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Streszczenie

Informacja kwantowa ma na celu ustalenie matematycznych podstaw do opisu przyrody w matych
skalach. Aby to zrobié, opiera sie na zatozeniu, ze uktady fizyczne mozna opisaé za pomoca standéw
w przestrzeni wektorowej i ich wypuklych kombinacji; a dzialajace na nie operacje mozna opisaé
przekrojem zbioru stanéw wiekszych uktadéw wymiarowych. Dlatego zaréwno podstawowe pyta-
nia, jak i zastosowania technologii kwantowych czesto dotycza wewnetrznej struktury wybranych
wypuklych zbioréw zainteresowani. Jednak w praktyce przestrzen zaréwno standéw, jak i operacji
opisujacych uktad kwantowy rosnie wyktadniczo wraz z rozmiarem uktadu. Jest to nieodlacznie
zwiazane z obosiecznym charakterem mechaniki kwantowej: stanowi ona obiecujace ramy dla
nowych mozliwodci, ktdre sa nierealne w teorii klasycznej, za cene znacznego wzrostu ztozonosci.
Dlatego zaréwno zrozumienie teorii kwantowej, jak i jej wykorzystanie do nowatorskich celéw prak-
tycznych, wymagaja nowych technik w celu odkrycia konkretnych rozwiazan lezacych w jej ztozonej
strukturze.

Niniejsza rozprawa koncentruje sie na wykorzystaniu dwéch typéw narzedzi do odpowiedzi na
roznorodne pytania w tej dziedzinie: identyfikowaniu i wykorzystywaniu symetrii w celu znalezienia
rozwiazania okreslonego problemu oraz wykorzystaniu analizy geometrycznej do odkrycia nowych
wlasciwosci i potaczen. Pierwsza praca dotyczy detekcji splatania: wprowadzamy metode nielin-
iowa wykorzystujaca identyczne kopie stanu rzeczywistego i standardowych éwiadkéw jednokopi-
owych, ktéra wykazuje wladciwosci symetryczne i moze byé realizowana w eksperymentach. W
drugiej pracy wykorzystujemy techniki redukeji symetrii do rozwiazywania probleméw optymal-
izacji wypuklej niezmiennikéw pod kopiami tensorowymi operatoréw unitarnych. Trzecia praca
dotyczy uogdélnionych pomiaréw kwantowych, dla ktérych ustalamy charakterystyke analogiczna
do wielotopu Birkhoffa (w sformutowaniu Ostrowskiego) poprzez relacje majoryzacji operatora. W
czwartej pracy identyfikujemy zasoby nielokalne w dwudzielnych, zaszumionych operacjach kwan-
towych na podstawie eksperymentalnie dostepnych rozkladéw prawdopodobienstwa. Analiza ta
prowadzi do piatej pracy, w ktorej okreslamy ilodciowo zaréwno ogdlne, jak i dekoherentne nielokalne
zasoby kanatéw kwantowych i ujawniamy role, jaka w dobrze znanych protokotach kwantowych
odgrywa nielokalnosé¢, odporna na dekoherencje. Wyniki te rzucaja éwiatto na wspotdzielone za-
soby potrzebne do realizacji operacji nielokalnych i ich komponent odporny na skutki dekoherencji
wystepujace w realistycznych urzadzeniach.



Abstract

Quantum information aims to establish a mathematical ground to describe nature at small scales.
To do so, it is based on the assumption that physical systems can be described by states in a vector
space and their convex combinations; and the operations acting on them can be described by a cross-
section of the set of states of larger dimensional systems. Therefore, both fundamental questions
and applications to quantum technologies are often concerned with the inner structure of selected
convex sets of interest. However, in practice the space of both states and operations describing a
quantum system grows exponentially with the system size. This is inherent to the double-edged
nature of quantum mechanics: it constitutes a promising framework for new possibilities that are
unrealistic in classical theory, at the price of a significant growth of complexity. Therefore, both the
understanding of quantum theory and its use for novel practical purposes require new techniques
to uncover specific solutions laying within its complex structure.

This dissertation focuses on using two types of tools to answer diverse questions in this realm:
identifying and exploiting symmetries to access a the solution to a certain problem, and employing
a geometric analysis to uncover new properties and connections. The first work concerns entangle-
ment detection: we introduce a nonlinear method using identical copies of the state in hand and
standard single-copy witnesses, which displays symmetric properties and can be realized in experi-
ments. In the second work, we employ symmetry reduction techniques to solve convex optimization
problems invariant under tensor copies of unitary operators. The third work concerns generalized
quantum measurements, for which we establish a characterization analogous to the Birkhoff poly-
tope (in the Ostrowski formulation) through an operator majorization relation. In the fourth work
we identify nonlocal resources in bipartite noisy quantum operations, from experimentally accessi-
ble probability distributions. This analysis follows up to the fifth work, where we quantify both the
overall and decoherent nonlocal resources of quantum channels, and reveal the role that nonlocality
withstanding decoherence plays in well-known quantum protocols. These results shed light into the
shared resources needed to implement nonlocal operations, and their component resistant to the
effects of decoherence occurring in realistic devices.
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Preface

Quantum information theory describes quantum physics in non-relativistic regimes, focusing on
how information is stored and transferred in small-scale setups. In the last decades, this perspec-
tive provided a deep insight into quantum phenomena like entanglement, coherence or nonlocal-
ity. Moreover, its information-theoretic description makes quantum information science a suitable
framework to develop the field of quantum computation and communication: in principle, protocols
obeying quantum mechanics may allow for better performance than their classical counterparts in
tasks such as factorizing large numbers [1] or distributing a cryptographic key [2]

Some structures in quantum information theory are based on the relationships between different
convex sets. In a broader perspective, the idea of convexity appears in our understanding of nature
in several regimes: even in simple experiments like flipping a coin or rolling a dice, our description
of the system is given by a convex combination between all possible configurations. In discrete
classical systems, which display a finite number of possible configurations, the state space forms a
polytope; and the phase space description of statistical and thermodynamic systems accommodates
guantities like temperature, volume or pressure, which allow for precise macroscopic predictions.
This approach, where probability distributions describe our lack of knowledge, extends to our
understanding of quantum mechanics and even more general theories [3]: the state space consists
of a convex hull of its extremal points, knwon as pure states.

As a result, many problems in quantum information deal with delimiting a convex subset of
interest. In a very broad perspective, these consist of either determining whether a given point is
contained into a certain convex subset; or optimizing an objective function over such subset. Math-
ematically, these types of problems are often described by feasibility and optimization semidefinite
programming problems respectively, since quantum mechanics setups can often be approximated
with linear constraints. Physically, in feasibility problems one asks questions like whether a bipar-
tite quantum state is entangled [4], prescribed marginals are compatible with a global state [5], two
guantum measurements can be performed simultaneously [6], or a bipartite quantum channel can
be performed locally [7]; and in optimization problems one can ask for the maximum fidelity of a
state manipulation [8] or desired quantum operation [9], or minimizing the energy of a Hamiltonian
with some additional constraints [10]. The specific examples listed above will capture most of the
topics of the research work reported in this thesis.

Quantum information accommodates a richer phenomenology than classical information theory,
such as superposition. While in principle this property might allow for quantum advantage in
technologies, it comes along with an exponential growth of the state space with the system size.
Therefore, access to target solutions often requires additional techniques to delimit desired corners
in the state space. This thesis focuses in two aspects: First, we identify certain symmetries in a
specific setup of study, in order to reduce redundancies and ease the access to the solution [11].
Second, we use a geometric approach to uncover certain structures and their connections [12].
These approaches will be used to tackle the following problems: entanglement detection exploiting
symmetry under local unitaries [13] (Chapter 2); optimization problems symmetric under unitary
tensor factors (Chapter 3); the dynamics of quantum measurements and characterization of relevant
subsets [14] (Chapter 4); verification of nonlocality on quantum operations [15] (Chapter 5); and
determining the role of nonlocal resources withstanding decoherence [16] (Chapter 6).

This thesis is oriented to both experts in quantum information theory, and readers outside of
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the field who wish to learn the topics discussed. Specifically, the first part of each subsection in
Basic concepts 1 will be dedicated to a non-specialized audience. The aim will be to introduce the
research topic through a high-level, non-technical explanation providing a rather intuitive overview.

This dissertation is based on the following projects undertaken during my PhD:

A Albert Rico and Felix Huber,
Entanglement detection with trace polynomials,
Physical Review Letters, vol. 132, p. 070202 (2024).

B Albert Rico and Karol Zyczkowski,
Discrete dynamics in the set of quantum measurements,
arxiv:2308.05835

C Albert Rico, Moises Bermejo Moran, Fereshte Shahbeigi, Karol Zyczkowski,
Certifying nonlocal properties of noisy quantum operations,
arxiv:2407.02570

D Albert Rico, Moises Bermejo Moran, Fereshte Shahbeigi, Karol Zyczkowski,
Channel nonlocality under decoherence,
arxiv:2408.10317

E Albert Rico and Felix Huber,
Unitary invariant semidefinite programs: a users' guide,
In preparation
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Basic concepts

“The beauty of nature lies not in its con-
quering, but in its harmony.”
- Tenzing Norgay

Quantum mechanics aims to describe physical systems at small scales. Although some of its
effects are visible to the naked eye, like the sunlight decomposition through a prism, a full de-
scription of quantum phenomena is unreachable with the techniques used to describe classical
mechanics [17, 18]. Instead, quantum mechanics is an effective mathematical theory that allows to
make accurate predictions. Although different formalisms have been established [19, 20], here we
will follow the Copenhagen interpretation, built upon the following postulates [21].

The first postulate deals with the description of isolated systems, namely with no interactions
with the environment:

Postulate 1. To any isolated physical system, a Hilbert space H is associated. The system is
described by a unit vector ¢} H.

A Hilbert space is a complex vector space with inner product. Thus the first postulate de-
scribes isolated systems in a static way, and requires complex numbers for a complete description.
Dynamical properties of isolated physical systems are described by the second postulate:

Postulate 2. The temporal evolution of an isolated quantum system from an initial state Q} to a
final state ') is described by a unitary transformation U, ") = U ).

The third postulate describes how information can be obtained from a physical system.

Postulate 3. Any measurable quantity has associated an Hermitian operator O = acting on the
state space H, called observable. It has spectral decomposition O = aaPa, where each eigenvalue
a corresponds to a measurement outcome and each projector Pa projects onto the subspace Ha H
with eigenvalue a. The probability p(a) ofeach outcome a depends on the initial state of the system
Y} H as p(a) = (¢ Pa g} and the state after the measurement is Ya) = p(a)-1Pa Y).

This procedure where the state of the system is projected onto a subspace is known as the
measurement collapse [18].

If we take a closer look, quantum systems as described above can in turn be composed of smaller
subsystems. This is described by the fourth postulate:

Postulate 4. The state space of a composite physical system is the tensor product O of the state
spaces ofthe component physical systems. The state of an isolated system composed ofn subsystem
reads )= Y1) ® Y2)0 ... ® Yn).

15



16 1. BASIC CONCEPTS

Systems which are not isolated can be described by extending the Hilbert space to contain the
environment they interact with. This allows to extend the four basic postulates above to the case
of non-isolated systems, whose description is effectively given by a convex combination of possible
configurations in an isolated system. The choice of the description employed is given in each case
by the physical scenario to be described.

1.1 Fundamentals

1.1.1 Quantum states
W hat is a classical bit?

A bit is a binary unit of information which can take two values, 0 or 1. In classical computation,
information is stored in tuples of bits called bit strings, for example 0010110. Therefore, a bit
string of n bits can encode 2n different values. In classical computation, bit strings are processed
by logical gates implementing boolean functions. For example, the NOT-gate implements a bit
flip, namely it outputs 1 if the input bit is 0, and vice-versa. Bits of information are transferred
through channels, which can be imperfect [22]. That is, when aiming to send a bit with value 0,
it might happen with a certain probability p that by accident a NOT-gate occurs before it arrives
to the destination. Then the message is either O (with probability 1- p) or 1 (with probability p).
In probability theory, our lack of knowledge about whether the bit is 0 or 1 can be considered as a
probability vector (1- p,p).

And what is a quantum bit?

In quantum theory, a binary unit of information is described by a qubit. According to Postulate
1, it is a normalized vector in the Hilbert space and it is denoted as |v) Cz2. This means that a
qubit can take value |0) and 1), but also linear combinations such as

0 1 =
= ! )\;ZI ) or )= V2 (11.1)

This phenomenon is known as superposition. States of the form of Eq. (1.1.1) have the property
that when a measurement is done to determine the value 0 or 1 of the qubit, the result is either O or
1 with probability 0.5. Note that this property can also be achieved with a classical bit undergoing
a NOT gate with probability p = 0.5 as discussed above, where the outcome is deterministic but
our knowledge is that it is either 0 or 1 with probability 0.5. The difference is that quantum theory
allows to measure whether a system is in the state |+) or |-), and obtain a deterministic outcome
(with probability one), whereas measuring whether a state |+ ) is |0) or |1) leads to an intrinsically
probabilistic outcome.

Pure quantum states

In quantum theory, any physical system is associated with a Hilbert space H, which is a complex
vector space with an scalar product (y, @) := (¢ @) given two vectors ), @ H, where (¢ is the
transposed conjugated of ). According to the first postulate of Quantum Mechanics, any isolated
physical system can be fully described by a pure quantum state, which is a normalized vector of
the corresponding Hilbert space,

g) H: Wuy=1 (1.12)
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Figure 1.1.1: Bloch sphere representing the state space of one qubit. The surface of
the sphere is composed of the vector space of pure states () Cz2, spanned by the eigenvectors
of the Pauli matrices ox , gy and oz. The convex hull of pure states is the space of mixed states
p and defines the interior of the sphere, whose center is the maximally mixed state 1/2. The
three-dimensional Bloch sphere generalizes the one-dimensional space of probability distributions
(vertical orange line) through p 0)(0 + (1 —p) 1)(1 = diag(p, 1 —p).

In analogy to the two-dimensional state space of qubits (Fig. 1.1.1), states of a Hilbert space
Hd = Cd with d > 2 are called qudits. A qudit () can be written as

d—1
) = aili), (1.13)
=0

where >3¢=a a2 = 1 and { i)} denotes an orthonormal basis of Hd called computational basis.
That is, each column-vector labelled by i Zd reads

= (0,.,01,0,.0TC (1.1.4)

where the entry 1 is located at the i'th component and T denotes transposition.

Mixed quantum states

Systems that are not isolated are described by a statistical ensemble {pi, Yyi)}. This means that
the system is deterministically in one of the states (9, but we don’t know which one and thus we
associate to each of them a probability pi. In a more compact form, we describe these ensembles
with a density matrix or mixed quantum state

p= 52 Pi B(H), (1.1.5)

where B(H) is the set of bounded operators acting on the Hilbert space H containing i). A
density matrix satisfies the following properties.

(i) It is self-adjoint, namely p~ = p where t denotes the transpose conjugate, which means that
its eigenvalues are real.

(ii) It is positive-semidefinite, p = 0, namely all its eigenvalues are nonnegative.
(iii) It is normalized with respect to the trace, tr(p) = 1

One often writes a quantum state in its so-called Bloch decomposition, namely p = L-d+> d=110rAr
where {1,A1,.., Adz- 1} form an orthonormal basis for B(H) and ar = tr(pAr) are known as
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the Bloch coefficients. The diagonal elements Qi of a density matrix, known as populations or
occupations, denote the probability that the system is at the state i).

Composite systems

Consider a system composed by two subsystems A and B which has associated a Hilbert space
H = Ha , with local dimensions dA and ds . In general, the state of this system is described
by a density operator gab B(H). The state describing the subsystem A, ga, is given by the
partial trace of gab with respect to the subsystem B,

de - 1

Q = trs (gab)= (L0<ifs)gab (L0 ]i)8). (1.16)
i=0

The density operator Qa is denoted as the reduced density operator corresponding to the subsystem
A. An analogous description defines the reduced density operator Q8.

Pure states W)ab in a composite Hilbert space can be decomposed in orthonormal bases { ui)}
and { Vj)} as W)ab = I i Wij ¥)a®Ij )b, and often one adopts the shorthand notations ui) Vj) :=
ui) 0 vj") in general and ij) := i) 0 j) for the computational basis. Physically, the partial trace
determines our description of the system, when a part of it is ignored. In particular, any quantum
state Q¢ B(HA) can be obtained by the partial trace ofa bipartite pure state y)ae HA OHB,
via ga = tre (Y)(Y ). The inverse process of constructing a bipartite W)ab whose partial trace is
Qa is known as purification.

1.1.2 Quantum operations and measurements
W hat is a measurement in quantum mechanics?

A guantum operation is a process that a quantum system can undergo. In particular, a measure-
ment is an operation whose outcome determines some property of the system [23,24]. In classical
physics, the result of a measurement is assumed to be inherently deterministic, despite the fact
that we associate probability distributions with measurement outcomes that are unknown to us
(e.g. tossing a coin). Moreover, a measurement in classical physics is assumed to reveal the state
of the system without interfering with it (e.g. measuring a length with a ruler, whose outcome in
centimeters tells us the length of the system both before and after we measure it). These features
are different in quantum theory. The notion of a quantum measurement admits situations in which
a given measurement outcome does not describe what the state of the system was before such
measurement was performed. In this case, each measurement outcome occurs with an intrinsically
random probability and determines what is the state after the measurement is performed. In the
Copenhagen interpretation, this is explained by assuming that the state of the system changes
during the measurement process (Postulate 3). This is known as the collapse [18] of a quantum
state and it is not fully understood within the framework of quantum mechanics itself [23].

Quantum gates

In analogy to classical bits evolving by logical gates, qudits evolve by unitary operations U satisfying
UiU = UU1 = 1, also known as quantum gates. Unitary operations preserve the rank of the input
states and thus send pure quantum states to pure quantum states, in the form of

Uuy)= o). (1.17)

All pure quantum states in a d-dimensional Hilbert space, ¢) Cd, can be obtained with some
unitary matrix U from a fixed initial state @) via Eq. (1.1.7). A basis for single-qubit gates is given
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by the identity operator 1 and the Pauli matrices,

0 1 1 0 0 —i
S R (A N () aro

where i is the imaginary unit. Well-known examples of unitary operations are the SWAP and
Control-NOT gates,

1 00 0 1 0 0 0
0010 01 00

Uswap = 010 0 and Uec_yor = 000 1 (1.1.9)
0 0 01 0010

CPTP maps

A quantum operation is the most general process a quantum state p B(Cd) can undergo. Thus
any physical evolution of a system is determined by a quantum operation acting on its state.
Mathematically, a quantum operation E is a linear map

E:B(Cd) ~ B(Car) (1.1.10)

which is completely positive (CP) and trace non-increasing, where do and di are the dimensions
of the input and output spaces. Complete positivity means that the tensor product of the map
E with the identity satisfies Ea 0 ide (Xab) = O for any positive semidefinite operator X ab = 0
acting on Ha ®Hb and for any Hilbert space Hb. The trace non-increasing condition means that
tr(E(X )) < tr(X ) for any positive semidefinite operator X . Physically, this requirement is because
the sum of the populations described by a density matrix cannot be larger than one. In particular,
completely positive and trace preserving (TP) maps (CPTP) send normalized density matrices to
normalized density matrices, and are also called quantum channels.

Dilation of quantum operations

By the so-called Stinespring dilation [25], any quantum channel E : B(Ho) - B(H1) can be written
as E(p) = tre(VpVt) where V :Ho - Hi ®He is an isometry, namely VtV = 1do, and do is the
dimension of Ho. The extended subsystem with associated Hilbert space He is called environment.
In particular, one can find a unitary matrix U = V % 35 i (i :Ho ®He- - H1®He with UUt =
UtU = 1 and dode~= dxde such that

E(p) = tre (U(po O Y> e )Ut) (1.1.11)

for any ancillary state g} He in an environment. Physically, this procedure gives a recipe
to implement a quantum channel E experimentally with a unitary gate and an ancillary system
prepared in an arbitrary state.

Operator-sum representation

A gquantum operation E acting on a quantum state p can be described as [21]

E(o) = > KioK], (1.1.12)

where Ki are called Kraus operators and satisfy 1 -3y iK~Ki = 0. This condition accounts for
the map E to be trace non-increasing, and it saturates Y i K~Ki = 1 for CPTP maps (or quantum
channels). For example, unitary channels are defined by a single Kraus operator U. Quantum



20 1. BASIC CONCEPTS

operations which preserve the identity, E(1) = 1, are called unital and satisfy that Y i KiKi = 1.
The Kraus operators are not unique: given two sets of Kraus operators {Ki} and {Lj}, one has
S iKipKi = Y jLjpLj for any quantum state p when Lj iuiuijK for some isometry with
entries uij, namely >3i usU1 = &i1. Nonetheless, for any choice of the Kraus operators {Ki}, one
can write the dilation of the quantum channel E using that V. iKiKi ® i).

Choi-Jamiotkowski isomorphism

An alternative representation of quantum operations relies on the Choi-Jamiolkowski isomorphism:
A quantum channel E: B(Ho) -~ B(H1) acts on an input quantum state po via [26,27]

E(po)=tro(Jo1 - (p» ®11)), (1113)

where T is the matrix transposition, 0 and 1 denote the input and output systems, and Jo1
B(Ho ®H1) is the Choi matrix. From this point, and for optimal notation when considering
channels acting on composite systems, say A and B, we shall adopt the convention A := AoA1
and B := BoB 1 following [28]. That is, we will denote a single-partite channel by EA with Choi
matrix JAoA1, and a bipartite channel by EAB with Choi matrix JAcA:1BoB1. A map EA is completely
positive if and only if the Choi matrix is positive semidefinite, JAoA: > 0; it is trace non-increasing if
and only iflAo- tra: JAoA: = 0; and E is trace preserving ifand only iftra: JAoA: = 1A0 [12,26,27].
The Choi matrix can be obtained as [17]

JaoAi = daoid ®E(#+x#+ ), (1.1.14)

where ~+} = > d0 1 ii) /ya a o is the Bell state. The Choi matrix can be written from the Kraus

operators Ki as
(JaA)r= 3 Ki®Ki, (1.1.15)

where ~ denotes the conjugate transpose and the reshuffle R acts as (i)(j ® k)(I1 ) = i}k ®j }(I .

Projective measurements

Here we will explain in further detail Postulate 3, which formalizes the phenomenon of the measure-
ment collapse by introducing the projective or von Neumann measurement [29]. In this framework,
every physical measurable quantity is associated to a Hermitian operator O = O B(H), called
observable, with spectral decomposition

0= aPa. (1.1.16)

Here Pa are orthogonal projectors resolving the identity, namely satisfying Pa = 0, P2 = Pa and
aPa = 1. The (real) eigenvalues a of O represent the physical outcomes of the measurement
described by O, and they occur with probability p(a) = (¢ Pa Y} where } is the state of the
system before the measurement was performed. This probabilistic behaviour means that the state
Y} cannot be revealed by a measurement. Only the probabilities p(a) can be approximated from
the relative frequency of occurrence of each outcome a, after a large number of measurements is
performed. Moreover, note that different possible initial states @} and '} might have the same
inner product with Pa. Therefore, even if the probabilities p(a) are determined with high accuracy,
the state of the system prior to measurement cannot be revealed in general. An exception occurs if
one has p(a) = 1for some outcome a, provided that the corresponding subspace is not degenerated.
To describe the state of the system after the measurement is performed, one considers that each
projector Pa projects the state Y} onto the eigenspace of O corresponding to the outcome a, such
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that the state after the measurement reads

|fa) = . (1117)

Due to the probabilistic nature of the quantum measurement, the measurable quantities are in
practice expectation values (O)y. These are probabilistic averages of the outcomes a and depend
on the state of the system } before the measurement was performed, as

(O)y = W O) = pla)a. (11.18)

The action of projective measurements on pure states can be extended to mixed states similarly,
namely the state after a measurement outcome a occurs reads ca = PapPa~p(a) since the initial
state p is a convex combination of pure states. Then the expectation value is the inner product
(0) = tr(Op) where p is the density matrix describing the system before the measurement was
performed.

Generalized measurements

Mathematically, one can describe a quantum measurement as a process by which one obtains a set
of outcomes a with associated probabilities p(a), which depend linearly on the state of the system
prior to the measurement. In full generality, this is described by a set of positive semidefinite
operators Ma = M1, = 0 called measurement effects summing to the identity, > aMa = 1, from

which the probabilities are obtained through
p(a) = tr(Map), (1119

where p is the state of the system before the measurement was performed. This is known as a
generalized measurement or Positive Operator-Valued measurement (POVM) [21] and recovers the
projective case when Mi are projectors. In the event of a measurement outcome a which occurs
with probability p(a), the state after the measurement reads

E,0E}
Oy = . 1.1.20

The post-measurement state is statistically described as
0= pa)oa =) Eaol, (1121)
a a

where we identify the operators Ea as Kraus operators. That is, a generalized quantum measure-
ment can be performed by a quantum channel with Kraus operators Ea satisfying E~rEa = Ma,
which is the condition for the outcome probability distribution to be given by p(a). Physically, this
means that any POVM can be performed by the dilation of the quantum channel through which
it is performed, making use of Eq. (1.1.11).

1.1.3 Quantum entanglement
W hat is quantum entanglement?

In quantum theory, two systems are entangled if they do not admit a (deterministic or statistical)
independent description of each of them. As an example, suppose that Alice and Bob are spatially
separated, and each of them holds a qubit system A and B . In 1935, A. Einstein, B. Podolsky, and
N. Rosen realized that according to quantum mechanics, the joint state describing their qubits can
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be in a superposition of the form [30]

We>= V/=(0>» 1>b+ |Ian Ob) . (1.1.22)

This state is incompatible with a description of the system where the state in Alice’s side is W)a
and the state in Bob’'s side is {>B. Instead, the state of Alice being 0>is linked to the state of
Bob being [1> and vice-versa.

This should not be confused with a classical system admitting two possibilities: either the qubit
of Alice is in the state |0>and the qubit of Bob is in the state |1> or vice-versa, each of them with
a certain probability. This system displays so-called classical correlations, and is described by a

statistical ensemble
Q=1(6>0A ® 1<l + 1<1A® 6>0V): (1.1.23)

That is, the system admits the local description 0>=<0a ® 1><1b with probability 1/2, and the
local description 1><1a ® 0>0b with probability 1/2.

The difference between entanglement and classical correlations is that in classical correlations,
the state of each independent subsystem has a deterministic description, but we do not have access
to it and we describe it as probabilistic and conditional. However, two systems being entangled
means that an independent description of each cannot be done, even in probabilistic terms.

Bipartite entanglement

A Dbipartite quantum state a8 B (HaB) is called separable if it admits a decomposition as a
convex combination of product states,

0aB = Y _pith @ 0y, (11.24)

K2

where pi = 6, ipi = land Q@ ,Q@® = 6, and entangled otherwise. In particular, a state (a8 is a
product state if it satisfies Eq. (1.1.24) with a single term, namely gab = Qa ® - Since mixed
states form the convex hull of product states, a pure state Y> Ha ®Hb is separable if and only
if it is a product state,

P>= oA ® O

where @>A Ha and ¢>A Hb are pure states. Entanglement is a resource whose free operations
are local operations assisted by classical communication (LOCC), which are physically motivated
by setups where parties are spatially separated but can share some information about the quantum
operations they perform [31]. Whereas quantifying the resource of entanglement requires families
of measures for mixed states [32], the case of bipartite pure states is simpler: the amount of en-
tanglement corresponds to the von Neumann entropy of the reduced state Qa, S(Qa) = i AilogAi
where Ai are the eigenvalues of Qa . For two qubits, the Bell states

n |00) + |11) n |01) £ {10)
= ———— and = 1.1.26
%) = =5 V) = = (11.26)
form an orthonormal basis of maximally entangled states, namely that maximize the von Neumann
entropy of the reductions, since their marginals are maximally mixed ga = Q@ = 1/2.
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Multipartite entanglement

Consider a composite system describing n parties, associated to a Hilbert space H = Cdi ®.. .®Cdn.
In analogy to bipartite separability, we say that a quantum state p B (H) is fully separable if

p=~2PiPi0 - 0 Pn- (1.1.27)

However, the notion of separability for multipartite systems is more involved. For example, a
guantum state can be biseparable, namely it satisfies Eq. (1.1.24) for a given bipartition where
A contains the first k < n parties and B the remaining n - k parties. Moreover, quantifying
entanglement in multipartite systems is much more involved than in the bipartite case, even for
pure states [32]. For three qubits, the quantum states

111 1) 4 1010) + 1
Grzy = 1000 1Y)y 1001) 4 [010) + [100)

V2 V3

cannot be transformed from one another with LOCC and thus different entanglement measures are
needed to quantify their entanglement [33].

(1.1.28)

1.1.4 Entanglement detection
Can entanglement be detected?

The phenomenon of entanglement lies at the core of understanding both the nature of quantum
mechanics and its applications [2,8,34- 38]. However, it is challenging to know whether or not some
entanglement is present in a given system [4]. Given a full theoretical description of the state of
the system, deciding whether or not a quantum state is entangled is an NP-hard problem [39,40].
Detecting entanglement is even more challenging in practice, since in experimental setups one does
not have access to a complete description of a system [21]. Instead, properties of a quantum
state can be partially assessed by measuring an observable, which requires performing multiple
measurements and analyzing the relative frequency of their outcomes [23]. For the purpose of
detecting whether or not entanglement is present in a system, a common tool are entanglement
witnesses. These are multipartite observables W whose expectation value (W >gives us information
about the entanglement of a state: if the expectation value is negative, (W > < 0, then the state
describing the system is entangled.

Positive maps

A main tool to detect entanglement in a quantum state consists of positive maps E which are
not completely positive. These satisfy E(X) = 0 for all positive semidefinite matrices X > 0, but
Ea ®ide (Xab) = 0 for some positive semidefinite matrix X ab B (H) acting on a bipartite Hilbert
space H = Ha ® He . By convexity, a positive map satisfies Ea ® ids (pas) = 0 for any separable
state Psap = iPiPA ® ps. In this sense, a positive map E detects a bipartite state pas if the
output of its action on one subsystem has a negative eigenvalue, Ea ®ids (paB) = 0. It was shown
in [A1] that a bipartite state Pas is entangled if and only if there exists a positive map detecting
it. Paradigmatic examples of positive maps used to detect entanglement are the following:

» Partialtranspose(Ts): ThepartialtransposeonasubsystemBofabipartiteoperatorXas =
ijkI Xijkl ik>(@ 1 is the transposition only on one subsystem, X a8 = ijkI Xijkt il>(k
where we use the shorthand notation rs> := r>® s> The positive partial transpose
(PPT)-criterion is simple to evaluate in density matrices, can be approximated experimen-
tally through matrix moments [42, 43] and it certifies undistillability of states [44]. These
features make it the main tool to detect entanglement in various setups.
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Figure 1.1.2: Entanglement detection with a witness W. The set of block-positive
bipartite operators with unit trace contains the set of bipartite states, which in turn contains
the set of separable (SEP) operators depicted in orange. Block-positive operators W which are
not positive (green set) act as witnesses for entangled states (blue set): each point W defines a
hyperplane that separates entangled states p that are detected through tr(Wp) < 0 (dark blue
set) from the rest. The set of separable states and the set of normalized block-positive operators
are slices of convex cones (SP and CP) that are dual to each other, in the sense that a state p
is separable if and only if for all witnesses W one has tr(pW) = 0; and a non-positive Hermitian
operator W is a witness if and only if for all separable states p it has a nonnegative expectation
value tr(Wp) = 0. Similarly, the set of states is a slice of a self-dual cone (P ).

* Reduction map: The reduction map is defined as R(X) = tr(X)1 - X [45] It can detect
bipartite entanglement on a state pr8 when acting on a subsystem, R ® id(p~8). The
reduction map can only detect states which are also detected by the PPT-criterion, but it is
also necessary and sufficient to detect entanglement in two qubits [45].

» Breuer-Hall map: Detecting PPT-entangled states is significantly more challenging than de-
tecting non-PPT (NPT) entangled states. For this problem, one can generalize the reduction
map to the Breuer-Hall map, ® (X) = tr(X)1—X —U XUt where U = —UT is an anti-unitary
matrix [46,47]. The Breuer-Hall map can indeed detect PPT-entangled states, namely there
exist entangled states pas with pa = 0 but d®id(prs) = 0.

Entanglement witnesses

An entanglement witness is a Hermitian operator W which is block-positive, namely it satisfies
tr(psepW ) = O for any separable state psep, and moreover it has a negative eigenvalue, W = 0.
Thus detection works as follows: if a witnesses W has a negative expectation value on a state p,
tr(W p) < O, then p is entangled. In this way, every nonseparable state (namely storing bipartite
or multipartite entanglement) can be detected by some witness [48]. This is because evaluating
an entanglement witness is equivalent to evaluating a positive map, on a positive operator [12].
Indeed, the Choi matrix of a positive (but not completely positive) map E is a block-positive
(but not positive) matrix W& Then by the Choi-Jamioikowski isomorphism one has tr(W €p) =
tr(id ®E(@+))p) = tr(id®E=(p))#+) where E+ is the adjoint of E. Using that an operator X is
positive semidefinite if and only if tr(XY ) is nonnegative for any positive semidefinite operator
Y , one has that if tr(Wep) < O then E ®id(p) = 0. That is, a Witness W € defining a map E
through the Choi-Jamiolkowski isomorphism evaluates positivity of E . id(p) through the inner
product tr(E ® id(p)#+). Conversely, if a state p is detected by a map E through E ® id(p) =
> i Ai Ai>(Ai with some negative eigenvalue Aj- < 0O, then it is also detected by a witness defined
as We=id E«<(Aj}{Aj).

Consider the set of block positive operators, the set of positive operators, and the convex hull of
tensor products of positive operators, which we denote asCP, P and SP following [12]. These three
sets form three convex cones containing each other [12], SP P  CP (Fig. 1.1.2). Moreover, the
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cone SP is dual to the cone CP: the inner product with block positive operators forms the set of
most general linear maps that take nonnegative values on convex combinations of tensor products
of positive operators. In this sense the set of positive operators P is self-dual, namely dual to
itself. Physically, one considers the slice of the cones described above depicted in Fig. 1.1.2, given
by the unit-trace normalization constraint on states, tr(p) = 1. This defines a hyperplane that
intersects also the cone of block-positive operators: one often considers witnesses with unit trace,
tr(W) = 1[49]. Then the dualities between convex cones described above translate to the property
that a state p is separable, if and only if it has a nonnegative expectation value (W )p := tr(Wp) =2 0
for all witnesses W [48].

Experimentally, entanglement witnesses are observable operators, and therefore accessible even
if the state to be detected is unknown. In contrast, positive maps require some knowledge about
the state through full or partial tomography. This makes entanglement witnesses a widely used
tool for the detection of entanglement in realistic setups. An example is the swap operator,
V = S ij)(ji = ¢+}(¢+tb. Entanglement witnesses can also be constructed from Bell in-
equalities [50], using the fact that all nonlocal states are entangled.

1.1.5 Nonlocality
Local hidden variables

The notion of entanglement motivated the following question: Can quantum theory be reformu-
lated, so that it admits a local description of reality? This raised the hypothesis that quantum
systems might not be intrinsically probabilistic, but described by some deterministic -yet unknown-
variables called local hidden variables. This hypothesis was ruled out by John Bell in 1964 [51], who
showed that quantum mechanics admits correlations between local measurements which cannot be
explained with a local hidden variable model. In the framework of modern quantum information,
the setting consists of two parties, Alice and Bob, who share a quantum state pw%B and perform
local measurements. Alice is allowed to choose a measurement M x with outcome effects M ajx, and
Bob is allowed to perform a measurement Ny with outcome effects Nbly. As an example, consider
the value

Yy = (Mo®No)+ (Mo®N1)+ (Mi ®No) —(Mi ®Ni). (1.1.29)

with the measurements Mo = ox , Mi = 0z, No = (0x + 0z)/V 2 and Ni = (ox —0z)/vV 2. One
can show that if the state pAB can be described by local hiden variables, then y < 2. However, for
the state @+) of Eq. (1.1.22), one has y = 2vZ2, which shows that this state cannot be described
with local hidden variables. This is known as the CHSH game and it was the first example of more
general measurement setups known as nonlocal games [52].

Nonlocality of probability distributions

A bipartite probability distribution describes independent events when it is a product of local
distributions,p(@a,b|x,y) = p@|x)ply). TheconvexhulloftheseformstheBelllocaldistributions
(L) [52,53]. Theses decompose as

p(a,bx,y) = 3 Pap(ax, Ap(by, A), (1.1.30)
A

where px =2 0, > APx = 1in the discrete case, and extend to the case of a continuous distribution
pr with aprxdA = 1 by replacing the summation by an integral. Distributions that cannot be
decomposed in this way are called Bell nonlocal. Here A accounts for hidden variables which deter-
mine the correlations of the bipartite system locally. In quantum theory, probabilities p(a, b|x, y)
are obtained through Born's rule,

p(a,bx,y) = tr(Max ® Nbly pAB) (1.1.31)



26 1. BASIC CONCEPTS

for some shared state gab and measurement effects {Max} and {Nby}. Distributions obtained
from Eq. (1.1.31) are called quantum (Q). A probability distribution is called nonsignaling (NS) if
it has normalized marginals, i.e., it satisfies

plale) =Y pla,ble,y) = > pla,bla,y), (1.1.32a)
b b

p(bly) = pla,ble,y) = > pla,bla’,y) . (1.1.32b)

The sets L, Q and NS are convex and form a chain of inclusions
L Q NS. (1.1.33)

Thus, they can be separated with linear functionals

y(p) :=  yabxyp(ab|xy) (1.1.34)
xyab

on the space of bipartite probability distributions, called Bell functionals. One denotes ys :=
maxp L y(p) the maximum value of a Bell functional y over the set of distributions inside a selected
subset S (typically L, Q or NS). For example, the CHSH functional yabxy = (- 1)a+b(- 1)xy satisfies
yL = 2,yQ = 2 2and yns = 4.

Nonlocality of quantum states

A Bell protocol is a device independent local measurement protocol where a bipartite probability
distribution is obtained from a bipartite quantum state through Eq. (1.1.31). Assuming quantum
theory, the only subsets of bipartite distributions that can be obtained in this way are local (L)
or quantum (Q). Separable quantum states can only produce local correlations, and therefore
observing nonlocal quantum correlations is an indicator of the presence of entanglement [4, 50].
A quantum state gaB which cannot produce nonlocal correlations in the bipartition A B will be
called a local state in such bipartition.

Remarkably, not all entangled states can produce correlations outside of L through Eq. (1.1.31),
namely there exist local but entangled states [54, 55]. However, a subtle difference exists between
separable and entangled states in certain measurement protocols: it was shown by Buscemi that
all entangled states gas produce correlations that cannot be obtained from separable states in a
semi-device independent protocol with trusted quantum inputs [56],

p(abxy) = tr(tTR ® gab ®wy - MAr ®NBs). (1.1.35)

Here the inputs are fixed sets of quantum states {tx} and {wy} used in ancillary systems R and
S . Distributions that cannot be obtained in this way from separable states are known as Buscemi
nonlocal. For example, consider a state that is entangled but cannot produce distributions out
of L through Eq. (1.1.31) [54]. Through Eq. (1.1.35), such a state still produces distributions
that are inside the local polytope L, but cannot be obtained by any separable state and thus
are Buscemi nonlocal. Quantum measurement protocols obtained through Eq. (1.1.35) are called
Buscemi protocols to distinguish them from Bell protocols in Eq. (1.1.31).

1.1.6 Decoherence

Quantum phenomena occur at small scales

Quantum mechanics exhibits properties that occur only in a small scale, namely when the system
in consideration is composed of a limited number of particles. Instead, observation indicates that
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these properties are typically lost when considering larger systems, whose description requires a
classical description that emerges as an average of quantum properties. Here we will explain this
effect through a single qubit example, and introduce the phenomenon responsible for this. Let us
start from Postulate 1, according to which an isolated quantum system L is described by a pure
state ). Without loss of generality, for a single qubit one can write

P) = cos 0 ]0) + sin Beip |1) (1.1.36)

where 0,0 (0, 2mt]. However, in practice physical systems interact with their environment E .
This interaction results into a joint entangled state Y)le = U(WY)(W1 ® e)(eg)Ut and thus the
(reduced) state of the system L needs to be described by a density matrix p. The loss of purity
from ) to p is known as decoherence.

A well established model of decoherence is the dephasing model [57,58], motivated as follows. In
order to learn the properties of the state ) describing our system L, one needs to measure in a fixed
basis, say the computational basis { 0), 1)}. However, the basis choice limits our knowledge: the
parameter 6 gives the probabilities ofthe outcomes 0 and 1 through p(0) = cosz2 6 and p(1) = sinz 6,
but the phase eip cannot be revealed. The dephasing model of decoherence aims to describe the
situation in which the interaction with the environment modifies the phase eip -which cannot be
estimated in a computational basis measurement- while the parameter 6 -which can be estimated
in a computational basis measurement- remains untouched. This results in a state (') = cos 8 0)+
sinBeip = ) that “seems” to be the quantum state initially prepared ) to the measurement
protocol, but is not.

Consider the dephasing noise occurring multiple times m. This describes a large number m
of subsystems Lj, for example multiple particles. One considers that each of them undergoes a
random change of the angle ¢ - @j-, obtaining a new state j-) with probability ¢-. Statistically,
the transformed state is described by a probabilistic ensemble

VW - B=£ aqo Yj = (0 s% (1.1.37)

with g = 0, 5Zj=1¢' = 1 and pi12 = cosBsin0Yj =1dyje-IPj. Indeed, here the measurement
probabilities remain untouched but the coherence pi2 carries an average over m different possible
phases. In the complex plane it is clear that > m=1qe.e-i9p < e-ip , and therefore the coherence
p12 is full or partially lost [57]. In particular, it occurs that pi2 vanishes for a large m and assuming
a flat distribution ge,. In this case the state of the system p is described by a purely classical
mixture, although it resembles the measurement probabilities of ).

The dephasing model

We will consider in further depth the quantum noise producing decoherence through dephsing. For
that we will consider a dephasing channel D, which leaves invariant the occupations of the input
state in a preferred -say, the computational- basis {i)}e=a, (i D(p) i) = (i p i), while damping
or inducing phases on the coherences. By imposing that a dephasing channel isa CPTP map, one
verifies that it acts as [69- 62]

De(p) = p0G (1.1.38)

for some Gram matrix G, i.e,, a non-negative matrix with diagonal entries equal to one. Here 0
denotes the Schur product (also called entry-wise or Hadamard product). That is, D¢ (p)ij = pij-Gij-
where D¢ (p)ij = pijGij < pij .

Dephasing noise can lead to the full or partial loss of the resource of coherence [57], which
plays a crucial role in most quantum protocols |2, 8, 36]. The reason why the definition of the
dephasing noise is basis dependent, is because quantum protocols take place by measuring the
inputs and outputs in a fixed basis which is determined by physical principles, e.g. the energy



28 1. BASIC CONCEPTS

eigenbasis in Hamiltonian dynamics or the basis where measurements are performed in a given
protocol [2, 8, 36, 63].

Similarly as for quantum states, the decoherent noise acting on a quantum channel E through
dephasing leaves invariant the diagonal entries of the Choi matrix in a preferred basis and damps
the cross-terms [62]. A Choi matrix JA a describing a channel Ea is converted into JAoa 0 Ga0al
where GAoA:1 is @ Gram matrix with some additional structure [62]. The most general form of
such dephasing transformation is realized by pre- and post-processings along with memory [64].
Assuming that there is no memory, dephasing noise acts as Ez := DQ o E o DQwhere o means
channel composition. Then, the Choi matrix J& A of a quantum channel EA is mapped to [62]

jatal= ja0ca10 (G. 0 Q) (1.1.39)

Complete decoherence: from quantum to classical

States Channels Superchannels
Me
eC-J
Quantum
M
Decoherence
ecC
Classical

Figure 1.1.3: Complete decoherence of states, channels and superchannels. Blue
convex sets in the left represent sets of quantum states consisting of 4, 2 and 1 subsystems of
size d related by partial trace (directed dashed arrow). Bidirectional solid arrows denote the
Choi-Jamiolkowski isomorphism (C-J): a cross section of the set M d. defines through Eq. (5.2.2)
the set Ed of quantum channels (blue section of the green convex set). An extension of the
Choi-Jamiolkowski isomorphism (eC-J) links the set of two-qudit channels Ed: with one-qudit
superchannels ©d through Eq. (5.2.4c). Under decoherence (red thick arrows) these objects be-
come classical polytopes depicted in red and contained inside larger orange polytopes: a quantum
state p M d is mapped to a vector p = diag(p) Ad, a quantum channel E  Ed is mapped
into a stochastic matrix S sd, while a quantum superchannel from yd is transformed into an
element of the set Td of classical supermaps. The sets M d. of bipartite quantum states and Sd:
of bipartite stochastic matrices are both obtained from the set M d. of four-partite states and
inherit some of its properties.

Consider now complete decoherence occurring by a completely dephasing channel D1, acting
as in Eq. (1.1.38) where G = 1. Then, a quantum state p M d loses all off-diagonal terms and
becomes a probability vector p = diag(p) Ad. Similarly, when complete decoherence occurs in
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both the input and output systems of a quantum channel Ea, the resulting operation is given by
the diagonal of the Choi matrix [62]. That is, one has

daodai-1
Jveeeev: = [diag(Je)] = i<ileiy , (1.1.40)
i=0

where | embeds a vector into the diagonal of a matrix. The CPTP condition on Ea implies that
the vector diag(j £) can be reshaped into a da: x dao stochastic matrix Se, which is a linear map
between the da:- and dao-dimensional probability simplices. The stochastic map Se, known as
classical action [62, 63, 65-67], will be called here the decoherent action of E [62] to emphasize
that it corresponds to a possibly nonlocal channel arising from the effects of decoherence. The
decoherent action can be obtained from Kraus operators Ki of E through Se¢ = 3 i Ki Q K *, where
* denotes the complex conjugation [17].

The effect of complete decoherence on quantum sets discussed above is summarized in Fig. 1.1.3.
These sets are obtained from the set M d« of four-partite states in different ways. Bipartite and
monopartite states are obtained by partial trace. The probability simplices of corresponding sizes
are obtained from these sets under decoherence. Bipartite and monopartite quantum channels are
obtained from four-partite and bipartite states through the cross-section of Eq. (5.2.2). Then a
classical map (stochastic matrix) is obtained due to decoherence as in Eq. (1.1.40) from the diagonal
entries of the Choi matrix j describing the bipartite channel. The transition from channels to
superchannels can be seen as an extended Choi-Jamiolkowski isomorphism, as superchannels are
isomorphic to one-way quantum nonsignaling channels through Eq. (5.2.4c). These decohere to
one-way nonsignalling distributions through Eq. (5.2.5).

Thus one identifies classical subsets embedded in quantum subsets at different levels: general
distributions, conditional distributions and nonsignaling distributions are embedded in quantum
states, channels and superchannels. In this way, recent studies on the geometry of the sets of
local and nonlocal correlations [68,69] are directly linked to the research on geometry of quantum
states [12, 70, 71] and geometry of quantum entanglement [/2, 73]. Furthermore, analysis of the
relative volume of the set of bipartite local correlations [74- 76] can be compared with the problem
of estimating the relative volume of the set of bipartite separable states [/7-81].

1.2 Further concepts

1.2.1 Semidefinite programming
Overview and applications

Convex optimization problems consist of maximizing (or minimizing) a convex function over a
convex set. A particular case consists of semidefinite programs (SDP), where a linear objective
function is maximized over a convex set (called feasible set) satisfying prescribed linear constraints.
SDPs are efficient to compute and their outcome provides with a certificate: the output is either an
example maximizing the objective function (if the problem is feasible), or a certificate of infeasabil-
ity (if the problem is infeasible). SDPs are useful in many areas like control systems [32], and in
particular for problems in quantum information theory. Here one often aims to find convex relax-
ations to to NP-Hard problems and asymptotically convergent solutions called complete hierarchies.
Examples of the use of SDP are the separability problem [83,84], bounding the set of quantum
correlations [B5], quantum steering [B6], and assessing compatibility of POVM measurements [6].
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Primal and dual formulations

The primal formulation of a semidefinite program reads [87, 88]

minimize tr(CX)
X Cdxd

such that tr(AiX ) = bi i
X = 0. (1.21)

Here the variable X is required to be in the cone of positive semidefinite matrices, C = Ct is
Hermitian, b = (b1, ...,bm)T Rm is a vector with m real components and Ai  Rdxd are symmetric
matrices. The dual problem associated to the primal formulation of an SDP reads

maximize bry
Y Rm

such that C - yiAi = 0, (1.2.2)
i=1

where y = (y1,...,ym)T is the variable of the dual problem whose size m coincides with the size
of b. An SDP is feasible if it has solution, namely a feasible point. So-called feasibility problems
consist of asking whether the constraints in (1.2.1) can be satisfied (namely whether there exists
a feasible point). These are obtained by setting C = 0 in the primal formulation, Eq. (1.2.1); or
bi = 0 in the dual formulation, Eq. (1.2.2).

Weak duality and certificates

One verifies that if both the primal and the dual formulations are feasible, then e := tr(CX)+ bty =
tr(X(C m1 YiAi)) = 0 The fact that e is nonnegative is known as weak duality, and it allows to
assert feasibility as follows: a solution for the dual problem provides a lower bound to the primal
solution, and a solution for the primal problem conversely upper bounds the solution for the dual
problem- Therefore, a contradiction between these bounds implies that the problem has no solution:
For example, consider Eq- (1-2:2) as a feasibility problem, namely setting b = O- If there exists C
such that tr(CX) < 0in Eqg- (1:2-1), then e < 0 which is a contradiction, and therefore the dual
problem Eqg- (1-2:2) must be infeasible- In this case, C acts as a so-called certificate ofinfeasibility-
This technique is used in entanglement detection problems, as follows [89]: One sets {Ai} to be
an orthonormal basis of Hermitian matrices, such that the solution components yi are for example
the Bloch coefficients: An entanglement detection problem can thus be formulated as a feasibility
problem (bi = 0) in the variable y of Bloch coefficients, by imposing certain necessary constraints
for separability- An example is the complete hierarchy established by Doherty-Parrilo-Spedalieri
(DPS) [83]- Then, if there exists C Hermitian such that tr(CX) < 0, such matrix C acts as an
entanglement witness [4], which provides a certificate of infeasibility [83,84,89]

1.2.2 The symmetric group
Some basics of group theory

Here we will sketch a few basic concepts about group theory which play a relevant role in this
thesis. A group G = {g, *} is a set of elements g equipped with a product *, satisfying that

1. g*h G forallg,h G
2 g*h)y*f =g*(th*f)forallg,h,f G

3. G contains the identity, e, namelye*g=g*e=gforallg G
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1 1

4. for all g € G there exists an inverse g~ such that gx g~ =e.

An example is the general linear group G'L(d) of d x d invertible matrices.

The conjugation of an element a € G with g € G is defined as gag—'. This defines for each
a € G the conjugacy class of a, namely the set of elements that can be obtained by conjugating «
with some element g, Cl(a) := {b € G|b = gag™', g € G}. The center of a group G is the set of
elements ¢ € G which commute with all the group elements, namely

cxg=gx*xc Vged. (1.2.3)

Some basics of representation theory

In Physics, it is often the case that identifying group properties in a physical system allows for a
better understanding. In particular, most physical theories are built upon vector spaces where to
identify and use such properties. Therefore, one often considers a representation of a group G on
a vector space V', which is a linear map T" from each element g € GG to a matrix T'(g) acting on a
vector space V', which preserves the product,

T(gxh)=T(g)-T(h) Vg hed, (1.2.4)

where - is the standard matrix product and is often omitted for simplicity. Thus the matrices
T(g) are isomorphic to the group elements themselves: they form a closed set under matrix mul-
tiplication, satisfy associativity, include the identity matrix 1, and are invertible. For example,
the diagonal action of the general linear group G'L(d) on n copies of the Hilbert space (C%)®™ is
described by simultaneous matrix multiplication in its diagonal action,

T(@)(|v1) @ ... @ |vn)) =gln1) @ ... @glvm) , g€ GL(d). (1.2.5)

Consider a group G acting on a vector space V. The invariant subspace of each of these
representations 7" is the subspace W C V which is invariant under the action of 1, namely all its
vectors w € W satisfy that T'(g)w € W for all g € G. The character x of a representation 7" (of a
group (&) associates to each element g € (7, the trace of its representation,

xr(g) = tr(T(g)) - (1.2.6)

A representation T is irreducible if the vector space V where it acts has only two invariant subspaces:
the 0-dimensional vector space, and itself.

Permuting tensor factors

Let us focus on the permutation group or symmetric group S, composed of n! elements ¢ € S,
which are permutations of n elements 1,2,...,n. The permutations can be decomposed as ¢ =
(a1)(a2)...(cw). Each cycle () is the single generator of a cyclic permutation subgroup, and the
number and length of the cycles determine the conjugacy class of . For example, the 3-element
permutation acting as o[1,2,3] = [2, 1, 3] will be written as ¢ = (12)(3), and it belongs to the same
conjugacy class as (1)(23). Here we will adopt the convention that all permutations start by 1, and
short-hand denote the identity permutation as (1)(2)...(n) := (id).

Each irreducible representation of the symmetric group, which we denote as Ry(o) for each
permutation o, is characterized by a partition A = n of n, namely a vector A = (A1, ..., Ajy)
with |A| components summing to n, Ay + ... + A\ = n where ); are positive integers ordered
nonincreasingly, A; > A;y1. FEach partition is associated to a Young tableau with |A| rows of length
A; each, where |A| is often called the height of the tableau. For clarity, we will sometimes complete
the vector A = (A1, ..., Az, 0, ..., 0) to have n components. For example, the integer n = 2 admits
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Partition  Tableau Character Subspace Va Dimension

A= (3,00 I:I:I:‘ x3(o) =1 Symmetric V3 tr(P3) = 4
x21((id)) = 2

A= (21,0 ‘ x21((a))=-1 Standard V21 tr(P21) = 4

L x21((a)(B)) = 0

A=(1,1,1) I X 1z (0) = sign(o) Antisymmetric Vi tr(P1z) = 1

Table 1.1: Schur-Weyl decomposition of the three-qutrit Hilbert space (C3)o3. Each
partition A = (A1, A2,A3) h 3 corresponds to a Young tableau whose i'th row has length equal
to the Ai'th component of A. The character xx (o) depends on the conjugacy class of each
permutation o, namely its cycle type. For example, x2,1((12)(3)) = 0 holds for A = (2,1)
because (12)(3) decomposes as (a) = (12) and (B) = (3). For each partition A, the characters
define through Eq. (1.2.12) the Young projector Px onto the corresponding isotypic subspace
composed of copies of the irreducible subspace VA (C3)o3. The dimension of each irreducible
subspace is given by dim(va) = tr(Pa).

two partitions, A1 = (2,0) and A2 = (1,1) since 2= 2+ 0= 1+ 1; and the integer n = 3 admits
three bipartitions: (3,0,0), (2,1,0) and (1,1,1).

In this thesis, an important representation of the symmetric group Sn is the representation
acting on the n-qudit Hilbert space of homogeneous local dimension d, (Cd)ora. This will be
denoted as nd(o) with ¢ Sn, and its action on n qudits is given by

nd(@) ux>0 ... 0 un>= Uo-ix)>0 ... 0 Us-i@a> (Cd)ora (1.27)

for all tensor product vectors. An example for two qudits Cd 0 Cd is the swap operator, V u>0 v>=
v>0 u>

Schur-Weyl duality

The Schur-Weyl duality states that the n-qudit Hilbert space can be block diagonalized under the
joint action of the symmetric group Sn and the general linear group GL(d) as follows [90,91]. There
exists an isomorphism between the n-qudit Hilbert space (Cd)ora and a direct sum of subspaces
with a tensor product structure,

(Cd)on ~ @ w »0Sx, (1.2.8)

A Hra
A <d

where Ux and Sa are the invariant subspaces of an irreducible representation labelled by A of the
unitary group U(d) and the symmetric group Sn, respectively.

The Schur-Weyl duality implies that any operator A acting on (Cd)on that is invariant under the
conjugate diagonal action of the symmetric group or the general linear group, namely permutations
nd (o) with o  Sn or unitaries Uon with U U (d), can be block-diagonalized in some basis as [91]

A= Qr(u) O Ra(a), (1.29)

AHra

A <d
where Q1 (u) and R (a) are irreducible representations of unitary group algebra, u CU(d), and
the symmetric group algebra, a CSn. Moreover, since the group actions of U(d) and Sn in
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the Hilbert space are the unique commutant of each other, the irreducible representation Qx (u)
in (1.2.9) can only be the identity. Thus we have

A = 1s ®R>\(G), (1.2.10)
AHra
A =d
wherea= ¢ s asg CSn and the dimension sa of the identity corresponds to the multiplicity

of Ha and is given by the Schur polynomial evaluated on A ones,

Sy = S (1,..,1)

_15

i[]js A)\- ~ j _+jil ~i. (1.2.11)

For each partition A Hn one defines a centrally primitive idempotent px = 5 o XA (0)o/n!, which
commutes with all permutations pro = agpa and thus is invariant under the average ¢ s Opx0-1 =

pxr. Its representation on (Cd)ora is known as a Young projector,

pr = A Y Xa(o)nd(o), (1.2.12)
n! o
which projects onto a subspace of (Cd)ora. Each Young projector Px projects onto the corresponding
invariant subspace Vo  (Cd)ora. By construction, the Young projectors are orthogonal and satisfy
the identity resolution

Pr = Ldn . (1.2.13)
AHra

Some examples

The two-qubit Hilbert space decomposes as C2 ® C2 = V(2,00 ® V(1,1)in two subspaces: the three-
dimensional symmetric subspace V(2,0), defined by the Young projector

Poy = (n2(id)+ nv12)) = 0000 + 1111 + @ >P+ | (1.2.14)

where 00> 11>and @+ >= (01>+ 10>/ 2 are eigenvalues of the swap V = n2(12) with eigenvalue
1 and thus are permutationally symmetric; and the one-dimensional antisymmetric subspace V(1,1),
defined by the Young projector

Py = 2 n2(id) - n2(12) = ¢- >=p- , (1.2.15)

where the singlet vector - >= (01>- 10>/ 2 is permutationally antisymmetric as V - > =
- - >,

A less trivial example is the decomposition of the three-qutrit Hilbert space (Cs)o 3, shown in
Table 1.1. The Young projectors of the symmetric, standard and antisymmetric subspaces will be
used in Chapter 2 and are given by

Ps = 1m¥([(id) + (12) + (13) + (23) + (123) + (132)]) , (12.16)

P21= 6n3([2(id) - (123) - (132)]) , (1.2.17)

P = 6n3{[(id) - (12) - (13) - (23) + (123) + (132)]) . (12.18)
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1.2.3 The set of quantum measurements
From probability distributions to quantum measurements

A discrete classical probabilistic measurement with n possible outcomes is described by a column
probability vector p = (p1,..., pn)T with probabilities pj = 0 normalized to jp=1pj = 1. In the
guantum setup, a measurement is a set of positive operators Pj summing to the identity. As a
natural generalization of the classical case, quantum measurements on a system of dimension d can

be described as a blockwise probability vector [14, 92], namely a column vector
Py
P=|: , (1.2.19)
F,

with n components pj being Hermitian, positive semidefinite matrices of order d, pj = 0, satisfying

the identity resolution
n

pi = 1ld. (1.2.20)
j=1

Thus a blockwise probability vector P = (Pi, ..., Pn) corresponds to a generalized quantum mea-
surement, whose effects pj play the role of vector components over an operator algebra. The
classical notion of probability vectors with n real nonnegative components is recovered for d = 1.
This can be obtained by taking the expectation value of each effect with respect to a quantum
state p acting on Cd, which gives the probability pj = p(j) = tr(Pj-p) of obtaining the outcome j.
A similar notion of blockwise vector was introduced in [93].

The quantum analog of the probability simplex

The probability simplex A n of n-point probability vectors
n
An = ViPji piz0 jpi=i R - (1.2.21)
j=i i
is given by the convex hull of the vectors vj,

vi =(1,0,..,0)t ,v2=(0,1,0,...,0)T, ....,vn =(0,0, ..., 1)T (1.2.22)

which form its extremal points. The extremal points of the set of quantum measurements with n ef-

fects in dimension d induce a more involved geometry [94- ]. Here we present two generalizations
of the standard convex geometry of the probability simplex.
Following[92,102],weconsideradecompositionofablockwiseprobabilityvectorP intheform
of
n
P=53 VioPj, (1.2.23)

j=i
where Pj = Oand j=i Pj = 1d. In this sense, the set of blockwise probability vectors can be seen
as a generalization of the probability simplex An, as it can be obtained from the vectors Vj as

n
Vi 0 Pj pizo, Pi=1 Rn-i0 (Cdx Cd). (1.2.24)
j=1i j2 i

The set A n,d of blockwise probability vectors with n blocks of size d each contains the central point

Pu= (la/n,..., 1a/n )t (1.2.25)
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and d particular extremal points
Vj = vi ®1d, (1.2.26)

known as fuzzy POVMs [103], which generate the set of quantum measurements with n outcomes
in a d-dimensional system, A n,d, through the non-standard convex combination of Eq. (1.2.23).

Concatenation of measurements

Another important generalization of convexity of the standard probability simplex An can be
illustrated as follows: if two probability vectors p and g are contained in An, then their convex
combinationc = ap a+ 1- ag 1- a also belongs to An for any a [0, 1]. Here a positive
number a is written as a product of its square roots to pave the road for the following generalization.
The set A,, d of blockwise probability vectors is matrix convex [ 04- ]: given two such vectors P
and Q their matrix-convex combination C , with components

Cj = VAUPjUtVA + v1- ~AVQjVtv1l- A, (1.2.27)

belongs to An.d for any any unitary U,V U (d) and any Hermitian matrix A such that 0< A < 1.
To show this it is enough to realize that all components are positive, Cj = 0, and normalized,

p=1 Cj = | . The concatenation of two measurements [14, 1 will be formally described by their
matrix convex combination in Section 4.2.

A low-dimensional example

Understanding the convex geometric structure of the set of quantum measurements of arbitrary
dimension d and number of effects n is an ongoing challenge P6, 99, ] this task is much simpler
in the case of n = 2, for the set of two-effect measurements A2,d. Its vectors consist of two effects,
P = (P,1—P)t, and thus it is fully described by the set of positive semidefinite matrices of order
d having eigenvalues between 0 and 1,

A2da P: 0<P < 1d}, (1.2.28)

where ~ denotes isomorphism between the two sets. This means that A 2.4 is defined by a fraction
of the positive cone, which is obtained by the convex hull of pairs of orthogonal projectors.

Let us focus on the simplest nontrivial set of blockwise probability vectors A 2,2, which describes
a single-qubit measurement with two effects P and 1 —P , and denote as A+ and A- the maximal
and minimal eigenvalues of P respectively. Since P can be viewed as a quantum state up to a
normalization factor t := tr(P) = A+ + A- , the difference of eigenvalues A+ —A- can be viewed as
the length of a generalized Bloch vector T with components Ti = tr(Paoi) over the Pauli basis {oi},

T:= T = A+ —A- = 2N+ —t. (1.2.29)

Here the length T is bounded between 0 and 1, since one has 0< A+ < 1 and the variable t = tr(P)
is bounded between 0< t < 2

The set A 22 has the structure of two anti-parallel 4-dimensional cones glued at t = tr(P) =1
along the Bloch ball Q2  Rs (see Figure 1.2.1), which is formed by the convex hull of the Bloch
sphere Q2  R2 containing all single-qubit pure states. The extremal points of the set A22 are
the 0 and 1 operators, located in the apexes of the hypercone with t = 0 and t = 2 respectively,
together with the sphere 0Q2. Therefore, A 2,2 can be written as a convex hull of these sets,

A22 = conv({O}U 8Q2U{I}) = conv({0,U Y)(W Ut,1}u) , (1.2.30)

where Y)(P is a fixed rank-one projector and the set is obtained by all possible rotations by unitary
matrices U U (2). Therefore, the extremal points of A 2,2 are composed of all projectors of rank
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Figure 1.2.1: Visualization of the set of single-qubit measurements with two effects,
A22. (a) The dark set A22 corresponds to the intersection of two antiparallel 4-dimensional
hypercones with axial coordinate t = tr(P) and 3-dimensional spherical sections parameterized
by 1 (blue and red). The blue section defined by t = 1 defines the Bloch ball Q2. Blockwise
vectors P with tr(P ) = 1 are described by the two distinct red sections located at 1 < t < 2 and
its complementary. (b) The dark set corresponds to the two-dimensional projection of A 22 onto
the plane with coordinates t and 1oz = tr(Poz), so that its blue and red sections are lines of
length 2|t- 1] parameterized by 1oz . The four extremal points (black dots) of this projection of
A22are P = 0and P = 1, in the apexes, and |0) (0] and |1) (1], in the edges of the intersection
of the two hypercones.

0,1 and 2.

As a result of Eq. (1.2.30), the hypervolume of the set A 22 represented in Figure 1.2.1 is the
hypervolume of two 4-dimensional hypercones of height h := max t/2 = 1 and spherical base of
radius a := max T = 1, namely

V(A22)=2x 4h 8mas = 2. (1.2.31)

This implies that the ratio between hypervolumes of A22 and the set of positive semidefinite
operators P satisfying 0 < tr(P) < 2is 1/8. In other words, sampling P from a flat Hilbert-Schmidt
measure in the space of positive semidefinite operators bounded by tr(P)< 2, P = (P,1- P) will
be a valid measurement in A 2,2 with probability 1/8.

1.2.4 Nonlocality of bipartite channels: special subsets

In the framework of quantum channel nonlocality, we distinguish the following three classes of
channels.

» Local operations assisted by shared randomness (LOSR): Operations EAs which can be repre-
sented as the convex combination of local operations - tensor product of quantum channels,

Sab = Y Paga ® Sk, (1.2.32)
A

where pr = 0, aprx = 1and Ea(s) are quantum channels. These are the free operations in
the resource theory of both Bell and Buscemi nonlocality [7, - ] and are analogous to

separable bipartite quantum states. Channels outside the set of LOSR are termed nonlocal
and can be compared to entangled states.
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» Localizable, or local operations and shared entanglement (LOSE): Operations Eas where Alice
and Bob can do local operations assisted by a shared quantum state ter [112, ]. Namely,

E(0AoBy) =trE (5AE @ Epr(0AoBy @ TE0F0)>- (1.2.33)

« Causal, or quantum nonsignaling (qNS): Operations Eas where Bob's (Alice's) output cannot
be influenced by Alice's (Bob's) local operations [112,114]. The marginals of their four-partite
Choi matrices J& B A B satisfy

J4 = ida, @J% 5 /d 1.2.34
AoBoB1 1d Aq ® BoB:1/ %Ag> ( L. a)
e b :

JaoBoAr = JAoa, @1dB, /dBy (1.2.34Db)

where partial trace is denoted by omitting the traced subsystems, for example JE B B =
tra:(J&E B A B ). Analogous to nonsignaling correlations in Eq. (1.1.32), nonsignaling chan-
nels have also well-defined marginal channels proportionaltoJ& A and J& B .

We have the chain of inclusions (see Fig. 5.3.2)

LOSR LOSE gNS. (1.2.35)



Entanglement detection with trace
polynomials

In this chapter we provide a systematic method for nonlinear entanglement detection based on
trace polynomial inequalities. In particular, this allows to employ multi-partite witnesses for the
detection of bipartite states, and vice versa. We identify witnesses for which linear detection of
an entangled state fails, but for which nonlinear detection succeeds. With the trace polynomial
formulation a great variety of witnesses arise from immanant inequalities, which can be implemented
in the laboratory through randomized measurements.

2.1 Introduction

The experimental detection of entanglement is an ongoing challenge [115- ], for which a key
tool are entanglement witnesses [4] These detect some entangled states by virtue of having a
negative expectation value, separating them from the set of fully separable states, i.e. from convex
combinations of product states. However, the construction of witnesses is not a straightforward
task [£] and frequently relies on making use ofspecific structure in the state to be detected [118- 1

Nonlinear entanglement detection has recently become a focus of attention due to the develop-
ment of the randomized measurement toolbox [126], making local unitary invariants experimentally
accessible through single copy measurements. From a conceptual perspective, this replaces (com-
plete or partial) state tomography by a set of local unitary invariants from which one aims to detect
entanglement in the state.

Yet, the currently available techniques are limited and a systematic development of nonlinear
witnesses is desireable. The aim of this paper is to provide such a systematic method that is not
only suitable for the randomized measurement framework, but also makes a broader use of known
constructions. The basic task we study is the following: given an entanglement witness W, can it
be employed also in a nonlinear fashion as to detect entanglement in multiple copies pok ?

Here we answer this question in the affirmative. In particular we show that: i) having access
to multiple copies of the state it is possible to detect entanglement locally, where the size of states
and witnesses can be different [Observation 1 and Figs. 2.2.1 and 2.2.2]; ii) that there exist pairs
of states and witnesses for which linear entanglement detection fails, but for which non-linear
detection succeeds [Observation 2]; and iii) that there is a large class of nonlinear witnesses arising
from trace polynomial inequalities [Fig. 2.3.1], which can analytically be treated in the group ring
CSn and that are experimentally accessible through randomized measurements [126].

38
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Figure 2.1.1: Linear versus nonlinear entanglement detection. A linear witness W
defines a hyperplane in the state space, separating some entangled states (green area) from the
rest; a non-linear witness w cuts the state space analogously in a nonlinear hypersurface, thus
detecting a different set of entangled states (blue area).

2.2 Nonlinear entanglement withesses

2.2.1 Detection with multiple copies

A quantum state is called separable if it can be written as convex combination of product states,
a=3 pipw0a@o--0Qqn: (2:2:1)
I

and entangled otherwise: Entanglement detection with a witness works in the following way: to
detect an entangled state gent, @ witness is an observable W such that tr(Wqgent) < 0 holds, while
tr(W ogsep) = O for all separable states gsep SEP- In this way, W acts as a hyperplane, separating
a subset of entangled states from the rest: We call this linear detection, in contrast to nonlinear
detection introduced below- This is illustrated in Fig- 2:1-1:

Beyond linear methods, nonlinear corrections to linear witnesses W can detect strictly more
states [127- 1 and witnesses W acting on larger Hilbert spaces have been considered [131- 1
to detect entanglement in multiple copies in the form of Qek. To use a witness in the multicopy
scenario, one similarly asks that tr(W Q@ t) < 0 holds, while tr (WQepp = 0 for all separable states
Qe SEP [135]- Setting k =1 then recovers the standard use ofwitnesses:-

How can one find such nonlinear witness W? One approach is to take a tensor product of
witnesses

W=W ®: - ®Whn - (2.2.2)

Naturally, the expectation values need to be computed in a manner such that the dimensions of W
and Q@ k match (see Fig. 2.2.3 for a detailed explanation). For example, for a tripartite state qaBC,
take the tensor product of three bipartite witnesses,

W = Uaa ®Vbb,®Wcc, - (2.2.3)

Then, the expression
(w )goz = tr (w (QABC ® Qx'B'C)) (2.2.9)

is nonnegative if Qis separable.

At first sight, it may not be clear why Eq. (2.2.4) can detect entanglement, since the witnesses
act along the cuts A A*, B B' and C C' and QeBc is separable in the cut ABC A,B'C'. This
apparent contradiction is resolved by realizing that the tensor product of witnesses for A A*, B B",
C C is not necessarily a witness for ABC AiBi1Ci. The following shows that this method can
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Figure 2.2.1: Sketch of the entanglement concentration scheme. Expressions of the type
Wo P can be obtained by first measuring two copies of Bob's subsystems (red bubble), and
then two copies of Alice's subsystems (blue bubble). When p = )(y is a pure state such that
P) =10 S #+) with S invertible, Bob can teleport his part of p to Alice by using P = @)(¢

with @ = 10 St #+). Then standard linear witness evaluation tr (W g)(y¢ ) on Alice's
subsystem is obtained as a particular case of the nonlinear method proposed in this work.

indeed work:
Observation 1. Take the 2-qubit witnesses [50]

W=1-XX-207Z and

(2.2.5)

V= ot et
where @+) = (00)+ 111>/ 2, and the Greenberger-Horne-Zeilinger state ¢ = GHZ)(GHZ , where
GHZ) = (000)+ 1)/ 2. Then

tr ((Waa,o Wbb, 0 Vec,)(ABCo2)) = - 1/2. (2.2.6)

Thus the Ansatz of Eq. (2.2.3) for a non-linear witness can detect entanglement. Moreover,
this method can be used when linear detection fails. In the above example this is clear because
the two-qubit reduction of the GHZ state is separable, and thus cannot be detected with any two-
qubit witness. An example for k = n, in which nonlinear detection can be compared to linear
one more naturally, is the Bell state ¢+) = (01) + 10))/ 2. One has (W)y- = (V)y+ = 1 but
(W 0 V)groz = - 1/2, and therefore Y+ ) becomes detectable with the witnesses W and V.

2.2.2 Entanglement concentration

Ifin Eq. (2.2.2) we replace some witnesses Wi by positive semidefinite operators Pi, the expectation
value with respect to k copies of an n-qudit separable state remains nonnegative. The following
observation shows that this way, a witnhess with nonnegative expectation value with respect to a
certain entangled state can detect its entanglement.

Observation 2. There exist pairs of states p and witnesses W for which tr(Wp) = 0, but for which
there is P = 0 such that
tr (W 0 P)pok) < 0. (2.2.7)

In short: linear entanglement detection with W fails, but nonlinear detection with W O P succeeds.

One can understand the entanglement concentration scheme as a variant of the entanglement
swapping protocol. To see this, suppose Alice and Bob share two copies of a full Schmidt rank
bipartite pure state ). Since W) is pure, it can be written as

W)=10S @+)=STO 11p+) (2.2.8)

where S is a d x d complex matrix with tr(S~S) = 1 By assumption S is square and full rank, and
therefore it has inverse S- 1.
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In this case, Bob can project onto @)(¢ with @)= 10 St 1 #+), thus obtaining a state  with

certain probability p. It will be useful to consider the outcome state up to normalization, { = p¢,
which reads
(= r/m'((laa 0 @X<@se )(W)(Wab 0 YH{Wa'b")). (2.2.9)

To compute it will be convenient to use the row-column notation sketched in Fig. 2.2.1, in which
local parties are displayed in rows and copies are displayed in columns. The first factor inside the
trace contains the measurement operators each party performs, and the second factor contains the
copies of the state. This notation is further explained in Fig. 2.2.3. Then it becomes clear that
reads

[ 1 1 ST kY (1S* 1) (sl
RS trBB'((Wﬂ sf‘1|i><j|5—1>< i ss)) @20

%,7,k,l,r,s=0
d—1
1 STIk) (1™ Ir) (s
= — . . . , 2211
&3 ,”Z Gk ) Gl (sl) (2211)
1 d—1 1
= D> ST IS @) (sl = il (2212)
r,s=0

which means that the final state on Alice's side is @) with probability p = 1/d2 (given that Bob's

outcome is @)). This procedure is similar to the entanglement swapping protocol [8,36], except
for the fact that we consider any pure quantum state with full Schmidt rank instead of restricting
ourselves to maximally entangled states. When Alice obtains (), she can detect its entanglement
linearly with a witness W fulfilling (y Wy @) < 0.

This can be summarized as follows: if ) is full Schmidt rank and it can be detected linearly by
a witness Wy, then it can also be detected using entanglement concentration with W = @)(@10Wy.

2.2.3 An example: detecting noisy GHZ states
Consider the n-qudit GHZ state affected by white noise,

p=pGHZ)(GHZ + 1 -p1, (2.2.13)

whose experimental generation and detection plays a central role in quantum computing and com-
munication setups [136- 138]. We use the n-qudit witness

W=1- nlPu, (2.2.14)

WHESRD it ParBEPIGFARSpURE Hiu ehlys ARTEYINRRIG)S RIOpPAce 19T+ aHdits) [The siafe BiRAg

tr( GHZ)(GHZ P1.) = 0, we have
tr(Wp) 2 0 (2.2.15)

for all values of p and thus single-copy detection fails.
However, given W = (1 —k!Pi) O P~n~ 1, one verifies that

tr(Wpok) < 0 (2.2.16)

for values of p shown in Fig. 2.2.2. Eq. (2.2.16) is evaluated using the following result.

Lemma 1. Let W = (1 —k!Pik) 0 Ppra- 1. The expectation value of W with respect to k copies of
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Figure 2.2.2: Nonlinear detection of noisy 4- (top) and 10-partite (bottom) GHZ
states with LU-invariants. Shown are the detection curves with k = 2, 3,..., 10 copies of noisy
n-partite GHZ states shared among an even number of parties n with local dimension d (top
n = 4; bottom n = 10). We assume d > k as otherwise the anti-symmetrizer vanishes. All states
with positive partial transpositions (PPT) are in the orange region, and hence states outside are
entangled; the green-blue regions are states that are detected by Eq. (2.2.16) withW = 1- kP,
which does not detect the GHZ state linearly, and w = W 0 /'i.» 1. Entangled states that are
not detected by w are in the white region, suggesting that detection gains robustness with
the number of copies. The dashed line denotes the detection threshold by the P3-PPT criterion
proposed in [£3]. The evaluation of (w3}, the P3-PPT criterion, and the positive partial transpose
criterion is detailed in Section 2.2.3.
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Figure 2.2.3: Graphical representation of the row-column notation for tensor prod-
ucts. The full space is composed of n local parties A, ..., Z, each of which is copied k times. We
denote the i'th copy of each party as Ai, ..., Zi. In our expressions we compute the expectation
values of n operators (witnesses or projectors) acting across k copies of each local subsystem, e.g.
A10 Az2.. .AK, with respect to k operators (k copies of a quantum state) acting on a single copy
of all n parties, eg. A10 B1---Z1. By assigning rows to local parties and columns to copies,
this is represented by placing the operators in rows and columns correspondingly (left hand side).
This representation can be understood as a tensor network notation of the expectation value to

be evaluated by index contraction (right hand side).

noisy n-partite GHZ state with local dimension d reads

k r
AR k\ (1—p\" /p\k—r yn—2
o (Wo) = i ()(d (5)  @r1-n0"a,
r=0

with Ar =dr- ¢n(k- NDId+1- K,

(2.2.17)

(2.2.18)

Wigerdsiag (bactogial —and weadefinech)=is(the falllngfactorial and (a)p = a(a+ 1)... (@+ b—1) is

Proof. First note that we can split
tr (Wg®k) — Ty — KTy

with
To=tr (1o P o), Ty = tr (PS%) .

(2.2.19)

(2.2.20)

Let us first compute T1. To this end, it will be convenient to use the notation of Fig. 2.2.1 for
tensor products mixing copies and subsystems. We arrange operators at different positions such
that elements on the same row act on different copies of a local party, e.g. A1 and A2; and operators
in same column act on different subsystems of the same copy, e.g. A1 and B1. This is illustrated

in 2.2.3. For example,

() () - () ()

= tr((Xa,4, ®YB,B,) - (Ma, ® Mg, ® N, ® Np,)) .

(2.2.21)
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W ith this notation we write T1 as

19k 1y 1£) (sf\ "
Py (1—p)la 218 (s

d—
D
. t,s=0
P Ly |t) (s]

'

() 2)

Tlitl"

(2.2.22)

Note when expanding above expression, each term from (2) contains r copies of identity with a
factor of ((1—p)/dn)r,and k —r copies of the(unormalized) GHZ statewitha factorof(p/d)«- r.
Since both I fk®Ppn- 1in (1) are symmetric under permutation of the copies (i.e. permutations
of the columns in Fig. 2.2.3), we obtain the standard binomial expression,

155157 & |1) (o

k _ r —r Pk’]l®T®t
O e [ R

tﬁ;ﬂezkf'r .
T\ P17 o ft) (8]

. —dr (’;) <1d—np>7" (g)k” (2.2.24)

and note that the first row in Eq. (2.2.23) reads

Define

dr ift' =38
tr (19%. (197 o |t — . 2225
r( 4 (g ®|3<(§1>) {O i 5 ( )
Then one has
k
n—1
n=30 3 u(Pe-a§ o)
r=0 fezk-r
k n—1
=Y ¢, tr(trlmr(Plk)~|f><ﬂ) : (2.2.26)

The partial trace of Pi« with respect to any arbitrary choice of r subsystems is known to be [141,
Proposition 4]

r—1
try. - <P1k> = H(d+ 1—k+7) (k ;!70)!

=0

P, (2.2.27)

where Pi«- r is the antisymmetric projector acting on k —r subsystems. Therefore we have
AR (k—r!\"! 1
. — - . n—
T => CJd+1-k+j)r! (T) > tr (P [E)) (2.2.28)
r=0  j=0 tezhr

We will calculate separately the factor YW zw r tr (P k- r t}(t) n 1. Due to the properties of the

antisymmetric subspace, one has Pi-r t) = 0 unless all components of t = (t1,t2, mmmtk- r) are
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different. Therefore, Py |t} is nonzero for

dd—1)(d—2) - (d—(k—r+1) =[[(d+1-3)

choices of t. In case it is non zero, we have

P l) = ey 0 (0% (il i) =

(k—nr)! el

where (t] o |t} vanishes if ¢ # id. Therefore, we have

Htﬂd+1—ﬁ.

Z tr <P1kfr|f><ﬂ>n_1 = J(k — )il

tezh "

With this we are left with

M1 —g)

k r N _ p\In— ;
ne 3 () () (8 v oy CE

=0
By shifting the indices, we have

r—1 k—r k

[Ta+1—k+][@+1-45 =][@d+1-3)

i=0 j=1 j=1
and therefore T; reads

)

=0

D) o~ (kN (1 =p\" /p\Er =2
() (3 -
r=0

)T (g)k_r H(d+ 1— k52

45

(2.2.29)

(2.2.30)

(2.2.31)

(2.2.32)

(2.2.33)

(2.2.34)

Now we want to compute 75. Following a similar procedure as the one described above, we have

®k
Plk (1_ ]1 d1|t><|
Ty =tr| : : pz :
Plk ]ld ts O|t> <S|

Py 19 & [f) (3
r=0 " gsezbr \Pp 157 @ |1 (8]

"o
=) tr (P 137 @ |1) (s1) -

By noting that

tr (P - 157 @ [6) (81) = tr(tre..(Pre) [£) (31)

(2.2.35)

(2.2.36)
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we have
(k—nr)I"

k —
Cy .
= = H A1 —k+ )" tr (P |15 (31)" . (2.2.37)
r=0 =0 tsezk "
For each pair of vectors t and s, the factor tr (PXk-r t) (s) reads

tr (Pyer |8 (51) = — > (=1 (s g |t} . (2.2.38)

(k—nr)! ves

where g permutes the indices of the vectors s Zu- r. Recall that the components of s are pairwise
different, and the same holds for t. Consequently, Eq. (2.2.38) is equal to (—L)sign@)(k —r)!- 1,
where ¢  Sk- r is the unique permutation such that ¢ t) = s).

Thus to evaluate Eq. (2.2.37), we need to sum Eqg. (2.2.38) over {t Zu-r} with pairwise
different components and over all the permutations of each vector t of length k —r. Those two sets
have cardinalities []j- r(d + 1 —j) and (k —r)!. Furthermore, note that Y o sfer ((—L)swgn(o))n

equals (k —r)! if n is even, and O if n is odd. Those observations together lead to

n  Tiertroes,, (F1)FIE@)" A1
Z tr <P1k7r 7 <§1> | ez G(Z ;Tr)!n _ gnH](kl(_ pe 7) 7 (2.2.39)

E§€Sk77‘

where the function ¢ = (1 + (—1)n)/2 vanishes if n is odd. This allows us to compute T2,

Ty gné (f) <1d_np>r (Z)k_rﬁ(dJrl—kJri)”lﬁ(dJrl —j)%

=0

k k - _
= gni]_[l(d +1—1) z; (i) <1d_np> (Z) k;m ];[ (d+1—Fk+5)"! (2.2.40)

con 5(8) (52) () a0

We compare this result to the P3-PPT method proposed in [43], which consists of evaluating
the LU-invariant expression
C(p)=tr(prx3)- tr (/x 2)2 (2.241)

for each set X {1, ..,n} of local parties. By the symmetry of the GHZ and maximally mixed
states, one observes that (©) does not depend on the choice of the subsystem X . One can evaluate
theP3-PPTcriterionshowninFig. 2.2.2byevaluatingthesecondandthirdmomentsofthepartial
transpose,

2p(l=p)  (1=p)°

2
tr(™7) =p+ = -

(2.2.42)

and

5 2p(1 — 1—-p)? 1-
tr(QTX3):I7_+p( p) pA—p)° P ir(g™x?).

2243
d2 dan d2n dan ( )
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2.3 Trace polynomial withesses

2.3.1 Witnesses from m atrix inequalities

How can one find suitable nonlinear witnesses that are simple to work with experimentally? Here
we focus on trace polynomials, due to the fact that these are experimentally accessible through
the randomized measurement toolbox [126] (see Section 2.3.2). These arise in the following way:
matrix inequalities such as the Hadamard inequality,

Aii = det(A) (2.3.1)
i=1

for any n x n positive semidefinite matrix A, have been a long-standing topic of investigation [142,
]. In particular, the so-called immanant inequalities generalize Eq. (2.3.1) and provide a large
supply of n-partite linear witnesses of the form [144]

W = asnd(0), (2.3.2)

g Sn

where as  C and nd (o) is the representation of ¢ Sn permuting the n tensor factors of (Cd)on,

nd(0) ix>®... ® i) = ic-1()>® -+ ® ic-1(n)>"- (2.3.3)

How to transform matrix inequalities to witnesses in the symmetric group algebra over the complex
numbers, CSn = { o s ac0 ac C}, is sketched as follows.

We shortly sketch the connections established in Refs. [144- ], which rely on some notions of
representation theory. We will use the notation above, namely denote by Sn the symmetric group
permuting n elements. Irreducible representations of Sn are labeled by partitions A = (Ag, ...,An)
with integers A1 > ...An satisfying A1+ ..+ An = n. The character associated to A is then the
trace of the representation A, denoted x (o) = tr(A(0)).

Given an n x n matrix A, one can then define the immanant associated to A as

n
Imma (A) = X2 (0) Ao () . (2.34)
g Sn i=1

For example, the symmetric and antisymmetric representations are labelled by (n,0,...,0) = (n)
and (1,...,1) = (1n), respectively. Their associated characters are X (n) = 1 and X (2n)(0) = sign(o).
The corresponding matrix functions are the permanent and the determinant,

Immq)(A) = per(A) and (2.35)
Immn)(A) = det(A). (2.3.6)

With this in mind, let rd(c) be the representation of the symmetric group on (Cd)on permuting
its tensor factors as

nd@) Vi>® - - ® \h>= V6. i (N>® - ® Vo-i(n)>- (2.3.7)

Maassen and Kummerer [144] established the following relation between inequalities for immanants
and entanglement witnesses.

Proposition 1 ( [144]). If for all A = 0 it holds that

almma (A) —bImmy (A) = 0 (2.3.8)
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Name Inequality Witness
Hadamard [1; As > det(A) 1 —n!Pin
1 A P
Schur %A() > det(A) 2P
Imm;(A) Imm;_1(A) P, P_q
Hook Xt =z Xt—1 ;t} - PZ:
Marcus per(A) > T[], Ais n!P, — 1
Permanent per(A) > Imm(4) P-4
XA X3

Table 2.1: Immanant inequalities and their corresponding witnesses. Here are listed
some standard immanant inequalities and their corresponding entanglement witnesses. The sym-
bol x» denotes the character of the identity in the irreducible representation A of Sn. We denote
Immt(A) ;= Imm,1n -0)(A), Xt := Xt1n -« and Pt := Pt,1n -«. The permanent dominance inequal-
ity is conjectured for large matrices [142].

then the operator

a b

has non-negative expectation value on the set of separable states.

Proof. Let f (A) be a linear combination of permutations of entries of A which is nonnegative for
A = 0, and consider A as a Gram matrix of vectors v1),..., vn). Then

0< f(A) = Z Co HAz'rl(z')
gES, =1

= > co [[twilvo ) (2.3.10)

g€Sy i—1

= > cotr (na(o) Q) lvi) (vil) -
i=1

O'ESn

Proposition 1 follows by assigning f (A) = almm~(A) —blmmyu (A) and considering the convex
combination p= > jPj%Qi=1 vi )) (Ui » , which can be seen as an unnormalized separable state. O

For example, it holds that the permanent of a positive semidefinite matrix is larger than the
determinant,
per(A) = det(A) forall A= 0. (2311)

From this inequality one obtains the witness W = P () —P 1., where P (n) is the projector onto the
fully symmetric subspace of n qudits and P (1n) is the rank-1 projector onto the fully antisymmetric
subspace. Well-known immanant inequalities [142] like Eq. (2.3.11) and their associated witnesses
are listed in Table 2.1. For example, from Eq. (2.3.1) one obtains the n-qudit witness ofEq. (2.2.14).

The nonlinear usage of linear witnesses introduced in this work allows us to construct nonlinear
witnesses of the form W = W10 .. 0 Wn, as in Eq. (2.2.2), from witnesses arising from immanant
inequalities. By doing so, one obtains expressions with terms of the form (2.3.19), which are
invariant under local unitaries and thus detect the whole orbit of a quantums state p.

Beyond using linear witnesses in the nonlinear fashion introduced in this work, one can also go
out of this scheme and use the same tools to design other n-qudit nonlinear witnesses by considering
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immanant inequalities involving matrices of different sizes, products of matrices and combinations of
standard immanant inequalities [142]. Below we sketch graphically some examples for the bipartite
case. Given a partition A of a natural number r, we denote Px = rIP»%x2 with x» = xa(id). The
following witnesses can be constructed from different matrix inequalities.

Assumption M atrix inequality W itness expression

Immy(A4)/xx > Imm(A)/x~
= Imm, (B)/x, > Imm,(B)/x,

tr

BEl

ol e ) (2312)

An A 5 |_LP |
( %1 12) >0 per(Aq1) per(Ag2) < per(A)  tr [( Py —>< o5 e ) (23.13)
k i

k
) {le){))
AEO, B>0 det(Ao B) > det(A4 Bii tr P |— 23.14
et(A o B) e()iH1 K (23.14)

Here some notation needs to be clarified. In Eq. (2.3.12) Px, Py, Py and Pv are the k-partite Young
projectors corresponding to partitions of k labelled by A, p, y and v respectively. In Eq. (2.3.13), P2k
is the (2k)-partite symmetrizer with local dimension d, which acts across all copies and all parties
(2k local subspaces in total). In Eq. (2.3.14), P1« inside the large box is the antisymmetrizer of k
parties with local dimension d2. That is, it reads

1 .
Pi = o Y (-1 Doy @ 0p, (2.3.15)
oSy,

where each oa permutes k copies of the party A (which has dimension d) and os permutes k copies
of the party B (which has dimension d).

2.3.2 Implementation with randomized measurements

By recycling linear witnesses or positive operators Oi  CSk arising from immanant inequalities and
using them in the nonlinear way ofEq. (2.2.2), the resulting nonlinear witness W = 01G...GOn has
interesting features. Its expectation value (W)pwk is an homogeneous polynomial of degree k in p,
acting on the copies of subsystems as trace polynomials [145, 147]. Since by the Schur-Weyl duality
the action of the symmetric group Sk commutes with that of k—fold tensor products X ek, the
expression (W )pwk is local unitary invariant. Similarly to the recently introduced p3-PPT condition
and other local unitary invariant quantities [42,43], these can be measured experimentally using
the randomized measurements approach, in which a sequence of local projective measurements in
random bases is performed iteratively to estimate the expectation value of k-copy observables [126,

1.

Trace polynomial witnesses can be evaluated with classical post-processing by matrix contrac-
tion, thus avoiding storing tensor products of matrices. To see this, here we sketch how trace
polynomial witnesses introduced in this work can be evaluated with randomized measurements,
using the tools introduced in [42,43, 126].

Let {Wi} be n witnesses for k-qudit mixed states, and let W = =1 Wi be a nonlinear witness
constructed from the linear witnesses Wi. The expectation value tr(W po k) can be approximated as
follows. First one applies random local unitaries U1G...GUn to p and measures in the computational
basis, obtaining a classical outcome string gz, ..., gn. By performing m such measurements with

different local unitaries one obtains m outcome strings qﬂr), ) with 1< r < m, from which to
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construct the classical shadows

0 =) with (23.16)
=1

~(r nt oo r r

& =+ U g g - 14, (2317)

so that p¢r) has the same expectation value as p over the unitary ensemble and measurements [149].
By replacing each j 'th copy of p by an operator h'j), the expectation value tr(W p H) can be
approximated as

. 1 -1
0(0) = o (Z‘) Z tr (WQW @ ® g“k)) (2.3.18)
’ r1£P2.FETE
with an error which decays as I/ m for large m (see [42,43] and references therein).

Expression (2.3.18) can be evaluated without computing the tensor product ofclassical shadows,
ifW = Wi ®... ®Whn is a trace polynomial witness constructed from k-partite linear witnesses
Wi = o s aond(o) in the symmetric group algebra. To see this, note that in this case Eq. (2.3.18)

decomposes as 6(p) = 3 s CsBs(p) in terms of the form

n
Os(0) = tr <® na(o) @@ g“k)), (2.3.19)
i=1
where s = (01,.., 0n). By recalling that each operator nd(ci) with oi Sk permutes k tensor

factors in the party i and that each shadow p(r ) is a product state (2.3.16), one can now argue
analogously as in [42]: for any permutation ¢ = (az1...01)...(&1...&) CSk with cycles denoted
by brackets and given k matrices X 1,...X k, it holds that

tr (Nd(O)Xx® ... ®Xk) = tr(X1...X 1)... tr(Xk-t... X k). (2.3.20)

Therefore, by assigning X j- = pi j , the quantity 8(p) can be evaluated as a matrix contraction of
thetensorfactors(2.3.17) ateachlocalpartyi, insteadofcomputingatensorproductofkshadows.

2.3.3 Expectation value over Haar random states

Insight into the strenght of this approach can be made using Haar integration (Theorem 4.3 in [150]),
which allows to compute the average expectation value of nonlinear trace polynomial witnesses with
respect to Haar random states y> Cd with d = d1---dn over the Haar measure dy,

E[<W>y]= tr WU p><g U+ du(U). (23.21)
U u(d)
For example, entanglement concentration of > using the witness W = 1 —k!P1 in Eq. (2.2.14)
yields a negative value in average when >is shared among an even number of parties.

To see this, we will evaluate the average expectation value of the nonlinar witness W = (1 -
k!P13)OP1s0n- 1 taken over k copies of Haar-random states shared among n inhomogeneous systems,
P> Cd with d= di---dn. To have nonvanishing antisymmetrizers P acting on Cdiok, we will

assume k < dmin where dmin is the minimal local dimension. The expression to evaluate is

E[<W>] = tr W (U g><g U+ frdu(U) . (23.22)
U u @)
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o 1 AU ) = (“’“‘1) LY (2323)

T4ESk

where each permutation od = odi ® - ®adn permutes k tensor factors of dimension d = di---dn.
Therefore we have

d+k—1 1 -
[E[<W>]< i ) ] zg: tr(og, 1_[2‘51" Pirog,) — k! l_Iltr(Plkodi). (2.3.24)
oESE 3 1=
Po = (—1)%e@p, . (2.3.25)

To see this, first note that (1) the product of two permutations o,m Sk is again a permutation
T Sk with sign(t) = sign(o) sign(m), and (2) given g,m,m' Sk with m = m', one has om = om'.
Now we can insert 1= (- 1)sign(o) (- 1)sign(o) to Eq. (2.3.25) and obtain

oPiwk = k £ (- i)sisn@m) (- 1)sisn(a) (- 1)sisn(o)0[] (2.3.26)
Klm s«
= k (- Dsign) £ (- L)sign(x)T (2.3.27)
k! T Sk
= (- D)sign(o)p 1« . (2.3.28)

W ith this one can reduce Eq (2.3.24) to

(2.3.29)
Now we need to distinguish between n being even and odd. If n is even, then we have
1 .
E[(W)] Etr(Plk)”_1< > tr(o)(—1)¥En) — k:!2tr(P1k)> (2.3.30)
’ ogES},
=tr(Pi)"(1 — k) <0, (2.3.31)

since by definition >, ¢ tr(o)(—1)%2™) = kltr(P) holds. If n is odd, one can similarly show
that E[(W)] = 0.

2.3.4 Adapting withesses to spectra

This approach allows to design separability criteria based on the spectra of the state in hand and
its reductions. The question of what states are better detected can be addressed using the fact
that the global and local spectra of quantum states influence the inner product between Young
projectorsandtensorcopiesofthestateinhand[151, 152]. Asanexample, thefollowinginequality
involving a bipartite quantum state gab and two local projectors P and Q [152],

tr (PO Q)ga b ') =tr (Ppfk)+ tr (Qpfk)- 1, (23.32)

suggests that states with reduction ga maximizing the overlap tr(Piko. k), also maximize the neg-
ative term in Eq. (2.3.14). In this direction, nonlinear witnesses from trace polynomials give rise
to nonlinear separability criteria like the following one.
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Observation 3. Let p be a bipartite state with local dimension d such that rank(p) < d. The state
p is entangled if it has at least one maximally mixed local reduction pa rc 1.

Proof. Let us start from the witness of Eq. (2.3.14),

W = P1f) - P) ®lek. (2.3.33)

Here P2 is the antisymmetrizer acting on k copies of the full bipartite Hilbert space o ®(,dd;
p 1 is the antisymmetrizer acting on k copies of the Hilbert space Cd of the party A; and 1tk is

the identity operator acting on k copies of the Hilbert space Cd of the party B. We will restrict
ourselves to k < d copies, as otherwise Pug = 0 and therefore W is positive semidefinite.

Now let p have spectrum {rz, ...,rd2} ordered by r1> r2 > .. > rd.. As a particular case of
Theorem 1 in [152] we have the following bound,

k
tr (P1d2)p0”™ < (k+ 1dz'd * 2k][r;:, (2.3.34)
i=1
where {ri} are the largest k eigenvalues of p. By assumption, rank p < d and consider a number of

copies between rank p and d, rank p < k < d. Then there exists at least a zero eigenvalue ri- = 0
with i < k and the nonnegative term of CW> « vanishes,

tr (Pt~ @k) =0 . (2.3.35)

In this case, the expectation value of W is either 0 if tr (P prk) = 0, or strictly negative if
tr (P& prk) > 0. By Corollary 2 in [15 ], if pA is maximally mixed, then there exists a number of
copies ko < d such that for all k = ko, its projection onto the antisymmetric subspace is nonzero,

tr(Pwprk) > 0. (2.3.36)

Therefore the expectation value of W is strictly negative, which means that p is entangled.

2.3.5 Sampling Werner states

The exponential growth of the Hilbert space with the number of subsystems limits our capability to
numerically evaluate LU-invariants, which requires using copies of the state in hand. We can surpass
this problem using trace polynomial witnesses W  CSk for multipartite Werner states p  CSn,
which entanglement properties are an ongoing focus of research [153—255]. Their symmetry allows
us to sample states and witnesses of nontrivial sizes with a symbolic algebra package, which is
computationally cheaper than computing the expectation value of exponentially large matrices.

Sampling states and witnesses symbolically is based on group ring states and can be done by
following the lines of Ref. [121]. Let ¢ Sn and let nd (o) be its representation permuting the n
tensor factors of (Cd)ora,

nd(@) ii>®... ® ira>= ic- 1 (1)>®... ® ic-i(n)>. (2.3.37)

For each elementa = ¢ s, 0o CSn, we denote its representation in the Hilbert space as nd (a).
For each partition of n labeled by A, define the centrally primitive idempotent

w = Xnpid) ¥ Xa(o)o- 12 (2.3.38)
0 Sn

and its representation in the Hilbert space Px = nd(wr), where xA(id) is the character of the
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identity in the irreducible representation labeled by A. For example, P1. is the projector onto the
antisymmetric subspace of (Cd)ora.
We now define a trace T on the elements of Sn as

n! ifo=id
1(0) (2.3.39)
0 else
and the Weingarten operator Wg(d,n) = nd(wg(d,n)) where [156, 1
wgd-n>= % ¥ Y8 y ). <-3-40>
A <d

We denote Jd = ker(nd) the subspace of CSn with nonzero representation nd acting on (Cd)ora,

Jd = W CSn , (2.3.41)

A <d

which is spanned by w such that the height of the Young tableau A is not larger than d. Now we
are ready for the following Lemma.

Lemma 2 (Lemma 1 in [121]).

(1) Forallr Jdandb CSn it holds that

nitr Wg(d,n)nd(r)na(®) = t(rb). (2.3.42)

(2) Letr Jd. Thenr is a state if and only if n!'Wg(d,n)nd(r) is a state in B((Cd)on).

The first part of Lemma 2 allows us to compute inner products of operators which are repre-
sentations of CSn in the group ring. In order to evaluate expressions of the form (2.2.2), one needs
to compute tensor products of states and witnesses. For that, we will need the following variation
of the first part of Lemma 2.

Lemma 3. For alla Jd andb CSn it holds that

tr (nd (@)nd (b)) = 1 <wg<d, ">-1 ab>. (2.3.43)

Proof. First note that the inverse of the Weingarten operator in CSn can be written as
tr(Px)

wg(d,n)- 1= n! (23.44)

()
L T(@)
A <d

since the sum of any subset of isotypic components wh is the identity in the subspace they have
support on. Now let r = wg(d,n)a and assume a Jd. Lemma 2 applies because r Jd as well,
and thus Eq. (2.3.43) follows from Eqg. (2.3.42).

Now we are able to compute the expectation value of n tensor products of operators Wi = nd(w)
with respect to k copies of a quantum state p = n! Wg(d, n)nd(r), using that the representation nd
is linear. We have

tr(po kW1 ® ... ® Wn)

tr (nlk Wg(d, n)oknd(r)oknd(wi) ® ... ® nd (wra))

Nl tr (nd (wg(d,n)=kr<i)nd (We x ... X Wra)) (2.3.45)
|

n!
“ T wg(d,kn)- 1wg(d,n)xkrxkWz1i X ... X Wn
(kn)!
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Figure 2.3.1: Detection of 3 qutrit random W erner states using 3 copies. We represent
in colored dots a sample of 5000 random Werner states p. The horizontal and vertical axes show
their projections onto the antisymmetric and symmetric subspaces respectiveley, p = tr(pP111)
and g = tr(pP3), such that tr(pP21) = 1—p —qg. The color gradient represents the expectation
value (W%es with w = Wo2 P21 where W = P3 —p 1. States below (above) the analytical
dashed line are detected (not detected) linearly as (W)e < 0 ((W)e = 0). Therefore states
depicted in red or orange above the dashed line are detected nonlinearly by w , but not linearly
by wW.

This gives us the following practical recipe to sample Werner states. First we fix an operator W
of the form (2.2.2) which is a tensor product of witnesses and positive operators Wi = nd(wi) with
Wi CSk. Then we compute iteratively its expectation values with respect to k-fold copies of
n-partite Werner states, according to Eq. (2.3.45). At each iteration, we take s= ¢So0 CSn
choosing the coefficients ss C randomly, and compute

sst
7(sst)

r= (2.3.46)

with st = 3 ¢ 0- 1, such that r is a state in CSn and therefore p = nl Wg(d, n)n(r) is a quantum
state in the Hilbert space (Cd)on. Finally we compute the expectation value (W)pw via Eq. (2.3.45).

This recipie allows us to compute in CSn expectation values of the form (2.2.2) avoiding the
exponential growth of the number of parameters with the local dimension d. Let us focus on the
system size k = n = d = 3. While a desktop computer cannot compute Eq. (2.2.2) in the Hilbert
space (C3)oo, the fact that the nine-qutrit state factorizes as p0's makes this computation possible
in (CS3)x3 symbolically. For example, in a random sample of 3 qutrit Werner states, there is a
full-measure subset of states which are detected nonlinearly by (W%es < O where W = Wo2 ®P21
with W = P3—vra:. The detection of random states depends on their support onto the subspace
defined by each irreducible representation, as shown in Fig. 2.3.1.

2.4 Evaluating positive maps

Using variations of equation (2.2.2) one can detect nonpositive outcomes of positive maps applied
locally. For example one can evaluate the reduction criteria [45] via purity conditions [43] with
Egs. (2.2.14) and (2.2.16), and detect nonpositivity of the partial transpose I' of a state p via

tr ((p+ ®V)(p ®0a)) = tr (pr o) (24.1)

if o lies in a eigenspace of pr corresponding to a negative eigenvalue. In this sense, our method
relates to the existence problem of nondecomposable tensor stable maps, which remain positive
under tensor powers [158, 159], as follows: there exists a nondecomposable tensor stable map, if
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and only if, there exists a bipartite witness W such that W  cannot detect any pair of n-partite
states p and 0. This is because a nondecomposable map ®w is tensor stable if and only if

dwon (p) = tri(Won(pr 0 1d)) 2 0 (24.2)

for any n-partite state p, where W is a witness for states with positive partial transpose (See
Chapter 11 of [12] and references therein); which is true if and only if the expectation value of
®w o ra(p) for any other n-partite state o is nonnegative.

2.5 Conclusions

Our approach shows how entanglement witnesses can be recycled in non-linear fashion, so to succeed
even when linear detection fails. In particular, this approach is suitable to randomized measure-
ments [42, ,160], trace polynomials being naturally invariant under local unitaries.

Some open questions remain: How can one taylor trace polynomial witnesses to specific states?
The Keyl-Werner theorem [151] and subsequent work [152] suggest that it is possible to choose
witnesses according to the spectra of the reductions of the state in hand. While Observation 3
serves as a first step in this direction, a systematic approach is yet missing. Lastly, it would be
interesting to make use of matrix inequalities involving elementary symmetric polynomials [142],
which might be more powerful than the particular case of immanant inequalities.

2.6 Further results: positive maps from immanant inequalities

In recent years, matrix inequalities involving permutations have garnered increasing attention as
a tool to detect quantum entanglement. Here we summarize the main results in this area and
further strengthen this connection with a new family of positive maps able to detect entanglement,
that generalizes and unifies known methods. These generalize known trace polynomial expressions,
by introducing extra degrees of freedom. In the simplest case, we find a parametrized family
generalizing the reduction map and explore its entanglement detection capabilities in a discretized
sampling. In a sample of Ginibre random states, we find that almost all two-qutrit NPT states
can be detected with this generalization. Our results suggest a method of enhancing entanglement
detection with positive maps, by projecting a local subsystem onto a lower-dimensional subspace.

2.6.1 State of the art: an overview
Entanglement witnesses from matrix inequalities

Recently, a bridge has been found between immanant inequalities, originally studied in mathemati-
cal literature, and the detection of entanglement [13, ,146]. The key idea is that given a positive
matrix G with entries Gij = <v Vj> Eq. (2.3.4) can be written as

|
Tmmy (G) = x:(Li 37 (P2} (1] -+ @ o) (0l (2.6.1)
Here
PA=iTd Y Xr(0)%(o- 1) (2.6.2)
A n' o sn A d

is the Young projector onto the irreducible subspace invariant under the representation A of the
symmetric group, where %(c) permutes n tensor factors of (Cd)ora,

nd(@) i1>0 ---0 in>= g 1(1)>0 -0 ioc-1(n)>- (2.6.3)
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By convexity, it follows from 2.6.1 that for any immanant inequality xax Immx(X) = O, there
exists associated an operator

n!
= _— P 0.
|14 ;xx(id)% N (2.6.4)

that has a nonnegative expectation value on positive on all separable states, tr(Wpspp) = 0. That
is, each immanant inequality can be mapped to an operator with nonnegative expectation value on
product states (and separable states, by convexity and linearity).

These operators W are entanglement witnesses if they have some negative eigenvalue, W = 0.
However, this is not always the case. For example, the inequality det(G) = 0 on 2 x 2 positive
matrices G = Oleads to tr(P11pG o) = Ofor all gand g, where the antisymmetrizer P1,1 = - >({-
with

~|01) —10)

W) = — 5 (2.6.5)

is positive semidefinite and thus cannot serve as a witness. Alternatively, from the inequality (2.3.1)
one can derive that
tr(%(12)p G o) = 0, (2.6.6)

where the SW AP operator acting as nd(12) |[v>lw>= |w>|v>is a witness detecting bipartite entan-
glement.

Positive maps from trace polynomials

Using trace polynomials, the following family of maps was introduced in [145, 161],
Wr(X2,...,Xn):=tri..r&1(PA(LG X2G ---G Xn)). (2.6.7)

The maps of this form are multilinear, namely linear in each entry Xi. Using linear algebra and
positivity of the Young projectors, Px = 0, one sees that these maps are completely positive
Wr(X2,..., Xn) = 0 on positive semidefinite matrices Xi = 0 [145].

Moreover, the positive maps Wi (X2, ..., X n) were shown in [145] to have several applications in
guantum information theory. For example, this family of maps recovers well-known maps like the
Cayley-Hamiltonian map [161] and the reduction map [45], through W, 1)(X) = tr(X)1- X =
R (X). Thus a straightforward application is the detection of entanglement, since the reduction
map is known to be useful for this purpose when applied to one subsystem of a bipartite state.
That is, if the following expression is not positive semidefinite,

R G id(*aB) 2 0, (2.6.8)

then gab is entangled.
A further step was done in [146]. It was shown that for any immanant inequality r ax Imma(G) =
0 described by a vector a, there exists an associated multilinear map

Wa(X2,...Xn)-=> orntr{tj.intet(PA\(1 G X2G---G Xr)) (2.6.9)
A

which is positive Wa(X2, ..., Xn) = 0 on positive matrices X 2,..., Xn = 0.

2.6.2 A new family of positive maps
The general case

Here we extend the family of positive maps introduced in [145, 146] by introducing new degrees of
freedom given by an additional positive semidefinte matrix X 1.
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Proposition 2. Let

arImma(G)= 0 (2.6.10)
AHra

be an immanant inequality with coefficients ax R for any n x n positive semidefinite matrix G,
and let {X1,X2,...,Xn} be an ordered set of n positive semidefinite matrices of size d x d. The
following map acting on n positive matrices,

X
U (X, ., Xn ) = (2.6.11)

Z i) P (PXT(L 0 X2 @ .. @ Xy))

is positive, Wy (X2,...,Xn) = 0.

This result is an extension of the derivations with trace polynomials in [145, ] which are
recovered when X 1 = 1.

Proof. We will distinguish the first positive matrix, as X 1 := X . First of all, let us expand
Eq. (2.6.11) into

VX (X Xn) =D ax > xalo ﬁ (X, %)
A gES, r=2
S
[ T (0]
s=1
ot [ﬁ (X E”Xﬂ : (2.6.12)

ir
L

where each permutation ¢ is written in its cycle form o = (a)(B)...(§) = (az...ar)(B1...s)...(§1...&1)
with the convention a1 = 1.
Let us now define the inner product (uw} = (U|X w) with Ju), w) Cd and write G as a
Gram matrix,
(i Xlin) - (] Xin)
G = : . (26.13)
(in| X [i1) (in| X [in)

By expanding each permutation o Sn into cycles, 0 = (a)...(§), a linear combination of Im-
manants Imma which is positive on any matrix G reads

T
Za,\lmm,\ Za,\ Z (o H (il X ioq
oESy =1
ZCD\ D xal0) (i o X i o)+ (i o | X Ji_ o)
foerf oy 2 R 1
(leor| X i) - (i) X |ig@r) 2 0. (28.14)
3 &5 &p 3

Let us now take a convex combination with nonnegative coefficients xi = 0 and identify the positive
semidefinite d x d matrices {X «} = Xi @ i @>( © for the first cycle a of the

gja ()=
permutation o, and similarly for the rest of cycles B, ..., & of 0.
By assumption, recall that aw) = 1 in all terms of the summation. Therefore we can factorize

{ia) to the left hand side and ia()>to the right hand side, and take a linear combination of the
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whole expression in order to have it in terms of {X a(")}""’{xz ) }. It follows that
r t

(ior(lo) Ipa (X2, X n)|ior(10))

is nonnegative for any vector iaw)} Cd and hence the multilinear map Wx is positive, which
proves the claim.

Some examples

We will give some examples considering the inequality det(X) = 0, which does not provide a
witness using the approach of [144] and [14]. Using Proposition 2 for n = 2 in the expanded form
of Eq. (2.6.12), we obtain that the map

Ve )(Y)

tra[P- ><P- 1(X 0 X )(10 Y)]
Xtr[YX]- XYX = 0 (2.6.15)

linear in Y is positive for any positive semidefinite matrices X, Y = 0. By setting X = 1 we recover
the reduction map, W1(Y) = 1tr[Y]- Y = 0. Instead, by setting Y = 1, we have the so-called
purity inequality Wko1)(1) = Xtr[X] - X 2= 0.

Let us now consider the case n = 3. From positivity of the determinant in 3 x 3 positive
semidefinite matrices, we obtain the positive map

Wra1)(Y,Z) = Xtr[YX] tr[ZX] + XY XZ X +XZX Y X
- XYXtr[zX] - Xtr[YXZX]
- XZXtr[YX] =0 (2.6.16)

for any three positive semidefinite matrices X, Y,Z = 0, which is linear in Y and Z. By setting
Z = 1, we have

Wro1)(Y, 1) = Xtr[YX] tr[X] + X Y X 2+ X 2Y X (26.17)
- XYXtr[X] - Xtr[YXz2]- X 2tr[YX] = O-
By construction, with X = 1 we recover the following map defined in [L45,161],
Wao1)(Y,Z) = 1tr[Y]tr[Z]+YZ +ZY (2.6.18)
- Ytr[Z] - 1tr[YZ] - Z tr[Y] = O-

If in equation (2.6.16) we choose C = A = 1 (or similarly B = A = 1), we are left with the
reduction map up to a rescaling,

Wan(Y, 1) = (d- 2)1tr[Y]- (d- 2)Y = O (2.6.19)

2.6.3 Entanglement detection
Detecting states from positivity of the determinant

Now we will address the performance of Proposition 2 in detecting bipartite entanglement with
a simple example. We shall refer to Wko1)(Y) in Eq. (2.6.15) as Wko1 when no argument Y is

specified. Let us recall that Wko 1) is a positive map, simply because the determinant is nonnegative
on any positive semidefinite matrix. For entanglement detection purposes, let us consider the map
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Figure 2.6.1: Detection rate of two-qutrit random states through the generalized reduc-
tion map Wg,1) with X = diag(a,b,c). The axes parametrize a, band casu := (a- b+ 1)/2
and v := cin order to plot the results in the probability simplex of size 3, and the color bar indi-
cates the percentage of Ginibre random bipartite states detected through WXo id(gab) = 0
out of a sample of 2000 random states. At the baricenter of the triangle lays the case
X = diag(1,1,1) = 1, which evaluates the reduction map and detects 27% of the random states
approximately. The edges contain the case X = diag(l, 1, 0), which evaluates the reduction map
on a two-dimensional subspace and increases the detection rate to 74%.

Wy 1 acting on one side of a bipartite state gab:

U ) ©id(ear) = X @ tra[(X © 1)g]—
(X)X @1) and
id @V 1 (ean) = tra(l © X)ol @ X—
(1@ X)o(l ®X). (2.6.20)

Recall that the map Wxo,1) is linear and positive but not completely positive, and therefore

Wyw,1) 0 id(gaB) can detect entanglement. Without loss of generality, we can choose a basis diago-

nalizing X , and thus write
ao0o

X =10 b 01 (2.6.21)
0 0c

with a,b,c = 0Oand a+b+c = 1for normalization purposes. In Figure 2.6.1 we show the percentage
ofstates with non-positive partial transpose detected by Wg,1)0 id(gas) = Owith X = diag(a,b,c),
where a+ b+ ¢ = 1. The sample consists of 2000 Ginibre-random states for each choice of a, b and
c discretized in a 250 x 250 lattice. We parameterize the coordinates as

a—b+1
o 2 (2.6.22)
vi=cC.
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Method of detection d=2 d=3 d=4 d=5 d=6

NPT 7566 9999 10000 10000 10000
Wxs G 1orlG Wxe 7566 9924 9991 9988 9869
Woon G lorlGWeon 7566 9016 8259 6231 3172
Woonp G 1 7566 7406 6078 3874 1732
W1 G 1 (Reduction) 7566 2741 10 0 0

Table 2.2: Detection rate of the map Ww,1) on bipartite states. A set of 104 Ginibre
random bipartite states gab with local dimension = dB := d is sampled. The first row gives
the number of states detected by the negative partial transpose (NPT), in accordance with [12].
Positivity of he map W0,1) is evaluated, choosing X = diag(1,1,0,...,0). We show the number
of states detected by the reduction map (fifth row); by Wx 1) G id(paB) = 0 (fourth row); by
either Wx 1) G id(QaB) = 0 or idG®yx 1)(grb) = 0 (third row); and by the latter, including all
permutations ¢ acting on X , denoted by X ¢ (second row). The states detected by the method in

each row are also detected by the method in the row above. The results for d = 2 hold because
the reduction map and the partial transpose detect all entangled two-qubit states.

The reduction map acting on a subspace

Let us now consider the case where X is a projector, X 2 = X, on a two-dimensional subspace.

Without loss of generality we can use the eigenbasis of X and use X = diag(1, 1, 0..., 0). Therefore,
Wxo,1)(Y ) corresponds to the reduction map acting on the projected matrix X Y X , namely

Wen(Y)= R(XYX). (2.6.23)

Physically, Wx 1 G id(pae) detects the entanglement in gab that remains present after gab is
projected in a lower-dimensional subspace on Alice's side. Table 2.2 summarizes the detection rate
of either Wx 1) G id(paB) or Wx 1) G id(pas) on a random sample of Ginibre random states gab -
The following empirical observation from Table 2.2 shows that local projections can enhance the
detectability of entanglement with certain methods.

Observation 4. Entanglement detection with the reduction map can be enhanced locally, as follows.

(i) There are entangled states gAB that are not detected by the Reduction map acting on the
subsystem A, namely

Ra G ids (qab) = O; (2.6.24)

but can be detected by the reduction map if the subsystem A undergoes a projection P,

Ra G ide [(Pa G 1b)gab(Pa G 1b)] = 0. (2.6.25)

(ii) In particular, for certain local dimensions d := dA = dB, most Ginibre random states are not
detected by Eq. (2.6.24), but are detected by Eq. (2.6.25).

2.6.4 Further methods of entanglement detection

Multipartite states

Proposition 2 provides a range of methods to detect entanglement from immanant inequalities,

besides evaluation on a party of a bipartite state. An alternative method is given in the following
Corollary.

Corollary 1. Let g be a quantum state shared among (n - 1) parties with local dimension d. Let
» naxImmx(G) = 0 be an immanant inequality for any d X d positive matrix G = 0. If qis fully
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separable, then

e, | > AKX (g @ 0)| > 0. (2.6.26)
Abn

Proof. The proof follows from Proposition 2 by decomposing a fully separable state q as
0= Pigi @ @0y (26.27)
i
where pi = 0, ipi = 1and Q are quantum states for all i and I. It is now clear that Eq. (2.6.26)
is a convex combination of positive operators.

As an example for bipartite states, let us choose the inequality iGii- det(G)= 0 for 3x 3
positive semidefinite matrices G = 0. Corollary 1 dictates that

trac ((1- 6P111)(XB(gab 0 1c)) = 0 (2.6.28)

if the state QaB is separable.

Multiple copies

The formalism introduced in this Chapter extends also to detect entanglement in multiple copies
of a state, and in particular recovers the results in [13] as follows. Consider n positive maps
acting on k - 1 positive matrices X s derived through Proposition 2 from n Immanant inequalities,
Oy, (X2,+,Xk), -, Wi- (X2,---,Xk), where we set X = 1. To simplify the notation let us denote
Wa := Wi. Given two n-partite quantum states Q and T, consider the following expression,

Br(q) := tr[W10 - 0 Pra(Qofe 1)T], (2.6.29)

where each map Wi acts on k - 1 copies of the I'th party. The following result is a corollary of
Proposition 2.

Corollary 2. Iftheexpression 6t in Equation (2.6.29) isnegative, 6: (Q) <0, thenQisentangled.

Proof. It follows from Proposition 2 that the following operator is positive semidefinite on separable
states, Q= ipi@ 0 -0 G,
Ol=d 10 -0 ®n (Qofe 1), (2.6.30)

since it is a convex combination of tensor products of positive operators of the form
Wi@Q:10 -0 Qk)- (2.6.31)
Equivalently, 6 = tr(0T) is nonnegative for any positive semidefinite operator T.

Note that from Corollary 2, one can obtain entanglement witnesses for multiple copies. This
can be seen for the bipartite case by writing 6 as follows,

Br = tr [tr{1.n} 1[( OANPA)A1..ANO ( vbuPu)B1..BN' Lbo (qzb 0 -0 Q«ksk] ti bi]
A ]
=tr[(Y axpra)Aa1.an0 (5 hbup~rB:1.BnTA1B1 0 Qa2B2 0 - O QakBi - T.6.3T
A ]

By setting T = Qwe recover the family of witnesses

W = (3 arpr)Aa1.An O (3 bupu>B. .Bn (2-6-33)
A Y
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acting on k copies of p introduced in [13], which detect entanglement on p if tr(Wpok) < 0.
Naturally, this method accommodates protocols using an ancillary state shared among parties. For
example, setting T = @+ )(@+ and using a witness W and the projector ¢+ )(¢@+ in d-dimensional
homogenewous systems, one can evaluate

tr(Waia2 ® &+)(P+ b2 pA1B: ® O+)(d+a2p2) = db tr(Wpaiaz). (2.6.34)

Physically, Bob's part of state paiB: in B1 is teleported to A2 in Alice's side, and then Alice
evaluates the witness W .

2.6.5 Conclusions

We have constructed a family of positive maps from immanant inequalities, that extends existing
results and has significant advantage in detecting entanglement over known similar methods. We
analyze the simplest example, where the reduction map is generalized to a family of maps able
to detect more random states. We extend the applications of this method to detect multipartite
states and multiple copies of -bipartite or multipartite- states. In particular instances, the analysis
provided in this work suggests that projecting a quantum state on its local subsystems can increase
detectability of entanglement.

This work further develops an avenue to entanglement detection which is currently at the
beginning of its exploration, and extends the potential of immanants and the symmetric group in
relevant tasks in quantum information. Due to the large supply of immanant inequalities in the
literature and the multiple usages available of the positive maps introduced, our results suggest
that the application of matrix inequalities in entanglement detection needs further exploration. In
particular, it remains as an open question whether or not the techniques introduced here can detect
bound entanglement.



Unitary invariant semidefinite
programs: a user's guide

Invariant semidefinite problems are common in quantum information theory. Here we show how
to reduce U~ -invariant problems in practice. This includes the standard symmetry-reduction
through the Schur-Weyl duality, reduce the number of variables with the Good Permutations basis,
and further simplification by optimizing over expectation values. This approach allows to solve
problems for twelve qubits, and is applied to paradigmatic problems such as quantum Max Cut,
approximate ground states with translation invariance, and quantum marginal problems for Werner
states.

3.1 Introduction

Semidefinite programming (SDP) is a useful tool to solve convex optimization problems with linear
constraints [32, 88, 1. This technique is particularly useful in quantum information, for example
when optimizing a function over a convex set or certifying membership to a set [6, 83, 86, 88,

]. However, one often faces computational limitations when considering nontrivial instances
of a certain problem. The Hilbert space grows exponentially with the system size, and therefore
optimization needs to be done imposing positivity of large matrices. As a result, further techniques
to reduce the size of desired problems are required in specific cases.

It is often the case that the problem in consideration displays symmetries. This means that the
constraints and the feasible set are invariant under the action of a certain group G, and the problem
is denoted as G-invariant. This invariance results in redundancies in the feasible set to be optimized
over, which can be reduced by optimizing over a smaller set. In this spirit, systematic methods
to reduce both the number of parameters and the size of the matrix where to impose positivity
have been derived [11]. In general, one identifies the symmetry group, block-diagonalizes the space
containing the feasible set, and writes an equivalent problem requiring positivity of smaller matrices
than in its standard formulation.

In particular, here we focus on problems that are invariant under the conjugate diagonal action
of U (d), called U~"-invariant. For this type of problems, we will use Schur-Weyl duality, which
states that the Hilbert space can be block-diagonalized in a tensor product of two subspaces: the
subspace invariant under the action of Uora, and the subspace invariant under the permutation
group Sn acting on (Cd)ora. Then positivity is imposed on matrices whose size is the dimension of
the irreducible subspaces invariant under copies of unitaries.

This approach allows to access approximations to relevant problems in quantum information
theory, such as finding the ground state to a local Hamiltonian. Therefore, symmetry reduction
has been used to tackle invariant problems in several works [11, ,165]. However, a practical im-
plementation requires further exploration of the reduced size of certain problems and the numerical
tools available. Here we provide an analysis on the number of variables needed in real and complex

63
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SDPs, the size of the positivity constraint in symmetry-reduced problems, and a direct decomposi-
tion that simplifies the objective function. We compare different computational implementations of
a practical approach using numerical tools in symbolic algebra. We discuss the implementation of
these methods for the quantum max-cut [164, ], compatibility of marginals in Werner states [5],
and lower-bounding the ground state energy of an infinite spin lattice [166].

3.2 Problem formulation and proof strategy

3.2.1 General problem formulation

In quantum mechanics, a variety of problems can be written as a semidefinite program (SDP),
min  tr(AX)
X

such that X — X1 >0
=2(X) = C, (3.2.1)

where = is a linear map and A B(H) acts linearly on a complex Hilbert space H. As discussed in
Section 1.2.1, the set of matrices X optimizing the objective function and satisfying the constraints
is known as the feasible set. Although this is the general formulation, it is often the case that
symmetries apply. That is, there exists a group G such that the feasible set is invariant under the
action of G, T(g)XT (g- 1) = X forallg G where T is the representation of G on the space H.

This is known as a symmetry of the problem (3.2.1). By linearity, if X is a solution, then the
group average X {, written g o ¢49Xg- 1 for finite groups and )'gXg-1dug for compact groups
given a group measure y, is also a solution. Therefore, the optimum can be found in the G-invariant
subspace Hc. In particular, if A and the constraints of the problem are invariant under a group
G, then the feasible set is also invariant under G.

In general, two approaches come to mind to use the symmetry to simplify the problem in hand.

1. Symmetry-adapted basis. The SDP problem of Eq. (3.2.1) in the complex Hilbert space
H has exponentially many real variables, which are the coefficients x'i in the expansion
X s ixiXi where {Xi} is a basis for the H. However, the spanning basis {X i} can
be overcomplete in case of symmetries. This results in linear dependence between the ele-
ments Xi= gT(@)XiT(g- 1). Then the variable X can be expanded in a new basis {Fi} of
the invariant subspace He , X = ixiFi, and the optimization can be done over a complex
vector with new components Xi.

2. Block diagonalization. It is well known that any matrix algebra over C can be block-
diagonalized. This is called the Wedderburn decompositon. In the case of semidefinite
programs, the positivity constraint in Eq. (3.2.1) is equivalent to a positivity constraint
on each block of A [11], which has size smaller than the dimensions of H (see Theorem 1
below). In practice, finding the basis change for block-diagonalization is challenging. In spe-
cific cases with a known symmetry group G, block-diagonalization can be done in irreducible
representations of G .

3.2.2 Specific problem formulation

Here we will focus on problems involving n quantum systems with local dimension d, namely
X B((Cd)on) = Cd-xd~ acts on H = (Cd)on. We will study the particular case of invariant
problems with the symmetry U  with U U (d). That is, the variable X has the property

UenXU enf X (3.2.2)
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For this invariance, the decomposition through the Schur-Weyl duality is well known,

C€He" ~ Pt @8y, (3.2.3)
AFn
[A<d
where Ux and Sx are the invariant subspaces of an irreducible representation labelled by A of the
unitary group U(d) and the symmetric group Sn, respectively. As a result of Eq. (3.2.3), the
commutant of Uen is the symmetric group Sn, which acts on (Cd)on as

nd@©@) vx>® - ® Wh>= Vo.i(i)>®:--® Va-i(n)}, (3.24)

where nd (o) is the representation of a permutation ¢ Sn on (Cd)on.

This implies that the invariant subspace of an SDP invariant under Uon is (Cd"xd")Ud) =
{ o snaond(0)}, and therefore the solution can be expressed as a linear combination of permuta-
tions acting on (Cd)on. For this case, we show how the general approach of Section 3.2.1 can be
further fine-tuned using complementary methods.

3.2.3 Methods

1. Symmetry reduction. Through the Schur-Weyl duality, the variable X can be block-
diagonalized. Each block belongs to the smallest subspace which is invariant under an ir-
reducible representation Ra of the symmetric group Sn. Thus the positivity constraint can
be reduced to imposing that the block of X acting on each irreducible subspace is positive
semidefinite. We refer to this as symmetry reduction.

2. Variable reduction. The permutations {nd(c)} form an overcomplete basis for the sym-
metric group in (Cd)on. Thus the variable X can be expanded onto other bases with smaller
number of elements, like the good permutation basis [157]. This can be further reduced for
real problems, namely having real variables x¢ R. Then one has the additional symmetry
Xo = Xa-i, which reduces the number of variables. We will refer to this as variable reduction.

3. Direct decomposition in expectation values. Certain problems can be written in a
more compact form than their general formulation. For example, the energy minimization
of a given Hamiltonian can be written such that the variables are the expectation values of
the ground state with respect to each element of a reduced basis, like the good permutations
basis. While such basis is overcomplete and thus in principle a rescaling is needed for the
positivity constraint, it is shown that this can be avoided in invariant SDP problems.

3.2.4 Targeted applications

In particular, we will focus on the following problems, which are a current focus of research [164-

]:

1. Quantum Max Cut. Let G = {E,V} be a graph. The problem is to find the ground state

of a Heisenberg Hamiltonian H = ij e nd(ij), where nd(ij) permutes the qudits i and j
as nd(ij) vi>® wj>= wj>® vi> This problem has been recently addressed using variable
reduction through Schur-Weyl duality in [164, 165].

2. The quantum marginal problem for Werner states. The general marginal problem asks the
following question: given a set of prescribed ki-partite marginal states pi, does there ex-
ist a global n-partite state whose partial traces coincide with the marginals pi? Here we
focus on the particular case of Werner states, namely whether given a set of marginals
Q = Z ¢ % °ond(0) acting on Hilbert subspaces Hi = (Cd)ofa, there exists a global state
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p B ((Cd)ora) whose marginals are pi. In a different approach, compatibility relations be-
tween global symmetric states and their marginals has been recently addressed in [167].

3. Ground states of translation invariant Hamiltonians. Consider an infinite lattice L of spins.
The problem consists in finding the ground state of the nearest-neigbour Hamiltonian that is
invariant under translations. That is, the Hamiltonian reads

H =" "7;(h), (3.25)

jeL

where h is the nearest-neighbour hamiltonian of a subset of m sites and 1j places the nearest-
neighbour Hamiltonian term h at a site j L [166]. The lowest energy of translationally
invariant Hamiltonians can be lower bounded with Anderson bounds [10], by considering the
ground state of the Hamiltonian corresponding to a finite sublattice. An improvement for
these bounds has been recently shown in [166] by adding marginal constraints to the ground
state of each sublattice.

3.2.5 Notation

We will use a similar notation as in Section 1.2.2: here ¢ Sn is a permutation and nd (o) is its
representation acting on (Cd)ora, according to Eq. (3.2.4). Given the symmetric group Sn of order
n, one obtains the symmetric group algebra CSn by taking formal sums ¢ s aco whereas C
and 0 Sn. Multiplication of two elements a,b CSn is done via

a-b acbrom ctT, (3.2.6)
0,7 Sn T Sn
where
ct = ao br (3.2.7)
O, s.t
on=T

For each element a = Y3o~sn aso CSn we define its adjoint, & s cesn & 0- 1. Here » denotes
complex conjuation and o- 1 is the group inverse of o such that ogo-1 = id. Given a natural
number n, we denote each partition by A. This defines an irreducible representation of Sn, which
we denote as RA. By default we will assume R\ to be an orthogonal representation. We denote the
representation of CSn in the Hilbert space of n qu-dits as Z n(Cd), following [157].

3.3 Symmetry reduction

3.3.1 General approach

We will follow the lines of [11,168] to explain the general methods used for invariant SDP problems
where the solution lies in B((Cd)ora) and is symmetric under tensor factors of unitaries, Uen.
Consider the semidefinite program of Eq. (3.2.1),
min tr(A X)
such that X =X =0,
=(X)=2¢, (3.3.1)

where X B ((Cd)ora) is invariant under the action of the group G = {Uora}, namely gAg-1 = A
for all g G, where = is a linear map with dual =+. This has two implications:
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(1) Restriction to invariant subspace. If X is a solution to (3.3.1), then the group average X ¢
is also a solution [38, ] In this case the average reads

X g~ 'U@X U OndpU , (3.3.2)

where p is the Haar measure over unitaries U U (d). Therefore, the solution X can be found in
the G-invariant subspace B((Cd)®en)c . This can be imposed by adding the extra constraint

X6 =X (3.3.3)

to Eq. (3.3.1).
Since X  B((Cd)ora)s, the variable X expands as X = Y ixiFi in a basis {Fi} of B((Cd)en)sc
and is effectively a vector with components {xi} instead of over a complex matrix of size dn x dn.

(2) Block diagonalization. A key observation is that the invariant subspace (Cd xd )c forms
a matrix *-algebra. That is, (Cd'xd )Jis closed under matrix multiplication, since gXYg-1 =
gXg-1gYg-1 = XY for all X,Y (Cd xd )e; (Cd xd)J is closed under conjugate transpose,
since g Xtg- 1 = (gXg- 1)t = X t; and (Cd- xd )J is closed under addition and scalar multiplication,
since the action of G is linear. Therefore, the following theorem applies:

Theorem 1 (Theorem 1.2 in [11]). Let A be a matrix *-algebra. There are numbers k, and
mz1, ..., mk such that there exists a ~-isomorphism between A and a direct sum of complete matrix

algebras,
k

l'IJ: A - Cmr Xmr . (334)
r=1

Since W is an isomorphism, it preserves the scalar product and in particular positive semidefinite-
ness. Therefore, the positivity condition X = ixiFi > Oisequivalentto W(X )= ixi¥Y(Fi)= 0,
where all W(Fi) have the form of k blocks of size mr each. This reduces the size of the positivity
constraint in (3.2.1).

With this, Equation (3.2.1) can be written as

min Xitr(AFi)
Xi C i
such that xiW(Fi) = x*®(Fi)t = 0,
i i
xiZ(Fi) = C. (3.35)

3.3.2 Schur-Weyl duality

In general finding the *-isomorphism W that block-diagonalizes an invariant semidefinite program
is nontrivial. However, for problems which are invariant under Usn with U U (d), a practical
guideline is given by Schur-Weyl duality. This states that there exists an isomorphism between the
n-qudit Hilbert space and a block-diagonal space where each block has a tensor product structure,

(Cd)ora- ® UxySx, (3.3.6)

AHra
A <d

where Ux and Sa are the invariant subspaces of an irreducible representation labelled by A of the
unitary group U (d) and the symmetric group Sn respectively, and A is the number of nonzero
components of the partition A.
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If A B((Cd)on) is symmetric under Uen, then Eq. (3.3.6) implies that A can be block-
diagonalized in some basis as

A= QA (u) ®Rx(a), (3.3.7)

AHra
A <d

where QA (u) and Ra(a) are irreducible representations of u CU(d) and a CSn. It follows
fromEq.(3.3.6) thatthegroupactionsofU (d) andSn intheHilbertspacearetheuniquecommu-
tant of each other. In particular, A in (3.2.1) commutes with U and therefore the irrep Qa (u)
in (3.3.7) can only be the identity. Thus we have

A= @ %\®R)(a), (3.3.8)
AHra
A <d
wherea= ¢ s aco CSn and the dimension sa of the identity corresponds to the multiplicity

of Ra and is given by the Schur polynomial evaluated on A ones,
sy i=sa(l,..,1)= ] ANi~A+,) ~i. (339

l<i<js A ] -1

3.3.3 Onbjective function, constraints and positivity

Similarly as in Eq. (3.3.8), by Theorem 1 the variable X can be diagonalized in blocks as follows,

X= @ 1s ®R)\(X), (3.3.10)
AHra
A <d
where X = ¢ sa Xo0  CSn. Therefore, the objective function in Eq. (3.2.1) can be written in

terms of the irreducible representations Rx as

tr(AX) = tr(nd(ax)) = tr(Rx (a)Ra(x))sa . (3.3.11)

AHra
A <d

The Hermiticity condition X = X t reads

Y2 Xe0 = Y2 Xo0-1, (33.12)

0 Sn 0 Sn

where we take the adjoint in the group algebra.
Since nd is a linear representation and = a linear map, there exists a linear function & on CSn
satisfying = (X) = nd(§(x)). Thus the constraints in (3.2.1) can be written in several ways:

&(x) = ¢,
RA(&(X)) = Ra(c) or
Z(X) = nd(&(x)) = nd(c). (33.13)

Since the Schur-Weyl duality establishes an isomorphism, the right hand side of Eq. (3.3.6)
is positive semidefinite if and only if the left hand side is positive semidefinite. As a result, the
positivity condition X = 0in (3.2.1) is satisfied if and only if the matrix irreducible representation
R (x) is positive semidefinite for all A appearing in Eq. (3.3.10), namely satisfying A < d.

A particularly relevant linear constraint is requiring that the partial trace of the solution co-
incides with a prescribed reduction, including the standard normalization condition tr(X) = 1 for
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guantum states. Making use of the freedom given by Eq. (3.3.13), we define the following linear
map.

Definition 1 (Partial trace in CSn). Let 0 = (a1..01)---(0on-t...an) Sn be a permutation with
c(o) cycles, and let {ai} {1,.,n} bek subsystems to be traced out. Let ¢ {ai} Sk be the result
of omitting the parties ai to the permutation o, with c(o {ai}) cycles. We define the partial trace
of o as

Tai}(0) = de(o) c(o air)0 {ai} (33.14)
One verifies that the partial trace in CSn and in nd(CSn) are related as follows,
tr{ai}(nd(0)) = nd(t{ai}(0)). (33.15)
This is because (1) the full trace of a cycle equals the local dimension, e.g.
tr(nd(az...a1)) = d. (3.3.16)

And (2) the partial trace of a cycle results a shorter cycle where the traced subsystems are omitted,
eg.
tri2,4(nd (o 102030405)) = nd(asas). (33.17)

3.3.4 Main SDP symmetry reduction

At this point we recover a particular case of Theorem (1) where the block-diagonalization is done
in irreducible representations. The semidefinite programming (3.2.1) can be written as follows,

min SA xoan tr(RA (0)R A (1))
{Xe C}
Arn o,m Sn
X <d
such that X XoRA(0) = X*Rr(0 1) = 0 forall A
0 Sn 0 Sn
=(Xx)=2C, (3.3.18)

where the linear constraint =(X ) = C is problem specific.

3.4 Variable reduction

3.4.1 Good permutations basis

Although the method described can be useful to reduce the dimensionality of certain symmetric
semidefinite programs, a general solution

X = Xaond (o) (34.1)

0 Sn

is composed of [Sn| = n! complex parameters xo, whose scaling is comparable to an exponential
scaling. The key fact to reduce the number of variables is that the permutations ¢  Sn form
an overcomplete basis for the subspace spanned by nd(c) with ¢ Sn. Some redundancy can be
taken away by choosing a restricted basis, consisting of so-called good permutations [157], defined
as follows.

Definition 2 (Definition 3.1 in [157]). A permutation ¢ Sn is called d-bad ifit has a descending
subsequence of length d, namely, if there exists a sequence 1< i1< i2 < .. < id < n such that
o(@i1) >0 (i2z)> .. > a(id). Otherwise, ¢ is called d-good.
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n 3 4 5 6 7 8 9 10 11 12
IGP(2n| 5 14 42 132 429 1430 4862 16796 58786 208012

Pl 3 9 25 75 231 763 2619 9495 35695 140151

n! 6 24 120 720 5040 40320 362880 3628800 39916800 479001600

Table 3.1: Variable reduction in an n-qubit U~"-invariant SDP. The first row displays
the number |G P (2)n] of (2+ 1)-good permutations GP (2)n for each number of elements n, given
by the Catalan number, which is the number of variables of a complex semidefinite programming
problem involving n qubits. The second row shows the number |Pn| of permutations which are
disjoint products of swaps, given by Eq. (3.4.2), which is the number of variables involved in a
real semidefinite programming. These compare to the third row, which contains the number of
variables without variable reduction determined by the Factorial function n!.

Theorem 2 (Theorem 3.3 in [157]). The d + 1-good permutations form a basis of the invariant
subspace Zn(Cd) = { o snacnd(cg):asc C, 0 Sn}.

We shall denote the set of (d+1)-good permutations of n elements as GP (d)n, and its cardinality
as |GP (d)n].

Consider for example three qubits, which define the algebra Z3(C2). The only descending
sequence of 2+ 1 = 3 elementsis 1 < 2 < 3. Thus a permutation ¢  S3 is 3-bad if (1) >
0(2) > 0(3), and 3-good otherwise. Since the only 3-bad permutation is ¢ = (13), by Theorem 2
the algebra X 3(C2) is spanned by 5 permutations: n2(id), n2(12), n2(23), n2(123) and n2(132).

3.4.2 Real problems

In some cases, the solution to Eq. (3.2.1) is real, X (Rd)ora. In this case the variables have no
complex component, xe R in (3.3.18). In practice, this reduces the number of variables needed.
For example, the Hermiticity condition in (3.3.18) imposes Xo = = Xo-.. Permutations
satisfying this property are called of order 2 or involutions, and correspond to disjoint products of
swaps. We will denote the set of disjoint products of swaps in Sn as Pn, and its cardinality as |Pn].
One can reduce the number of variables for real n-qudit SDP problems using the following result.

Theorem 3 (Theorem 1.2-(3) in [169]). The space of real and symmetric elements has a basis over
R formed by involutions.

This reduces the size of real problems with respect to complex ones, where the good permuta-
tions basis is needed. More precisely, the number of involutions in Sn is known to be [170]

In/2] .
n!

|Pn| = (n- 2k)12ck! . (3.4.2)

Instances of the reduction with respect to the good permutation basis are given in Table 3.2.

3.5 Scaling

Here we will focus on the size of the matrices where the positivity condition is imposed. In the
standard SDP, one has a complex square matrix of size with dn. This means dn (dn + 1)/2 real
parameters and (dn (dn - 1))/2 imaginary parameters, which sum to (dn)2 real parameters.
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System (d;n) Vars naive Vars SR (GP) Real Blocks Max. Part. Size

(2;2) (22)2 = 16 2% 2 2 2 @ 1 1
(3;2) (32)2 = 81 2x 5 4 2 @, 1 1
(2;3) (23)2 = 64 2% 2 2 2 @ 1 2
(3:3) (33)2 = 729 2% 6 5 3 (2;1) 2
(2;10) 1048576 2x 16796 8524 5 (6, 4) 90
(10;10) 1020 2x 10! 10! 42 4,321 768

Table 3.2: Size of the positivity constraint in different SDP formulations. Shown in
columns are the size parameters of the naive SDP and its symmetry reduced version. System:
Size of the system, composed of n d-dimensional local subsystems. Vars naive: Real parameters
of the variable X, imposing hermiticity (necessary for positivity) and unit trace. There are
(dn(dn + 1))/2 real parameters and (dn(dn - 1))/2 imaginary parameters, which sum to dn real
parameters. Vars SR: Total number of parameters of the symmetry reduced SDP. This number
coincides with both  A-n A <ddim(SA)2, where dim(sa) is the dimension of the irrep RA, and

the number of good permutations (GP). Real: Number of variables when the problem admits
a real solution. Blocks: Total number of blocks in the diagonalization. Max. Part.: Partition
corresponding to the largest block. Size: Size of the largest block.

In the reduced SDP, one only asks for positivity on complex linear combinations of irreps. This
means that the total number of parameters is

8= dim(S»)2 (35.1)

AHra
A <d

where dim(Sx) is the dimension of the irrep Ra. The comparison between the two methods is
illustrated in Table 3.2.

Example 1. Consider an SDP with symmetries over U (d)on with three qubits, namely d = 2 and
n = 3. Its standard version has the form of Eq. (3.2.1), where we enforce positivity of a matrix of
size 23 = 8, and thus has (23)2- 1= 63 real parameters assuming that the solution to the problem
X is a normalized state with trace 1.

Now consider its symmetry reduction in Eq. (3.3.18). By Schur-Weyl duality we only need to
consider positivity of the matrices

A =53 s xoR)(O) and (35.2)
g S3
B = s@u XoR (2,1)(0). (35.3)
o S(2.,1)

The irreducible representations R (3) and R (2,1) act on subspaces of dimensions 1 and 2 respectively.
Therefore, we need to impose positivity of one matrix of size 1 (A) and one matrix of size 2 (B).
Since by both A and B are hermitian, the problem has 1+22- 1= 4 real variables, assuming that
the solution X to the problem has trace 1.

Remark. In practice, solving an SDP problem can be done using different computational
tools. The irreducible representation of each good permutation needs to be computed and saved
for further use. This requires computational effort, and it is thus worth to compare different
methods for the sake of efficiency. In Table 3.3 we compare the module “SymmetricGroupRep-
resentation” [171] from the “Combinat” package in SageMath with the module “Representation”
from “NumericalRepresentationTheory” [172, ] in Julia (open source), and find that the latter
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n 3 4 5 6 7 8
Time with SGR (seconds) 0006 0031 0238 2442 66963 1973.236
Time with NRT (seconds) 0002 0021 0083 0331 4113 13.798

Table 3.3: Comparison between numerical methods to generate the irreducible represen-
tations of the n! permutations in the symmetric group Sn. Shown is the time in seconds spent
in a single run by each method: “SymmetricGroupRepresentation” (SGR) with Sage [171] and
“NumericalRepresentationTheory” (NRT) with Julia [172].

is faster in computing the irreducible representations.

3.6 Direct decomposition

The semidefinite programs (SDP) treated in this chapter admit a further simplification. Recall that
by Schur-Weyl duality, the representation nd (o) of the permutations on (Cd)ora spans the subspace
invariant under Uen. Therefore, both the variable X and the fixed operator A in Eq. (3.2.1) can
be expanded in the basis {nd (o)}, where a rescaling is needed since the basis is overcomplete. The
rescaling relies on the Weingarten operator

1 id)? _
Wg(d,n):m E % E xale™he (36.1)
AFn O'ESn
A<

and the Weingarten function

1 xa(id)?
We(d,0) = —5 > == ——xx(0). (36.2)
DY
[A<d
Let us expand the operators A and X as
A=Y hona(o) (36.3)
O'ESn
with he = 1t sntr(nd(t- 1)A)Wg(nd(t)- 10,d) and
X =) @mna(n) (364)

7T€Sn

with xn st s tr(nda(t 1)X)Wg(nd(t) 1m, d), where the coefficients ho and xn define the oper-
ators A and X respectively.

3.6.1 Objective function and positivity constraint

Using that the Weingarten operator Wg(d,n) commutes with all permutations, we can write the
objective function as

tr(AX) = > tr(na(0) ™ A) tr(na(o)na(r) We(d, n)?) tr(na(r ) X)
T,0ESy

=S ), (36.5)

7T€Sn
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by defining

hn= tr(% (o 1)A)tr(%(o)%(m) Wg(d,n)2) and

0 Sn

(m) = tr(nda (m)X), (3.6.6)

where (1} can be understood as the expectation value of the permutation m on the variable X . To
impose the positivity constraint X = 0, we will use the following result of [174].

Proposition 3. [174]. The operator X is positive semidefinite, X = 0, if and only if

(M- 1)RA (M) = 0 (36.7)
T Sn
for all partitions A Hn with A < d.
Proof. Let us expand X as
X = tr(nd (- 1)X )nd (M) Wg(d, n) (3.6.8)
T Sn
= nil & xA-d)nd(Pr) £ tr(nd(n- 1) X)nd (1), (3:6.9
AHra A T Shn
A <d

where nd(pr) = Pa are the Young projectors and we used that Wg(d, n) commutes with all permu-
tations. Recall that the representation of an element on of the symmetric group algebraa CSn
on (Cd)ora is positive semidefinite, nd(a) = 0, if and only if all its irreducible representations are
positive semidefinite, namely Ru(a) = O for all partitions p Hn with p < d. Since n!, xa(id) and
S)A are nonnegative, we have that

X =20 < Ru(p (xn}m) = 0. (3.6.10)
T Sn

Since pa acts as the identity onto the subspace invariant under Ra and as the zero matrix onto

other subspaces, we have
Ru(o) = 1o . (36.11)

Therefore we conclude that X > Oifandonly if Y m sn{xn)Ru () = Oforally Hnwith y < d. O

Proposition 3 allows us to write a semidefinite program in (3.2.1) as follows,

max X ho{o}

0 Sn
such that Rx(pXx (x¢}a) 20 VAHN, A £d
0 Sn
£ ®(o)wo>=C, (36.12)

0 Sn
where the linear map @ is problem specific. This formulation simplifies the objective function with

respect to Eq. (3.3.18), where a summation with a larger number of terms than in Eq. (3.6.12) is
required.
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3.7 Quantum Max Cut

The quantum max-cut problem consists of finding the minimal energy of a Hamiltonian of a spin
lattice. Given a graph G = (V,E) with vertices V and edges E, the Hamiltonian reads [164, 1

H = na(ij) (371)
i,j E
and the ground state p minimizes tr(pH). This problem can be written as a semidefinite program,
as follows:

min  tr(HX)
X

such that X = 0
tr(X) = 1 (3.7.2)

The symmetry reduction techniques derived in this chapter allow to formulate this SDP in the
following form,

= e%iilzm’r} Z SA Z Z Lo tr(Rk(O)Rk(lvj))

|§1—<nd o€l i,j€E

such that Z 2o R (o) >0 forall A: [N\ <d
O'EPn

Z Z o tr(BA(r))sx =1, (3.7.3)

Nrn g€P,
[A<d

where the permutations are sampled over the set Pn of disjoint products of swaps since the problem
admits a real solution.
A further simplification can yet be done by direct decomposition, as follows:

min o Dhe
{{o): 0€P,} U;n< >
sothat > (x7")Ra(m) >0
7T€Sn
(idy =1. (3.7.4)

The condition ((id)) = 1 imposes normalization of X since

@id) = tr(nd(id)X ) = tr(1X ). (3.7.5)

3.8 Marginal problem for Werner states

Another application of the symmetry reduction of SDP's via Schur-Weyl duality is to asses com-
patibility of marginals of n-partite states which are invariant under U (d)on. This is called the
marginal problem [175], and SDP techniques have been recently shown to be useful to asses similar
compatibility problems for marginal spectra [5] and highly symmetric states [167]. The marginal
problem is in general described by the following SDP,

n;(in find X
such that X = Xf 2= (3-:8-1)
trac (X) = Xa,
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given prescribed marginals X A of subsystems A with complementary Ac. By imposing the sym-
metry U®nX U fon = X , this problem can be restated as

find {xo}
such that = b3 Xo tr(Ra(r))sa = 1
AHn ¢ GP (d)n
) <d
XxoRyx(0) = XoRa(o-1) = 0 for all A (38.2)
[0 GP(d)n [0 GP(d)n
Xo RA(TAc (0)) = coRA(o) forall A and A
6 GP(d)n 6 GP(d)n

with Definition 1, where both the marginals and the solution are Werner states. Here the set of
good permutations GP (d)n is needed, since in general the solution can be complex.

3.9 Infinite spin lattice with translation invariance

Another problem is that of finding the ground state of the Ising Hamiltonian in an infinite lattice,
such that the reduced state at each cell (of say, 4 nodes) is invariant under translations. This
problem cannot be tackled with exact diagonalization. Instead, upper approxiations can be found
with matrix product states (MPS) [176] and lower approxiimations can be found with SDP [164,

1. Here we follow the relaxation proposed in [166], which can improve the Anderson bound [10].

Given a local translation invariant Hamiltonian Hn = p=1 nd(tj (12)), where 1j (12) = (j,j +1)
is a translation on the Swap, we define three main ingredients:

» The Hamiltonian hm = nd(12) + ... + nd(m - 1,m ) on a cell with m qudits,
+ The Hamiltonian h = nd(m,1) between the first and last nodes of the cell, and
« AsetB ={m+ jmodm:j=-s+1,-s+2,..5} for achosen integer s < m/2.

With this we consider the following semidefinite program.
min tr(Xhm) + tr(S(1 ®h))

such that tns (X ) =S
X,$20tr(X)=1tr(S) =1 (39.1)

As an example, consider the parameters m = 4, s = 2. We have hsa = nd(12) + nd(23) + nd(34)
and h = nd(41). The set B = {34, 1, 2} defines the whole lattice and therefore the partial trace
condition in Eq. (3.9.1) enforces X = S. Thus the optimization can be done with a single variable
X with respect to the 4-nodes closed-graph Hamiltonian

ha 4 := ha+ h=nd(12) + nd(23) + %(34) + %(41), (39.2)
as in the quantum max-cut problem:
n;(in tr(Xha 4)
such that X = 0,tr(X)=1 (39.3)

As another example, set m = 4 and n = 1. Now one has B = {4, 1} and thus the Eq. (3.9.1)
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reads as follows,
mintr(Xha) + tr(S(h))

such that tr23(X) =S
X,520,tr(X)=tr(S)=1. (39.4)

3.10 Conclusions

We have studied semidefinite programs symmetric under the conjugate diagonal action of the uni-
tary group, namely U~"-invariant. We reviewed standard symmetry reduction techniques starting
from Schur-Weyl duality [11, ,165] and further reduced the size of the problem using variable
reduction: complex problems admit usage of the good-permutation basis, and real problems can
be solved using a basis of permutations which are disjoint products of swaps. We have studied the
implementation of these symmetry reduction techniques and compared different practical methods
of their use. Our analysis suggests significant advantage of the package “Numerical Representation
Theory” in Julia [L72] over the package “Symmetric Group Representation” in SageMath [171].

Our approach is complemented with a direct decomposition of the objective function, which
allows to write problems like ground state minimization in terms of the expectation values of the
Hamiltonian alone. We have explicitly written symmetry-reduced versions of relevant problems in
guantum information theory: the quantum max-cut, the marginal problem for Werner states, and
the ground state minimization of an infinite spin lattice.



4

Discrete dynamics in the set of
quantum measurements

A quantum measurement, often referred to as positive operator-valued measurement (POVM), is
a set of semipositive operators P; = PjT > 0 summing to identity, Zj P; = 1. This can be seen
as a generalization of a probability distribution of positive real numbers summing to unity, whose
evolution is given by a stochastic matrix. In this chapter we describe discrete transformations in
the set of quantum measurements by blockwise stochastic malrices, composed of semipositive blocks
that sum columnwise to identity, and the notion of sequential product of matrices. We show that
such transformations correspond to a sequence of quantum measurements. Imposing additionally
the dual condition that the sum of blocks in each row is equal to identity we arrive at blockwise
bistochastic matrices (also called quantum magic squares) and study their properties. Analyzing the
dynamics they induce we formulate a quantum analog of the Ostrowski description of the classical
Birkhoff polytope and introduce the notion of majorization between quantum measurements. Our
framework provides a dynamical characterization of the set of blockwise bistochastic matrices and
establishes a resource theory in this set.

77
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4.1 Introduction

Quantum theory can be regarded as a generalization of classical probabilistic theory, where classical
phenomena emerge as a special case of quantum phenomena under certain constraints. Understand-
ing the similarities and differences between quantum and classical theory is of both fundamental
and applied interest. Specifically, qguantum measurements are based on mathematical postulates
that yield outcome probability distributions [177], revealing certain properties of a quantum sys-
tem [21].

Although extensive research has been devoted to exploring the relationship between quantum
measurements and probabilistic experiments [178], the comparison of the dynamical properties of
discrete quantum measurements and discrete probability distributions requires further studies. This
work aims to identify the conditions under which standard properties of the evolution of discrete
probability distributions apply analogously to the evolution of discrete quantum measurements.

In classical probability theory, a discrete probability distribution is a column vector, p =
(p1, ..., pn)T, with nonnegative entries pi which sum to unity. The set of probability vectors An
is known as the probability simplex. Discrete evolution of a probability vector p is described by
multiplication by a stochastic matrix S with nonnegative entries sij and columns sj summing to
unity. Physically, this can be understood as follows: first, an experimental measurement with
outcome distribution p (e.g. rolling dices) is performed; depending on the outcome j, a second
measurement is performed with outcome probability distribution sj, where each outcome i occurs
with conditional probability sij. The marginal probability distribution after both measurements is
g= (g1, ...,gn)T with

n
= Ssipi. (41.1)
j=1
Discrete probabilistic systems whose evolution is given by a stochastic matrix via Eq. (4.1.1) are
known as Markov chains, and have the property that the state of the system at each time step
depends only on the state of the system at the previous time step [179]
A particular dynamics in the space of classical probability distributions is induced by bistochas-
tic matrices, with nonnegative entries which sum to unity for both rows and columns. The set of
bistochastic matrices of a certain size n has been characterized in two equivalent ways:

1. Birkhoff-von Neumann characterization [180]: The set of bistochastaic matrices of size n, also
known as the Birkhoff polytope, is the convex hull of all permutation matrices of size n.

2. Ostrowski characterization [181]: A square matrix of size n with nonnegative entries is bis-
tochastic, if and only if, one has the majorization relation p > Bp for any probability vector

p An.

The majorization relation p > g between two vectors p,q An means that

k k
pi 2 ] (4.1.2)
j=1 j=1
for all k = 1,2,...,n, where the entries pj are sorted in non-increasing order [182, ] Due to
the characterization of Ostrowski [181,182] summarized in item (ii), bistochastic matrices induce

majorization relations between probability distributions and a corresponding resource theory [184].

Similar ideas to the ones describing the probability simplex can be used in quantum theory, in
various ways. The most common approach is to consider density matrices (positive semidefinite
normalized operators p = pt = 0) as coherent generalizations of probability distributions. Dis-
crete dynamics in the set Qd of density matrices of order d is described by quantum operations E
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(completely positive and trace preserving) represented by Kraus operators Ki in the form of

E(o) = > Kiok], (4.1.3)
i
where the effects kK ik i sum to identity, > i K ¥%s = 1. In this work we use an alternative approach
in the spirit of Gudder [93, , ] in which probability vectors are generalized to vectors whose
components are effects, Pi := K i, summing to identity [92, 186].

The goal of this paper is to understand whether certain dynamical properties of the probabil-
ity simplex An hold analogously for the set of quantum measurements, when the agents of the
evolution are elements of their own set. We start from a vector description of quantum measure-
ments [92] and define a product between these objects, which is based on matrix convex com-
bination of effects [107, ]. This product can be understood as a concatenation of quantum
measurements, where transformations of measurement are induced by objects within their own
set. Therefore, transformations correspond to sequential Liiders measurements, in which quantum
instruments[188] (ormoregenerally, guantumsupermaps[28,64, ,190]) arereducedtomeasure-
ment effects. In particular, bistochastic matrices have been generalized over an operator algebra
in several contexts [92, , , 191- 196], as blockwise square matrices where positive semidefinite
entries sum to identity for rows and columns. These objects are called blockwise bistochastic matri-
ces [191] or quantum magic squares [186], and constitute a very special case of blockwise stochastic
matrices inducing dynamics in our framework.

This paper is organized as follows. In section 1.2.3 we introduce the set of quantum measure-
ments as blockwise probability vectors, and discuss its geometry and generalized convex hulls. In
section 4.2 we introduce blockwise stochastic matrices and define a product between quantum mea-
surements based on a generalized convex combination of effects. We discuss its physical meaning
in terms of conditional measurements and measurement compatibility. In section 4.3 we introduce
a generalized notion of majorization between quantum measurements and use it to establish a
dynamical characterization of blockwise bistochastic matrices analogous to the Ostrowski charac-
terization of the Birkhoff polytope [180, ]. In section 4.4 we show that a resource theory of
guantum measurements arises from our results, as a quantum analog of the majorization resource
theory in the probability simplex.

4.2 Discrete dynamics induced by blockwise stochastic matrices

Consider a stochastic matrix S = (sij) of size n, so that sij = Oand isij = 1. Such a matrix can
be considered as a collection of n independent probability vectors sj = (51j,..., Snj)T,

S=(x ... sn) A ) (4.2.1)

wheresij = p(ilj) istheprobabilitythatanoutcomeiisobtainedgiventhataclassicalmeasurement
j was performed. As sketched in Section 4.1, S determines the discrete evolution from p  An
to g An via Eq. (4.1.1), where each convex combination gi is the outcome probability after
concatenating two conditional measurements. Here we will consider the quantum analog of these
notions.

4.2.1 Blockwise stochastic matrices and their blockwise product

A collection of n independent measurements with n outcomes can be described by a Cartesian
product of n blockwise probability vectors Sj with n effects {S 4y, ..., Snj}. This suggests considering
the following quantum version of a stochastic matrix.

Definition 3 (Blockwise stochastic). Let S be a square matrix of size dn x dn composed of nz
blocks {Sij} of size d x d each. We call S blockwise stochastic if
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{Pi} {Sij}i

Figure 4.2.1: Circuit description of sequential measurements and measurement in-
terconversion. Top: The system is initialized in a quantum state p. A first measurement P
with effects Pj is performed (in green), and depending on the outcome j, a second measurement
Sj with effects Sij is performed (in blue). Bottom : A single measurement Q = S *P with effects
Qi = Zj 4P Sijy/Pj is performed (in orange) on an initial quantum state p. Both scenarios
give equivalent marginal probability distributions of an outcome i.

1. Its entries {Sij} are hermitian, positive semi-definite matrices, Sij = 0, and
2. Its n block-columns of size d sum to the identity, iSij = 1.

Since a blockwise stochastic matrix S is a Cartesian product of n blockwise probability vectors,
S = (S1,...,Sn), their set can be written as An.dxn. Similarly as for blockwise probability vectors,
the standard notion of a stochastic matrix is recovered by setting d = 1, when taking the expec-
tation value tr(Sij-p) = p(if ), which gives the probability of obtaining an outcome i provided a
measurement Sj was performed.

To establish interconversion rules in the set of quantum measurements, we will consider the
guantum version of Eq. (4.1.1), sketched in Figure 4.2.1. First a quantum measurement described
by a vector P An.d is performed. If the outcome isj (i.e. the effect Pj has been applied), then
a second measurement Sj is performed. While in the most general case Pj is an instrument acting
on Sij, here we will restrict ourselves to the Luders assumption of a non-filtering setup [23]. Here
the state after measuring P on an initial state p reads pl = y/Pjpy-Pj/tr(Pjp), where positive
semidefinite square root Pj = Pjis2 is the Kraus operator associated to the effect Pj = Pj Pj
corresponding to an outcome j; and similarly, the state after the second measurement reads p" =
y/Sijp,y-sSij/ tr(pSij) in the event of obtaining an outcome i. Then the probability distribution
after this sequence of two measurements can be obtained by an effective quantum measurement,
whoseeffects{Q1,...,Q n} aregivenbymatrixconvexcombination[L87] o fSi1,...,Sin overP1,...,Pn,
via Qi F=rf ty-p-jSijy~Pj - see Eq. (4.2.4) below. That is, the probability of obtaining the
outcome i reads

p(i) = tr(Qip) = tr( Sij Pjp Pj Sij)= p(.i), (422)
i=1 j=1

where p(j, i) is the probability of obtaining j in the first measurement and i in the second one in
the setup described above.

In the outcome effects Qi, each term PjSij Pj can be seen as the sequential product [L07,185]
or star product [197, ] between the effects Pj and Sij.. One verifies that indeed Qi = Qj = 0
and j=1 Qi = 1d, so that Q defines a quantum measurement. Therefore, the discrete evolution of
guantum measurements introduced in this work carries the following generalization of the matrix
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product.

Definition 4 (Blockwise product). Let A and B be two matrices A = (Aij) Cdn X Cdo~ and
B = (Bij) Cdn-x Cdn~ composed of n x n' and n' x n" positive semidefinite blocks of size d,
Aij, Bij Cd x Cd. Let each block Bkl decompose as Bkl = Bkl Bkl. We define the blockwise

product,
(Ax B)a = (Z V BjkAij/ Bjk) € Can x Canr - (4.2.3)
J

One verifies that the blockwise product preserves positivity at each block (A * B)ij.. Further
properties of this product are presented in 4.6.1. In natural analogy to the evolution of classical
measurements, the transformed effects Qi discussed above are obtained with the blockwise product
of S and P,

St ... Sin Py >V PSP (1
S«P =1 : . | = : =1 | =Q, (4.2.4)

Snl Snn Pn 2?11 vV Panj\/ Pj Qn
where it is straightforward to note that =1 Qi = 1 as S is blockwise stochastic.

Example 2. Consider the Pauli projective measurements characterized by blockwise probability

vectors
([ Pzy [ Pxy [ Pyy - (1)2
PZ = (PZ_> s PX = (PX_ Py = PY_ and Pﬂ = ]1/2 s (4.2.5)
where each Pi:z is the rank-1 projector with eigenvalue + 1 on the Pauli matrix gi, e.g.
171 41
Pxq = 5 (:I:l 1 > . (4.2.6)

Three possible measurements can be obtained up to changes ofthe basis, depending on the alignment
between the first and second measurement:

(Pz,Pz) x Pz = Py (4.2.7)
(Pz, Pz) * PX = (Pz, Px) * Py = PIL or (4.2.8)
o Px4/2 N 1 (Pxy) 170

4.2.2 Dynamics in the space of quantum measurements

Similarly as for stochastic matrices, the set of blockwise stochastic matrices is closed under the
blockwise product * and has a unit element 1. This can be formulated as follows.

Proposition 4. The set of blockwise stochastic matrices equipped with the blockwise product,
{Andxn,*}, forms an unital magma, i.e. a closed set with binary operation and neutral element.

Proof. The neutral element is the identity 1dn, since 1 *S = S *1 = S for any blockwise stochastic
matrix S. Moreover, given two blockwise stochastic matrices S, T Andxn, their blockwise
product R = S *T is also blockwise stochastic. This is because the product * preserves the
positivity of blocks, and the sum over all elements of the k-th column of R reads

ZRik:Z\/@(ZSij)\/@:n. (4.2.10)
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In the classical case, one verifies that given two probability vectors p,q An, there exists a
stochastic matrix Ap-. q such that q = Ap-q-p [183]. One can for example choose Ap-.q = (q,..., Q)
such that all columns are equal to q. Although for a full analysis one needs to consider the blockwise
product * and its dual version *t - see 4.6.1, below we show that this property does not hold for
POVM interconversion via Definition 4.

Proposition 5. Not all transformations between two quantum measurements given by P And
and Q And are possible with a blockwise stochastic matrix S Andxn viaQ =S *P.

Proof. We will construct a counterexample from the blockwise probability vectors P = (Pz+,Pz-)
and Q = (Px+,Px -)t, where Px + are given by Eq. (4.2.6) and Pz + are diagonal projectors. For
any blockwise stochastic matrix

S T
S(]l—S ]l—T) , (4.211)
one has g
Pz SPzy + Pz TPy )
S+« P — , 4212
<PZ+(]1 —S)Pz++PZ_(]1 —T)PZ_ ( )

where all blocks are diagonal. Therefore one cannot obtain a blockwise probability vector with
effects that are not diagonal, e.g. there exists no blockwise stochastic matrix S such that S *P =
(Px+,Px -yt

4.2.3 Regions accessible by the blockwise product

Proposition 8 shows that not all transformations between quantum measurements can be done by
conditional concatenation of measurements which simulate the output probabilities. This raises
the following question: What is the set of quantum measurements which can be obtained from an
arbitrary blockwise probability vector P by blockwise product with a blockwise stochastic matrix
S? To answer this question, first note that the set of quantum measurements is convex and
characterized by its extremal points, which contain projective measurements P = (Pi1,...,P n)t
And with P2 = Pj. Based on this fact, the following proposition bounds the set of blockwise
probability vectors which can be obtained by a fixed measurement described by P And.

Proposition 6. Let P And be a blockwise probability vector. The following interconversion
rules hold.

1. The set of measurements Q which can be obtained by blockwise product * with a blockwise
bistochastic matrix is convex.

2. The extremal points of this set are obtained by blockwise stochastic matrices, the columns of
which form extremal measurements.

Proof. The proof relies on the fact that the blockwise product * is partially distributive,
(S+S)Y*P =S*P +S"*P . (4.2.13)

For (i) we need to show that if @ and Q' can be attained from P via S and S, then aQ + (1 —
0)Q ' with 0< a < 1can also be attained from P with a blockwise stochastic matrix. One has by
assumption Q = S *P and Q' = S *P , and therefore by Eq. (4.2.13) we have

aQ + (1 —a)Q = (@S + (1 —a)S*) *P (4.2.14)

where T := aS + (1 —a)S* An,dxn is blockwise stochastic, since the set of blockwise stochastic
matrices is convex.

For (ii) we need to show that the extremal points of the set of vectors attainable from a blockwise
probability vector P via Q = S * P are obtainable from a matrix S  An,dxn such that all its
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Figure 4.2.2: Regions of the set of measurements A2,2 accessible with the blockwise
product. As in Fig. 1.2.1, the set of vectors P = (P,1 - P) defines two anti-parallel cones
along the coordinate t = tr(P). (a) All quantum measurements are accessible from Pa =
(a1, (1 —a)l)~ with a blockwise stochastic matrix. (b) The subset of measurements accessible

from Pz = (PZ+,Pz-)~= (|0}(0], 1)(1)~is a fragment of a plane obtained by the convex hull
of the effects 0><0, 1>1,0 and 1.

columns define extremal pointsin An,d. To see this, it is enough to show that if Q does not describe
an extremal measurement, namely Q = aQ' + (1 —a)Q" with Qf,Q" Andand 0< a < 1, then
S = aSf+ (1 —a)S". Indeed, this holds due to Eq. (4.2.13).

Example 3. Consider the case n = d = 2. A trivial case is the set of measurements that can be
obtained from Pa = (al, (1 —a)l)t. One verifies that by using a blockwise stochastic matrix with
equal columns, any measurement is accessible, as shown in Fig. 4.2.2a.

Let us now analyze the set of accessible measurements from P = (P, 1 —P )t with nonzero
projectors P = P2. Writing Pz = (0)(0, 1>1)t in the eigenbasis of P, we see that one can only
obtain measurements with diagonal effects. Therefore, the obtainable set is a fragment of a plane
defined by the convex hull of 4 extremal points, depicted in Fig. 4.2.2b.

o (0 (38)-(30) ()} o

To obtain the full set of measurements, unitary operations U U (d) in the form of (UPUt,1 —
U P U )t are needed in addition to the transformations induced by blockwise product.

Now we will show that the question of what quantum measurements can be obtained from an
original quantum measurement P via the blockwise product of Definition 4, is in fact related to
so-called joint measurability of two POV Ms, defined as follows.

Definition 5 (Jointly measurable). A quantum measurement with n effects {Pj} is compatible or
jointly measurable with a quantum measurement with m effects {Qi}, if they are both marginals of
a mother quantum measurement with n x m effects {Mij}, namely

Py=> M; and (4.2.16)
=1
n
Qi=> M. (4.2.17)
j=1

In the special case of a von Neumann measurement, {Pj} and {Qi} are projectors and the
corresponding measurements are compatible if and only if the effects commute, PjQi = QiPj. Thus
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the notion of compatibility assesses when two measurements can be implemented simultaneously
(see [199] for a recent review).

The problem of deciding measurement compatibility [200- ] can be related to that of post-
processing: In the most general case, it was shown in [206] that two quantum instruments are
compatible if and only if one can be obtained by conditional composition with other instruments
from each other. The following relation to dynamics through the blockwise product provides a
fine-graded version of this result for the case of Liiders effects:

Proposition 7. Let P,Q And define two quantum measurements with effects {Pj} and {Qi}.
These two measurements are compatible if and only if there exists a blockwise stochastic matrix
S Angdxn mappingP toQ =S *P.

Proof. We will show first the only if part, namely that compatibility implies convertibility. Assume
P and Q define compatible measurements on a system with dimension d, and let {Mij} be their
mother measurement. Define Sij :=  Pj-1Mij Pj-1 where Pj is the Hermitian square root of

Pj and the inverse is taken on the support of P. Eq. (4.2.16) implies that
n n
Sij = Pj-1 Mij Pj-1= Pj-1Pj Pj-1=1, (4.2.18)

i=1 i=1

and therefore S is blockwise stochastic. On the other hand, Eq. (4.2.17) implies that
Qi = Mij = PiSij Pj, (4.2.19)

and hence Q can be obtained from P viaQ = S *P.

The if part becomes now straightforward: let S An,dxn be blockwise stochastic such that
S *P = Q. Then, the blockwise matrix with entries Mij = PjSij Pj satisfies Eq. (4.2.16)
and (4.2.17) and thus it defines a mother measurement of P and Q.

Since compatibility is a symmetric relationship, this implies that all possible transformations
between two POVMs P And and Q An.d can be done in both directions, with two blockwise
stochastic matrices S An,dxn and T  An,dxn suchthat Q = S *P and P =T *Q.

4.3 Discrete dynamics induced by blockwise bistochastic matrices

Here we will consider a particular case of the dynamics discussed in the previous section. In the
classical case, a stochastic matrix is called bistochastic if both its columns and rows sum to 1.
These induce a very special dynamics in the probability simplex and play an important role in
physical scenarios [207- ] as they induce growth of entropy in probability vectors.

Here we study the discrete dynamics of blockwise probability vectors induced by quantum
versions of bistochastic matrices [B2, , ] extending some of the results which are known for
d = 1to the cased > 2.

Definition 6 (Blockwise bistochastic [L91]). Let B be asquare matrix of size dn x dn composed of
nz blocks {Bij} of size d x d each. We call B blockwise bistochastic if

1. its entries {Bij} are positive semidefinite matrices of size d = 2

2. its blockwise columns and rows sum to identity,

> Biy=> By=1la (4.3.1)
i J
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Figure 4.3.1: Visualization of the set of sortable blockwise probability vectors corre-
sponding to quantum measurements of small system sizes. (a) Three-dimensional dual
cone containing the real blockwise vectors P = (P,1- P)T A22 (the imaginary component
is omitted) with axial coordinate t = tr(P), shown in brown. The blue region contains the set
of sortable vectors. (b) Three-dimensional cube of vectors (Pi,P2,1 —Pi —P2)+ A3,2 with
commutative entries, P1P2 = P2P1 with a fixed parameter tr(P1) = 1 and a variable parameter
t = tr(P2). The axes are the maximum eigenvalue of Pi, A+ (Pi), and the maximum and mini-
mum eigenvalues of P2, A+ (P2) and A- (P2). The orange, blue and green regions contain the sets
of sortable vectors fort = 1,t = 1.7 and t = 2 respectively.

Here we will denote the set of blockwise bistochastic matrices composed of n2 square blocks
of size d as Bn,d. Similarly as in the definitions of blockwise probability vector and blockwise
stochastic matrix, we recover the standard notion of bistochastic matrix if {Bij} are positive real
numbers (setting d = 1) by selecting any state p and considering entry-wise expectation
values tr(Bij p). The simplest non-classical case isnh = 2,

b= (1-B 1o D" 4-3-2)

where B is any Hermitian matrix of size d x d satisfying 0< B < 1, and hence we have B2,dA 24d.
In particular, for d = n = 2, the set of blockwise bistochastic matrices is inherently described by
Figure 1.2.1.

4.3.1 Bistochastic dynamics and partial order between blockwise probability
vectors

Let us first recall the notion of extremal blockwise probability vector Vj = Vj 0 1 with a single
nonzero component, as defined in equations (1.2.22) and (1.2.26). In the probability simplex,
any probability vector can be obtained by matrix multiplication of a bistochastic matrix times an
extremal probability vector Vi. In the set of blockwise probability vectors a similar result holds, as
shown below.

Observation 1. Let P And. For any 1< j < n, there exists a blockwise bistochastic m atrix
B  Bn,d such that
B *Vj=P. (4.3.3)

Proof. Any blockwise probability vector P = (Pi,..., Pn)+ can be obtained from V1 = (1,0,..., 0)+
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as follows,
P P o Py 1 P
P P - P 0 Py
. . . * . — .
P, P - Py 0 Py

A similar construction does the job for any other vector Vj.

Since a blockwise bistochastic matrix is also blockwise stochastic, the blockwise product by a
blockwise bistochastic matrix also preserves the set of measurements A n.d. Therefore the product of
two blockwise bistochastic matrices is blockwise stochastic, although in general it is not blockwise
bistochastic. This is the case only for n = 2 and arbitrary d, and if all entries to be multiplied
via the sequential product [L07] in the form of XY X commute. Unlike the standard matrix
multiplication, the blockwise product * is not associative, and thus

B* (B*P)= (B*B)*P , (4.3.5)

see 4.6.1. This means that the discrete dynamics of a quantum measurement P A n,d by blockwise
product by subsequent blockwise bistochastic matrices B,B' Bn.,d in general cannot be obtained
by a global matrix B * B . Due to this fact, the fixed points under blockwise bistochastic dynamics
are non-unique (see 4.6.2).

Standard bistochastic matrices induce special dynamics in the classical probability simplex. If
B is bistochastic and p is a probability vector, then the probability vector q = B -p is majorized
by p, written p > q (see Theorem 11.1.9 in [183]), which means that

=~
=

piz3y ¢ for k=1,.n, (4.3.6)

where the superindex denotes non-increasing order of the components. This induces a partial
order in the probability simplex An which plays a key role in quantum information tasks, such as
entanglement transformations of pure states [207] or mixed state interconversion under incoherent
operations [210,211].

Although standard probabilities can always be sorted nonincreasingly, this is not the case for
effects of quantum measurements, which are positive semidefinite operators in dimension d = 2.
Therefore, to compare quantum measurements in an analogous way as in the classical case, the
following definition needs to be specified.

Definition 7 (Sortable quantum measurement). A quantum measurement of n effects P1, ...,
Pn acting on a d-dimensional system is called sortable if its effects can be sorted in the Lowner
order [212],

ld= P1= P22 -2 Pn2 0. 4.3.7)

In Fig. 431 we plot the set of blockwise probability vectors which can be ordered in such
way for small system sizes. Sortability of a quantum measurement is physically determined by its
output probability distribution with respect to any state of the system, as follows.

Observation 2. A quantum measurement is sortable if and only if regardless of the state p Qg
of the system, the probability of obtaining an outcome j is larger than the probability of obtaining
an outcome j + 1

This becomes evident since each difference between effects Pj - Pj+1 is positive semidefinite if and
only if for any state p we have

0 <tr ((Pj — Pjy1)o) = tr(Pio) — tr(Pry10) - (4.3.8)



4.3. DISCRETE DYNAMICS INDUCED BY BLOCKWISE BISTOCHASTIC MATRICES 87

4.3.2 Majorization relation between quantum measurements

The Birkhoff - von Neuman theorem [180] establishes that a matrix is bistochastic, if and only if

it is a convex combination of permutation matrices, and thus characterizes the set of bistochastic

matrices. Looking for a quantum generalization for blockwise bistochastic matrices, it was shown

by De les Coves and Netzer [186] that this is not the case, namely the quantum set of blockwise

bistochastic matrices is strictly larger. However, a well-known equivalent formulation of the Birkhoff

- Von Neumann theorem, originally stated by Ostrowski [181] and captured in standard books [182,
], characterizes bistochastic matrices in the following way:

Theorem 4 ( [181]). A stochastic matrix B is bistochastic if and only if any probability vector
p Ara1 majorizes its image, p > Bp.

This formulation allows us to characterize blockwise bistochastic matrices as follows, in a quan-
tum analogy to Theorem 4.

Theorem 5 (State-independent operator majorization). Discrete dynamics in the set of blockwise
probability vectors satisfies the following equivalence.

1. LetB Bn.d be a blockwise bistochastic matrix. Let P And describe a sortable quan-
tum measurement with image Q = B * P And. Then the vectors P and Q satisfy the
majorization relation P > Q, written

Pi= Qj (4.3.9)
i=1 i=1

in the Lowner order, for all 1 < k < n, with equality for k = n.

2. Conversely, amatrix B An.dxn is blockwise bistochastic ifEq. (4.3.9) holds for any sortable
guantum measurement P And and for any ordering ofthe effects ofQ = B* P And.

Note that in the classical case d = 1, the the above statement reduces to Theorem 4. In the quantum
case, the set of sortable quantum measurements plays a crucial role in characterizing blockwise
bistochastic matrices, although its volume shrinks significantly when the number of effects and
dimensions increase.

Proof. We will follow a similar structure as in the proof of Theorem 11.1.9 in [183].
(i) Let us first prove that if B Bn.d, then Eq. (4.3.9) holds. For convenience, let us define

k
O=) P-Q;
j=1

and Bj = 1 Bij, which satisfies

=}

Bj - k1 =0. (4.3.11)
j=1

We want to show that the operator © is positive semidefinite. For that, we introduce Eq. (4.3.11)
and obtain

k n n
SRR SCONCAG DR e
i1 =1 =1
k
S VBB - VR - BV
j=1
© 3 VRBVE - VBT

J=kt1
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We wish to show that the minimal eigenvalue of © is nonnegative. On one hand, as a special case
of Weyl's inequalities [213], we have that given two Hermitian matrices A and B, the minimal
eigenvalue of their sum satisfies the bound

Amin(A+ B) = Amin(A) + Amin(B). (4.3.13)

On the other hand, recall the sequential product A =B = AB A defined in [107]. Since by
assumption Pa —Pb>a = 0, due to Observation 3 the spectrum of (Pa —Pb>a) =(1 —B¢) is the same
as the spectrum of (1 - Bc¢) =(Pa- Pb=a). Combining these two facts, we have

k n
Amin(@) = Amin (1 —Bj)=(Pj —Pk) + Amin Bj =(Pk —Pj). (4.3.14)
j=1 j=k+1

Since the sequential product preserves positivity, all terms above are nonnegative and we have
Amin(@) = 0, which implies that © is positive semidefinite. This proves item (I).

(ii) Now we will show the converse direction, namely that if Eq. (4.3.9) holds for all sortable
vectors P And satisfying (4.3.7), then B is blockwise bistochastic. For that we recall that
Eq. (4.3.9) needs to be fulfilled in particular for Vj = (0,...,0, 1,0, ..., 0) with 1 at the j-th position

and O elsewhere. This implies that
k

Bij< 1 (4.3.15)
i=1
with equality for k = n, which implies that B is blockwise stochastic. Eq. (4.3.9) needs to be
fulfilled also for Pu = (1,..., 1)/n. This implies that

Ien (& k
Iy (ZBZ']) < by, (43.16)

i=1 N j=1

with equality for k = n. Now assume that for some k, Eq. (4.3.16) holds with a strict inequality.
Then it cannot hold with equality for k = n, which is a contradiction. Therefore, the blockwise
rows of B sum exactly to identity and thus B is blockwise bistochastic.

The theorem above can physically be interpreted as in the following Corollary.

Corollary 3. Suppose a quantum system is prepared in a state p. A sortable measurement P is
performed with outcome probability distribution p, and then a second measurement Sj is performed
depending on the outcome j, with outcome probability distribution g (see Fig. 4.2.1). The following
statements are equivalent.

1. For any quantum state p, the output probability vector q can be obtained with classical post-
processing from the vector p as
q= Bp, (4.3.17)

where B is a standard bistochastic matrix of order n.

2. For any initial state p, the first and second probability distributions p and g satisfy the ma-
jorization relation p > q.

3. The collection ofthe i-th effect ofeach ofthe possible second measurements Sj, {Siz, ..., Sin},
defines a quantum measurement.

Proof, (i) (ii) It is a standard result in classical probability theory that there exists a
bistochastic matrix B such that q = Bp, if and only if the majorization relation p > g holds [183].
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(i) (iii) The majorization relation p >- g can be written as
k k
S52tr(Pip = Y tr(Qj &, (4.3.18)
j=1 j=1

which holds for any state p if and only if the majorization relation P y Q of Eq. (4.3.9) holds,
where P is sortable by assumption. By Theorem 5, this holds for any state p and measurement
P if and only if S = (S1,..., Sn) is blockwise bistochastic, which by definition means that the sets
{S1,...,Snj} and {Si1,..., Sin} are quantum measurements for all i and j. Whereas {S1j,..., Snj}
is a quantum measurement for all j by the stochasticity assumption, the fact that {Si1,..., Sin} is
a measurement for all i is exactly the additional condition for bistochasticity.

By arguing in an analogous way as in Theorem 5, one can establish a state-dependent majoriza-
tion relation under blockwise bistochastic dynamics.

Theorem 6 (State-dependent operator majorization). Let P And, B Bnd andQ = B *P .
Given a quantum state p Qd, assume that P can be ordered such that for any s = r the minimal
eigenvalues Amin satisfy the inequality

Amin Prp Pr = Amin Psp Ps =20. (4.319)

Then the classical probability vectors with components pj = tr(Pjp) and g = tr(Qip) satisfy the
standard majorization relationp y qg.

Note that Theorem 6 holds in particular if Pip Pi = Pj<ip Pj<i, which is a state-dependent
analogue to the condition for Theorem 5.

Proof. Analogously as in Theorem 5, we want to show that the real number

k

8= tr(Pip)- tr(Qip) (4.3.20)
j=1

is nonnegative. In analogy to Eq. (4.3.12) concerning the operator ©, here we obtain the following
expression for the scalar 6,

6 — tr <zk:(]1 —B)) (\/FJ'Q\/FJ - PkQ\/P_k)

= . (4.3.21)
+ Z Bj(\/ Prov/ Py — /FPjov/ Pj)) ;
j=k+1
where Bj = =1 Bij. To proceed we need the property that given an Hermitian matrix X and a
positive semidefinite matrix Y , we have
tr(XY)=tr( YX Y)=tr( Y1Amin(X) Y ) =tr(Y )Amin(X ). (4322)

This property can be applied as follows. Since B is blockwise bistochastic, (1 - Bj) is positive
semidefinite. Since Pip Pi is positive semidefinite for any i, the operator Pkp Pk- Pip Pj
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is Hermitian and therefore Eq. (4.3.22) applies. Thus we have

k
0 > Ztr <]1 - Bj>)\min (\/F]Q\/F]_ \/P_kg Pk)
j=1

" (4.3.23)
+ Z tr(Bj))\min<\/Pkg\/P — \/PjQ\/Pj).
j=k+1
Using Eq. (4.3.13) again we can further bound 6 from below by splitting the terms as
k
60> tr(L-B)) (Amm (VPiov/P;) = Amin (VProVFr) )
=1 (4.3.24)

n zn: 11(B;) <)\min<\/P_kQ Pk) —)\min<\/ﬁjg\/ﬁj)>.

By assumption P is ordered according to Eq. (4.3.19) and therefore all factors are nonnegative.

4.4 Resource theory of qguantum measurements

Resource theories are abstract frameworks which characterize the possible transformations within
physical scenarios. Any resource theory has three main ingredients [184, 1. (i) a set of free
elements, (ii) a set of transformations that leave invariant the free elements, and (iii) a set of
resourceful elements. It is often useful to introduce two extra ingredients: (iv) the subset of
maximally resourceful elements, from which any other element can be obtained with free operations,
and (v) a monotone, which is a quantity associated to each element that cannot increase under free
operations, and thus it quantifies how resourceful a given element is.

Recently, resource theories became a useful tool to analyze the set of POVMs [103, - 1
Here we show that the framework introduced in this work allows to establish an alternative resource
theory, by making use of generalized notions of entropy and majorization. Operationally, the
standard resource theory in the probability simplex A n is obtained by considering the expectation
value of quantum effects with respect to the state of the quantum system in hand.

To describe the discrete dynamics within A n, which elements are column probability vectors,
the resource theory of majorization is well established. The free elements (i) are the uniform vectors
with equal components, the free operations (ii) are bistochastic matrices equipped with the matrix
product on probability vectors, the set of resourceful elements (iii) are the probability vectors
which are not uniform, the extremal vectors {vi} defined in (1.2.22) (iv) are maximally resourceful,
and the monotones (v) are the so-called cumulative probability distributions of a probability vector
sorted in non-increasing order, pk  j= k<[ Pjk

The quantum case has a more involved structure, in several senses: the extremal points lie in a
continuous high-dimensional hypersurface (see [100, 108]); the elements which remain invariant by
a given free operation are not straightforward to study (see 4.6.2); and several functionals might
be chosen to describe dynamics (see Fig. 4.6.1 and 4.6.3). Nonetheless, a resource theory can be
established naturally as follows.

(i-ii) The set of blockwise bistochastic matrices Bn,d describes the free operations and the vector
Pu = (1d/n, mmld/n)~ a ,d describes the free element for each n and d, since for any

B  Bnd it holds that
B *Pu = Pu, (4.4.1)

and therefore with Bn,d one cannot reach any point outside of {Pu}.
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(iii) From any point P And one can reach a free element Pu by choosing Bu  Bn.d defined
component wise by (Bu)ij = 1d/n as

Bu*P = Pu. (4.4.2)
Thus the set of resourceful states can be identified with And \ {Pu}.

(iv) The maximally resourceful elements with respect to the blockwise product are those blockwise
probability vectors P An.d with the property that forany Q  An.d, there exists B Bnd
such that

Q=B*P. (4.4.3)

According to Observation 1, the vectors {V (i)} defined in Eq. (1.2.22) are maximally re-
sourceful. This stands in contraposition to the resource theory introduced in [103], where
{V (i)} are precisely the free elements.

(v) Theorem 5 provides us with a natural state-dependent monotone E p, for sortable quantum
measurements, which is defined as

n

Ep(P)=% >g (tr(P.p)) + nlogn, (4.4.4)
j=1

and a natural state-independent monotone,

E = min (Ep(P)). (4.45)
p Qd
This is shown in the following lemma.

Lemma 4. Let P And be a sortable blockwise probability vector and let B Bn,d be blockwise
bistochastic. Let Q = B * P . For any quantum state p Qd, the entropy E p satisfies

Es(P) = Er(Q). (4.4.6)
Moreover, one has Ep(Pu) = 0 for any quantum state p.

Proof. By Theorem 5 and Corollary 3, the vector p = (tr(P1p),..., tr(Pn p)) majorizes the vector
g= (tr(Qip),... tr(Qnp)), written p > g - see Eq. (4.3.6). This implies [183] that the standard
entropy of p is smaller than the entropy of g, which implies that Ep(P) = Ep(Q) for any state
p. Therefore, the quantity E p defined in Eq. (4.4.4) cannot increase under blockwise product by a
blockwise bistochastic matrix.

It is straightforward to see that Ep(Pu) = - nlogn + nlogn = O for the (sortable) free mea-
surement Pu = (1,...,1)1/n defined in (1.2.25). Since the results hold for any state p, they also
hold for the tightest case of Eq. (4.4.6) obtained by minimizing the monotone over p.

A possible state-independent majorization relation for non-sortable quantum measurements based
on non-linear quantities is analyzed in 4.6.3.

4.5 Concluding remarks

We introduced a framework to analyze dynamics in the set A nd of quantum measurements, such
that the outcome probabilities can be simulated by concatenation with a conditional measurement.
For that we consider a blockwise product with blockwise stochastic matrices, which define collec-
tions of quantum measurements. This approach, inspired by a work of Gudder [B3], can be seen as
a generalization of discrete dynamics of probability distributions induced by stochastic matrices.
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Unlike in the classical case, transformations induced in this way are possible only when the input
and output measurements are compatible.

Special dynamics is obtained if considering blockwise bistochastic matrices, where all columns
and rows define a quantum measurement. We have seen that, as in the classical case, these induce
an operator majorization relation between quantum measurements. This generalization of cen-
tral results in standard majorization theory characterizes the set of blockwise bistochastic matri-
ces [186, 1 and can be understood in terms of classical postprocessing of a sequence of quantum
measurements. The proposed approach allows to establish a resource theory of quantum mea-
surements, which can be seen as a noncommutative version of the theory of majorization in the
probability simplex. These results are summarized in Table 4.1.

Several questions and possible applications remain open to further study. What extra operations
are needed to fully describe transformations between incompatible measurements, is at the moment
unknown. Moreover, further studies are needed to understand the structure of the set of blockwise
probability vectors And and relevant subsets, as well as the structure of the set of blockwise
bistochastic matrices Bnd. On the fundamental side, the systematic framework for measurement
interconversion introduced here is suitable to study contextuality in sequential measurements [218-

]. For quantum protocols, one could engineer an optimal algorithmic sequence of conditional
measurements to obtain particularly interesting measurements, such as informationally complete
ones, with certain precision.

4.6 Further results

When the research described in this chapter was undertaken, several additional results were found.
These are not strictly needed for the chapter itself, but provide a further comprehension and com-
plement the main results therein. This additional work is summarized in the present section, which
includes a study of the properties of the * product and its dual version, an analytical and numerical
analysis of quantum measurements that are invariant under the action of blockwise bistochastic
matrices, and a conjectured monotone for the blockwise bistochastic dynamics of quantum measure-
ments. The conjecture is analytically proven for measurements with two outcomes and numerically
supported for more general cases.

4.6.1 Properties of the blockwise product and its dual version
Here we will discuss the properties of the blockwise product * introduced in Definition 4, which
mathematically has a natural dual version *t upon conjugate transposition.

Unitary invariance of the sequential product

A key element of the blockwise product of Definition 4 is the sequential product between two
positive semidefinite matrices A =B = AB A introduced in [107], where A is the unique
positive square root of A. This product satisfies the following property, which we use to prove
Theorem 5.

Observation 3. The sequential products A =B and B =A have the same spectrum.
This should not be confused with the fact that A > A oB but A> B 0A, pointed out in [.0'].

Proof. Defining X = yAy~B, we have AoB = X Xt and B oA = X tX . By computing the singular
value decomposition X = UDV where U and V are unitary and D is diagonal, we have

XXt=UDVViD+Ut = UDD+*Ut (4.6.1)

and
XtX = ViD*UtUDV = VtD*DV. (4.6.2)



4.6.

FURTHER RESULTS

Table 4.1: Comparison of the main elements of classical probability theory and their general-
ization for the set of quantum measurements. Since in the quantum case one considers positive
operators instead of nonnegative real numbers, some of the connections established in the classical
case need additional structure to hold in the quantum case.
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Therefore, we have A oB = UV(B oA )V t. Since UV is unitary and D*D = DD* (as D is
diagonal), both products have the same spectra.

The blockwise product and its dual definition

Here we will analyze a dual version of the blockwise product *, which in the classical case cannot be
identified. Tothisend, wewillusethefactthatgiventwoblockwiseprobabilityvectorsP ,Q And,
their adjoints P t and are row vectors. We recall that this is because the blocks Pj and Qj are
Hermitian and thus the adjoint transposes the position the block components, while leaving the
blocks invariant. Similarly, the adjoint S+t defines a blockwise matrix with positive semidefinite
entries which sum to identity row-wise.

Let us now take a closer look at the blockwise product *, in comparison to its classical version.
While in the classical case one obtains the same result choosing g = Sp or gt = ptST up to
transposition, in the quantum regime one obtains different results with Q = S *P and Qt =
Pt *St. This is illustrated in Proposition 8 below, which is a dual analog to Propositions 4
and 5. For completeness, we define the following dual version of the blockwise product introduced
in Definition 4,

A *tB :=(Bt*At)t, (46.3)

which acts as a sequential product in the form of AijBjk Aij as demonstrated below inEq. (4.6.7).

Proposition 8. The following properties hold in the set of measurements A nd for the dual blockwise
product *t:

1. Given a blockwise probability vector P A n,d and a blockwise stochastic matrix S Andxn,
let Q be defined as Q = S *t P. Then, Q is not necessarily a blockwise probability vector.

2. Let P and Q be two blockwise probability vectors, P, Q And. There exists a blockwise
stochastic matrix S Andxn suchthat Q = S *t P.

Proof. A counterexample for (i) can be found by defining the blockwise stochastic matrix S and
blockwise probability vector P as

- Pz, Pxy - aPxy + BPx_
5= (PZ— PX—) and P = ((1 —a)Pxy +(1— /B)PX—> ’ (464)

where the rank-1 projectors Pz+ = |0>0|, Pz- = 11|, Px+ = +((+ and Px- = -)(-
diagonalize the Pauli matrices 0z and ox with eigenvalue +1 and - 1 respectively,and 0< o, < 1
Given Q = S *t P, the sum of the components of Q reads in general

a+p
2

L+ (1—a)Pxy+(1—B)Px_ £1 (4.65)

forO< a-pB < L
To show item (ii), similarly to the classical case one can choose S to be

Q1 ... Q1
S=(Q ... Q=] : -
Qn Qn
Then one has
> V@1PiVQ1
Sxl P = : -Q,
> V@ PiQn

as the sum over j factorizes.
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O

We have seen that the product * preserves the set An.d, whereas the product *t does not.
Moreover, the product * can be interpreted causally in the sense that the measurement which is
performed first determines the second measurement, whereas the analogous interpretation of the
product *t is not causal: even though the outcome j of a measurement P determines a second
measurement Sj, the measurement S;j is performed before P in the sense that all terms inside
S *t P are of the form SijPj Sij. Although from a mathematical perspective one can choose
both the product * of Eq. (4.2.3) and its dual *t in (4.6.3), the first option has a direct physical
interpretation as it describes discrete dynamics in the set An,d induced by concatenation ofquantum
measurements. This is the reason why we consider this option in the main text of this work.

Algebraic properties of * and *t

The blockwise product * defined in Eq. (4.2.3) and its dual *t defined in Eq. (4.6.3) have the
following properties, where = denotes that equality does not hold in general

1. Non-commutativity,
A *B =B *t A

4.6.8
A *B =B *A ( )
2. Partial distributivity, in the sense that
A**(B+C)=A *B+A *C but
(A+B)*™®C =A *C +B *C;
(4.6.9)
(A+B)*C =A *C +B *C but
A*B+C)=A*B +A *C .
3. Non-associativity,
(A **B)*®C =A *t (B *tC);
(4.6.10)

(A *B)*C

A*(B *C).

4. Unlike the standard product of matrices behaves under the Hermitian conjugate operation f
as (A -B)t = Bt -At, now we have that

(A *tB)t=Bt *t At;
46.11
(A*B)X=Bt*At. ( )

4.6.2 Fixed points under blockwise bistochastic dynamics

Given a blockwise bistochastic matrix B Bn.d, here we study which quantum measurements in
An,d remain invariant under the dynamics induced by B . We define these measurements as follows.

Definition 8 (Fixed points). Given B Bnd and P An,d, P is a fixed point of B with respect
to the operation * (*t) if
B *P

B *tP

P

o). (4.6.12)

If no specification about * or *t is given, this denotes that P is a fixed point of B with respect to
both products.

Let us focus on the simplest case, which is n = 2 and arbitrary d. It will be convenient to
consider the first entries B and P of a blockwise bistochastic matrix and a blockwise probability
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B 1-B P
B(]I—B B) and (]1—P>' (4.6.13)

Observation 4. Let B B2,d be a blockwise bistochastic matrix defined by an entry B and let
P A 2d be a blockwise probability vector defined by an entry P. Let B and P have the following
form,

vector of the form

1+Y
B=1+X and P:%, (4.6.14)

where X and Y have support in mutually orthogonal subspaces, X Y = 0. Then P is afixed point
of B with respect to both * and *1.

Proof. We can write equation (4.6.12) in terms of commutators [R ,S]=R -S- S -R as

(]1—2P)(]1—B):\/]1—B[P,\/]1—B} —\/E{P,\/E} and

(4.6.15)
(1—2P)(1 - B) = VI —P[B,\/]l —P} - \/E[B, ﬁ}

for the products *1 and * respectively. Note that in both cases, if [B,P] = 0 the right hand side
vanishes and one has
1- 2P- B+2P -B = 0. (4.6.16)

In particular, by inspection we see that if B and P take the form of equation (4.6.14), then they
commute and moreover equation (4.6.16) is fulfilled.

For example, from Observation 4 we know that if

(1 0 L /14b 0
B(O 1—a> and P§< 0 1), (4.6.17)

then P = (P, 1 —P )1 is a fixed point. Note that this holds up to global changes of basis, namely
for {UBU1,UPU 1} where U is unitary. For example, P = 1/2 + b|+) (+ | defines a fixed point
with respect to A = 1 —a |— (—], where we denote [t) = 1/\/2(|0) = |1)).

We have found fixed points for the commutative case. To tackle the noncommutative case,
we will restrict to n = d = 2 and define a linear map = denoting the following matrix convex
combination [187,221],

=(B,P):= BP B+ 1-—B(1—P) 1—B, (4.6.18)

which is obtained in the first entry of Q = B *1P where B and P are given in (4.6.13) We will say
that P is a fixed point of B if P is a fixed point of B, which is equivalent to =(B,P) = P .
Observation 5. LetP A22 andB B2z2. If P is afixed point of B, then P commutes with B .

Proof. Without loss of generality, let us work on the eigenbasis of B . Defining

a 0 P11 p12>
B = d P= , 46.19
(0 b) an <p21 P22 ( )
algebraic manipulation shows that the equation Z(B, P) = P can be restated as
( 2])11(&—1) plg(\/l—a\/l—b+\/%—1)><a—1 0 ) (4620)
por(VI—avI—b+Vab—1) 2paa(b — 1) 0 b-1 .

Now suppose that P is nondiagonal. Then, we have

VI—avV1—b+Vab—1=0 = 14ab—a—b=%(1 +ab—2Vab), (4.6.21)
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Figure 4.6.1: Blockwise bistochastic dynamics of quantum measurements in A2z,
under small noise. Evolution of quantum measurements starting at ten random initial points
P (coloured dots) with different traces 0 < tr(P) < 1, induced by a blockwise bistochastic
matrix with diagonal entry e-close to identity, B = 1 —e -) (- , choosing e = 0.01. Trajectories
induced by the operation * (*~) are depicted in blue (orange). We show along the coordinate
t, the difference of eigenvalues A+ (P) - A- (P ) (left) and the projection tr(ozP ) onto the Pauli
operator gz (right).

which has only the trivial solution B = 1 for the —sign and B rc 1 for the + sign. Similar results
can be shown for the product *, by working in the eigenbasis of P. Thus, we conclude that B and
P must commute.

To finish this subsection we will study slow dynamics where B is the identity with a real noise
e, namely
B=(1l-e 1-¢ =1- 2 -><- (46.22)

with 0 £ e << 1 Now we know that in this case, any P of the form P = 1/2+ A +) (+ , with
- 1/2 £ N £ 1/2 to ensure positivity of both P and 1 - P, defines a fixed point. For instances of
the form of Eq. (4.6.22), numerical evidence suggests that all fixed points are of this form. The
random matrices which generate the sample are defined in Eq. (4.6.25). This is demonstrated in
Figure 4.6.1.

Observation 6. For a large sample (of the order of 10s) of Ginibre-random matrices P (see 4.6.3)

and matrices B of the form (4.6.22), in all instances the dynamics converge to fixed points of the
form of Eq. (4.6.14) for both products * and *

4.6.3 Nonlinear monotone

Theorems 5 and 6 give a family of linear monotones for the blockwise bistochastic dynamics of
sortable quantum measurements. Here we address the majorization relations beyond the linear
case and ask if a nonlinear monotone can be found outside of the sortable set.

A conjecture for a nonlinear monotone

To address this question, note that p majorizes q if and only if (p1 - a,...,pn - a) majorizes
g=(q1- a,...gn - a), since the non-increasing order makes all cumulative sums be nonnegative.
On the other hand, note that if p majorizes g, then the cumulative sums of p in nonincreasing order
are larger or equal than the cumulative sums of q for any possible order of q. We are now ready
for the following conjecture.
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Conjecture 1. Let P And and Q And be blockwise probability vectors. If there exists a
blockwise bistochastsic matrix B Bn.d such that Q = B * P, then for any ordering of {Qi} there
exists an ordering of {Pi} such that

k k
H;(P"‘%H)HQE HE(Qi‘%ﬂ)HQ (4.6.23)

1=
for all 1< k < n, where ||A]l2 = tr[AtA] is the 2-norm.

Physically, this conjectured monotone for k = 1 can be understood in terms of the generalized
Bloch vector T introduced in subsection 1.2.3, with origin at 1/n and pointing to P1. One has

R R (O R

which gives the Hilbert-Schmidt distance between P1 and 1/n, and thus it contains information
about the position of P with respect to the trivial POVM described by the uniform vector Pu =
G o1

Conjecture 1is supported by a sample of random blockwise probability vectors and blockwise
bistochastic matrices of different sizes. This sample consists of combining different ways of choos-
ing random blockwise probability vectors and random blockwise bistochastic matrices. Random
blockwise probability vectors from A n.d have been chosen in the following way.

1. Choose a square random matrix X of order d from the Ginibre ensemble [222, ] with
entries of the form a + ib, where i is the complex unit and a (b) is chosen randomly from
a Gaussian distribution of real numbers with mean 0 and variance 1. Assign to the first

component the operator
X tX

p = tltrjxtX], (4.6.25)

where t1 is a random number drawn uniformly from [0 1]. In this way a random positive
operator P1 is generated according to the Hilbert-Schmidt measure in the set of quantum
states Qd rescaled by the factor t1 [223].

The rest of the components of P are computed using a compatibility optimizer in a semidef-
inite program, with the constraints that all effects Pi are positive semidefinite and sum to
1.

2. Take P chosen as previously and multiply every component by e << 1. Add to the first
component (1—e)1. This creates a blockwise probability vector which is e—lose to (1, ..., 0)€

3. Take P chosen as in the first case and multiply every component by e << 1. Add to each
component 1- 1. This creates a blockwise probability vector which is e—lose to (1, ..., 1)t/n.

In a similar way, we sample blockwise bistochastic matrices constructed as follows.

1. Choose B 11 according to Eq. (4.6.25) with X a random Ginibre matrix and ti1 a random
number drawn uniformly from [0, 1. The rest of the components Bij of B are computed
using a compatibility optimizer in a semidefinite program, with the constraints Bij=o0 and

iBij = jBij = 1 according to Definition 6.

2. Take B chosen as previously and multiply every component by e << 1. Add to each diagonal
component (1 —e)1. This creates a blockwise probability vector which is e—lose to 1 nd,
which leaves invariant any blockwise probability vector.
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3. Take B chosen as in the first case and multiply every component by e << 1. Add to each
component 1- 1- This creates a blockwise probability vector which is e—lose to Bij = 1/n,
which brings any blockwise probability vector to (1,..., 1)/n.

4. Choose the first row of B to be a blockwise probability vector constructed as in step (i)
above. Choose the rest of the entries of B as Bi,j = B1,j+i where the sum is taken modulo n.
Let us mention that this is a generalization of so-called bistochastic circulant matrices, which
are defined in this way for d = 1.

Analytical proof for the two-effect case in arbitrary dimensions

We shall see that Conjecture 1 holds for the case n = 2. Before that, let us comment on three
properties of this special case. First, any blockwise probability vector P = (P,1 —P) is fully
determined by its first P . Second, one has

Z(B,P) 2= =(B,1—P) 2, (4.6.26)

from which we recover the fact that in A 2 both components of any vector are equally distant from
1/2. Third, let us recall that for n = 2 both products from the right and from the left preserve
the set of measurements A 2d. Accordingly, in the following Lemma we shall see that Conjecture 1
holds for both products in the case n = 2.

Lemma 5. After the blockwise products * and P by a blockwise bistochastic matrix B B2d on a
blockwise probability vector P = (P, 1 —P )~, the vector position of P in the dual cone P 2 shrinks,

P 2> Z(B,P) 2. (4.6.27)

Proof. We will first prove the Lemma for the product P, using the map = (B,P). By the cyclic
property of the trace, the result extends to the product *. Starting from Eq. (4.6.27), by using
Eq. (4.6.24) and squaring both sides of the equality, we arrive at the equivalent condition

tr(Z(B, P)2) —tr(=(B, P)) < tr(P2) —tr(P). (4.6.28)
By developing this expression and canceling terms out, we arrive at

2tr[PBPB]—4tr[PB2]—2tr[BP2]—4tr[PB]+tr[B2]—tr[B]—2tr[(P B —B2)2]< 0. (4.6.29)
By positivity of 1 —B, the eigenvalues of B must be smaller or equal than 1, and therefore we have
tr[B2] —tr[B] < O. (4.6.30)

It will be convenient to invert the sign of the last term and express what is left to prove as
0= 2tr[PBPB]—4tr[PB2] —2tr[BP2] —4tr[PB]+2tr[(P B2—B)2]:= F , (4.6.31)

where we have defined the expression above as F to shorten the notation below. Using that
tr[(XY)z2] € tr[Xz2Y 2] (4.6.32)

for X, Y Hermitian matrices [224], we have that

F < 2tr[PBPB]—4tr[PB2] —4tr[BP2] —4tr[PB] +2tr[P2B2]
4.6.33
< 4(tr[P2B 2] —tr[PB] —tr[PB2]+tr[P2B]) = tr[BP(PB —1 —B + P)] := F . ( )
Using that

tr[ XY] < tr[X] tr[Y] (4.6.34)
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for X, Y positive semidefinite matrices and reordering terms, we see that
F' <tr[BP](tr[PB — B] + tr[P — 1]) < —tr[BP]tr[B + 1] tr[l — P] <0 (4.6.35)
as P, B and 1 — P are positive semidefinite by assumption. ]

Note that for Ay 1, namely if P and B are real numbers p and b contained between 0 and 1, then
the Lemma above holds trivially, as the product of any two real numbers between 0 and 1 is always
smaller or equal than each of them. This implies that |1/2 — p| is a monotone under bistochastic
dynamics, which is necessary and sufficient for the standard majorization condition p > Bp.



Certifying nonlocal properties of
noisy quantum operations

This chapter provides a unified framework to certify nonlocal properties of quantum channels from
the correlations obtained in measurement protocols. The approach introduced gathers and extends
fully- and semi-device independent methods for this purpose. We study the effect of different
models of dephasing noise, some of which are shown to generate nonlocality and entanglement in
special cases. In the extreme case of complete dephasing, the measurement protocols discussed yield
particularly simple tests to certify nonlocality. These are based on the relations between bipartite
guantum channels and their classical analogs: bipartite stochastic matrices defining conditional
distributions.

5.1 Introduction

Quantum theory predicts phenomena that cannot be explained with local hidden variable mod-
els [51, 53]. This property, known as nonlocality, is a resource for certain protocols in quantum
information and computation [225- ]. These are implemented by using quantum states describ-
ing physical systems, which are processed and manipulated through quantum operations. Informa-
tion is obtained by performing measurements, which provide a probability distribution in terms of
relative frequencies of outcomes.

Therefore, it is of primal importance to identify nonlocal properties of both quantum states [54,

] and the quantum operations acting on them [229- ], from the nonlocal behaviours in the
outcome probability distributions [232- ]. Bell games are linear tests for measurement protocols
that identify nonlocality in quantum states, by analyzing the correlations obtained through classical
inputsandoutputs[bl- 53]. Byusingquantuminputs, thesecanbemodifiedtodetectnonlocalityof
all entangled states [56]. Although these methods have been employed to study nonlocal properties
of quantum states since several decades ago [51- 53, 56], it was more recently that similar schemes
were proposed to identify nonlocality in quantum channels [7, - , , 236].

However, quantum operations in realistic setups suffer from the phenomenon of decoherence: due
to imperfect isolation, internal degrees of freedom of the system are coupled with the environment
[21, ]. This typically leads to a full or partial loss of quantum properties [238], and therefore
identifying nonlocality in decoherent setups becomes a challenge [69]. In particular, quantum
systems are affected by dephasing noise [58, 1, which acts on a quantum state by damping
the off-diagonal terms in the density matrix while leaving intact the diagonal terms in a fixed
basis [240- 1

In this paper we provide a framework to certify nonlocal properties of quantum channels, in
the presence of dephasing noise. To this end, we use measurement protocols depicted in Fig 53.1
to formulate (semi-)device independent criteria to certify nonlocality of quantum channels. This
approachincludesand extendsexistingmethods[7,229] andallowsustoidentifytheroleofdephas-

101
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ing noise in the nonlocal properties of quantum channels: while local dephasing cannot generate
nonlocality, there are cases in which a global dephasing operation can generate both entanglement
and nonlocality. Our analysis in the case of complete decoherence yields simple criteria to detect
nonlocality in quantum channels through a geometric insight into the transition from quantum to
classical operations.

5.2 Preliminaries

5.2.1 Quantum and classical states and channels

The set of quantum states p acting on a Hilbert space of dimension d is represented by M 4. The
set of classical states, namely the d-dimensional probability simplex, is denoted by Ad. A classical
channel transforming probability distributions is a stochastic matrix, that is, a matrix with non-
negative entries that sum up to one in each column. The set of stochastic matrices with the
dimension of inputs and outputs equal to d is represented by Sd. Analogously, completely positive
(CP) and trace preserving (TP) maps, Eao- A1, also known as quantum operations or quantum
channels, transform quantum states. Their inputs and outputs are density matrices acting on a
Hilbert space Hao and H a1 with dimensions dao and da:, respectively. When the input and output
systems are held by the same party, we will denote by A the joint system AoA1 and use the notation
Ea, or simply E, if no confusion arises.

We denote by JACGa (or simply J¢) the drodr1 X drodr1 Choi matrix acting on HaoC Hai,
which defines a quantum channel Ea through the Choi-Jamiolkowski isomorphism [26,27],

EA (QAO) = ter (JAoAi (]/80 C idAl )) . (5'2")
The complete positivity and trace preserving (CPTP) conditions require that Jaoa: = 0 and
JAo = trAl(JAoA 1) = idAo, (522)

where we denote the partial trace by omitting the traced subsystems.

Following[28,64], wedenoteaquantumsuperchannelasabipartitechannel=as withthespecial
property that it transforms Choi matrices to Choi matrices. That is, a quantum channel Eai.Bo
is transformed according to

&ABo~A B (€A ~B.) EAo.B:im (5-23)
For the above to hold, the Choi matrix of = should satisfy [28]

Jz=20 (5.2.4a)
JEoBo = idAoBo (5.2.4b)
JEBo = J&oA1 C idBo /dBo . (5.2.4¢)

Similarly, a classical superchannel ' [243], transforming stochastic matrices of size dso. x da1 to
those of size ds: x dao, is isomorphic to a bipartite stochastic matrix of dimension da:1ds: X dacdBo.
To be a valid superchannel, it has to additionally satisfy

E :F&1b1,&050 - § Falbl,aob{)-
b1 b1

The set of quantum and classical superchannels acting on d-dimensional channels are respectively
denoted by ©d and Td.
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Figure 5.3.1: Schemes to obtain bipartite conditional probability distributions (bi-
partite stochastic matrices) from bipartite channels: (a) A shared entangled state is processed
with local operations (with ancillary systems) to produce the inputs which undergo the channel
E to be analyzed, and then local measurements are performed to obtained the probabilities of
Eq. (5.3.1). (b) Product states prepared locally undergo a bipartite channel and are then lo-
cal gneralized measurements are performed to obtain the distribution in Eq. (5.3.7). This case
can be seen as bipartite distributions being obtained after local superchannels are performed in
the form of =a ® =B [Eab]. (c) A bipartite distribution in Eq. (5.4.8) is obtained with inputs
in product states spanning a preferred basis, which undergo a bipartite channel and are then
projective-measured in the same preferred basis.

5.3 Channel nonlocality from local measurements

5.3.1 Local measurement protocols with shared entanglement

Bipartite distributions can be obtained from bipartite quantum channels by choosing input states
and measuring their conditional outputs [229, , , ] as shown in Fig. 5.3.1. In this spirit,
consider the probability distribution obtained by the measurement protocol of Fig. 5.3.1 (a),

p(abxy) = tr ( (I’rka1® MNbb1)-

eab ® ' r '[MOR ® (@0s (6abrs)]) . (53.1)

Proposition 9. Let p(a,bx,y) be a probability distribution obtained from a bipartite quantum
channel EAB through Eq. (5.3.1). For any input channels Ax and ®y and for any measurements
Ma and N b the following holds:

(i) If Eab is in LOSR, then for any input state Qar bs which is local in the bipartition AR BS,
p(a bx,y)isinL.

(i) 1f Eab is in LOSE, then for any shared state p, p(a,b x,y) is in Q.
(iii) If Eab is in gNS, then for any shared state p, p(a,b x,y) is in NS.

Proof. Proof of (i). For any channel E, we denote its adjoint by Et, which satisfies tr (E [Ac]A1) =
tr (Et [Ax]JAo) for any Ao and A1. It is enough to consider an extremal LOSR operation Eab =
Ea O Eb, since the rest of the proof follows by convex combinations. Define the operators
M =A% R o (E] @idRr)[ME ], (5.3.2a)
N =031 o (E], @ ids)[Nip, ] - (5.3.2b)
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Figure 5.3.2: Subsets of distributions obtained from bipartite operations. Left. Inclu-
sions of the following subsets of quantum channels (CPTP): quantum nonsignaling (qNS), local
operations assisted by the shared resources of entanglement (LOSE) and randomness (LOSR).
Right. Inclusions of the subsets of the polytope of bipartite stochastic matrices (S): nonsignal-
ing (NS), quantum (Q) and local (L) correlations. Bell functionals y bounding each subset of
bipartite distributions bound the corresponding subsets of bipartite channels, through Prop. 9,
Cor. 4 and Prop. 12. Here we depict the linear cuts delimited by CHSH functional.

Since the adjoint Et of a CPTP map E is completely positive and unital, i.e., it satisfies Et (id) =
id [12], the operators Mvkx (Nby) are positive semidefinite and their summation over a (b) is the
identity for any x (y). Thus, we can rewrite Eq. (6.3.1) as

p(a,bx,y) = tr (qabrs ‘m » 107 3% ) , (5.3.3)

which is a standard Bell game. Now it becomes evident by definition, that if the state gabrs is
local in the bipartition AR B S, then a local distribution is obtained.

Proof of (ii). Consider an LOSE channel, which factorizes as in Eq. (1.2.33). Similarly as in
the proof of item (i), define the operators

Max i=(AAr 10 ids)o (5.3.4a)
(Ere 0 idRW R a10 ide1],
Nby --=(®Bst 0 idF)o (5.3.4b)

(Eer O ids)[NsB1 O idF:1].

Using Eqgs. (5.3.4), one verifies that Eq. (5.3.1) reads

p(a,bx,y) = tr (M\AReO NBf -Qarbs 0 tef) . (5.35)
This proves that by applying an LOSE channel one can only recover quantum correlations.
Proof of (iii). By imposing in Eq. (5.3.1) that E satisfies J& 8 8 = idAo 0J BoB1/dAo, We
obtain
p(@abx,y)= tr (idBo ON®B1)-
a a
(@ BoB1 0 ids)(Qos O idB:1) (5.3.6)

where @ s := @y (traoR (QARBs)), which does not depend on x. Similarly, by imposingl& A B =
JAoA1 0 idBo /dBo we obtain that bp(a,b x,y) does not depend on y and therefore p(a,b x,y) is
a nonsignaling distribution.

Note that Proposition 9 provides a criterion to detect quantum channels outside of the sets
LOSR, LOSE and gNS which is fully device independent, in the sense that none of the quantum
devices (the shared state Q, the input channels Ax and ®y, and the measurements M a and Nb) is
trusted.
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5.3.2 Local measurement protocols without entanglement

Consider the protocol in Fig. 5.3.1 (b),

p(a,bx,y) =tr ((rrka10 N BBi)-
eab 0 idrs(QaOr O 0Bos)) , (5-:3-7)

which was introduced in [229]. This can be obtained from Eq. (5.3.1) by considering a product
state gaRBS = 06}(06ar O 00}(00bs, so that the channels AAr and ®ws act as state prepa-
ration channels producing input states gAr and oss. LOSR channels produce local probability
distributions from Eq- (5:3:7), as shown in [229]- This result can be extended for other classes of
channels.

Corollary 4. Letp(a, bx, y) be a probability distribution obtained from a bipartite quantum channel
EAB through Eq. (5:3:7). The following holds, for any choice of input states and measurements:

(i) If EAB is LOSR, then p(a,bx,y)isin L.
(ii) If EAB is LOSE, then p(a,bx,y) is in Q.

(iii) If EAB is gNS, then p(a,bx,y) is in NS.

Proof. Proof of (i). Probability distributions obtained from Eqg- (5-3-7) with local operation
factorize, thus LOSR channels give local probability distributions:
Proof of (ii). Similarly as in the proof of Prop- 9, define

M + = trra. (("RaOO ideo): (5:3-8a)
(eAe 0 |d2)[MRA1 0 ide:])m
Nobly = trseo ((“yBo O idFs)- (5-3-8b)

(eBF 0 ids )[NSB-1 0 idr.]) -
One verifies that p(a, bx,y) in Eq- (5:3:7) reads

p(a,bx,y) =tr(Mex 0 VF -tef). (5-39)

Proof of (iii). This follows from Proposition 9-

Two remarks are now in order- On the one hand, note that the converse of Corollary 4 is
not true- In particular, channels denoted as local-limited in [229] always produce local correlations
for any choice of input states and measurements- Examples are LOSE channels where Alice and
Bob share an entangled state that cannot produce nonlocal correlations [54]- On the other hand,
Eq- (5:3:5) implies that a bipartite LOSE channel produces nonlocal correlations if the shared state
TeF in Eq- (1-2-33) is nonlocal in some Bell protocol- This in turn dictates that if the shared state
in one realization of an LOSE channel is Bell nonlocal, the channel cannot be realized by some
shared local state-

5.3.3 A Buscemi-like characterization of LOSR operations

The results of Buscemi [56] extend to more general processes [7]- In particular, for a fixed channel E
and a fixed Bell functional y, we denote as ymax(E) the maximal value of y(p) that can be achieved
when the conditional probability distribution p is obtained by a fixed set of input states {px} and
{oy} over all possible measurements {M a} and { Vb}, i-e:,

ymax(E) := max yabxyp(a,b x,y), (5:3:10)
{M a,N b} Xy ab
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where p(ab|xy) is obtained through Eq. (5.3.7).

The setup depicted in Fig. 5.3.1 (b) can be seen as a particular case of so-called semi-quantum
games, which are known to characterize convertibility of general processes through free operations
in a generalized theory of nonlocality [7]. In particular, the setup described in Eq. (5.3.7) and
Fig. 5.3.1 (b) provides semi-quantum games characterizing local transformations between LOSR
guantum channels. The following follows from [7, Corollary 1]:

Proposition 10. Given two bipartite quantum operations Sab and Sa,b,, Sab can be transformed
into SAb by a convex combination of product superchannels if and only if for all Bell functionals
y and for all sets of input states, ymax(S) = ymax(S'), where ymax is given by Eq. (5.3.10).

Proof. The proof of the only if direction can be easily seen as follows. If S can be converted into S'
by a product of superchannels (or a convex combination of them), then we can absorb such product
of superchannels in the state preparations and measurements of semiquantum games, described in
Eq. (5.3.7) and depicted in Fig. 5.3.1 (b). Then it becomes clear that ymax(S) = ymax(S') for all
functionals vy.

NowwewillprovetheifpartofProposition10. Namely,wewillshowthatifS ismorenonlocal
than S* for all the games specified in Fig. 5.3.1 (b), then it can be transformed to S' through some
superchannels = = Y vi=x ®=b. we will follow a similar reasoning to the analogous result of
Buscemi for bipartite quantum states [56]. To this end, consider the extended Hilbert spaces

He0= HaO®Hr0= Hab®Hr'o and (5.311)
h'fO: h Bo ®h SO = h bo ®h So- (5.3T2)

Note that the input and output dimensions of the channels Sab and S'aboin consideration can in
general be different. Therefore, the subsystems Eo, Ro and Ro (Fo, So, and So) shall be chosen
accordingly such that the dimensions match. In particular, we set the dimension deo (dFo) to be a
common multiple of the input dimensions dao and dao (dBo and dso). Namely, there exist natural
numbers n, n*, m and m' so that

deo = ndxo = n'dx® and (5.3.13)
dro = mds. = m'dBg . (5.314)

Thus, the input states px MY, and gy .Md,.1 are regarded in different bipartitions when they
are used as input states for the different channels S and S'. For example, suppose we consider a
channel SAB with da. = 4 and a channel SaoBo with dao = 6. Then we can consider an input state
px M 12, which can be seen either as a bipartite state paor with dxo = 4 and dro = 3, Or as a
bipartite state PXod, with dxuo = 6 and ng = 2

In a similar manner, consider the convex combinations of local measurements in the output
systems E1 and F1, Zb”™1 = X iPMaie: O No,iri. Following the same arguments in the proof
of Proposition 1 of [56], notice that the probability distributions available for a particular game
with different measurements form a convex set. Therefore, y(E) = y(S") for all y is equivalent to
assuming for any measurement Z of the above form there exists a measurement Z in the convex
hull of local measurements M e: ® N r1 such that

p(abxy) = tr [zEfF: -idrs O Sab(pec ®COFo)] = tr [zELfl: idrRove ®Sab @pe. ® 0Fo)] m (5.3.15)
Define now the input states as

0%, = trEg[O% © idp, Phep,] and (5.3.16a)
o, = trpg[The @idp, Gfep | (5.3.16b)
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with extended Hilbert spaces HEcHEo and HrFcHFo, where {©@x}x and {Yy}y are informationally
complete, positive operator-valued measurements (IC-POVMs) and @+¢E0 is the density matrix of

the Bell state @+gesE0 = 1/y/¥ o 1]i)eq [i}E0 (and similarly for @+cp0)- For convenience we
will denote Sef := idrs O Sab and SEp := idr.s, O Ba,b, Thus, we can write Eq. (5:3-15) as
plablay) = tr {@gﬁ:g ®ZpF ® Y Epp © idE8F5(¢J150E3 ® ‘b;OFOC)}

—tr [%g @ Zp, © The - Ep @ id s (6, e © qsltoFOC)} . (5:3.17)

Now divide the full trace above as tregrg [treiri (---)]. By assumption, {Ox}x and {Yy}y are IC-
POVMs and therefore form a basis for the linear operators acting on the Hilbert spaces HEe, and
Hr@- As a result, for the partial trace over E 1 and F 1, we have the following

. —ab . .
e, [y 7, © i Er © g (G © 0 )] =
trpp, [1dE3 ©Z8h 5, ©idps Eop © pgrs (S, e © qs]toFoc)} : (5.3.18)

Let us now recover the notation E1 = A1R1= A1R+1 and F1 = B1S1 = B 1S1 while noticing that
R1=Ro,R1= Ro and the same for S- Thus, we can write

trAlRO |:ldAcRc ®ZA1R0 (%9} ldBCSC gAB ® ldRS ® ldAcRc <¢X0A8 X (pEOBS %) (pEORS %) (pgosg) :| —_
B1 Sy B1 Sy BSSC

J + +
4181 A5BEOP ry re ©P 5 s¢

(5.3.19)
tI"A/ R/ |:ldA/cR/c ®Z ,R, (029) ldB/cS/c gA/B/ ® ldR/S/ X ldA/cR/c <¢A’ A ® (b"’/ B/C ® (b‘f’/ R’C ® (bS/S’C) i| .
B/ S' B/ S/ B’CS’C
T

@dt, ,.26F
A\ Bl A§B/S VR RISV S] S8

On each side of the equality, we identify the Choi states J and J' tensored by two pairs of Bell
states @+ - This allows for a physical interpretation in terms of teleportation similar to [56], with
the difference that now two parts out of the four-partite Choi state J ' are teleported- That is, here
Alice holds the systems A1, B 1, Ro and So and Bob holds the systems A'e, B'e, R'e and S'e- Using

two shared Bell states, @ .4 and @ o g, Alice teleports her parts A1 and B} of the shared Choi
state J * to Bob's parts R'e and S'e-

By assumption, for any Zab there exists a Zab such that the equality Eq- (5-3:19) holds: In
particular, it holds when Alice applies a Bell measurement {Z& 8. rR.s.} = {@abr, O @susO} to

send her side to Bob, where @ab is the density matrix of each generalized Bell state @ab} =
yfc=oeb fc k,k + ap~Vd []. In this case, Bob can apply unitaries {Ur.¢ O Vs'y O ida-0B'0} tO
recover J ' in his side- Strictly speaking,

b .
a,b

a b :
tr%#;o {ldACRC ®ZA1]§”0 ©idpgss -Ja, B85 © (pRoRC © ‘bs s¢ (UR’S ® Vgrs @ ldA’BB’S)Tv
120 1 0

where we inserted the left-hand side of Eq. (5.3.19) as the (unnormallzed) state Bob obtains for
each outcome a and b of Alice. Finally, expanding 70 = => VM A1 Ry @ N 31 s, With v; > 0 and
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> Vi = 1, one gets the following maps

Ai(TAlAS) = Z(Uﬁ/g (%9} idA/(cJ) 1T 4, Ro [idA(cJR(cJ ®MCIZ;RO . (bEORE ® TAlAg] . (U]sz/(cJ (%9} idA,S)T and
a

(5.3.21)

. . ——=b,% .
@(93133) = Z(Vg/g ® ldB/(cJ) 1B, S, [1(213858 ®NBZ150 . (b;rosg & 93138] . (ngg & ldB/(cJ)T. (5.3.22)
b

One can verify that trr/o [Ai(ta1a0)] = idas if trr1(talAo) = id, thus each Ai is a quantum su-
perchannel. Similarly, each ®i is a superchannel. It is now clear that the Choi matrix J' can be
obtained through local operations assisted by shared randomness from J ,

JA/gB/gA'lB/l = Z vili @ ®;(J 4, B, AcBg), (5323)

which means that the channel E' can be obtained from the channel E by a convex combination of
products of superchannels.

Similarly as in [56], this means that a quantum channel E is not LOSR if and only if it has
a strictly larger value ymax(E) than any LOSR operation for some Bell functional y and quantum
inputs. The following derivations provide explicit necessary and sufficient conditions to certify non-
LOSR operations. Consider a set of fixed states {"Ra0} and {o¥B0} that are linearly independent
and span the whole input spaces of linear operators acting on Hrao and Hsso, and assume HaoHRr
and HeoHs . Let {Wra } and {WbB } be projective measurements on a generalized Bell basis and
denote

pelablzy) = tr(Vhy, © Vip, - (53.24)
(4B @ idrs)[0Ra, © Tgp,))-

This setup allows to formulate the problem of whether or not a channel Eas is LOSR as follows:
A quantum channel Eas is not an LOSR operation if and only if for any possible LOSR operation
Ea,b, and for any choice of measurements M Rai and N %6 i, the distribution pE(abxy) of Eq. (5.3.24)
cannot be obtained via tr(MrAi O nSb1 Qb 0 idr s)[0%aq0 0s B ]). By absorbing the adjoint E'abt
in the measurements M a 0 N b, namely defining Ma 0 Nb := Et 0 id(Ma O Nb), one arrives at the
following criterion.

Corollary 5. A bipartite quantum channel Eas is not LOSR if and only for some functional y

Y(pe) > max D | apmy tr(M0") tr(N'a") (5.3.25)
Me,N® ab,xy

where we denote Y(pe) = D 44 vy VabayPe(ablzy).

This provides a separation between the set of LOSR operations and the rest, which relies only
in the input/outcome probabilities and the trusted set of input states px and oy. Therefore, it
constitutes a measurement-device independent characterization of the set of LOSR operations.
Notethat theleft handsideofEq. (5.3.25) isgivenbythesetofinput statesandthechannelunder
consideration, and the right hand side can be upper-bounded with semidefinite programming [245].
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Figure 5.3.3: Models of decoherence occurring by dephasing noise under consider-
ation. (a) Dephasing occurs both in the inputs and the outputs as a suprechannel =aB[EAB].
Its action on the Choi matrix is given by a Gram matrix G AcA:B.B: Without any tensor product
assumption through a bipartite Eq. (1.1.38) with a bipartite structure. (b) Nonlocal dephas-
ing occurs as independent pre- and post-processing by composition with a dephasing channel,
Eab = DG- E oDg. Its action on the Choi matrix is given by a product of Gram matrix
Ga0b0 C Gaib1 through Eq. (1.1.39) with a bipartite structure. (c) Local dephasing occurs at
each party independently, according to Eq. (5.4.1). (d) Local complete dephasing occurs, where
the input and output states are diagonal density matrices. The last scheme representing com-
plete decoherence corresponds to Fig 5.3.1(c), since local projective measurements in a fixed basis
occur both before and after the channel is applied.

5.4 The role of dephasing noise

5.4.1 Gradual dephasing

Quantum channels, and in particular the protocols described above to certify nonlocality, can suffer
from decoherence. Here we ask how dephasing noise affects the nonlocal properties of a channel.
Let us first consider local dephasing (Fig. 5.3.3 (c)), which is given by a local four partite Gram
matrix of the form

G=GaoC GeoC Ga:1C GB1. (5.4.1)

Observation 7. If a bipartite channel undergoing local dephasing noise, Da1 C De1 0EAB 0DAo C
DBo, can produce correlations outside of L (Q, NS) from Eq. (5.3.7), then the channel EAB is not
LOSR (LOSE, gNS).

Indeed, note that the Schur product with a Gram matrix preserves both positive semidefinite-
ness, the trace, and identity resolution of any operators. Therefore, local dephasing is absorbed in
the preparation and measurement. This means that if we detect nonlocality on a channel which
suffered from local dephasing, then we know that its noiseless version previous to dephasing is also
nonlocal.

Let us now consider the case in which the two parties A and B sharing a quantum state gab
or implementing a quantum channel EAB belong to a joint subsystem. In this case, dephasing can
occur as a joint operation (Fig. 5.3.3 (a & b)), and thus one might expect that nonlocal phenomena
can occur. This can be summarized as follows.

Proposition 11. Dephasing noise acting jointly on a bipartite system has the following properties:
1. A dephasing channel acting on a separable bipartite state can generate an entangled state.
2. A dephasing superchannel acting on an LOSR operation can generate a nonlocal channel.

At the level of quantum states, an extreme example can be constructed as follows: Consider
the states |+ ) = (|0) + 11))/ /2. Note that the projector gab = |+ +)(+ + | has homogeneous
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entries pij = 1/4, thus it evolves under dephasing noise D@ in Eq. (1.1.40) given by some Gram
matrix G as

dab(6ab0) = |+ +)(+ + |0 G = G/4. (5.+2)

Therefore, it is enough to show that there exists a quantum state that is both maximally entangled
and a Gram matrix. Indeed, the Bell state @) = ([0+) + |[1—9))/ /2 has density matrix

1 1 1 -1
11 1 1 -1
W=7 7 1 1 4 (5.4.3)

-1 -1 -1 1

which defines a Gram matrix G = 4P )(? | with entries Gij. = (v/Vj) where |v1) = 2) = |v3) =
—Jva) = (1,1,1, —1)t/2. Since [y) is maximally entangled, it maximally violates Clauser-Horne-
Shimony-Holt (CHSH) inequality,

(oz 0 (0+ + 0-)+ ox 0 (0+ —0- ))y = 2V 2, (54.4)

where ox and oz are Pauli matrices and o:x = (ox * 0z )~/ 2. From a resource theory perspec-
tive, this is possible because the state |+ +) := |+) 0 [+ ) maximizes the resource of coherence
(with respect to the computational basis) [57, 246], from which a dephasing channel can generate
entanglement.

At the level of quantum channels, this example can be seen as follows: Consider the identity
channel id, with the bipartite input state |+ +). Although the identity channel is an LOSR
operation and thus produces probability distributions in local measurement protocols like the one
of Eq. (5.3.7) (Fig 5.3.1), dephasing induced by coupling degrees of freedom with the environment
can convert the channel id into a channel capable of generating nonlocal quantum probability
distributions. This is an example where dephasing occurs as a superchannel with independent pre-
and post-processing [62,64] (Fig. 5.3.3 (b)).

An example where dephasing is induced by a more general superchannel (Fig. 5.3.3 (a)) is
as follows: Consider the Choi matrix J uL of the local unitary UL = id 0oy . Let the dephasing
superchannel be described by a 16 x 16 Gram matrix G = G~ = 0 with nonzero coefficients G kk = 1,
Giz,is = —625= 1 and G2i2 = Gs,i2 = —62,i5 = Gs,i5 = i (and their Hermitian adjoints), where
i is the imaginary unit. This dephasing leads to the Choi matrix J u = JuL 0 G which defines the
channel implementing the following unitary,

U= )00 ox (ioz)i . (54.5)
j=o

Observe that this unitary can be converted into the C-NOT gate by local unitaries as follows,
Inor = (id@Hox)U(id 9 H)T, (5.4.6)

and therefore U can produce extremal signaling probability distributions in the protocol in Fig. 5.3.1 (b)
when decoherence depicted in Fig. 5.3.3 (a) occurs.

Let us highlight that the examples above constitute a special case of dephasing channels and
superchannels occurring to highly coherent states and channels, whose coherence only suffer from
phase factors. Although these examples are consistent with the mathematical model of dephasing
operations established in [62], generic dephasing transforms pure states into mixed states, and
unitary channels into irreversible channels [21]. Yet, these examples are illustrative for the following
comparison: Observation 7 captures the intuitive fact that decohrence might make a nonlocal
guantum channel undetectable through measurement protocols, thus giving a false negative result
to a test of nonlocality. On the contrary, Propopsition 11 shows that decoherence can also give
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Figure 5.4.1: Entanglement generated by dephasing. The parameters p and g quantify
the strength of the dephasing channels D and Dp acting on the maximally coherent product
state |+ +)(++ | [67,246], which can be mapped to less coherent but entangled states.

rise to false positive results if the parties A and B perform a measurement protocol undergoing
nonlocal noise.

To better understand the role of gradual decoherence aside from extremal cases, we consider
two parametric types of dephasing models. On one hand, Dq damps all off-diagonal terms equally,
Da(p) = (1 —qg)p + gdiag(p). On the other hand, Dp keeps all entries except for the coherences to
the fourth population level, namely D 'p(p)ij = (1 —2p)pij ifeitheri=4=j orj = 4=

Starting from the maximally coherent separable state p = |+ +)(+ + |, the composition of these
two noises reads

1 1l—q 1—g¢q
111~ 1 1-—
x x x

(5.4.7)

— 8 8 8

with x = (1 —q)(1 —2p). The negativity of this state for the parameters p and g is shown in
Fig. 5.4.1.

5.4.2 Complete decoherence

Here we consider the case of complete decoherence depicted in Fig. 1.1.3, where Choi matrices
become diagonal. Recall that the set of stochastic matrices and the set of conditional probability
distributions are isomorphic. For bipartite channels Eas , the decoherent action is represented by
a bipartite stochastic matrix with entries

Sabxy = (ab[E (Ixy)(xy]) |ab) , (54.8)

where (a,b ,x,y) [dai1]x [dB:1]% [dao]X [dBo] define the canonical basis (Fig. 1.1.3). Therefore, the
decoherent action (5.4.8) defines probabilities p(a,b|x,y) = Sabxy of obtaining classical outputs ab
conditioned to classical inputs xy, through the scheme of Fig. 5.3.1 (¢). In [229, Propositions 3-5]
it was shown that the sets of L, Q and NS correlations correspond to the sets of correlations that
can be obtained respectively from LOSR, LOSE, and gqNS channels as correlations in the inputs
and outputs when all measurement bases are allowed. A similar result can be formulated for a
fixed basis, namely considering the classical action of Eq. (5.4.8), as follows.

Proposition 12. The following equivalences hold:
(i) The setoflocal (L) correlations coincides with the set of decoherent actions of LOSR channels.

(ii) The set of quantum (Q) correlations coincides with the set of decoherent actions of LOSE
channels.
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(iii) The set of nonsignaling (NS) correlations coincides with the set of decoherent actions of
guantum nonsignaling channels gNS.

Proposition 12 can be obtained from [229, Prop. 3, 4 & 5], by absorbing the basis choice into
the existence conditions. An explicit constructive proof is detailed below.

Proof. Let us show first item (ii). Let p(a, bx,y) = tr(cPax O Qbly) determine a quantum prob-
ability distribution, where o is a quantum state on RS, {Pax}a projective measurements over R
and {Qbly}b over S. Going to a Stinespring's dilation, there exist unitary maps Ux : AR - AR
and Vy : BS - BS such that

Paxk = (@ Ux [0> & Qby= (b Vy|0>. (5.4.9)
Take U :CAR - CAR and V :DBS - DBS unitaries on some control systems C and D,

u=52 X[Ix OUx & v =22 y[ly 0 Vy. (5.4.10)
X y

These define a LOSE channel E:CD - AB via
E({) = trcobrs[UO V(p0O 00)©00 0 o)Ut 0 V] (5.4.11)

whose decoherent action gives back p(a, b|x, y). Indeed,

<ab U 0 V (xy}(xy 0 005 = xy} 0 Pa%x 0 Qb , (54.12)

thus tr[ ab)(ab E( xy)(xy )] reads
tr[xy)xy 0 Pax O Qbyo] = p(a,bx,y). (5.4.13)

Conversely, assume p(a, b|x,y) can be obtained as the decoherent action of a LOSE channel,
tr[(ab}ab 0 id)U O V (xy)xy 0 o)U10 Vt], where U : AR - AR and V :BS - BS are unitaries
and o a state on RS. With the isometries

Ur=UXx) & VW=Vy} (5.4.14)
we can define quantum effects
Eax = Ux a)(a Ux & Fbly = Vn b)(b Vy , (5.4.15)

that reproduce the probabilities p(a, blx, y). Indeed,
tr[Ux O vyt xy)(xy Ux O Vya] = tr[Eax O Foyd] . (5.4.16)

Item (i) follows from the above derivations by considering o to be a separable state. Item (iii)
can be seen by realizing that the gNS conditions on a diagonal Choi matrix are equivalent to the

NS conditions on the probability distribution given by the decoherent action of the channel.
' ' O

This provides a simple criterion to detect certain classes of quantum channels, from local mea-
surements in the computational basis: One certifies that a quantum channel Eas is outside of
the set of LOSR (LOSE, gNS) channels if its decoherent action S&s is outside of the set of L
(Q, NS) correlations. This criterion can be implemented in decoherent setups, as it involves only
measurements in the computational basis.

Note that the converse is not true: there exist non-LOSR quantum channels with local de-
coherent action. As an example, consider the 2-qubit channel with unitary (single) Kraus op-
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erator U i 1i=0 @ij} {i +j,j|, which maps the computational basis to the Bell states ¢ij> =

Ox 0z 0 12(00>+ 115 V2 where ox and oz are Pauli matrices. Even though U can generate
entanglement, its decoherent action SU= U 0 U~ = 2 (1f2 + o1 2) is local. However, note that
this criterion can be enhanced with any operations that preserve the set of LOSR. In the example
above, the freedom of local measurement basis considered in [229] is enough: the bipartite unitary
U can be transformed by local unitariesto U = (HO H)U(id 0 H), where H is the Hadamard gate
with H [0) = +>and H |1) = -> We have SG= U0 U= 00 + 1>3 + 2>2 + 3>l which
defines extremal nonsignaling correlations.

Note that the nonsignaling conditions establish equality constraints, and thus define a measure
zero subset of channels. Moreover, the sets of local and nonsignaling correlations form a polytope.
Therefore, detecting channels with nonlocal decoherent action can be done with a linear program,
asking whether there exists a convex combination of extremal local stochastic matrices decomposing
the decoherent action. For local correlations, finitely-many Bell games [52, , 248] equivalently
define the faces of their polytope. Bounding the set of quantum correlations is a more involved
problem and relies on a convergent hierarchy [249]. This problem has been tackled through analyt-
ical solutions for the smallest setting [250- ], conjectured generalizations [68,253] and additional
results using semidefinite programming techniques [254, ]. Outer approximations are given by
the maximum quantum value of Bell games [256].

By Proposition 12, Bell functionals on the decoherent action of a quantum channel can be used
to construct linear nonlocality witnesses, similar to entanglement witnesses [4]. This mechanism is
illustrated in Fig. 5.3.2. Let L be one of the three subsets of bipartite quantum channels: LOSR,
LOSE, and gNS. Let S be the corresponding set of bipartite probability distributions under the
correspondence in Prop. 12, namely, L, Q, and NS. Consider

Wi = ys | (daodpo) id —Q , (5.4.17)

where Q is defined from the Bell functional through

1

Q= Yabxy Xayb><xayb AoA1BoB1 (5.4.18)
xyeb= 0

and ys denotes its maximum value on the subset S. Thus, a channel EAB with Choi matrix J e
and decoherent action St is outside L if

tr(JEWe) = Y5 = > YabaySepey < 0- (5.4.19)

For the CHSH functional, yabxy = (- 1)a+ b(- L)xy, it holds that yL = 2, yo = 2 2 and yns = 4.

On the other hand, by the isomorphism of Proposition 12, any bipartite stochastic matrix in
a distinguished subset of correlations can be obtained from decoherence of a quantum channel in
a corresponding subset. An explicit example is the convex hull of bipartite stochastic matrices
(namely, bipartite probability distributions) pR + (1 - p)S with

0
1

S =3 (5.4.20)

=

I

|
_ o O =
_ o O =
_ o O =
O =
[ =)
O = = O
O = = O
_ o O =

which attains the maximal quantum value yQ = 2 20ofCHSH forp= 1+ 11 2)I2. In Fig. 54.2
we show a two dimensional slice of the polytope of distributions consisting of the convex hull of
R, S and id containing different subsets. The sets of local (L) and nonsignaling (NS) distributions
are bounded by linear programming, while the set of quantum (Q) distributions is approximated
by the first two levels of the Navascues-Pironio-Acin (NPA) hierarchy [249]. The subsets L, Q and
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Figure 5.4.2: Partial cross section of the space of bipartite distributions spanned
by id4, R and S in Eq. (5.4.20), P(s,t) = sR+ tS + (1- s- t)id4a where s+ t < 1. The
distribution id4 is local, while R and S are extremal nonsignaling (PR-boxes). The orange region
corresponds with distributions that are local, while dark and light purple regions denote first
(NPA1) and second (NPA2) level of Navascues-Pironio-Acin (NPA) approximation [249] to the
set Q of quantum distributions (not plotted). Green region depicts the remaining non-signaling
distributions. Each of these subsets of distributions can be obtained by LOSR, LOSE and gNS
channels under complete decoherence.

NS of distributions are obtained by decoherence of the subsets LOSR, LOSE and qNS of channels.

5.5 Conclusions and open questions

We infer nonlocal properties of bipartite quantum channels based on the bipartite stochastic ma-
trices produced by them under measurement protocols. In particular, our approach allows us to
bound the sets of local operations assisted by shared randomness (LOSR), local operations assisted
by shared entanglement (LOSE) and quantum non-signaling channels (qNS), from the conditional
probabilities of local measurement outcomes. This framework is suitable to experimental verifica-
tion of nonlocality of bipartite channels from local measurements, even in the presence of complete
decoherence. In contrast, we show that both entanglement and nonlocality of bipartite quantum
channels can be enhanced under nonlocal gradual decoherence.

Figure 5.5.1: First glimpse at the structure of multidimensional convex sets of quantum and
classical: states, operations and correlations. The transition from quantum to classical is induced
by decoherence. The same figure can also represent sets of quantum algorithms or quantum
technologies. The distance d between the extremal points of both sets along the vertical axis z,
denoting a selected utility function, represents the quantum advantage.

This work relates the geometry of the set of bipartite quantum states, channels, superchannels,
and their classical counterparts: probability vectors, stochastic matrices and classical superchan-
nels. In particular, several measures for nonlocality in the space of correlations have been proposed
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in the literature [74, - 1. Through our framework, these naturally give insight into the geom-
etry of quantum operations [/7]. At the same time, our work leaves several research lines open:

1. It is unknown whether local-limited and quantum-limited channels as defined in [229] can be
detected by making use of a shared entangled state through Proposition 9.

2. Corollary 5provides a first step to understanding the set of functionals witnessing non-LOSR
operations, analogous to entanglement witnesses for nonseparable states. However, further
research is needed to better understand the performance of such witnesses in practice.

The analysis presented for the case of complete decoherence highlights the role of Choi-Jamiolkowski

isomorphism to analyze geometric features of quantum correlations and channel nonlocality. The
standard form of the isomorphism relates bipartite states with quantum operations, while its gener-
alized version links four-partite quantum states with bipartite quantum channels. Due to decoher-
ence the latter suffer a transition to bipartite stochastic matrices Sd-, which describe correlations
between both systems. Therefore, the overall geometric structure of the sets of classical and quan-
tum states, channels and correlations is rooted in the geometric structure of the set M d. four-partite
states (Fig. 1.1.3).

Any generalized quantum theory can be recovered from basic principles that force the corre-
sponding set of states to be convex [3]. A closer look reveals its convex subset of separable states,
defined as classical mixtures of product states - see Fig. 5.5.1. A related structure is characteristic
also to the space of quantum maps and quantum correlations. A similar picture can also be used to
describe the sets of quantum algorithms and quantum technologies and to visualize the notion of a
quantum advantage: The difference between the utility function describing, for instance, efficiency
of a given protocol, optimized over all quantum and classical scenarios.



Nonlocality of decoherent quantum
channels

The implementation of realistic quantum devices requires a solid understanding of the nonlocal
resources present in quantum channels, and the effects of decoherence on them. In this chapter we
guantify nonlocality of bipartite quantum channels and identify its component resisting the effects
of dephasing noise. Despite its classical nature, we demonstrate that the latter plays a relevant
role in performing quantum protocols, such as state transformations and quantum coding for noisy
communication. In the converse direction, we show that simulating certain stochastic processes
with quantum channels undergoing decoherence has a communication advantage with respect to
their classical simulation.

6.1 Introduction

The phenomenon of Bell nonlocality lies at the core of quantum theory, as quantum distributions
cannot always be explained by hidden variables assuming local realism [51, 53]. Nonlocality consti-
tutes a resource for device-independent protocols in cryptography and information theory, such as
public key distribution schemes, conjugate coding, and randomness verification [225- 1. Nonlo-
cal resources can be present both in the quantum state describing a system [52], and in a quantum
operation manipulating such state [7, , , , 235].

In practice, both the storage of a quantum state and its manipulation through a quantum
channel suffer from the phenomenon of decoherence [21, ] the interaction with the environ-
ment can fully or partially spoil qguantum properties [58, ,239]. Therefore, successful realization
of noisy quantum devices demands a deep understanding of quantum properties under decoher-
ence [240, - ]. For this purpose, a well-established model of decoherence is the dephasing
noise D, which damps the off-diagonal terms in a density matrix while keeping intact the terms
diagonal in a preferred basis [57]. In the worst-case scenario, complete decoherence leads to van-
ishing of the off-diagonal terms. This reduces a quantum state to a probability vector [57,240- |
and a quantum channel to a stochastic map described by a stochastic matrix [62].

In recent years, increasing attention has been paid to understanding the nonlocal properties of
guantum operations. When no shared resources are allowed, the operator Schmidt decomposition
of a bipartite unitary gate [263, ] or a quantum channel [265] determines whether it can be
performed locally. On the other hand, linear tests for nonlocality of states [52,56] can be lifted to
the level of channels [7]. There, the probability distributions obtained by local quantum measure-
ments [7,15, , ] reveal whether a bipartite channel can be implemented locally with shared
randomness. While existing methods provide a qualitative characterization, a quantitative anal-
ysis contemplating noisy effects is desired for a further step in understanding both the nonlocal
resources of channels and the effects of decoherence on them.

In this work we quantify the nonlocal resources of bipartite channels with several measures,
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and their corresponding components remaining when complete decoherence occurs. The latter
determine the nonlocal transformations that a channel can induce on the computational basis, e.g.
bit pairs. Using a semidefinite programming hierarchy for bilinear optimization [245], we evaluate
the role of nonlocal resources in performing quantum protocols. Despite accounting for a classical
resource, the nonlocality resisting decoherence is found to be required for optimal performance.
In a similar direction, we compare two different protocols to simulate discrete Markov chains [58],
namely using standard classical methods with respect to using a quantum channel that undergoes
complete decoherence. We show that the latter gives advantage in the communication needed.

Some preliminaries will be reminded to the reader for completeness of the chapter. This work re-
lies on the bridge between two seemingly different structures [15, , , , ,266]: the polytope
of bipartite distributions [52], and the set of bipartite quantum channels [109, , ,267]. A bipar-
tite distribution p(ab xy) is local (L) if it decomposes as p(a, bx,y) > Apap(ax, A)p(by, A) with
pr =2 0Oandx pr = 1, and nonlocal otherwise [52]. Distributions obtained from bipartite quantum
states gab via Born’s rule, p(a, bx,y) = tr(Pax ®QbyqgaB) for local measurement effects P a x and
Qby, are called quantum (Q). Nonlocal resources present in quantum states [51,54] cannot increase
under local operations with shared randomness (LOSR) [7, 56, , ], ®ab yzapa®a ® "B -
Bipartite channels outside the set of LOSR are called nonlocal [15]. The set of LOSR operations is
preserved under local superchannels with shared randomness, Y apa™A ® =8, which are the free
operations in the resource theory of nonlocality of channels [7]-

6.2 Quantum and classical nonlocality

6.2.1 Quantifying nonlocality of guantum channels

The nonlocal resources available in a quantum channel E : AoBo - A1B1 will be treated as a
convex resource theory [268], where LOSR operations are the free elements: Therefore, we quantify
the nonlocal resources of a channel as

Na (E) = min{A(E,®) : ® LOSR} (6-2:1)
for a suitable non-negative functional A-

Proposition 13. Desired properties of the each measure N o are determined by those of the corre-
sponding function A, as follows.

(i) If A is continuous, then N ao attains the minimum.

(ii) If A is convex, then N a is convex.

(iii) If A is non-degenerate, then N a is faithful.

(iv) If A is contractive under superchannels, then N a is monotonic under local superchannels.
Proof. Each item will be shown separately-

(i) Ref: [15, Corollary 4] readily implies LOSR is a closed bounded subset of the euclidean space,
and thus compact- Therefore the minimum in Eq- (6-2-1) is attained-

(ii) First assume that A is convex- This means, A( i AiEi, iAi®di)< i AiA(Ei, di) for non-
negative Ai adding up to one: In this case, we check that Na ( i AiEi) < i AiNa (Ei) thus
N a is also convex- Indeed, for any collection ®i LOSR, also iAi® LOSRDby convexity
of LOSR-

(iii) Next,assumeAisnon-degenerate,namelyA(E @) =0ifandonlyifE =®- Then,Na (E) =0
if and only if E LOSR is faithful with respect to LOSR-
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(iv) Last, assume A is weakly contractive under superchannels, A(Z(E),=(®)) < A(E, @) for any
superchannel =. Assume = = A pAEA 0 &b is local. In this case, =(®) LOSR for each
@® LOSR. In particular, take ® LOSR such that A(E, ®)= Na(E). Then,

Na(Z(E)) £ A(Z(E),=(?)) < A(E,®) = Na (E). (6.2.2)
Thus, Na is monotone under local superchannels.

O

It is well known that the relative entropy [269] satisfies all these properties. Moreover, any
distance defined from a norm A(E,®) = E —® satisfies the first three properties, also under
the Choi-Jamiolkowski isomorphism. Additionally, the fourth property is also satisfied when the
norm is contractive under linear operations. This is the case for the trace norm and the diamond
norm [28].

Examples are N 1 defined from the trace distance A(E, ®) = Je —J @1with X 1=tn'X X 1,
which admits semidefinite programming bounds for unitary channels as shown in Observation 8;
No from the diamond distance A(E,®) = E—® o with E ~ = sup{ EO id(X) 1: X 1< 1};
and N nh from the relative entropy A(E, ®) = H (Je J () = trle(logle —logl (), where J¢ is the
unnormalized four-partite Choi state [26,27]. Faithful monotones can similarly be obtained from
Eq. (6.2.1) using quantum Renyi divergences [258, , 271]. Physically, No(E) corresponds to the
maximal success probability of discriminating E with respect to the least distinguishable LOSR
operation ® [28,272]. This can be bounded with N 1(E) through N 1(E) < No(E) < dimAoBoN 1(¢).
Similarly, N+ (E) measures the smallest relative entropy between the Choi matrices of E and some
LOSR channel @, which is a frequent measure for their distinguishability [28].

Observation 8. For unitary channels, bounds for the quantity N 1 can be obtained with semidefinite
programming for unitary channels.

Proof. Recall that the Choi matrix Ju of a unitary channel has rank 1. Therefore, the Fidelity
with respect to another Choi state J ¢ is a linear function, F = tr(JuJ ¢), which in partciular can
beoptimizedover® LOSRwiththe(strengthened)hierarchyofAppendix6.3.2. BeingdaoBo the
dimension of the input system, the Fuchs-van de Graaf inequality [273] applied to Choi matrices
establishes that Ju —J¢ 1 is lower bounded by daoBo — tr(Jule) and upper bounded by

daoBo —tr(Jul ¢), whose optimal values can be approximated with semidefinite programming.
This in turn allows to lower and upper bound N 1, since the square root function is monotonic over
its domain.

6.2.2 Quantifying nonlocal resources in the presence of decoherence

Consider a bipartite channel Eab which undergoes dephasing noise D (i}(j ) = i)(j & both in
its input and output states, ep := D =¢ =D, where dij is the Kronecker delta and = denotes
channel concatenation. Then, one can describe the effective action of Ep by the decoherent action
(or classical action) of E, which is a classical channel acting on digits [110, - ] given by a
bipartite stochastic matrix St with entries [15,62,63,65-67]

saxy = (@b e (xyHxy) ab}, (6.2.3)

whereindices(a,b,x,y) labelthecanonicalbasisofA 1B 1AoBo. Theconcatenationofthecolumns
of Se coincides with the diagonal of the Choi matrix of the channel €, which is preserved under
complete decoherence. As bipartite distributions correspond with bipartite stochastic matrices,
the decoherent action (5.4.8) defines probabilities p(a, bjx,y) = Sabxy of obtaining outputs a, b
conditioned to inputs x, y through a measurement protocol performed in the computational basis [7,
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Figure 6.2.1: Subsets of bipartite channels and their cross sections. The orange convex
set (PPT) contains PPT-preserving channels [L14]. The green hyperplane represents the quantum
nonsignaling constraints (QNS) in Eqgs. (1.2.34a) and (1.2.34b), and contains the purple set of
local operations with shared randomness (LOSR). The intersection between QNS and separable
channels [31] (SEP) depicted in red outer-approximates LOSR through the first level of the
hierarchy [245] given in Eqgs. (6.3.2)-(6.3.7). This approximation can be strengthened with linear
constraints imposing a local decoherent action (LDA), which give the polytope depicted in blue.

,229]. Correspondingly, we denote as decoherent nonlocality of a channel E the nonlocal resources
present in the distribution defining its decoherent action SE.
Nonlocality of bipartite conditional distributions (or classical channels) can be quantified in
several ways [110, , , , ]. For any continuous, convex, non-degenerate and contractive
non-negative functional & we introduce the measure

va(S) = min{d(S,T): T L}. (6.2.4)

Note that vs(Se) quantifies the decoherent nonlocality of a bipartite channel E. Indeed, each
measure vs arises from a measure Na by taking 6(S,T) = A(E,®) for channels E = D <E =D and
® = Do ® oD with decoherent actions S and T. A stronger correspondence between Eqs. (6.2.1)
and (6.2.4) holds:

Proposition 14. The following relations hold between each measure Na of channel nonlocality
and its corresponding measure Vs of decoherent nonlocality.

(i) Na(D oEoD) = vs(SE)
(ii) Na (E) = vs(SE).

Proposition 14 allows for bounding the quantum nonlocal resources of a channel from its nonlocality
resisting decoherence, which is arguably much simpler to estimate both in theory and experiments.
Geometrically, item (i) holds because the dephasing channel D induces a cross section in the space
of channels which is also a projection, and item (ii) follows from (i). A detailed proof is given
below.

Proof. Consider a bipartite channel E with decoherent action Se and a function A with correspond-
ing decoherent measure 6. Let @ LOSR minimize A(D oEoD,®) over ® LOSR. On the one
hand, we have

N&D oEoD)

A(D oEoD,®)
A(DoEoD,Do ®0D), (6.25)

IN

since D o ® oD is an LOSR operation which is in general different from the minimizing LOSR
operation ®. On the other hand, recall that by assumption A is contractive under superchannels
=, and in particular under concatenation with the dephasing D. Therefore, we have the following
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inequality,

NQD 0EoD) > A(D20E 0D 2D 0®oD)
A(DOEOD,D 0®oD), (6.2.6)

\

where the equality holds because D is a projection and therefore D2 := D oD = D. Eqs. (6.2.5)

and (6.2.6) together imply Na(D oEoD) = A(D oEoD,D o®0D). This means that for the

channel D oE oD, there exists a decohered LOSR channel attaining the minimum in Eq. (6.2.1).
Now, by definition of each & from decoherence of A, we can write

vs(SE) = min A(DoEoD,Do®oD), (6.2.7)
3 ® LOSR

since the whole local polytope can be obtained by decoherence of the set of LOSR operations [15].
Thus we arrive at Na (D oEoD) = vs(Se), which shows item (i). To see item (ii) we note that

vs(SE) = Na(DoEoD)< N a (E). (6.2.8)

The equality holds due to item (i); the inequality holds because A is contractive under superchannels
and therefore N a is monotonic under local superchannels. In particular, D is a local superchannel.
[m]

6.2.3 Quantum to classical measures: examples

Claim 1. Consider E : B(Ao C Bo) -~ B(A1C B1) achannel and S :11(AoBo) - l1(A1B1) its
decoherent action. Then,

DoEoD O: SMt, (6.2.9)

where E o = sup{ EC id~obO(x) 1: x 1< 1} and S 11 = sup{ S(a) 1. : an < 1} is the
operator norm between sequence spaces | 1.

Proof. First, given a = > iai i) l1(Ao X Bo)with a1 < 1thenx = Y iaii)i C OO has
X 1< 1 It is immediate to check that

DoEoDc idxy (X) 1= S(a) i1, (6.2.10)

thus DoEoD Q S 11

Conversely, given x i ijxij i)j C Aij with x 1 < 1 we have that D (x) 1Dixiii)i C
Aii satisfies D (x) 1 = i Xii] Aii 1 < 1. This is a consequence of Gelfand-Naimark theorem
[L83, Theorem I11.4.5], since D is a projection. Then a = > ixii Aii 1 i) satisfies a1 < 1
Furthermore, we can check

[Do&oDaidxy (@)l < |IS(a)ll, (6.211)

thus, |[Do & o D|, < |IS]ly;- Indeed,

Z ‘ Z 24551 Asi
7 s

. (6.2.12)

<> 1D waSill Al
1 A

O

Notice that from Eq. (6.2.9) and the fact that LOSR is mapped to L under decoherence it
follows that N<>(D oE o D) = v~(Se¢) as in Proposition 14. The same holds for the operator norm
between spaces with the trace norm, D oEoD 11 = S 11. That is, the dilation in the diamond
norm makes no difference under decoherence.
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Claim 2. The trace norm of the Choi state reduces under decoherence to the element-wise one
norm of the decoherent action,
J(DoEoD) 1= Se& 1., (6.2.13)

where SJ|A = Sij .

Proof. This follows from the fact that the decoherent action Se coincides with the diagonal of
J(D oE oD) and the off-diagonal terms are zero.

Again, from Eq. (6.2.13) and the fact that LOSR is mapped to L under decoherence it follows
that N1(J(D oEoD)) = vi(SEe) as in Proposition 14.

Claim 3. The relative entropy of the Choi state reduces under decoherence to the classical relative
entropy of the decoherent action,

H(J(DoEoD)J(Do®oD))=h(SEe So), (6.2.14)
where h(ST) = ijSij(logSij- logTij).

Proof. This follows from the fact that the decoherent action Se coincides with the diagonal of
J(D oE oD) and the off-diagonal terms are zero.

Again, from Eq. (6.2.14) and the fact that LOSR is mapped to L under decoherence it follows
that NH (J(D oEoD)) = vH (Se) as in Proposition 14.

6.3 Nonlocality resisting decoherence

6.3.1 A novelinterpretation

The measures v of decoherent nonlocality can be seen as the amount of nonlocal resources that
remain after complete decoherence occurs. In particular, these serve as a witness for nonlocality
of the channel E in hand: if vs(Se) > 0 (S¢ L), then Ns (E) > 0 (E LOSR) [15, 1
Consider for example the quantum channel EUn (p) = Ucn gUE€n defined by the controlled-not gate,
Ucn S2i=o i)(i Coyx . One verifies that its decoherent action satisfies SUcn = UcnOUcn = Ucn,
where 0 is the Schur (entry-wise) product [15]. This means that after dephasing occurs, the action
of the controlled-not gate in two classical bits remains untouched. In fact, SucN defines an extremal
one-way signaling bipartite distribution and maximizes vi1.

This raises the question of whether the nonlocal resources resisting decoherence, which consti-
tute the decoherent nonlocality, are related with the performance of a channel in quantum protocols
which do not suffer from decoherence. The convergent hierarchy detailed below will be used to tackle
this question numerically with semidefinite programming.

6.3.2 Bounding the set of LOSR operations

With the Choi-Jamiolkowski isomorphism [26,27], deciding whether or not a given bipartite channel
EaB is LOSR is a constrained version of the separability problem: one asks that the Choi matrix
defines a separable operation (SEP),

JAoBoAB1 = X prfp0a1® w1, (6-3-2)
A

wherepr = OandJa A ,Ja B = 0 [B3,84],andtheadditionallinearconstraintstra:(Ja A )=id Ao
and tre:1(Ja B ) = idBo to ensure that each factor defines a completely positive and trace preserving
(CPTP) map. A solution [279] can be found by applying the hierarchy of [245], which consists of
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strengthening the standard Doherty-Parrilo-Spedalieri (DPS) hierarchy [
constraints at each level n:

, 84] with further linear

find X >0 (6.3.2)
try, gopr. pn(X) = idays, (6.3.3)
Viign XV po = X Vi (6.3.4)
XxTer >0 (6.3.5)
trpp(X) = trprpr X @ idpp (6.3.6)
tra,(X) =idg @tra,a,(X) (6.3.7)

where X acts on an extended Hilbert space HaObOABi C (HBoB1)ora 1, we denote A = AoA1 and
B @) =BoB1,XA0BoAa1B1 = tre:...Bn (X ), VB(i).B ) iSthe SWAP operator between the i'th and n'th
party and Ts ) is the partial transpose on the party B (n). Here Egs. (6.3.2) and (6.3.3) impose
that the marginal X AoBoa1B1 is the Choi matrix of aCPTP map; Eqgs. (6.3.4) and (6.3.5) converge
to the condition that X AoBoa 181 decomposes as in Eq. (6.3.1) [83,84], which means that X AoBoA1B1
defines a separable operation, X aOb0albl y2aXa0alC X bOb1>Eqgs. (6.3.6) and (6.3.7) impose
that X AoBoA1B1 is the Choi matrix of a qNS channel, and converge at some n to the condition that
the marginals of each term satisfy Xa = id and X& = id [245], which means that they define
trace preserving channels and therefore X AoBoA1B:1 defines an LOSR channel.

Although the hierarchy presented above is complete, only the first levels are available in practice
and further linear constraints are desired to solve realistic problems. Here we will simply add the
following linear constraint at each level,

diag(J AoBoA1B1) L, (6.3.8)

which requires that the probability distribution given by the decoherent action lies in the local
polytope (Fig. 6.2.1) and thus enforces vs = 0. Straightforward examples of the strengthening of
Egs. (6.3.2)-(6.3.7) through Eq. (6.3.8) are diagonal Choi matrices given by J¢ = 3 xyabp(abxy) xyab){xyab
where p = S is nonsignaling, as explained below.

Consider a diagonal Choi matrix given by J &€ = 5 xyabp(abxy) xyab)(xyab withp = Se NS
, €.0. given by the Popescu-Rohrlich (PR-) box

SE = (6.3.9)

N | —
— o O
— o O
— o O
[ =)

Such Choi matrix is in the set SEP because it is diagonal in product basis, and thus is not de-
tected by the Doherty-Parrilo-Spedalieri (DPS) hierarchy (Egs. (6.3.2)-(6.3.5)). At the first level,
equations (6.3.6) and (6.3.7) are also satisfied because a classical map given by a stochastic matrix
in the nonsignaling polytope defines a quantum nonsignaling channel. However, such an example
does not satisfy Eq. (6.3.8).

6.4 The role of decoherent nonlocality in performing quantum
protocols

6.4.1 Bell functionals on quantum channels

We will introduce functionals on Choi matrices that reach different maximum values for different
subsets of bipartite channels. This generalizes through Proposition 14 the analogous property
of vs for bipartite distributions. Given a linear functional Q on the space of Choi matrices for
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Ax(p)= (1- Np+ Ald

A A

Figure 6.3.1: Optimal performance of bipartite channels E in restricted subsets at
quantum protocols with parameter p. Different bounds are obtained when S & defines local
(LDA), quantum (NPA3), nonsignaling (NSDA), and general distributions, where NPA3 denotes
third-level approximation with [249]. Bounds for LOSR are obtained when those obtained with
quantum-nonsignaling channels (QNS) and with a seesaw algorithm coincide. We depict the
maximum value of: (a) The Bell functional Qu in Eq. (6.4.1). (b) The fidelity of p = E(p) to
a target pure state ), where DPS3 approximates SEP at the third level of [83,84]. (c) The
fidelity of the depolarizing channel Ay assisted according to Eq. (6.4.3) and Fig. 6.4.1. General
superchannels (CPTPP) [28,64] allow for unit fidelity through =Z[Au] = id.

channels Eas [15], consider the maximum value that can be obtained with quantum channels
whose decoherent action belongs to a preferred subset L,

Y1(Q) := max{tr(JeQ) :Se¢ L}. (6.4.1)

Let us fix Qu = UpQUyu, which is a coherified version of the diagonal functional Q = 3 Xyab=0(- 1)a+b(- L)xy xya
used in [15] to evaluate the Clauser-Horne-Shimony-Holt inequality [280] on the decoherent action.
Nonzero off-diagonal terms are given by the unitary Uy = (¢@+) (00 + ¢+)(@©O1 + - ) (10 +

@ [111 )aoBo0 1a:8: where s = Xe (Vp 01)£V 1- p 10)) 2withXe = (0x ®0x )+ 1. 1)72-
The states Y+ ) and @+ ) are entangled for y = 0,1 and form an orthonormal basis for all y, e.g.

the computational basis for y = 1and the Bell basis for p = 1/2. Fig. 6.3.1 (a) shows that the opti-
mal value of Eq. (6.4.1) depends on the nonlocality of the decoherent action throughout the whole
range 4 (1/2, 1]: a continuous gap exists between the sets of channels whose decoherent action is
in the set of local, quantum (an outer approximation [249]), and nonsignaling distributions.

6.4.2 State interconversion

Consider the fidelity of converting a Bell state which suffered from the unitary noise id Goz with
probability 1—p, p = p@+ + (1—p)@- , into a pure state with entanglement entropy E = plog2p- 1+
@- p)log2(1 - p)- 1, namely QYp) = p 00)+ 1- p 11) up to local unitaries. The figure of
merit is the fidelity between the transformed state by a channel E and the target state yu),

F = op E(P) W) . (6.4.2)

Standard physical scenarios require that transformations can be done through quantum oper-
ations with a limited amount of resources the nonlocality present in the decoherent action of the
channel E (Eqg. (5.4.8)) can increase the fidelity of the transformation in Eq. (6.4.2).
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Figure 6.4.1: Assisted communication. In a standard communication protocol, one part
A1 of a Bell state (p+is sent to another part Bo through a noisy channel E with input A1 and
output Bo. In an assisted communication protocol, the noisy channel is corrected to Eao—b1 =
ZAoBo- A:B:(EA:- Bo)(dashedoutline)byasuperchannel=. Thefidelityoftheassistedchannel
is then the fidelity between the input Bell state and its output image, F = (#+ E(#+) #+).

6.4.3 Quantum codes

Consider the task of sending information from Alice to Bob through a noisy channel E. The assisted
fidelity of sending one part of a maximally entangled state,

F =tr (®+B: ' (idR ®w% -B1) ), (6-4:3)

quantifies how well information is transmitted through EaO-b1 := = (Eal-b0), which is the trans-
formed version of Eal-b0 by the superchannel = (Fig. 6.4.1) [114, , - 1. The super-
channel = is equivalent to a bipartite channel =aoBo- A181 Whose Choi matrix satisfies J = 0
with the marginals Jatb0 = idaoBo and the one-way nonsignaling constraint JaGalb0 = JaCal ®
idBo /dBo [28, ]. These constraints alone are compatible with F = 1 since they admit a con-
tractive superchannel = such that E = id is the noiseless identity channel. However, physically
realistic scenarios can be modelled by imposing extra constraints to =, leading to nontrivial
bounds [114, , , , ]. Bounds for the depolarizing channel Ay with mixing parameter
g obtained through the strengthened hierarchy of Section 6.3.2 are depicted in Fig 6.3.1 (c). The

results of the three protocols depicted in Fig 6.3.1 imply the following.

Proposition 15. The nonlocal resources of a quantum channel that remain available when coher-
ences are lost (quantified by v38) are required for optimal performance of coherent quantum protocols.

6.5 Quantum simulation of stochastic matrices

Stochastic matrices, also called classical channels [110, , - ], model the evolution of dis-
crete probabilistic systems and are the building blocks of certain stochastic processes like discrete
Markov chains [58]. Although these are classical, it has been shown that the quantum simulation
of stochastic processes provides advantage in certain resources such as memory and space-time cost
with respect to their classical simulation [66,67]. A common tool for this purpose is the decoher-
ent action, using the fact that complete decoherence preserves the action of a channel on classical
systems.

Here we will follow a similar approach: one verifies that two parties that share a common
classical source of randomness but cannot communicate, can only simulate bipartite stochastic
matrices of the form

Sab = PATA ®RB (6.5.1)
A

where Ta and Rge are stochastic matrices. This is because only local bipartite distributions can be
obtained in this case [286]. In contrast, larger sets of bipartite stochastic matrices can be simulated
using shared quantum resources undergoing noise:
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Proposition 16. There are stochastic processes that require communication to be simulated clas-
sically, but can be simulated quantumly without communication through a channel undergoing de-
coherence.

For the purpose of quantum advantage, one can use quantum channels which are implemented
by using a shared entangled state and applying local operations. The following shows how stochastic
matrices corresponding to nonlocal distributions can be obtained when the channel in hand un-
dergoes dephasing noise, in which case measurements can only be performed in the computational
basis.

Proof. Consider an LOSE operation asin Eq. (1.2.33). Let the Kraus representation of the channels

Ear and Ebs, which act through Ear(:) = ¥ ij-K @ k& and Ebs () = 3 k1 QksS 'QkeSt, be
ki.jn = i1{jA ®Lijr and Q rs = kMl B ®Tkis, where Mij := LijtLij and Nk1 := TkitTkI

are conditional measurement operators. One verifies that the decoherent action Se of EAB reads
entrywise Sebxy = tr(Max ® Nbytrs), obtaining a similar result as if Alice and Bob were able to
measure in coherent bases to implement a standard Bell game [52]. Therefore, Alice and Bob can
simulate a classical channel beyond the set of matrices given by Eq. (6.5.1) without communication
if they have access to quantum resources.

Proposition 16 implies that quantum advantage in communication remains accessible when
coherences are lost in the inputs and outputs of the channel in use. This allows us to use the
techniques of [66], where quantum advantage was shown in noisy channels, in the spirit of [287],
where entanglement reduces communication needed to implement a classical channel.

6.6 Conclusions

We introduce several measures of nonlocality for bipartite channels with desirable properties, and
identify their component remaining after decoherence. Despite accounting for classical resources
at the level of channels, we show that nonlocality resisting decoherence is required for certain
guantum protocols: maximizing Bell functionals for channels, state interconversion fidelity, and
assisted codes fidelity for noisy channel communication. This analysis also demonstrates a gap
between different subsets of bipartite quantum channels. These results provide significant insight
into the nonlocal properties resisting dephasing noise and their role in quantum implementations:
Bell nonlocality of correlations is understood as the classical component of channel nonlocality,
that can be implemented with fully classical devices.

On a more conceptual level, nonlocality of channels (quantum or classical) accounts for the
resources needed for their implementation in distant labs. These resources include classical com-
munication or shared entanglement. Combining these two, any quantum operation can be locally
implemented, while classical communication is enough to locally realize any classical operation. Our
analysis suggests a natural way to simulate bipartite stochastic matrices, from bipartite quantum
channels which undergo complete decoherence. We show that this quantum simulation method
has a communication advantage with respect to classical simulation. Our results open an avenue
to understanding the tradeoff between entanglement and communication costs of implementing a
bipartite quantum operation.



Outlook and open problems

Quantum information has been developed as a major mathematical ground to understand quantum
physics occurring at small scales, in the non-relativistic limit. Currently, it constitutes the main
tool employed to establish a solid basis for the development of quantum technologies: it allows
to design of quantum algorithms overperforming their classical counterparts, develop methods to
certify the presence of intrinsically quantum properties, and understand the potential and limita-
tions of quantum devices, among other applications. Therefore, quantum information is currently
regarded as a promising starting point of a potentially upcoming technological revolution, in which
current devices might evolve to improved versions obeying the laws of quantum physics in their
functioning. This is expected to allow to find the solution to currently challenging problems, which
are inaccessible with standard classical computing tools.

In turn, quantum information provides with a powerful framework to both understand the un-
derlying principles of physics, and enable a technological step growth towards a new era. However,
its powerful nature is inherent to a complex structure that challenges its implementation. The
vector space describing a state space of physical systems grows exponentially with the system size,
and precise strategies are required for a proper use of quantum theory. In particular, identifying
symmetries in a problem allows for a simpler formulation; and a geometric description allows to
identify the relevant structures in specific problems, such as the distinction between classical and
guantum structures. This thesis is focused on symmetric and geometric tools that allow for a
better understanding of selected questions concerning the inherently convex structure of quantum
theory. These tackle natural questions directly built upon the basic Postulates of quantum theory,
presented at the beginning of Chapter 1 and further developed throughout the chapter.

Chapter 2 is focused of the problem of entanglement detection: Given a quantum state describing
a physical system, one asks whether it is separable or entangled. Answering this question is both
challenging and essential for a proper implementation of quantum devices, and thus constitutes an
active topic of research. A standard tool to detect entanglement are entanglement witnesses, which
are observables whose expectation value can separate a state from the convex hull of product states.
In Chapter 2, standard witnesses are used in a novel manner. The method is based on identical
copies of the (known) state in hand, which results in a nonlinear protocols that make use of the
linear toolkit of witnesses. These are tested in toy-model multipartite states and symmetric states,
whose evaluation becomes accessible for nontrivial system sizes. The use of symmetric witnhesses
allows for entanglement tests invariant under local unitaries, which can moreover be implemented
in the laboratory through randomized measurements. This chapter provides thus a novel method
to detect entanglement. Yet, its power is at the moment not completely explored. Further research
can be done in understanding the set of states that can be detected for a fixed number of copies k
using witnesses arising from a complete set of immanant inequalities.

Chapter 3 provides a detailed analysis of a practical method to solve convex optimization
problems in the presence of symmetries of the form U . First, a general semidefinite program
formulation for such problems is discussed, starting from the Hilbert space decomposition through
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Schyr-Weyl duality. Then we analyze in depth the distinct methods of exploiting the symmetries
displayed by the physical system under consideration. A detailed discussion on the optimal methods
is given, based on a numerical implementation through symbolic algebra and a numerical repre-
sentation theory toolkit. A comparison between the size of the positivity constraint, the number
of variables adapted to a specific basis spanning the reduced space, and a specific formulation ex-
ploiding the Uora-type symmetry are given. The application of these tools is discussed in particular
to solve the quantum Max-Cut problem for an arbitrary Hamiltonian graph, the marginal problem
for Werner states, and to find the ground state of an infinite spin lattice.

Chapter 4 is concerned with the geometrical structure of positive-operator-valued measurements
(POVM), also known as generalized quantum measurements. While numerous studies have been
done to understand their static structure, our work opens a path to understand their dynamical
properties. Mathematically, the starting point is the standard evolution of their simple classical
analogues: discrete probability distributions evolving by stochastic matrix multiplication, which
generalizes to the quantum theory as the endomorphism in the space of quantum measurements
generated by a Cartesian product of elements within. Physically, this corresponds to understanding
the set of measurements that can be obtained by a sequence of previous measurements. Naturally,
the answer relies on joint measurability, and standard rules of probability transformation apply to
the quantum setup: we prove a quantum analog of the Ostrowski characterization of the Birkhoff
polytope, by introducing a novel notion of majorization between quantum measurements through
their effects. While developing this project, further questions arose concerning the set of blockwise
bistochastic matrices, and the answers we found lead to a follow-up project. In particular, the
geometry of such set for small system sizes is currently under investigation together with my
collaborators.

Chapter 5 tackles the following problem: Given a bipartite quantum operation, can we certify
nonlocal properties with accessible measurement protocols? While this question has started to be
a current topic of researach recently, a realistic design of quantum devices requires considering
the case of noise affecting quantum operations. We provide novel criteria for the certification of
nonlocal resources, and focus on the effect of noise produced by decoherence. First we discuss
extensions of existing certification methods. Then we analyze different models of decoherence and
study their effects in terms of gate nonlocality and entanglement generation. We finally analyze
the case of complete decoherence, in which the complex structure of the quantum state space and
its convex hull is reduced to a probability simplex. The analysis provided sheds light into the
guantum-to-classical transition induced by decoherence, and into the certification methods that
can be implemented even if all coherences are lost.

Chapter 6 follows up and expands on the last discussion of Chapter 5 concerning complete
decoherence occurring to a quantum operation. The transition from quantum operations in a
vector state space to classical stochastic operations in a probability simplex leads to a distinction
between two types of nonlocal resources of quantum operations: quantum and classical. Both
the overall nonlocal resources and their fraction withstanding decoherence are quantified. Despite
their classical nature, the latter are shown to play a crucial role in optimal performance of certain
standard quantum protocols, even unaffected by decoherence. The resource distinction presented
in this chapter provides a starting point to a new research avenue towards understanding the
distinction and the tradeoff between the two resources required to implement any nonlocal quantum
operation: shared entanglement, and classical communication.

Open problems

The research work gathered in this thesis is focused on providing a new perspective and new con-
nections in quantum information theory. This new angle allows to solve some existing problems,
like the generalized Ostrowski's characterization of the Birkhoff polytope applied to quantum mea-
surements [186]. But it also introduces new techniques, like the use of immanant inequalities to
detect entanglement, leading to novel research avenues. Naturally, this new insight leaves central
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questions in the fundamental and applied pillars of quantum information theory:

1. Entanglement is a physical resource stored in composite quantum systems. By definition, it is
invariant under local unitary operations. However, linear methods for entanglement detection
of the form tr(Wp) are in general sensitive to rotations of the local measurement apparatuses,
and thus cannot constitute a systematic general method. Following Chapter 2 we may con-
sider expressions of the form 6w (8) := tr(W po k), which display both the desired local unitary
invariance and translation invariance. Thus one can ansatz W = A kwPx with on  C,
where P is a Young projector. While this case contains the approach of Chapter 2 through
Immanant inequalities, a more general question remains open: Can one find a complete set
of local unitary invariant expressions 6w () detecting all classes of entanglement?

2. The implementation of a shared quantum operation requires shared resources. In particular,
two types of nonlocal resources suffice: shared entanglement, and classical communication.
Together, these allow for example to perform gate teleportation. However, through the canon-
ical descriptions of quantum channels used at the moment, both the separation between these
resources and their exact use in a channel implementation are unclear. In chapter 6 we dis-
tinguished them by introducing a measure of total nonlocality and a measure of decoherent
nonlocality, whose difference quantifies the strictly quantum shared resources. While this
analysis constitutes a promising starting point, the following problem is left open: How can
one systematically describe the implementation of arbitrary bipartite channels, using the dis-
tinction between quantum and classical shared resources?
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