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Abstract

The main theme of this thesis is the characterization of quantum behaviors by
employing algebraic techniques from the framework of polynomial optimization,
specifically utilizing sum of squares decompositions that can be translated into
semidefinite programs. In particular, we explore generalized Bell scenarios
where the measurements act on subsystems that may overlap, as well as an
algebraic approach to uncertainty relations. Additionally, we develop algebraic
tools to perform computations with partially commutative variables, which can
be readily applied to a variety of problems in quantum information.

The motivation for characterizing which physical models can be reproduced
with quantum theory and separating them from other theories, both classical
and post-quantum, is twofold. On the one hand, it is practically important to
identify quantum behaviors that provide advantages in tasks such as cryptog-
raphy, computation, and information processing. On the other hand, it holds
fundamental significance to identify experimental settings that cannot be ad-
equately described by the current state of quantum theory. Overcoming such
limitations may hint at a more fundamental theory, such as quantum gravity,
which could accommodate new phenomena responsible for such transgressions.





Streszczenie

Głównym tematem tej pracy jest charakteryzacja zachowań kwantowych za po-
mocą technik algebraicznych z zakresu optymalizacji wielomianowej, w szcze-
gólności wykorzystując rozkład na sumę kwadratów (tzw. formy kwadratowe),
który może być przekształcony w programy półokreślone. W szczególności,
zbadane zostały uogólnione scenariusze Bella, gdzie pomiary działają na podsys-
temach, które mogą się nakładać, oraz algebraiczne podejście do relacji nieoz-
naczoności. Ponadto opracowane zostały narzędzia algebraiczne do wykony-
wania obliczeń z częściowo przemiennymi zmiennymi, które mogą być łatwo
zastosowane do różnych problemów z zakresu informacji kwantowej.

Motywacja do charakteryzacji, które modele fizyczne mogą być odtworzone
za pomocą teorii kwantowej, jest dwojaka. Po pierwsze, istotne jest ziden-
tyfikowanie zachowań kwantowych, które zapewniają przewagę w zadaniach
takich jak kryptografia, obliczenia i przetwarzanie informacji. Po drugie, iden-
tyfikacja sytuacji eksperymentalnych, które nie mogą być odpowiednio opisane
przez współczesną teorię kwantową, ma znaczenie dla badań podstawowych.
W szczególności, obserwacja i identyfikacja łamania takich ograniczeń może
prowadzić do bardziej fundamentalnej teorii, takiej jak grawitacja kwantowa,
która mogłaby uwzględniać nowe zjawiska.
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Chapter 1

Introduction

1.1 Outline and contributions

Chapter 1 introduces the basic concepts from quantum theory, algebra, analysis
and convex optimization that will appear during the thesis. We also introduce
the frameworks of polynomial optimization. Tools in polynomial optimiza-
tion are not limited to efficient algorithms to bound the optimal value of a
polynomial but also provide algebraic certificates in terms of sum of squares
decompositions. The current use of polynomial optimization range from prac-
tical applications in control theory, signal processing, operational research, fi-
nances and machine learning to applications in other branches of mathematics
such as combinatorics and algebraic geometry and other fields such as quan-
tum information and biochemistry. The exposition with monoids is chosen to
accommodate different polynomial optimization frameworks in the same foot-
ing, both highlighting their structural similarities and technical differences. In
particular, we introduce the semidefinite programming relaxations that we will
later use to characterize quantum behaviours in different scenarios.

Chapter 2 introduces an efficient approach to deal with equality constraints
in polynomial optimization problems, both reducing the size and increasing the
accuracy of the semidefinite programming approximations. A novel contribu-
tion in this chapter, based on the work [1], is an adapted polynomial optimiza-
tion framework that interpolates between commutative and non-commutative
settings exploiting the partial commutations, and other additional structure
in a problem, to boost the computational performance. Partial commutations
play a significant role in physical problems, since they encode the local structure
in physical systems. Later, we adapt methods to impose dimension constraints
on local operations with overlap. Last, we review some additional techniques
in the literature to reduce the computational cost.

Chapter 3 focuses on quantum behaviours that are linear in the expectation
values. That is, those that correspond to the expectation value under a quan-
tum state of some polynomial expression in quantum measurements. First,
we recall Bell scenarios, that correspond with local measurement protocols.

9



10 CHAPTER 1. INTRODUCTION

Linear behaviours in Bell scenarios, also called Bell correlations, had signifi-
cant impact in the foundations of physics, since they rule out the possibility
of local hidden variable models compatible with a realistic theory. That is,
one for which measurements reveal predefined features of a physical system.
Quantum theory predicts non classical Bell correlations that give advantages
in quantum key distribution, random access codes, communication complexity
and randomness generation. Bell correlations can be characterized with non-
commutative polynomial optimization [2]. A novel contribution in this chapter,
based on the publication [3], is the introduction of correlation settings, which
generalize Bell scenarios by allowing measurements in overlapping subsystems.
This gives rise to richer class of quantum behaviours that accommodate several
problems in quantum information. Next, we discuss the differences with other
generalizations of Bell scenarios known as contextuality settings [4].

Chapter 4 finally addresses the problem of characterizing non-linear quan-
tum behaviours. That is, expressions involving higher order powers of expecta-
tion values under a quantum state of some polynomial expression in quantum
measurements. Limitations on these quantum behaviours are typically known
as uncertainty relations. Uncertainty relations do not only reveal fundamental
limits for the information that can be accessed to in a physical system, but also
find several practical applications in quantum information, from entanglement
detection to security proofs in cryptography. First, we show how non linear
quantum behaviours can be characterized with state polynomial optimization.
The major contribution in this chapter, based on the publication [5], is a de-
tailed analysis of additive uncertainty relations involving squares of expectation
values. First, we recall the best bounds known for Pauli strings based on a com-
binatorial invariant of the graph encoding their commutation relations, called
Lovász number. Next, we propose an efficient hierarchy of upper bounds based
on state polynomial optimization whose first level recovers Lovász bound. Our
algebraic approach based on sum of squares decompositions can be extended
to more general settings. In particular, we obtain novel uncertainty relations
for non-hermitian operators.

List of works
• M. B. Morán, A. Pozas Kerstjens, and F. Huber. Bell inequalities with

overlapping measurements. Physical Review Letters 131, 080201 (2023).

• M. B. Morán and F. Huber. Uncertainty relations from state polynomial
optimization. Physical Review Letters 132, 200202 (2024).

• M. B. Morán, A. Mishra & S. Pironio. Polynomial Optimization with
partially commutative variables. Work in preparation.

Summary of contributions
• We propose a framework of partially commutative polynomial computa-

tions, interpolating between commutative and non-commutative ones [1].

https://doi.org/10.1103/PhysRevLett.131.080201
https://doi.org/10.1103/PhysRevLett.132.200202
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In particular, we present a theory of Gröbner bases for polynomials on
partially commuting letters, allowing for an efficient implementation of
equality constraints.

• We propose measurement protocols that generalize Bell scenarios ac-
counting for measurements on overlapping subsystems. We extend tech-
niques to bound the maximal quantum value of Bell inequalities with
constraints on the dimension to these scenarios and discuss applications
in quantum information [3].

• We present an efficient hierarchy of upper bounds for additive uncertainty
relations based on an algebraic formulation of the Lovász number [5]. We
obtain novel uncertainty relations for non-hermitian operators.

1.2 Quantum Physics

A brief historical introduction to the mathematical structures for quantum
mechanics can be found in [6, §1]. The most extended approach in quantum
information is the Hilbert space formalism [7, §2.2.5], [8, §2].

Definition 1 (Hilbert space formalism). [7, §2.2.5], [8, §2]Quantum observables on a finite
dimensional physical system are described with self-adjoint linear operators on
a finite dimensional Hilbert space H, and physical states with density matrices.
A density matrix is a positive linear operator, ρ ≥ 0 in B(H), with unit trace,
tr(ρ) = 1. A measurement effect is an operator satisfying 0 ≤ E ≤ 1, and
it is called projective if E2 = E. A positive operator valued measurement
is a collection of effects that sum up to identity, for projective effects we say
projective valued measurement. The expectation value of an observable a ∈
B(H) on a state ρ ∈ B(H) is given by Born’s rule, denoted ⟨a⟩ρ = tr(aρ), and
for effects this represents the probability of observing the effect on the state.

Observables are obliged ingredients in any physical theory, since they rep-
resent the accessible information that can be obtained from a physical system
in a given state. An axiomatic approach to observables based on lattices [9]
allows to build physical theories in more general structures that may better
accommodate non-classical physical behaviour [10]. Later in this thesis we fol-
low the algebraic approach to quantum theory (see Section 1.3) to exploit the
connections with polynomial optimization (see Section 1.5). In this approach,
quantum systems are described with C*-algebras or von Neumann algebras [6,
2.3.2], which in finite dimension reduce to the Hilbert space formalism.

Example 2 (Qudit). [11, §1]The Hilbert space H = Cd represents a d-dimensional
quantum system, called qudit. Linear operators on H can be expanded as

ρ =
d

∑
i,j=1

ρij ∣i⟩ ⟨j∣ ∈ B(H) = C
d
⊗ (Cd)∗ , (1.1)
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where {∣i⟩}di=1 is any orthonormal basis for Cd with dual {⟨i∣}di=1, i.e. ⟨i∣j⟩ = δij.
Thus, they are described by d × d matrices with entries ρij ∈ C. States on H
correspond with self-adjoint matrices ρij = ρ∗ji with non-negative eigenvalues
and satisfying trρ = ∑i ρii = 1. Two dimensional systems are called qubits.

The non-commutative features of quantum theory give rise to physical be-
haviours that can not be explained with classical theories. One prominent
example is nonlocality, found in the ground-breaking experiments [12, 13], that
shows the hypotheses of locality (space-like separated systems do not influence
each other) and realism (physical properties have predefined values that are
revealed during the measurement process) to be mutually incompatible [14],
[15, §I.A].

Definition 3 (Bell scenario).[15, §II.A] The Bell scenario B(n,m,k) consists of n par-
ties with m local measurements of k outcomes each. Probability models are prob-
ability distributions of observing outcomes a = (a1, . . . , an) ∈ [k]

n conditioned
to measurements x = (x1, . . . , xn) ∈ [m]

n being performed. Thus, they satisfy
∑a p(a∣x) = 1 for each x ∈ [m]n. A model is non-signalling if marginal distribu-
tions are well-defined, p1(a1∣x1) = ∑a p(a1,a∣x1,x) independent of x ∈ [m]n−1.
The collection of non-signalling models is denoted N(B). Deterministic mod-
els are those p ∈ N(B) with ran p ⊂ {0,1}, these factorize as the product of
their marginals, p = p1 . . . pn. Local models, denoted L(B), are the convex
hull of deterministic models. Last, quantum models Q(B) are those that can
be obtained with Born’s rule. Namely, p(a∣x) = tr(ρPa1∣x1 . . . Pan∣xn

) for some
state ρ and projectors Pai∣xi

on a Hilbert space H such that ∑ai
Pai∣xi

= 1 for
each xi ∈ [m] and [Pai∣xi

, Paj ∣xj
] = 0 when i ≠ j. Quantum models with a finite

dimensional realization can equivalently be realized in H = H1 ⊗ . . . ⊗Hn with
projectors Pai∣xi

acting on Hi.[16, Lemma 4.1]

x

a

y

b

Figure 1.1: In a bipartite Bell scenario two parties perform measurements
labelled x and y and obtain outcomes a and b with probability p(a, b∣x, y).

Bell experiments not only had breakthrough consequences in the founda-
tions of physics but also find several technological applications. Nonlocality
gives advantages in several informational tasks including conjugate coding [17],
key distribution [18] communication complexity [19] or randomness verification
[20]. Another non-classical feature of quantum theory is entanglement.

Definition 4 (Entanglement).[21, §VII.A] A quantum state ρ on the composite system
⊗sHs is separable if it is a convex combination of tensor products of states on
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each local factor. Namely, ρ = ∑i λi⊗s ρs,i for some 0 ≤ λi ≤ 1 adding up to
one and states ρs,i on Hs. Non separable states are called entangled.

Example 5 (Maximal entanglement). [21, §II]Consider the Hilbert space H = Cd⊗Cd
that corresponds with two parties each with a qudit. The maximally entangled
state or Bell state in H is (up to local unitaries)

ρ =
1
d

d

∑
i,j=1
∣i⟩ ∣i⟩ ⟨j∣ ⟨j∣ ∈ B(H) = (Cd ⊗Cd) ⊗ (Cd ⊗Cd)∗ , (1.2)

where {∣i⟩}di=1 is any orthonormal basis of Cd with dual {⟨i∣}di=1. Both reductions
of a maximally entangled state are maximally mixed, i.e. 1/d. [7, §2.4.3]Indeed, for
the basis above the reduction or partial trace over the second subsystem reads

tr2 ρ = (1⊗ tr)ρ = 1
d
∑
i

∣i⟩ ⟨i∣ =
1
d
. (1.3)

This means that we have no information about the local state of each subsystem.

Bell scenarios have close connections with bipartite entanglement. Separa-
ble states produce local models in all Bell scenarios [15, §III.A]. The converse
is remarkably not true, namely, there exist entangled states that also produce
local models in all Bell scenarios [22, §II]. However, all entangled states produce
some model that can not be obtained from separable states in a Bell scenario
assisted with ancillary quantum inputs [23, Corollary 1]. These scenarios are
called semi-quantum and such models are termed Buscemi nonlocal.

Moreover, some entangled states can be uniquely determined, or self-tested,
by the models they produce in a Bell scenario. For instance, Clauser-Horne-
Shimony-Holt (CHSH) functional [12]

β = − p(00∣00) − p(01∣00) − p(10∣00) + p(11∣00) [15, §I.A](1.4)
+ p(00∣01) − p(01∣01) − p(10∣01) + p(11∣01)
+ p(00∣10) − p(01∣10) − p(10∣10) + p(11∣10)
− p(00∣11) + p(01∣11) + p(10∣11) − p(11∣11) ,

self-tests for maximally entangled qubits in the Bell scenarioB(2,2,2). Namely,
the maximum value of CHSH functional that can be obtained within quan-
tum theory can only be attained when the parties share a pair of maximally
entangled qubits and perform anti-commuting measurements [24]. Similarly,
generalizations of CHSH functional self-test maximal entanglement in higher
dimension d in Bell scenarios B(2,m, d) with m local measurements of d out-
comes [25]. Linear functionals on the correlations obtained in Bell scenarios
are also called Bell inequalities, because they separate local from quantum and
quantum from non-signalling models [15, §II.B].
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Example 6 (Correlations in Bell scenario). Examples of models for Bell sce-
nario S = B(2,2,2) are given by the following conditional probability tables,
where the value at position (ab, xy) corresponds with p(ab∣xy):

p1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ extL(S) , p2 =
1
2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1
0 0 0 0
0 0 0 0
1 1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ L(S) , (1.5)

p3 =
1
2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c c c c̄

c̄ c̄ c̄ c

c̄ c̄ c̄ c

c c c c̄

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Q(S) − L(S) , p4 =
1
2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 0
0 0 0 1
0 0 0 1
1 1 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ N(S) −Q(S) ,

with c = cos2(π/8) and c̄ = 1−c. It is immediate to check that p1 is non signaling
and deterministic and p2 is the convex combination of two such models, thus
both are local. Model p4 corresponds with a Popescu-Rohrlich box [26]. It is
non signaling and has CHSH value β(p4) = 4, breaking the bound for quantum
models β(p) ≤ 2

√
2 [27]. Similarly, model p3 has CHSH value β(p3) = 2

√
2,

breaking the bound for local models β(p) ≤ 2 [12]. Moreover, it can be obtained
with a pair of maximally entangled qubits and spin measurements on directions
with angles angles 0 and π/2 on one party and π/4 and 3π/4 on the other [27].
More explicitly, the maximally entangled state of two qubits is

ρ =
1
2
(∣0⟩ ∣0⟩ + ∣1⟩ ∣1⟩)(⟨0∣ ⟨0∣ + ⟨1∣ ⟨1∣) ∈ B(C2

⊗C2
) . (1.6)

The projectors to the spin components on direction with angle θ are

P0∣θ = (sin θ ∣0⟩ + cos θ ∣1⟩)(sin θ ⟨0∣ + cos θ ⟨1∣) , (1.7)
P1∣θ = (sin θ ∣0⟩ − cos θ ∣1⟩)(sin θ ⟨0∣ − cos θ ⟨1∣) .

The expectation values p(a, b∣x, y) = tr(ρPa∣θx
⊗ Pb∣θy

) give the model p3.

In Chapter 3 we generalize Bell scenarios to protocols where the measure-
ments act on systems that may overlap, which we call correlation settings.
Following [2, 28, 29], we borrow techniques from polynomial optimization, sum-
marized in Sections 1.5 and 1.6, to characterize quantum behaviours in these
settings. In particular, we bound the optimal quantum value of Bell functionals
with overlapping measurements [3].

Another characteristic feature of quantum theory are uncertainty relations.
These relations manifest restrictions on the expectation values between non-
commuting observables on quantum states, and find several applications in
quantum technologies [30, 31, 32, 33], including quantum error correction [34]
and quantum key distribution [18].
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One paradigmatic example of uncertainty relation for finite dimensional
systems can be found in Pauli matrices,

σx =
⎛

⎝

0 1
1 0

⎞

⎠
, σy =

⎛

⎝

0 −i

i 0
⎞

⎠
, σz =

⎛

⎝

1 0
0 −1

⎞

⎠
. (1.8)

These anti-commuting observables, σiσj = −σjσi when i ≠ j, correspond with
spin measurements on the three spacial directions of a spin 1/2 particle, which
is a two dimensional physical system described by the qubit space B(C2). Pauli
matrices have eigenvalues 1 and −1, whose eigenvectors in the computational
basis (the eigenbasis of σz) read

∣+⟩ =
1
√

2
(∣0⟩ + ∣1⟩) , ∣+i⟩ =

1
√

2
(∣0⟩ + i ∣1⟩) , ∣0⟩ = ∣0⟩ , (1.9)

∣−⟩ =
1
√

2
(∣0⟩ − ∣1⟩) , ∣−i⟩ =

1
√

2
(∣0⟩ − i ∣1⟩) , ∣1⟩ = ∣1⟩ .

The expectation values of Pauli matrices on a state ρ ∈ B(C2) verify [35, §5.2]

⟨σx⟩
2
+ ⟨σy⟩

2
+ ⟨σz⟩

2
≤ 1 . (1.10)

That is, the expectation values of Pauli matrices live in a unit sphere, often
called Bloch ball. Remarkably, points (x, y, z) in the Bloch ball are in cor-
respondence with quantum states ρ ∈ B(C2) via ρ = 1/2(1 + xσx + yσy + zσz).
Indeed, {1, σx, σy, σz} is an orthogonal basis of B(C2) with respect to the inner
product ⟨a, b⟩ = tr(ab∗) and each σi has zero trace, thus the component on 1
is fixed by tr(ρ) = 1. Positivity condition ρ ≥ 0 translates to x2 + y2 + z2 ≤ 1.

The expression in Eq. (1.10) is an additive uncertainty relation. Additive
uncertainty relations find applications in spectroscopy and atomic clocks [36],
and quantum metrology [37]. In Chapter 4 we use the framework of state
polynomial optimization [38] to characterize the maximum quantum value of
polynomial expressions in the expectation values of operators satisfying pre-
scribed algebraic relations. Moreover, we provide techniques to obtain additive
uncertainty relations, which in particular generalize the relation (1.10) for Pauli
matrices to higher dimensional spin operators.

1.3 Mathematical background

This section introduces the structures that will accommodate all instances of
polynomial optimization we consider in this thesis as well as the algebraic
approach to quantum theory. We mainly refer to standard references in algebra
[39], topology [40] and functional analysis [41].

Definition 7 (Monoid). [39, §I]A monoid (M,∗,1) is a set equipped with an asso-
ciative product ∗ and identity element 1. That is, (i) (x ∗ y) ∗ z = x ∗ (y ∗ z)
and (ii) x ∗ 1 = x = 1 ∗ x for each x, y, z ∈ M. When the monoid structure is
clear from context we simply write M. We say M is abelian or commutative
if x ∗ y = y ∗ x for each x, y ∈M.
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Monoids are very flexible structures. The first examples of a monoid are the
natural numbers with respect to addition, (N,+,0), or multiplication, (N, ⋅,1).
Monoids with inverses, for instance the integers, (Z,+,0), form a special class.

Definition 8 (Groups).[39, §I] A group (G,+,0) is a monoid with the extra feature
that every element has an inverse. Namely, for each a ∈ G there exists b ∈ G
such that a + b = 0.

Integer numbers with addition, (Z,+,0), or rational numbers with multi-
plication, (Q, ⋅,1), are abelian groups. The set (Sn, ○,1) of permutations of
n elements forms a non abelian (for n > 2) group under composition, whose
identity is the trivial permutation, 1(i) = i for each i = 1, . . . , n. In order to
have linear combinations, we need a linear structure that is compatible with
the monoid operation. Namely, addition distributes over taking products.

Definition 9 (Rings).[39, §II] A unital ring (R,+,0,∗,1) is both an abelian group
(R,+,0) and a monoid (R,∗,1) that satisfies the distributive laws (i) x∗(y+z) =
x ∗ y + x ∗ z and (ii) (y + z) ∗ x = y ∗ x + z ∗ x for each x, y, z ∈ R.

The integers, (Z,+,0, ⋅,1), form a commutative ring, while square ma-
trices of size n with matrix multiplication (Mat(n),+,0, ⋅,1), form a non-
commutative ring. Other examples of rings that we will introduce in Section 1.3
are the commutative polynomial ring k[X] and the non-commutative polyno-
mial ring k⟨X⟩ on letters X. Commutative rings for which both operations
have inverses are called fields.

Definition 10 (Fields).[39, §II] A unital ring (R,+,0,∗,1) for which (R,∗,1) is also
an abelian group is a field. Elements of a field are called scalars.

For instance, (k,+,0, ⋅,+), where k is either the set Q of rational, R real or
C complex numbers, is a field. When we write k in this thesis we will mean
any of these fields of numbers. Other examples of fields are the finite fields
with modular addition and multiplication. Of special interest are those linear
structures with scalar multiplication over a fixed field.

Definition 11 (Vector space).[39, §III] A vector space over a field k is an abelian group
(V,+,0) equipped with scalar multiplication such that (i) a(x+y) = ax+ay, (ii)
(a + b)x = ax + bx and (iii) (ab)x = a(bx) for all a, b ∈ k and x, y ∈ V . We say
a map f ∶ V →W between vector spaces is linear if f(x + y) = f(x) + f(y) for
all x, y ∈ V . The collection of linear maps from V to W is denoted L(V,W ).

For instance, the complex numbers C form a vector space over R spanned
by 1 and i. Finally, rings that are also vector spaces are called algebras.

Definition 12 (Algebra).[39, §II] A ring (A,+,0,∗,1) endowed with scalar multi-
plication over a field k is called an algebra over k. That is, (A,+,0) is a
vector space over k, and scalar multiplication is also compatible with the prod-
uct, a(x∗y) = (ax)∗y for each a ∈ k and x, y ∈ A. An involution is a unipotent
unary linear operation, (x∗)∗ = x for each x ∈ A. A ∗-algebra (also involutive
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algebra) is an algebra endowed with an involution. A map ϕ ∶ A → B between
algebras compatible with addition and multiplication, ϕ(x + y) = ϕ(x) + ϕ(y)
and ϕ(x ∗ y) = ϕ(x) ∗ ϕ(y), is called a homomorphism. A homomorphism be-
tween *-algebras that is compatible with involution, ϕ(x∗) = ϕ(x)∗, is called a
*-homomorphism. We write [x, y] = x∗y−y∗x for the commutator of x, y ∈ A.

The real numbers R and complex numbers C form *-algebras with involu-
tion given by identity and complex conjugation respectively. Square matrices
of size n with coefficients in k form a *-algebra over k with involution given by
entry-wise involution on the transpose. Moreover, commutative polynomials
k[X] and non-commutative polynomials k⟨X⟩ will be examples of commutative
and non-commutative *-algebras over k.

Definition 13 (Ideal). [39, §II.1]An ideal of a ring (R,+,0,∗,1) is a set I ⊂ R closed
under addition and multiplication with R. That is, I + I ⊂ I and R ∗ I ∗R ⊂ I.
Two elements x, y ∈ R are said to be related with respect to I if x − y ∈ I.
The quotient ring of R with respect to I is the collection R/I of equivalence
classes in R with respect to I. This has a natural ring structure with addition
(x + I) + (y + I) = (x + y) + I and multiplication (x + I) ∗ (y + I) = x ∗ y + I for
x, y ∈ R. An ideal is called simple if {0} is the only proper ideal it contains.

Intuitively, an ideal is the collection of all logical consequences of setting
some elements in a ring (or algebra) to be zero. These closure properties
with respect to the ring operations provide a natural ring structure over the
equivalence classes.

Example 14. The quotient of the commutative polynomial ring R = k[x, y]
with respect to the ideal I = ⟨x2⟩ = x2∗R is precisely k[x, y]/⟨x2⟩ = k[y]+x∗k[y].

Finally, both to consider polynomial optimization and to describe physical
systems we need to enrich these objects with additional topological and ana-
lytical structure. We briefly recall some elementary concepts and key results
that will play a relevant role in later chapters.

Definition 15 (Topology). [40, §I.1]We say (X,τ) is a topological space if τ is a
collection of subsets of X satisfying the closure axioms: (i) containts the empty
set and the whole space, {∅,X} ⊂ τ , (ii) closed under unions ⋃U ∈ τ when
U ⊂ τ and (iii) closed under finite intersections ⋂U ∈ τ when U ⊂ τ is finite.
Elements of τ are called open sets and their complements closed sets. A map
f ∶ X → Y between topological spaces (X,τX) and (Y, τY ) is continuous if the
preimage of open sets in Y is open in X. Namely, f−1(U) ∈ τX for each U ∈ τY .
A collection B of open subsets is called a basis for the topology if every open set
contains some element of the basis. A topological space X is separable if there
exists a countable Y ⊂ X intersecting all non-empty open sets and compact if
every covering of X with open sets has a finite sub-covering.

Examples of topological properties include separation, countability, conect-
edness, compactness and metrizability.
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Definition 16 (Convergence).[40, §I.6] A directed set (I,≤) is a set equipped with an
upward directed preorder. That is, for each i, j, k ∈ I (i) i ≤ i, (ii) i ≤ k when
i ≤ j and j ≤ k, and (iii) there exists l such that i ≤ l and j ≤ l. A net on
a topological space (X,τ) indexed with a directed set I is a map x ∶ I → X,
typically denoted (xi)i∈I . We say x ∈ X is a limit point of (xi)i∈I in X, if for
each open set Ux ∈ τ containing x, there exists j ∈ I such that xi ∈ Ux for each
i ≥ j. Nets with respect to (N,≤) are called sequences.

Nets are essential to characterize the topological properties of a space. For
instance, a topological space is compact if and only if every net has a convergent
sub-net. A special class of well-behaved topological spaces in which sequences
are enough to capture the topological properties are metric spaces.

Definition 17 (Metric).[41, §I.1] We say (X,d) is a metric space if the metric or
distance d ∶ X × X → R+ is (i) non-degenerate, d(x, y) = 0 if and only if
x = y, (ii) symmetric, d(x, y) = d(y, x) and (iii) satisfies triangle inequality,
d(x, z) ≤ d(x, y) + d(y, z), for all x, y, z ∈ X. A sequence (xn)n in a metric
space (X,d) is Cauchy if for each ε ∈ R+ there is a natural number N such
that d(xm, xk) < ε for all m,k > N . We say (X,d) is complete if every Cauchy
sequence has a limit in X.

We will focus on metric spaces with additional vector space structure.

Definition 18 (Norm).[41, §I.1] We say (V, ∥⋅∥) is a normed space if (V,+,0) is a
vector space over k and the norm function ∥⋅∥ ∶ X → R+ is (i) non-degenerate,
∥x∥ = 0 if and only if x = 0, (ii) homogeneous, ∥cx∥ = ∣c∣ ∥x∥ and (iii) satisfies
the triangle inequality, ∥x + y∥ ≤ ∥x∥ + ∥y∥ for any x, y ∈X and c ∈ k.

Any normed space (V, ∥⋅∥) is a metric space with distance d(x, y) = ∥x − y∥.
At the same time, a metric induces a topology on V with basis given by the
open Balls. Namely, B(x, ε) = {y ∈ V ∶ d(x, y) < ε} for all ε ∈ R+ and x ∈ V .
Conditions (ii) and (iii) respectively ensure that scalar multiplication and addi-
tion in V are continuous in the topology induced by the norm. We ask similar
compatibility conditions when the space has additional structure. Complete
normed spaces are called Banach spaces.

[41, §I.3] The space of linear operators T ∶H →K between Banach spaces H and K
is denoted L(H,K). We say T ∈ L(H,K) is bounded if the expression

∥T ∥ = sup{∥Tx∥K ∶ ∥x∥H = 1} (1.11)

is finite. These are precisely those linear operators that are continuous with
respect to the topologies induced by the norms. The collection B(H,K) of
bounded linear operators T ∶ H → K is a Banach space with respect to the
operator norm in Eq. (1.11). We write L(H) = L(H,H) and B(H) = B(H,H).
Moreover, H∗ = B(H,k) is called the (topological) dual space of H.

Example 19 (Sequence space).[41, §III.1] Let k be a field and p a natural number.
The space ℓp = {(xn)n∈N ⊂ k ∶ ∑n ∣xn∣p < ∞} of p-bounded sequences in k is a
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Banach space with respect to the p-norm, ∥x∥p = (∑n ∣xn∣p)
1/p. Also, the space

ℓ∞ = {(xn)n∈N ∶ supn ∣xn∣ < ∞} of bounded sequences is a Banach space with
respect to the ∞-norm ∥x∥∞ = supn ∣xn∣ . In particular, (ℓ1)

∗ = ℓ∞.

[41, §V]The weak topology on H, denoted σ(H,H∗) is the smallest (under inclu-
sion) topology making the maps ψf(x) = f(x) continuous for all f ∈ H∗. The
weak* topology on H∗, denoted σ∗(H∗,H), is the smallest topology making
the maps evx(f) = f(x) continuous for all x ∈H. The weak* topology appears
in the following important result, that guarantees that the optimal solution
of certain polynomial optimization problems can be arbitrarily approximated
with semidefinite programs (cf. Section 1.6).

Theorem 20 (Banach-Alaouglu). [41, §V]The unit ball of the dual of a normed
space, Ball(H∗) = {f ∈H∗ ∶ ∥f∥ ≤ 1}, is compact in the weak* topology.

The Banach spaces we will consider have a multiplication that behaves well
with respect to the norm. This motivates the following definition.

Definition 21 (Banach algebra). [41, §VII.1]An associative algebra (A,+,0,∗,1) over k
that is a complete normed space (A, ∥⋅∥) and satisfies ∥x ∗ y∥ ≤ ∥x∥ ∥y∥ for all
x, y ∈ A is called a Banach algebra.

Continuous functionals over compact spaces form Banach algebras.

Example 22 (Continuous functionals). [41, §VII.1]Let X be a compact Hausdorff (dif-
ferent points can be separated with disjoint open sets) space, for instance, a
compact subspace of the Euclidean space kn. The space C(X,k) of continuous
functionals f ∶X → k is a Banach algebra with respect to pointwise multiplica-
tion, (f ∗ g)(x) = f(x)g(x) for each x ∈X.

The spaces we consider additionally have a well-behaved involution.

Definition 23 (C∗-algebra). [41, §VIII.1]A C∗-algebra is a Banach algebra (A,+,0,∗,1, ∥⋅∥)
with involution satisfying the C*-identity, ∥x ∗ x∗∥ = ∥x∥2 for all x ∈ A.

Notice that C*-identity ensures continuity of involution, since ∥x∥ = ∥x∗∥.
In particular, *-homomorphisms preserve the C*-algebra structure. Continu-
ous functionals C(X,k) on a compact and Hausdorff space X form commu-
tative C*-algebras with involution f∗(x) = f(x)∗. These are, essentially, all
commutative C*-algebras [6, Theorem 2.1.11]. The paradigmatic example of
non-commutative C*-algebras are algebras of operators, for which the norm
and the involution are defined through an inner product. In particular, these
are the fundamental structures in the mathematical framework of quantum
theory (cf. Section 1.2).

Definition 24 (Hilbert space). [41, §I.1]An inner product on a vector space (H,+,0)
over k is a function ⟨⋅, ⋅⟩ ∶H×H → k that is (i) positive, ⟨x,x⟩ ≥ 0, (ii) conjugate
symmetric, ⟨x, y⟩ = ⟨y, x⟩∗ and (iii) linear, ⟨ax + by, z⟩ = a⟨x, z⟩ + b⟨y, z⟩ for all
a, b ∈ k and x, y, z ∈ H. The inner product is non-degenerate if (iv) ⟨x,x⟩ = 0
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if and only if x = 0. A Hilbert space is a non-degenerate inner product space
complete in the metric induced by the inner product, d(x, y) =

√
⟨x − y, x − y⟩.

Example 25 (Sequence space).[41, §I.1] The sequence space ℓ2 is a Hilbert space with
respect to the inner product ⟨x, y⟩ = ∑n xny∗n , and this is essentially (up to
isomorphism) the only separable infinite dimensional Hilbert space.

The space B(H)[41, §VII.1] of bounded linear operators on a Hilbert space, is a Banach
algebra with respect to the operator norm in Eq. (1.11) induced by the inner
product. Furthermore, we can define an involution using the inner product,
which gives B(H)[41, §VIII.1] the structure of C*-algebra. The adjoint of T ∈ B(H,K) is
the unique T ∗ ∈ B(K,H) satisfying ⟨Tx, y⟩K = ⟨x,T ∗y⟩H for each x ∈ H and
y ∈K, which defines an involution on B(H).

Remarkably, any C*-algebra can be presented as a subspace of some B(H),
closed with respect to the operator norm [42, 43].[41, §IX.5] Notice that, contrary to fi-
nite dimensional vector spaces, there are many inequivalent reasonable topolo-
gies that can be defined over an algebra of operators. The operator topology
(B(H), τ∥⋅∥) is induced by the operator norm in Eq. (1.11). The strong op-
erator topology (B(H), τSOT) is the smallest (under inclusion) topology mak-
ing ϕx(T ) = ⟨Tx,x⟩ continuous for any x ∈ H. The weak operator topology
(B(H), τWOT) is the smallest topology making ϕx,y(T ) = ⟨Tx, y⟩ continuous
for any x, y ∈H. The latter two determine the following important structure.

Definition 26 (von Neumann algebra).[41, §IX.7] A von Neumann algebra over B(H)
is a unital *-subalgebra closed with respect to the weak (equivalently, strong)
operator topology. Equivalently, a von Neumann algebra is a unital *-subalgebra
of B(H) that coincides with its double commutant, A = A′′. The commutant
of A ⊂ B(H) is defined as A′ = {b ∈ B(H) ∶ ∀a ∈ A(a ∗ b = b ∗ a)}. The center
of a von Neumann algebra A is Z(A) = A ∩A′ = {b ∈ A ∶ ∀a ∈ A(a ∗ b = b ∗ a)},
when Z(A) = k1 is the field of scalars, we say A is a factor.

In particular,[41, §IX.7] operator algebras B(H) are von Neumann algebras, which
are in turn C*-algebras. Moreover, von Neumann algebras are often studied in
the context of local algebras, since their tensor product is unique.

Definition 27 (Tensor product).[44, §XVI.1] The tensor product of vector spaces V and
W over k is the vector space V ⊗ W of equivalence classes of finite linear
combinations of pairs (v,w) ∈ V ×W under the following identifications: (i)
(v1 + v2,w1) = (v1,w1) + (v2,w1), (ii) (v1,w1 + w2) = (v1,w1) + (v1,w2), (iii)
(sv1,w) = s(v1,w1) and (iv) (v1, sw1) = s(v1,w1) for all v1, v2 ∈ V , w1,w2 ∈W
and s ∈ k. We denote v ⊗ w the equivalence class of (v,w). When V and
W are Hilbert spaces, the closure of V ⊗W with respect to the inner product
⟨v1 ⊗ w1, v2 ⊗ w2⟩ = ⟨v1, v2⟩⟨w1,w2⟩ is the[45, §V.3.2] tensor product Hilbert space. For
finite dimensional vector spaces, (V ⊗W )∗ = V ∗ ⊗W ∗.

The tensor product of Hilbert spaces induces a unique tensor product of von
Neumann algebras, B(V )⊗B(W ) = B(V ⊗W ),[46, §3.2] which coincides with the closure
of the tensor product as vector spaces with respect to both the strong and weak
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operator topologies. Remarkably, there are several inequivalent C*-algebra
structures that can be defined over a tensor product in infinite dimension.

[41, §VIII.2]Spectral theory provides a functional calculus for self-adjoint bounded op-
erators. As a consequence, operators with non-negative spectrum can be char-
acterized as (hermitian) squares. In finite dimension, this amounts to the so
called Gram decomposition of a positive semidefinite matrix.

Definition 28 (Positivity). [41, §VIII.3]Let (A,+,0,∗,1) be a C*-algebra over k. We say
b ∈ A is positive and write b ≥ 0 if b = aa∗ for some a ∈ A, moreover one can
assume a is self-adjoint. A linear functional λ ∶ A→ k is positive if λ(aa∗) ≥ 0
for all a ∈ A and unital if λ(1) = 1. [41, §VIII.5]Unital positive linear functionals are called
states, the collection of which is denoted S(A). States that can not be written
as a convex combination of other states are called pure states.

In finite dimension, every density matrix ρ ∈ B(H) determines an algebraic
state on B(H) via λρ(a) = tr(aρ) = ⟨a, ρ⟩ for a ∈ B(H) and every algebraic
state can be obtained from a density matrix. Notice that density matrices can
be defined for infinite dimensional Hilbert spaces with trace-class operators, for
which τ(ρ) = ∑i⟨ρei, ei⟩ for some (any) orthonormal basis {ei}i of H defines
a trace. However, in infinite dimension not every algebraic state corresponds
with a density matrix, and those that do are called normal. [47, §III.2.1]Density matrices
of the form λv(a) = ⟨av, v⟩ for some v ∈H are called vector states, and are pure
states. In finite dimension, all pure states are vector states.

In the frameworks of non-commutative and state polynomial optimization
[28, 38], variables are represented with operators in some C*-algebra and then
evaluated in a state. Under mild assumptions, this algebra can be assumed
to be the algebra of operators on a (possibly infinite dimensional) separable
Hilbert space, B(H) and the state can be assumed to be a vector state. In the
framework of trace polynomial optimization [48] variables are represented with
von Neumann algebras of finite type instead, which admit sufficiently many
finite normal tracial states [49, Theorem V.2.4].

1.4 Semidefinite Programming

We follow standard references for convex optimization [50, 51].

Definition 29 (Convex cone). [51, §2.1.5]Let H be a vector space over k and K ⊂ H
a subset. We say K is a cone if k+K ⊂ K and convex if tK + (1 − t)K ⊂ K
for each t ∈ [0,1]. If H is a Hilbert space and K ⊂ H a convex cone, the set
K∗ = {y ∈H ∶ ∀x ∈ K ⟨x, y⟩ ≥ 0} is again a convex cone, called the dual of K. [51, §2.6.1]

For optimization purposes we are mostly interested in real Hilbert spaces.
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Definition 30 (Conic program).[50, §4.2] Let H be a real Hilbert space with convex
cone K. A conic program is an optimization problem of the form

max ⟨C,X⟩ (1.12)
s.t. X ∈X0 + L ,

X ∈ K ,

for some C,X0 ∈ H and some linear subspace L ⊂ H. Alternatively, the linear
constraints can be writen as ⟨Ai,X⟩ = bi for a suitable collection of Ai ∈H and
bi ∈ R. The dual of (1.12) is the conic program

min − ⟨X0, Y ⟩ (1.13)
s.t. Y ∈ C + L⊥ ,

Y ∈ K∗ ,

where L⊥ denotes the linear subspace orthogonal to L.

The dual program (1.13) is constructed minimizing upper bounds to the
primal, thus a dual feasible point gives an upper bound to the primal. This
relation is called weak duality. In some cases, the optimal solutions of the
primal and the dual problem coincide, a property called strong duality. A
sufficient condition for strong duality is Slater condition: that is, there exists
an interior point in the (primal or dual) feasible region [50, Theorem 4.2.1].
Conic programs can be efficiently solved with inner-point methods [52].

[50, §6.4] Positive semidefinite matrices form a self-dual convex cone in the Hilbert
space Mat(n) of n × n matrices. A semidefinite program is a conic program
with respect to the positive semidefinite cone. Namely,

max ⟨C,X⟩ (1.14)
s. t. X ∈X0 + L ,

X ≥ 0 ,
min − ⟨X0, Y ⟩ (1.15)
s. t. Y ∈ C + L⊥ ,

Y ≥ 0 ,

for some matrices C and X0, and linear subspace L ⊂ Mat(n). The spaces
can be complex provided C and X0 are self-adjoint. Semidefinite programs are
extensively used for a wide class of applications [53].

1.5 Polynomial Optimization

First, we introduce the monoids we will consider for optimization. The exposi-
tion with monoids is chosen to accommodate the frameworks of commutative
[54], non-commutative [28], trace [48] and state [38] polynomial optimization
in the same footing, both highlighting their structural similarities and tech-
nical differences; as well as to set the structures to which the computational
reductions discussed in Chapter 2 apply.
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Example 31 (Non-commutative monoid). [55, §1.3], [56, §2.1]The free, also non-commutative,
monoid over the alphabet X, denoted ⟨X⟩, is the collection of finite words on
the alphabet with product given by concatenation of words and identity element
the empty word. An involution on the alphabet X induces an involution on ⟨X⟩
via (xi1 . . . xik)∗ = x∗ik . . . x

∗
i1

. The degree ∣w∣ of a word is the total number of
letters it contains, and ∣w∣x denotes the number of occurrences of letter x.

Monoids can be presented as free monoids with an equivalence relation.

Definition 32 (Monoid presentation). [55, §2.1], [56, §2.1]Given a relation R on a monoid M,
denote R# the congruence induced by R. That is, the smallest (i) reflexive,
xR#x, (ii) symmetric, xR#y if yR#x, and (iii) transitive, xR#z if xR#y and
yR#z, relation containing R that is (iv) compatible with the monoid operation,
(x ∗ u ∗ y)R#(x ∗ v ∗ y) if uRv for all x, y, z, u, v ∈ ⟨X⟩. A presentation of a
monoid M consists of a set of generators X and a relation R on ⟨X⟩ such
that M is isomorphic to the quotient space ⟨X⟩/R# of equivalence classes of
free words with respect to the congruence induced by R. In this case, we write
M = ⟨X ;R⟩. We denote the equivalence class of a free word w ∈ ⟨X⟩ as [w].

Any monoid can be presented as a free monoid with additional restrictions
between free words [55, Th.7.1.7], M = ⟨{xu ∶ u ∈M};{(xuxv, xu∗v) ∶ u, v ∈M}⟩.
These restrictions amount to monomial identifications. Some monoids can be
presented with finitely many relations.

Example 33 (Commutative monoid). [55, §3.6]When the order in which the letters
appear in a word is not relevant, one can take equivalence classes and obtain
the free commutative monoid [X] generated by the alphabet X. That is, [X]
has presentation ⟨X;C⟩, where C = {(xixj , xjxi) ∶ xi, xj ∈ X} is the collection
of commutation relations between all letters in the alphabet.

When C is an incomplete collection of commutation relations, ⟨X;C⟩ is
called partially commutative monoid [57]. From a computational standpoint,
however, it is not always the most efficient to represent monomials as free words
with additional relations. For commutative words, more efficient descriptions
are available. For instance, a commutative word w ∈ [X] is completely deter-
mined by the exponent (number of occurrences) of each letter and multipli-
cation amounts to addition of the exponents. Efficient normal forms are also
available for partially commutative monoids [57] (see Section 2.2).

Non commutative monomials express products of operators. For instance,
the monomial x ∗ y ∗ x ∈ ⟨X⟩ formalizes an operator that can be obtained
as a product of operators in some operator algebra, a ∗ b ∗ a ∈ A. However,
sometimes we are interested in formalizing more general expressions including
the expectation value of the operators on some indeterminate state or their
traces. For instance, λ(a)λ(b) ∈ A for some state λ ∶ A → k or τ(a)b ∈ A for
some tracial state τ ∶ A → k. In order to formalize these expressions, we need
to enrich the non-commutative monoid with additional structure. For this, we
use state [38] and trace monoids [58, 48].
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Definition 34 (State monoid).[38, §2.1] with ϱ(1) = 1 Given an alphabet X and a new symbol
ϱ, consider the state alphabet Xϱ = {ϱ(w) ∶ w ∈ ⟨X⟩}. The state monoid
over X with state symbol ϱ is the direct (commutative) product of the free
monoid over X and the free commutative monoid over Xϱ, That is, Sϱ(X) =
⟨X⟩ × [Xϱ]. Elements of Sϱ(X), called state monomials, can be written as
{w0ϱ(w1) . . . ϱ(wn) ∶ wi ∈ ⟨X⟩} and their multiplication

(w0ϱ(w1) . . . ϱ(wn)) ∗ (v0ϱ(v1) . . . ϱ(vm)) = (w0v0)ϱ(w0) . . . ϱ(vm) . (1.16)

For ease of notation, we denote ϱ ∶ Sϱ(X) → [Xϱ] the state projection induced
by the state symbol via ϱ(w0ϱ(w1) . . . ϱ(wn)) = ϱ(w0) . . . ϱ(wn). An involution
on X extends to Sϱ(X) via ϱ(w)∗ = ϱ(w∗).

The state symbol is the formal analogue of the expectation value of opera-
tors under an algebraic state, thus they must commute. State monomials are
products of operators and these formal expectation values. Similarly, one can
consider formal analogues for tracial states, which also find several applications
in quantum information [48].

Definition 35 (Trace monoid).[48, §2.1] with θ(1) = 1 Given an alphabet X and a new symbol θ,
consider the trace alphabet X̊θ = {θ(w) ∶ w ∈ ⟨X⟩/T}, where

T = {(x1 . . . xn, xσ(1) . . . xσ(n)) ∶ x1 . . . xn ∈ ⟨X⟩, σ = (12 . . . n)l ∈ Sn} . (1.17)

is the equivalence relation that identifies free words that differ in a cyclic per-
mutation of their letters. The trace monoid over X with trace symbol θ is the
direct (commutative) product of the free monoid over X and the free commuta-
tive monoid over X̊θ. That is, Tθ(X) = ⟨X⟩×[X̊θ]. Elements of Tθ(X), called
trace monomials, can be written as {w0θ(w1) . . . θ(wn) ∶ wi ∈ ⟨X⟩/T} and their
multiplication

(w0θ(w1) . . . θ(wn)) ∗ (v0θ(v1) . . . θ(vm)) = (w0v0)θ(w0) . . . θ(vm) . (1.18)

For ease of notation, we denote θ ∶ Tθ(X) → [X̊θ] the trace projection induced
by the state symbol via θ(w0θ(w1) . . . θ(wn)) = θ(w0) . . . θ(wn). An involution
on X extends to Tθ(X) via θ(w)∗ = θ(w∗).

The trace symbol is the formal analogue of the expectation value of op-
erators under a tracial algebraic state, thus they must commute and satisfy
the equivalence under cyclic permutations in Eq. (1.17). Trace monomials are
products of operators and these formal expectation values under a tracial state.

Definition 36 (Polynomial).[39, §II.3], [59, §4] The monoid algebra of M over k, is the k-linear
span of M, denoted k⟨M⟩. An element p ∈ k⟨M⟩ is a finite linear combination of
terms, p = ∑i cimi, each containing a coefficient ci ∈ k and a monomial mi ∈M.
The support of p is the collection of mi ∈ M for which ci ≠ 0. An involution
on M extends k-linearly to k⟨M⟩, giving it structure of *-algebra. The monoid
algebras over the free commutative, non-commutative, state and trace monoid
are called commutative, non-commutative, state and trace polynomial algebras.
Their elements are called polynomials.
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Non commutative polynomials can express arithmetical relations between
operators. State polynomials can express arithmetical relations between op-
erators and their expectation values. Finally, trace polynomials can express
arithmetical relations between operators and their traces. For instance, the
polynomial x2 − x ∈ k⟨X⟩ formalizes operators a ∈ A in some C*-algebra sat-
isfying a2 = a. The state polynomial ϱ(x)ϱ(x∗) − 1 ∈ k⟨Sϱ(X)⟩ formalizes
operators a ∈ A whose expectation value under any state λ ∶ A → k satisfies
∣λ(a)∣2 = 1. Finally, the trace polynomial θ(xy) − 1 ∈ k⟨Tθ(X)⟩ formalizes op-
erators a, b ∈ A whose expectation under any tracial state τ ∶ A → k satisfies
τ(a ∗ b) = τ(b ∗ a) = 1. These polynomials are formal analogues of operators in
the sense that they do not fix an operator algebra A nor states λ or τ .

The evaluation [39, §II.3]of a commutative polynomial on a ∈ kn is the image under
the homomorphism eva ∶ k[X] → k induced via eva xi = ai. For example, the
evaluation of p = x2 + xy + 1 ∈ k[x, y] on (1,2) is ev(1,2) p = 12 + 1 ⋅ 2+ 1 = 4. We
can define an evaluation for non-commutative polynomials representing non-
commuting variables with operators to which we assign values with states, so
that the partial order induced by positivity is preserved. This motivates the
following definition.

Definition 37 (Evaluation). An evaluation on a monoid M is a pair (λ,ψ)
where ψ ∶ k⟨M⟩ → B(H) is a *-representation and λ ∶ B(H) → C is a state on
B(H). That is, ψ is a unital linear *-homomorphism and λ a unital positive
linear functional. The composition λ ○ ψ ∶ k⟨M⟩ → C linearly assigns scalar
values to polynomials. For state monomials [38, §2.2]we require the state to preserve the
state symbol, that is, λ○ψ(w0ϱ(w1) . . . ϱ(wn)) = λ○ψ(w0)λ○ψ(w1) . . . λ○ψ(wn).
For trace monomials, [48, §2.2]evaluations are restricted to finite von Neumann algebras
with finite normal tracial states that preserve the trace symbol. A collection of
operators a = {ax ∈ B(H) ∶ x ∈ X} induces a representation ψ ∶ k⟨X⟩ → B(H)
via ψ(x) = ax for x in the alphabet X of M. For a given state λ ∶ B(H) → C,
this extends to state (and trace) polynomials via ψ(ϱ(w)) = λ(ψ(w)), and we
often write p(λ, a) = ψp, or simply p(a) = ψp if there are no state symbols.

Example 38. Consider the polynomial p = xz + zx ∈ k⟨x, z⟩ and the represen-
tation ψ ∶ k⟨x, z⟩ → B(C2) induced via ψx =X and ψz = Z, where

X =
⎛

⎝

0 1
1 0

⎞

⎠
, Z =

⎛

⎝

1 0
0 −1

⎞

⎠
. (1.19)

One verifies ψp = p(X,Z) =XZ +ZX = 0. Then, for any state λ ∶ B(C2) → C,
the evaluation (λ,ψ) on p is λ ○ ψp = 0.

Example 39. Consider the state polynomial p = x2 −xϱ(x) ∈ k⟨Sϱ(x)⟩ and the
representation ψ0 ∶ k⟨x⟩ → B(C

2) induced via ψ0x = X in Eq. (1.19). Given
a state λ ∶ B(C2) → C, this extends to a representation ψ ∶ k⟨Sϱ(x)⟩ → B(C

2)
induced by ψϱ(w) = λ(ψ0w) for each monomial w ∈ ⟨x⟩. We have p(λ,X) =
X2 − Xλ(X) and λ(p(λ,X)) = λ ○ ψp = λ(X2) − λ(X)2. In particular, the
state defined as λ(a) = a11 for a ∈ B(C2) gives λ(X2) = 1 and λ(X) = 0, thus
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λ(p(λ,X)) = λ○ψp = 1. Now let τ = 1/2 tr be the unique tracial state on B(C2),
the evaluation (τ,ψ) on p gives τ(p(τ,X)) = τ ○ ψp = τ(1) − τ(X)2 = 1.

Evaluations associate complex numbers to polynomials preserving the par-
tial order induced via positivity. Namely, λ ○ψ(p) −λ ○ψ(q) ≥ 0 when p− q ≥ 0
in k⟨M⟩ for any evaluation (λ,ψ). Moreover, the evaluation of a symmetric
polynomial, p = p∗, is a real number since λ ○ ψ(p)∗ = λ ○ ψ(p∗) = λ ○ ψ(p).

In the non-commutative case, evaluations correspond with eigenvalues of
bounded operators on a separable Hilbert space, as considered in [28, §1]. For
state monomials, evaluations correspond with expectation values of bounded
operators over an algebraic state, as considered in [38, §2.2]. For trace poly-
nomials, evaluations on finite von Neumann algebras with finite normal tra-
cial states are considered in [48, §2.2]. For commutative polynomials, evalu-
ations reduce to probability measures as considered in [54, Proposition 2.1].
Indeed, unital commutative algebras of operators are exactly spaces of con-
tinuous functionals over a compact Hausdorff space [41, §VIII.2], for which
states correspond with probability distributions by Riesz representation theo-
rem [41, Theorem III.5.7]. Then, λ○ψ(w) corresponds with the moment of the
monomial w, as considered in [54, §2].

Definition 40 (Polynomial optimization problem).[60, §6.6] for k⟨X⟩ A polynomial optimiza-
tion problem over k⟨M⟩ is a triple (p,G,S), where p = p∗ ∈ k⟨M⟩ is a symmetric
polynomial to maximize over a region specified by lists of polynomial equality
constraints G ⊂ k⟨M⟩ and inequality constraints S ⊂ k⟨M⟩. The optimal value
of the polynomial optimization problem (p,G,S) is given by

max
(λ,ψ)

λ ○ ψ p (1.20)

s. t. ψ g = 0 ∀g ∈ G

ψ s ≥ 0 ∀s ∈ S .

The maximization runs over all evaluations (λ,ψ) of the monoid M on some
separable Hilbert space. It is common to write the problem simply as

max p (1.21)
s. t. g = 0 ∀g ∈ G

s ≥ 0 ∀s ∈ S .

When p = 0, we say (0,G,S) is a polynomial feasibility problem.

Although not strictly necessary, we assume the polynomial constraints to
be symmetric. Notice that equality constraints can be presented as pairs of in-
equality constraints with opposite signs. Thus, (p,G,S) and (p,∅, S∪G∪ −G)
represent the same polynomial optimization problem. We distinguish equality
constraints because these can be implemented more efficiently with the tech-
niques discussed in Chapter 2. Although most algebraic computations can be
performed in more general monoids and polynomial algebras, we restrict the
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optimization problems to four polynomial algebras for which we have powerful
positivity certificates that give rise to efficient relaxations. These are:

• [54] Commutative polynomials k⟨X;C⟩.

• [28] Non commutative polynomials k⟨X⟩.

• [38] State polynomials k⟨Sϱ(X)⟩.

• [48] Trace polynomials k⟨Tθ(X)⟩.

For applications in quantum information, it is desirable to restrict the op-
timization to physical states. That is, those that correspond with density ma-
trices. It turns out that, under mild regularity assumptions on the sets of
constraints (see Section 1.6) the optimal value can be obtained with physi-
cal states from Gelfand-Naimark-Segal construction. In particular, this is the
case for all problems in quantum information we consider in Chapters 3 and 4.
Thus, we can lift such assumptions in the optimization.

1.6 Sum of squares relaxations

For a collection S ⊂ k⟨M⟩ of polynomials, the feasible evaluations for S are
those evaluations (λ,ψ) for which ψ assigns non-negative values to all polyno-
mials in S, denoted F(S) = {(λ,ψ) ∶ ψs ≥ 0∀s ∈ S}. In particular, for pairs
{−s, s} ⊂ S, we have ψs = 0 when (λ,ψ) ∈ F(S). Notice that λ enters the
condition on ψ above for state and trace polynomials, for which ψ replaces the
state and trace symbols by λ. The images of the set X of generators of M
under feasible representations form the so called semialgebraic set defined by S
denoted D(S) = {ψ(X) = (ψx1, . . . , ψxn) ∶ (λ,ψ) ∈ F(S)} [60, §6.1], [38, §2.2]
and [48, §2.2]. We say a polynomial p ∈ k⟨M⟩ is positive over S if ψp ≥ 0 for
each feasible evaluation (λ,ψ) ∈ F(S) [60, §6.1].

Definition 41 (Quadratic module). [60, §6.1]For a collection S ⊂ k⟨M⟩ of polynomials,
the quadratic module generated by S, denoted Q(S), is the closure of S ∪ {1}
under addition, scalar multiplication and hermitian multiplication in the sense
that fsf∗ ∈ Q(S) for s ∈ Q(S) and f ∈ k⟨M⟩. For state (trace) polynomials, we
additionally require Q(S) to be closed under state (trace) projection [38, §5.1], [48, §4]. Namely,
ϱ(s) ∈ Q(S) (θ(s) ∈ Q(S)) for each s ∈ Q(S).

In particular, any p ∈ Q(∅) ⊂ k⟨X⟩ is a sum of hermitian squares ff∗.
Thus, ψp ≥ 0 for each evaluation (λ,ψ). Similarly, p ∈ Q(S) is a sum of terms
of the form fsf∗, where s ∈ S ∪ {1}. Thus, ψp ≥ 0 for each evaluation (λ,ψ) ∈
F(S) feasible for S. The situation is similar for state (trace) polynomials. In
particular, pure state (trace) polynomials ϱ(p) ∈ Q(S) ⊂ k⟨Sϱ(X)⟩ are sums of
terms of the form ϱ(f0sf

∗
0 )ϱ(f1f

∗
1 ) . . . ϱ(fnf

∗
n), where s ∈ S ∪ {1} [38, Lemma

5.6] ([48, Lemma 4.1]). Thus, ψϱ(p) ≥ 0 for each (λ,ψ) ∈ F(S).
Remarkably, the converse is also true under mild assumptions, for instance,

when the quadratic module Q(S) is archimedean [60, §6.1], i.e. N − ∑x∈X xx∗ ∈ Q(S)
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for some natural number N and set of generators X. That is, a polynomial
positive over S belongs to the quadratic module Q(S). These certificates for
positivity, also called Positivstellensätze, were introduced in [61, Lemma 4.1] for
commutative polynomials, [62, Theorem 1.2] for non-commutative polynomials,
[38] for state polynomials and [48] for trace polynomials and used in [54, 28,
38, 48] for polynomial optimization.

Proposition 42 (Putinar). A[60, Theorem 2.3] polynomial p ∈ k[X] is positive over S if and
only if p + ε ∈ Q(S) for each ε > 0. That is, it decomposes as

p + ε = ∑
i

f2
i si (1.22)

for some polynomials si ∈ S ∪ {1} and fi ∈ k[X].

Also for non-commutative polynomials [62].

Proposition 43 (Helton-McCullough). A[60, Theorem 6.2] polynomial p ∈ k⟨X⟩ is positive
over S if and only if p + ε ∈ Q(S) for each ε > 0. That is, it decomposes as

p + ε = ∑
i

fisif
∗
i (1.23)

for some polynomials si ∈ S ∪ {1} and fi ∈ k⟨X⟩.

Recently, also for trace polynomials.

Proposition 44 (Klep-Magron-Volčič). A[48, Theorem 4.4] trace polynomial θ(p) ∈ k⟨Tθ(X)⟩
is positive over S if and only if θ(p) + ε ∈ Q(S) for each ε > 0. That is,

θ(p) + ε = ∑
i

θ(fi,0sif
∗
i,0)θ(fi,1f

∗
i,1) . . . θ(fi,nif

∗
i,ni
) (1.24)

for some polynomials si ∈ S ∪ {1} and fi,j ∈ k⟨Tθ(X)⟩.

The certificate in Proposition 44 does not hold for non-purely tracial poly-
nomials [48, Example 4.6]. The situation is similar for state polynomials.

Proposition 45 (Klep-Magron-Volčič-Wang). A[38, Corollary 5.8] state polynomial ϱ(p) ∈ k⟨Sϱ(X)⟩
is positive over S if and only if ϱ(p) + ε ∈ Q(S). That is, it decomposes as

ϱ(p) + ε = ∑
i

ϱ(fi,0sif
∗
i,0)ϱ(fi,1f

∗
i,1) . . . ϱ(fi,nif

∗
i,ni
) (1.25)

for some polynomials si ∈ S ∪ {1} and fi,j ∈ k⟨Sϱ(X)⟩.

Positivity certificates are an intense area of research in real algebraic geom-
etry. One of their several applications is transforming polynomial optimization
problems into sum of squares decomposition. In particular, those certificates
for archimedean quadratic modules in Propositions 42, 43, 44 and 45 allow
to write a polynomial optimization problem as an infinite semidefinite pro-
gram, which can be approximated with semidefinite programs of finite size
[54, 28, 48, 38].
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Indeed, [60, §2.3, §6.6]the maximal value of a polynomial p over S can be expressed as
the smallest real number t such that t − p is positive over S. Equivalently,
the smallest t such that t − p ∈ Q(S) admits a decomposition into sums of
squares. Sum of squares in k⟨M⟩ correspond with quadratic forms on k⟨M⟩
as a vector space via the eigenvalue decomposition. In particular, for a fixed
basis this corresponds with positive semidefinite matrices. Namely, a positive
semidefinite (infinite) matrix Q ≥ 0 with eigenvalue decomposition Q = PΛP ∗
produces the sum of squares ∑iΛiiPiP ∗i , where Pi denotes the i-th eigenvector.
Moreover, sum of squares decompositions restricted to finite subspaces V ⊂
k⟨M⟩ correspond with positive semidefinite matrices indexed with bases I of
V . Optimizing over such matrices with linear constraints is a semidefinite
program of size ∣I∣ = dimV . For the ease of exposition, we consider a linear
subspace V with a basis I of monomials. In such a case, the relaxation of
problem (p,∅,∅) corresponds with the semidefinite program

min t (1.26)
s. t. (t − p)w = ∑

u∗∗v=w
Qu,v ,

Q ≥ 0 ,

where (t − p)w denotes the coefficient of monomial w in t − p. Notice that, in
order for a subspace V to admit a feasible solution t − p must belong to the
linear subspace spanned by V ∗V . Equivalently, the support of t − p must be
contained in I∗I. We call such a semidefinite program the sum of squares
relaxation of (p,∅,∅) restricted to V or indexed by I.

Similarly, terms fsf∗ for s = ∑x sxx ∈ S where f is restricted to live in a
subspace V s are introduced with an additional positive semidefinite matrix Qs
such that Qsu,v constributes to the monomials u∗xv with weight sx for each
x in the support of s. More concretely, for monomial bases Is of the linear
subspaces V s, with s ∈ S ∪ {1}, the relaxation of problem (p,∅, S) reads

min t (1.27)
s. t. (t − p)w = ∑

u∗v=w
Qu,v + ∑

s∈S
∑

u∗xv=w
sxQ

s
u,v ,

Q,Qs ≥ 0 .

Typically, Is is taken to be the collection of those monomials u, v ∈ I = I1 such
that the support of u∗sv is contained in I∗I. In such a case, we call semidefinite
program (1.27) the sum of squares relaxation of (p,∅, S) restricted to V = V 1.

Alternatively, [60, §2.3, §6.6]we can consider the dual of Problem (1.26) exchanging the
role of constraints and variables. That is, for each monomial w we introduce
a real (or complex) scalar variable yw and arrange them in a moment matrix,
denoted M , with entries Mu,v = yu∗v. LetM be the linear subspace of moment
matrices indexed by a monomial basis I of V ,

M= {M ∈Mat(∣I∣) ∶ ∀u, v ∈ I(Mu,v = yu∗v)} . (1.28)
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The dual semidefinite program of 1.26 reads

max ∑
w

pwyw (1.29)

s. t. y1 = 1 ,
M ≥ 0 ,
M ∈ M .

Similarly, for each constraint s = ∑x sxx ∈ S we introduce the moment matrix
localized at s, denoted Ms, with entries Ms

u,v = ∑x sxyu∗xv. We denoteMs the
linear subspace of moment matrices localized at s and indexed by a monomial
basis Is of V s,

M
s
= {Ms

∈Mat(∣Is∣) ∶ ∀u, v ∈ Is(Ms
u,v = ∑

x

sxyu∗xv)} . (1.30)

Then, the dual semidefinite program of 1.27 reads

max ∑
w

pwyw (1.31)

s. t. y1 = 1 ,
M ≥ 0 ,M ∈ M ,

Ms
≥ 0 ,Ms

∈ M
s .

This offers an alternative interpretation and intuition for polynomial optimiza-
tion problems. Namely, a collection of moments yw arranged in a positive
semidefinite matrix approximate feasible evaluations of actual monomials.

In the case all polynomials are considered in the sum of squares decomposi-
tion, V = k⟨M⟩, Gelfanf-Naimark-Segal construction (see Section 1.7) produces
an explicit evaluation (λ,ψ) on a separable Hilbert space. This gives a proof of
completeness for the relaxations from functional analysis complementary to the
ones from real algebraic geometry using Positivstellensätze. It is important to
remark that there is no available procedure to choose the subspace V efficiently
for a general polynomial optimization problem. Polynomial optimization is NP-
hard already for commutative variables with quadratic constraints [63]. The
general approach, as proposed in [54, 28, 48, 38], is to consider the hierarchy of
subspaces Vd spanned by all monomials up to degree d. For increasing degree,
the optimal values of these relaxations approach from above the optimal value
of the polynomial optimization problem, since Vd ⊂ Vd+1 and limd Vd = k⟨M⟩.

In Chapter 2 we use Gröbner bases to efficiently deal with equality con-
straints. The benefits of this are twofold. Not only we do not need to introduce
extra localizing variables and constraints in the problem, but we can addition-
ally get rid of some redundant monomials reducing the size of the relaxations.

1.7 Gelfand-Naimark-Segal construction

We present the proof for the convergence [28] of the semidefinite programming
relaxation 1.27 for the polynomial optimization problem (p,∅, S) in k⟨X⟩. It
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Semidefinite programming relaxations

The sum of squares relaxation of the polynomial optimization problem
(p,∅, S) to the subspace V with basis I is the semidefinite program

min t (1.32)
s. t. (t − p)w = ∑

u∗v=w
Qu,v + ∑

s∈S
∑

u∗xv=w
sxQ

s
u,v ,

Q,Qs ≥ 0 .

The dual moment relaxation is the semidefinite program

max ∑
w

pwyw (1.33)

s. t. y1 = 1 ,
M ≥ 0 ,M ∈ M ,

Ms
≥ 0 ,Ms

∈ M
s .

Where the support of p is contained in the linear subspace spanned by
V ∗V . Strong duality holds when the feasible regions have non-empty
interior. When V = k⟨M⟩, the optimal solutions of both relaxations
coincide with the optimal value of the problem (p,∅, S).

introduces a technique that we will use several times along the thesis, the
Gelfand-Naimark-Segal (GNS) construction [42, 43]. Again, we require that
the quadratic module Q(S) is archimedean. That is, N − ∑x∈X x∗x for some
natural number N and set of generators X.

Assume that the moment relaxation is feasible for every monomial basis I,
and arrange the moments yw for w ∈ I in a matrix such that M(y)u,v = yu∗v.

Claim 46. [28, Lemma 5]There exists a limiting sequence of moments ŷ.

Proof. Assume ∑x∈X x∗x ≤ N . Thus ∑x yu∗x∗xu ≤ Nyu∗u for each monomial u,
but all the terms in the left hand side are non-negative, thus yu∗x∗xu ≤ Nyu∗u
for each i. Since y1 = 1, by induction it follows that yu∗u ≤ N ∣u∣, where ∣u∣
indicates the degree of the monomial u. Also, the matrix of moments being
positive semidefinite implies in particular that yu∗u−∣yu∣2 ≥ 0, thus ∣yu∣ ≤ N ∣u∣/2.
Filling with 0 for all the monomials not appearing in I, we get a sequence
y ∈ ℓ∞. And normalizing zu = yu/N ∣u∣/2 we get a sequence in Ball(ℓ∞).

By Banach-Alaoglu (see Theorem 20), Ball(ℓ∞) is σ(ℓ∞, ℓ1)-compact, where
σ(ℓ∞, ℓ1) is the topology induced by the seminorms ρa(x) = ∣a(x)∣ for each
a ∈ ℓ1. In particular, the basis elements en ∈ ℓ1 suffice to induce the topology.
Thus the topology is induced by countably many seminorms and the space is
metrizable [40, Lemma 4.4.6]. Then the notion of compactness is equivalent
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to sequential compactness, and there exists a subsequence of zI converging
to some ẑ ∈ Ball(ℓ∞) in the σ(ℓ∞, ℓ1) topology. Moreover, taking en ∈ ℓ1,
zIn = en(z

I) converges to ẑn = en(ẑ) for each n. Taking ŷu = ẑuN
∣u∣/2, we

conclude yI converges pointwise to ŷ in the limit I includes all monomials.

Let p̂ = limI pI be the limiting value of the sequence of optimal values
pI restricted to I. The next step is to construct from ŷ, a triple (Ĥ, X̂, ψ̂)
attaining the value p̂. For this, we perform GNS construction.

Claim 47.[28, Theorem 1] There is a triple (Ĥ, X̂, ψ̂) attaining the value p̂.

Proof. Since M(ŷ) ≥ 0, there are (not necessarily orthonormal) vectors ū for
each monomial u such that M(ŷ)u,v = ŷu∗v = ⟨ū, v̄⟩. Let H be the linear space
these vectors span, and define the operators Xiū = xiu. This is well defined,
since it does not depend on the particular linear expansion of a vector, and it is
bounded since ⟨X2

i ϕ,ϕ⟩ ≤ N⟨ϕ,ϕ⟩ for any ϕ ∈H. Thus, Xi extends uniquely to
a bounded operator X̂i over Ĥ, the closure of H and thus separable. Moreover,
Xi is symmetric, since ⟨v,Xiu⟩ = ŷv∗xiu = ŷ(xiv)∗u = ⟨Xiv, u⟩ for all monomials
u, v. Thus, its extension X̂i is self-adjoint. Last, take ψ̂ = 1̄, so that ⟨ψ̂, ψ̂⟩ =
ŷ1 = 1 and ⟨p(X̂)ψ̂, ψ̂⟩ = p̂, where p(X̂) denotes the operator representation
obtained from p replacing each letter xi by the associated operator X̂i.

By construction, the expectation value of p(X̂) over the state ψ̂ is p̂. Re-
markably, GNS construction can already be performed from a finite matrix of
moments, provided a flatness condition is meet [28, Theorem 2].

Lemma 48.[28, Theorem 2] Let I be a monomial basis and I ′ its extension with all mono-
mials up to the highest monomial in the input polynomials (and all monomials
of degree one). Let M and M ′ be matrices of moments indexed with I and I ′.
If rank(M) = rank(M ′), we can perform GNS construction.

Proof. Let H be the Hilbert space spanned by the Gram vectors, Mu,v = ⟨ū, v̄⟩.
By the rank condition, we can define xiu inside H and thus define the operators
Xiū = xiu. Furthermore, these operators satisfy all constraints s = ∑w sww in
S, since s(X)ū = ∑v sww(X)ū = ∑w swwu = 0 for all ū spanning H.

The rank condition certifies the semidefinite programming relaxations reach
the optimal solution, and GNS construction provides an explicit optimizer. The
analogue of Lemma 48 also holds for state [38, Proposition 6.10] and trace [48,
Proposition 5.9] polynomial optimization, provided some extremality condition
that is satisfied for solutions obtained with inner point method solvers.



Chapter 2

Special constraints

In this Chapter, based on the work [1], we introduce techniques from com-
putational algebra to efficiently deal with equality constraints in polynomial
optimization problems. First, we recall the theory of Gröbner basis. Next
section introduces original results for the special case of commutativity con-
straints, tantamount in physical applications. We provide canonical normal
forms that allow efficient algebraic manipulations of polynomials in partially
commutative variables, in particular, Gröbner basis computations. Last, we
review known computational reductions for semidefinite programs and polyno-
mial optimization problems.

2.1 Gröbner bases

A polynomial optimization problem (p,G,S) in k⟨X⟩

max p (2.1)
s. t. g = 0 ∀g ∈ G

s ≥ 0 ∀s ∈ S .

can be translated to a polynomial optimization problem ([p],∅, [S]) over the
polynomial ring k⟨X⟩/⟨G⟩ of equivalence classes in k⟨X⟩ under the identifica-
tions induced by the equality constraints G [64, §4]. In particular, if we have
canonical forms ⌜p⌝ and ⌜s⌝ for the classes of p and s ∈ S, we get the problem

max ⌜p⌝ (2.2)
s. t. ⌜s⌝ ≥ 0 ∀s ∈ S .

In this section we summarize how to identify polynomials under equality con-
straints and systematically obtain canonical forms. For this, we make use of
the theory of string replacement rules and Gröbner bases [55, 65, 66].

We first illustrate the main idea with a well known example of non-commutative
polynomial optimization: a Bell inequality.

33
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Example 49 (Bell scenario). Consider the hermitian alphabet

X = {A0,A1,B0,B1} , (2.3)

whose letters are idempotent

1 = A2
i , 1 = B2

j , (2.4)

and satisfy the commutativity constraints

0 =AiBj −BjAi . (2.5)

Letters Ai and Bj correspond with dichotomic measurements performed by two
separate parties as in a Bell scenario B(2,2,2). The second degree polynomial

β(X) = A0B0 +A0B1 +A1B0 −A1B1 (2.6)

corresponds with Clauser-Horne-Shimony-Holt functional [12]. Tsirelson’s bound
for quantum correlations, β ≤ 2

√
2 [27], can be recovered from a sum of squares

decomposition in the space of degree one polynomials [67]. Namely,

2
√

2 − β = (A0 −B+)
2

√
2

+
(A1 −B−)

2
√

2
≥ 0 , (2.7)

where B+ = (B0 +B1)/
√

2 and B− = (B0 −B1)/
√

2.
Equivalently, with the moment relaxation

2
√

2 =max yA0B0 + yA0B1 + yA1B0 − yA1B1 (2.8)

s. t.

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 yA0 yA1 yB0 yB1

yA0 1 yA0A1 yA0B0 yA0B1

yA1 yA1A0 1 yA1B0 yA1B1

yB0 yA0B0 yA1B0 1 yB0B1

yB1 yA0B1 yA1B1 yB1B0 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

≥ 0 .

Equality constraints (2.4) and (2.5) are implemented in the moment matrix
through the following monomial replacements:

AiAi ↦ 1 , BjBj ↦ 1 , BjAi ↦ AiBj . (2.9)

This reduces the number of variables in Problem (2.8) from 21 to 16 and avoids
localizing matrices, reducing also the number of constraints.

Monomial replacement rules
Given a monoid with presentation M = ⟨X;R⟩, it is important to identify free
words ⟨X⟩ under the congruence relation R# induced by R. This is known as
the word problem [55, §0.1]. One possible solution is to assign canonical forms
⌜u⌝ and ⌜v⌝ to free words u and v in ⟨X⟩, so that uR#v if and only if ⌜u⌝ = ⌜v⌝.
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Definition 50 (Replacement rules). [55, §2.1], [57, §2.5]The set of replacement rules on ⟨X⟩
induced by a relation R on X, also called semi-Thue system or string rewritting
system, is the congruence {x ∗ u ∗ y ↦R x ∗ v ∗ y ∶ x, y ∈ ⟨X⟩, uRv}. Denote
↦∗R the transitive closure of ↦R. We say ↦R is Nötherian [55, §1.1]if there is no
infinite sequence (ui)i ⊂ ⟨X⟩ such that ui ↦R ui+1 and confluent if u ↦∗R v
and u ↦∗R w imply v ↦∗R t and w ↦∗R t for some t ∈ ⟨X⟩. Replacement rules
both Nötherian and confluent are called complete, and provide unique canonical
forms in M = ⟨X⟩/R#. That is, the replacements stabilize at some finite step
and the order in which they are performed does not affect the final expression.
Then, ⌜w⌝ is the unique expression obtained from w after all replacements.

The definition extends to replacement rules on general monoids [55, §1.1].

Example 51. Consider the alphabet X = (x, y, z). The symmetric relation
R = {(xy, yx), (yx, xy)} induces non-Nötherian replacement rules since we
have the infinite chain xy ↦R yx ↦R xy . . . Replacement rules induced by
R′ = {(yx, xy), (zy, yz)} are Nötherian but not confluent, since zyx ↦R yzx
and zyx ↦R zxy, which can not be further reduced to a common monomial.
Finally, relation R′′ = {(yx, xy), (yz, zy)} [57, Theorem 2.2]induces complete replacement rules
(see Example 54) and thus unique canonical forms for free words in ⟨X⟩.

Notice that symmetric relations induce loops of replacements. To avoid this,
we restrict our attention to replacement rules induced by asymmetric relations.
One can systematically construct an asymmetric relation from an arbitrary R
on M, given a method to choose one element for each symmetric pair in R
compatible with multiplication. A monomial ordering provides such a method.

Definition 52 (Monomial ordering). [66, §1.1]A monomial ordering or semigroup
ordering for M is a total order on M compatible with the monoid operation.
That is, x ∗ u ∗ y < x ∗ v ∗ y for any x, y ∈M whenever u < v.

Example 53 (Degree-Lexicographic). [66, §1.1]Given a total order on X, the degree-
lexicographic ordering on ⟨X⟩ is defined as u < v if (i) ∣u∣ < ∣v∣ or (ii) ∣u∣ = ∣v∣
and um < vm as letters in X, where m denotes the first index for which um ≠ vm.

[55, §2.2]A relation R and a monomial ordering then induce replacement rules

{v ↦R u ∶ uR
#v, u < v} . (2.10)

Compatibility with the monoid operation guarantees that these rules define a
congruence relation. Moreover, when the monomial ordering is a well order-
ing (every subset has a minimum element), the induced replacement rules are
Nötherian [55, Theorem 2.2.4]. However, these are not confluent in general.

[57, §2.5]For special relations, necessary and sufficient conditions for a set of replace-
ment rules to be complete are known. For instance, complete replacement rules
for commutation relations are in correspondence with transitive orientations on
the independence graph of the alphabet [57, Theorem 2.2]. That is, the graph
whose vertices are the letters in the alphabet, that are connected whenever
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they commute. An orientation for a graph assigns a direction to each edge,
and is said to be transitive whenever x↦ y and y ↦ z implies x↦ z.

Example 54 (Transitive orderings).[57, Definition 2.3] Take the relations R′ and R′′ in Ex-
ample 51 corresponding with the partial commutations yx = xy and zy = yz.
Relation R′ is induced by a monomial ordering with x < y and y < z. This gives
a non transitive orientation on the dependence graph, since z ↦ y and y ↦ x
but z /↦ x. Relation R′′ is induced by a monomial ordering with x < y and z < y
and gives a transitive orientation on the dependence graph, y ↦ x and y ↦ z.

y

x

z
R′

y

x

z
R′′

Direct inspection reveals the smallest graph that does not admit a transitive ori-
entation is the pentagon. Thus, there is no finite relation that induces complete
replacement rules for free words up to the commutations defined by a pentagon.

The theory of Gröbner bases provide complete replacement rules, even in
the more general case of constraints between polynomials.

Polynomial replacement rules

Gröbner bases, first introduced in [65] for the polynomial ring in commutative
variables and later extended [66] to non-commutative variables, are special col-
lections of polynomials that induce complete sets of replacement rules. Since
then, they became a central tool in computational algebra. Among other ap-
plications, Gröbner bases induce well defined polynomial division and solve the
ideal membership problem [66, Theorem 1.8]. Gröbner bases in general monoids
were also considered in [66, §7] and [59, §4], and specialised for finitely gener-
ated monoids in [68]. Following [1], we present the theory of Gröbner bases in
[66, §7] for general monoids and specify those results for which we make use of
special properties of the non-commutative monoid.

In the same spirit of Eq. (2.10), where we used a monomial ordering on
M to choose a replacement rule from a monomial identification, we can use
the monomial ordering to choose a leading term in a general polynomial and
implement similar replacement rules involving more terms.
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Definition 55 (Leading term). [66, §1.1]Any polynomial p ∈ k⟨M⟩ can be written as
p = ∑

n
i=1 cimi, where ci ∈ k and mi ∈M in decreasing order m1 > . . . >mn. We

say lc(p) = c1 is the leading coefficient, lm(p) = m1 is the leading monomial
and lt(p) = c1m1 is the leading term of p.

A collection of polynomials H ⊂ k⟨M⟩ induces Nötherian replacement rules

{p ∗ lt(h) ∗ q ↦H p ∗ (lt(h) − h) ∗ q ∶ h ∈H,p, q ∈ k⟨M⟩} (2.11)

with respect to a monomial ordering [55, Theorem 2.2.4]. It is interesting to
remark that, although monomial orderings simplify the analysis, they are not
readily available for general monoids. Nonetheless, complete replacement rules
can be obtained without a monomial ordering, by adding new rules to ensure
that p ∗ h ∗ q ↦H 0 for all p, q ∈ M whenever h ↦H 0. This process is called
saturation [68].

When a monomial ordering is available, the only obstacle to construct a
complete set of replacement rules is confluence. To overcome this, we have
to make sure h − g ↦H 0 whenever h, g ↦H 0. Since we implement the rules
replacing leading terms, we can always reduce h − g ↦H 0 when lt(h) ≠ lt(g).
However, when lt(h) = lt(g), one may need to extend the replacement rules
with lt(h − g) ↦H lt(h − g) − (h − g), or equivalently, to extend H with the
polynomial h − g. Algorithms to compute Gröbner bases start from a set H of
generating polynomials and extend it with additional polynomials that provide
all such reductions [65, 66]. Although there may be infinitely many cases to
check, many of them are redundant. A sufficient collection of cases to check
are given by minimal obstructions.

Definition 56 (Obstruction). [66, §5.3]An obstruction, also called S-polynomial,
between polynomials f, g ∈ k⟨M⟩ is an expression of the form

S(f, g) = S(f, g; l, r;λ, ρ) = l ∗ f ∗ r − λ ∗ g ∗ ρ (2.12)

with l ∗ lt(f) ∗ r = λ ∗ lt(g) ∗ ρ, which is called the joint of the obstruction
and denoted lt(f) ∨ lt(g). We say the obstruction is minimal if there are no
common left factors between l and λ or common right factors between r and ρ.

For commutative polynomials f, g ∈ k[X] there is only one minimal obstruc-
tion, that is obtained with the least common multiple of their leading terms,
lt(f) ∨ lt(g) [66, Theorem 3.7]. For non-commutative polynomials f, g ∈ k⟨X⟩,
there are infinitely many minimal obstructions, for instance f ∗ w ∗ lt(g) −
lt(f) ∗w ∗ g for any word w ∈ ⟨X⟩. Obstructions of these form are redundant
and there are finitely many minimal non-trivial obstructions to check for each
pair of polynomials [66, Corollary 5.8], called overlaps.

Definition 57 (Overlap). [66, Corollary 5.8]A minimal obstruction S(f, g; l, r;λ, ρ) has overlap
w ∈M between f, g ∈ k⟨M⟩ if one of the following four scenarios happens:

• There are f0, g0 ∈M such that lt(f) = f0 ∗w and lt(g) = w ∗ g0.
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• There are f0, g0 ∈M such that lt(f) = w ∗ f0 and lt(g) = g0 ∗w.

• There are f0, f1 ∈M such that lt(f) = f0 ∗w ∗ f1 and lt(g) = w.

• There are g0, g1 ∈M such that lt(f) = w and lt(g) = g0 ∗w ∗ g1.

The meet of the obstruction is then lt(f) ∧ lt(g) = w. Otherwise, we say the
obstruction has no overlap and set lt(f) ∧ lt(g) = 1. In such a case, either
S = f ∗w∗ lt(g)− lt(f)∗w∗g or S = lt(g)∗w∗f −g∗w∗ lt(f) for some w ∈M.

The sufficiency of overlaps for Gröbner bases computation was first proved
by Buchberger in the commutative case [66, Theorem 3.7] and later extended to
the non-commutative case [66, Theorem 5.9]. We present a proof that extends
to particular classes of polynomials in general monoids [1].

Definition 58 (Weak Gröbner representation).[66, §5.3] A weak Gröbner represen-
tation of a polynomial f ∈ k⟨M⟩ with respect to the collection H ⊂ k⟨M⟩ is a
decomposition of the form

f =
n

∑
i=1
ciui ∗ hi ∗ vi , (2.13)

for some coefficients ci ∈ k, monomials ui, vi ∈M and polynomials hi ∈ H such
that lt(f) ≥ lt(ui∗hi∗vi) for each i = 1, . . . , n. That is, there is no cancellation
between the highest leading terms of polynomials in the decomposition.

Definition 59 (Gröbner basis).[66, §1.1] A collection of polynomials H ⊂ k⟨M⟩ is a
Gröbner basis for the ideal ⟨H⟩ if it verifies any (all) of the following equivalent
conditions:

• Leading terms of H generate leading terms in ⟨H⟩, ⟨lt(H)⟩ = lt(⟨H⟩).[66, Definition 1.7]

• It solves the ideal membership problem, h↦H 0 if and only if h ∈ ⟨H⟩.[66, Theorem 1.8]

• All obstructions in H [Eq. (2.12)] have a weak Gröbner representation.[66, Theorem 1.8]

A Gröbner basis H is reduced[66, Proposition 1.5] (unique) if every polynomial h ∈ H is monic,
lc(h) = 1, and can not be reduced with respect to other elements, h↦H−{h} h.

Obstructions with no overlap are redundant in k⟨X⟩ [66, Theorem 5.9].

Proposition 60.[66, Corollary 5.8] An obstruction with no overlap in k⟨X⟩ admits a weak
Gröbner representation in terms of other obstructions with overlap.

We use a structural characterization for overlaps in ⟨X⟩ later in the proof
to inductively produce a weak Gröbner representation for obstructions with no
overlap using obstructions with overlap. However, the first part of the proof
holds in any monoid M. This proof is adapted from [69, Lemma 1.3].
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Proof. Take two polynomials f = ∑k ckfk and g = ∑k dkgk in k⟨M⟩, where
the terms are ordered decreasingly. Without loss of generality, consider the
obstruction S(f, g; l, r;λ, ρ) with l = 1, r = w ∗ lt(g), λ = f1 ∗ w and ρ = 1 for
some w > 1,

S = f ∗w ∗ g1 − f1 ∗w ∗ g . (2.14)

Using the expansions for f and g we can write

S = ∑
k>1

ckfk ∗w ∗ g1 − ∑
k>1

dkf1 ∗w ∗ gk (2.15)

= ∑
k>1

ckfk ∗w ∗ g − ∑
k>1

dkf ∗w ∗ gk . (2.16)

This gives a weak representation unless the leading terms in the sums in
Eq. (2.16) cancel each other. That is, c2f2 ∗ w ∗ g1 = d2f1 ∗ w ∗ g2. This is
only possible if c2 = d2, and f1 = f2 ∗ u and g1 = v ∗ g2 such that u ∗w = w ∗ v.
When f and g have at most two terms (i.e. monomial replacement rules), this
implies the obstruction is trivial S = 0. However, for more general polynomial
replacement rules we make use of a structural property of ⟨X⟩.

Lemma 61. [57, Proposition 3.1]For free words u, v,w ∈ ⟨X⟩, the following are equivalent: (i)
uw = wv and (ii) u = xy, v = yx and w = (xy)ax for some x, y ∈ ⟨X⟩ and a ∈N.

Using Lemma 61, we conclude that the obstruction must have the form
w = (x∗y)a∗x for some a > 0 and y ≠ 1 (otherwise there is overlap). Introducing
this in Eq. (2.16) we find

S = c2(f1∗(xy)
a−1
∗x∗g−f ∗(xy)a−1

∗x∗g1)+∑
k>2

ckfk ∗w∗g−∑
k>2

dkf ∗w∗gk ,

(2.17)
where f1 ∗(xy)

a−1 ∗x∗g−f ∗(xy)a−1 ∗x∗g1 =∶ S(a−1) is again an obstruction
with w = (xy)a−1∗x. If the next leading terms in the summation cancel, c3 = d3
and Lemma 61 again implies f1 = f3 ∗ (xy)

b and g1 = (yx)
b ∗ g3 for some b > 1.

We repeat the argument until the leading terms do not cancel,

S = c2S(a − 1) + c3S(a − b) + . . . + ∑
k≥m

ckfk ∗w ∗ g − ∑
k≥m

dkf ∗w ∗ gk , (2.18)

where the leading term of the last summations is fm ∗ w ∗ g1 or f1 ∗ w ∗ gm.
If we show (i) the leading term of each S(a − b) is smaller than these two and
(ii) each S(a− b) admits a weak Gröbner decomposition, then Eq. (2.18) gives
a weak Gröbner representation for S, finishing the proof.

To see (i) the bound on the leading terms of all such S(a− b) in Eq. (2.18),
notice that by minimality of k, for each i < k we have the cancellation fi ∗
(xy)a ∗ x ∗ g1 = f1 ∗ (xy)

a ∗ x ∗ gi, which is equivalent to the cancellation
fi ∗ (xy)

a−b ∗ x ∗ g1 = f1 ∗ (xy)
a−b ∗ x ∗ gi for each 1 < b ≤ a. Thus,

lt(S(a − b)) ≤ f1 ∗ (xy)
a−b
∗ x ∗ gm < f1 ∗w ∗ gm , (2.19)

lt(S(a − b)) ≤ fm ∗ (xy)a−b ∗ x ∗ g1 < fm ∗w ∗ g1 , (2.20)
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which implies lt(S(a − b)) < lt(S).
To see (ii) that each S(a− b) admits a weak Gröbner representation, notice

that we have reduced the existence of a weak Gröbner representation for S(a)
to the existence of such a representation for each S(a− b) with 1 < b ≤ a. Thus,
the problem inductively reduces to the existence of such a representation for
S(0) = f ∗ x ∗ g1 − f1 ∗ x ∗ g. The decomposition from Lemma 61 shows that
f1 = f2 ∗ x ∗ y and g1 = y ∗ x ∗ g2 have overlap y > 1 when w = x. Thus, weak
representations for obstructions with overlap produce weak representations for
all obstructions.

Notice that the argument in Proposition 60 works in general monoids for
polynomials with two terms. That is, f = f1 + c2f2 and g = g1 + d2g2, which
induce monomial identifications up to scalar factors. However, it is an open
question if for arbitrary polynomials in the partially commuting monoid all
obstructions without overlap are redundant.

Complete replacement rules

Given an equivalence relation on k⟨M⟩, we aim to construct a com-
plete collection of replacement rules in k⟨M⟩ that eventually identify all
equivalent elements. For this, we need:

• The replacements finish after finitely many steps. This is the
obstacle to having a Nötherian relation.

• A monomial multiple of a polynomial that reduces to zero should
also reduce to zero: p ∗ h ∗ q ↦H 0 when h ↦H 0. This is the
obstacle to having a congruence relation.

• Linear combinations of polynomials that reduce to zero should
also reduce to zero: h + g ↦H 0 when h, g ↦H 0. This is the
obstacle to having a confluent relation.

A well ordering provides the first condition, a monomial ordering pro-
vides the second condition and a Gröbner basis provides the third condi-
tion. However, different approaches to construct complete replacement
rules and canonical forms exist.

Proposition 62 (Buchberger).[66, Theorem 1.8] A collection of polynomials G ⊂ k⟨M⟩ induces
a complete set of replacement rules with respect to a monomial well ordering if
and only if all obstructions for G reduce to zero.

Proof. We only need to show that a non-zero g ∈ ⟨G⟩ can be reduced to zero if
all non-trivial obstructions can be reduced to zero. Start with a representation
g = ∑i αili ∗ gi ∗ ri, where gi ∈ G and li, ri ∈ M. Let t = max{li ∗ lt(gi) ∗ ri}
and n the number of times t appears as a term in some li ∗ gi ∗ ri. We show
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by induction on (t, n) that there is a representation of g for which lt(g) = t,
showing that g is reducible. If lt(g) = t, we are done, otherwise there are
f, h ∈ G such that αf lf ∗ lt(f) ∗ rf = t = αhlh ∗ lt(h) ∗ rh. Take the obstruction

S(f, h) = αf lf ∗ lt(f) ∗ rf − αhlh ∗ lt(h) ∗ rh , (2.21)

where lt(S(f, h)) < t. By assumption, there exists a representation S(f, h) =

∑k γkuk ∗ gk ∗ vk, with gk ∈ G and uk, vk ∈ M such that lt(uk ∗ gk ∗ vk) ≤
lt(S(f, h)) for all k. In the decomposition of g we then replace αf lf ∗ f ∗ rf +
αhlh ∗ h ∗ rh by

= 2αf lf ∗ f ∗ rf − S(f, h)
= 2αf lf ∗ f ∗ rf −∑

k

ckuk ∗ gk ∗ vk , (2.22)

where lt(uk ∗ gk ∗ vk) ≤ lt(S(f, h)) < t. This reduces the number n of terms
containing t in the decomposition of g, which finishes the proof given a well
ordering.

This gives the procedure to complete a collection of polynomials into a
Gröbner basis, equivalently a complete set of replacement rules, described in Al-
gorithm 1. For commutative polynomials, M = [X], there is only one minimal
obstruction between each pair. For non-commutative polynomials, M = ⟨X⟩,
there are finitely many minimal obstructions with overlap between each pair.
For general monoids identifying non-trivial obstructions is more challenging.
In particular, for a partially commutative monoid, M = ⟨X;C⟩, there may
be infinitely many obstructions with overlap between each pair. Nonetheless,
Gröbner bases can still be obtained at the cost of performing redundant com-
putations. Next, we discuss some procedures that consider and reduce multiple
obstructions at the same time.

Gröbner basis computation

This algorithm is adapted from [66, §5.4] using Proposition 62.

Algorithm 1 Gröbner(G)
1: P = {(g, g′) ∈ G ×G ∶ lt(g) ∧ lt(g′) ≠ 1}
2: while P ≠ ∅ do
3: Select and remove (f, h) ∈ P
4: S(f, h) ↦G g
5: if g ≠ 0 then
6: G = G ∪ {g}
7: P = P ∪ {(f, g) ∶ f ∈ G, lt(f) ∧ lt(g) ≠ 1}
8: end if
9: end while
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Macaulay Matrices
Two of the most efficient algorithms to perform Gröbner basis computations
were proposed by Faugère in [70, 71], following an earlier construction based on
matrix triangularization [72, 73]. These algorithms explore several obstructions
simultaneously using linear algebra arguments. This drastically reduces the
cost of implementation. This section presents an approach to Gröbner bases
computations based on Macaulay matrices adapted to polynomial rings on
general monoids, that does not require to characterize all obstructions.

Definition 63 (Macaulay matrix).[74, §2.3] Given a finite list F of polynomials and
an ordered list of terms T , which we take to be the union of the supports of
elements in F , the Macaulay or Sylvester matrix A =Mac(F,T ) has as element
Aij the coefficient of the term tj in the polynomial fi (possibly zero).

Definition 64 (Reduced row echelon form).[74, §2.3] A n×m matrix A is in reduced
row echelon form if for each non-zero row Ai with i ≤ n, we have (i) Ai,s(i) = 1
and (ii) Aj,s(i) = 0 for each i ≠ j ≤ n, where s(i) index the first non-zero entry
in Ai. A matrix A can be brought to (unique up to row permutations) reduced
row echelon form with Gauss elimination, which we denote rref(A).

Clearly, A and rref(A) span the same row space. For a Macaulay matrix
A = Mac(F,T ), this row space is the linear span of the polynomials in F .
The leading terms of the polynomials in rref(A) are linearly independent, a
feature shared with reduced Gröbner bases. Moreover, when F contains enough
monomial multiples of a finite list of polynomials G, also called shifts, then
rref(A) is a Gröbner basis of ⟨G⟩ [75, §2.3]. In particular, this is the case if F
spans all eventual obstructions in Equation (2.12). In the commutative case,
there are general bounds (non-optimal) on how big F needs to be in order to
obtain a Gröbner basis [75, Theorem 2.3.6] and [76, Corollary 5.4].

In the non-commutative case, Gröbner bases are not always finite [66, §6].
However, introducing in F all shifts up to some fixed degree d, the algorithm
would output a truncated Gröbner basis in the spirit of the non-commutative
version of Buchberger’s algorithm [66]. Thus, we can readily implement Algo-
rithm 2 to obtain truncated Gröbner bases in partially commuting variables
without considering obstructions, by taking shifts

F = {l ∗ g ∗ r ∶ (g, l, r) ∈ ⟨X⟩ ×G × ⟨X⟩, deg(l ∗ g ∗ r) ≤ d} . (2.23)

Moreover, exploiting criteria to discard triples that do not produce obstructions
significantly reduces the size of the Macaulay matrix and hence the cost of the
Gröbner basis computation.

The algorithm F4 [70] iterates this procedure for selected subsets of ob-
structions, enlarging the list of polynomials with the row space of rref(A) at
each time, speeding up the computation. In particular, when only one pair
of obstructions is considered at a time, one recovers Buchberger’s algorithm.
Further criteria to reduce the number of obstructions are introduced in F5 algo-
rithm [71]. These can be adapted to non-commutative [77] and other monoids
for which obstructions can easily be characterized, see Algorithms 2 and 3.
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Gröbner basis computation with Macaulay matrices

Adapted Buchberger algorithm from Macaulay matrices [75, §2.3].

Algorithm 2 Gröbner basis from Macaulay matrices
Input: G finite list polynomials
Output: H Gröbner basis ⟨H⟩ = ⟨G⟩

1: F big enough list of shifts of G
2: T union support elements of F
3: A = rref(Mac(F,T ))
4: H polynomials spanning row space A

Adapted iterated algorithm as in [70, Algorithm F4].

Algorithm 3 Iterated Gröbner basis from Macaulay matrices
Input: G finite list polynomials
Output: H Gröbner basis ⟨H⟩ = ⟨G⟩

1: H = ∅
2: P list of all obstructions
3: while P ≠ ∅ do
4: F selected list of obstructions removed from P
5: T union support elements of F
6: A = rref(Mac(F,T ))
7: Add to H polynomials from the rows of A if new
8: Update P with obstructions from those polynomials
9: end while

The advantage of the approach with Macaulay matrices is that computa-
tions can readily be automatized for general monoids without characterizing
minimal obstructions. In particular, localizing matrices for equality constraints
G in polynomial optimization problems (see Section 1.6) contain shifts of the
constraints. Indeed, the entries of a localizing moment matrix Mg ∈ Mg with
monomial basis Ig correspond with the shifts Fg = {u∗gw ∶ u, v ∈ Ig}, whose
moments are constrained to be zero. Taking F = ⋃g∈G Fg and T the union of
the supports of its elements, Algortihm 2 produces replacement rules imple-
menting all such constraints through Eq. (2.11), avoiding localizing matrices
and reducing the number of variables in the semidefinite program [1].
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2.2 Commutation relations

Consider a polynomial optimization problem (p, I ∪G,S) on k⟨X⟩, where I is
a collection of commutation relations. Namely,

max p (2.24)
s.t. g = 0 ∀g ∈ G,

s ≥ 0 ∀s ∈ S ,

xixj − xjxi = 0 ∀(xixj − xjxi) ∈ I .

We can formulate problem (2.24) on the quotient ring k⟨X⟩/⟨I⟩, which we
denote (⌜p⌝ , ⌜G⌝ , ⌜S⌝) and may reduce the computational cost. This reads

max ⌜p⌝ , (2.25)
s.t. ⌜g⌝ = 0 ∀g ∈ G,

⌜s⌝ ≥ 0 ∀s ∈ S .

In this section, we present canonical forms for polynomials in partially com-
muting letters and develop a theory of Gröbner bases on k⟨X⟩/⟨I⟩ to efficiently
implement the constraints ⌜G⌝ as replacement rules over canonical forms [1].

Equivalence classes of free words in ⟨X⟩ with respect to partial commu-
tations, sometimes called traces,[55, §3.6], [57, §1] were studied in [78, 79] and found several
applications in computer science and different areas of mathematics [80, 57].
Exploiting the combinatorial properties of traces can lead to significant com-
putational speed ups, in particular for Gröbner basis computations. When all
the variables commute, we recover the free commutative monoid [X], whose
words can be efficiently described with the exponents of the letters, that is,
the number of times each letter appears in the word. The monoid operation
translates into addition of the exponents. Moreover, Gröbner bases in k[X]
are always finite [66, §3.4] and there are more criteria to neglect redundant
obstructions [66, §3.3], thus the implementation is more efficient than for the
non-commutative case. In this section we provide efficient representations of
partially commutative words and Gröbner bases computations that interpolate
between the non-commutative k⟨X⟩ and commutative k[X] cases [1].

A relation C = {(xixj , xjxi) ∶ (xi, xj) ∈ I} on ⟨X⟩[57, §2.1] of partial commutations
determined by a so-called independence set I gives a presentation of the par-
tially commutative monoid, ⟨X;C⟩. We denote [x] the equivalence class in
⟨X;C⟩ of the free word x ∈ ⟨X⟩ with respect to the commutation relations. A
clique is a subset C ⊂ X of non-commuting letters, we say it is maximal when
it is with respect to inclusion. A word w ∈ ⟨X;C⟩ is fully specified by its images
under the projections to their maximal cliques [57, Proposition 2.1]. That is,
under the *-homomorphism πC ∶ ⟨X⟩ → ⟨C⟩ defined by πC(x) = x if x ∈ C and
πC(x) = 1 otherwise. Conversely, a collection of local words wC ∈ ⟨C⟩ on each
maximal clique corresponds to a partially commutative word w ∈ ⟨X;C⟩ when-
ever (i) the local words are compatible on the intersections and (ii) there are
no directed cycles in the graph defined by the letters with edges given by non
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commuting pairs, in the order they appear in the word [81, Proposition 1.4].
Collections of local words satisfying these conditions are called reconstructible
[81, §1], and the procedure to reconstruct the word in ⟨X;C⟩ is described in
the following lemma.

Lemma 65. [81, Proposition 1.4]Given a reconstructible collection of local words wC ∈ ⟨C⟩ on
each maximal clique C, there exists a partially commutative word w ∈ ⟨X;C⟩
that recovers the local data. Namely, πC(w) = wC for each clique C.

Proof. We create a graph G with one node per letter in w and label them with
the corresponding letter, with a suitable numbering to distinguish multiple
appearances of the same letter. That is, if a ∈ X appears n = ∣w∣a times, there
will be nodes a1, . . . , an. Then, iterate over all letters ai appearing in w and
connect the node ai with the nodes of all bj appearing after ai in w such that
(a, b) /∈ C. Finally, remove redundant edges in G, that is, if {(ui, ui+1) ∶ i =
1, . . . , k} is a path in G, remove the edge (u1, uk+1). This step is well defined
provided there are no directed cycles in G.

Let G0 be the set of nodes with no incoming edge and Gi the set of those
for which the largest incoming path has length i. By construction, each level
contains only commuting letters, otherwise there is an edge between some let-
ters and they can not be in the same level. Thus it is well defined to write
wi = ∏{a ∈ Gi}. Then, the concatenation of all these blocks, w = w0 . . .wk, is
the reconstructed word.

When each level wi is ordered, the decomposition in Lemma 65 gives a
unique normal form. In particular, for the lexicographical ordering we obtain
the Foata normal form [57, §2.3].

Definition 66 (Foata normal form). [57, Proposition 2.5]The Foata normal form of 1 ≠ w ∈ ⟨X;C⟩
is the unique x1 . . . xn ∈ ⟨X⟩ such that (i) [x1 . . . xn] = w, (ii) each xi is the
product of independent letters minimal with respect to lexicographical ordering
and (iii) for each letter a in xi+1 there is some letter b in xi not commuting
with a.

Example 67 (Non reconstructible word). Take the graph with maximal cliques
({a, b},{b, c},{c, d},{a, d}). The collection of local words (ab, bc, cd, da) is com-
patible on the intersections, but there is no word with those projections because
there is a directed cycle, a1 → b1 → c1 → d1 → a1. Interestingly, these local
words correspond with the equivalence class of the free word abcd up to cyclic
identification. Such identifications appear in trace polynomial optimization.

Example 68 (Reconstructible word). Let ({a, b},{b, c},{c, d},{d, e},{a, e}) be
the maximal cliques in the pentagon graph. It is immediate to check that the
local words

(aab, cbc, cddc, eded, eaea) (2.26)

are compatible on intersections. The procedure described in Lemma 65 produces
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e1

c1

a1

d1

e2

a2

d2

b2 c2

from where we reconstruct the word w = ecadeadbc. The level decomposition is
(ce)(ad)(e)(ad)(b)(c), which gives the Foata normal form.

Algebraic computations between partially commutative words can be per-
formed from their reconstructible local words. Multiplication amounts to lo-
cal concatenations and involution amounts to local involutions [1]. Moreover,
Gröbner basis computation can be performed in k⟨X;C⟩ with respect to the
monomial well ordering below, introduced in [1].

Definition 69 (Degree-clique ordering). We define the degree-clique ordering
in k⟨X;C⟩ as w < v if either (i) ∣w∣ < ∣v∣ or (ii) ∣w∣ = ∣v∣ and wC∗ < vC∗ as
monomials in ⟨C∗⟩, where C∗ = min{C ∶ wC ≠ vC} with respect to a fixed
numeration of the maximal cliques.

Claim 70. The degree-clique ordering is a monotone total well ordering.

Proof. The degrees are well ordered (as natural numbers) and there are finitely
many words of given degree, it is enough to show that given two different words
w ≠ v with the same degree, one is smaller than the other. This follows from
the fact that w = v if and only if wC = vC for each maximal clique C, and that
each local monoid ⟨C⟩ has a monotone total well order. This also implies that
x ∗w ∗ y < x ∗ v ∗ y for any x, y ∈ ⟨X;C⟩ whenever w < v.

The last ingredient to obtain a Gröbner basis is to identify the minimal
obstructions (see Section 2.1). That is, a minimal collection of expressions
S(f, g; l, r;λ, ρ) = l ∗ f ∗ r − λ ∗ g ∗ ρ with l ∗ lt(f) ∗ r = λ ∗ lt(g) ∗ ρ to check.
The main tool for this purpose is an elementary result in partially commutative
monoids, known as Levi’s lemma [57, Proposition 2.2].

Lemma 71.[57, Proposition 2.2] Let t, u, v,w ∈ ⟨X;C⟩, then t ∗ u = v ∗ w if and only if t = p ∗ r,
u = s∗ q, v = p∗ s and w = r ∗ q for some p, q, r, s ∈ ⟨X;C⟩ such that r and s are
independent (they commute and do not share common letters).

Proof. Induction on the number of letters.

This reduces the obstructions we have to consider.

Claim 72. Let f, g ∈ k⟨X;C⟩ with the obstruction S(f, g) = l ∗ f ∗ r − λ ∗ g ∗ ρ.
Without loss of generality, we can assume l and λ are independent and also r
and ρ are independent.
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Proof. If S is an obstruction, l ∗ lt(f)∗ r = λ∗ lt(g)∗ρ. By Lemma 71, l = p∗ s
and λ = p ∗ r for some p, r and s, the last two independent. There is no loss of
generality in taking p = 1, since it is a common left factor, thus l = r and λ = s
are independent. Same argument shows r and ρ are independent.

For constraints with only two monomials, this already reduces the minimal
obstructions to overlaps [1], as in the non-commutative case.

Lemma 73. All non-overlapping obstructions between polynomials with at
most two terms reduce to zero.

Proof. Let f = f1 + f2 and g = g1 + g2 be polynomials with only two terms and
consider the obstruction S = f ∗ w ∗ g1 − f1 ∗ w ∗ g = f2 ∗ w ∗ g1 − f1 ∗ w ∗ g2.
This can be written as S = f2 ∗w ∗ g − f ∗w ∗ g2. If the (leading) terms do not
cancel, this gives a weak Gröbner representation and S reduces to zero. If they
cancel the obstruction is trivial, S = 0, since there are no more terms.

Polynomials with two monomials correspond with monomial replacements
up to scalar factors, which already cover a wide class of ubiquitous constraints.
For instance, idempotency, x2 = x, unipotency, x2 = 1, unitarity, xx∗ = 1, and
conjugation, xy = zx. In particular, problems discussed in Chapters 3 and 4
only involve this kind of constraints. We illustrate with some examples how to
apply the techniques developed in this chapter.

Examples
The first example of a polynomial optimization problem in partially commut-
ing letters appears in Bell scenarios, where local operators commute. These
scenarios are discussed in more detail in Section 3.1.

Example 74. Take the hermitian alphabet

X = {a1, a2} ∪ {b1, b2} ∪ {c1, c2} ∪ {d1, d2} , (2.27)

with partially commuting letters, according to the non-commutation graph:

a2 b2 c2d2

a1 b1 c1d1

Consider the collections of polynomials running over i, j ∈ {1,2},

G1 = {aiai − ai , G2 = {aibj − bjai , (2.28)
bibi − bi , aicj − cjai ,

cici − ci , aidj − djai ,

didi − di} , bicj − cjbi} .
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Polynomials G = G1 ∪G2 describe the local projective effects in a Bell scenario
with overlapping measurements, introduced in Sections 2.3 (see Example 79)
and 3.3. The non-commutative Gröbner basis of G with respect to the degree-
lexicographical ordering induced by a non-transitive ordering d < a < b < c is
infinite. However, it follows from Lemma 73 that G1 is already a Gröbner basis
for G in the partially commuting setting for any ordering on the letters.

Another example of polynomial optimization problem in partially commut-
ing letters appears when considering permutations, that commute whenever
their supports are disjoint. This is the case, for instance, in the quantum
max-cut Hamiltonian [82, 83] discussed in Section 3.6 (see Example 109).

Example 75. Take the hermitian alphabet X = {xij ∶ 1 ≤ i < j ≤ n} with
lexicographical ordering on the indices. Consider the following collections of
polynomials over all choices of pairwise distinct indices i, j, k, l ∈ [n]1,

G1 ={xijxij − 1 ∶ i, j ∈ [n]} , (2.29)
G2 ={xijxjk − xikxij ∶ i, j, k ∈ [n]} , (2.30)
G3 ={xijxkl − xklxij ∶ i, j, k, l ∈ [n]} . (2.31)

The polynomials G = G1 ∪G2 ∪G3 characterize the algebra of transpositions of
n elements, whose equivalence classes give the symmetric group Sn. For n = 4,
there are ∣X ∣ = 6 letters (transpositions) with commutation graph:

As non-commutative polynomials, the reduced Gröbner basis of G with respect
to the degree-lexicographical ordering contains 25 polynomials. In the partially
commutative setting, it follows from Lemma 73 that G1∪G2 is already a Gröb-
ner basis, which contains 18 polynomials. Table 2.1 compares the sizes of the
non-commutative and partially commutative Gröbner bases for increasing n.

Finally, Gröbner bases in the partially commutative setting can be com-
puted in parallel for collections of letters with the same commutation rules, re-
ducing the number of obstructions and simplifying the algorithm. We present
this result in the more general framework of graph products.

Graph products

Graph products [84, 56] extend the idea of independence of letters to monoids.

1Given a natural number n, we denote [n] = {1, . . . , n}.
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n ∣X ∣ ∣G∣ ∣NC ∣ ∣PC ∣ ∣Sn∣

3 3 6 7 6 6
4 6 21 25 18 24
5 10 55 65 40 120
6 15 120 140 75 720
7 21 231 266 126 5040
8 28 406 462 196 40320

Table 2.1: Gröbner bases for the polynomials G characterizing the algebra
of transpositions of n elements, with generators X. We compare the size of
the non-commutative (NC) and partially commutative (PC) implementations.
Last, ∣Sn∣ = n! is the number of inequivalent free words in the transpositions.

Definition 76 (Graph product). [84, §2], [56, §2.1]Given a collection of monoids (Mv)v∈V with
presentation Mv = ⟨Xv;Rv⟩ and an independence set I of edges between them,
their graph product is the monoid with presentation MV,I = ⟨X;R⟩ where
X = ⊔vXv and R = ⊔vRv ⊔R1 ⊔RI . The relation R1 = {1v = 1} identifies the
identities in each vertex with the identity of the graph product and the relation
RI = {(xi ∗ xj , xj ∗ xi) ∶ xi ∈ Mi, xj ∈ Mj , (Mi,Mj) ∈ I} identifies monomials
that can be obtained transposing juxtaposed letters of independent monoids.

In particular, when Mv = ⟨v⟩ is the free monoid on one letter, the graph
product with independence set I gives the partially commutative monoid ⟨X;C⟩
with independence set I. When each vertex is a general monoid, it follows from
Lemma 73 that Gröbner basis computation can be performed locally on each
vertex monoid for monomial replacements [1].

Proposition 77. Let MV,I be the graph product of monoids (Mv)v∈V , where
Mv = ⟨Xv;Rv⟩, and let Fv ⊂ k⟨Mv⟩ be a collection of two terms polynomials
with Gröbner basis Gv for each vertex. Then, the Gröbner basis of F = ⊔v Fv
in the graph product MV,I with partially commutative letters is the union of the
local Gröbner bases, G = ⊔vGv.

Proof. Since F is a collection of polynomials with two terms, Lemma (73)
reduces the minimal obstructions to overlaps. Polynomials acting on different
vertices do not share any letter, so there are no overlaps between them.

This means that the representation for partially commutative words already
deals with all obstructions that appear between the Gröbner bases and the
commutation relations.

Example 78 (Pentagon graph). Consider the pentagon graph product MV,I ,
where each vertex is a free monoid ⟨Xv⟩ and the collection of two terms poly-
nomials Fv = {x2

v −xv ∶ xv ∈Xv}. First, notice that Fv is a Gröbner basis, since
the non-redundant obstructions, S = x2

v ∗ xv − xv ∗ x
2
v = 0, are trivial. Thus,
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F = ⊔vFv is a Gröbner basis in the graph product MV,I with the representation
as partially commutative words. However, additional constraints are required
in the non-commutative setting. In particular, when ∣Xv ∣ > 1, there exists no
finite Gröbner basis in the non-commutative setting. Already the commuta-
tion relations require an infinite Gröbner basis, since there exist no transitive
orientation for the pentagon graph (recall Example 54).

Commutations and local operations

The simplest attempt to capture a notion of independence in algebraic terms
may be through commutativity. Commuting objects are independent in the
sense that the order in which they appear with respect to each other is not
relevant. In the context of quantum theory, the functional calculus for normal
operators guarantees that commuting self-adjoint operators can be jointly di-
agonalized (see [41, §IX.2] or [85, Theorem 5.21]), thus represent compatible
quantum operations that can be simultaneously performed. A different notion
of independence amounts to a factorization of the operator algebra into local al-
gebras, B(H) = ⊗s B(Hs). While local operators commute, the converse is not
true. Remarkably, there exist commuting operators that can not be arbitrar-
ily approximated with tensor factors [86, 87]. However, for finite dimensional
Hilbert spaces both paradigms are equivalent [88, Theorem 1].

Given an alphabetX with some commutation relations, we can divide it into
subsets of letters that reproduce the commutation relations. First, group letters
with the same commutation relations into subsets so thatX = V1⊔. . .⊔Vk and let
V = (V1, . . . , Vk). We obtain the commutativity graph, G = (V,E), connecting
sets of commuting letters. Then, consider the local algebra A = ⊗I AI , where
I ranges over all independent sets in G, that is, totally disconnected subsets of
vertices. The letters in Vi act locally over A(i) = ⊗I(i)AI(i), where I(i) ranges
over all independent sets in G containing Vi.

Example 79. Take the graph with four vertices V = (V1, V2, V3, V4) and edges
E = {(V1, V2), (V1, V3), (V1, V4), (V2, V3)}. The independent sets are {V1}, {V2},
{V3}, {V4}, {V2, V4} and {V3, V4}. Thus, we have a local algebra with six fac-
tors, A = A1 ⊗A2 ⊗A3 ⊗A4 ⊗A24 ⊗A34. Operator representations for letters
in V1, V2, V3 and V4 respectively act on the subalgebras

A(1) = A1 , (2.32)
A(2) = A2 ⊗A24 ,

A(3) = A3 ⊗A34 ,

A(4) = A4 ⊗A24 ⊗A34 .
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V1

V2 V3

V4

A1

A2 A3A24 A34

A4

This corresponds with Example 74 collecting letters with same commutations.

2.3 Dimension constraints

Given a polynomial optimization problem, [Definition 40](p,G,R) on k⟨M⟩, we may be in-
terested in optimizing over evaluations (λ,ψ) of bounded dimension. That is,
ψ ∶ k⟨M⟩ → B(H) with dimH ≤ d. For finite dimension, the commutativity
paradigm is equivalent to the tensor product paradigm. The local structure
H = ⊗s∈SHs can be obtained with the procedure employed in Example 79. In
this case, it is possible to bound the dimension of each local factor, dimHs ≤ ds.
Thus, for d ∶ S →N∪ {∞}, we denote (p,G,R)d the corresponding polynomial
optimization problem with dimension constraints.

One way of ruling out undesired evaluations is to impose additional polyno-
mial constraints on the problem that are satisfied by matrices of a fixed finite
dimension [29]. That is, we can extend G with a collection of matrix polyno-
mial identities satisfied by matrices of size d [58, 89, 90, 91]. For instance, all
polynomial identities for matrices of size two are a consequence of Hall and
completely antisymmetric polynomial identities [29, §III],

[[x1, x2]
2, x3] = 0 & ∑

σ∈S4

sign(σ)xσ(1)xσ(2)xσ(3)xσ(4) = 0 (2.33)

for all x1, x2, x3, x4 ∈ B(k
2). These have degrees five and four respectively.

Thus, the optimal value of (p,G,R)d can be approximated extending G with
a collection of matrix polynomial identities MPI(d) for the prescribed dimen-
sions. This corresponds with the problem (p,G ∪MPI(d),R) [29, §III],

max p (2.34)
s.t. r ≥ 0 ∀r ∈ R ,

q = 0 ∀q ∈ Q

t = 0 ∀t ∈MPI(d) .

An alternative complete hierarchy of semidefinite programming relaxations
for the dimensionally constrained polynomial optimization problem was pro-
posed in [92, 29]. This approach consists in restricting the moment matrices
in the moment relaxations in Eq. (1.33) to belong to the linear space spanned
moment matrices of the target dimension, which can be obtained sampling.
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The drawback of this method is that numerical errors in Gram-Schmidt or-
thonormalization procedure become unstable at some critical basis size. More
stability can be attained with Hausenholder reflections [93], or the linear sub-
space can be obtained with symbolic computations [29, §III]. These techniques
were adapted in [3] to accommodate operators with overlapping supports. More
concretely, one samples a state ρ and operators X on the target dimension and
construct moment matrices M , with

Mu,v = tr[ρu∗(X)v(X)] (2.35)

indexed by a basis I of a linear subspace V ⊂ k⟨M⟩, until their linear span
stabilises at M(d). Similarly, for each constraint s ∈ S one samples the
spaceMs(d) spanned by the corresponding localizing matrices. The following
semidefinite programming relaxations are complete [29, §IV],

max ∑
w

pwMw (2.36)

s. t. M1 = 1 ,
M,Ms

≥ 0 ,
M ∈ M(d),Ms

∈ M
s
(d) .

That is, for subspaces V converging to k⟨M⟩, the corresponding semidefinite
program optimal solutions converge to the optimal solution of (p,G,S)d.

Operators with overlapping supports
We illustrate convergence in the setting in Example 79. Consider a polynomial
optimization problem (p,G,S)d on k⟨X⟩, where the letters are divided into four
subsets X = V1∪V2∪V3∪V4, each one acting on a local subalgebra. Namely V1,
V2 and V3 acts on factors H1, H2 and H3, while V4 acts on H2⊗H3 (corresponds
with A2, A3 and A4 being trivial in Example 79). The dimensions of the local
factors are bounded by d = (d1, d2, d3, d2d3). We now want to optimize over all
evaluations (λ,ψ) given by ψ ∶X → B(H1 ⊗H2 ⊗H3) where

ψ ∶V1 → B(H1) (2.37)
ψ ∶V2 → B(H2)

ψ ∶V3 → B(H3)

ψ ∶V4 → B(H2) ⊗ B(H3)

and states λ ∈ S(H1 ⊗H2 ⊗H3) where dimHi ≤ di for i = 1,2,3.

H1

H2 H3
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We follow the sampling technique [92] and consider the dimensionally con-
strained semidefinite programming relaxations in Eq. (2.36). Let p∗ denote the
optimal value of the polynomial optimization problem (p,G,S)d and pI the
optimal value of the relaxation spanned by a basis vector I. By construction,
p∗ ≤ pI . We show that in the limit when the indexing sequence I spans the
whole space, k⟨X⟩, the converse also holds.

Claim 80. There exists a limiting sequence of moments ŷ.

Proof. Same as Claim 46.

Let p̂ = limI pI denote the limiting optimal value of the relaxations. The
next step is to construct from the infinite sequence of moments, ŷ, a triple
(Ĥ, X̂, ψ̂) attaining the value p̂. For this, we perform the GNS construction.

Claim 81. There is a triple (Ĥ, X̂, ψ̂) attaining the value p̂.

Proof. Same as Claim 47.

By construction, the expectation value of p(X̂) over the state ψ̂ is precisely
p̂. The last step to show that p̂ ≤ p∗ is to decompose the Hilbert space and the
bounded operators in a direct integral of spaces that factorize as H1⊗H2⊗H3.
This way, p̂ is a convex combination of feasible values of (p,G,S)d, and hence
can not exceed the optimal value p∗. The following claim is adapted from [29,
§IV] to accommodate measurements with overlapping supports.

Claim 82. Assume each Vi is closed [29, §IV]under involution and 1 ∈ ⟨Vi⟩/⟨G⟩. Then,
the value p̂ is a convex combination of feasible values for (p,G,S)d.

Proof. Denote by Ai the *-algebra generated by the operators in X̂ correspond-
ing to letters in Vi, which by assumption is closed under adjoints and contains
the identity. Then, A′′i is a von Neumann algebra over the separable Hilbert
space Ĥ [49, Theorem 3.9] and hence decomposes as a direct integral of factors
[49, §IV.8],

A′′i = ∫ Ai,zdµ(z). (2.38)

By construction these factors must satisfy all matrix polynomial identities for
dimension di, which excludes factors of type In for n > di and factors of types
II and III [29, Appendix A]. Thus, each Ai,z is isomorphic to B(Hi,z)⊗1 where
dimHi,z ≤ di, and we can assume an equality up to an isometric embedding.

In each sector z, the intersection of commuting factors must be trivial

C1 ⊃ A1,z ∩ (A2,z ∪A3,z ∪A4,z), (2.39)
C1 ⊃ A2,z ∩ (A1,z ∪A3,z),

C1 ⊃ A3,z ∩ (A1,z ∪A2,z),

C1 ⊃ A4,z ∩A1,z.
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Counting dimensions shows that the Hilbert space in each sector decomposes
as Hz = H1,z ⊗H4,z with H4,z = H2,z ⊗H3,z. Moreover, for each constraint
s ∈ S, s(X̂) ≥ 0 implies s(X̂z) ≥ 0, where X̂i,z corresponds with the direct
component of the operator X̂i acting on Hz. Thus, p̂ is a convex combination
of feasible values for (p,G,S)d.

In particular, the assumptions in Claim 82 hold when the letters describe
measurement effects whose support may overlap. These scenarios, considered
in [3], are discussed in Chapter 3 (see Section 3.4).

2.4 Computational reductions

As we discussed in Section 1.6, there is no general method to choose a relaxation
subspace giving good bounds for a polynomial optimization problem. The
standard approach is to choose subspaces Vd spanned by all monomials up
to degree d, which grow very fast. In such a case, one soon encounters a
semidefinite program too big to handle. In this last section, we review some
general tools to reduce both the size of the subspaces and the computational
cost of the corresponding relaxations. We can classify them into sparsity [94,
95, 96, 60], symmetry [97, 98] and Jordan algebra [99] reductions.

Sparsity reductions
There are different notions of sparsity. For polynomial optimization, we distin-
guish correlation sparsity for few products in the monomials and term sparsity
for few terms in the polynomials [95, 96]. For general semidefinite programs,
we also have data sparsity for few non-zero terms in the input data [94]. All
these forms of sparsity can be exploited both to reduce the computational cost
of the semidefinite programming relaxations and to design reduced relaxations.

Correlation sparsity techniques [60, §6.2] reduce the problem neglecting
monomial products that do not contribute to the sparsity pattern determined
by the monomials in the support of the objective and constraint polynomials.

Definition 83 (Sparsity pattern).[60, §1.2] A matrix A ∈ Mat(n) is said to have
sparsity pattern given by a graph G = ([n],E) when Aij = 0 for all (i, j) /∈ E.
The collection of matrices with sparsity pattern G is denoted MatG(n). When
the graph is chordal, that is, every cycle of length more than three has an
edge between non consecutive vertices, positive matrices decompose into positive
blocks for each maximal clique of G (these may overlap) [60, Theorem 1.4].

This can reduce polynomial optimization problems [60, §3.1, §6.2]. Consider
a problem (p,∅, S) in commutative variables and a sequence of monomials I
indexing the matrices of moments in the semidefinite programming relaxations.
Start from the sparsity pattern G determined by the connections between vari-
ables in the objective p and the constraints s ∈ S. That is, G = (X,E) where
(xi, xj) ∈ E if either (i) xi and xj appear in some monomial in the support of
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p or some s ∈ S; or (ii) xi and xj appear in terms of some s ∈ S. Let G′ be a
chordal extension of G with maximal cliques I1, . . . , Ip, and let Si ⊂ S be those
constraints involving variables in Ii. Then, t − p is positive over S if and only
if there exist a sum of squares decomposition [60, Theorem 3.8]

t − p = ∑
i

(σi + ∑
s∈Si

σi,ss) , (2.40)

where σi and σi,s denote sum of squares polynomials in k[Ii].
This certificate for positivity can be turned into a complete hierarchy of

sparsity reduced semidefinite programming relaxations [60, §3.3],

max ∑
w

pwyw (2.41)

s. t. y1 = 1 ,
M(Ii) ≥ 0 ,M(Ii) ∈ M(Ii) ,
Ms
(Ii) ≥ 0 ,Ms

(Ii) ∈ M
s
(Ii) .

Here, M(Ii) is the matrix of moments involving variables only in Ii and Ms(Ii)
is the localizing matrix of a constraint s ∈ Si involving variables in Ii. Moments
must be compatible on the intersections, namely, M(Ii)u,v =M(Ij)u′,v′ when-
ever u∗v = u′∗v′ ∈ ⟨Ii⟩ ∩ ⟨Ij⟩. Optimal solutions of (2.41) converge to the
optimal solution of the optimization problem (p,∅, S) for increasing monomial
bases [60, Theorem 3.6], assuming archimedeanity condition is satisfied at each
clique. That is, there are natural numbers Ni such that Ni −∑x∈Ii

x2 ∈ Q(Si)
is a localized sum of squares. However, for a fixed monomial basis the spar-
sity reduced bound may be weaker than the bound in the dense relaxation
because of additional linear constraints on the moment matrix [60, Remark
3.7]. Analogous reductions exist for non-commutative polynomials [96] relying
on amalgamation of C*-algebras (see [60, §6.4]).

Term sparsity provides a different source to reduce polynomial optimization
problems exploiting the number of terms appearing in the polynomials. The
first example of term sparsity reduction is Newton method [100, 101], which
prunes unnecessary monomials in the sum of squares decomposition. Thus, we
can restrict the monomial basis I in the semidefinite programming relaxations
to smaller subsets enhancing the computational performance.

Example 84 (Newton method). [60, §7.1]Consider an unconstrained polynomial opti-
mization problem (p,∅,∅) in k[X] with n generators. Monomials in [X] are
fully specified by their exponents, we write xa = xa1

1 . . . xan
n for a ∈ Nn. The

product of monomials translates into addition of their exponents, thus a decom-
position p = ∑i f

2
i limits the exponents that can appear in fi. In particular, the

exponents of all the polynomials in the decomposition must be inside

N(p) = conv{a/2 ∈ Rn ∶ xa ∈ supp(p)} ∩Nn , (2.42)

which is called the reduced Newton polytope of p.
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Newton method can also be extended [102, Algorithm 2.2] to unconstrained
polynomial optimization problems in non-commutative variables k⟨X⟩ and
commutative problems (p,G,∅) in k[X] with equality constraints [99]. The
reduced Newton polyotpe in the latter case is given by [99, §III]

N(p,G) = {b ∈ supp(⌜xa⌝) ∶ a ∈ S/2 ∩Nn} , (2.43)

where ⌜xa⌝ denotes the canonical form of the monomial xa ∈ [X] with respect
to the complete set of replacement rules determined by a Gröbner basis for G
and S = ⋃g∈G supp(g)[X] ∪ supp(p).

Exploiting term sparsity in commutative and non-commutative constrained
optimization problems involves a more sophisticated iterative protocol of sup-
port and chordal extensions over the Newton polytope [96]. The procedure
produces sequences of graphs G(i)0 and G

(i)
s that give rise to the semidefinite

programing relaxations [60, §10.1]

max ∑
w

pwyw (2.44)

s. t. y1 = 1 ,

G
(i)
0 ○M ∈ PSD(G(i)0 ) ,M ∈ M

G(i)s ○M
s
∈ PSD(G(i)s ) ,Ms

∈ M
s .

Here, G ○M denotes the matrix obtained from M setting Mu,v = 0 for all pairs
(u, v) /∈ E(G) and PSD(G) is the set of matrices with sparsity pattern G that
admit a positive semidefinite completion. These relaxations give upper bounds
for the dense relaxation at each sublevel i. Moreover, these sparse bounds
recover the dense bound at some finite step when the procedure is performed
with maximal chordal extensions [60, Theorem 10.1]

Last, data sparsity provides another source of reduction that exploits spar-
sity in the data defining a semidefinite program [94] that is not restricted to
polynomial optimization problems. In particular, we can restrict the feasible
region of a semidefinite program

max ⟨C,X⟩ (2.45)
s.t. ⟨X,Ai⟩ = bi ,

X ≥ 0 ,

to the matrix *-algebra generated by the objective function C and the linear
constraints Ai preserving the optimal solution [94, Theorem 2]. Data sparsity
can also be combined with term and correlation sparsity reductions.

Symmetry reduction
A problem being invariant under some action manifest the presence of symme-
tries that can be exploited to reduce both its description and computational
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cost. Here, we consider monomial symmetries to reduce the semidefinite pro-
gramming relaxations of polynomial optimization problems [97, 98].

Let G be a finite group [97, §3]with a unitary action on a Hilbert space H, that is,
⟨g(x), y⟩ = ⟨x, g−1(y)⟩ for all x, y ∈H and g ∈ G. A semidefinite program

max ⟨C,X⟩ (2.46)
s.t. X ∈X0 + L ,

X ≥ 0 ,

is invariant under the action of G if g(C) = C, g(X0) = X0 and g(L) ⊂ L for
all g ∈ G. Since the action is unitary, ⟨g(C),X⟩ = ⟨C, g−1(X)⟩, the optimal
solution of invariant programs is preserved under symmetrization. That is,

max ⟨C, X̃⟩ (2.47)
s.t. X̃ ∈X0 + L ,

X̃ ≥ 0 ,
X̃ = g(X̃) ∀g ∈ G,

preserves the optimal solution [97, Theorem 3.3]. The symmetrized semidef-
inite program identifies variables in the same orbit under the action of G,
reducing its size. Moreover, positive semidefinite matrices commuting with
the action of a finite group G admit a Wedderburn decomposition X̃ = ⊕i X̃i

into positive sedemidefinite blocks [97, §4] that corresponds with irreducible
representations of G and can often be obtained explicitly with representation
theoretical techniques [103, §2.7].

In particular, a unitary action of a finite group G on k⟨M⟩ induces a uni-
tary action on the Hilbert space of matrices indexed with elements I ⊂ k⟨M⟩.
Indeed, assume that I is closed under the action of G (g(u) ∈ I for each u ∈ I)
and take g(M)u,v = Mg(u),g(v). The semidefinite programming relaxation for
the polynomial optimization problem (p,∅, S) is invariant under the action of
G whenever g(p) = p and g(s) ∈ Q(S) is a localized sums of squares for each
s ∈ S and g ∈ G. However, we can not restrict a sum of squares decomposition
to the symmetric subspace under the action of G [97, Example 5.1].

Jordan algebra reduction

Explicitly finding symmetries of an optimization problem can be challenging.
An alternative axiomatic approach was introduced in [104], characterizing those
subspaces that preserve optimal solutions. Under mild structural assumptions
that are satisfied in semidefinite programs, the smallest such subspace can
be constructed with a procedure of completing squares. Moreover, there are
efficient linear approximations to the optimal invariant subspace.
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Consider the primal-dual pair of semidefinite programs

max ⟨C,X⟩ (2.48)
s.t. X ∈X0 + L

X ≥ 0 ,
min − ⟨X0, Y ⟩ (2.49)
s.t. Y ∈ C + L⊥

Y ≥ 0 .

Following [104, §2.1], we say a projector PV projects into an invariant subspace
V if it preserves (i) positivity, PV (A) ≥ 0 for all A ≥ 0, (ii) primal feasibility,
PV (X0 + L) ⊂ X0 + L, and (iii) dual feasibility, PV (C + L⊥) ⊂ C + L⊥. This is
enough to preserve the primal and dual cost functions [104, Proposition 2.1].
That is, we preserve the optimal value when we restrict our problem to an
invariant subspace [104, Proposition 2.3],

max ⟨PV (C),X⟩ (2.50)
s.t. X ∈ PV (X0) + L ∩ V

X ≥ 0 ,
min − ⟨PV (X0), Y ⟩ (2.51)
s.t. Y ∈ PV (C) + L

⊥
∩ V

Y ≥ 0 .

Conditions (ii) and (iii) are equivalent to PL(C), PL⊥(X0) ∈ V and PL(V ) ⊂ V .
Moreover, when V is an Euclidean Jordan algebra, condition (i) is equivalent
to {A2 ∶ A ∈ V } ⊂ V [104, Theorem 3.1]. That is, V contains all its squares.

Definition 85 (Jordan algebra).[105, §II.1] A commutative algebra (A,+,0,∗) over k
that satisfies Jordan identity, (a ∗ b) ∗ (a ∗ a) = a ∗ (b ∗ (a ∗ a)) for all a, b ∈ A,
is called Jordan algebra. An associative algebra (A,+,0, ○) defines a Jordan
algebra with the symmetrized product a ∗ b = (a ○ b + b ○ a)/2, these algebras
are called special. A Jordan algebra is Euclidean[105, §III.1] if it has an inner product
satisfying ⟨a ∗ b, c⟩ = ⟨b, a ∗ c⟩ for a, b, c ∈ A. Euclidean Jordan algebras are
unital and their squares form a self-dual convex cone, K = {x ∗ x ∶ x ∈ A}.[105, §III.2]

In particular, symmetric real matrices or hermitian complex matrices form
Euclidean Jordan algebras with respect to the symmetrized matrix product.
This gives Algorithm 4 [104, Theorem 3.2] to construct the smallest invariant
subspace, which is a Jordan subalgebra V . Moreover, let A be the matrix
*-algebra generated by V and A = ⊕iAi its Wedderburn decomposition into
simple ideals. If V coincides with the symmetric elements of A, then the
symmetric elements of each Wedderburn factor of A decompose V into simple
ideals [104, Proposition 2.9].

The outcome of Algorithm 4 is optimal in the sense that it produces a
block-diagonal structure that is majorized by any other reduction leaving in-
variant the optimal solution [104, Theorem 4.1]. Notice that the step of square
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Jordan algebra reduction

Completion procedure to obtain the smallest Jordan algebra for the
semidefinite programs (2.48) and (2.49) [104, Theorem 3.2].

Algorithm 4 Optimal invariant subspace
1: V ← span{PL(C), PL⊥(X0)}
2: V ← V + PL(V )
3: V ← V + {A2 ∶ A ∈ V }
4: Repeat 2 and 3 until V stabilizes

completion is non linear and may be expensive to implement. However, two
efficient combinatorial relaxations to this optimal subspace are provided in
[104, §5]. One gives the optimal partition subspace and other the optimal re-
lation subspace, which are particular cases of 0-1 subspaces and admit efficient
descriptions. Moreover, the optimal 0-1 subspace is at least as small as any
symmetry reduced space [104, §5] and data sparsity reduced space [104, §6].





Chapter 3

Correlation Settings

This section focusses on characterizing quantum behaviours from measurement
correlations. In other words, we aim to identify which physical correlations are
compatible with quantum theory. First, we recall how quantum correlations
in Bell scenarios are characterized with polynomial optimization. Then, we
introduce correlation settings, which can be understood as more general Bell
experiments that permit overlapping measurements. We then propose complete
hierarchies to characterize quantum behaviours in these settings and investigate
novel practical applications. After that, we compare them with the family of
measurement protocols known as contextuality scenarios, which also can be
understood as generalizations of Bell scenarios but on a different direction.
Last, we discuss how correlation settings accommodate several problems in
quantum information such as the quantum marginal problem, the existence of
absolutely maximal entanglement, or ground energies of local Hamiltonians.

3.1 Bell scenarios

Bell scenarios are local measurement protocols in multipartite systems. Some
measurement correlations obtained from these protocols are not compatible
with the hypotheses of locality (space-like separated systems do no influence
each other) and realism (physical quantities have well defined values that are
revealed in the measurement process) [14], which are termed nonlocal. Bell
experiments had not only breakthrough consequences in foundations of physics
but also finds several technological applications. Nonlocality gives advantages
in several informational tasks including conjugate coding [17], key distribution
[18] communication complexity [19] or randomness verification [20]. Thus, it is
an important problem to determine those resourceful nonclassical behaviours
that can be obtained with quantum systems. For this, one needs to consider all
possible physical realizations compatible with quantum theory, which requires
exploring all possible evaluations on Hilbert spaces.

61
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Characterization from Polynomial Optimization
Quantum observables are represented as self-adjoint bounded operators over
a Hilbert space. Thus, to explore all quantum realizations of a measurement
protocol one has to consider all possible representations of the measurement
effects as self-adjoint bounded operators over some Hilbert space. When the
effects are expected to satisfy prescribed polynomial relations, quantum real-
izations correspond to feasible solutions of a polynomial optimization problem
(1.21). The hierarchies of efficient relaxations described in Section 1.6 can be
used to characterize quantum behaviours [2] (see also [15, §II.A.3]) and the
maximum quantum value of Bell functionals [28, §5] (see also [15, §II.C.1]).

Take the Bell scenario B(2,2,2) with two parties performing two dichotomic
measurements. Consider the alphabet X = (Aa∣x,Bb∣y ∶ a, b, x, y ∈ [2])1, where
letter Aa∣x corresponds to the effect with outcome a for measurement x per-
formed by the first party, and Bb∣y the analogue for the second party. The
behaviour of projective effects is captured by the polynomial constraints

0 = A2
a∣x −Aa∣x , 0 = B2

b∣y −Bb∣y , (3.1)
0 = 1 −∑

a

Aa∣x , 0 = 1 −∑
b

Bb∣y , (3.2)

and the local structure is encoded in the commutativity constraints

0 =Aa∣xBb∣y −Bb∣yAa∣x . (3.3)

Notice that the constraints above form a Gröbner basis, thus can be efficiently
implemented as replacement rules both reducing the number of variables and
removing the need to introduce localizing matrices. Moreover, the represen-
tation of polynomials in the partially commutative ring k⟨X;C⟩ automatically
takes care of the commutation relations in Eq. (3.3). Thus, the Gröbner ba-
sis is given by the projection constraints in Eq. (3.1), which can be efficiently
implemented as the level of multiplication.

Given an evaluation (λ,ψ) on some Hilbert space, Born’s rule produces a
probability model p ∈ Q,

p(a, b∣x, y) = λ(ψ(Aa∣xBb∣y)) . (3.4)

Thus, it is a feasible point of the semidefinite programming relaxations (1.33)

max 0[15, §II.A.3] (3.5)
s. t. y1 = 1 ,

yAa∣xBb∣y = p(a, b∣x, y) ,

M ≥ 0 ,
M ∈ M .

Completeness of the relaxations of polynomial optimization problem implies
that the converse is also true. That is, a probability model is quantum, p ∈ Q,
if and only if the relaxation (3.5) is feasible for every indexing sequence I.

1Given a natural number n, we denote [n] = {1, . . . , n}.
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Characterization from physical principles
Several physical principles have been proposed in the literature to character-
ize the set of quantum correlations. These include non trivial communication
complexity [106], no advantage for nonlocal computation [107], information
causality [108], macroscopic locality [109], local orthogonality [110] or many
box locality [111]. Despite ruling out certain non-signalling correlations, these
principles are not enough to characterize quantum correlations in arbitrary
settings. Recently, this goal was achieved [112] combining a principle that gen-
eralizes non-signalling to dilations, called non disturbance, with a compatibility
condition on local time orientations.

3.2 Correlation settings

Next, we introduce more general settings that account for measurements with
overlapping supports. Some examples were investigated in [3].

Definition 86 (Correlation setting). A correlation setting S is a collection of
triples (s, x, a). Each triple is called an event and we refer to x as the mea-
surement, a the outcome and s the system support. We denote the collection
of supports as S ∶= {s ∶ (s, x, a) ∈ S}. We say the setting has no overlap if the
elements of S are pairwise disjoint, otherwise we say the setting has overlap.

A setting S describes a measurement scenario in which different measure-
ments with different outcomes can be performed on different systems. Defini-
tion 86 is a natural generalization of the Bell scenario B(n,m,k), that consider
n parties performing m measurements with k outcomes, which corresponds to
the setting S = [n]×[m]×[k]. Measurements performed over different systems
are compatible, which means can be simultaneously performed. Thus we can
combine events whenever their supports do not intersect. This motivates the
following definition.

Definition 87 (Composite events). The composite events on the the corre-
lation setting S are triples of tuples recursively defined as (i) S ⊂ E and (ii)
e1∨e2 ∶= ((s1, s2), (x1, x2), (a1, a2)) ∈ E when e1 = (s1, x1, a1), e2 = (s2, x2, a2) ∈
E and s1∩s2 = ∅. Here, (s1, s2) denotes the concatenation of the tuples s1 and
s2, and the intersection is meant pairwise. In such a case, we say e1 and e2
are sub-events of e1 ∨ e2 and write e1, e2 ≤ e1 ∨ e2. This defines a partial order
on E that has e1 ∨ e2 as the least upper bound, which justifies our choice of
notation.

We identify elements in E that differ in a permutation applied to the three
tuples. Thus e1 ∨ e2 = e2 ∨ e1 works as a logical connective for events and E
can be understood as a bounded lattice with minimal elements S and maximal
elements m ∶= maxE. A physical model for the setting must assign to each
event a probability that is compatible with the partial order of the events.
That means, the probability of an event can be obtained from any composite
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event extending it by forgetting outcomes, which corresponds to taking the
marginal of a distribution with more independent variables.

Definition 88 (Probability model). A probability model p for the setting S
is a map p ∶ E→ [0,1] such that (i) ∑a p(s, x, a) = 1 for all (s, x, a) ∈ E and (ii)
p(s, x, a) = ∑ā p((s, s̄), (x, x̄), (a, ā)) for any ((s, s̄), (x, x̄), (a, ā)) ∈ E extending
(s, x, a) ∈ E. We denote the set of probability models as P(S).

Notice that condition (ii) implies that a model is fully specified by its val-
ues on the set m of maximal events. Models in certain correlation settings
convey fundamental properties of the underlying physical theories giving rise
to them. For instance, there are models in the Bell scenario S = B(2,2,2) that
are not compatible with local deterministic theories [14] but can be explained
within quantum theory. This motivates the definition of the following sets of
probability models.

Definition 89 (Local model). A probability model p ∈ P(S) is deterministic if
ran p ⊂ {0,1}. For each event (s, x, a) ∈ E, a deterministic model factorizes as
the product of its marginals, p(s, x, a) = ∏i pi(si, xi, ai). Local models, denoted
L(S), are the convex span of deterministic models.

Outcome probabilities in quantum theory are obtained with Born’s rule,
and essentially only this way [113], which justifies the following definition.

Definition 90 (Quantum model). A model p ∈ P(S) is quantum if for each
(s, x, a) ∈ E there exist a quantum state ρs and an effect Ea∣x on some Hilbert
space Hs such that (i) p(s, x, a) = tr(ρsEa∣x), (ii) Ea∣x = Ea1∣x1 ⊗ Ea2∣x2 and
Hs =Hs1 ⊗Hs2 when (s, x, a) = (s1, x1, a1) ∨ (s2, x2, a2) and (iii) the marginal
states ρs are compatible with a global state ρS on the global Hilbert space HS.
We denote the set of quantum models as Q(S), and Qd(S) those satisfying
the additional constraints (iv) dimHs ≤ d(s) for a given d ∶ S →N ∪ {∞}.

Condition (i) is Born’s rule, (ii) imposes that composite events are deter-
mined by its constituents, (iii) is the quantum marginal problem, i.e. each state
ρs is the reduction to subsystem s of a global state ρS , and (iv) are additional
constraints on the dimension. Again, it is enough to check the conditions on
the set m of maximal events. Notice that one can assume the effects to be
projectors going to a dilation [114]. Thus, one can replace effects by decom-
positions of the identity into orthogonal projectors in the definition of Q(S).
However, a dilation is not possible if the Hilbert space dimension is restricted.
The choice for effects in the definition is so that the sets Qd(S) are also convex,
thus more amenable to analysis.

Proposition 91. Let S be a correlation setting, we have the chain of inclusions

L(S) ⊂ Qd(S) ⊂ Qd′(S) ⊂ Q(S) ⊂ P(S) (3.6)

when 1 ≤ d ≤ d′ (in the sense d(s) ≤ d′(s) for each s ∈ ⋃S).
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Proof. All inclusions but L(S) ⊂ Qd(S) follow from the definitions. Also, that
these sets are convex. Thus, we only need to show that every local deterministic
model is already in Qd(S) when d ≥ 1. Take such a model, p, which is specified
by its values on maximal events. The one dimensional Hilbert space with
projectors Ea∣x = p(x, a)1 reproduces the probabilities and fulfills all conditions.

As mentioned before, probability models p ∈ Q(S) − L(S) can bring sig-
nificant practical consequences in conjugate coding [17], key distribution [18]
communication complexity [19] or randomness verification [20]. Furthermore,
models p ∈ P(S) − Q(S) can also bring significant post-quantum advantages
in certain information theoretical tasks such as random access codes [108, 115].
It is an important problem to characterise these different subsets. For this, we
use standard arguments in convex analysis.

Examples

When S has no overlap, the elements of the support S = {s1, . . . , st} are pair-
wise disjoint and events in S can be combined into global composite events.
That is, maximal events include all elements of S in their support, thus have
the form (a∣x) ∶= ((s1, . . . , st), (x1, . . . , xt), (a1, . . . , at)) ∈ m.

Example 92 (Bell scenario). Consider [15, §II.A]the Bell scenario B(2,2,2) where two
parties perform two measurements with two outcomes. The corresponding cor-
relation setting is S = [2] × [2] × [2]. The composite events E are all ele-
ments (ai∣xi) ∶= (i, xi, ai) in S and (a1a2∣x1x2) ∶= ((1,2), (x1, x2), (a1, a2)) for
x1, x2, a1 and a2 in {0,1}. Their partial order is illustrated in Fig. 3.1.

x1, a1

x2, a2

(x1, x2), (a1, a2)

Figure 3.1: Lattice of events E for Bell scenario S = B(2,2,2) = [2]×[2]×[2].
Each choice x1, x2, a1, a2 ∈ [2] gives an isomorphic section of the lattice.

A probability model is given by an assignment 0 ≤ p(a∣x) ≤ 1 for each
(a∣x) ∈ m such that (i) ∑a p(a∣x) = 1 for each x and (ii) it is consistent with
the order in E. Namely, ps2(a2∣x2) = ∑a1 ps1s2(a1, a2∣x1x2) for any x1. Thus,
the consistency conditions reduce to non-signalling in settings with no overlap.
Additionally, p is deterministic if p(a∣x) ∈ {0,1} for each (a∣x); and p is local
if it can be written as the convex sum of deterministic models. Notice that
checking this amounts to solving a system of linear equations with as many
variables as deterministic models exist in the setting (finite number).
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Example 93 (Bell scenario). Consider[15, §II.A] cf. Example 92 again the correlation setting S = [2]×3

corresponding to the Bell scenario B(2,2,2). There are four maximal mea-
surements, corresponding to x1, x2 ∈ {0,1}, with four possible choices for a
deterministic output, corresponding to a1, a2 ∈ {0,1}. Thus, there are 256 de-
terministic assignments p(a∣x) ∈ {0,1}. However, only sixteen of them satisfy
the consistency conditions, giving deterministic models p ∈ P(S) that span all
local models L(S). For instance, p(10∣00) = 1 = p(00∣01) is not possible for a
model p ∈ P(S), since there is no consistent assignment for p1(0∣0) and p1(1∣0).
Moreover, recall from Example 6 that there exist both nonlocal quantum models
p ∈ Q(S) − L(S) and post-quantum non-signaling models p ∈ P(S) −Q(S).

When the correlation setting S has overlap, events decompose into events
with different supports, E = ⊕σ Eσ. A probability model p ∈ P(S) gives by
restriction pσ = p∣Eσ ∈ P(Sσ) satisfying pσ1(s, x, a) = pσ2(s, x, a) for each com-
mon event (s, x, a) ∈ Eσ1 ∩ Eσ2 . Conversely, a collection of models pσ ∈ P(Sσ)

satisfying those compatibility conditions gives a joint model p = ⋃σ pσ ∈ P(S).
In particular, let S =S1⊕S2 be the union of settings with no common events2,
E1 ∩E2 = ∅. Then, P(S) = P(S1) ×P(S2) and since this correspondence pre-
serves deterministic models, also L(S) = L(S1) × L(S2). The situation is
similar for quantum models, Q(S) = Q(S1) ×Q(S2) since any p ∈ Q(S) gives
by restriction pi ∈ Q(Si) and conversely, the extension of a pair of quantum
models pi ∈ Q(Si) is again a quantum model p = p1 ∪ p2 ∈ Q(S). Indeed, let
ρi,s

3 and Ei,a∣x be the quantum states and effects corresponding with model
pi. The states ρs = ρ1,s ⊗ ρ2,s and the effects Ea∣x = E1,a∣x ⊗ 1 if (s, x, a) ∈ E1
and Ea∣x = 1⊗E2,a∣x if (s, x, a) ∈ E2, produce a quantum representation for the
model p ∈ Q(S). Notice that this argument fails when the dimensions are con-
strained, unless all quantum states (ρi,s)i,s are compatible with a joint state ρ
defined on the joint support. Thus, in general, Q(S)d ⊂ Q(S1)d ×Q(S2)d.

Example 94 (Overlapping Bell scenario).[3, §I] Take S = {0,1,{0,1}} × [2] × [2].
This corresponds with two systems performing two measurements with two out-
comes, and two additional global measurements with two outcomes. There
are two maximal disjoint supports, the tuple σ1 = ({0},{1}) and the singleton
σ2 = ({0,1}). Section Sσ1 coincides with the Bell scenario discussed in Exam-
ples 92 and 93. Section Sσ2 corresponds with a Bell scenario B(1,2,2) with
one party performing two measurements with two outcomes. Since σ1 and σ2 do
not share any element, there are no additional consistency constraints between
the sections, thus P(S) = P(Sσ1) × P(Sσ2) and L(S) = L(Sσ1) × L(Sσ2).
Also, Q(S) = Q(S1) × Q(S2), since the tensor product of models in S1 and
S2 give a model in S. However, this is not possible when there are dimension
constraints. Thus, we only have the inclusion Qd(S) ⊂ Qd(Sσ1) ×Qd(Sσ2).

2Notice that the supports Si = {s ∶ (s, x, a) ∈ Si} may overlap as long as they do not
share any measurement. That is, if s ∈ S1 ∩ S2 and (s, x, a) ∈ E1 then (s, x, a) /∈ E2.

3We take the one-dimensional state ρi,s = 1 when s /∈ Si for the ease of notation.
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0 1{0,1}

3.3 Complete hierarchy

The sets P(S), Q(S) and L(S) are convex and compact (closed and bounded)
subsets of some finite dimensional real Euclidean space VS. Thus, each set can
be characterized with linear functionals on VS. Namely, for each p ∈ VS−L(S)
there exists a linear functional β ∶ VS → R such that β∣L(S) ≥ 0 and β(p) < 0.
Linear witnesses for nonlocal models are typically called Bell functionals. The
collection of such linear functionals is the dual space of VS, denoted V ∗S.

Local probability models form a polytope and thus can be described with
finitely many linear functionals. Characterizing quantum models is more com-
plicated. However, there are complete semidefinite programming hierarchies
to approach Q(S) [2] and Qd(S) [92] in settings with no overlap. These
were adapted in [3] to settings with overlap. Assuming no common events,
Q(S) = ∏σQ(Sσ) and one can apply the hierarchies for settings with no over-
lap to each sector. However, for Qd(S) some extra effort is needed. We make
use of the complete hierarchies proposed in Section 2.3.

Consider the setting S = {0,1,2,{1,2}} × [2] × [2] corresponding to three
local algebrasA1⊗A2⊗A3 as in Example 79, with two dichotomic measurements
over each factor and two more on the joint factor A2 ⊗A3. Take the alphabet
X = (Aa∣x,Bb∣y,Cc∣z,Dd∣w), where all indices run through {0,1}. Letters Aa∣x,
Bb∣y and Cc∣z correspond to measurement effects on the local factors A1, A2 and
A3 while Dd∣w to measurement effects on A2⊗A3. The behaviour of projective
measurement effects is captured with the polynomial constraints

0 = A2
a∣x −Aa∣x , 0 = B2

b∣y −Bb∣y , 0 = C2
c∣z −Cc∣z , 0 =D2

d∣w −Dd∣w , (3.7)
0 = 1 −∑

a

Aa∣x , 0 = 1 −∑
b

Bb∣y , 0 = 1 −∑
c

Cc∣z , 0 = 1 −∑
d

Dd∣w , (3.8)

and the local structure is relaxed with the commutativity relations

0 =Aa∣xBb∣y −Bb∣yAa∣x , (3.9)
0 =Aa∣xCc∣z −Cc∣zAa∣x ,
0 =Bb∣yCc∣z −Cc∣zBb∣y ,
0 =Aa∣xDd∣w −Dd∣wAa∣x .

There are two maximal sections σ123 with supports ({0},{1},{2}) and σ14
with supports ({0},{1,2}). A pair of models p123 ∈ P(S123) and p14 ∈ P(S14)
is compatible on the intersections if p1

123(a∣x) = p
1
14(a∣x), where

p1
123(a∣x) = ∑

b,c

p123(a, b, c∣x, y, z) , (3.10)

p1
14(a∣x) = ∑

d

p14(a, d∣x,w) .
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In such a case, p = p123 ∪ p14 ∈ P(S) is a model on the joint setting. Moreover,
when p123 ∈ Q(S123) and p14 ∈ Q(S14), then p ∈ Q(S). However, it is not
the case in general that p ∈ Qd(S) when p123 ∈ Qd(S123) and p14 ∈ Qd(S14)
for some dimensional constraints d ∶ {0,1,2} → N ∪ {∞}. This is the case, if
the dimensionally constrained semidefinite programming relaxations (2.36) are
feasible. Namely,

max 0 (3.11)
s. t. y1 = 1 ,

yAa∣xBb∣yCc∣z = p123(a, b, c∣x, y, z) ,

yAa∣xDd∣w = p14(a, d∣x,w) ,

M ≥ 0 ,
M ∈ M(d) .

Here, M(d) denotes the linear space spanned by moment matrices obtained
sampling in dimension d until stabilized (see Section 2.3). For unconstrained
dimension, these hierarchies characterize the algebraic relaxations of quantum
behaviours that consider commuting operators instead of tensor factors.

3.4 Settings with shared components

Given the practical implications of special models in certain correlation set-
tings, it is important from a technical side to understand when different ap-
plications can be performed while sharing certain components to reduce costs.
Namely, if settings S1 and S2 have models giving advantages in two different
tasks, are there models in S = S1 ∪S2 giving advantages in both tasks when
some components are shared? This question was addressed in [3].

Recall[Definition 87] that E1 is a sub-lattice of E, thus a model p ∈ P(S) gives by restric-
tion p∣E1 ∈ P(S1) (assuming the measurements to have the same outcomes in
S and S1). Moreover, when p is local or quantum so is the restriction. Simi-
larly, any linear functional β ∈ V ∗S gives by restriction β∣VS1

∈ V ∗S1
. Conversely,

any β ∈ V ∗S1
gives by extension with zeros β̄ ∈ V ∗S, and β̄∣VS1

= β.
Given β ∈ V ∗S1

and γ ∈ V ∗S2
, the maximum value of β̄ + γ̄ can be attained

combining optimal strategies for β and γ. However, this is not possible with
constraints on the dimension, and some frustration between optimal strategies
may appear. Some examples are investigated in [3], using the hierarchies dis-
cussed in Section 3.3. This resembles the problem of frustration between local
Hamiltonians, in which not all terms can be simultaneously minimized.

Example 95 (Dimension witnesses).[3, §III] Consider the setting S =S12⊔S13 with
three local factors A1 ⊗A2 ⊗A3, where each S1s is a Bell scenario B(2,2,2)
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between A1 and As. Let β1s be the CHSH functional on S1s,

β1s = − p1s(00∣00) − p1s(01∣00) − p1s(10∣00) + p1s(11∣00) (3.12)
+ p1s(00∣01) − p1s(01∣01) − p1s(10∣01) + p1s(11∣01)
+ p1s(00∣10) − p1s(01∣10) − p1s(10∣10) + p1s(11∣10)
− p1s(00∣11) + p1s(01∣11) + p1s(10∣11) − p1s(11∣11) .

The joint functional β = β̄12 + β̄13 on S can be used to discriminate the lo-
cal dimension of the factor A1 [3]. Indeed, optimizing β on the semidefinite
programming relaxations 3.11 we obtain different values varying the dimension,

[3, Table I]β(p) ≤ 4.8284... ∀p ∈ Q(dimA1 = 2) , (3.13)
β(p) ≤ 5.1428... ∀p ∈ Q(dimA1 = 3) ,
β(p) ≤ 5.6569... ∀p ∈ Q(dimA1 ≥ 4) .

When dimA1 = 2, the maximal quantum value of β corresponds with the max-
imal quantum value of β12 and the maximal local value for β13, which is a
consequence of monogamy of entanglement [116]. When dimA1 ≥ 4, the max-
imal quantum value corresponds with the maximal quantum value of both β12
and β13, since A1 has enough dimension to accommodate one qubit maximally
entangled with A2 and other with A3. When dimA1 = 3, the maximal quan-
tum value is obtained numerically with relaxations (3.11). There is enough
dimension to overcome monogamy, but still some frustration between individ-
ual optimal strategies for β12 and β13.

Many questions about bipartite entanglement can be translated to Bell sce-
narios. For instance, whether a state is separable, entangled or even maximally
entangled [23, 24] (also [15, §III.A]). In the same spirit, problems about mul-
tipartite entanglement can be translated to correlation settings with shared
components, such as the existence of absolutely maximally entangled states.

Definition 96 (Absolutely maximal entanglement). [117, §II.A]A multipartite quantum
state, ρ ∈ ⊗s∈S B(Hs), is absolutely maximally entangled if it is maximally
entangled as a bipartite state across all bipartitions. Namely, if S = A⊔B = A∣B,
then ρ is maximally entangled in B(HA) ⊗ B(HB), where HX = ⊗s∈X Hs.

Absolutely maximally entangled states have practical importance in quan-
tum information science, since they are connected with optimal quantum error
correction codes [117] and the holographic principle [118]. The existence of ab-
solutely maximally entangled states can be answered from correlation settings.
Indeed, maximal entanglement across a bipartition can be self-tested with a
linear functional in a Bell scenario [25]. Thus, one just need to take the joint
functional over the correlation setting combining all those Bell scenarios.

Example 97 (Four qubits). Notice that maximal entanglement in bipartitions
into size two subsets already imply maximal entanglement in the bipartitions
into subsets of size one and three. For each bipartition S ⊔ T = {1,2,3,4}
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into size two subsets, consider a Bell scenario SS∣T = B(2,2,4) and a lin-
ear functional βS∣T self-testing for maximal entanglement in dimension four
using two measurements with four outcomes [25]. Then, the joint functional
β = β̄12∣34 + β̄13∣24 + β̄14∣23 self-tests for absolutely maximal entanglement in the
correlation setting S =S12∣34⊔S13∣24⊔S14∣23. That is, the maximum quantum
value of β̄12∣34, β̄13∣24 and β̄14∣23 can only be simultaneously attained with an
absolutely maximally entangled state of four qubits.

The maximal quantum value is given by the following polynomial optimiza-
tion problem with overlapping support and dimensional constraints,

max β̄12∣34 + β̄13∣24 + β̄14∣23 (3.14)
s. t. S2

a∣x − S
2
a∣x = 0 ,

[Sa∣x, Tb∣y] = 0 S ⊔ T = {1,2,3,4} ,
1 −∑

a

Sa∣x = 0 ,

where Sa∣x corresponds to the effect with outcome a ∈ [4] of measurement x ∈ [2]
performed on subsystem S ∈ {{1,2},{1,3},{1,4},{2,3},{2,4}}. The optimal
value can be relaxed with the semidefinite programs discussed in Section 2.3.

There exists no absolutely maximally entangled state with four qubits [119,
Theorem 1]. Thus, the maximal quantum value of β̄12∣34, β̄13∣24 and β̄14∣23
can not be attained. However, it is not simple to witness such frustration
in a semidefinite programming relaxation without a good choice for the sub-
space. The problem in Eq. (3.14) involves 36 non-commutative operators, so
the number of monomials grows fast with the degree even with the projection
constraints. Overcoming this computational limitations to exploit the practical
applications of correlation settings in quantum information was one of the main
motivations to explore the computational reductions discussed in Chapter 2.

3.5 Contextuality settings

A different approach to build measurement protocols can be found in the con-
textuality scenarios proposed in [120, 4], where the focus is on the compatibility
between effects and not the local structure in their supports. A contextuality
setting is specified by a graph G = (V,E), whose vertices correspond with out-
comes and whose edges with measurements [4, §2.2]. That is, all vertices in an
edge are compatible in the sense that each of them is the possible outcome of
a measurement. One can assign probabilities to the outcomes in different ways
and obtain probability models. In this section, we recall contextuality settings
in [4] to highlight how these differ with respect to correlation settings.

Definition 98 (Probability model).[4, §2.4] A probability model p for the contextual-
ity setting G = (V,E) is a map p ∶ V → [0,1] with the normalization conditions
∑v∈e p(v) = 1 for each e ∈ E. The model p is deterministic[4, §4.1] if ran p ⊂ {0,1} and
local if it is a convex combination of deterministic models. Denote P(G) the
collection of probability models and L(G) the collection of local ones.
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Outcome probabilities in quantum theory are obtained with Born’s rule,
and essentially only this way [113]. This justifies the following definition.

Definition 99 (Quantum model). [4, §5.1]A model p is quantum if there exist a
quantum state ρ and projectors Pv on a Hilbert space H such that p(v) =
tr(ρPv) for each v ∈ V and ∑v∈e Pv = 1 for each e ∈ E. We denote Q(G) the
collection of quantum models for G.

It is clear that L(G) and P(G) are convex. This is also the case for Q(G)
if the Hilbert space dimension is unconstrained. Given p, q ∈ Q(G) with corre-
sponding states ρ and σ and projectors Pv and Qv, the state λρ⊕(1−λ)σ and
the projectors Pv ⊕Qv give the model λp+(1−λ)q ∈ Q(G). Moreover, we have
the chain of inclusions L(G) ⊂ Q(G) ⊂ P(G). To prove the first inclusion it
is enough to show that deterministic models are quantum, which follows from
the assignment Pv = p(v)1 ∈ {0,1} and ρ = 1 in H = C.

Example 100 (n-outcome measurement). The hypergraph G = ([n],{[n]})
with n vertices and one hyperedge including all vertices corresponds with a
measurement with n outcomes. A probability model p ∈ P(G) assigns a proba-
bility p(v) to each outcome. All models in this setting are local, since we can
write p = ∑v p(v)δv, where δv(u) = δv,u is the deterministic model correspond-
ing with outcome v. This is not the case when there are vertices shared among
different edges.

⋯

Notice that we assign to each vertex v ∈ V a projector Pv and not a general
positive effect Ev. With general effects we can reproduce any probability model
p ∈ P(G) taking Ev = p(v)1. However, quantum models with projectors are
more restricted as the following examples shows.

Example 101 (Triangle setting). Take [4, Example 2.4.2]G = ({1,2,3},{{1,2},{2,3},{1,3}})
with three edges of two vertices each, and one vertex is shared between two edges
forming a triangle. The only probability model p ∈ P is the constant p = 1/2.
There are no deterministic models, thus no local models L = ∅. Moreover, there
are no quantum models since there exist no projector P satisfying P = 1 − P .

Several properties of probability models on contextuality settings are cap-
tured by combinatorial properties of the graph defining the setting [120, 4].
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Definition 102 (Confusability graph).[4, §2.3] The confusability or non-orthogonality
graph of a contextuality setting G = (V,E) is the graph ΓG = (V,EΓ) where
(v,w) ∈ EΓ when there is no edge e ∈ E containing both v and w. That is, v
and w are not effects of the same measurement and thus can be confused.

In particular, the confusability graph already captures all local models [4,
4.2.1]. Namely, p ∈ P(G) is local p ∈ L(G) if and only if α∗(ΓG, p) = 1, where α∗
is the fractional packing number of the graph. However, the confusability graph
fails to capture all the properties of a contextuality setting needed to character-
ize quantum models [4, 5.1.3]. Indeed, there exist contextuality settings G and
H with the same confusability graph ΓG = ΓH such that Q(G) = ∅ ≠ Q(H).

Example 103. Let G = ([3],{{1,2},{2,3},{1,3}}) be the triangle setting and
H = ([3],{[3]}) the setting with one measurement with three effects. In both
settings, each pair of vertices is contained in some edge. Thus, the confusability
graph has no edges ΓG = ([3],∅) = ΓH . Example 101 shows Q(G) = ∅. On the
other hand, P1 = 1 and P2 = P3 = 0 gives a quantum model p ∈ Q(H).

Remarkably, contextuality settings also include Bell scenarios [4, §3.4]. The
local structure of measurements in a Bell scenario can be encoded in a contex-
tuality setting. Clearly, every choice of local measurements x and y determines
a joint measurement xy. Probability models of this contextuality scenario cor-
respond with probability models in the Bell scenario. Moreover, non-signalling
conditions can be imposed by a more general composition of local edges [121]
that amount to joint measurements in which the choice of input of one party
may depend on the output of another.

Definition 104 (Foulis-Randall composition).[4, §3.1] Take contextuality settings
GA = (VA,EA) and GB = (VB ,EB). The Foulis-Randall composition G =
GA ⊗GB has vertices V = VA × VB and edges E = EA→B ∪EB→A. Here EA→B
includes all joint measurements for which the input of B depends on the out-
come of A.

The normalization conditions on the measurements EA→B give the non-
signalling B /→ A on the probability models of GA ⊗GB . This is illustrated in
example bellow.

Example 105 (Bell scenario).[4, §3.4] cf. Example 92 The Bell scenario B(2,2,2) consists of two
parties with two dichotomic measurements each. Probability models P(B) are
bipartite conditional probabilities such that ∑a,b∈{0,1} p(ab∣xy) = 1 for each x, y ∈
{0,1}. These correspond with probability models in the contextuality setting
with edges

e00 = {00∣00,01∣00,10∣00,11∣00} ,
e01 = {00∣01,01∣01,10∣01,11∣01} ,
e10 = {00∣10,01∣10,10∣10,11∣10} ,
e11 = {00∣11,01∣11,10∣11,11∣11} .
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This is the cartesian product of the settings BA(1,2,2) and BB(1,2,2) corre-
sponding to the local measurements. That is, P(BA ×BB) = P(B).

Now consider the joint measurement in which the first party perform local
measurement x = 0 and obtain output a ∈ {0,1}, then the other party performs
measurement y = a (similarly, y = 1 − a = ā). The corresponding edge is

e0a = {00∣00,01∣00,10∣01,11∣01} .

Normalization on e00 and e0a impose p(10∣00)+ p(11∣00) = p(10∣01)+ p(11∣01),
so the marginals p1(0∣0) and p1(1∣0) are well defined. The contextuality setting
with Foulis-Randall composition BA ⊗BB includes all those edges

EA→B = {e00, e01, e10, e11, e0a, e0ā, e1a, e1ā} ,

EB→A = {e00, e01, e10, e11, ea0, eā0, ea1, eā1} ,

giving all marginals p1(a∣x) and p2(b∣y). Thus, P(BA ⊗ BB) = N(B). Local
models in Bell scenario are given by convex combinations of deterministic non-
signalling models, thus L(BA ⊗BB) = L(B).

Quantum models for contextuality settings [4, §5.2]are obtained with Born’s rule,

p(ab∣xy) = tr(ρAa∣xBb∣y) (3.15)

for some state ρ and projective measurements Ax and By on some Hilbert
space H, such that Aa∣x and Bb∣y commute. Taking projectors Pab∣xy = Aa∣xBb∣y
and state ρ, we see p is a quantum model for the contextuality setting BA ⊗
BB. Conversely, given a state ρ and projectors Pab∣xy determining a quantum
model p ∈ Q(BA ⊗ BB), the marginals Aa∣x = ∑b Pab∣xy and Bb∣y = ∑a Pab∣xy
are well defined. Orthogonality conditions Pab∣xyPa′b′∣xy = δaa′δbb′Pab∣xy imply
[Aa∣x,Bb∣y] = 0 and p(ab∣xy) = tr(ρAa∣xBb∣y). Thus, Q(BA ⊗BB) = Q(B).

Notice that, contrary to what happens in contextuality settings, effects in
correlation settings, in particular Bell scenarios, can be taken to be general
positive operators. Indeed, going to a Stinespring dilation [114] we can rep-
resent general effects as projectors. Thus QG(B) = Q(B). However, we can
get any model in a contextuality setting with general effects, QG(BA ⊗BB) =
P(BA⊗BB) = N(B). This discrepancy occurs because the argument in Exam-
ple 92 showing that Q(BA ⊗BB) ⊂ Q(B) relies on the orthogonality relations
for projectors. This manifests a difference between correlation settings, which
focus on the local structure of measurements, and contextuality settings, which
focus on compatibility of deterministic outcomes assignments.

Notice that Foulis-Randall composition is not associative. That is, in gen-
eral GA ⊗ (GB ⊗GC) ≠ (GA ⊗GB) ⊗GC . These different ways of composing
multipartite settings come from the different ways in which the input of some
parties may depend on the output of others. However, all choices lead to the
same local, quantum and probability models [4, Theorem C.2.4] thus we denote
their Foulis-Randall composition as GA ⊗GB ⊗GC . This composition can be
adapted to multipartite contextuality settings with shared components.
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Example 106 (Composite setting with shared components). Let GA, GBC ,
GCD be contextuality settings on parties A, BC and CD respectively. We can
take compositions GA∣BC = GA ⊗GBC and GA∣CD = GA ⊗GCD. However, we
can not take the composition GBC ⊗ GCD since measurements over BC and
CD may not be compatible. Thus, we can define the most general composite
setting to be G = GA∣BC ∪GA∣CD. Local, quantum and probability models in G
are elements of the cartesian product of those models in GA∣BC and GA∣CD.

Composite contextuality settings corresponding to Bell scenarios with shared
components coincide with correlations settings discussed in Section 3.2 when
the dimension is unconstrained. In bounded dimension, models in correlation
settings invoke the quantum marginal problem through the dimension con-
straints on the local algebras of operators. In contextuality settings, however,
the constraints due to the local structure only appear through particular com-
positions of edges. Moreover, effects are assumed to be projectors, thus models
subject to dimension constraints do not form a convex set.

3.6 Local Hamiltonians

Definition 107 (Local Hamiltonian).[122, Definition 14.3] A local Hamiltonian is a self-adjoint
operator that decomposes as h = ∑s∈S hs, where hs has support Hs = ⊗i∈sHi,
for fixed Hi (typically finite). When ∣s∣ ≤ k for each s ∈ S, we say h is k-local.

The lowest eigenvalue of h is called ground energy, and can be computed
as min∑s∈S tr(ρshs) where the minimization runs over all marginals (ρs)s∈S
compatible with a global state ρ. That is, each ρs is the reduction of ρ to
subsystem s, obtained tracing out the remaining parties. When the elements
of the support S are disjoint, all terms commute and can be jointly diagonal-
ized. Thus the ground energy is the sum of the ground energies of each term
hs. In other words, the marginals are always compatible. However, when the
supports in S have overlap some frustration appear between local ground ener-
gies. Finding the ground energy becomes hard, since deciding the compatibility
between the marginals is QMA-complete [123]. The compatibility conditions
can be fully characterized in some settings [124], or relaxed to obtain efficient
approximations, for instance with entropy constraints [125]. Notice that the
compatibility conditions between quantum marginals also appear in the con-
sistency conditions on quantum probability models in correlation settings with
overlap, characterized with the hierarchies introduced in Section 3.3. This
provides necessary conditions for a collection of quantum marginals to be com-
patible with a joint quantum state.

Claim 108. Let (ρs)s∈S be a collection of quantum marginals, each with di-
mension ds, with supports S and compatible with a global state ρ. Let S be
a correlation setting with supports S. Then, for any choice of measurement
effects Es,a∣x the assignation p(s, x, a) = tr(ρsEs,a∣x) gives a model p ∈ Qd(S).

Proof. It follows from Definition 90 of Qd(S).
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Most physical Hamiltonians can be characterized algebraically from their
defining properties with a system of polynomial constraints. In these cases,
the ground state energy corresponds to the solution of a polynomial optimiza-
tion problem, as noted in [28, §5], and sum of squares decompositions have
proven to be a useful technique for analyzing these Hamiltonians [126, 127, 83].
Namely, let h = ∑s∈S hs be a local Hamiltonian whose terms are characterized
by polynomial equality and inequality constraints, G and R, possibly including
commutativity constraints that carry the local structure and matrix polyno-
mial identities for given dimensions. Take the alphabet X = (xs)s∈S and the
polynomial p = −∑s∈S xs ∈ k⟨X⟩. The ground energy of h is (changing the sign)
the optimal value of the polynomial optimization problem (p,G,R) on k⟨X⟩.

Example 109 (Quantum Max-Cut). [82, §1.2], [83, §1]The quantum max-cut Hamiltonian
for a graph G = ([n],E) acts on H = (C2)⊗n is given by

h(G) = ∑
(i,j)∈E

(1 −XiXj − YiYj −ZiZj)/2 , (3.16)

where Xi, Yi and Zi are the Pauli matrices acting on the local factor Hi = C
2,

X =
⎛

⎝

0 1
1 0

⎞

⎠
, Y =

⎛

⎝

0 −i

i 0
⎞

⎠
, Z =

⎛

⎝

1 0
0 −1

⎞

⎠
. (3.17)

There is an algebraic formulation [83, §2.3]in terms of transpositions (ij) ∈ Sn from
the symmetric group of n elements [83, Proposition 2.3],

h(G) = ∑
(i,j)∈E

2(1 − (ij)) , (3.18)

since the representation π of Sn in (C2)⊗n exchanging tensor factors, satisfies
π(ij) = (1 +XiXj + YiYj + ZiZj)/2. Thus, quantum max-cut is a polynomial
optimization problem in partially commutative variables (ij) ∈ Sn. The algebra
of transpositions (see Example 75) is characterized with constraints

(ij)(ij) = 1 , (3.19)
(ij)(jk) = (ik)(ij) ,

(ij)(kl) = (kl)(ij) .

The representation π above satisfies additional quadratic constraints

(ij)(jk) + (jk)(ij) = (ij) + (jk) + (ik) − 1 , (3.20)

which already imply the commutation relations. The ground energy of Eq. (3.16)
is thus lower bounded with (changing sign) the optimal value of the problem

max ∑
(i,j)∈E

2((ij) − 1) (3.21)

s. t. (ij)(ij) = 1 ,
(ij)(jk) = (ik)(ij) ,

(ij)(jk) + (jk)(ij) = (ij) + (jk) + (ik) − 1 .
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Equality constraints can be implemented as replacement rules given a Gröbner
basis. Thus, the optimal solution of Eq. (3.21) can be upper bounded with
semidefinite programming relaxations of the form

max ∑
(i,j)∈E

2(y(ij) − 1) (3.22)

s. t. y1 = 1 ,
M ≥ 0 ,
M ∈ M .

For the full graph with three elements, the first degree relaxation to the
algebraic Hamiltonian in Eq. (3.18) with the constraints in Eq. (3.19) reads

max 2(y(12) + y(13) + y(23) − 3) (3.23)

s. t.

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 y(12) y(13) y(23)

y(12) 1 y(132) y(123)

y(13) y(123) 1 y(132)

y(23) y(132) y(123) 1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

≥ 0 .

This has optimal value 0, which is already tight for Eq. (3.18) [83, Example 4.8].
Similarly, the first degree relaxation for constraints in Eq. (3.20) amounts to
the additional constraint y(123) = −1+y(12) +y(13) +y(23) −y(132), and again has
tight optimal value 0 [83, Example 4.11]. This coincides with the ground energy
of the max-cut Hamiltonian in Eq. (3.16), which can be obtained analytically
for full graphs [83, Lemma 2.12] among others [83, §6].



Chapter 4

Uncertainty Relations

This Chapter, based on [5], investigates the problem of uncertainty relations.
Uncertainty relations are arithmetical relations between operators that involve
non-linear terms in the expectation values. Thus, we make use of the frame-
work of state polynomial optimization [38] to tackle this problem. First, we
introduce a complete hierarchy of semidefinite relaxations to obtain tight uncer-
tainty relations. Next, we focus on the smallest non-trivial example, which are
additive uncertainty relations involving second degree correlations. We start
recalling known upper bounds for uncertainty relations of this kind [126, 128]
based on a combinatorial quantity known as Lovász number [129]. Last, we
propose an efficient subhierarchy of relaxations that can be understood as a
generalization of the Lovász bound in different directions.

4.1 Tight uncertainty relations

Given self-adjoint bounded operators over a finite dimensional Hilbert space,
A1, . . . ,An ∈ B(H), the tuples (a1, . . . , an) that can be obtained as expectation
values ai = ⟨Ai⟩ = λ(Ai) for some state λ ∈ S(H) [Definition 28] are charac-
terized by a semidefinite program of size dimH. In finite dimension, states
correspond with density matrices, ρ ∈ B(H) satisfying ρ ≥ 0 and trρ = 1, via
λρ(A) = tr(Aρ) for A ∈ B(H). Then, the semidefinite program reads

max 0 (4.1)
s. t. tr(Aiρ) = ai ,

tr(ρ) = 1 ,
ρ ≥ 0 .

When the operators are not given in a fixed representation A1, . . . ,An ∈ B(H)
but specified by some polynomial constraints S ⊂ k⟨X⟩, whereX is the alphabet
with one letter per operator, the tuples of compatible expectation values can
be characterized with a polynomial optimization problem (0,∅, S) in k⟨X⟩.

77
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The semidefinite programming relaxations of moments read

max 0 (4.2)
s. t. y1 = 1 ,

yxi = ai ,

M ≥ 0 ,M ∈ M ,

Ms
≥ 0 ,Ms

∈ M
s

∀s ∈ S .

Recall[Section 1.6] that M in Eq. (1.28) denotes the linear space of moment matrices and
Ms in Eq. (1.30) the linear space of moment matrices localized at s ∈ S.

Non-commutative polynomials, however, fail to characterize higher order
expressions in the expectation values. For instance, expectation values of Pauli
matrices form a unit sphere, called Bloch ball, that is in correspondence with
two dimensional quantum states [35, §5.2]. Thus, the expectations satisfy

⟨σx⟩
2
+ ⟨σy⟩

2
+ ⟨σz⟩

2
≤ 1[35, §5.2] (4.3)

and each tuple (⟨σx⟩, ⟨σy⟩, ⟨σz⟩) uniquely determines a state in B(C2). More-
over, relation (4.3) readily follows from the anti-commutativity between Pauli
operators and their normalization (see Example 110) and thus hold for any
collection of unitary mutually anti-commuting operators in any dimension.

Another paradigmatic example is given by Robertson relation [130],

(⟨A2
⟩ − ⟨A⟩2)(⟨B2

⟩ − ⟨B⟩2) ≥ ∣⟨AB −BA⟩∣2/4 .[7, Box 2.4] (4.4)

for any pair of (not necessarily bounded) hermitian operators A and B over H.
In particular, the position and momentum operators, X and P , have commu-
tator XP − PX = ih̵ and we obtain Heisenberg uncertainty principle,

(⟨X2
⟩ − ⟨X⟩2)(⟨P 2

⟩ − ⟨P ⟩2) ≥ h̵2
/4 .[7, Box 2.4] (4.5)

Interestingly, bounds in Eqs. (4.3) and (4.4) do not make use of the actual
representation of the operators. That is, they exploit an algebraic relation be-
tween the operators, anti-commutation for Eq. (4.3) and the commutator for
Eq. (4.4), and thus hold for any other representation of operators satisfying
those relations. In the same spirit, state polynomial optimization can be used
to derive the best possible bound for any polynomial expression involving ex-
pectation values that can be obtained with operators just from their algebraic
relations. Moreover, GNS construction provides theoretically, or in practice if
flatness condition in the state analogue of Lemma 48 is met, bounded operators
on a separable Hilbert space attaining the optimal value.

Recall a state polynomial optimization problem (p,G,S) in k⟨Sϱ(X)⟩ is[Definition 40, Definition 34]

max λ ○ ψ(p) (4.6)
s. t. ψ(g) = 0 ∀g ∈ G,

ψ(s) ≥ 0 ∀s ∈ S .
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The maximization runs over all *-representations ψ ∶ k⟨Sϱ(X)⟩ → B(H) and
states λ ∈ S(H) compatible with the state symbol. Thus, the sum of squares
or moment relaxations give efficient upper bounds for the uncertainty relations
described by p ∈ k⟨Sϱ(X)⟩ that hold for any operators satisfying the prescribed
relations. These relaxations are semidefinite programs over a finite subspace
V ⊂ k⟨Sϱ(X)⟩, and in the limit V = k⟨Sϱ(X)⟩, or when the flatness condition in
the state analogue of Lemma 48 is met, the optimal solution to the polynomial
optimization problem (4.6) is attained.

As we discussed in Section 1.6, there is no available procedure to choose the
subspace V efficiently for a general polynomial optimization problem. Poly-
nomial optimization is NP-hard already for quadratic constraints [63]. The
general approach is to consider the subspaces Vd spanned by all monomials up
to degree d. However, the number of state monomials grows very fast with
the degree and number of letters. Thus, in order to obtain good bounds one
may need to explore very large subspaces. In general, not all elements in V
contribute to the problem at hand. For instance, sparsity techniques discussed
in Section 2.4 exploit additional structure in the problem to discard terms that
do not contribute, thus reducing the size of the subspace in the relaxation. In
next section we design effective subspaces [5] that provide good bounds for a
selected class of uncertainty relations.

4.2 Additive uncertainty relations

Given a finite graph G = (X,E, ζ,∗) with edge weights ζuv ∈ k for (u, v) ∈ E and
involution ∗ on the vertices, consider the alphabet X, the state polynomial pX =
∑u∈X ϱ(u)ϱ(u

∗), and the collection I of polynomial constraints gu = uu∗ − 1
(unitarity) and gvw = vw−ζvwwv (commutation rules) for u ∈X and (v,w) ∈ E.
The polynomial optimization problem (p, I,∅) on k⟨Sϱ(X)⟩ reads

β(G) =max ∑
u∈X

ϱ(u)ϱ(u∗) [5, Equation 3](4.7)

s. t. uu∗ − 1 = 0 ∀u ∈X ,

uv − ζuvvu = 0 ∀(u, v) ∈ E .

These uncertainty relations, studied in [126, 128, 131], include the relation for
Pauli matrices in Eq. (4.3) and already find several applications in spectroscopy
and atomic clocks [36], and quantum metrology [37]. Considerable effort has
been dedicated to derive state-independent bounds [132, 133]. Here, we present
the approach based on state polynomial optimization proposed in [5].

Notice that unitarity constraints the weights to satisfy ∣ζuv ∣ = 1 for each
(u, v) ∈ E, since for any representation of u, v with operators U,V ∈ B(H) we
have 1 = ∥U∥ = ∣ζuv ∣ ∥V UV ∗∥ ≤ ∣ζuv ∣ and 1 ≥ ∥UV U∗∥ = ∣ζuv ∣ ∥V ∥ = ∣ζuv ∣. In
hermitian settings, i.e. the involution is the identity, this means ζuv ∈ {−1,1}.
When G is a full graph, k⟨X⟩/⟨I⟩ is a 2n-dimensional vector space over k
spanned by all subsets of letters, where n = ∣X ∣ is the number of letters.
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Example 110 (Pauli matrices). The graph G corresponding to three hermitian,
unitary anti-commuting operators has three vertices X = (x, y, z) with ζuv = −1
and v∗ = v for all u, v ∈X. Problem (4.7) reads

max ϱ(x)2 + ϱ(y)2 + ϱ(z)2 (4.8)
s.t. x2

= 1 , yz = −zy ,

y2
= 1 , zx = −xz ,

z2
= 1 , xy = −yx ,

and has optimal value 1, which is certified by the sum of squares decomposition

1 − ϱ(x)2 − ϱ(y)2 − ϱ(z)2 = ϱ([1 − xϱ(x) − yϱ(y) − zϱ(z)]2) . (4.9)

To see this, first notice that the moments can be taken to be real, since the prob-
lem is invariant under involution. Then, ϱ(xy) = ϱ(xy)∗ = ϱ(yx) = −ϱ(xy) = 0.
This recovers a representation-free version of relation ⟨σx⟩2 + ⟨σy⟩2 + ⟨σz⟩2 ≤ 1,
since Pauli matrices satisfy all constraints in Eq. (4.8). The bound is tight
since it matches the lower bound obtained with the one dimensional represen-
tation, λ ○ ψ ∶ k⟨Sϱ(X)⟩ → C, (x, y, z) ↦ (1,0,0). Alternatively, for the two
dimensional representation with Pauli matrices, it matches the value obtained
with an eigenstate of σx, which have zero expectation value for σy and σz.

x

y

z

ζxy = −1
ζyz = −1
ζxz = −1

Example 110 shows that we can obtain lower bounds from the one dimen-
sional representation assigning the value one to an independent set (totally
disconnected) and zero to the other vertices, already noticed in [126, 131, 5].
Moreover, sum of squares decompositions give upper bounds. For the graph
with three unitary anti-commuting operators it is enough to consider the four
dimensional subspace V ⊂ k⟨Sϱ(X)⟩ spanned by (1, xϱ(x), yϱ(y), zϱ(z)). The
dual of the sum of squares decomposition, the moment relaxation, reads

1 =max a + b + c (4.10)

s. t.

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 a b c

a a 0 0
b 0 b 0
c 0 0 c

⎞
⎟
⎟
⎟
⎟
⎟
⎠

≥ 0 . (4.11)

This is the Lovász number of the graph G = ({x, y, z},{(x, y), (x, z), (y, z)}).
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Definition 111 (Lovász number). The Lovász number of a graph G = (X,E)
is the solution to any of the following equivalent semidefinite programs

ϑ(G) = min
M

λmax(M) [129, Theorem 3](4.12)

s.t. Mv,v = 1 ,
Mu,v = 1 (u, v) /∈ E

M ≥ 0 .

ϑ(G) = max
M

∑
u,v∈X

Mu,v [129, Theorem 4](4.13)

s. t. trM = 1,
Mu,v = 0 (u, v) ∈ E

M ≥ 0 ,

ϑ(G) = max
M

∑
v∈X

Mv,v [134, §2.2, SDP2](4.14)

s. t. Mv,v = av ,

Mu,v = 0 (u, v) ∈ E

⎛

⎝

1 aT

a M

⎞

⎠
≥ 0 ,

Lovász number is sandwiched by two important graph invariants [135],

α(G) ≤ ϑ(G) ≤ χ(Ḡ) . (4.15)

The independence number, α(G), is the maximum number of pairwise inde-
pendent vertices of G. The chromatic number, χ(G), is the minimum number
of different colors needed to assign to the vertices of G, such that no connected
vertices share the same color. These quantities, called graph invariants, encode
key combinatorial properties of G and are NP-complete [136]. Here, Ḡ = (X, Ē)
is the complement of G = (X,E), with (u, v) ∈ Ē if and only if (u, v) /∈ E.

Lovász number has already been linked to nonlocality, contextuality, and
quantum zero-error communication [120, 4, 137, 138]. Remarkably, it also gives
upper bounds for the uncertainty relation β(G) in Eq.(4.7) for hermitian full
graphs, as already noticed in [126, 128, 131]. We can recover Lovász bound
from state polynomial optimization with a sum of squares relaxation [5].

Lemma 112 (Lovász bound). [5, §II]Let G = (X,E, ζ,1) be the fully connected
hermitian graph with edge weights ζuv ∈ {−1,1}. The moment relaxation corre-
sponding to the indexing sequence I = (1, vϱ(v) ∶ v ∈ X) is the Lovász number
of the anti-commutativity graph G′ = (X,E′), where (u, v) ∈ E′ when ζuv = −1.

Proof. Take the matrix of moments M indexed with (1, vϱ(v) ∶ v ∈ X). First,
Mvϱ(v),vϱ(v) = ϱ(v)

2 = M1,vϱ(v) since vv = 1. We can assume M to be real,



82 CHAPTER 4. UNCERTAINTY RELATIONS

since the problem is invariant under involution. Then, when ζuv = −1 we find
that Muϱ(u),vϱ(v) = uvϱ(u)ϱ(v) = −vuϱ(u)ϱ(v) = −Mvϱ(v),uϱ(u) = 0, because M
is symmetric. Those are precisely the edges in the anti-commutativity graph,
thus we can write the moment relaxation as

max
M

∑
v∈X

Mvϱ(v),vϱ(v) (4.16)

s. t. M1,1 = 1 ,
Mvϱ(v),vϱ(v) =M1,vϱ(v) ,

Muϱ(u),vϱ(v) = 0 (u, v) ∈ E′

M ≥ 0 ,

which coincides with the Lovász number of G′ = (X,E′) in Eq. (4.14).

Lemma 112 gives a new algebraic definition for the Lovász number. Let
G = (X,E) be a graph over the alphabet X and I the collection of polynomials

gu = uu − 1 , (4.17)
guv = uv − vu (u, v) /∈ E ,

guv = uv + vu (u, v) ∈ E .

The Lovász number ϑ is the infimum of the real numbers such that

ϑ −∑
v

ϱ(v)ϱ(v) = ∑
i

ϱ(f2
i ) , (4.18)

is a sum of squares in k⟨Sϱ(X)⟩/⟨I⟩ for some polynomials fi in the linear span
of (1, vϱ(v) ∶ v ∈ X). Moreover, the sum of squares relaxation is not limited
to hermitian graphs or restricted to commutation and anti-commutation rela-
tions. Similar bounds can be obtained for arbitrary graphs. This motivates an
analogue for the Lovász number in more general settings.

Definition 113 (Algebraic Lovász number). Let G = (X,E, ζ,∗) be a graph
over the alphabet X with edge weights ζuv ∈ k for (u, v) ∈ E and involution.
Take the state polynomial pX = ∑v∈X ϱ(v)ϱ(v∗), and the collection I of the
polynomials gu = uu∗ − 1 and gvw = vw − ζvwwv for u ∈ X and (v,w) ∈ E.
The Lovász number is the solution to the semidefinite programming relaxation
to the polynomial optimization problem (p, I,∅) in k⟨Sϱ(X)⟩ to the subspace
spanned by (1, vϱ(v∗) ∶ v ∈X). That is,

ϑ(G) = max ∑
v∈X

Mvϱ(v∗),vϱ(v∗) (4.19)

s. t. M1,1 = 1 ,
Mu∗ϱ(u),vϱ(v∗) = ζuvMv∗ϱ(v),uϱ(u∗) ,

Mvϱ(v∗),vϱ(v∗) =M1,vϱ(v∗) ,

M ≥ 0 .
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Equivalently, the smallest real number such that

ϑ − pX = ∑
i

ϱ(fif
∗
i ) (4.20)

in k⟨Sϱ(X)⟩/⟨I⟩, for some fi in the linear span of (1, vϱ(v∗) ∶ v ∈X).

Example 114 (Non-hermitian Lovász). Take ω = eiπα with α ∈ [0,1] and
unitary operators X and Y with commutation relation ωXY = Y X, which
already implies ω∗X∗Y = Y X∗, ω∗XY ∗ = Y ∗X and ωX∗Y ∗ = Y ∗X∗. The
algebraic Lovász number takes the form

ϑ(ω) =max a + b + a + b (4.21)

s. t.

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 a b a b

a a c d e

b c∗ b ω∗e f

a d∗ ωe∗ a ω∗c∗

b e∗ f∗ ωc b

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

≥ 0 .

The optimal values in Figure 4.1 show how the algebraic definition of Lovász
number is sensitive to complex phases in the commutation relations. Indeed,
for 1/2 ≤ α ≤ 1, the algebraic Lovász number gives the tight uncertainty relation

∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 ≤ 1 . (4.22)

This value can be obtained with the one dimensional representation, assigning
value one to X and X∗ and value zero to Y and Y ∗. It is analogous to the
Lovász bound for anti-commuting self-adjoint operators, ⟨X⟩2 + ⟨Y ⟩2 ≤ 1. For
α = 0, we also have the tight uncertainty relation

∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 ≤ 2 . (4.23)

This value can be again obtained with the one dimensional representation, as-
signing the value one to all letters. It is analogous to the Lovász bound for
commuting self adjoint operators, ⟨X⟩2 + ⟨Y ⟩2 ≤ 2. However, for 0 < α < 1/2,
the algebraic Lovász number interpolates between these two cases.

Lovász bound gives the first level of the hierarchies proposed in [5].

4.3 Lovász hierarchy

The sum of squares decomposition corresponding to the Lovász bound is re-
stricted to the subspace V = span(1, vϱ(v∗) ∶ v ∈ X). This bound was tight
for the Pauli matrices in Example 110, however this is not always the case, as
already noticed in [126, 128]. We can make these bounds stronger expanding
this subspace, and in the limit V = k⟨Sϱ(X)⟩, or when the flatness condition
in the state analogue of Lemma 48 is met, we attain the tight value β(G) for
the uncertainty relation in the polynomial optimization problem 4.7.
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1

1.5

2

α

ϑ
/2

ϑ(eiπα)/2

Figure 4.1: Algebraic Lovász number in Definition 113 for non-hermitian
graphs with two vertices and their adjoints, with commutation eiπαXY = Y X.

Example 115 (Pentagon graph).[126, Remark 4.9] Let G = (X,E, ζ,1) be a full graph with
edge weights ζuv ∈ {−1,1} and whose anti-commutativity graph is a pentagon.
By Lemma 112, the algebraic Lovász number is the Lovász number of the anti-
commutativity graph, giving the bound β(G) ≤ ϑ(G) =

√
5. Enlarging the space

in the sum of squares decomposition with the products (uvϱ(u)ϱ(v) ∶ u, v ∈X),
we obtain a stronger bound, β(G) ≤ 2[5, Table II] . This value is tight, since it matches
the independence number lower bound obtained with the one dimensional rep-
resentation assigning one to a pair of commuting letters and zero to all others.

x1

x2

x3

x4

x5
ζuv = −1
ζuv = +1

In particular, taking products of the monomials in the Lovász indexing
sequence we obtain good efficient bounds in practice [5]. This motivates the
following definition.

Definition 116 (Lovász hierarchy).[5, §III] Given a subset S = {v1, . . . , vd} ⊂ X
denote wS = v1 . . . vdϱ(v

∗
1) . . . ϱ(v

∗
d) and set w∅ = 1. For each d ≤ ∣X ∣, let Vd be

the subspace spanned by monomials Id = (wS ∶ S ⊂X, ∣S∣ ≤ d). We call the sum
of squares relaxation corresponding to the subspaces Vd for d = 1, . . . , ∣X ∣, with
optimal values ϑd(G), the level d of the Lovász hierarchy.
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The moment relaxation for d-th level of Lovász hierarchy reads

ϑd(G) =max
M

∑
v∈X

M1,vϱ(v) (4.24)

s.t. Mu,v = cMx,y ∀ϱ(u∗v) = cϱ(x∗y) ,

M1,1 = 1 ,
M ≥ 0 .

For an alphabet with n = ∣X ∣ letters, the size of the d-th level of Lovász
hierarchy is the number of subsets of X with up to d elements. Thus, first level
has size 1+n, second level has size 1+n+n(n− 1)/2 and last level has size 2n.
Lovász hierarchy improves upon upper bounds for all 1292 additive uncertainty
relations on up to nine operators for which a tight bound is not known [5].
Moreover, if the flatness condition in Lemma 48 is met, we can guarantee the
hierarchy attained the optimal value. However, it is an open question whether
Lovász hierarchy is complete for the uncertainty relation β(G) in problem 4.7.

4.4 Applications in quantum information

Last, we illustrate some interesting applications in quantum information for
the uncertainty relation β in problem 4.7. In particular, entanglement and
non-locality characterization, as already proposed in [128, 5].

Example 117 (Entanglement witness). The linear operator for two qubits [5, Appendix A]

W = 1⊗ 1 − σx ⊗ σx − σy ⊗ σy + σz ⊗ σz , (4.25)

gives an entanglement witness. It follows from Cauchy-Schwarz inequality and
the uncertainty bound in Example 110 that ⟨W ⟩ ≥ 0 for all separable states,

⟨W ⟩ ≥ 1 − ⟨σx⟩2 − ⟨σx⟩2 − ⟨σx⟩2 ≥ 0 . (4.26)

Whereas a joint eigenstate of σx⊗σx, σy⊗σy, and σz⊗σz can achieve ⟨W ⟩ = −2.

Similar constraints involving Pauli strings bound the quantum value of Bell
inequalities and Bell monogamy for dichotomic measurements [139].

Example 118 (Bell inequalities). [5, Appendix A]Let L be a Bell inequality with two mea-
surements with two outcomes between two parties. Normalizing the value over
classical correlations as L ≤ 1, the optimal quantum value is obtained by the
value in problem 4.7 for the following Pauli strings

L
2
≤ ⟨σx ⊗ σx⟩

2
+ ⟨σx ⊗ σy⟩

2
+ ⟨σy ⊗ σx⟩

2
+ ⟨σy ⊗ σy⟩

2
≤ 2 . (4.27)

Already the first level of the hierarchy, Lovász bound in Lemma (112), recovers
Tsirelson’s bound for CHSH inequality. Similarly, the tight uncertainty bound

⟨σx ⊗ σx ⊗ 1⟩2 + ⟨σx ⊗ σy ⊗ 1⟩2 + ⟨σy ⊗ σx ⊗ 1⟩2 + ⟨σy ⊗ σy ⊗ 1⟩2 (4.28)

+⟨σx ⊗ 1⊗ σx⟩2 + ⟨σx ⊗ 1⊗ σy⟩2 + ⟨σy ⊗ 1⊗ σx⟩2 + ⟨σy ⊗ 1⊗ σy⟩2 ≤ 2

recovers strong Bell monogamy L2
AB+L

2
AC ≤ 2 for two CHSH inequalities [140].
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1 2 3 4 5 6 7 8

ϑ1 2.2361 3.2361 2.2361 2.2361 2.2361 4.2361 3.2361 3.2361
ϑ2 2.0000 3.0000 2.0000 2.0000 2.0000 4.0000 3.0000 3.0000
α 2 3 2 2 2 4 3 3

9 10 11 12 13 14 15 16

ϑ1 3.2361 3.2361 3.2361 3.2361 3.2361 3.2361 3.2361 3.2361
ϑ2 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000
α 3 3 3 3 3 3 3 3

17 18 19 20 21 22 23 24

ϑ1 3.2361 3.1966 3.0642 3.3177 3.2361 3.1966 3.2361 3.1966
ϑ2 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000
α 3 3 3 3 3 3 3 3

25 26 27 28 29 30 31 32

ϑ1 2.2361 2.2361 2.2361 2.2361 2.2361 2.2361 2.2361 2.2361
ϑ2 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000
α 2 2 2 2 2 2 2 2

33 34 35 36 37 38 39 40

ϑ1 2.2361 2.2361 2.2361 2.2361 2.2361 2.2361 2.2361 2.2361
ϑ2 2.0363 2.0056 2.0085 2.0033 2.0249 2.0392 2.0121 2.0024
ϑ3 2.0067 2.0004 2.0017 2.0000 2.0047 2.0052 2.0006 2.0000
ϑ7 2.0013 2.0000 2.0003 2.0000 2.0014 2.0011 2.0002 2.0000
α 2 2 2 2 2 2 2 2

41 42 43

ϑ1 2.2361 2.2361 2.1099
ϑ2 2.0910 2.0000 2.0950
ϑ3 2.0076 2.0000 2.0938
ϑ7 2.0024 2.0000 2.0938
α 2 2 2

Table 4.1: Hierarchy of upper bounds for all non-isomorphic graphs up to
seven vertices for which β(G) < ϑ1(G) [5, Table IV]. Lovász hierarchy ϑd(G) in
Eq. (4.24) improves on Lovász bound closing the gap (up to numerical precision)
for all but 7 graphs: 33, 35, 37, 38, 39, 41 and 43.



4.4. APPLICATIONS IN QUANTUM INFORMATION 87

The bound with Pauli matrices in Eq. (4.27) relies on the equivalence be-
tween anti-commutativity (AB = −BA) and complementarity (for any state,
⟨A⟩ = 1 implies ⟨B⟩ = 0 and viceversa ⟨B⟩ = 1 implies ⟨A⟩ = 0) [139]. It
is an interesting open question whether Example 118 extends to measure-
ments with more than two outcomes. For measurements with d outcomes
one could replace Pauli matrices by non-hermitian operators with outcomes
{1, ω, . . . , ωd−1}, where d = e2πi/d is the d-th root of unity. Examples of these,
are the Heisenberg-Weyl operators.

Definition 119 (Heisenberg-Weyl). [35, §12.1]Heisenberg-Weyl operators generalize
Pauli matrices to Hilbert spaces with dimension d. These are defined as

σ(k, l) ∣i⟩ =XkZl ∣i⟩ = ωil ∣i + k⟩ , (4.29)

where X ∣j⟩ = ∣j + 1⟩ and Z ∣j⟩ = ωj ∣j⟩ are called shift and clock. These form a
basis of the space of d × d matrices and verify σ(k, l)d = 1 and ⟨1, σ(k, l)⟩ = 0.

Commutation relations and adjoints for Heisenberg-Weyl operators are

σ(k, l)σ(m,n) = ωlm−knσ(m,n)σ(k, l) , [5, Appendix E](4.30)
σ(k, l)∗ = ωklσ(d − k, d − l) . (4.31)

These matrices are a d dimensional representation of the generalized Clifford
algebra [141] with generators satisfying (i) xdi = 1 and (ii) xj∗xi = ωxi∗xj . First
considered by Sylvester to solve the matrix equation PX = XQ [142], these
matrices were later rediscovered by Weyl as generators of finite dimensional
quantum dynamics [143]. Since then, they found several applications in finite
dimensional quantum mechanics [144]. Lovász hierarchy also produces efficient
upper bounds for these uncertainty relations involving non-hermitian operators.

Example 120 (Heisenberg-Weyl). Heisenberg-Weyl operators are Fourier con-
jugates. For instance, in dimension three the discrete Fourier transform F , and
Heisenberg-Weyl operators X and Z introduced in Eq. (4.29) look like

F =

⎛
⎜
⎜
⎝

1 1 1
1 ω ω2

1 ω2 ω

⎞
⎟
⎟
⎠

, X =

⎛
⎜
⎜
⎝

0 1 0
0 0 1
1 0 0

⎞
⎟
⎟
⎠

, Z =

⎛
⎜
⎜
⎝

1 0 0
0 ω 0
0 0 ω2

⎞
⎟
⎟
⎠

, [35, §12.1 & §12.3]

where ω = e2πi/3 is the third root of unity. [144, §3.2]These are related via X = FZF ∗.
Indeed, this relation holds in any dimension d, which readily follows from the re-
lation 1+ω+. . .+ωd−1 = 0. The commutation relations between these Heisenberg-
Weyl operators are ωXZ = ZX. Thus, these define precisely the non-hermitian
graph discussed in Example 114. Recall [Definition 113]that the algebraic Lovász number yields
the tight uncertainty relation ∣ ⟨X⟩ ∣2+∣ ⟨Y ⟩ ∣2 ≤ 1 when ω = eiπα and 1/2 ≤ α ≤ 1.
This is the case for dimensions d = 2,3,4. However, for d = 5, the algebraic
Lovász number yields the bound ∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 ≤ 1.15838... Increasing the di-
mension we approach the limit of commuting operators, ω = 1, for which the
algebraic Lovász gives the tight bound ∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 ≤ 2.
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Similar bounds can be obtained for more than two operators. For instance,
let X = σ(1,0), Y = σ(1,1) and Z = (0,1) be Heisenberg-Weyl operators in
dimension d and ω = e2πi/d the d-th root of unity. Relations in Eq. (4.30) are

ωXY = Y X , ωXZ = ZX , ωY Z = ZY . (4.32)

Again, algebraic Lovász number gives the tight uncertainty relation

∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 + ∣ ⟨Z⟩ ∣2 ≤ 1 , (4.33)

for dimensions d = 2,3. However, in dimension d = 4 the third operator gives a
higher value in the algebraic Lovász,

∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 + ∣ ⟨Z⟩ ∣2 ≤ 1.26795... (4.34)

Increasing the dimension, one approaches the limit of commuting operators for
which the algebraic Lovász also gives a tight uncertainty relation

∣ ⟨X⟩ ∣2 + ∣ ⟨Y ⟩ ∣2 + ∣ ⟨Z⟩ ∣2 ≤ 3 . (4.35)

This value is obtained with the trivial one dimensional representation.

Notice that the dimension of the Heisenberg-Weyl operators enters the prob-
lem through the commutation relations in Eq. (4.30), which depend on the d-th
root of unity. However, the bounds obtained with Lovász hierarchy hold for any
representation of such relations without other assumptions on the dimension.



Chapter 5

Conclusions

The framework of polynomial optimization finds several applications, among
many others, in the field of quantum information, both to address fundamental
questions and to design protocols with practical consequences. This thesis
summarizes techniques from polynomial optimization and discuss applications
that can be beneficial for researchers in the field.

On the one hand, we made use of non-commutative polynomial optimiza-
tion to characterize quantum correlations in correlation settings [Definition 86],
which generalize Bell scenarios to account for measurements with overlapping
supports. These scenarios allow to translate several problems in quantum in-
formation to the language of nonlocality (see Example 97). In particular, cor-
relations in simple settings can be used to discriminate the physical dimension
of subsystems [Example 95].

On the other hand, we make use of the recently developed framework of
state polynomial optimization to characterize uncertainty relations between
operators satisfying prescribed algebraic constraints [Section 4.1]. For additive
uncertainty relations we provide efficient approximations that both improve on
and extend the bounds given by the Lovász number of the anti-commutativity
graph. These techniques can be used to design witnesses for entanglement
[Example 117] and Bell monogamy [Example 118] and provide a novel algebraic
interpretation of the Lovász number in terms of sum of squares decompositions
[Definition 113] that is applicable to non-hermitian settings [Example 120].

In both chapters, techniques from polynomial optimization based on sum
of squares decompositions produce efficient approximations to quantum be-
haviours with semidefinite programs [Section 1.6]. The main inconvenience is
that there exist no general criteria to choose small linear subspaces of polynomi-
als giving good approximations. Thus, more elaborate applications may not be
readily available since obtaining good bounds may require exploring very large
subspaces that soon become intractable. This highlights the practical impor-
tance of exploiting additional structure to reduce the computational cost of the
relaxations [Chapter 2]. In particular, we propose computational tools tailored
to exploit the tantamount structure of partial commutations [Section 2.2].
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