors, isotropic re-
laxation is typically a few orders of magnitude smaller than
the spontaneous emission rate, y < I'. Finally, the Wigner-
Eckart theorem can be used to represent the matrix elements
of the dipole operator by their reduced matrix elements, in a
manner similar to that used in Eq. (A10):

d r % :
—Pun(t) = —(iA+)ﬁﬂm(t)+ZZR(—I)’—f“F*’—“\/(szr1)(2F+1){; s {}[ZU@(_FM ; i)p,gg;(;)],
q.n

(A19)

where Qr = Eo(j||d||J)/h is the Rabi frequency. By substituting the above relation into Eqs. (A10) and (A11), one can get
the relations for the temporal evolution of the polarization rotation and ellipticity change,

r
dt

where x is given by

_ Nuo|(j1dV 1)
2eoch

4. Effective observables

Analyzing Eq. (A20) one can see that the evolution of the
polarization rotation and change of ellipticity are related and
depend only on the ground state in the zeroth-order approx-
imation (we assumed that the optical field is very week, so
that the excited-state population is negligible). Moreover, by
the analysis of Eq. (A9) one can show that RWA does not
change the ground-state subspace (since now on we drop tilde
over the ground-state elements). Thus, the evolution of those
ground-state terms are given by

|

d _ . T . ix
5[326 —ida]l = —[iA+ ) [0,€ —i0,a] + 5

where we introduced three observables

f-2
N f 1 F
aR:Z(—n—Z 1 n+1><—n—

n=—f

i(aze —id.a) = —<iA + 2)(8Ze — i) +ix [Z uyuy Z(—l)‘I(_fm ; Z) (_FM i i:),blggl)(t):|, (A20)
qr

mnjL

. 2
(=D f + QF + 1){; 5 ” . (A21)
D (8) = ) (0)e ™1 =7k, (A22a)
1
~(0) _ ) _ =yt
Py (1) = <p,m 0) T l)e + il (A22b)

Attime ¢t = 0 we begin to probe the atoms with light. Thus,
att = 0, the zeroth-order density matrix is exactly the density
matrix of the initial state, p{%(0) = p,,,(0). Applying this into

Eq. (A20) and carefully collecting terms allows us to write this
equation in the following form:

e 7" [(@g) sin (29;1) + (&7) cos (2Q.1) — i(B)]. (A23)
L f
11 n)(|n)(n+2| + |n+ 2){n|), (A24a)

022406-8



OPTICAL RECONSTRUCTION OF THE COLLECTIVE ...

PHYSICAL REVIEW A 106, 022406 (2022)

f=2
&;:Z(_nf_z | nil)(_nF_l | i)(iln)(n+2|—i|n+2)(n|),

n=—f

n=—f

We separate the real and imaginary parts of Eq. (A23),
which allows us to solve the equations analytically. Although
general solutions of the equations are complicated, they can
be simplified using the assumptions discussed above. How-
ever, it can be significantly simplified using the following
assumptions. First, it should be noted that we are mostly
interested in the evolution connected with the drive origi-
nating from the ground-state evolution, this evolution takes
place on the timescale characterized by the ground-state decay
rate ¥ and Larmor frequency €2;. Thus, we can neglect the

=[S0

(A24b)

1 F\?
4 n+1)]'”><”'-

(

transient effects proportional to exp(—I't). Next, we can
group the oscillatory and constant terms of the remaining
solution and expand the respective amplitudes in the power
series to the first order in €27 and y. The mentioned ampli-
tudes are the functions of detuning A, Larmor frequency €2,
and relaxation rates y and I'. As under typical experimental
conditions [16,28], 2; and y span between several Hz up to
tens of kHz. At the same time, the relaxation rate of the first-
excited state of typically investigated alkali-metal atoms is in
the MHz range, so that to fulfill the assumptions the detuning

(A24c)

(b)

Time (arb. units)

= 003 Z 0.03
S 0.02 T 002
S 0.01 g 001
& 0.00WAA £ S 0.00
§-001 : 5-001
£-0.02 £-0.02
X _0.03 o -0.03

0 20 60 80 100 0 20 40 60 80 100

Time (arb. units) Time (arb. units)
(c) (e)

:‘E 0.04 :_.(I)\ 0.03
s S 0.02
] = 6
g 002 5 g 0.01:, P
& VLAY 8 0.00M A~
s 000RSTenss S -0.01/%5 e
5-0.02 §-0.02
g 2 -003 .

0 20 0 20 40 60 80 100

Time (arb. units)

(d) (f)

FIG. 5. Reconstruction of the fully mixed state. (a) Absolute values of density-matrix elements corresponding to initial (orange or light
gray) and reconstructed (blue or dark gray) states and (b) the absolute differences between the corresponding elements of the density matrices.
The rotation signals (orange points) along with the fitting (blue line) for (c) 9 =0and 9 =0,(d)¢p =0and 6 = /4,(e) p = /4and 6§ = 0,
and (f) ¢ = /4 and 6 = 7 /4. Insets in panels (c)—(f) show the AMPS of the state after respective rotations. Red thicker arrow denotes the
magnetic-field and light-propagation direction and dashed arrows indicate the direction of the rotation due to the control pulses. Simulation
parameters the same as in the main text.
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FIG. 6. Reconstruction of the density matrix of a fully aligned state. (a) Absolute values of the density-matrix elements corresponding
to initial (orange or light gray) and reconstructed (blue or dark gray) states with (b) the absolute value of the differences between the two
matrices. (c)—(f) Simulated signals obtained for the same set of parameters as in Fig. 5. Insets in panels (c¢)—(f) show the AMPS of the state

after respective rotations.

should be at least several times larger. Finally, under typical
conditions, the room-temperature alkali vapors are optically
thin, so that d,« can be written in linear limit A« /L, where L
is the thickness of the atomic medium. Altogether, this allows
us to achieve quite a compact form of the expressions

Ir{a,)
2 4+ 4A2
I(&;) 2A(B)
T os (291) — ——
73 anz S8 8D = s
2A(@,)
2 +4A?2

M cos (291) + L’B)
T2 | 4A2 L Y

Ao = —XLe_V’< sin (292;1)

) , (A25a)

Ae = XLe‘”( sin (292;1)

+ ) . (A25b)

It should be noted that T'/(T'Z 4+ 4A2) and 2A /(T'2 4+ 4A?)
are, in fact, the real and imaginary part of the Lorentz function
L(A)= (T —2iA)"".

In analogy to the polarization rotation and ellipticity
change, relations for absorption and phase change can be
derived. To do so we introduce another observable

=2 [(4 L5

n=—f
2
S EAR N

which is used in the following relations for absorption AE and
phase change Ag:

(A26)

AE ira e
- = XLLR(A)e V'[{G&,) cos (2Q21) — (&;) sin (2L2,¢)

+((8) = 8,1+ xLLr(A)S,. (A272)
Ag = —xLLi(A)e ""[(&,) cos (2Q1) — (&) sin (282.1)
+((8) = 8.)1 = XLLI(A)S. (A27b)
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FIG. 7. Reconstruction of the density matrix corresponding to the stretch state. (a) Absolute value of the density-matrix elements of the
initial (orange or light gray) and reconstructed (blue or dark gray) states with (b) an absolute value of the differences between corresponding
density-matrix elements. (c¢)—(f) Simulated rotation signals obtained with a set of four initial DC magnetic-field pulses.

It should be noted that the term

s 2 i fo1F
T2 +1 f—n 1 n—1)"

n=—

which arises exclusively in the relations of absorption and
phase change, corresponds to the isotropic fraction of the
state. This is intuitively understood because absorption and
phase changes are always present in the medium, indepen-
dently of its anisotropic.

APPENDIX B: RECONSTRUCTION OF SPECIFIC STATES

Although the main text presents a reconstruction of two
generic states, i.e., pure and partially mixed states (some anal-
ysis were also performed for the fully mixed state), here we
present results of the reconstructions of several other exam-
ples that are often experimentally generated [16,30,31].

The simplest state one may consider for reconstruction
is a fully mixed state, corresponding to atoms in ther-
mal equilibrium in the absence of the magnetic field. In

such a case, population of all ground-state sublevels is
equal and no coherences are present in the system. It can
be shown, using the angular-momentum probability sur-
faces (AMPS) [32],which conveniently represent the density
matrices as three-dimensional (3D) objects, that the thermal-
equilibrium state corresponds is fully symmetric (AMPS is
a sphere). In turn, the state is optically isotropic, i.e., no
polarization rotation or ellipticity change is expected.

We also expect this because of the full symmetry of
the density matrix. It should be noted, however, that in
the real measurement the signal is contaminated with noise
or systematic effects, associated with imperfections of de-
tection, which can lead to fitting of nonzero polarization
rotation.

The results of the simulations of the polarization rotation
proceeded with pulses rotating density matrix by the angles
¢ and 6 are shown in Figs. 5(c)-5(f). To better simulate the
experimental signals, the simulated data were contaminated
with white noise, and such signals were used for fitting and
reconstruction (blue traces in the experimental data). Fig-
ure 5(a) shows initial and reconstructed density matrix and
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Fig. 5(b) presents deviation of the reconstructed matrix from
the initial matrix. Under such conditions, the fidelity of the
reconstruction is very close to unity, 7 = 0.999. At this point,
it is hard to determine whether this remaining deviation is
a consequence of the principal uncertainty of our method
resulting from the approximations in the model or fitting
errors.

An aligned state is a nontrivial state that is generated, for
example, by a linearly polarized light. Such a state is widely
used in optical magnetometry [21,33-36]. When generated
with x- or y-polarized light and without any transverse mag-
netic fields, a characteristic feature of the state is the presence
of strong Am = 2 coherences with the simultaneous absence
of Am =1 coherences. The density matrix corresponding
to such a state is shown in Fig. 6(a) with an initial state
shown in orange and the reconstructed state in blue. Based
on the geometric argument using AMPS (the density matrix
corresponds to the peanut-like shape oriented along the po-
larization direction), evolution of the matrix (rotation of the
peanut-like shape) due to the longitudinal magnetic field leads
to the modulation of light parameters at twice the Larmor fre-
quency (the matrix reproduces itself twice during the Larmor
period). At the same time, rotation and differently oriented
fields give signals in the first and second harmonics of the
Larmor frequency [37], with the distinct exception of rotation
around the peanut axis, which provides no modulation (full
symmetry around the axis) [Fig. 6(d)]. The simulated signals

(with noise added) along with the fitting functions are shown
in Figs. 6(c)-6(f).

Based on the signals, we performed the reconstruction and
achieved a fidelity of 0.998.

The second nontrivial state, often encountered experimen-
tally, is the fully oriented state (the stretch state). This state is
generated by circularly polarized light, which pumps atoms
into the ground-state sublevel of a maximum or minimum
magnetic number m. The corresponding density matrix is
shown in Fig. 7(a).

The analysis of the state using the AMPS shows that when
the state is oriented along the magnetic field, there is no
precession and hence no oscillating component of the signal.
Then the only contribution to rotation signals comes from
the population imbalance between the sublevels. Due to re-
laxation processes, the imbalance deteriorates over time. As
discussed in the main text, the population imbalance results
in static rotation, one expects nonzero nonoscillating rotation,
which decays over time. Indeed, such behavior is observed
in two of the data sets, corresponding to ¢ =0, 8 = 0 and
¢ =m/2, 6 =0 pulse sets. However, when the shape is
oriented at an angle to the magnetic field, it provides an
oscillating signal that is also visible in the simulations. Based
on the simulations [Figs. 7(c)-7(f)], the density matrix was
reconstructed [blue bars in Fig. 7(a)]. The differences between
the initial and the reconstructed matrix are shown in Fig. 7(b)
and the fidelity of the reconstruction is equal to 0.999.
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3.1. TOMOGRAFIA STANOW KWANTOWYCH

3.1.2 Stabilno$¢ rekonstrukcji stanéow

Tomografia stanéw kwantowych jest procedura, ktéra na podstawie pomiaréw wartosci
oczekiwanych zbioru operatoréw estymuje stan ukltadu kwantowego. Przy takiej procedurze
istotne jest zrozumienie, w jaki sposéb wybodr zbioru mierzonych operatoréw wplywa na pro-
pagacje bltedow pomiarowych, czyli na stabilnos¢ rekonstrukcji. Jest to szczegdlnie wazne,
poniewaz tomografia stanéw jest podstawa testowania i weryfikacji algorytmoéow kwantowych.

Analiza stabilno$ci procedury jest wyjatkowo istotna w przypadku inwersji liniowej, ktérej
zasadniczg zaleta jest tatwosé obliczeniowa oraz intuicyjnosé. Ceng zalety powyzszej metody
jest fakt, ze przy nieoptymalnym wyborze mierzonych obserwabli [46], metoda potrafi zwielo-
krotnia¢ bledy pomiarowe, prowadzac do czesto zupelnie bezuzytecznych wynikéw. Objawiaja
sie one m.in. niedodatnia okreslonoscia wynikowej macierzy gestosci [47), 48].

W tym miejscu warto zauwazy¢, ze w literaturze problem optymalizacji tomografii kwan-
towej byt opisywany na wiele réznych sposobéw, w tym réwniez poprzez dobér odpowiedniego
zbioru pomiaréw [49, |50]. Takie podejscie pozwala na stosunkowo latwe znalezienie anali-
tycznych postaci zbioru impulséw kontrolnych, ktére najlepiej optymalizuja dany, konkretny
pomiar [43], 46].

W analizie metod numerycznych do okredlenia, w jaki sposéb bledy danych wejSciowych
0b propaguja si¢ poprzez algorytm f na bledy w rozwiazaniu danego problemu ¢ f(b), wyko-
rzystuje sie wskaznik uwarunkowania [40, 51, [52] zdefiniowany poprzez:

1/ (b +b)I/11.f(b)]]

k= lim sup . (3.9)
=07 ||5b||<e [6b]l/[[bl|

Intuicyjnie wskaznik ten moze by¢ rozumiany jako najbardziej pesymistyczny stosunek wzgled-
nego btedu wyniku do wzglednego btedu pomiaru. Im wyzszy wskaznik uwarunkowania, tym
gorzej uwarunkowany jest problem. Oznacza to, ze nawet niewielkie zmiany w danych wej-
Sciowych moga prowadzi¢ do znaczacych btedéw w wynikach. W kontekscie problemu inwersji
liniowej, wskaznik uwarunkowania jest narzedziem stuzacym do oceny stabilnosci odwracania
macierzy OTQ = C. W przypadku inwersji liniowej wskaznik uwarunkowania przyjmuje postaé
[40, 51 [52]:

max[svd(C)]

w(€) =Tl I = e

> 1, (3.10)

gdzie ||.||2 jest norma spektralna macierzyﬂ Jest to znana w literaturze metoda sprawdzania
stabilnosci tomografii stanéw nie tylko opartej o pomiary FID, ale réwniez opartej o np.
zliczenia fotondéw.

Warto zauwazy¢, ze wykorzystanie takiej metody kwantyfikowania stabilnosci tomografii
standéw kwantowych jest znane w literaturze i byto wykorzystywane do znajdywania optymal-
nych baz pomiarowych w oparciu o znane symetrie wykorzystanych w konkretnych pracach
struktur energetycznych [43, [53]. Jednak czesto wyznaczone bazy pomiarowe sa relatywnie
trudne do zaimplementowania w uktadzie eksperymentalnym i, ze wzgledu na skomplikowane

1'Wykorzystanie innej normy jest réwniez mozliwe, jednak to norma spektralna jest najczedciej wykorzysty-

wana.

45



3.1. TOMOGRAFIA STANOW KWANTOWYCH

transformacje wymagane do ich realizacji, moga zwiekszaé niepewnosci pomiarowe. Aby ogra-
niczy¢ ten problem, w pracy |C] zaproponowane zostaly dwie metody optymalizacji wskaznika
uwarunkowania w pomiarach opartych o zanik magnetyzacji. Pierwsza oparta jest o zmiane
wzglednych wag otrzymywanych sktadowych mierzonego sygnalu, a druga oparta o powta-
rzanie pomiaréw i selektywny wybér niektorych komponentéw. Dodatkowo w tej samej pracy
przedstawiono eksperymentalng weryfikacje wplywu wskaznika uwarunkowania na wzrost nie-
pewnoéci rekonstrukcji. Nalezy podkreslié¢, ze opracowane metody nie ograniczaja sie tylko do
tomografii w cieplych parach, ale wskazuja sposéb optymalizacji dla dowolnej tomografii opar-
tej na sygnatach zaniku magnetyzacji. W szczegélnosci otwiera to perspektywy opracowania
optymalnych metod tomografii we wczedniej niewykorzystywanych rezymach, takich jak NMR

w ultraniskim polu magnetycznym.

3.1.3 Przygotowanie stanu poczatkowego

W ramach przedstawionej na Rys. struktury rubidu-87, mozna wyrézni¢ dwa dtugo-
zyjace stany podstawowe, charakteryzujace sie catkowitym momentem pedu f =11 f = 2.
Po magnetycznym zniesieniu degeneracji, stany te rozpinaja sie na tryplet oraz kwintet pod-
poziomoéw, ktére moga byé adresowane przy pomocy pola magnetycznego lub $wiatta. W
naturalny sposob otwiera to mozliwosé wykorzystania tego stanu trypletowego jako qutritu.
Co istotne, qutrit ten jest doé¢ dobrze izolowany od otoczenia, poniewaz przerwa energetyczna
do kwintetu wynosi 6.8 GHz [8], podczas gdy rozszczepienia podpozioméw w ramach trypletu
wytwarzane w rezymie liniowego efektu Zeemana w polu magnetycznym B, =~ 150mG jest
rzedu 100 kHz. W konsekwencji uktad ten pozwala na badanie wtasnosci qutritéw, ktére do-
tychczas byty mniej eksplorowane niz uklady qubitowe.

Podstawowym wyzwaniem niemal kazdego eksperymentu z dziedziny informatyki kwan-
towej jest precyzyjne i powtarzalne wytwarzanie stanu poczatkowego uktadu. W przypadku
uktadu wykorzystanego w tej pracy, naturalnym sposobem realizacji tego celu bylo uzycie
procesu pompowania optycznego [54]. Stanem poczatkowym, ktéry jest interesujacy z punktu
widzenia badania wtasnosci qutritu, jest stan czysty. Jego szczegdlnym przypadkiem jest stan,
w ktorym wszystkie atomy trypeltu przepompowywane sg do jednego podpoziomu energetycz-
nego. W opisywanych badaniach mozna to osiagna¢ przy pomocy dwoch wiazek: wiazki pom-
pujacej, dzialajacej na przejsciu f =1 — F = 1 i wytwarzajacej wymagany stan w ramach
qutritu, oraz wiazki repompujacej, dziatajacej na przejéciu f = 2 — F = 2, oprdzniajacej
kwintet. Dzialanie pierwszej wiazki latwo zobrazowaé¢ na modelowym przejsciu zamknietym
f=1— F = 1. W takim przypadku, ze wzgledu na reguly wyboru, polaryzacja $wiatta
pozwala wybraé¢ dowolny z trzech stanéw, do ktérego atomy moga zostaé przepompowane
(Rys. . Wykorzystujac éwiatlo spolaryzowane kolowo o, populacja atoméw jest przeno-
szona w strone jednego ze skrajnych stanéw |1,+1). Natomiast ze wzgledu na wzbronienie
przejscia |1,0) — |1,0), polaryzacja m przepompowuje atomy do stanu |1,0). Niestety, w re-
alnej sytuacji pompowanie na tym przejéciu nie odbywa sie w cyklu zamknietym, tj. atomy
moga ucieka¢ do drugiego z nadsubtelnych stanéw podstawowych. Co wiecej, ze wzgledu na

czynniki Clebsha-Gordona prawdopodobienstwo, ze po wzbudzeniu atom zrelaksuje do stanu
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mp=-1 0 1 mp = -2 -1 0 1 2
F=1 F=2
a) c)
f =1 f =2
my= -1 0 1 my= -2 -1 0 1 2
mp= -1 0 1 mp = -2 -1 0 1 2
A \ A A
b) d)
my= -1 0 1 my= -2 -1 0 1 2

Rysunek 3.1: Schematy pompowania optycznego dla uktadu zamknietego f = 1 — F = 1 pobudzanego
polaryzacja liniowa prawoskretna o (a) oraz liniowa typu 7 (b), oraz dla przejécia f =2 — F = 2
pobudzanego tymi samymi polaryzacjami $wiatta [odpowiednio (c¢) oraz (d)]. Czerwone strzaltki przed-
stawiaja sprzezenia wyindukowane $wiatlem pompujacym, za$ zielone pofalowane strzalki przedsta-
wiaja kanaly rozpadu stanéw wzbudzonych (dla zwiekszenia czytelnosci rysunkéw zaniedbano kanaty
rozpadu ze stanéw niesprzezonych $wiatlem). Szare kola wskazuja populacje stanéw, w ktérych pulap-
kowana jest populacja. W pelni symetryczne zaleznosci do tych otrzymanych dla $wiatta o polaryzacji
o7 mozna uzyskaé dla éwiatta o polaryzacji o~ .

f =2 zamiast f = 1 wynosi 2 : 1. Przy zaniedbywalnej relaksacji samych stanéw podsta-
wowych, skutkuje to efektywnie catkowitym opréznieniem trypletu. Aby uniknaé tego efektu,
do przygotowania stanu mozna wykorzystaé wiazke repompujaca ,pracujaca’ na przejsciu
f =2 — F = 2. Zadaniem tej wiazki jest ciagle opréznianie kwintetu i przepompowanie
atomow do stanu trypletowego. Jednakze nalezy zauwazy¢, ze dla kazdej z podstawowych po-
laryzacji, ze wzgledu na reguty wyboru, w stanie f = 2 istnieja podpoziomy nieoddzialujace
ze $wiattem, ktore uniemozliwiajg catkowite przepompowanie atoméw do trypletu.

Aby rozwiazaé problem putapkowania populacji w stanie ciemnym, podczas realizacji
doktoratu opracowano metode pompowania optycznego w obecnosci dodatkowego pola ma-
gnetycznego, ktérego zadanie polega na przelewaniu populacji uwiezionej w stanie ciemnym do
stanéw oddziatujacych ze Swiattem. Podejscie to pozwolito m.in. w rozwazanym rubidzie-87
przela¢ cata populacje stanu f = 2 do stanu f = 1.

Dziatanie mechanizmu ,uwalniania” populacji ze stanu ciemnego mozna w intuicyjny
sposob wyttumaczyé w oparciu o pewne symetrie istniejace w uktadzie. Aby zademonstrowaé
wspomniane symetrie, warto wykorzysta¢ mozliwo$¢ przedstawienia macierzy gestosci jako
plaszczyzn prawdopodobienstwa — AMPS (ang. Angular Momentum Probability Surface) |55].
Powierzchnie AMPS powstaja poprzez obliczenie przekrycia badanego stanu ze stanem o mak-
symalnym rzucie momentu pedu w danym kierunku przestrzennym. Rozwazenie pelnego kata
brylowego prowadzi do powstania zamknietych powierzchni, ktére w uktadzie sferycznym cha-

rakteryzowanym przez {(pss(©, ¢),0,¢), gdzie © € [0,7] A ¢ € [0,27]}, gdzie promien dany
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Rysunek 3.2: Struktury AMPS reprezentujace stany wytwarzane w badaniach prowadzonych w ramach
niniejszej pracy. Struktury a)-c) odpowiadaja stanowi powstalemu podczas pompowania optycznego
atomoéw na przejéciu f = 1 — F = 1 przez wiazke Swiatla spolaryzowana kolowo prawoskretnie i
propagujaca wzdluz osi x, za$ d)-f) atomom pompowanym na przejéciu f = 2 — F = 2 przez wiazke
spolaryzowana liniowo wzdluz osi z i propagujaca wzdluz x. Kolejne trojki rysunkow przedstawiaja
rzut danego AMPS w plaszczyznach yz, xz oraz xy. W oparciu o przedstawione struktury latwo
dostrzegalna jest dyskutowana w tredci rozprawy symetria obrotowa standéw. W szczegdlnosci dla stanu
pompowanego $wiatlem kolowym osia symetrii jest 0§ x, czyli kierunek propagacji wiazki pompujace;j.
Natomiast dla stanu pompowanego swiattem liniowym jest to o§ z, czyli 0§ wzdluz ktorej, sSwiatto
pompujace jest spolaryzowane.
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jest przezﬂ

p17(©,0) = (£1(0,8)|plfF(©,6)) = > DYV (6,0,0)pmmD)(0,0,0). (3.11)

mm/

D) (¢,0,0) jest tutaj zlozonym operatorem obrotu o katy Eulera [5] dzialajacym na stan o
momencie pedu f.

W najprostszych przypadkach polaryzacji $wiatta (polaryzacja kolowa i liniowa) zidenty-
fikowanie osi symetrii wytwarzanych stanéw jest szczegélnie proste. Swiatto kotowo spolary-
zowane, pompujac populacje do skrajnego stanuﬂ zawsze wytwarza stan o orientacji wybranej
wzdluz osi propagacji §wiatla oraz o zwrocie wybranym przez prawo-/lewoskretno$é polary-
zacji. Dla $wiatta spolaryzowanego liniowo sytuacja jest niewiele bardziej skomplikowana. Na-
lezy zauwazy¢, iz $wiatto liniowo spolaryzowane moze zostaé roztozone na superpozycje dwoch
wiazek o przeciwnych kotowych polaryzacjach, ale réwnych amplitudach propagujacych w ta
sama strone co $wiatto liniowo spolaryzowane. W tym wypadku o$ symetrii wytwarzanego
stanu odzwierciedla faze pomiedzy tymi dwiema skladowymi, w zwigzku z czym o$ symetrii
wytwarzanego stanu pokrywa sie z osia polaryzacji swiatla liniowego [5]. Kilka przyklado-
wych reprezentacji stanéw dla typowych schematéw pompowania w ukladach zamknietych
przedstawiono na Rys. [3.1], podczas gdy przykladowe otrzymane AMPS zwizualizowano na
Rys. 32

Wykorzystanie AMPS pozwala na intuicyjne wyttumaczenie opracowanej metody pompo-
wania. Polega ona bowiem na zidentyfikowaniu osi symetrii stanu wytwarzanego przez wigzke
pompujaca, nastepnie dodaniu wigzki repompujacej w taki sposob, aby o$ symetrii wytwarza-
nego przez nig stanu byla prostopadia do osi stanu wytwarzanego przez wiazke pompujaca.
Ostatnim elementem jest dodanie statego pola magnetycznego wzdhuz osi symetrii stanu pom-
powanego. W tym kontekscie warto zwréci¢ uwage, ze oparcie definicji AMPS na stanach wta-
snych momentu pedu, bardzo dobrze oddaje symetrie stanéw wzgledem pél magnetycznych.
Mianowicie symetria obrotowa AMPS, wzgledem wybranej osi, oznacza, ze omawiany stan
jest nieczuly na pole magnetyczne w danej osi. I odwrotnie, dodanie pola w innym kierunku
niz o$ symetrii sprawia, ze stan ewoluuje, co objawia sie rotacja AMPS wokét osi przylozo-
nego pola. W tym kontekscie dodanie pola prostopadtego do osi AMPS wytworzonego przy
pomocy wiazki repompujacej, powoduje przelewanie populacji w ramach poziomu f = 2 ze
stanu ciemnego do stanéw oddzialujacych z wiazks repompujaca. Jednocze$nie pole to nie
wplywa na stan wytwarzany w ramach poziomu f = 1.

Wazna obserwacja wynikajaca z prowadzonych powyzej rozwazan jest, ze symetria obro-
towa stanu wokét danego kierunku przektada sie na nieczulo$é tego stanu na pole magnetyczne
zorientowane w tym kierunku. Jest to konsekwencja faktu, ze ewolucja stanu kwantowego pod
wplywem stabego pola magnetycznego tozsama jest kwantowo-mechanicznym obrotom tego
stanu wokot kierunku pola magnetycznego. Chcac zatem uniknaé putapkowania populacji w
jakimkolwiek stanie kwantowym nalezy tak dobraé polaryzacje wiazki repompujacej, aby o$

Warto zauwazy¢, ze w definicji zostato wykorzystane oznaczenie momentu pedu stanu podstawowego, wy-
nika to z faktu, iz taka reprezentacja zazwyczaj jest wykorzystywana do wizualizowania stanéw podstawowych.
SW bazie zeemanowskiej, o osi kwantyzacji ustawionej zgodnie z osia propagacji wigzki.
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symetrii pompowanego przez nia stanu nie przekrywala sie z osig symetrii stanu wytwarza-
nego przez wiazke pompujaca. Jednoczesnie nalezy zapewnié¢, aby pole magnetyczne skiero-
wane bylo zgodnie z osia symetrii stanu wytwarzanego przez wiazke pompujaca. W ten sposéb
wigzka pompujaca wytwarza konkretny stan kwantowy, pompujac atomy do stanu ciemnego,
podczas gdy wiazka repompujaca takiego stanu nie ma.

Konczac rozwazania dotyczace przygotowania atomow przy pomocy wigzki pompujacej i
rempompujacej, nalezy zwrdci¢ uwage na konieczno$é zapewnienia odpowiedniego natezenia
pola magnetycznego przy okreslonym natezeniu $wiatta wiazki repompujacej. W tym celu
nalezy poréwnac czestos¢ Larmora §27, precesji wymuszonej polem magnetycznym do czestosci
Rabiego Q2 wiazki repompujacej. Warunkiem koniecznym jest zapewnienie aby 27, > Qg, co
zapewnia, ze pomiedzy statystyczng absorpcja dwoch kolejnych fotonéw wiazki repompujace;j,
atom znaczaco (o kat co najmniej ) zmienia swéj stan (,obraca” sie).

Opisana powyzej metoda przygotowania stanu zostata zweryfikowana poprzez serie symu-
lacji za pomoca metod opisanych w rozdziale ktorych wyniki zaprezentowana na Rys.
Warto jednoczesnie zauwazy¢, ze takie same rezultaty osiggnieto bez wlaczonego pola ma-
gnetycznego, ale z wykorzystaniem ciektokrystalicznego depolaryzatora, ktéry zmienia prze-
strzenny rozkltad polaryzacji w przekroju wiazki. To powoduje, ze wigzka efektywnie nie jest
spolaryzowana. Co wigcej, tak przygotowany stan, w ktéorym zdecydowana wickszosé popu-
lacji atomowej (> 95%) jest przepompowana do jest do jednego stanu nadsubtelnego, jest
cze$ciowo odporny na zderzenia relaksacje poprzez zderzenia z wymiang spinéw [56]. Wynika
to z opisanego w rozdziale mechanizmu tej relaksacji, ktéry polega na zamianie stanéw
nadsubtelnych zderzajacych sie atoméw.

Opracowanie powtarzalnej metody wytwarzania standéw poczatkowych o wysokiej wier-
noéci byto kluczowym elementem badan nad tomografia stanéw kwantowych oraz pierwszym
krokiem do dalszego rozwoju tej metody w celu opracowania tomografii proceséw. W szcze-
gélnosci, zostala ona wykorzystana w badaniach opisanych w artykutach |[Cl |D] stanowiacych
podstawe niniejszego doktoratu.

3.1.4 Artykul: Optimized optical tomography of quantum states of a room-
temperature alkali-metal vapor

W artykule ,,Optimized optical tomography of quantum states of a room-temperature
alkali-metal vapor” zademonstrowano pierwsza eksperymentalng realizacje metody tomogra-
fii opracowanej w artykule [A]. Dokonano tego w ukladzie doswiadczalnym zaprojektowanym i
zbudowanym przez doktoranta. Dodatkowo artykul przedstawia opisana w rozdziale|3.1.2|ana-
lize stabilnosci przeprowadzonej tomografii oraz optymalizuje ja w oparciu o zaproponowane
przez doktoranta metody.

W ramach prac nad artykutem doktorant odpowiadal za zaprojektowanie oraz zbudowa-
nie uktadu eksperymentalnego. Szczegdlnie istotnym elementem w tym kontekscie byto opraco-
wanie przez niego nowej metody pompowania optycznego oraz adaptacja techniki CYCLOPS
w celu ograniczenia bledéw pomiarowych. Oprocz tego autor byt odpowiedzialny za opracowa-

nie metod optymalizacji tomografii stanéw kwantowych oraz analize danych doéwiadczalnych.
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Ponadto aktywnie uczestniczyl on w przygotowaniu manuskryptu artykutu, w szczegdlnosci
w przygotowaniu czesci III-V oraz dodatkdw.
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We demonstrate an experimental technique for the quantum-state tomography of the collective qutrit states of
a room-temperature alkali-metal vapor. It is based on the measurements of the polarization of light traversing
the vapor subjected to a magnetic field. To assess the technique’s robustness against errors, experimental

investigations are supported with numerical simulations. This not only allows us to determine the fidelity of the
reconstructed states, but also to analyze the quality of the reconstruction for specific experimental parameters,
such as light tuning and the number of measurements. By utilizing the conditional number, we demonstrate that

the reconstruction robustness can be optimized by a proper adjustment of experimental parameters, and further
improvement is possible with the repetition of specific measurements. Our results demonstrate the potential of
this high-fidelity reconstruction method of quantum states of room-temperature atomic vapors.

DOI: 10.1103/PhysRevA.109.032402

I. INTRODUCTION

Quantum technologies are founded upon the precise
manipulation and reconstruction of quantum states. When
dealing with single microscopic quantum objects, the recon-
struction of states becomes challenging. This stems from a
(usually) destructive nature of the reconstruction and small
amplitudes of recorded signals. To address these difficulties,
some researchers have turned their focus towards studying
ensembles of quantum objects, which display a collective
quantum behavior [1-15].

Atomic vapors serve as a prime example of a medium
utilized for the engineering of collective quantum states. In
their ultracold form, they allow for precise quantum control
through light and other external fields, albeit the implementa-
tion of such control requires complex experimental setups. On
the other hand, room-temperature vapors can be studied using
simpler apparatuses, but they simultaneously present chal-
lenges in terms of theoretical understanding of to which extent
collective ensembles are quantum [3]. Despite these prob-
lems, however, room-temperature atomic vapors were used
to demonstrate various quantum-mechanical effects including
coherent population trapping [4], spin squeezing [5,6], macro-
scopic entanglement [7,8], spin waves [8,9], squeezed-light
generation [5,10,11], and the entanglement of light modes
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[12]. A rubidium vapor was also used to construct an on-
demand quantum memory [13,14]. These experiments have
revived the interest in such media, while also necessitating
the development of reliable quantum state tomography (QST)
methods.

In this work, we demonstrate an experimental implementa-
tion of the recently proposed QST method [15]. The method
enables the reconstruction of a complete collective density
matrix of a room-temperature atomic vapor. It is based on
the illumination of the vapor with an off-resonant probing
light, and monitoring properties of the light after traversing a
medium subjected to an external magnetic field. This enabled
us to reconstruct a collective quantum state of 8’Rb atoms
residing in the F = 1 ground state (qutrit), as shown in Fig. 1.

To evaluate the efficiency of the tomographic technique,
we used the so-called conditional number [16—18]. Previously,
the parameter was used for a comprehensive comparison of
the optical tomographic methods of two polarization qubits
[17] or the nuclear magnetic resonance (NMR) tomography
of two 'H spins 1/2 (two qubits) [19] and a single nuclear
spin 3/2 (a quartit) in a semiconductor quantum well [20]. We
demonstrate that, by an appropriate tuning of a probing light,
the conditional number can be minimized (corresponding to
an optimized reconstruction), reaching as small value as 2.25.
We also discuss the methods for further improvement of the
reconstruction efficiency by repeating specific measurements.

II. PRINCIPLES OF THE OPTICAL TOMOGRAPHY

We begin with a brief overview of the QST technique
developed in Ref. [15]. This method relies on measuring the
polarization rotation of linearly polarized probe light travers-
ing a medium (e.g., room-temperature alkali-metal atoms)
subjected to a longitudinal magnetic field. We assume that the

Published by the American Physical Society
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FIG. 1. Energy-level diagram corresponding to the ’Rb D; line
(presented energy gaps are not in scale), with measured qutrit marked
with green. Additionally, tunings of all the laser beams are presented;
red lines correspond to the pumping and repumping light used for
the state preparation, and the blue line shows the probing beam
which is blue detuned from the resonance by A and used for state
reconstruction.

amplitude of the light is small, which allows us to describe
its interaction with atoms using a perturbation theory of the
lowest order (linear interaction). At the same time, unlike pre-
vious approaches (see, e.g., Refs. [21,22]), we do not assume
a significant detuning of the light from the optical transition.
This allows us to consider not only vector contributions to a
polarization rotation [21,23,24], but also a tensor contribution
[25], and hence reconstruct the whole collective density ma-
trix of the atoms. It is noteworthy that this reconstruction is
achieved without full control over the system, as successive
magnetic sublevels are equally split due to a weak magnetic
field (due to the linear Zeeman effect) and, hence, cannot be
selectively addressed [26].

In Ref. [15], the relation between a time-dependent po-
larization rotation Sa(¢) and operators &g; and ,3 was
introduced. These operators are associated with the coherence
and population difference of specific magnetic sublevels and,
hence, provide the access to specific density-matrix elements.
In this work, we employ a slightly modified version of that
relationship, i.e.,

Sa(t; A) = n(A)(e "' [(Gr) sin(2€2,1)
+ (Gr) cos(2QuN)] — C(A)e ™ (B)), (1)

where 1n(A) = xVg(A) and ¢(A) =V;(A)/Vr(A) are the
global and local scaling factors associated with the real (V)
and imaginary (V;) parts of the Voigt profile, respectively,
and x is related to experimental parameters, such as an
atomic density and a transition frequency (for more details see
Appendix A). As shown in Eq. (1), the time dependence of the
polarization rotation is determined by the Larmor frequency
2, and the longitudinal and transverse relaxation rates y;
and y».

Since a single measurement described by Eq. (1) allows us
to extract only limited information about the system (specif-
ically the population difference and the coherence between
magnetic sublevels with Amp = 2), it is necessary to expand
the set of measured signals to obtain a more comprehensive
information. To achieve this, we introduce a series of unitary
operations known as control pulses, which modify the state.
This provides us the access to other density-matrix elements
and, hence, offers a complete characterization of the system

[15]. In turn, the reconstruction problem can be presented
as [15]

Opy =D, ©))

where O represents the coefficient matrix determined by
the set of observables, and py = [pX, oK, pl . ...1" (where
pR = Re{pmn} and p! = Im{pu,}, and 1 = —1) is the vec-
torized form of a standard-form (square) density matrix p with
elements p;; (see Appendix A for more information). More-
over, b is the observation vector, which contains the values of
measured observables. In a typical experimental scenario, the
set of measurements, given in Eq. (2), is often overdetermined,
and it is advantageous to rescale it to a more suitable form,

Cpv =h, 3

where C = OTQ and b = QFb. This rescaling enables the
calculation of the density operator by simply inverting the
aforementioned linear problem.

III. EXPERIMENTAL DETAILS

A. Experimental setup

The heart of our experimental system is a paraffin-coated
spherical cell 3 cm in diameter, containing an isotopically
enriched sample of 3’Rb atoms. The cell is heated up to
50°C and placed inside a cylindrical magnetic shield made
of three layers of mumetal and a qubic innermost ferrite
layer (a shielding factor of about 10°). Apart from the cell,
the shield additionally contains a set of magnetic-field coils,
which enables the residual-field compensation and genera-
tion of magnetic-field pulses in the x, y, and z directions.
During the application of magnetic-field pulses, which ro-
tate the states, other magnetic fields and all light beams are
switched off. Light used for the illumination of the rubidium
atoms is provided by three diode lasers, where the pump and
probe lasers are distributed-feedback lasers (DFBs), and the
repump laser is a Fabry-Pérot laser (ECDL). All the lasers
are independently tuned, and the repump laser wavelength is
frequency-stabilized using a dichroic atomic vapor laser lock
(DAVLL) [27]. The wavelengths of the other two lasers are
passively maintained due to their inherent temporal stability.
Performance of all the lasers is monitored using a wave meter,
while the pump and probe lasers are additionally monitored
through saturated absorption spectroscopy (SAS). The inten-
sities of the laser beams are dynamically controlled by three
acousto-optical modulators (AOMs). To generate a specific
quantum state in the vapor, the pump-light polarization is set
by polarizers (POLs) and a quarter-wave plate (1/4), while
the repump light is linearly polarized in a direction orthog-
onal to the pump-light propagation direction (i.e., along the
y axis). The y polarization of the probe light is provided by
a Glan-Thomson polarizer placed before the shield and its
polarization rotation after the medium is measured using a
balanced polarimater consisting of a Wollastron prism (WOL)
and a balanced photodetector (BPD). To determine the local
scaling factor (see the discussion below), the intensity of the
probe light is monitored prior to the shield. The schematic of
the setup is shown in Fig. 2(a).
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FIG. 2. (a) Simplified scheme of the experimental setup used for the quantum-state generation and tomography of collective states of an
alkali-metal vapor. SAS: Saturation absorption spectroscopy; DAVLL: Dichroic atomic vapor laser lock; AOM: Acousto-optic modulator; PD:
Photodiode; Pol: Glan-Thompson polarizer; A/4: Quater-wave plate; Rb: Parafin-coated vapor cell filled with 8Rb; Wol: Wollaston prism;
BPD: Balanced photodetector. (b) Experimental sequence used in our method. The initial state of atoms is prepared with the pump light turned
on for about 200 ms (red trace). After the preparation period, we apply a sequence of magnetic pulses to modify the state of the atoms (green
trace). Here, the CYCLOPS pulses (see Sec. III D) are first used and then the control pulses are implemented for a total time of about 1.5 ms.
Finally, the probe light is turned on, alongside with the longitudinal magnetic field, for about 1 s (blue) and the polarization rotation signal is

recorded.

B. Experimental sequence

The experimental sequence utilized in our measurements is
shown in Fig. 2(b). The sequence begins with a pumping pe-
riod during which a specific quantum state is engineered. This
stage typically consists of a 200-ms light pulse (optical pump-
ing), which is applied simultaneously with the repumping that
prevents the atoms from escaping into the dark (F = 2) state,
followed by a few short pulses (=100 ps, a rotation-angle
uncertainty of 0.12°), enabling the generation of a desired
complex state. Subsequently, a series of magnetic-field pulses
is used to mitigate technical problems (see Sec. III D), which
is followed by a set of control pulses. Once the pulses are
completed, a constant magnetic field is applied along the z
direction, ranging between 10 and 100 nT. At the same time,
the probe light, propagating along z with an intensity of 1-20
uW /cm?, is switched on. In order to improve the signal-to-
noise ratio (SNR), the intensity of the probe light is modulated
at a frequency of 200 kHz and a polarimeter signal is detected
using a lock-in amplifier.

C. Global and local scaling factors

An important element of the reconstruction of the density
matrix is the determination of the global scaling factor n(A)
in Eq. (1). This can be done by measuring the light absorption
in an unpolarized vapor. Using the absorption relationship
derived in Appendix C, the factor can be identified by com-
paring the absorption of the probe light, tuned to the same
wavelength as that during the tomography measurements (i.e.,
blue detuned from f =1 — F =2 by 50400 MHz), with
the absorption of a far-detuned light (>15 GHz). The global
scaling factor is given by

27 ( | U (A)U(A)
A= [ 22202 4
1A 16 \ \ Ua(00)/U;(0) @

where U, is the voltage measured at the transimpedance pho-
todetector placed in front of the medium and U, after it [see
Fig. 2(a) and Appendix C 1] with A indicating the probe light
tuned for QST and oo stands for the far-detuned light.

Experimental determination of the local scaling factor,
¢(A) in Eq. (1) presents a greater challenge. It requires the
preparation of an anisotropic well-defined quantum state. In
this work, we select “stretched” states along the x and z axes.
This means that the state has maximal projection of its angu-
lar momentum on the respective axis. The first state can be
created by illuminating the atoms with a circularly polarized
pump light propagating along the x axis. The preparation of
the second state is more involved and requires the applica-
tion of an additional magnetic-field pulse after the optical
pumping, which rotates the atomic x polarization to the z
direction. Note that we have experimentally verified that this
process did not introduce dephasing, as evidenced by the un-
changed signal amplitude for a many-m pulse. Employing this
procedure allows us to mitigate the systematic errors arising
from varying polarization levels achieved with the pump light
propagating along different directions, while simultaneously
simplifying the experimental setup. The formulas for the light
polarization rotation corresponding to these two states are (see
Appendix C 2 for more details)

5(1—€)
24

(I—¢)

48

sa@t;A) = — n(A(A)e ™, S)

Sa®(t; A) = — n(A)e ™" cos(2€.1),

(6)

where € is the isotropic part of state. This allows one to
calculate the local scaling factor as

1 8a®@(0; A)

(&)= 10 8a@(0; A)

(7
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D. CYCLOPS-like measurements

Equation (1) shows that our reconstruction method is
sensitive to the initial phase of the measured signal. As un-
controllable phase delays are present in every experiment, the
identification of the quadrature components of the signal be-
comes difficult. To address this issue, we adapt the cyclically
ordered phase sequence (CYCLOPS) method, commonly uti-
lized in NMR [28,29]. In our approach, we leverage the fact
that the 7 rotation of the state around the y axis leads to
a sign reversal of (&;) and (B) (for more information, see
Appendix D). At the same time, by applying the pulse rotating
the state by 7 /2 around the z axis and next the pulse rotating
the state around the y axis by =, the signs of the (&g) and

(B) are reversed (see Appendix D). By subtracting these two
transformed states from the initial signal, we obtain

(o — 8aM)(t; A) = 2n(A)[—C (A)e” (B)
+e (&) cos(2Qt + @)1, (8)

(S — 8a™)(t; A) = 2n(A)[—L(A)e” (B)
+e " ag) sin(2Qr + @)1, (9)

where ¢ is an unknown phase shift originating from the ex-
perimental apparatus. In our CYCLOPS-like measurements,
the problem of the unknown phase is alleviated, as the final
signals, given by Egs. (9) and (10), depend only on one
quadrature (via either sine or cosine time dependence) and,
thus, ¢ becomes insignificant. The procedure also allows us to
remove systematic shifts of the signals associated with the im-
balance of the polarimeter (for more details, see Appendix D).

E. Technique limitations

Our technique has two main limitations. The first is associ-
ated with the intensity of the light used to probe the atoms.
From the point of view of the SNR this intensity should
be maximized. On the other hand, the developed theoretical
model should adequately describe the considered system. The
model, given in Ref. [15], assumes a negligible population
of the excited state. This condition is fulfilled if the optical
transition is not saturated, i.e., when

2
R

Q
ko= T5 < 1, (10)
where «, is the saturation parameter of the optical transition,
Qg is the Rabi frequency of the probe light, and I' is the
natural width of this transition. For the uncoated vapor cell,
the saturation intensity of ’Rb atoms which are excited at
the D; line is 2.39 mW/cm?. It should be noted, however,
that in paraffin-coated cells the intensity saturating the optical
transition needs to be normalized over the whole cell volume
[30].

To fulfill the model assumptions, we also need to ensure
that the probing beam is not pumping atoms, i.e., that the
thermalized state (the steady state when the pump beam is
switched off) differs from the isotropic state. To ensure that
we can use hyperfine saturation parameter kn¢ [31], which
also incorporates correction for the Doppler broadening of the
medium and the differences between the cell volume and its

illuminated part:

K = —& — L (11)

where y is the relaxation of the atomic state (in our case
y = y1), I'p is the Doppler width of the transition, V; is the
volume of the atoms illuminated by the probing beam, while
V. is the volume of the entire cell. Using Eq. (11) we determi-

nate hyperfine saturation intensity as I ~ 27.9 uW /cm?.

Second limitation comes from the fact that it is assumed
that the light characteristic parameters (amplitude, polariza-
tion angle, ellipticity, and phase) remain constant throughout
the medium which holds when medium is considered to be
optically thin. This allows us to approximate the initial values
of the parameters during our calculations. However, in the
scenarios where the medium is optically thick, we need to
solve differential equations for these parameters when the
light propagates through the medium [32]. As the density ma-
trix is influenced by the light field, this leads to an increased
complexity of the analysis.

IV. RECONSTRUCTION OF STATES

To perform QST, we conducted the above-described nine
measurements, consisting of three sets of CYCLOPS-like
pulses for each of the three control pulses. To ensure the
self-consistency of our reconstruction procedure, we simulta-
neously fit all of the polarization-rotation signals with shared
parameters, such as the global phase, relaxation rates, and
oscillation frequency. The fitting values are then used to deter-
mine the observables and reconstruct the qutrit density-matrix
elements using the linear inversion method given in Eq. (3).
However, as this method does not guarantee the reconstructed
matrices to be positive semidefinite, we utilize a maximum
likelihood method with the Euclidean norm [20,33] to find the
closest physical realization of the reconstructed matrix.

To validate our tomography technique, we compare the
reconstructed density matrices with numerical simulations of
the states obtained during the pumping stage. For the simula-
tions, we assume the interaction of an appropriately polarized
light with a Doppler-broadened medium consisting of the
atoms of the energy-level structure similar to that of the D,
line in ¥Rb. As in the real experiment, we assume that there
are two distinct spatial regions between which the atoms can
freely move. In the first region, the atoms evolve in a ho-
mogeneous magnetic field and relax to thermal equilibrium
due to the collisions with vapor-cell walls and between one
another. This corresponds to the atoms residing outside of
the light beams. In the second region, the atoms still interact
with the magnetic field, but also with the pump and repump
light. Moreover, we neglect the wall relaxation in this region.
The latter region corresponds to the atoms inside the light
beams. All the parameters used in the simulations match the
parameters of our experimental setup. We have validated the
robustness of our technique by aligning experimental data
with corresponding simulations of selected basic states, which
we could readily generate. Looking ahead, we aim to extend
this methodology to reconstruct more complex states that pose
experimental challenges. This capability is crucial, especially
for applications like quantum process tomography.
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FIG. 3. Comparison of two experimentally reconstructed density
matrices (blue bars), with simulated ones (red bars), including their
amplitude (upper panels) and phase (lower panels). The first state
(a) is pumped with circularly polarized light and the second state
(b) is pumped with linearly z-polarized pumps, propagating along
the x axis. The fidelity achieved between the experimental results
and simulations in both cases exceeds 0.99.

As representative examples for our reconstruction, we con-
sider two states that can be easily generated experimentally
and simulated theoretically. The first state can be pumped
with a strong, pumping light which is circularly polarized
and propagating along the x axis [Fig. 3(a)]. The state has a
nonuniform population distribution and all its coherences are
nonzero. This allows us to demonstrate that our method can
reconstruct not only different coherences, but also determine
their amplitudes and phases with a high accuracy. Accord-
ing to the numerical simulations of the system, the repump
light pumps more than 98% of the atoms into the desired
hyperfine manifold and the created state is very close to the
perfect pure state [fidelity of 0.96946(91)]. Main uncertain-
ties of the pumping originate from the temporal variations
in the frequency and intensity of lasers. The results of the
experimental reconstruction and simulations are presented in
Fig. 3(a). As can be seen, the results are in a very good
agreement revealing a reconstruction fidelity of 0.995. As the
second example, we considered a state pumped with the -
polarized light, propagating along the x axis. In the ideal case
(without experimental artifacts), this scheme leads to the total
depletion of the mp = +£1 states and no coherences between
any sublevels. In this case, the simulations suggest that, in
our experimental conditions, over 98% of atoms are pumped
into an effective pure state with a fidelity of 0.98029(38). As
shown in Fig. 3(b), our measurements demonstrate a good
agreement with numerical simulations, demonstrating the fi-
delity of 0.998. Nonetheless one can notice that a very small
amplitude of the coherences can lead to the deterioration
of the phase reconstruction. The very high quality of the
reconstruction of these two representative states demonstrates
the usefulness of our QST technique.

It is noteworthy that one of the most important advan-
tages of this tomography technique is its significant robustness
against white noise [15]. However, we also verified with nu-
merical simulations that the robustness remains practically
unchanged for the assumed noise that adequately represents
experimental noise (with a specific spectral structure). Specif-
ically, we tested the robustness of the method using the 1/f
noise and noise arising at specific spectral components of
the signal, e.g., close to the Larmor frequency, where the
signal of interest arises. In the analysis, we observed a small
deterioration of the methods performance, but with the SNR
at a level of 5 a 0.99 fidelity was achieved.

V. CONDITIONING AND OPTIMIZATION OF QUANTUM
STATE TOMOGRAPHY

A. Condition number in linear inversion

The condition number « is a useful parameter to evaluate
the reliability of a QST method [see Eq. (3)]. Specifically,
to quantify the ability to tolerate errors or sensitivity to the
errors, we use the condition number of a (nonsingular) matrix
C, which, assuming the spectral norm || - - - |2, can be defined
as [34-36]

k(C) = [ICl> IC "l
= max[svd(C)] max[svd(C )]

_ max[svd(C)] S 1 (12)
" min[svd(C)] 7

where svd(C) denotes the singular values of C. The signif-
icance of this error-robustness parameter explains well the
Gastinel-Kahan theorem [35], which states that a relative
distance of a nonsingular square matrix C from the set of
singular matrices corresponds to the inverse of the condition
number. Utilizing the error 8b in the observation vector b
and the condition number x(C), one can estimate the error
dpy in the reconstructed density matrix py from the Atkinson
inequalities [34]

1 ||6b b 5b
[ ! l < I8pvl <K((C)II ! ||.
k(C) |b]| lov I bl

The above equation allows for easier and more intuitive under-
standing of the usefulness of the condition number. One can
notice that, in the procedure of linear inversion, propagation of
the experimental uncertainty highly depends on the state that
is measured and which of the measured signals have higher
relative uncertainties. Equation (13) allows one to make a
general statement that, even though the relative uncertainty
of the reconstruction is state dependent, it is also bounded by
the relative uncertainty of the observation vector multiplied
by «(C). This allows the interpretation that the condition
number is the measure of the stability of our method or, in
other words, it shows how our method in some particular cases
may amplify the experimental uncertainties and errors. When
the condition number approaches 1, it becomes apparent that
small relative variations in the observation vector b always
result in correspondingly small relative changes in the recon-
structed state py. In order to account for the errors §C present
in the coefficient matrix C, these inequalities can be expanded
according to the formulation derived in Ref. [34], giving rise

13)

032402-5



MAREK KOPCIUCH et al.

PHYSICAL REVIEW A 109, 032402 (2024)

50 1

condition number x(C)

(a) ny

200

150
detuning A (MHz)

0.0200 -
(b)

0.0175 -
T 0.0150 A

[p

[5pv

0.0125 -
0.0100 -
0.0075 -

uncertainty

0.0050 -

0.0025 -

0.0000 : . ! !
0 10 20 30 40 50
condition number x(C)

FIG. 4. (a) Condition number «(C) of a state measured versus the detuning A of the probing light from the center of the Doppler-
broadened f = 1 — F = 2 transition. The red points indicate the values calculated based on experiment (horizontal uncertainty comes from
the uncertainty of detuning; the evaluated vertical errors are so small that they are not visible in the plot), while the blue curve shows the
theoretical dependence calculated from the absorption measurements. The green dashed line indicates the smallest x (C) = 2.25 achievable
using this approach. (b) Relative uncertainty of the linear inversion [see Eq. (13)] as a function of the condition number « (C). Red points
correspond to the reconstruction of the state pumped with the circularly polarized light that propagated along the x axis [see Fig. 3(a)] and
blue points correspond to the reconstruction of the state generated with the linearly z-polarized pump light, propagating along the x axis [see
Fig. 3(b)]. It is seem that the uncertainty of the condition number is significantly smaller than the size of the data points. Solid lines are added

for clarity.

to the expression

8pv i
llovl

S L=k (©SCI/ICH| |1

«(C) 5B
ICII

||5<C||]
—+ . (14)

By referring to the inequalities in Eqs. (13) and (14), we can
infer that the quality of a QST method, in terms of its error
sensitivity or robustness, can be assessed through its condition
number « (C), which characterizes the degree to which small
(large) changes in the observation vector b lead to relatively
small (large) changes in the reconstructed state py. Thus, if
k(C) is small (large), the QST method is well conditioned
(ill conditioned), indicating the robustness (sensitivity) of the
method to errors in the observation vector b. In the case of
ill-conditioned QST, even slight errors in b can cause sig-
nificant errors in the reconstructed py. In short, the smaller
the condition number is, the stronger robustness of a given
linear-inversion-based QST method is against errors. Thus,
one can refer to an optimal method in this respect if « (C) = 1.
Numerical examples of ill-conditioned QST problems can be
found in Refs. [17,34].

As a quantifier (or a “measure”) of the “closeness” of two
quantum states, which in our case correspond to the simulated
state psm = pv and the experimentally reconstructed state
Pexp = Py + dpy, one can use a mixed-state fidelity [37]. I
is based on the Bures distance or the relative error (RE) in
Pexp> defined as ||pexp - psim“/”psim” = ||8:0V||/||:0V|| for a
chosen norm. The estimation of the RE is especially simple
by applying the Atkinson inequalities, given in Eqs. (13) and
(14). Specifically, the inequalities give the lower and upper
bounds on the RE in pe, due to (i) the experimental the RE
in b (both statistical and systematic), (ii) the systematic RE in
C caused by, e.g., inaccurate experimental apparatus settings,
but also (iii) the condition number «, which is a measure of the

error amplification due to the employed inversion in a given
linear reconstruction procedure.

B. Optimization via probe light tuning

In order to optimize a QST process, it is desired to make the
coefficient matrix C more isotropic, which means that each
measurement brings an equal amount of information about the
system. A simple example of such an optimized problem is
when each measurement brings information about only a spe-
cific density-matrix element, with all measurements having
the same weight [17,18]. In this case, the coefficient matrix
C is proportional to identity. Even though such optimization
is intuitive, it is often unpractical, because experimental trans-
formations, which are required to achieve a desired scheme,
are very complex. Instead, here we propose a scheme wherein
a single experimental parameter is adjusted. In our case, this
parameter is the probing light detuning A, which is incorpo-
rated in Eq. (1) through ¢ (A).

It is important to note that our method does not guarantee
an optimal tomography process with x (C) = 1. Therefore, to
explore the limit of the method, we calculate the eigenvalues
of the coefficient matrix with ¢{(A) as a free parameter. In
our case, the eigenvalues of C can be analytically calculated,

taking the values {m, T50° 325° 3957 335 182 0> @}. From
this, we obtain the dependence of ¥ (C) on ¢ (A) [see Fig. 4(a)]
and a minimal possible conditional number, equal to 2.25 is
determined.

To further illustrate the effect of the probing-light detuning
on the reconstruction uncertainty and, hence, to demonstrate
the potential of this approach, we perform a series of
reconstructions of a state generated under the same conditions,
but reconstructed using different probing-light detunings. In
our experiment, the detuning is changed from 50 to 270 MHz.
The results of these investigations, shown in Fig. 4(b),
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FIG. 5. Minimum achievable condition number versus a number
of repetitions of specific measurements. Three sets of points cor-
respond to the condition number at different detunings: 300 MHz
(green triangles), 200 MHz (red squares), and 60 MHz (blue dia-
monds). The solid lines are added for eye guidance.

demonstrate that the reliability of
the reconstruction deteriorates with
the detuning and it achieves the minimum in the vicinity
of the center of the Doppler-broadened transitions
f =1— F = 2. This agrees with our theoretical prediction
of the condition-number detuning dependence, which we
calculate assuming that £ (A) = V;(A)/Vr(A).

C. Conditional number versus the number of measurements

The repetition of specific measurements offers a straight-
forward and versatile method for optimizing the relative
weights of the observables used in the state-reconstruction
procedure. This approach allows us to achieve the condition
number arbitrarily close to 1, making it particularly valuable
when the original method is infeasible or when the condition
number is desired to be smaller than the detuning-optimized
bound (e.g., 2.25). However, it should be noted that this tech-
nique is associated with a potential drawback. Namely the
number of repetitions required to attain « (C) = 1 is typically
substantial, especially when dealing with initially high condi-
tion numbers, as illustrated in Fig. 5.

VI. CONCLUSIONS

In this study, we presented an experimental implemen-
tation of the quantum-state tomography technique, which
was originally proposed in Ref. [15]. The technique enabled
us to successfully reconstruct collective quantum states of
a qutrit in room-temperature rubidium vapor at the f =1
ground state. Compared to other tomographic techniques
[21,22,38,39], our method distinguishes itself with a superior
fidelity, resilience against the SNR, and a straightforward
control protocol. However, these advantages come at the ex-
pense of longer measurement times compared to alternative
approaches. To overcome experimental challenges of the re-
construction, we adapted the CYCLOPS technique, which
allowed us to achieve a reliable reconstruction by mitigating
the problem of unknown phase delays present in measured

signals. Additionally, we presented a comprehensive analysis
of the technique by introducing the conditional number, which
quantifies the reliability of the reconstruction. This param-
eter was investigated versus different experimental factors,
including tuning of the probing light, i.e., the light used for
the reconstruction. We demonstrated that, by an appropriate
tuning of the light, conditional numbers as low as 2.25 can
be achieved (where the conditional number of 1 refers to an
ideal reconstruction). We also demonstrated that further im-
provement of the reconstruction (by lowering the conditional
number) can be achieved by the repetition of the specific
measurements.

The reported successful implementation of the presented
QST technique opens up avenues for measuring a range of
fundamental properties of qutrits. In the future, we plan to
focus on exploring different measures of nonclassicality and
establishing their ordering for various classes of quantum
states. We also plan a further development of the technique
to demonstrate quantum process tomography, i.e., to expand
the method’s capabilities in the characterization of quantum
operations and transformations. Finally, the ability to accu-
rately reconstruct the quantum states of atomic ensembles
allows for an experimental optimization of the generation of
metrologically appealing quantum states. This is the research
direction that we currently pursue in our work.

Our findings underscore the efficacy of high-fidelity
quantum-state reconstruction within room-temperature
atomic vapors, showcasing the promise of this approach for
advancing quantum research and applications.
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APPENDIX A: PRINCIPLES OF THE TOMOGRAPHY
METHOD

In Ref. [15], the relation between the time- and detuning-
dependent polarization rotation da(f; A) and the operators
@g; and B, associated with the coherences and populations
difference of specific magnetic sublevels, is given as

da(t; A) = xe "'[{ar)Vr(A)sin(22.1)

+ (@) Vr(A) cos(2QL1) — (B)Vi(A)],
where Vg(A) and V;(A) are the real and imaginary parts of
the Voigt profile, respectively, and x is related to experi-
mental parameters such as an atomic density and transition
frequency. In order to derive Eq. (A1), the isotropic relaxation
of the atomic state was assumed. This may not be the case

(AD)
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in a real experiment, where various experimental factors (e.g.,
magnetic-field gradients), may introduce additional dephasing
of coherences. In turn, the off-diagonal elements of the density
matrix relax faster than the diagonal ones. As the observables
g depend exclusively on the coherences, while B on the
population imbalance, to account for the fact, we introduce
two separate relaxation rates, slightly modifying Eq. (A1), i.e.,

Sau(t; A) = n(A)(e "' [{@r) sin(2Q.1)
+ (@) cosRQu)] — C(A)e T (B)),  (A2)

where 1n(A) = xVg(A) and ¢(A) =Vi(A)/Vg(A) are the
global and local scaling factors, respectively.

The expectation values (&g ;) and (B) depend on the pop-
ulation deference and the coherences between the states of
the magnetic quantum-number difference Amyp = 2. Thus, the
operators do not allow one to reconstruct an entire density
matrix of the system. In order to access the remaining density-
matrix elements (e.g., the coherences with the Amp = 1),
one needs to transform the measured observables, so that the
overall set of measurements defines a positive operator-valued
measure (POVM) [21]. This can be achieved by introducing
the unitary-evolution operators U;, commonly called the con-
trol pulses, which modify the observable O in the following
manner:

Tr [OU;pU;'| = (UOU;) = (0, (A3)
where O can be either Qg or B . With the set of the observables
O;, one can present the reconstruction problem in vectorized
forms as given by Eqgs. (2) and (3).

It should be noted that reconstruction based on Eq. (3)
may produce unphysical results, which arise when the recon-
structed density matrix is not positive semidefinite. In such a
case, one may use several techniques to find a corresponding
physical realization of the matrix. The simplest approach is to
set negative eigenvalues to zero and renormalize the density
matrix. More elaborate techniques find the closest positive
semidefinite matrix using different norms using, for example,
a maximum likelihood method [20,33]. In the presented work,
we use such a method, assuming that a distance between
matrices is based on the Euclidean norm,

2 2
d*(A,B) =) |A - B}

ij

(A4)

The applied implementation of the method allows us to obtain
a physical density matrix, which gives the best approximation
of the measured observables.

APPENDIX B: RECONSTRUCTION OF QUTRIT STATES

The general theoretical discussion presented in this paper
may be used to reconstruct a three-level system (qutrit). In our
work, such a system is implemented using the ground-state
hyperfine level of 8’Rb of the total angular momentum f = 1
(Fig. 1). In this case, the density matrix can be written as

R R ' R Y|
Pt Pro TPy P1 IO
p=|pk—iply 1—pR—pf of +iol|. B
R . ] R Y 4 R
PT — P Por — iy P

where 1 = —1. It follows from above that Tr(p) = 1. It is
noteworthy that the normalization of the density matrix mod-
ifies the vector b by shifting its elements by a fixed value. It
can be shown [15] that, for a system probed on the transition
f =1— F =2 (Fig. 1), the observables &g ; and B are given
by

d+d> 1 -
== = (D)1 + 1)(I)), B2
il A REDAYY (B2a)
L id-d* i i
=~ == (1| - 11)(I)),  (B2b
a; il 30 1A= 11D (B2b)
. dido—d.d. 1 -
= — (1| = [1)(1]), (B2e)
p il D= 11| ¢

where d.. are the dipole operators associated with the right (+)
and left (—) circular polarization components of the linearly
polarized probe light, and ||c§|| is the reduced dipole-matrix
element corresponding to the transition.

To expand the set of observables used for tomography, we
introduce the control pulses U; implemented as pulses of a
DC or nonoscillating magnetic field that induce a geometrical
rotation of the spin polarization by 7 /2 around the x or y axes.
The explicit forms of the control pulses are

1B iv2 -1
Ux=§ 2 0 iv2], (B3a)

N

R V2 1
U=3[v2 0 V2| (B3b)

1 V2 1

Applying U, and U, to the operators given by Egs. (B2)
allows one to relate the observables ag; and B with all
the other density-matrix elements and, hence, reconstruct the
whole density matrix.

APPENDIX C: DERIVATION OF SCALING FACTORS

1. Global scaling factor

An essential parameter of the presented QST technique
is the global scaling factor n(A) in Eq. (A2). The most
convenient way to calculate this parameter is based on the
measurements of the absorption of light by completely unpo-
larized atoms. From the formula describing the change in the
amplitude of the light traversing a medium, given in Ref. [15],
one obtains

SE o ma) K (f 1
E(I’A)_Zf—l—ln_X_:f(—n 1

2
F

where f and F are the total angular momenta of the ground
and excited states, respectively, which for our system are
f =1 and F = 2. Additionally, one should notice that this
model was derived for a two-level system, while in more
complex systems of 8’Rb, where the two ground states f = 1
and f = 2 exist, the absorption of light tuned to the f =1
ground state results only from 3/8 of the total number of
atoms in the sample. As in our experimental procedure, we
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FIG. 6. Simplified scheme of the experimental setup used for the measurements of the global scaling factor n(A). A nonpolarizing beam
splitter (BS) with 1-to-o splitting ratio is used to measure the light intensity before the it enters atomic ensemble. The light intensity is measured
as a voltage U;(A) = riol,(A), where r; is the light power-voltage conversion factor in a transimpedance photodetector detector (PD1). The
light intensity is written as a function of the light detuning A to highlight the fact that the changes in the light frequency usually introduce
the corresponding changes in the light intensity emitted by the laser. After BS, there are various optical elements, introducing intensity losses
kin, and a vapor cell containing atoms whose state is to be reconstructed. Next, the beam experiences losses, ko, due to the elements situated
after the cell, and finally the light is split using the balanced polarimeter, consisting of a Wollastone prism and a balanced photodetector. The
output signal U, is the sum of the voltages measured by each of the PDs that constitute the balanced photodetector. Both PDs have the same

conversion gain r,, thus U, (A) = rL(A)(1 — kow)-

repump all the atoms in the f = 1 state, and then Eq. (C1)
needs to be modified to account for the fact:

1 2
SE . 82n(A) 1 1 2
E(I’A)_E 3 Z (—n 1 n—l)

n=—1

16

= —n(A). C2
2717( ) (C2)
Since the amplitude of light is not a parameter easily mea-
surable experimentally, it is more convenient to replace the
light-amplitude change by the light-intensity change,

SE [ 81
— =1+ =1, C3
5 + i (C3)

where [ is the probing light intensity and 8/ is the change of
the light intensity resulting from the absorption in the medium
(note that 81 is negative).

In a real experiment, the intensity of transmitted light can
be influenced by losses at different optical elements within
the system (e.g., glass walls of the vapor cell). For a reliable
reconstruction, it is crucial to distinguish these losses from the
light absorption in the medium. To address this problem, we
measure the sum of the two outputs of a balanced polarimeter
used for the state reconstruction and the intensity of light
before its transmission through the atomic ensemble (Fig. 6).
This allows us to write

I h(A) - Li(A)(A —kin)
I~ Li(AY(1 = kin)
B ro Ux(A)

(= kin)(1 = kow) Ui (A)

1. (C4)

The most convenient way to determine the overall scaling
[corresponding to the first term in Eq. (C4)] is to measure the
signal for a far-detuned light, A — oo. As in this case, the
light absorption is negligibly small, and one obtains

Ui(o0) ro
Ur(00) — r2(1 — kin)(1 — kour)”

(€5)

Combining Egs. (C2)—(C5), we obtain the final relation for the
global scaling factor n(A), which is given by

_ 27 [Ui(e0) Ua(A)
n(A)—16 Un(o0) U (&) 1]. (C6)

2. Local scaling factor

The second important parameter that is needed for the
tomography method is the local scaling factor {(A). As
discussed in the main text, to calculate the parameter we com-
pare the rotation signals measured for the “stretched” states
pumped along the x and z axes, which are given by the density
matrices

[0 0 0 .
p.=(1—e)|0 0 0|+=-1, (C7a)
o 0o 1] 3
L E'
272 4
1 1 1
px=10—=€) =575 3 ~373
1 1 1
| 4 T2 4
+§11 (C7b)

Here, we assumed a small imperfection in pumping man-
ifesting through the isotropic term of the amplitude €. It is
noteworthy that none of the observables used for the state
reconstruction [given by Egs. (B2)] generates any signal cor-
responding to the isotropic term (e = 0). Using Eqgs. (B2)
and (A2) allows one to calculate the corresponding rotation
signals for the two cases,

5(1 —¢€)
24
(1—-¢)
48
By including the amplitudes of the oscillatory and DC

parts of the signals, the local scaling factor can be finally
calculated as

sa®t;A) = — n(A(A)e ™, (C8a)

saW(t; A) = — n(A)e™" cos(2€2;t). (C8b)

1 8a®(0; A)

—_—— C9
10 §a@(0; A) ©)

t(A) =
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APPENDIX D: CYCLOPS-LIKE MEASUREMENTS

In a real experiment, an oscillating part of the polarization-
rotation signal may experience additional phase shift ¢ and
the whole signal may have a DC offset, D. Thus, Eq. (A2) is
modified to

Sa(t; A) = n(A)([(Gr) sin(2Qt + ¢)
+ (&) cos(2Qt + @)le

—$(A)(B)e ™) +D. (D1)
These additional factors may arise due to electronics or the
imbalance of the polarimeter. As the reconstruction method
requires fine determination of the quadrature components of
the signal, one concludes that knowing the precise value
of ¢ is needed. In our work, we use a slightly different
approach, incorporating a m rotation around the y axis,
ie.,

cos? (%) —% sin? %)
Uy(e) = Sii‘/(g) cos(a) Sii‘/(g) ,
st (5) 2 cost (3)
[0 0 1
U(r)=1{0 -1 0]. (D2)
1 0 0
This results in a sign change in (&) and (ﬁ ),
(&) = (U, () arUy (7)) = (Gr), (D3a)
(") = (U, & Uy(m)) = —(@),  (D3b)
(BT = (Uy(m)' BU,()) = —(B). (D3c)
For such a pulse, the rotation signal is given by
Sa(t; A) = n(A)([{&g) sin(2Q.t + @)
— (Qy) cos(2Qt + @)le
+2(A){B)e ™) +D. (D4)

Calculating the difference between the signal with and with-
out the pulse, one obtains

(S — 8aM)(t; A) = 2n(A)[— (A)e™ (B)

+e " (@) cos(2Qut + )].  (D5)
As can be seen, this difference depends only on a single
oscillatory component, thus there is no problem with deter-
mining the initial phase. Additionally, one can see that the
difference is free from the offset due to the imbalance of the
polarimeter.

In a similar fashion, one can obtain a signal containing
the second quadrature using the following sequence of two
pulses, with the first pulse introducing the rotation around
the y axis by m (being identical to the previous pulse), and
the second pulse generating the rotation by 7 /2 around the z

axis:
e 0 0
U@=| 0 1 0]
0 0 e
0O 0 —i
Uy =U(x/Q)Uy(r)= ({0 -1 0 (D6)
i 0 0

The pulses transform the expectation values of the observables
as

(") = (UL arUy) = — (@), (D7a)
(&) = WiaU,) = (@), (D7b)
(BY") = (U BU,) = —(B), (D7c)
which allows one to calculate the rotation difference,
(B — 8a?)(1; A) = 2n(A)[—¢ (A)e” (B)
+e M GR) sin(2Qt + ¢)].  (D8)

Similarly to the former case, the signal contains the infor-
mation about only one quadrature and no dependence on the
polarimeter imbalance.

The robustness of the signal against the unknown phase
shift or the signal offset motivated us to use the CYCLOPS
pulses for our quantum-state reconstruction.

APPENDIX E: EXAMPLES OF RECONSTRUCTION

In order to illustrate the reconstruction of a qutrit state,
we utilize six experimental polarization rotations, presented in
Fig. 7. The signals were observed for the state generated with
the circularly polarized light, propagating along the x axis.

The reconstruction process involved several stages. First,
we measured the absorption of the probing light in an un-
polarized sample to determine the global scaling factor (see
Sec. III C). In the considered experiment, we obtained n(A) =
0.3236(21). To determine the local scaling factor, we pumped
our ensemble using a circularly polarized light propagat-
ing along the x axis to prepare a stretched state in this
direction [see Sec. III C and Fig. 8(a)]. We compare the signal
with the similar results obtained with and without a mag-
netic 7 /2 pulse applied along the y direction [see Fig. 8(b)].
This allowed us to determine the local scaling factor, which,
in the considered case, was {(A) = —0.4790(12). Next, we
recorded nine signals measured with the control pulses. For
each control-pulse sequence (no pulse, 7 /2 rotation around
the y axis, and 7 /2 rotation around the x axis), we employed
three different sets of the CYCLOPS pulses (no CYCLOPS
pulse, a pulse in the y direction, and a CYCLOPS pulse in the
z and then y directions). These signals are used to generate the
difference signals [Egs. (D5) and (DS8)], which are shown in
Fig. 7, and then are fitted to reconstruct the expectation values
of the required operators. This is done with shared parameters,
including the frequency, global phase, and relaxation rates.
Finally, we used nine reconstructed observables to perform
linear inversion [according to Eq. (3)], and, thus to obtain a
matrix corresponding to the state. In the considered case, we

032402-10



OPTIMIZED OPTICAL TOMOGRAPHY OF QUANTUM ...

PHYSICAL REVIEW A 109, 032402 (2024)

_ (a)

o I

©

o

E

2 -10

c

o

5 -20

©

2

-30
0 100 200 300 400 500 0.0 25 50 7.5 10.0 12.5 15.0

time t (ms) time t (ms)

5

©

0

E

3

o

c

o

5 —20q

°

o !

-30 :
0 100 200 300 400 500 0.0 25 50 7.5 10.0 12.5 15.0
time t (ms) time t (ms)
-20

rotation éa (mrad)

rotation éa (mrad)

rotation da (mrad)

rotation da (mrad)

0 100 200 300 500 0.0 25 50 7.5 10.0 12.5 15.0
time t (ms) time t (ms)
-20
i
0 100 200 300 400 500 0.0 25 50 7.5 10.0 12.5 15.0
time t (ms) time t (ms)
2
_2— t
100 200 300 400 500 0.0 25 50 7.5 10.0 12.5 15.0
time t (ms) time t (ms)
5.0
25
0.0
-2.5
-5.0 LB
H ! I
200 300 400 500 0.0 25 50 7.5 100 12.5 15.0
time t (ms) time t (ms)

FIG. 7. Detected polarization rotations (red dots) and fitted dependences (blue lines), corresponding to the first [Eq. (D5)] (a) and the
second [Eq. (D8)] (b) quadratures of the signal measured without the control pulses. (c) and (d) correspond to the same signals measured with
the pulse rotating the state by 7 /2 around the y axis, while (e) and (f) correspond to the pulse rotating the state by 7 /2 around the x axis.
The right column shows magnifications of the first 15 ms of the registered signals. The insets in (a), (c), and (¢) show the angular-momentum
probability surfaces [40] of the reconstructed state after respective rotations (denoted with black dashed arrows). The red axis denotes the axis
of the magnetic field applied during detection, which coincides with the probe-light propagation direction.
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FIG. 8. Results of the measurement of the atomic response when the atoms are polarized along (a) x and (b) z axes. Based on the
measurements, the local scaling factor was determined as ¢ (A) = —0.4790(12).

obtained
0.2363

p = | —0.3903 4 0.0002:
0.2748 + 0.0033i

—0.3903 — 0.0002i
0.5175
—0.3737 — 0.0022i

0.2748 — 0.0033i
—0.3737 4 0.0022i |. (E1)
0.2461

It is evident from its eigenvalues, eig(p) = {1.057, —0.041, —0.016}, that the reconstructed matrix is not positive semidef-
inite. In order to address this problem, at the last stage, we applied the maximum likelihood method [33] to find the positive
semidefinite matrix closest to the reconstructed one. This process allowed us to obtain the following density matrix:

0.2410
—0.3507 — 0.0003:
0.2447 4 0.0020i

oML =

—0.3507 + 0.0003i
0.5104
—0.3562 — 0.0027i

0.2447 — 0.0020i
—0.3562 4+ 0.0027i |, (E2)
0.2486

with nonegative eigenvalues, eig(p) = {1, 0, 0}. This state is graphically presented in Fig. 3(a).
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3.2 Stany PQP czyli stany idealnego katomierza kwantowego

Gléwnym celem projektu byto stworzenie platformy ztozonej z uktadu eksperymentalnego
i zoptymalizowanego algorytmu tomografii stanéw, ktéra pozwalalby na testowanie nowych
koncepcji zarowno w dziedzinie informacji kwantowej opartej na qutricie, jak i w metro-
logii kwantowej. Jednym z pierwszych zastosowan powstatej platformy byto wytworzenie z
wysoka wiernoscia, a nastepnie zbadanie klasy stanéw okre§lanych jako stany PQP (ang. per-
fect quantum protractor). Stany takie to szczegdlna podklasa stanéw zwanych katomierzami
kwantowymi, czyli stanéw, ktére po obrocie o okreslone katy, wokoét okreslonych osi, zawsze
przechodzg do stanéw ortogonalnych. Bardziej formalnie sa to stany, dla ktérych mozna wy-
rézni¢ o$ n oraz zbiér obrotéw {6y}, takich, ze zbiér stanéw powstaly przez zastosowanie ww.
obrotéw jest zbiorem stanéw wzajemnie ortogonalnych

Y Ou A€ {0k}, 0 (W RL(0k)Ba(6)) 1) = 0. (3.12)

Jednakze jezeli stan katomierza ma nalezeé¢ do klasy PQP, musi spetnia¢ dodatkowe warunki.
Pierwszy z nich to to, ze ww. zbiér stanéw musi rozpinaé baze, czyli liczba katéw tworzacych
zbiér standw ortogonalnych musi byé¢ réwna wymiarowi przestrzeni. Drugi warunek mowi, ze
musza istnie¢ doktadnie trzy osie, wokét ktérych ten sam zbiér katéw utworzy trzy osobne i
niezalezne od siebie zestawy stanéw wzajemnie ortogonalnych. Oznacza to, ze poprzez jeden
zbiér wyrédznionych obrotéw oraz trzy wybrane osie sg generowane trzy niezalezne od siebie
bazy ortogonalne.

W pracy [D] przedstawione zostaly metody wyznaczania stanéw PQP. Nastepnie stany te
zostaly wyznaczone jawnie dla spinéw 1, 3/2, 3 oraz 7/2. Szczegélnie przeanalizowany zostal
przypadek spinu 1, dla ktérego przykladowy stan PQP dany jest jako:

b iey i
|¢>—%(e [1,1) +[1,0) + €~ 1,-1)) , (3.13)
gdzie ¢4 = £ /4 oraz ¢_ = £37w/4 lub ¢ = £37/4 oraz ¢_ = +m /4. Stan taki zostal wy-
tworzony eksperymentalnie poprzez poddanie stanu poczatkowego o zerowym rzucie momentu

pedu |1,0) sekwencji obrotéw wzdluz osi x oraz z

) = R, (—Z) Ry (— cos ™! (%)) 11,0). (3.14)

To wtasnie ten stan byl nastepnie analizowany do$wiadczalnie.

Warto w tym miejscu zauwazy¢, ze zaproponowany zestaw obrotéw powoduje zmiane
kierunku osi symetrii stanu |1,0) z kierunku z (patrz Rys. [3.2)) do kierunku (x 4+ y + z)/v/3.
Obrazuje to podstawowa wlasnosé¢ standéw PQP, czyli réwnoéé¢ wariancji operatoréw momentu
pedu wzdtuz kazdej z trzech wybranych osiﬂ

Z metrologicznego punktu widzenia, stany PQP sa optymalnym wyborem zaréwno przy

pomiarze obrotu o losowy kat wokot jednej z trzech osi, przy czym o$ ta nie jest znana a

1Podana whasnosé zostata przedyskutowana w paragrafie (4.2) pracy [D].
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priori, jak i przy prébie rozréznienia o jaki kat z dyskretnego zbioru 6; = 27l/(2S + 1), gdzie
S jest spinem ukladu w ktérym wytworzono stan PQP, stan zostal obrécony.

W przypadku badan doswiadczalnych stanéw PQP prowadzonych w ramach niniejszego
doktoratu uzyteczno$é stanéw PQP zostala zademonstrowana inaczej. Analizujac réwnanie
na skrecenie plaszczyzny polaryzacji wykorzystywane w badaniach tomografii stanéw
oraz ewolucje obecnych w nim obserwabli (&) oraz (&) pod wpltywem obrotu o kat 6 wokét

osi z, otrzymano zaleznosci:

(ar(0)) = Rcos(20+ 6p) (3.15)
(G7(0)) = Rsin (20 + 6p), (3.16)

gdzie 6y jest poczatkowa faza zalezng od stanu, na ktérym dokonano pomiaru, natomiast
R =4/ <&R)2 + <(5q>2 jest wartodcia skalujaca, niezalezna od wartosci przylozonego obrotu
a jedynie od poczatkowego stanu atomow. Takie podejscie pozwala na tatwe identyfikowa-
nie obrotéw poprzez pojedynczy pomiar FID. Jednocze$nie warto zauwazy¢, ze wykreslajac
pomiary dla réznych katéw na plaszczyznie (&g) od (&), co pokazano na Rys. 6 w pracy
[D], mozna w intuicyjny sposéb interpretowaé¢ warto$é R jako miare rozdzielczosci katowe;
pomiaru. W analogiczny sposéb, tj. poprzez cykliczng zamiane osi x — y — z, przeprowa-
dzone zostaly pomiary z wiazka prébkujaca stan efektywnie w pozostalych osiach. Pozwolito
to zaprezentowad, ze stany PQP sg réwnie czute w kazdej z trzech wybranych osi, jednoczesnie

maksymalizujac Srednia czulosé na obroty.

3.2.1 Artykut: Perfect quantum protractors

W ramach artykutu zatytutowanego ,,Perfect quantum protractors” po raz pierwszy wpro-
wadzono i przeanalizowane stany PQP. W szczegdlnoéci w artykule przedstawione zostaly
wyniki eksperymentalnej realizacji wybranych stanéw tej klasy dla uktadu o calkowitym mo-
mencie pedu réwnym 1. Badania te przeprowadzono w parach atomowych rubidu-87, a same
wyniki poddano analizie pod katem wlasnosci tych stanéw, czyli réwnej i maksymalnej czu-
tosci na pomiary obrotéw wokét trzech wybranych osi.

W ramach artykulu doktorant odpowiadatl za zaprojektowanie i przygotowanie ekspe-
rymentu, analize danych eksperymentalnych oraz byt wspélautorem czesci tekstu opisujacej
przeprowadzony eksperyment.
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In this paper we introduce and investigate the
concept of a perfect quantum protractor, a pure
quantum state |¢)) € H that generates three differ-
ent orthogonal bases of H under rotations around
each of the three perpendicular axes. Such states
can be understood as pure states of maximal un-
certainty with regards to the three components
of the angular momentum operator, as we prove
that they maximise various entropic and variance-
based measures of such uncertainty. We argue
that perfect quantum protractors can only exist
for systems with a well-defined total angular mo-
mentum j, and we prove that they do not exist for
j€{1/2,2,5/2}, but they do exist for j € {1,3/2,3}
(with numerical evidence for their existence when
j = 17/2). We also explain that perfect quantum
protractors form an optimal resource for a metro-
logical task of estimating the angle of rotation
around (or the strength of magnetic field along)
one of the three perpendicular axes, when the axis
is not a priori known. Finally, we demonstrate
this metrological utility by performing an experi-
ment with warm atomic vapours of rubidium-87,
where we prepare a perfect quantum protractor
for a spin-1 system, let it precess around z, y or
z axis, and then employ it to optimally estimate
the rotation angle.

1 Introduction

Uncertainty relations are one of the most well-known as-
pects of quantum mechanics. Despite being originally
formulated more than a century ago [1, 2|, they are still
an active field of research [3, 4]. This counter-intuitive
feature of nature that knowing one property of a quantum
system with certainty necessarily means that we must
be uncertain about another complementary property is
usually considered as a fundamental metrological restric-
tion. Thus, we can never measure perfectly conjugate
variables, such as position and momentum, time and en-
ergy, or angular position and angular momentum.
However, one can also look at this from a different an-
gle and see quantum uncertainty not as a metrological

restriction, but rather as a metrological resource. First,
note that the operators corresponding to one of the pair
of conjugate variables generate change of the other vari-
able: momentum operator is a generator of translations
in space, energy operator (Hamiltonian) is a generator of
time evolution, and angular momentum operators gener-
ate rotations in space. Then, it is clear that the eigen-
states of a given generator (i.e., states with a well-defined
value and no uncertainty) are useless for measuring the
conjugate variable. For example, energy eigenstates are
known to be stationary and do not evolve in time — as
such, they are useless for measuring time. On the other
hand, a quantum system prepared in a superposition of
different energy eigenstates (so with some energy uncer-
tainty) can act as a clock, since it can non-trivially evolve
in time to another distinguishable state [5].

This concept was formalised by introducing the no-
tion of quantum clocks [6], which was then generalised in
Ref. [7]. The basic idea is that a clock can be realised
by a finite-dimensional quantum system, whose “ticks” at
discrete times correspond to evolutions into different mu-
tually orthogonal states. Projective measurement in the
basis formed by these states allows for accurate, although
discrete, measurements of time. The maximal number
of different moments in time that can be then perfectly
distinguished by a d-dimensional quantum clock is given
by d, and this can happen only for the clock initialised
in an optimal state of uniform superposition of energy
eigenstates (i.e., for the state maximising energy uncer-
tainty).

In this paper, we generalise the original construction
of quantum clocks to quantum systems being able to op-
timally measure more than one variable. More precisely,
we introduce and investigate the notion of perfect quan-
tum protractors — d-dimensional quantum states that can
be used to perfectly distinguish d rotation angles around
any of the three perpendicular axes. In other words, un-
der rotations around z, y and z axes these states generate
three different orthogonal bases, and they also simultane-
ously maximise the uncertainty of the three components
of angular momentum. We show that such optimal states
can only exist for systems with a well-defined angular mo-
mentum j and, surprisingly, we prove that their existence
depends on j. We analyse in detail small-dimensional
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cases of j < 4 and explain metrological setups for which
perfect quantum protractors are optimal resources. Fi-
nally, we perform an experiment with atomic vapours of
rubidium-87 playing the role of spin-1 perfect quantum
protractors employed to optimally estimate the rotation
angle.

The paper is structured as follows. First, in Sec. 2,
we set the scene by recalling the mathematical formal-
ism of angular momentum and formally defining the cen-
tral concepts of optimal and perfect quantum protrac-
tors. Next, in Sec. 3, we present results on the exis-
tence and non-existence of these states for spin-j systems.
We then proceed to discussing the properties of perfect
quantum protractors in Sec. 4, focusing mainly on the
fact that they are pure states that maximise uncertainty
about angular momentum measurements, and describing
their entanglement features. Next, Sec. 5 is devoted to
justifying the utility of perfect quantum protractors for
metrological tasks of measuring rotation angles. In Sec. 6
we present the experiment we performed with rubidium
vapour, where we prepared perfect quantum protractor
states of spin-1 systems and used them to optimally es-
timate rotation angles. Finally, we conclude the paper
and provide outlook for future work in Sec. 7.

2 Setting the scene

2.1 Mathematical background

Rotations in three dimensions are generally described by
a Lie group SO(3), i.e., a special orthogonal group of
dimension 3. Orthogonality ensures that the transforma-
tion preserves the inner product, hence it is an isometry.
Speciality implies that the parity is conserved as well,
hence the group is restricted to proper rotations. The
group SO(3) is double-covered by SU(2), the special uni-
tary group of dimension 2, so equivalently rotations can
be described by elements of SU(2). This is very conve-
nient when considering quantum particles with angular
momentum and will be used throughout this paper.

The Lie algebra su(2) generating SU(2) is defined by
the following commutation relation between its three gen-
erators:

[Jkle] = i€kimJIm, (1)

where €y, is the Levi-Civita tensor. Since SU(2) is a 3-
parameter Lie group, each of its elements can be formed
from the elements of su(2) via exponentiation:

VY R(0) € SU(?2): R(§) =e Y, (2)
where = (0,,6,,0.) is a vector of real numbers and
J = (Jz, Jy, J.). To denote rotations around z, y and z
axes we will use a shorthand notation of R,, R, and R,.

Matrix representations of su(2) of size d are associated
with angular momentum operators along different axes:

Jz, Jy and J, correspond to angular momenta along three
perpendicular axes, and so n - J, with n denoting a unit

vector, represents angular momentum along axis #!. In
particular, irreducible representations of size (2j+1) cor-
respond to spin-j systems, whose Hilbert space we will
denote by H;, and for which one has

S =TI+ 2=+ ). (3)

In the irreducible case, the eigenstates of 7 - J form a
complete and orthonormal basis of H;, so any state with
a total angular momentum j can be expressed as:

|’¢> = Z Ca,m |j7 m>ﬁ’ (4)

m=—j

V|¢>€’Hj:

where |j, m),, is the eigenstates of 72-J with eigenvalue m.

Now, a state 1) of a quantum system transforms under
the rotation described by R(@) as follows:

RO)  _ip. —ifn-J

) —= e |p) = 7 Jy), ()

where we decomposed 6 into a unit vector times its mag-

nitude, § = 6. In particular, for spin-j systems, we can

use the decomposition from Eq. (4) to see that the rota-

tion by angle 6 around axis 72 transforms the state of the
system as follows:

j J
. R(6n) —im@ | ;
) =3 camlim)a = 37 came™ ™ ;). (6)

m=—j m=—j

For a general quantum system, the corresponding Hilbert
space ‘H can be uniquely decomposed into a direct sum
of Hilbert spaces corresponding to irreducible represen-
tations of SU(2) as follows:

H = @H;‘?‘“, (7)
J

with j taking integer or half-integer values and g; denot-
ing the degeneracy of a subspaces H;. For example, a
system consisting of four spin-1/2 particles can be de-
composed as:

(Hiy2)®t = H5? @ HT® © Ho. (8)

Thus, an arbitrary quantum state |¥) living in a general
Hilbert space H can be expressed as:

Jmax  J

|¥) = Z Z Z Cagmaa s ) g, 9)

j=0 m=—j a=1

where jmax 18 the total angular momentum of the highest
irrep appearing in the decomposition of H.

2.2 Formal statement of the problem

In this work we investigate special families of quantum
states that we call quantum protractors.

IThroughout the paper we will slightly abuse the notation with
R(0) and Ji denoting both elements of the Lie group and algebra,
as well as their matrix representations of size d.
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Definition 1 (Quantum protractors). A quantum pro-
tractor of order n with respect to axis 7 is a quantum
state |1)) € H with dim H = d for which there exist angles
{61,..., 0,} such that

Vi<k<lI<n: (@|R(n)ROM)|) =0, (10)

, 1) rotated around #u by these angles forms a set
of n mutually orthogonal states. A quantum protractor
of order d is called optimal. A state that is an optimal
quantum protractor simultaneously with respect to r per-
pendicular axes is said to be of rank r, and a quantum
protractor with the maximal rank equal to 3 is called
perfect.

Our main goal is to solve the existence problem of per-
fect quantum protractors in Hilbert spaces of various di-
mensions, capture their properties and understand the
consequences of their (non-)existence.

3 Existence

We first observe that in our search for optimal quan-
tum protractors, we only need to consider states living
in Hilbert spaces H;, i.e., states of quantum systems with
well-defined total angular momentum j. To see this, first
consider an arbitrary state |¥) € H of a general system
given by Eq. (9). The overlap between |¥) rotated by an-
gle 6, about axis 7 and |¥) rotated by angle 6, = 0, — 6
about the same axis is given by:

Jmax

S5 S el

7j=0 m=—j a=1

<\I/| e—ieﬁ-J |\IJ

Jmax Jmax

SIS S DI RNCEEY

M=—Jmax j=|m| a=1
Introducing
Jmax

-3 S

j=Im| a=1

g (12)

so that p is a normalised probability distribution, we get

JImax

Z e_imepm. (13)

M==—Jmax

(w]e ) =

Exactly the same overlaps would be obtained if instead
we rotated a state [¢p) € H; . from Eq. (4) with
Ca,m = /Dm- This proves that the number of orthogonal
states that can be obtained via rotations of a system with
a composite Hilbert space H is bounded by the dimension
of the highest irrep H;, ., appearing in the decomposition
from Eq. (7). Since for an optimal quantum protractor
we require this number to be equal to the dimension of
the system, without loss of generality we can limit our

considerations to states living in H;.

3.1 Optimal quantum protractors of rank 1

We start with a simple observation that characterises all
optimal quantum protractors of rank 1 as phase states [8].

Proposition 1. A state |¢)) € 7, is an optimal quantum
protractor with respect to axis 7 if and only if it is of the
form

) =

o S el (9

m=—j

Proof. We first prove by direct calculation that |¢)) from
Eq. (14) is an optimal quantum protractor. We start
by choosing (25 + 1) angles 6, = 2wk/(2j5 + 1) for
k€{0,...,25}. Then, the overlap between [¢)) rotated
by angle ) about axis 7 with |¢) rotated by angle 6;
about the same axis is given by:

J j2mk—Dm
Z TFT = (. (15)

(] 0007 ) =

Since there exist dim#; = (2j + 1) rotation angles that
transform |¢) into a set of mutually orthogonal states,
[¢) is an optimal quantum protractor.

We will now prove that every optimal quantum pro-
tractor must be of the form given in Eq. (14). For |[¢) to
be an optimal quantum protractor, its (2j + 1) rotated
versions must be mutually orthogonal. However, accord-
ing to Eq. (6), rotations only introduce phase factors in
the relevant angular momentum eigenbasis, and do not
modify probabilities. Thus, we require the existence of

(27 + 1) orthogonal states |[¢x) with k € {0,...25} such
that _
J .
k) = D pme o [jm), (16)
m=—j
with p,, = | @], m)a However, Proposition 4

from Ref. [9] clearly states that this is possible only if
maxXy, pm < 1/(2j+1), which enforces all p,,, to be equal
to 1/(2j41), which in turn enforces |1) to be of the form
from Eq. (14). O

3.2 Optimal quantum protractors of rank 2

We now proceed to proving the existence of optimal quan-
tum protractors of rank 2 in Hilbert spaces H; for all j.
From Proposition 1, we know that in order for ) € H;
to be an optimal quantum protractor with respect to axes
n and ™M, it has to satisfy the following:

im
) = mmz]e Jimy,
WZ ey m)g . (17)

In other words, we are looking for a state that is a uni-
form superposition of all basis states for two different
bases, the eigenbases of n - J and m - J. Luckily for us,
this problem was investigated in the past in a different
context, and so we can employ the following result from
Refs. [10, 11].

Accepted in { Yuantum 2024-08-28, click title to verify



Theorem 1 (Theorem 1 of Ref. [10]). For any two bases
{lan)} and {|b,)} of a d-dimensional Hilbert space there
exist at least 2?71 states |¢) that are unbiased in both
bases, i.e.:

1
Vi [ anlt) [P = | (bale) [* = 2. (18)
The above then straightforwardly leads to the following
corollary:

Corollary 1. In every Hilbert space H;, there exist at
least 47 optimal quantum protractors with respect to any
two axes and so, in particular, there exist optimal quan-
tum protractors of rank 2.

We will provide examples of optimal quantum protrac-
tors of rank 2 in the next section while discussing the
existence of perfect quantum protractors.

3.3 Perfect quantum protractors

For a quantum protractor to have rank 3 it must satisfy
the condition specified in Proposition 1 for each of the
three perpendicular axes. Thus, in what follows, we will
start with the most general states belonging to H; and
enforce them to yield uniform distributions in each of the
three angular momentum eigenbases. To simplify the no-
tation, we will use z, y and z subscripts to denote unit
vectors along three Cartesian axes, and we will skip j in
|7, m) as it will be fixed in each of the following sections.
Also, for m, instead of using +1/2, +1, etc., we will use
a tidier and self-explanatory notation employing the fol-
lowing symbols: {f, 1, 1,0,J,{,!}. Finally, for the con-
venience of the reader, Appendix A contains expressions
for angular momentum eigenstates along x and y axes in
terms of standard angular momentum eigenstates along
the z axis.

331 j=1/2

A general state [1)) € H, /s, ignoring the irrelevant global
phase, is given by:

[¥) = vor 1), + vBie? 1), . (19)

From Proposition 1, we know that

1
pr=pL =5 (20)
Using the above one finds
1+ cos¢ 1—sing
(I = ——5— WD, = —F— (@1

Since it is impossible to make both of the above expres-
sions simultaneously equal to 1/2 (rendering the corre-
sponding distributions uniform), for j = 1/2 there does
not exist a perfect quantum protractor. Note, however,
that since each of the above two expressions can be sep-
arately equal to 1/2 for two different ¢, there exist two
optimal protractors of rank 2. We illustrate this in Fig. 1,

Figure 1: No perfect quantum protractor for j = 1/2. States
that are optimal quantum protractors with respect to axes =z,
y, and z lie on great circles (green, red, and blue, respectively)
around these axes on the Bloch sphere. States that lie on the
intersection of two such great circles correspond to optimal quan-
tum protractors of rank 2. Since the three great circles do not
all intersect in one point, there is no perfect quantum protractor
for spin-1/2 systems.

where the condition of being an optimal quantum pro-
tractor with respect to a given axis can be understood
geometrically. More generally, an optimal quantum pro-
tractor with respect to two arbitrary (not necessarily per-
pendicular) axes fo and T is given by the eigenstates of
(7o x 1) - J, where x denotes the cross product.

332 j=1

Ignoring the irrelevant global phase and employing
Proposition 1 makes a general state 1)) € H; take the
following form:

_ b
V3

Using the above, we get

|) (9T 1N, +10), + e+ [1).).  (22)

_ 2+ cos(opr — @y)

I, 2+ W), |2 3 . (232)
(I, P (i), 2 = 27O =) o

Enforcing uniform distributions clearly means that one
of the following two equations holds

¢, = o1+ /2, ¢, =1 —7/2, (24)

leading to

Iy, 2 = | wo), 2= 5. (25)

Moreover, in the first case, we get

22— V2 (cos ¢4 — sin ¢1)
6

and so uniform distributions along both = and y axes are

obtained if and only if ¢ = 7/4 or ¢4 = —37/4. In the

second case, we get

[ (@11)aI* = (¥11),] » (26)

2 2 — /2 (cos ¢ + sin ¢1)
6

(@11, = W1, | . (27)
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Figure 2: Perfect quantum protractors for j = 1. Phases ¢y
and ¢, in Eq. (22) that yield perfect quantum protractors are
indicated by red circles (the empty circle indicates that the point
lies on the surface of the torus invisible to the viewer). These
states are also the only optimal quantum protractors of rank 2.

and so uniform distributions along both x and y axes are
obtained if and only if ¢ = —n/4 or ¢4 = 37 /4.

Therefore, for j = 1 there exist four perfect quantum
protractors given by Eq. (22) with the following phases
(see Fig. 2 for the visualisation of these solutions):

¢T:i§ and m:i% (28a)
¢T:j:?% and m:ig (28D)

Note that, interestingly, based on the above analysis the
conditions for an optimal rank 2 protractor coincide with
the conditions for a perfect protractor in the case of j = 1.

333 j=3/2

Following the same reasoning as before, the candidate
state [¢) for a perfect quantum protractor in Hg/o has
the following form

1 ) ) )
9y =5 (I, + e 1), + L), + e L), (29)
Using the above, we get

_cos(¢t — ¢y) + cos dy

I, PH A, = G . (308)
I P (], 2 =1 + TGO EMO (g
Thus, enforcing uniform distributions means that

Gr = ¢y + oy + . (31)

Using the above, we further get that | (¢[1),| = [(¥|{),|
if and only if

_ /2
- T by

R

Figure 3: Perfect quantum protractors for j = 3/2. Phases
¢+, ¢y and ¢y in Eq. (29) that yield optimal quantum protractors
of rank 2 with respect to axes = and z (y and z) are indicated
by blue (red) lines and points. The eight intersection points,
indicated by green triangles, correspond to perfect quantum pro-
tractors.

sin ¢; = 1/4/3, whereas enforcing the same for the other
two options yields

cos ¢y + sin gy = 0. (33)

Combing the above all together, we get the following
eight candidate solutions:

o o

/4 arcsin % V 1 —arcsin %
—3m/4 arcsin % V 7 — arcsin % , (34)
— /4 — arcsin % V. arcsin % -7
3m/4 — arcsin % V. arcsin % -7

where in each case ¢4 is given by Eq. (31). Straightfor-
ward calculation shows that all these solutions actually
yield perfect quantum protractors. We visualise these so-
lutions in Fig. 3, where we also present all solutions for
optimal protractors of rank 2.

334 j=2

As before, we start with the following ) being the can-
didate for a perfect quantum protractor in Hs:

) =— ("7 |f), + €1 |1), +10),

Sl

e ) e N)L) . (35)

(cos gy —sin ¢y ) (1+V3sing,) = 0. (32) Using the above, we get
The first parenthesis vanishes when ¢y = =w/4 or 2 2 _2—a—b
+ === 36
¢y = —3m/4, while the second one vanishes if I+ . 5 (36a)
¢, = —arcsin(1/v/3) or ¢, = arcsin(1/v/3) — 7. For the [, 2 + (] 1) |2:2—a—|—b (36D)
first two options, enforcing [(¥|),| = |(¥|]),| results in 4 v 5
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where

b= cos(¢r — B,). (37)

Since we want to enforce uniform distributions and as the
only way for a + b and a — b to vanish simultaneously is
a=b=0, we get four cases

¢¢:¢Tiﬂ-/27 gbU:QSﬂ:Eﬂ'/Q, (38)

which we will denote by Cy4 and analyse one by one.
For C; 4 we have

a = cos(¢q — ¢y),

10,10, =2 cos(oy — d1), (39)

leading to ¢y = ¢y £ /2. In either case, additionally
enforcing

[(10)o] = [(&[0), [ and  [([),| = [(¥[$),]  (40)

leads to a set of two contradictory equations

CcoS (bﬂ = sin ¢TT and COS Qﬁﬂ = —sin ¢TT (41)

For Cy_ we have

L1010, =2 sin(og — o), (42

leading to ¢r = ¢y or ¢y = ¢y + 7. In either case,
enforcing Eq. (40) leads again to a set of contradictory
equations from Eq. (41). For C_ we have

[(10)o] = [(¥[0),| <= singp =cosdy,  (43)

leading to ¢4 = m/4 or ¢4 = —3n/4. In either case,
enforcing

[ (DI = [, and  [(L[1).] = [(¥[$),] (44)

leads to a set of contradictory equations from Eq. (41)
with 1} subscript replaced by 1. Finally, for C__, we have

[(010),| = [(¥[0),| <= singy = —cosdy,  (45)

leading to ¢y = —7/4 or ¢4 = 3w/4. In either case, en-
forcing Eq. (44) leads to to a set of contradictory equa-
tions from Eq. (41) with {} subscript replaced by 1.

We thus conclude that it is impossible to find a state
|¢)) with uniform distributions over the angular momen-
tum eigenstates for three perpendicular axes, and thus
for j = 2 there does not exist a perfect quantum protrac-
tor. Of course, due to Corollary 1, there exist optimal
quantum protractors of rank 2, with the following being
one example:

)+ D) 0) ) e ),

335 j=5/2

Again, we start with the following candidate for a perfect
quantum protractor in Hs /2t

1

ﬁmm+ﬁwm+ﬁwu

+eiu 1), + ety 1), + e 11),) . (48)

¥)

To prove our point, we will need the following five quan-
tities

A= ML+ L2+ [, - 5, (499)
B = [, 7 + 10610, + (g1, — 5, (49)
C = [, + 1,7 - 5, (19¢)
D= |, P + [, - 5, (490)
B = O+ [, 1 + 1), - 5, (49¢)

3

which should all be equal to zero if we enforce uniform
distributions.
Direct calculation yields

= 2—; (cos ¢y + cos(gg — ¢ill)) , (50)

E
and so we get two options:

(51a)
(51b)

Gy =T+ Oy — by,
Gy =7— ¢y + Py.

Assuming the first of the above equations holds, one finds

A= —% cos(pr — @), B= %Sm(‘i’T —o) (52)

and thus we get a contradiction, since the above two ex-
pressions cannot vanish simultaneously. Therefore, we
are forced to assume that Eq. (51b) holds, which gives us

A+ iB = _é (ei(m—m) 1 i(m2en—ay) eim) . (53)

Now, we observe that the above is a sum of three unit
vectors on a complex plane, and such a sum can only
vanish if these vectors form an equilateral triangle. As a
result, one of the following two cases has to hold:

2 4
¢m+§ﬂ=¢¢*¢% ¢m+§=ﬂ+2¢ﬂ*¢u» (54a)

4 2
T — b — bt byt o =7+ 20—y, (54b)

St 3 3

) /5 (46a) which, after taking into account Eq. (51b), gives the fol-
_ M) ), e D [0), + L), e ), (46h) fowin (o F options:
V5 7 $p=dr+ o F g (55a)
where = 5 by = :':517 (55b)
6 = arctan \/;, ¢ = arctan \/; (47) 6 11n
and the solutions ound in Sec. 3.3.3 =01 F 6 (55¢)
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Finally, using these two sets of F solutions to simplify
expressions for C and D, we get

(v/5 = 5v/3) cos ¢1 £ (V15 + 5) sin ¢4
48v/2 ’
V5 4+ 3v/3) cos ¢ £ (/15 — 3) sin ¢4
482 '

It is then clear that independently of the chosen F so-
lution, it is impossible to simultaneously make C' and D
vanish. We thus conclude that it is impossible to find
a state |[¢)) with uniform distributions over the angular
momentum eigenstates for three perpendicular axes, and
thus for j = 5/2 there does not exist a perfect quantum
protractor.

C (56a)

b

(56b)

3.3.6 j = 3 and higher angular momenta

Resolving the problem of existence of perfect quantum
protractors using direct analytical methods becomes less
and less feasible with growing angular momentum j, as
the number of phase variables increases. One can then
employ numerical optimisation methods to attack the
problem for higher values of j. Namely, one can first
use analytical methods to decrease the number of phase
variables as much as possible, and then maximize some
function f of the remaining variables, with f chosen such
that it attains its maximum for the perfect quantum pro-
tractor. One simple choice for that is to start with a state
|t)) from Proposition 1 with 72 = 2, remove the global
phase (so that the number of phase ¢,, variables is 2j),
and maximize

f(¢) = H(p®) + H (p”) — 2log(d). (57)

In the above H() denotes the Shannon entropy, whereas
p* is the probability distribution over measurements of
angular momentum along axes k € {z,y}. Clearly, since
the maximum value of Shannon entropy is logd, and for
a perfect quantum protractor one gets uniform distri-
butions for measurements along all three perpendicular
axes, the function f attains its maximum equal to 0 only
for perfect quantum protractors.

Using this method, we were able to find a perfect quan-
tum protractor for j = 3, i.e., we recovered the analytical
expressions for the phases from the numerical solutions
for which f was equal to 0. It can be verified analytically
that the following state,

_ sy io it
Iw>—ﬁ(e ), + €27 1), + €1 [1), +10)
+e ), + eV ), + e ]),), (B8)

with phases

™
¢m__0_27

3m

(blll:e_Zv

¢TT = 7T/47

du=—m/4, Gr=—0+1,

37

(59)

where 0 = %arctan V15, is indeed a perfect quantum
protractor (but most probably not the only one).

Moreover, for j = 7/2 the numerical optimization gave
the value of f to be zero up to numerical precision, which
strongly suggests that a perfect quantum protractor ex-
ists in Hz/o (see Appendix B for details). For higher
values of j, this simple numerical optimisation procedure
does not find phases for which f is equal to zero. This,
however, may be inconclusive, as the number of variables
may be too large to efficiently find the global maximum.

4 Properties

In this section we will argue that perfect quantum pro-
tractors are pure states that maximise the uncertainty
of angular momentum measurements. Thus, they can
be considered as the opposite of the much more studied
states that minimise angular momentum uncertainty [12],
such as spin coherent states [13] or spin intelligent
states [14]. As we shall see, this property of maximis-
ing uncertainty renders angular momentum certainty re-
lations trivial, and makes perfect quantum protractors
optimal resources for particular metrological tasks.

4.1 Entropic uncertainties

Let us start with information-theoretic (entropic) quan-
tifiers of uncertainty. A very general family of such un-
certainty measures, based on a minimal set of axioms, is
given by Rényi entropies [15]. These are defined by

- log (2@?) , (60)

where o > 02 and p denotes the probability vector of
observing different events. Here, these events will cor-
respond to measuring different values of angular mo-
mentum along different axes for a state [¢), and so
we introduce probability distributions p*, pY and p?,
whose entries are given by [(¢|7,m) |2, |(¥|4. m>y|2 and

Ha(p) =

|(¢|4, m)_|?, respectively.

Now, it is easy to see that, independently of o, Rényi
entropies achieve their maxima, equal to log(2j+1), only
for a uniform distribution over angular momentum eigen-
states. Thus, the following very general entropic quan-
tifier of total uncertainty about angular momenta mea-
surements is trivially upper bounded,

Ho, (p*) + Ha, (p") + Ha. (p7) < 3log(2j +1), (61)

for all a, > 0 and k € {z,y,z}. Although physicists
are mainly preoccupied with the lower bounds for such
uncertainty quantifiers (with the famous Maassen-Uffink
entropic uncertainty relation [16] being a prime exam-
ple), the non-trivial upper bounds were also studied un-
der the name of certainty relations [17-19]. For example,
in Ref. [17] it was shown that for a spin j = 1/2 system
one has

< 3log 6—+/31log(24+/3)

H(p")+H(pY)+H(p®) 3

(62)

QImportantly, limg—s1 Hq is the previously introduced and most
widely used entropic quantity — the Shannon entropy H.
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However, the existence of a perfect protractor for a
spin-j system means that there is no non-trivial up-
per bound on the angular momentum uncertainty. This
is because Proposition 1 requires perfect quantum pro-
tractors to be given by a uniform superposition over
all (25 4+ 1) angular momentum eigenstates for all three
axes, and so such states attain the trivial upper bound of
3log(2j 4+ 1). Thus, based on the results presented in this
work, we know that there are no equivalents of Eq. (62)
for spin-j systems when j € {1,3/2,3,7/2}. More gener-
ally, we can summarise it as follows.

Corollary 2. If a perfect quantum protractor exists
in H;, then there is no non-trivial entropic certainty rela-
tion for angular momentum operators, since it saturates
the trivial bound,

H(p®) + H(p") + H(p®) = 3log(2j + 1). (63)

4.2  Variance-based uncertainties

Let us now proceed to more traditional quantifiers of un-
certainty based on the variance,

o = (Ji) = (Ji)*, (64)

where we omit the dependence of o2 on [¢)) and use
a shorthand notation with (A) denoting the expecta-
tion value of A in a state |1)). We can then consider
three Pythagorean means (arithmetic, geometric and
harmonic) of angular momentum variances along three
perpendicular axes:

02+ 02+ o2
R (65a)
3
og = {/oloa2, (65b)
—1
o)1 4 (62)-1 & (62)-1
o << ARSI R I,

Crucially, for a perfect quantum protractor, variances for
all three axes are the same,

2

m=—j

and so all Pythagorean means are equal to j(j + 1)/3.
For the arithmetic mean, let us note that

L AU )

i(j+1
52 < J+1)

3 5 =3 (67

and this upper bound is attained by states satisfying
(Jz) = {Jy) = (Jz) = 0. (68)

Such states are known in the literature as spin 1-
anticoherent states [20, 21|, and perfect quantum pro-
tractors form particular examples of such states. Note
also that perfect quantum protractors have equal angu-
lar momentum variances along three perpendicular axes,

x, y, and z, but not necessarily along any axis as spin
2-anticoherent states have (see Sec. 7 for more discussion
on that subject).

For the geometric mean, we have

(52)° < (J2) (72) (72)
— (22 (G +1) = (J2 = (). (69)

Thus, to upper bound it, we can consider the following
function of two variables,

g(z,y) =2y(G(G+1) —z —y), (70)

and find its maximum within the region specified by the
following constraints:

0<umzy<j?
z+y<j(+1).

(71a)
(71b)

Direct calculation of partial derivatives yields the follow-
ing maximum

g@_ju;mw_ju;m>_<mgn)?(n)

To be sure that this is indeed an upper bound, we also
need to verify the value of g at the boundaries speci-
fied by Egs. (71a)-(71b). Clearly, for x = 0, y = 0 and
x+y=7(+1), we get ¢ = 0, and so the only non-
trivial boundary one has to consider is given by « = j2
and y € [0, ] (the case with inverted = and y is analo-
gous). This yields

g(x =j%y) = 7%y —v), (73)

which takes its maximum at y = j/2, resulting in

; 4
g(x=j2,y=%)=L- (74)

Since the above value is smaller than the one from
Eq. (72), we conclude that

.
5 < U HD, (75)

and that the perfect quantum protractor attains the
above upper bound.
Finally, for the harmonic mean, we have

3(6%) = (027 + (o) + (o)
1 n 1 n 1
o2 2 jG+l)—02—02

(76)

To upper bound it, we can then consider the following
function,

1

Gan-e—y

1 1
Mz, y) = —+ -~ +

Ty
and, as before, find its maximum value subject to con-
straints from Egs. (71a)-(71b). Analogous and straight-
forward calculations lead to the same result, i.e., that the
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maximum is achieved at © =y = j(j + 1)/3. Therefore,
the harmonic mean is upper bounded by

Jj+1)

=, (78)

o <
and perfect quantum protractors saturate the above
bound.

We thus conclude that perfect quantum protractors
maximise all Pythagorean means of variance-based un-
certainties about measurements of angular momenta
along three perpendicular axes. Thus, these are the
states of complete knowledge (since they are pure states)
that nevertheless yield maximal uncertainty about angu-
lar momenta. As we shall see in the next section, this
makes them a valuable resource for quantum metrology.

4.3 Entanglement

In Sec. 3, we have proved that a perfect quantum protrac-
tor for a d-dimensional system can only exist for systems
carrying an irrep j. This means that it is impossible
to obtain a perfect quantum protractor, while combin-
ing two (or more) systems carrying irreps j; > 0 and
jo > 0 (with dimensions d = 2ji + 1). The reason is
that a perfect quantum protractor, by definition, would
need to distinguish dyda = (271 + 1)(2j2 + 1) angles; but
we know that the highest irrep appearing in the decom-
position of H;, ® Hj, i jmax = j1 + j2, and so the best
we can do is to distinguish 2j,.x + 1 < d1d2 angles.

Nevertheless, one may focus on perfect quantum pro-
tractors living in the highest irrep subspace H;, . of the
joint Hilbert space of a few subsystems, and investigate
the resulting entanglement between the subsystems. To
clarify this idea, let us start with the simplest exam-
ple of two spin-1/2 systems, whose total Hilbert space
H = Hij2 ® Hiyo splits into a direct sum of Hy and H;.
Now, we know that in order to get the best quantum
protractor |¢)) € H, it should live in the subspace cor-
responding to the highest irrep, so that |¢) € H;. We
can then take solutions for perfect quantum protractors
of spin-1 system from Sec. 3.3.2 and write them explicitly
in the basis of two spin-1/2 systems:

1 idr 1
\¢>:ﬁ<e¢ 1+ 75

with the angles ¢4 and ¢, given by Eqgs. (28a)-(28b). It
is a straightforward calculation to show that

(1) + [41)) + i \w) . (79)

W= —lenem+nel, 60

where
o =y 2y, et
[61) = @ 1) + @¢ ) (81b)

are orthogonal states. Thus, a j = 1 perfect quantum
protractor |©) constructed from two spin-1,/2 subsystems

is a maximally entangled state of these two subsystems.
At the same time, it is an easy exercise to verify that for
a product state of two spin-1/2 systems, it is impossible
to obtain a perfect quantum protractor (the best one can
do is the same as with a single spin-1/2 system).

The next perfect quantum protractor |i) that we found
in this paper lives in Hz/o, which is the highest irrep in
the decomposition of the total Hilbert space of three spin-
1/2 subsystems, or spin-1 and spin-1/2 subsystems. One
can then again investigate the entanglement properties
of these three or two subsystems in a state |1)). Here, we
will analyse in detail the first (harder) case, and just state
the result for the second case, which can be obtained in a
very similar manner. Using Clebsch-Gordan coefficients,
we have

=1, W=, (82a)
1

M) = Z= (M) I LA, (520

) = () + D) 1), (820)

V3

where the states on the left hand sides of the above equa-
tions describe the total spin-3/2 system, and the states
on the right hand sides of these equations describe three
spin-1/2 subsystems. We can then combine the above
with a general formula for spin-3/2 perfect quantum pro-
tractor, Eq. (29), to arrive at

1 o
[9) =575 (VBITTD) + € (IT1) + [14) +1411)
€LY + ) + 1) + € VBILLY ), (83)

Using eight sets of angles found in Sec. 3.3.3, we get eight
spin-3/2 perfect quantum protractors expressed in the
basis of three spin-1/2 subsystems. The simplest way to
analyse their entanglement properties is to notice that we
deal with pure states for which partial traces over any two
spin-1/2 subsystems leave us in a maximally mixed state
of a single spin-1/2 subsystem. It is then known [22],
that such a state is a GHZ state, i.e., up to local uni-
taries it is given by ([111) + [{44))/v/2 which, according
to many multipartite entanglement measures, is regarded
as a maximally entangled state of three subsystems. And
for the case of combining spin-1 and spin-1/2 subsystems,
one can show that a perfect quantum protractor is given
by a maximally entangled bipartite state.

Finally, the last perfect quantum protractor for which
we have analytic expressions lives in H3. There are many
combinations of subsystems for which this subspace ap-
pears as the highest irrep, e.g., two spin-3/2 subsystems,
three spin-1 subsystems, six spin-1/2 subsystems, one
spin-1 and one spin-2 subsystems, etc. Here, we will limit
our considerations only to the first case of Hsz/o ® Hs/o,
as our aim is not to provide a full analysis, but rather to
show that, despite what we have seen so far, perfect quan-
tum protractors not always need to correspond to maxi-
mally entangled states. As before, using Clebsch-Gordan
coefficients, we can rewrite the spin-3 perfect quantum
protractor from Eq. (58) (with angles given by Eq. (59))
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in the basis of two spin-3/2 subsystems, and then trace
out one of the subsystems. The resulting mixed state is
given by

1 —3im/4 ai 0
1 ae /s
a€3i7'r/4 % 0 ai_
pP= ai 1 \{34 o (84)
~s 0 1 ae’™/
3 —im/4 1
0 - ac’ / i
where

_ 3V6+2V10

a= 0 .

The above is clearly not a maximally mixed state, and

so, while the two spin-3/2 subsystems are entangled, they
are not maximally entangled.

(85)

5 Metrological applications

A paradigmatic example of a metrological task in the
quantum realm is given by a phase estimation prob-
lem [23]. In this setting, a system initially prepared in
a generally mixed state p undergoes a unitary evolution
that transforms it as

p = po = e 0pe, (86)

where H is a known self-adjoint operator and 6 is a
real number corresponding to an unknown phase shift.
The goal is to find the estimate § of 6 by preparing the
system in the optimal probe state p, allowing it to un-
dergo the unknown phase shift 6 and performing a gen-
eralised quantum measurement specified by POVM ele-
ments {Hé}, Finally, upon observing outcome 9: which
happens with probability

p(0]6) = Tr (pelly) , (87)

one guesses that 6 = 6. Of course, the choice of the opti-
mal strategy (i.e., p and {II;}) depends on the measure
of success one chooses, as well as on the prior knowledge
about the distribution of 6 [24, 25].

Here, we will consider the case when H in Eq. (86) is
given by an angular momentum operator J. Thus, the
transformation corresponds either to a physical rotation
of the system around the axis k by an angle 6, or to a
time evolution generated by a Hamiltonian given by the
angular momentum along the axis k (e.g., precession in a
magnetic field). Estimating the phase can then provide
information about the angle of rotation or the strength
of the magnetic field, so the probe state p can be seen as
a protractor or a magnetometer.

If we only cared about estimating 6 for a single Jj, we
could simply use the known results on quantum phase es-
timation. Instead here, we will focus on a very particular
case of a multiparameter estimation problem, involving
three different generators: J,, J, and J, (for a related
problem of finding optimal states for aligning Cartesian
reference frames see Ref. [26]). Namely, imagine that one
knows that an unknown phase shift of 6, 6, or 6, will be

generated by either J,, J, or J,. However, one does not
a priori know which generator will be used (a situation
referred to as a random sensing scenario in Ref. [27]), so
one needs to prepare a probe state p that will be able to
detect all these different phase shifts. Then, before the
measurement is performed, one obtains the information
about the generator (i.e., the axis of rotation), and can
choose an appropriate measurement. As we will now ar-
gue, the optimal pure probe state in such a scenario is
given by a perfect quantum protractor.

5.1 Standard setup

Given n copies of a pure state |1), the quantum Crameér-
Rao bound sets the following (attainable) lower bound
on the inaccuracy of estimating the phase 0y generated
by Jk [28]:

1
4710137

AGE > (88)
where Af? is the mean square error of estimating 6y
and o} is the variance of Jj, in a state [i) as defined
in Eq. (64). Now, if states [¢) are used to estimate the
phases 0, 8, and 0, generated by J,, J, and J, with
equal probability 1/3, then the expected inaccuracy is
lower bounded by

AGZ + AGZ 4 A2 S 1 3
3 T Ang? T Anj(j + 1)’

(89)

where the second inequality comes from Eq. (78). As this
inequality is saturated by |¢)) being a perfect quantum
protractor, we conclude that such states minimise the
inaccuracy of estimation and are thus optimal for the
considered metrological task.

5.2 Discrete setup

The existence of perfect quantum protractors also affects
a discrete version of the estimation problem studied re-
cently in Ref. [29]. Discrete here means that the phase is
not arbitrary, but takes one of the n values 6; = 2wl /n for
1 €{0,1,...,n — 1} with equal probability 1/n. Fixing
for a while a single generator given by Ji, the problem of
phase estimation can then actually be seen as a problem
of state discrimination between n states,

pr = "0 pet (90)

where p is the initial probe state of size d. The probability
of success is then given by

Pasee (o, (11}) = - 3" T (i), (91)
=1

where {II;} denote POVM elements. Following Ref. [29],
one can show that optimising over all states and over all
POVMs, this probability is given by

d/n forn>d,

92
1 forn<d. (92)

OPt . — max AILY) =
Psuce py{nl}psucc (/0 { l})
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Crucially, when n > d, this optimal value can be
achieved by the optimal quantum protractor with respect
to the axis k. One simply prepares a pure probe state
p = [Y)Xy| with |¢) given by Eq. (14) (with the axis 7
specified by k) and POVM elements given by

d . )
—e T ) e (93)

I, =

The above operators are obviously positive and it is a
straightforward calculation to show that

dom =1 (94)
l
We then get

= LSy = (95)
psucc*nli1 r{piih *na

where each term in the sum is equal to d/n, so the success
probability is independent of the actual phase. Since per-
fect quantum protractors have the properties used above
simultaneously for three different generators given by J,,
Jy and J,, we can thus conclude that such states can be
employed as optimal probe states simultaneously max-
imising the probability of success for three estimation
problems of discrete phases generated by J;, J, and J,.

6 Experiment

6.1 Experimental setup and sequence

To experimentally implement perfect quantum protrac-
tors, an atomic vapour of rubidium-87 is used. The low-
est energy states of the atoms are two hyperfine levels
with the total angular momentum j = 1 and j = 2.7 At
50°C, the vapour concentration is 10!! atoms/cm?, which
indicates that individual interactions between atoms, be-
ing their point-like collisions, are rare (with characteristic
times on the order of hundreds of milliseconds). In turn,
the quantum state of the system can be described using
a single-atom/collective density matrix [30].

The rubidium atoms are contained in a 3-cm in di-
ameter paraffin-coated vapour cell (the total number of
atoms in the cell is 1.4 x 10'% atoms), which is placed
inside a magnetic field consisting of three layers of mu-
metal and a single, innermost ferrite layer. The shield
of a shielding factor 108 provides stable magnetic condi-
tions, reducing external, uncontrollable magnetic fields.
Apart from the cell, the shield additionally houses a set of
magnetic-field coils, which enables compensation of resid-
ual magnetic fields, as well as generation of homogeneous
magnetic-field pulses in the x, y, and z directions. The
light used to illuminate rubidium atoms is provided by
three diode lasers. The pump laser is used to create the
initial state in the atoms and the probe laser is used to

JConventionally, these states are indicated by F. However, to
keep consistency with the previous discussion, here they are de-
noted by j.

Wavemeter

SAS

Repump

state L J
preparation
part
DAVLL Wol
2 BPD

Figure 4. Experimental setup. SAS - saturation absorp-
tion spectroscopy, DAVLL — dichroic atomic vapour laser lock,
AOM - acousto-optic modulator, PD — photodiode, Pol — Glan-
Thompson polariser, A\/4 — quarter-wave plate, 3”Rb — paraffin-
coated vapour cell filled with 8" Rb, Wol — Wollaston prism, BPD
- balanced photodetector.

measure/reconstruct the state. Additionally, the repump
laser enables depletion of the j = 2 level so that the whole
system effectively reduces to a spin-1 system. In general,
the experimental sequence is divided into three stages:
(1) generation of a desired quantum state, which involves
optical pumping with the pump tuned to the j = 1 state
along with the depletion of the 7 = 2 state with the re-
pump, (2) manipulation of the state with magnetic fields,
and (3) measurements of the state. The simplified scheme
of the experimental setup is shown in Fig. 4 and described
in more detail in Ref. [31].

The experimental goal of this work is to generate the
ideal quantum protractor state 1) and demonstrate that
it is the optimal state for measurements of rotations
around the x, y, and z axes, as well as for the determina-
tion of magnetic-field strength along these axes. With-
out loss of generality, we use for that the state derived in
Sec. 3.3.2,

1
V3
Such a state can be generated from the |0), state through
the application of a sequence of geometric rotations:

D (-t (55)) 0 om

Experimentally, the state |¢) can be generated with z-
polarized light propagating in the z direction that is
tuned to the j = 1 — j' = 1 transition, which generates
the |0), state, and non-oscillating magnetic-field pulses
applied along the x and z-axis.

As shown in Refs. [31, 32], the time-dependent polar-
ization rotation of the probe light is given by*

) = —= (¢F 1), +10), +€F 1)) . (%)

) = R (-

da(t, A) = n(A)e™ " [(M7) sin(2Qrt) +(M5) cos(2Q.t)]
—C(A)e 2 (M3), (98)

4Here, we replaced originally used observables (ag), (ar), and
(B) with the ones used in this work: (M7), (M%), and (M%).
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where 7 and ( are scaling constants that depend on the
probe light detuning A, Q, is the Larmor-precession fre-
quency of the atoms, y; and -5 are the relaxation rates
of coherences and populations, respectively (for more de-
tails see Ref. [31]). For the spin-1 system probed with
the light tuned to the j = 1 — j’ = 1 transition, the
observables governing the signal amplitude are given by:

M; =J2—J, (99a)
M; =JpJy + JyJe, (99b)
M3 =J,. (99¢)

Hence, by measuring and analysing the time-dependent
rotation da, we can extract the expectation values (M7).
As explained in the following section, these values contain
information about the rotation @, applied around the z
axis. To measure rotations around the other two axes by
the angles 6, or 6,, we utilize magnetic-field pulses that
effectively transform the z axis into the x or y axis before
the actual polarization-rotation measurements [31].

6.2 Optimality

Using the properties of the angular momentum operators,
one can show that

€20 J e7=% = c0s0,.J, — sin 0.Jy,

iJ-0 —iJ.0. _
e’ Jye™" =sinf,J, + cos 6, J,,

(100a)
(100b)

When one combines the equations with Eqgs. (99a)-(99c¢),
one obtains the following relationship that shows how
MZ(J¢)) := (MF) depend on the rotation angle around
the z-axis:

M§(e =% |4))) = 7, cos(20, + a.), (101a)
M3 (e7 =0 1)) = r,sin (20, + o), (101Db)
M3 (e7=% |9)) = M3 (1v)), (101c)
with
r= (M (9)? + (M5 (19))?
= [{(Je +iy)")| = H(73)?)] (102)

and o, = arccos(M7 /r,). For rotations around the two
other axes, all the results are analogous after a cyclic
exchange of labels © — y — 2.

We see that with varying the rotation angle 6 around
the k axis, the first two components of M*(|))) form a
circle of a radius ry, while the third component is invari-
ant. It is then clear that the larger the ry is, the higher
the resolution of the measurement of the rotation angle.
Writing the general pure spin-1 state as

ok -k
&) =/Dhe'” 1), + 1/ 1—PE =D} [0), + /PFe' ™ [1)
(103)
from Eq. (102) we get

re = 24/pipk < pf+ pk < (), (104)

Figure 5: Quantum tomography of a perfect quantum pro-
tractor. Comparison between the reconstructed density matrix
of our system (red) and the perfect protractor state (blue). The
left graph shows the amplitudes of the respective matrix ele-
ments, while the right presents phases. The reconstructed data
shows the fidelity of 0.995.

where we also used the inequality of arithmetic and ge-
ometric means, and the fact that we are dealing with a
spin-1 system. Thus, all Pythagorean means of r,, r, and
r, are upper bounded by the corresponding Pythagorean
means of (J7), (J7) and (J2). For the latter, however,
we found upper bounds of 2/3 in Sec. 4.2. Since a direct
calculation shows that for a perfect quantum protrac-
tor one has r, = 2/3 for all k € {x,y,z}, we conclude
that these states maximise all Pythagorean means of r
and, therefore, are optimal in our experiment for distin-
guishing between different angle rotations along all three
perpendicular axes.

6.3 Results

As the first step of the experimental investigations, we
verified our ability to generate the perfect quantum pro-
tractor state [Eq. (96)]. This is done by performing the
full-state tomography [31, 32], the results of which are
shown in Fig. 5. The obtained results confirm that, us-
ing the sequence described by Eq. (97), we generated the
perfect protractor state with a fidelity of 0.995.

Our main objective is to demonstrate that perfect
quantum protractors form the optimal metrological re-
sources for the considered experimental task of estimat-
ing rotation angles and to show that it saturate the upper
bound for . To achieve this, we conducted a series of
measurements, in which we first applied magnetic pulses
to rotate the system by angles from 0 to 7 around the
z axis, and then measured the values of My and M5.
In order to also assess the behaviour of M?* and MY
under rotations around x and y, respectively, we intro-
duced an additional 7/2 rotation just before the mea-
surement, effectively translating our measurement axis
(previously aligned with z) into = or y. Furthermore, we
have performed this experiment not only for the initial
quantum protractor state, but also for three other arbi-
trarily selected states of a spin-1 system. This way we
can demonstrate different performance of these states for
the considered metrological task (see Fig. 6).

As can be seen in Fig. 6, all experimental results match
the values expected from the theoretical considerations.
As predicted, for the protractor state, we observe the
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Figure 6: Experimental estimation of rotation angles. Results of measuring M{ (|¢)) and M¥ (|4))) for k € {z,y, 2} (left to right)
for different initial states (different colours) under rotations by 7l/34 for I € {0,...33}. Points indicate the results of a single-shot
experiment for a given rotation angle (error bars show propagated uncertainty of fitting to Eq. (98)), while the dashed lines show the
theoretical dependence that can be calculated using Egs. (101a)-(101b). Colours correspond to: the perfect quantum protractor [¢)

—red, |=1)_ — blue, |0), — green, and R,(m/4)|—1), — orange.

measurement results lying on circles of equal radius of
approximately 2/3 for rotations around all three axes.
We also note that, as in the case of |0), state, it is possible
to achieve a higher radius (so also a higher resolution) for
rotations around one or two axes, but for the price of a
significant reduction for the other axis, so that according
to performance measures based on Pythagorean means,
perfect quantum protractors are the best states for the
task.

7 Conclusions and outlook

In this paper we have analysed a special family of quan-
tum states, the so-called perfect quantum protractors,
that possess particular properties with respect to the ro-
tation group. Namely, such states are simultaneously
given by a uniform superposition over the eigenstates of
angular momentum operators J,, J, and J.. As such,
they maximise average uncertainty of these three observ-
ables, and they also generate three full bases under the ro-
tations around three perpendicular axes. We also showed
that these properties make perfect quantum protractors
an optimal resource for a metrological task of estimating
an angle of rotation around one of the a priori unknown
perpendicular axes, and demonstrated it experimentally
with spin-1 systems of the atomic vapours of rubidium-
87.

The optimality of perfect quantum protractors in the
introduced metrological task begs for a comparison with
spin anticoherent states, which have been investigated in
recent years as optimal quantum states for angle mea-
surements [21, 33-36]. As already mentioned, all per-
fect quantum protractors are at the same time spin 1-
anticoherent states, i.e., the expectation value of angular
momentum operator along any axis vanishes for them.
They fall short of being spin 2-anticoherent states: while
the expectation value of squared angular momentum op-
erators along z, y, and z axes are maximal (and thus
equal to each other), for other rotation axes they dif-

fer. Thus, while both types of states can be used for
multiparameter estimation tasks, in the case of quantum
protractors we cannot choose completely arbitrary rota-
tion axes, but rather we are restricted to a distinguished
set of three perpendicular ones.

However, the biggest difference between the two types
of states comes from the metrological success metric used
to define them. Anticoherent states emerged from the
studies of quantum states that minimize the probability
that after rotation they project onto themselves, aver-
aged uniformly over all rotation axes. One thus often
focuses on sensitivity to small rotation angles and tries
to maximise the change of state under rotation around
any axis. Also, the nature of this metric means that in
order to measure a rotation angle using spin anticoherent
states, we need to perform many measurements and re-
construct the rotation angle from measurement statistics
(simply because we need to estimate the overlap). On
the other hand, perfect quantum protractors are defined
as states that, under rotations around three perpendicu-
lar axes, transform through the largest possible number
of mutually orthogonal states. As a result, they can dis-
tinguish between all rotation angles, not being limited to
small rotations. Moreover, they can be used for single-
shot measurements of rotation angles {27k/(25+1) ijz 0
i.e., one can unambiguously distinguish between a set of
such rotation angles using a single measurement, with-
out the need of collecting measurement statistics. In Ap-
pendix C, we explicitly illustrate these differences using
anticoherent and protractor states for a spin-3 system.

Since we were only able to analyse the problem of per-
fect quantum protractors for systems with total angular
momentum j < 4 (proving that perfect quantum protrac-
tors exist when j € {1,3/2,3} and numerically verifying
it for j = 7/2), the main open problem is the existence
of perfect quantum protractors for all values of 7 > 4.
It is clear that direct algebraic methods that we have
used here become less and less handy for higher angular
momenta, and so it seems that more general methods em-
ploying the representation theory of Lie groups could be
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helpful. Alternatively, smarter numerical methods could
also be developed.

More abstractly, one can also generalise the studied
problem to arbitrary Lie groups (e.g. SU(3)) with gen-
erators {g1,...,9n}. The question then would be to find
a state |¢) that transforms under each e*¥** in such a
way that it generates an orthogonal basis. This prob-
lem is, in a way, similar to the problem of generating
symmetric informationally complete quantum measure-
ments (SIC-POVMs) [37, 38] via the group action on the
fiducial state. Here, we are also looking for a fiducial
state [¢)) that under the action of n subgroups (instead
of the whole group) generates orthogonal bases (instead
of SIC-POVMs). Alternatively, one could also investi-
gate whether quantum protractors can, under rotations,
generate bases of extreme spin coherence [39].

Another mathematical perspective on the problem in-
vestigated here can be obtained by focusing on the uni-
form superposition property of perfect quantum protrac-
tors. Let us recall that in Refs. [10, 11] it was shown that
for any two observables, A and B, there always exist pure
quantum states that are simultaneously a uniform super-
position over the eigenstates of both A and B. Here, we
showed that for three particularly important observables,
Jz, Jy and J,, there can also exist states that have this
uniform property in three different bases. More gener-
ally, one can then investigate under what conditions on
observables Ay, ... A,, it is possible to find states that are
a simultaneous uniform superposition with respect to all
n eigenbases. For example, in prime power dimensions d,
where it is known that d + 1 mutually unbiased bases
exist [40], one can always find states that are a uniform
superposition in d different bases. Of course, these kind
of results would have direct consequences for certainty
relations, as discussed in this paper.

Finally, on a more applicational side, it would be in-
teresting to investigate whether perfect quantum protrac-
tors may be useful beyond simple metrological tasks de-
scribed here. For example, one could try to define an en-
tangled generalisation of quantum protractors, in order
to obtain the analogue of the phase estimation improve-
ment from the standard quantum limit to the Heisen-
berg limit [41]. In fact, the results presented in Sec. 4.3
of this paper already prove that entanglement is neces-
sary to create the known perfect quantum protractors for
j € {1,3/2, 3} while combining multiple subsystems. The
question, however, remains whether there exists some
general bound quantitatively linking the amount of en-
tanglement between subsystems and their ability to act
as a perfect quantum protractor.
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A Angular momentum operators and

eigenstates

With the matrix representation of the spin-j angular-
momentum operators, given in the eigenbasis of J,, i.e.,
when

(Jz)kl = (] +1-— k)ékh (105)

for k,l € {1,...,2j + 1} and dy; denoting the Kronecker
delta, we have

1 -
=3 (61141 +0ks1.0) V(G +1)(k+1—1)—kl, (106a)
%
2
Below, we provide several explicit matrix representations
for J, and Jy, together with their eigenstates represented
in the J, eigenbasis. To shorten the notation, we will
omit the z subscript for the eigenstates of J, (e.g., |1)
should be read as [1),).

(Jy)kt = = (6101 —0k41,0) V/(j+1) (k+1—1)—kl. (106b)

j=1/2

(107)

(108a)

(108b)

0 -1 0
1 0 -1
01 0

, (109)

(1) +v210) + 1)), (110a)

N =

(=1 + 1), (110b)

Sl

2

(It) = V210) + 1)), (110c)

N =

(1) +iv210) = [4)), (111a)

N =

(I + 1), (111b)

<
Sl -
[}

(= 1) +iv2(0) + 4)). (111¢)

=
-
<
I
N | =
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1 0 —\/§ 0 0 +\f|¢>+3w>+¢5|lu>),
J,=ilo @ 0 —/3 0 (117) 1 s .
o0 i o - (1), =7 (VBIm) + 1) = V2 I1) (1220)
00 0 1 0 *\/§I$>+\li>+\/5llll>),
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(=51 + 1)+ v211)
—f 21) = 1)+ VB W)

¢>\»4

e =

), = 4f (VBIm) - 310+ V2I)
+VZI) = 3|4 + V5 |0))
W, =575 (~ M + V5 1 - VIDI)
VIO L) — VB + 1),
10, =775 (=il + V1) + o )
—VI0I) — iV 1) + (1),
My =775 (V510 = 31) = V2

—VEZ|) = 3il) +VEIW)
1), =1 (V5 + i) v )
+VZI) =i |0 +VE W),
1y = (V5Im) + 1) +val)
+VZI) i1 +VE W),

), F( VB = 310) +iv2|1)
—VEIL) +3i 1)+ VEIW),
[, = f( i) + V511 — VIO |1)
—VIO ) + V5 ) + 1))
Jj=3
0 v6 0 0 0 0 0
V6 0 VI0 0 0 0 0
Lo VIO 0 2v3 0 0 0
Jp = 5 0 0 23 0 23 0 0
0 0 0 2v3 0 V10 0
0 0 0 0 V10 0 V6
0 0 0 0 0 V6 0
0 —v6 0 0 0 0
V6 0 =10 0 0 0
; 0 VIO 0 —-2v3 0 0
@:5 0 0 23 0 —-2v3 0
0 0 0 2v3 0 —=V10
0 0 0 0 V10 0
0 0 0 0 0 V6

(122d)

(122¢)

(122f)

(123a)

(123b)

(123c)

(123d)

(123¢)

(123f)

(124)

(), =5 (1) + V611 + VIBIN) + 2V 10} (126a)
VB + VB + 1),
-1 (—\[ -2 -2 (126b)

+\f2¢>+2|u>+\f2|m>>,

1, = (VIS I + VIO )~ 1)~ 2v3l0)  (1260)

— 1)+ VIO + VIS IW)
00, =5 (~V5 1) +VBI1) — VB +VEIW),
(126d)
1, = (VIB ) ~ VIOl — 1) +2v30)  (1260)

— 1) = VIO + VIS 1),

Mz=i<¢gﬂw+2ﬂ>¢§T> (126f)
+\E¢>—2w>+\/§w>>,
Iwh:éOm%—¢QM+wﬁaﬂ—2¢am (126g)

VB — VB + W),

(= Im) = VI + VI5|1) +2iV5|0) (127a)
—VIS ) = iVB 1) + W)

), =1 <\/§ )+ 20 1) - @ I
_¢;@_%M+¢Ewg,

1), =5 (~VIB I — VIO 1) ~ 1) - 2v30) (127¢)

+ 1) = VIO [ + VIS W)
m@:i@@mw+¢@ﬂ+¢ﬂw+¢@W)70”®
1y = (~VIBIM) + VIO ) ~ 1) + 2ivB o) (127¢)
+ 1)+ VIO ) + VIS W),

wy_i<¢gm§%m)VEH>
¢;@+%M+V§mg’

W), =5 (= 1) + VB 1) + VI5 1) — 20/5]0) (127g)
—VIB|L) + VB0 + 1)) -

1)y, =

00\'—‘

(127b)

(127f)
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J=7/2

0 V7 0 0 0 0 0 O© VTN —ival 131a
A M, =55 (i1 = V7t —iv2I 1) (131a)
02/3 0 VvI5 0 0 0 0 +V35(1) +iV35 L) — V2111

1o 0o vi5 0 4 0 0 0 VT ’

2= 0 0 0 4 0 V15 0 0 » (128) . 7w>+|u>)

0 0 0 0 vI5 0 230 My =575 (—i\ﬁlm>+5|ﬂ)+3i\/§|f> (131b)
0 0 0 0 0 23 0 V7 8 .
0 0 0 0 0 0 \ﬁ 0 _\/5|T> + \/gl |\L> - 3\/§|i>
0-vi 0 0 0 0 0 0 =50 [) + VTIW))
Vi 0 =23 0 0 0 0 0 _ 1 B w .
0 s o VB o o o o |T>y—8ﬁ(\/ﬁ\m> 3V3I1) —il1) (131c)
_ij0 0 VvI5 0 -4 0 0 0 ~VI5[1) —iVI5|L) - [4)
Jy‘zo 0 0 4 0 —/15 0 0 3iv3 Vo
00 0 0 VvI5 0 -2V3 0 —3vh + W))
00 0 0 0 23 0 V7 iV/35 V5 ) — iV 131d
L A 1y =5 (VI + V5 1) — VI (131
(129) +3[1) = 3i 1) + V15 |L)
—iV/5 V35U ),
) =5 (10 + V710 + VETI1)+ VBB 1) (1300 A )
1), === (V35 M) + VB +iVI5[1)  (13le)
VS IL) + VL) + VT + ) sva (V3D 5
JAh) 5 1) 33 . +3[1) +3i[4) + VI5[L)
Mo =575 (VM =51 =3V (1s0n) VB V)
—V5 1) +V5[L) +3V34)
! 2L —3V3IN) +ilt 131f
oty + 7). 10y =55 (-ivELIM —3VBi +ilf) (310
/3 23 VIS (130 —V15[1) +iV15]1) — [4)

1 =55 (VZLIM +3V3 1) +11) - VSt) (1300 FaVEI) VL),
_f|¢>+li>+3\f 0+ VAL |), b, =5 (WAl +510) - 3vBl o)
+311) = 311) — VI5 |1) +5i 1) + V7))

VB + VB ), = sf( i) = VT +iv2l|t) (131h)

e =55 (VB 1) = VBI) = VIS [1) +3[1) (1300) I — VBB 1) — VAL
+311) = VIS |1) = V5|1 + V35 W), VT + 1)

e =575 (~VELIM +3V5 (1) - 1) (1300)

—VI5 1) + VI5 L) + [L)

3V Hﬁm) B Numerical phases for spin-7/2
), = f(f|m>—5|ﬂ>+3f|T> VB[1) (1308)

—VB 1) +3v3]1) = 5 1) + \ﬁm») ’ Consider the following [¢) € Hz/s:

[ =575 (M +VTI~VaTID+VE5 1) (130m) _—

VBB |+ VAL — VT ) + ). W) =5 2. e*mlim..  (182)
m=—T7/2
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Figure 7: Perfect quantum protractor versus spin 2-

anticoherent state. The overlap Fg(¢) between spin 2-
anticoherent state |®) for spin-3 system and its version rotated
around any axis . by angle ¢ (blue solid line) compared with
the overlap Fy,(¢) between perfect quantum protractor [i) for
spin-3 system and its version rotated around an axis k by angle
¢ with k € {z,y, 2z} (red dotted line).

with
¢7/2 =0, (133a)
$5/2 = P_3/2 — ¢3/2 + P_5/2 + T, (133b)
12 =0+ Boy2 + ¢732/2 * ¢77/2, (133c)
b1y =0+ Ga2 F ¢‘32/2 TOS L (133d)
where

~ [ O—y/2 — bay2 — b-
f = — arcsin (\/;sm <¢_5/2 + 3/2 ;/2 7/2)

_3j2+ b3+ b
n b_3/2 ¢52/2 ¢ 7/2>' (134)
Then, around the following numerical values:

32 = — 2.30181413, (135a)
$_3/2 = — 0.60467766, (135b)
$_5/2 = — 1.46074545, (135¢)
¢_7/2 = — 0.57982923, (135d)

the state [¢)), up to numerical precision, becomes a per-
fect quantum protractor.

C Comparison with spin 2-anticoherent
state for spin-3 system

One of the examples of the spin 2-anticoherent state of a
spin-3 system is given by [21]:

1

|®) 7

(13:2), = 13, =2).)- (136)

Its overlap with a version of itself rotated around an ar-
bitrary axis 7 by an angle ¢ is given by

Fg(9) := [(®|Ra(¢)|®)[* = cos*(2¢), (137)
and is plotted in Fig. 7. While the overlap quickly drops
from one to zero (signalling the sensitivity of |®) to small
angle rotations), it then oscillates just between two or-
thogonal states. As a result, it can only be used to dis-
tinguish between ¢ € [0, 7/4]. For example, a rotation by
any of the angles {w/4,3w /4,5 /4, 7w /4} gives not only
the same overlap with the original state, but actually ex-
actly the same quantum state, so there does not exist a
measurement that could distinguish between those rota-
tion angles.

On the other hand, the overlap of a perfect quantum
protractor of spin-3 system, given by Eq. (58), with a
version of itself rotated around an axis k € {z,y,z} by
an angle ¢ is given by’

Fy(¢) = (| Ru(9)[¥)]?

= 15 (1 2(cos(9) + cos(26) +cos(39)))%. (139)
As can be seen in Fig. 7, it is slightly less sensitive
to small angle rotations than the spin 2-anticoherent
state (its overlap drops a little slower with increas-
ing ¢). However, it then rotates through seven mutu-
ally orthogonal states. Thus, performing a measurement
in this basis allows one to distinguish between all an-
gles ¢ € [0,27m). For example, a rotation by angles
{27/7,47 /7,67 /7,87 /7,107 /7,127 /7} not only gives a
zero overlap with the initial state |¢), but actually pro-
duces six more mutually orthogonal states that can be
unambiguously distinguished by a single-shot measure-
ment.
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3.3. LAMANIE LOKALNEJ ADIABATYCZNOSCI W PROCESIE STIRAP

3.3 Lamanie lokalnej adiabatycznosci w procesie STIRAP

Jeden z algorytméw inzynierii stanéw kwantowych, ktéry jest rozwazany w ramach ni-
niejszej rozprawy, bazuje na zjawisku STIRAP [4]. Jego celem jest przeniesienie populacji
pomiedzy dwoma stanami podstawowymi rubidu-87, odpowiednio stanem f = 11 f = 2.
Dodatkowo w przysztoéci planowany jest transfer calego stanu kwantowego, tj, przeniesienie
populacji z zachowaniem relacji fazowych pomiedzy tworzacymi te stany podpoziomami ma-
gnetycznymi (transfer pelnego stanu kwantowego). W pracy |B| wykorzystano do tego celu
pobudzenie atoméw na linii Dy w rubidzie (795 nm). W takim przypadku modelowy dla zjawi-
ska STIRAP trzypoziomowy uklad A [4] musi zostaé rozszerzony z uwagi na zdegenerowana
strukture podpozioméw magnetycznych stanéw bioracych udzial w transferze. Jednakze ze
wzgledu na reguly przejsé¢, przy ustalonej polaryzacji wigzek indukujacych transfer, zwanych
wiazka pompujaca i wiazka stokesowska, uktad redukuje sie do kilku niezaleznych uktadéw.
Warto jednak zauwazy¢, ze w przypadku cieptych par atomowych efekt Dopplera powoduje
poszerzenie linii poréwnywalne z rozszczepieniem nadsubtelnym stanu wzbudzonego. Sprawia
to, ze w niektérych rozwazaniach nalezy uwzglednié¢ obecnosé drugiego stanu wzbudzonego.
Dlatego tez rozwazana sytuacje mozna zredukowaé¢ do oddzialywania Swiatta z szeregiem tréj-
lub czteropoziomowych ukladéw (Rys. la w pracy [B]). Jak pokazano w pracy [B], obecnosé
dodatkowego czwartego poziomu moze mie¢ ogromny wplyw na dynamike rozwazanego zjawi-
ska, gdyz moze nawet uniemozliwi¢ dziatanie procedury STIRAP i transfer populacji miedzy
stanami.

Warto w tym miejscu zwrdcié uwage na pewng istotna réznice w notacji pomiedzy ar-
tykutem [B] a opisanym w rozdziale podstawowym procesem STTRAP, ktéra polega na
przedefiniowaniu czestosci Rabiego. W przypadku podrecznikowego opisu czestosé Rabiego
wiazki stokesowskiej/pompujacej, ze wzgledu na ogdlny charakter takiego opisu, dana jest
jako: Q) (1) = Eg(p) (t){e||d|| f(i)). W przypadku pracy [B], ze wzgledu na wykorzystanie
przejécia w ramach jednej linii w strukturze rubidu-87, definicja czesto$ci Rabiego pomiedzy
roznymi stanami zostalta ujednolicona poprzez wykorzystanie zredukowanej warto$ci momentu
dipolowego

Ein® . ;
Qo) (1) = —7— {1 =1/2|ld||T = 1/2). (3.17)

W rezultacie w hamiltonianie elementy odpowiadajace za sprzezenie Swiattem sa dane przez:

Q) (1) = Cr.om pmp L) (1), (3.18)

gdzie

172 f 1
Ct Fmemn = (=1)32HFE 0 f 4 1) x (Fmp|lgfm , 3.19
g = (—1) @ + 1) (Fmellafmp) § 2 (319)
co jest konsekwencja regut sktadania momentu pedu [7], zas$ ¢ determinowane jest przez pola-
ryzacje wiazek. W rezultacie aby zachowaé¢ dotychczasowa forme réwnan, nalezy skorygowad
definicje kata mieszania (|1.38))

tand (t) = a%”;%, (3.20)
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3.3. LAMANIE LOKALNEJ ADIABATYCZNOSCI W PROCESIE STIRAP

gdzie a = (Cy./Cic)" jest stosunkiem sily sprzezenia na przejéciu pompujacym i stokesowskim.
W konsekwencji redefinicji ulegt rowniez warunek na lokalna adiabatycznosé ((1.42))

2 B0() - 2O
PR (1) + 23 (1)

V0aPQ2(t) + Q2(8) > |a| (3.21)

W ramach pracy |B| zaobserwowano waski spektralnie efekt zalamania sie transferu
(Rys. 3 w [B]), ktory byl obserwowany tylko dla przejsé¢ zgrupowanych w poduklady czte-
ropoziomowe. Efekt ten nie ma swojego odpowiednika, a zatem i wytlumaczenia w podrecz-
nikowym uktadzie tréjpoziomowym. Wyttumaczenie tego fenomenu zostato podparte kolejna
istotng modyfikacja podstawowego warunku transferu populacji w zjawisku STIRAP, jakim
jest warunek lokalnej adiabatycznosci . Jak zostalo wczesniej wspomniane, okresla on
jak szybko moga zmieniaé si¢ parametry fizyczne ukladu (amplitudy p6l elektrycznych wia-
zek pompujacej i stokesowskiej), aby zachodzil ww. proces. Warunek lokalnej adiabatycznosci
wynika bezposrednio z twierdzenia o adiabatycznosci [10], ktére méwi, ze zmiana zaburze-
nia wplywajacego na uktad musi byé¢ na tyle wolna, zeby separacja energetyczna pomiedzy
stanami wlasnymi uktadu byla znaczaca. W ten sposéb na podstawie twierdzenia o adiaba-
tycznosci mozna wywnioskowaé jakie jest prawdopodobienstwo, ze atom bedzie ewoluowalt

nieadiabatycznie ze stanu |§) do innego najblizszego energetycznie stanu |y) [10]

d 2
o |b® Z(150»)

Ps_, )
[6)—Iy) 5 (Ey(t) — Es)/h

(3.22)

gdzie Eys) jest energia wlasng stanu [|y) (|0)). Gdy rozpatrywany jest uktad tréjpoziomowy,
powyzszy wzér przeksztalca sie w przytoczone wczedniej wyrazenie , jednak obecnosé
dodatkowego stanu wzbudzonego znaczaco go modyfikuje. Pierwszg istotng kwestig jest fakt,
ze w tym przypadku energie wlasne i stany wlasne (poza stanem ciemnym) sa wyrazone
przez relatywnie skomplikowane wyrazenia. Mozna jednak zauwazyé, ze prawdopodobien-
stwo ,,ucieczki” populacji ze stanu ciemnego mozna wyliczy¢, sumujac prawdopodobienstwa
ucieczki do dowolnego innego stanu:

(H)Qs(t) — 2s() ()]
Q3(t) + Q)

. Q
miny5 |Ey — Es| /h > |a| 12 (3.23)
Prawa strona powyzszego réwnania jasno wskazuje na mozliwy problem w zachowaniu wa-
runku adiabatycznosci w przypadku struktur wielopoziomowych. Polega on na wystapieniu
zjawiska degeneracji poziomu |d) z innym stanem. W takim przypadku niemozliwe jest spel-
nienie warunku adiabatycznosci, a wiec i przeprowadzenie procesu STIRAP.

3.3.1 Artykut: Tailoring population transfer between two hyperfine ground
states of ®"Rb

W ramach artykutlu ,Tailoring population transfer between two hyperfine ground states

of 8"Rb” przedstawiona zostata procedura STIRAP w rozszerzonym od modelowego uktadzie

88



3.3. LAMANIE LOKALNEJ ADIABATYCZNOSCI W PROCESIE STIRAP

poziomoéw odwzorowujacych linie D; rubidu-87. Artykut podkresla dodatkowe efekty poja-
wiajace sie w takiej strukturze oraz prezentuje zaproponowane przez doktoranta wyjasnienie
ich pochodzenia oparte o lamanie warunku adiabatycznosci. Dodatkowo w artykule przedsta-
wiona zostala propozycja wykorzystania tego efektu jako dodatkowego stopnia selektywnosci
transferu stanéw pomiedzy poziomami nadsubtelnymi oraz analiza mozliwosci wykorzystania
tej techniki w cieptych i zimnych parach atomowych.

W pracach nad niniejszym artykutem doktorant odpowiadal za teoretyczne wyttumacze-
nie efektu zalamania efektywno$ci transferu oraz wspdttworzyt i analizowal symulacje opisane
w artykule. Jest on réowniez wspoétautorem treSci manuskryptu artykutu, w ktérej szczegdlnie
odpowiedzialny byla za przygotowanie czeéci II oraz dodatkdw.
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In this paper, we investigate the coherent control over a complex multilevel atomic system using the stimulated
Raman adiabatic passage. Based on the example of ’Rb atoms, excited with circularly polarized light at the D,
line, we demonstrate the ability to decompose the system into three- and four-level subsystems independently
interacting with light beams. Focusing on the four-level system, we demonstrate that the presence of an additional
excited state significantly affects the dynamics of the system evolution. Specifically, it is shown that, through the
appropriate tuning of the light beams, some of the transfer channels can be blocked, which leads to better control
over the system. We also demonstrate that this effect is most significant in media free from inhomogeneous
broadening (e.g., Doppler effect) and deteriorates if such broadening is present. For instance, the motion of
atoms affects both the efficiency and selectivity of the transfer.

DOI: 10.1103/PhysRevA.107.052810

I. INTRODUCTION

The preparation of a system in a desired quantum state
plays a crucial role in the advancement of quantum technolo-
gies [1], ranging from quantum computation and simulations
[2-6] to quantum cryptography and information processing
[7]. An important step in developing quantum-information
applications is the ability to transfer a quantum state be-
tween two different physical manifolds, which, among others,
may enable the implementation of quantum memory schemes
[8,9]. A particular system in which such a transfer can be
realized consists of two long-lived hyperfine ground levels of
alkali-metal atoms [10-13].

Stimulated Raman adiabatic passage (STIRAP) [14-21] is
a powerful technique that allows the adiabatic transfer of the
population between two long-lived states. Originally designed
for a three-level system, STIRAP coherently transfers the
population between two long-lived lower-energy states |i) and
| /) by coupling them to a fast-decaying excited state |e) with
a counterintuitive sequence of the so-called Stokes and pump
pulses, respectively, coupling the states |f) and |e) and the
states |i) and |e). During the pulse sequence, the population
is trapped in a dark state that is a superposition of the |i) and
|f) states and has a vanishing overlap with the excited state
le) [15]. At the same time, if the Stokes pulse precedes the
pump pulse, the dark state initially has a large overlap with
the state |7), but later with the state | f) (the population of the
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state |e) is negligible at any stage of evolution). In turn, the
scheme enables a coherent transfer of the population from
the state |i) to the state |f). Previously, STIRAP has been
investigated in many systems, including cold atoms [22,23],
molecules [24-26], and ions [27,28].

It should be noted that the presence of other excited states
may affect the coherent transfer of the population [29-32]. For
example, in room-temperature alkali-metal vapors [33-35],
for which the Doppler broadening is comparable to or larger
than the excited-state splitting, the three-level model is not
accurate [36] and calls for a more elaborate description of the
phenomenon [29-32,37].

In this paper, we investigate STIRAP for a coherent pop-
ulation transfer between two hyperfine ground-state levels of
87Rb atoms. We show that, despite the rich energy-level struc-
ture of rubidium, the system can be effectively decomposed
into three- and four-level subsystems. We also demonstrate
that appropriately polarized and tuned light provides control
over the selectivity of the transfer. The control investigated
in this paper is qualitatively different from the previous ex-
periments, which required an additional strong perturbation
(e.g., large magnetic field [38—40], which induces a strong
splitting of the Zeeman sublevels) to achieve control. Unlike
for the above-mentioned case, our technique allows for the
transfer of several sublevels simultaneously rather than a sin-
gle one and enables on-demand blocking of a single, chosen
sublevel. Also, such a strong magnetic perturbation leads to
the randomization of the coherences in the system, which is
not the case for our technique. However, it should be noted
that, despite the specific context, the discussion presented in
this paper is generic and can be used for any four-level system.

The paper is organized as follows. Section II is dedicated
to a theoretical description of STIRAP in a specific context of
87Rb atoms excited at the D line. In particular, the so-called
local adiabatic condition (LAC) is introduced in the four-level

Published by the American Physical Society
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FIG. 1. (a) Energy-level diagram corresponding to the ¥Rb D,
line along with the transitions induced by the o*-polarized pump
(solid lines) and Stokes (dashed lines) beams. (b) Example of a
separated four-level system in the rotated frame (see discussion in
the main text).

system. Section III presents the results of numerical simula-
tions of population transfer between two long-lived ground
states of ’Rb. This section analyzes the STIRAP efficiency in
Doppler-free and Doppler-broadened media, comparing sim-
ilarities and differences between the two cases. Conclusions
are summarized in Sec. IV. Finally, the adiabatic conditions
for STIRAP in the four-level system are derived in the Ap-
pendix.

II. THEORY OF STIRAP IN A FOUR-LEVEL SYSTEM

Consider the energy-level structure associated with the
528, 52— 35 2p, »2 transition (D; line) in 8Rb atoms
[Fig. 1(a)]. The system has four hyperfine levels (two ground
levels and two excited levels) of rich magnetic-sublevel
structures. To provide the ability to excite only a given pair
of states, the spectral widths of the Stokes and pump pulses
must be narrower than the splitting of long-lived hyperfine
ground states |i) and | f), i.e.,

h
TS,p > E, (1)

where AE is the energy splitting of the ground levels and
Ts (T,) is the duration of the Stokes (pump) pulse. Under such
conditions, the Stokes pulse does not excite the atoms that
reside in the initial state |i) and the pump light does not excite
the atoms present in the final state | f). To fulfill this condition
in the considered case of 3’Rb atoms (AE/h ~ 6.8 GHz), the
pulses must last at least 100 ps.

Assuming that the polarizations of the Stokes and the pump
beams are the same (here, we considered o *-polarized light),
the selection rules indicate that the considered 16-level system
can be decomposed into three independent subsystems, two
of which are four-level systems [in Fig. 1(a) marked in black]
and one of which is a three-level system (marked in blue).
The remaining five gray-colored states denote the sublevels
that do not participate in STIRAP and hence are neglected in
our considerations.

Let us now focus on a single four-level subsystem. Using
the standard dipole approximation, one can write an explicit
form of the Hamiltonian of the system, which, within the
rotating-wave approximation (RWA) [see Fig. 1(b)], takes the

form
8 0 Cie, 2,(t)  Cie, 2,(t)
Hen 0 3 Cre, 25(t)  Cre,2s(1)
G, $2y(1)  Cp, Qs(1) 0 0
Cr,$2,(1)  C7,,Qs(1) 0 A
(2)

Here § is the one-photon detuning, A is the frequency splitting
of the excited levels, and C,, denotes the coupling constant
between the states |¥) and |7) given in the rotated basis (see the
Appendix). In the considerations, light beams satisfy the two-
photon resonance condition (ws — w, = AE /i, where wg and
w), are the carrier frequencies of the Stokes and pump beams,
respectively), and Qg(r) [€2,(¢)] is the slowly varying Rabi
frequency of the Stokes (pump) beam (for more details see
the Appendix).

In general, the diagonalization of a four-level system leads
to eigenstates that are nontrivial superpositions of all four
unperturbed states. However, there are two cases in which
the STIRAP-generated dark state is similar to the dark state
of conventional three-level STIRAP [30]. The first case (I)
occurs when the couplings of both excited states to the cor-
responding ground states are equal up to the sign, i.e., C,, =
+Ci,, and Cy., = £Cy,,. The second case (II) is associated
with the situation where the ground states are coupled equally
to the corresponding excited states, i.e., Ci,, = £Cy,, and
Ci., = £Cy.,. Due to the Clebsch-Gordan coefficients, these
conditions can be achieved in 8’Rb only for the same circular
polarization of both beams. If these conditions are met, the
four-level dark state is given by the standard formula [15]

18) = cos 9(1)[7) — sin 9 (1) f). 3)
where ¥ is the mixing angle determined by

Q,(1)

tan 9 (t) = as()’

“

and a = (Ci, /Cy.,)*. The corresponding eigenenergy of the
dark state is equal to /id, where § is one-photon detuning. In
the rotated basis, the energies of the excited states |é;) and
|é;) are zero and /A, respectively. The coupling between the
ground and excited states modifies the eigenstates and signif-
icantly shifts the eigenenergies. The coupling of each excited
state with both ground states leads to avoided crossings at § =
0 and A. The linear dependence of the dark state on § results
in a level crossing of the dark state with one of the eigenstates,
provided by the lack of coupling between the ground levels.
The crossing occurs between zero and A, 0 <§ < A (see
Fig. 2). In the two cases I and II described above, the crossing
positions take different values. Specifically, when both excited
states are equally strong coupled to the ground states (case
I) both avoided crossings have the same widths and the level
crossing occurs exactly in the middle between the two avoided
crossings 61y = A/2 [Fig. 2(a)]. However, in the other case,
the avoided crossings have unequal widths due to unequal
coupling strengths, and the position of the level crossing is
given by qr) = A|C, |2/(|C,'€l R |C,<82|2). These two cases
are shown in Fig. 2.
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FIG. 2. Eigenenergies of a system as functions of the one-photon
detuning § for equal pump and Stokes Rabi frequencies, Qs(¢) =
Q,(t). Couplings are equal for both ground (a) and both excited
(b) states. Solid lines denote the eigenvalues of the Hamiltonian
(2). The thick blue line corresponds to the dark state, whereas
the dashed gray lines correspond to the bare energies of states
[7), | f ), |€1), and |&;). The dashed black line indicates the intersec-
tion of the curves.

The adiabaticity of the standard three-level STIRAP is
guaranteed by global and local adiabatic conditions [19,41].
The presence of the fourth state modifies the eigenstates of the
system, so that the standard adiabatic conditions are no longer
valid. In the Appendix, we derived a modification of LAC,
taking into account the existence of the additional excited
state. The condition takes the form

192,(1)Q2s(t) — Qs(t)2p(1)]
Q2(1) + |al>Q3(1)

min | E, — 8| > hla| , (5
y#ES

where y indicates all eigenstates except the dark state. The
condition states that the Stokes and pump pulse smoothness
and their overlap are upper bounded by the minimal separation
between the dark state and the closest-lying eigenstate. Since
in the considered case there is a level crossing, the left-hand
side of Eq. (5) is equal to zero. This implies that regardless of
pulse smoothness, LAC is not fulfilled, leading to a significant
deterioration of the population-transfer efficiency at ;) or
6(11).

It should be finally stressed that although identical results
can be achieved for o ~-polarized light (polarization r is out-
side our interest due to the existence of a forbidden transition
between the magnetic sublevels of mr = 0 of the states of the
same total angular momentum, F = F”’), the approach does
not work for different pump- and Stokes-beam polarizations.
In this case, there is no eigenstate that has a vanishing overlap
with any of the excited states. Thereby, the excited states
are always partially populated, which, through spontaneous
emission, compromises the coherence of the transfer. Yet, it
can be shown that even in this case there is an eigenstate
which, asymptotically in time, behaves like the STIRAP dark
state [30]. That is, for r — —oo it behaves like |i), and for
t — oo it transforms to | f).

III. RESULTS AND DISCUSSION

In this section, we investigate the transfer of population
between two hyperfine ground states of 8’Rb. While in the
rotating frame the states are degenerate, they can still be
individually addressed by the Stokes and pump beams. The
excited states |e;) (F' = 1) and |e,) (F' = 2) are separated by

A = 140I", where I is the relaxation rate of the excited state.
Each of the states is characterized by an additional magnetic-
sublevel structure. For the simulations, we assume the equal
population of all sublevels of the F = 1 state (the state |i)) and
no population in the F' = 2 state (the state | f)), or in any of the
excited states. The system interacts with two Gaussian-shaped
light pulses, Qs ,(t) = QCexpl(r — 75,,)*/(2T?*)], where 5,
are the delays of the Stokes and pump pulses, respectively, °
is the amplitude of the pulses, and T is their duration. The
arbitrarily chosen pulse duration is 7 = 300% for both pulses
(T =Ts =T,) and the separation of the pulses is 200%. In
our analysis, we consider the same circular polarization of the
Stokes and pump beams (o polarization). Evolution of such
a 16-level system is calculated by the numerical solution of
the master equation [42,43].

Figure 3 presents the efficiency of population transfer in
three subsystems specified in the previous section, i.e., two
four-state subsystems (first involving the mp = —1 ground-
state sublevels and second the myp = O sublevels), and the
three-level subsystem, accounting for the mp = 1 sublevels.
Transfer efficiency is defined as the ratio of the final popula-
tion of the state | f) to the initial population of the state |7). The
color maps show the efficiency as a function of one-photon
detuning § and the Rabi-frequency amplitude Q. Regard-
less of the subsystem, failure of STIRAP can be observed
at low Rabi-pulse amplitudes. This stems from the violation
of the global adiabatic condition (light power is too weak to
generate a strong superposition of ground and excited levels)
[19]. For a higher Rabi frequency, only a single maximum is
observed in the three-level system in the transfer efficiency
measured versus the one-photon detuning. At the same time,
in the four-level subsystems, where an additional excited level
is present, two maxima are observed at the zero and 140"
detunings. Each of them corresponds to STIRAP involving
different excited states. Interestingly, however, the transfer
efficiency drops almost to zero for a specific detuning be-
tween the two maxima. This is clearly visible in the cross
sections shown in Figs. 3(b) and 3(e). The positions of the
minima at § = 70T" [Fig. 3(b)] and § = 35I" [Fig. 3(e)] are
determined by violation of LAC and agree well with the dis-
cussion presented in Sec. II. Moreover, for the case presented
in Fig. 3(e), one can see that the efficiency plateau is not
symmetric with respect to the 0 < § < A region. Specifically,
the plateau extends further toward positive detunings due to
the stronger avoided crossing at § = A than at § = 0 (case
II). Another interesting feature visible in the maps includes
the dark blue vertical stripes shown in Figs. 3(d) and 3(g).
The stripes indicate the transfer efficiency higher than unity.
Although this excess may appear at first sight to be wrong, it is
aresult of additional repopulation of the level via spontaneous
emission from different excited states (incoherent pumping).
In fact, this process is present when LAC is violated, and a
non-negligible population arises in the excited states. At the
same time, the sublevel of mr = —1 is repopulated only by
itself [42], so there is no excess of the population relative to
the initial-state population.

For a better understanding of the detuning dependences,
Figs. 3(c), 3(f), and 3(i) show the energy difference be-
tween the dark state and other eigenstates. As shown, one of
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FIG. 3. Efficiency of population transfer from the my = —1 (a)—(c), mr = 0 (d)—(f), and mr = +1 (g)—(i) sublevels of the F' = 1 state of
the full manifold of states of the *’Rb D; line. (a), (d), (g) Efficiency of the population transfer vs Rabi-frequency amplitude £y and one-photon
detuning § in the natural-linewidth units. (b), (), (h) Cross sections through the maps at Rabi-frequency amplitude 10I", marked by a dashed
line. (c), (f), (i) Energy separation E; — /8 (solid black, dotted red, and dash-dotted blue lines) as a function of the one-photon detuning §.
Vertical dashed lines indicate the positions of the minimum transfer efficiency, and the energy gap is given in arbitrary units.

the eigenstates (dotted red line) crosses with the dark state
(dashed orange line) at 70I" [Fig. 3(c)] and 35T [Fig. 3(f)].
This clearly demonstrates the relationship between the reduc-
tion in transfer efficiency and the violation of LAC [Eq. (5)].

Reduction of the efficiency of population transfer in a spe-
cific subsystem for given detunings can be used for control
over the population transfer, even when resonant pulses are
used. Specifically, by tuning the light, one can effectively
“turn off” the transfer from the specific. For example, using
the o *-polarized light of § = &q) (§ = 8ar)) enables one to
block the transfer from the mp = —1 (mp = 0) magnetic sub-
level. In the same manner, o ~-polarized light allows one to
“block”™ the transfer from the mr = 1 sublevel. So far, this
kind of control and selectivity in the transfer has required the
use of a magnetic field, which splits the Zeeman sublevels so
strongly that they can be independently addressed [38—40].
With our technique, the transfer is controlled even if the mag-
netic sublevels are degenerate.

The dependence of population-transfer efficiency on the
one-photon detuning 6 plays an important role in room-
temperature atomic vapors. In such systems, the Doppler
broadening of the transition is about two orders of mag-
nitude larger than the excited-state relaxation rate (natural
width). In turn, the overall efficiency of STIRAP is affected
by atoms that are Doppler tuned to 8 or . Figure 4
presents the transfer efficiency to the mp = —1 sublevel ver-
sus one-photon detuning § and rubidium-vapor temperature.
As shown above for 6 = ), the efficiency suffers from the
LAC violation at low temperature and no transfer is observed.
However, the efficiency of the transfer increases with temper-
ature [see Fig. 4(b)], which limits the control over the system.
On the other hand, the maximum transfer efficiency (effi-
ciencies integrated over the velocity distribution) decreases
with temperature. For instance, the efficiency for the room-
temperature vapor, interacting with the light of Rabi amplitude
10T" and zero detuning (§ = 0), decreases from 99.9 to 93.5%
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FIG. 4. (a) Population transfer calculated for a subsystem of
myp = —1 as a function of the one-photon detuning § and temperature
at peak Rabi frequency 10I". (b) Population of the final state at
8 = dr) vs temperature (the position is denoted by the black, dashed
line).

compared to the cold atomic ensemble. This behavior may
be a problem in the applications of STIRAP in quantum-state
engineering with hot atomic vapors.

IV. CONCLUSIONS

In summary, we theoretically investigated coherent popu-
lation transfer between two long-lived ground states of ’Rb
excited at the D; line. The transfer is based on the well-
established STIRAP method. With our analysis, we showed
that the 16-level system of rubidium can be decomposed into
three- and four-level independent subsystems. Among them,
of particular interest, was the four-level system. The efficiency
of the transfer between two ground states was investigated
with respect to parameters such as Stokes or probe-pulse
amplitude and one-photon detuning. With our analysis, we
demonstrated control over the transfer of population from
specific magnetic sublevels. Such a control is achieved by tun-
ing the light to the specific regions where the local adiabatic
condition is not fulfilled.

In contrast to the previous approaches [38—40], our tech-
nique enables population transfer from all magnetic sublevels
and selectively blocks a given transfer channel. This opens
interesting possibilities for tailoring complex quantum states,
e.g., to generate hyperfine coherences between specific mag-
netic sublevels. Moreover, as will be shown in the future
[44], it can be used to transfer quantum states between two
energy manifolds (ground-state hyperfine levels), preserving
both states’ populations and coherences. In this context, the

|

5 0 Q0 Q0

. 0 1) Qg(t) Qg(1)

H=mCe a0 oo o o |7
Q) Q1) 0 A

previous approaches covering application of additional mag-
netic fields or strong light beams not only complicate an
experimental setup but more importantly jeopardize such a
transfer (the coherences are randomized or destroyed). The
ability of more complex control over the quantum system may
be of particular interest for engineering and tomography of
long-lived quantum states in atomic vapors [45—48].
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APPENDIX

1. Hamiltonian of the system

‘We consider a four-level system with two hyperfine ground
levels and two hyperfine excited levels. The electric fields of
the Stokes and pump beams are given by

Es (1) = €EQ  fs,p(1) cos (ws pt). (AD)

where E¢ (E)) is the electric-field amplitude of the Stokes
(pump) light pulse, fs(z) [f,(¢)] is the slowly varying Gaus-
sian envelope of the pulses with normalized amplitudes,
ws (wp) is the Stokes (pump) light frequency, and € is the
light polarization vector that is identical for both beams. We
use the standard dipole approximation, with the interaction
term Vg = —E - d, where d is the electric dipole moment. The
Hamiltonian can be converted to the rotating frame by using
a rotation generator given by diag(w,, ws, 0, 0). We assume
that both ground and both excited states are coupled with the
beams and two-photon resonance is fulfilled, i.e.,

AE
h 9
where AE is the energy difference between the initial and final
states. In this case, the off-diagonal elements of the Hamilto-
nian contain both stationary and oscillatory terms. In RWA we

neglect the terms oscillating at 2w,, 2ws, and w, + wg, which
allows us to write the Hamiltonian as

(A2)

a)s—wp:

0 0 0 0
i 0 0 Q,@1) K,00)
i(AE /Ryt » »
e Q1) 0 0 0 +Hc. | ¢, (A3)
Qs(t) 0 0 0

where /iA is the energy difference between the excited states, § is the one-photon detuning, and 24(¢) [£2,(¢)] is the slowly
varying Rabi frequency of the Stokes (pump) beam given by Qs ,(t) = Eg pLs.p(0)/(2R)(1/ 2)\d|1 /2), with the reduced matrix
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element (1/ 2||&|| 1/2) defined as in Ref. [49]. Note that the reduced matrix element is expressed by the quantum number J, which
is convenient when the excitation of alkali-metal atoms is considered on the D line. C is the coupling-constant matrix

O 0 Clmp,lmF/ ClmF,ZmF/
O O C2m,r, Lmps CZmF,ZmF/
c=| . . . . (Ad)
Imp, 1mg: 2mp, Imp
* *
Clmp,Zm,,r C2mp,2m,,-r 0 0

with e representing the elementwise or Hadamard product ([A e B];; = A;;B;;). The coupling-constant matrix elements Cr . ripm,.,
are given by

(A5)

, 1/2 F 1
Crmp pmy, = (=1 QF + 1><F/mF/|1quF>{ / }

F'o1/2 1

where ¢ is the index of light polarization in the spherical basis and / is the nuclear quantum number. Since the RWA Hamiltonian
(A3) contains the term oscillating at the frequency AE /A, to simplify the description of STIRAP evolution, it is necessary to
consider a regime where the term effectively averages to zero. To ensure that, the oscillation period, Tosc = i/ AE, needs to be
much shorter than the slowly varying envelope characteristic times T, ,:

Is, > AL (A6)
which is manifested in Eq. (1) in the main text. Under such conditions, the RWA Hamiltonian (A3) takes the form
8 0 Clm,.—,lmF/ Qp(t) ClmF,ZmF/ Qp(t)
H=h ) 0 ) 8 C2m,:, Impg QS (t) C2m,.-,2mp/ QS (t) (A7)
Clmp,lm,,-rQl’([) C2mp,lm,_-r QS(I) 0 0
CTmF.ZmI.-r QP(I) Cgmp 2mp QS (t) 0 A
[
where the Stokes (pump) beam interacts only with the final The case II Hamiltonian is given by
(initial) state.
) 0 —Q,t)  —+/32,()
B 0 s Q) 3Qs()
Huy = —~=
2. Rb 26| -, Qs(t) 0 0
In the main paper, we consider 8’Rb atoms coupled with —V39,()  V3Qs0) 0 A
o t-polarized light, resonant at the Dy line. For such a system, (A9)

one can distinguish only two classes of Hamiltonians, I and II.
In case I, the Hamiltonian is given by

_ 2,0 20
1) 0 N N3
0 S Qs(t) Qs(1)
22 2.2
H(I) - h _Ql’(l) Qs(l) O (A8)
2v6 2v2
90 Q50
oW Wil 0 A

One of the eigenstates of the Hamiltonian H(y) is a dark state of
the form |§(t)) «/§Qs(t)|7) + Qp(t)|f), with the eigenen-
ergy equal to i8. The eigenenergies of other eigenstates are
given by the roots of the Hamiltonian characteristic equation.
It can be shown that if §;) = A/2, there exists time f# at
which Q,(#)) = Q,(#), and one of the other eigenenergies is
also equal to A /2, meaning that the dark state crosses with
another eigenstate. The same applies to any case for which
Cie, = £Cj,, and Cy,, = £Cy,.

In this case, the dark state is given by |§(¢)) Qe(i) +
Q1) £), and the level crossing occurs at §gry = A/4. For the
general case of class II, i.e., Ci,, = £Cy,, and Cp,, = =Cy,,
the crossing appears at 8y = A|Cj,, |2/(|C,'e1 >+ IC,-62|2).

3. Local adiabatic condition

The LAC follows the adiabatic theorem [50], for which
the necessary condition is that the eigenstates remain distinct
from each other. The probability of a nonadiabatic transition
from the dark state |§(¢)) to an orthogonal eigenstate |y(¢)) is
upper bounded by
y 2
Ol [18()]

, (A10)
Eyh/h =3

Py S max

where E, ) is the energy of the state |y(¢)) and § is the energy
of the dark state. Importantly, if the above-mentioned energy
separation is small, the evolution of the system must be slow
enough so that the rate of change of the eigenstate in time is
also small [see the derivative in the nominator in Eq. (A10)].
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We are interested in the probability of transition of the
system from the dark state |§) to an entire subspace Qs
orthogonal to the dark state. In general, finding the formula
for all eigenstates in a four-level system is complicated. More-
over, the inability to find a compact form of the state |y)
limits the usability of the formula (A10). Nevertheless, the
probability that the system transits from the dark to any other
state can be upper bounded by the overlap of %H(S (t))] with
the entire Q5 subspace and dividing the result by the distance
of the dark state to the closest eigenstate. This gives rise to

Po, (L18(0))[°
Poro, < max P2l
t miny |Ey)/h — e

(A11)

where Py, is the projection onto Qs. It is convenient to extend
the subspace Qs by a set of vectors {|é;), |&>), |0)}:

18(1)) = sin 9 (1)[7) + cos 9 (1)| f). (A12)

Note that |3(¢)) is orthogonal to |8(¢)) [given by Eq. (3)]. The
derivative %[|8 (¢))] is proportional to |§(¢)). Since the dark
state |§) has no overlap with the excited states |&;) and |é;),
the only nonvanishing contribution to the projection in the

nominator of Eq. (A11) comes from the state |5(¢)), thus

. . 2
lal 192, (1)825 (1) =25 (1)S2,, ()]

Q2(1)+al>Q3(1)
Piy—g, S max|————— =
! miny |Eyy/h — 8]

(A13)

One would like to keep the probability small, Psy_. ¢, <
1, during the entire STIRAP process. Ps)—. ¢, is of the same
order of magnitude as the right-hand side of Eq. (A13) [50],
thus it has to be much smaller than 1. This translates into the
condition

192,(1)Q2s(t) — Qs(t)2p (1)
Q2(t) + la>Q5(1)

’

minyss|Ey/li — 8| 3> |l

(Al4)

which was used in the main text [Eq. (9)].
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Podsumowanie

Celem niniejszej pracy byl rozwdj oraz zastosowanie metod tomografii stanéw kwanto-
wych w cieptych parach atomowych metali alkalicznych umieszczonych w komérkach szklanych
z antyrelaksacyjnym pokryciem $cian. W ramach pierwszego artykulu [A] przedstawiono teo-
retyczny model umozliwiajacy realizacje tomografii stanéw kwantowych w cieptych parach
atomowych. Opis ten stanowi ogdlny fundament pozwalajacy na sformutowanie réwnan po-
trzebnych do analizy dynamiki uktadéw kwantowych oraz implementacje kwantowej tomogra-
fii w dowolnym uktadzie spinowym realizowanym w cieptych parach. Jest to réwniez podstawa,
na ktérej opieraja sie dalsze prace. Kolejny artykul [C] przedstawia eksperymentalna realizacje
tego protokotu. W artykule tym zostala réwniez przedstawiona dyskusja stabilnosci procesu
rekonstrukcji stanow, ktéra pozwala na zoptymalizowanie tego procesu poprzez uodpornienie
go na multiplikowanie btedéw oraz niepewnosci pomiarowych. Technika ta moze by¢ i zostata
wykorzystana m.in. jako podstawowe narzedzie do weryfikacji protokoléw inzynierii stanéw
kwantowych [D].

Drugim zagadnieniem, ktore analizowane bylo w ramach niniejszej pracy byla inzynieria
standéw kwantowych. Zagadnienie to eksplorowane bylo w réznych kontekstach. Pierwszym
z nich bylo wiarygodne przygotowanie stanéw kwantowych wykorzystywanych w tomografii.
W ramach tych badan z jednej strony opracowano metody numeryczne, z drugiej zas zop-
tymalizowano doswiadczalnie proces pompowania optycznego. Ta druga technika pozwolila
na uzyskanie zadanego stanu poczatkowego z jednoczesnym catkowitym opréznieniem dru-
giego stanu nadsubtelnego. Kolejnym zagadnieniem zakrawajacym o inzynierie stanéw byto
przygotowanie a nastepnie zbadanie wlasciwosci stanéw PQP [D], ktére sa klasa stanéw me-
trologicznych pozwalajacych na zoptymalizowanie czulosci pomiaru obrotéow wokot trzech or-
togonalnych osi. Na koniec przedstawiona zostala analiza procesu STIRAP w ramach linii D
rubidu-87 wraz z charakterystycznym efektem spadku efektywnosci transferu, ktéry wynika z
obecnosci dodatkowego, bliskolezacego czwartego poziomu energetycznego.

Osiagniety w ramach prezentowanego cyklu artykuléw postep przyczynia si¢ do ukonsty-
tuowania roli cieptych par atomowych w komérkach z pokryciem parafinowym jako osrodka
do badan nowo opracowanych koncepcji z zakresu metrologii kwantowej. Z drugiej strony wia-
rygodna i odporna na bledy pomiarowe procedura tomografii stanéw pozwoli w przysztosci
na badanie nie tylko wlasnosci samych stanéw, ale réwniez proceséw kwantowych. Ten fakt
w polaczeniu z mozliwoscig pelnego polaryzowania badanych osrodkéw oraz wciaz rozwijana
w tym kontekscie technika STIRAP, umozliwi badanie niehermitowskich dynamik, ktére z
jednej strony pozwalajg na glebsze zrozumienie fundamentéw kwantowego $swiata, a z dru-
giej, w ktorych upatruje si¢ kolejnych mozliwosci przekroczenia limitéw czutosci klasycznych

urzadzen pomiarowych.
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