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StreszczenieCelem pracy jest przedstawienie nowej metody symulacji Monte Carlo, pozwalającej na analizę rozwią­zań ogólnorelatywistycznego równania Własowa, opisującego gaz nie zderzających się cząstek w silnych po­lach grawitacyjnych. W  pracy przedstawiono podstawy formalizmu relatywistycznej przestrzeni fazowej, metody klasyfikacji trajektorii oraz ogólną konstrukcję metody Monte Carlo. Na podstawie opracowanej metody stworzono symulację numeryczną akrecji gazu Własowa na statyczną czarną dziurę Schwarz-schilda oraz na czarną dziurę porusza jącą się przez dwuwymiarowy rozkład gazu w płaszczyźnie równiko­wej. W  obu przypadkach gaz rozciąga się do nieskończoności, gdzie spełnia rozkład Maxwella-Juttnera. Uzyskane wyniki pokazują, że stworzona metoda może być stosowana z powodzeniem do analizy przy­padków wykraczających poza sferyczną symetrię lub osiową symetrię w przypadku płaszczyznowym. Porównanie wyników symulacji z dokładnymi wyrażeniami na gęstość prądu cząstek wykazuje doskonałą zgodność.Drugim ważnym wynikiem pracy jest przedstawienie nowej metody rozwiązywania równań geodezyj­nych w czasoprzestrzeniach Schwarzschilda i Kerra. Bazując na mało znanych wynikach Biermanna i Weierstrassa, dla każdej z czasoprzestrzeni otrzymano pojedynczy układ wzorów opisujących wszystkie nieradialne, czasopodobne i zerowe geodezyjne, wyrażonych za pomocą funkcji Weierstrassa. Rozwiązania są parametryzowane przez stałe ruchu oraz współrzędne początkowe. Dodatkowo w przypadku czaso­przestrzeni Kerra, po raz pierwszy przedstawiono jawnie rzeczywiste wyrażenia opisujące geodezyjne bez radialnych punktów zwrotnych.Rozprawa składa się z pięciu publikacji, jednego artykułu opublikowanego w formie preprintu oraz dodatkowego wprowadzenia.
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AbstractThis thesis presents a new Monte Carlo simulation method enabling the analysis of solutions to the general-relativistic Vlasov equation describing a gas of non-colliding particles in strong gravitational fields. We describe essential elements of the general-relativistic phase-space formalism, a classification of relevant trajectories, and the general construction of our Monte Carlo scheme. Using this method, we performed numerical simulations of the accretion of the Vlasov gas onto a static Schwarzschild black holeand onto a black hole moving through a planar distribution of a gas. In both cases, the gas extends toinfinity, where it obeys the Maxwell-Juttner distribution. Our results demonstrate that this method can be successfully applied to cases that do not assume spherical symmetry or axial symmetry in the planar case. A  comparison of our simulation results with exact expressions for the particle current density shows an excellent agreement.The second significant result of this thesis is a new method of solving geodesic equations in the Schwarzschild and the Kerr spacetimes. Basing on a little-known result of Biermann and Weierstrass, we derived, separately for the Schwarzshcild and the Kerr spacetimes, a single set of formulas describing all non-radial, timelike and null trajectories, expressed in terms of Weierstrass functions. The solutions are explicitly parameterized by constants of motion and the initial coordinates. Additionally, in the case of the Kerr spacetime, real expressions describing orbits without radial turning points are explicitly given.The dissertation consists of five publications, one preprint and an additional introduction.
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P re face

The general-relativistic kinetic theory provides a description of matter complementary (or alternative) to the general-relativistic hydrodynamics or magnetohydrodynamics. If collisions between individual par­ticles of the gas are rare, the assumption of the local thermodynamic equilibrium may be not satisfied and the hydrodynamical approximation may no longer be valid. Traditionally, the general-relativistic kinetic theory was used to study stellar systems (i.e., systems in which the stars are treated as individual particles of the gas) [39,40],  collisionless plasma [13,19,22,34],  or more recently, the dynamics of dark mat­ter [20,28, 29,41].  In mathematical relativity, the kinetic theory provides a reasonable matter model—theresulting system of equations is usually referred to as the Vlasov-Einstein, Boltzmann-Einstein, orVlasov-Maxwell-Einstein system, depending on the assumed details [1—5,9—11,25]. Modern introductions to the general-relativistic kinetic theory can be found in [14]. Classic textbooks on the special-relativistic kinetic theory include [15, 24].In this thesis we deal with accretion of the collisionless matter onto black holes. Such models were first developed in 1970's in [21,27,38,43], but a rigorous treatment in the framework of the General Relativity did not appear until 2017, when Rioseco and Sarbach investigated the spherical stationary accretion model of the collisionless gas in the Schwarzschild spacetime [37]. Such models were later developed in a series of works, including the accretion in the Reisner-Nordstom spactime, the Kerr spacetime, or stationary models of the accretion onto moving Schwarzschild black holes [28, 30, 31]. The latter were especially investigated in the context of the dark matter accretion [29].The accretion of magnetised collisionless plasma onto Kerr black holes was recently investigated numer­ically in a series of works employing the so-called Particle-In-Cell (P IC ) simulation method [13,19,22,34]. Such models—closely related to a rigorous general-relativistic kinetic approach—provide a useful al­ternative to much more popular magnetohydrodynamical simulations. I  should however emphasise a spectacular success of magnetohydrodynamical models in explaining the results of the Event Horizon Telescope Collaboration (EH T ) and interpreting the radio images of matter in the vicinity of the su­permassive black holes SgrA* [8] and M87* [6]. This was made possible by emulating the properties of a collisionless plasma in the general-relativistic magnetohydrodynamical simulations by appropriately adjusting electron and proton temperatures [7].The main aim of this thesis is to provide a general-relativistic Monte Carlo simulation method ca­pable of deriving stationary solutions of kinetic systems in strong gravitational fields. The existing Particle-In-Cell methods [13, 19, 22, 34] are not well suited to this aim, as they are rather adapted to an initial value formulation. On the other hand, we view the Monte Carlo approach as corresponding to the natural interpretation of the kinetic description of gas as a collection of individual particles. If collisions between the particles in the gas are absent, the particles of the gas move along geodesics. Consequently,
7



coarse-grained quantities characterising the gas can be computed by averaging over a sample of selected geodesic trajectories. Our method consists of three steps: i) Selecting an appropriate sample of tra jec- tories of individual particles, ii) Solving geodesic equations, iii) Computing suitable averages to obtain macroscopic quantities such as the particle current density or the components of the energy momentum tensor.Our Monte Carlo method is described in papers III and IV . Its key novel feature is that it offers a possibility to compute stationary solutions of the general-relativistic kinetic theory. We demonstrate the robustness of this method by recovering spherically symmetric accretion solutions in the Schwarzschild spacetime obtained in [37],  but also solutions of a planar accretion onto a moving Schwarzschild black hole, similar to [28, 29].The problem of an efficient description of the geodesic motion arises naturally in our construction of the Monte Carlo method for kinetic systems. We address this problem in papers I , I I , and V , devoted to the analysis of timelike and null geodesics in the Schwarzschild and Kerr spacetimes. We use Weierstrass elliptic functions, but our approach differs from existing methods. Both in the Schwarzschild and the Kerr case we were able to provide a single set of formulas describing all generic types of timelike and null geodesics, regardless of their radial type. Our formulas depend explicitly on initial data, and no a priori knowledge of the turning points is required. In addition, our analysis remains valid for a special family of geodesics in the Kerr spacetime, for which no radial turning points occur. Our method provides explicitly real formulas describing such geodesics. Up to our knowledge, this is the only existing formulation with this property. A ll these results are based on a little-known formula derived by Biermann and Weierstrass and published in Biermann's dissertation [12].  Since the original Biermann's sketch of the proof as well as the later proof given in [23] may be difficult to understand to modern readers, we provide a separate proof in Appendix A  of Publication I.This doctoral thesis is based on a series of six articles I co-authored. They are listed in the “Listof Publications” as Publications I- V I . Five of these papers were already published in scientific journals. Publication IV  is currently available as a preprint. The introduction of this dissertation aims to systema­tise the content of Publications I-V I  into a logical sequence and to briefly guide the reader through these papers. To achieve this aim, these papers are not discussed in a chronological order of their publication date.The introductory part is organised as follows. Section 1.1 introduces main elements found in all publications of this thesis. It covers some aspects of the Hamiltonian formalism, defines the relativistic phase space and introduces the Vlasov equation. It also defines some of the observable quantities which we deal with in this dissertation. Section 1.2 guides the reader through four Publications I- I V , describing some aspects of our Monte Carlo simulations. Its first two parts are devoted to the classification of geodesic orbits, relevant in our work. The following subsections discuss main results of Publications III-IV . Section 1.3 presents main results of Publications V  and V I . It is not as extensive as Section 1.2, because to some degree Publications V  and V I constitute generalisations of ideas discussed in the previous section to the Kerr spacetime. Our aim was to show that the method developed for the Schwarzschild spacetime can also be applied to the Kerr case in the future.
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The second part of this thesis consists of Publications I- I V .Additionally, as a part of the work on the results contained in this thesis, I  prepared two W olfram 

Mathematica packages [17] and [18]. The first one implements our solutions of timelike and null geodesics in the Kerr spacetime derived in Publication V . The second one contains an implementation of the Monte Carlo simulation of the accretion of the Vlasov gas onto a moving black hole and is based on Publication IV . Both packages are publicly available.



N o ta t io n

In Publications I-V I , spacetime dimensions are labelled with Greek indices, μ =  0,1, 2, 3, while spatial dimensions are labelled with Latin ones, i  =  1, 2, 3. The signature of the metric is assumed to be (- , + , + , + ) . Geometric units with c =  G  =  1 are used, where c is the speed of light, and G  denotes the gravitational constant.Our notation differs slightly across Publications I- V I . Alterations include, e.g., different symbols used to denote the proper and the coordinate time (also in their dimensionless versions) or different symbols denoting distribution functions. O n the other hand, I tried to keep a consistent notation in the entire introductory part of this thesis. To ensure clarity in the text, the symbols that may be easily confused are listed below, with page references:• s -  proper time (p. 12),• τ -  affine parameter (p. 12),• τ  -  Mino time (p. 21),• t -  time coordinate (p. 15),• t -  time in general coordinates that can be adapted to different spacetime foliations (p. 15),• T -  asymptotic temperature of gas (p. 23),• T -  dimensionless time coordinate (p. 29),• m -  test particle rest mass (p. 16),• m0 -  a fixed rest mass of a single particle (p. 23)• M  -  black hole mass (p. 15),• φ -  azimuthal longitude (p. 15),• ψ -  true anomaly (p. 19),• r -  radial distance (p. 15),• r -  radius in general coordinates that can be adapted to different spacetime foliations (p. 15),• ξ -  dimensionless radial coordinate (p. 16),• ξmax -  location of the maximum of the effective potential (p. 17),• E  -  energy of the test particle (p. 16),• ε -  dimensionless energy of the test particle (p. 16),• lz  -  azimuthal angular momentum of the test particle (p. 16),• λ z  -  dimensionless azimuthal angular momentum of the test particle (p. 16),• l -  total angular momentum of the test particle (p. 16),• λ  -  dimensionless total angular momentum of the test particle (p. 16),• λ c  -  critical angular momentum for unbound trajectories (p. 17),• λ max -  maximum angular momentum for unbound trajectories (p. 17)10



• Ul ,m  -  effective potential (p. 16),• Uλ  -  dimensionless effective potential (p. 17),• ηS  -  induced volume element on S  (p. 14),• η -a fu n c t io n u s e d to  controlthe tim efoliation(p. 15),• N [S] -  number of particles in S  (p. 14),• N  -  the gr r  element of the Schwarzschild metric (p. 15),• n -  particle number density (p. 15),• ns  -  particle surface density (p. 32),• F  -  distribution function (p. 13),• F (N ) -  fine-grained distribution function (p. 22),• F(φ,k') -  Legendre elliptic integral (p. 20),
• J μ  -  particle current density (p. 14),• J μ  -  surface particle current density (p. 32),• Tμ ν  -  energy-momentum tensor (p. 15),• Tμ ν  -  surface energy-momentum tensor (p. 32)



1 . In t ro d u c t io n

1 .1 . P re lim in a r ie s

1.1.1. Ham iltonian descriptionIn the spacetime (M ,  g ), where M  is a three dimensional differential manifold and g denotes the metric, a freely falling test particle moves along a geodesic τ →  x α (τ ), described by geodesic equations
d2x μ  dxα dxβ
dτ 2 + Γ αβ dτ dτ =  0 . (1.1)

Here Γ μ α ^ is the Christoffel symbol associated with the metric g . The normalisation of the parameter τ is a matter of convention. In this case, we assume that
s

m
(1.2)

where s is the particle proper time and m is its rest mass. The four-velocity is defined by uμ =  dxμ ∕ds, where gμ ν uμ u ν  =  - 1.An equivalent method of describing the motion of a test particle is to use the Hamiltonian formalism. In this approach, the geodesic equations (1.1) correspond to Hamilton's equations
dxμ = ∂H  , dpν = ∂H  ,
dτ = ∂ pμ  , dτ = -  ∂x ν  ,

where the Hamiltonian is given by
H  =  12gμ ν (x α )pμ pν

and (x μ ,  pν ) are canonical variables. Assuming that

(1.3)
(1.4)

pμ
dxμ  
dτ , (1.5)

one can write the Hamiltonian in a particularly simple form
H  =  21 gμ ν (x α )pμ pν  =  -  12m2. (1.6)

1.1.2. Relativ istic phase spaceThe relativistic kinetic theory is formulated in terms of the so-called distribution function defined on a phase space Γ. The latter is understood as a set of all possible particle states, represented by pairs12



(xμ ,p ν ), forming a subset of the cotangent bundle T *M , defined as [26,37,42]
T *M  =  { (x,p): x  ∈ M ,p  ∈ T *M } .  (1.7)

In this thesis I  restrict myself to the so-called “simple gas,” i.e., the case in which the masses ofall particles are the same. This limits the discussion to the mass shell Γ +m, defined as follows:
Γ +  =  {(x ,p) ∈ T *M  : gμ νp μp ν  =  - m 2 , p  is future-directed} . (1.8)

The mass shell condition can be also imposed by defining the distribution function F  on T * M  and assuming that F -  δ(√ - pμpμ -  m). (1.9)
1.1.3. Vlasov equation

For particles that do not collide, exactly one trajectory passes through each point of phase space Γ . The set of these trajectories defines a congruence of curves on Γ . The vector field on Γ  associated with this phase flow is given by [26, 37] (1.10)
and the integral curves γ(τ ) of X H  (geodesics in the phase space) are described by Hamilton's equations (1.3).  For the Hamiltonian of the form (1.4),  the associated vector field is called the Liouville vector field L  :=  X H  and can be written as

(1.11)
B y applying the Liouville operator to the distribution function F  ,  one obtains

L[F ] =  {H , F }  =  dτ F (xμ (τ),p ν (τ)), (1.12)
where { ∙ , ∙} are Poisson brackets. The lack of collisions between particles is understood mathematically as a requirement that the distribution function F  is invariant along the geodesic, i.e.,

(1.13)ddτ F (x μ (τ ), p ν (τ )) =  0 .

This yields, in explicit terms, (1.14)
which is known as the Vlasov equation (also referred to as the Liouville or the collisionless Boltzmann equation). In the literature there exist at least two other popular forms of this equation [1,15,35], both consistent with an alternative tangent bundle formulation. Instead of viewing the phase space Γ as a part of T * M , one can also define it as part of the tangent bundle T M . The relation between the coordinates13



on the cotangent bundle (χμ ,p ν ) and the coordinates on the tangent bundle (Xμ ,p μ ) is given by
Xμ =  x μ , pμ =  gμ ν  (xα )pν , (1.15)

which leads to the following transformations
∂ F  ∂ F  ∂gμ a  ∂ F  ∂ F
∂xμ ∂ xμ ' ∂ xν Pa ∂pμ ’ ∂p

μ ν ∂ f  .
∂pμ

(1.16)+ g
νAfter short calculations, it can be shown that the analogue of the Vlasov equation (1.14) on a tangent bundle reads

∂ ∂∂F  ∂F  (1.17)pμ  S  -  Γ μ a β p ap β  = 0 .∂χμ  1 ∂pμB y assuming the mass shell condition gμ ν pμp ν =  - m 2,  the above equation can be transformed into another equally popular form [1, 16]
where x 0 =  t.

(1.18)

1.1.4. Physical observables

The distribution function F  is a scalar invariant quantity, but it is not an observable. In order to determine the observable quantities, one needs to look at the statistical interpretation of the distribution function. Since, as mentioned earlier, precisely one trajectory passes through each point of the phase space Γ , the average number of particles can be expressed as a suitable integral of the distribution function over the occupied volume in Γ . Strictly speaking, for a certain spacelike hypersurface S  in M ,  the average number of particle trajectories whose projections on M  intersect S  can be expressed as [14]
where

P χ  =  {p  ∈ T *M  : gμ νpμ pν  <  0,p is future-directed} ,
(1.19)
(1.20)

and s  is a future-directed unit vector normal to S ,  ηS  denotes the induced volume element on S ,  and dvolx (p ) is the volume element on P x+ .  In local adapted coordinates dvolx (p ) is given as
dvolx (p ) =  - det gμ ν (x )dp0dp1dp2dp3. (1.21)

B y defining the particle current density as
(1.22)

14



equation (1.19) can be expressed in the form
N [S] =  -  f  J μ sμ ηs . (1.23)SUsing Eq. (1.14),  it can be demonstrated that the particle current density obeys the conservation lawV μ  J μ =  0 [36], which further supports the expression (1.23). The particle number density can be covariantly defined as

n =  ∖  J J μ . (1.24)
Defining the particle number density as a scalar quantity helps to maintain a connection with the general-relativistic hydrodynamics. Similarly to (1.22), the energy-momentum tensor components can be defined as

Tμ ν  (x) =  I  F  (x,p)pμ pν dvolχ (p). (1.25)P x+As before, the Vlasov equation implies that V μ T μ ν  =  0.
1 .2 . A c c re t io n  in  th e  S ch w a rzsch ild  sp a ce tim e : M o n te  C a r lo  s im u la tio n s

This chapter begins with a discussion of timelike geodesics in the Schwarzschild spacetime. An efficient description of the Schwarzschild geodesics constitutes a foundation of all four Publications I-IV . The next part presents a summary of the results of these works.
1.2.1. Conserved quantitiesIn Publications II, III, and IV  we work in standard Schwarzschild coordinates (t, r, θ, φ) and with the metric of the form 11 (1.26)g =  - N d t2 +  N  dr2 +  r2(dθ2 +  sin2 θdφ2),
where N = 1 2M (1.27)rand M  >  0 is the black hole mass. This form of the metric was selected due its simplicity, which is crucial in preparing Monte Carlo simulations. However, one can also work in horizon-penetrating coordinates. There is an elegant way to define the metric that combines both cases. Consider the following transformation r 1N (τ) -  η(τ) dτ, rt =  r, (1.28)
where η =  η(rt) specifies the time foliation . In coordinates (tt, rt) the metric has the form

t =  t +
gμ ν  =  - Ndtt2 +  2(1 -  Nη)dttdrt +  η(2 -  Nη)drt2 +  rt2dθ2 +  rt2 sin2 θ dφ2. (1.29)

The choice η ≡  1 corresponds to the so-called Eddington-Finkelstein coordinates, regular at the horizon. For the parameter η ≡  1/N, one obtains the form (1.26).15



The form of (1.29) was adopted in Publication I , as this paper aims to develop a general analytic description of geodesics in the Schwarzschild spacetime. In the context of the general-relativistic kinetic theory, metric (1.29) was also used in the works [28, 29, 37],  devoted to analytic solutions.The conserved quantities arise naturally from the spherical symmetry and stationarity of the Schwarzschild spacetime. To show that the choice of η does not affect their forms, one can write the geodesic Hamiltonian associated with metric (1.29),
(1.30)

where the contravariant metric components are given by
gtt =  η (- 2 +  N η ) , glt  =  (1 -  N η ) , gr  =  N . (1.31)

Clearly, the Hamiltonian H  depends neither on t nor on φ, so the associated momenta p t  ≡ - E  (the energy) and pφ ≡ lz  are preserved. Additionally, H  does not explicitly depend on the affine parameter τ , and consequently it is also conserved. Due to the adopted normalisation of τ , this fact is equivalent to the conservation of the particle rest mass m  =  - 2H  .  It can also be shown that total angular momentum

is conserved.
(1.32)

1.2.2. Classification of tra  jectories

By rewriting equation (1.30) using the conserved quantities E , l , lz , m  and solving for pr , one obtains

where U l ,m (r) denotes the effective potential
(1.34)

The parameter er  =  ± 1 determines the radial direction of the motion. For er  =  - 1, the particle moves towards the centre of the coordinate system; when er  =  +1, it moves in the opposite direction. For simplicity and because rr =  r , the dash symbol above r is omitted in the analysis below.To facilitate further study, it is useful to introduce dimensionless variables
r =  M ξ , pr  =  mπξ ,  E  =  m ε, l  =  M m λ , lz  =  M m λ z . (1.35)

This (or similar) parametrisation is adopted in all Publications I-V I.16



It is clear from equation (1.33) that the motion of a massive particle must be confined to the region in which the following inequality holds: ε2 - Uλ (ξ) ≥  0, (1.36)
where (1.37)
Appendix B  of Publication I provides a complete description of all possible trajectories in the Schwarzschild spacetime, both for timelike and null geodesics. However, in accretion problem s investigated in this the­sis, only unbound timelike trajectories are relevant, i.e ., those for which inequality (1.36) is satisfied at asymptotic infinity. This requirement can be strictly expressed as a condition on the energy value of the particles ε ≥  1. Such trajectories can be further categorised as absorbed or scattered by the black hole. An incoming particle on a scattered trajectory encounters a centrifugal barrier (a turning point) in its radial motion. Let (1.38)
be a location of the maximum of effective potential Uλ (ξ). It corresponds to the smallest possible radius at which this radial turning point can occur. Consider the equation

Uλ (ξmax ) =  ε2, (1.39)
and solve it for λ . The resulting total angular momentum λ c  is called critical and can be expressed by

(1.40)
It determines the limiting value of λ  for which the particle is able to bounce off the potential barrier. If the particle total angular momentum is too low, i.e ., λ  <  λ c (ε), such a particle will be absorbed. For scattered particles, λ c (ε) <  λ , but the total angular momentum is limited from above. The maximum angular momentum λ max(ε, ξ) is obtained directly from equation (1.36) and is given as

(1.41)
Consequently for scattered particles λ c  (ε) <  λ  ≤  λ max (ε, ξ ) . Note that ξmax given by (1.38) satisfies ξmax >  3. Consequently scattered trajectories can only occur in the region with ξ >  3. Moreover (1.38)yields λ  >  ξ/ ξ -  3 for scattered tra jectories. This gives a lower bound on the energy of scatteredparticles:

17



Combining this result with the fact that ε ≥  1 for unbound tra jectories, we get the bound in the form
(1.43)

which was used in Publications I , I II , and IV .

18



1.2.3. Exact solution of the equations of m otion in  Schwarzschild spacetime

This section briefly discusses the main results of Publications:
I Adam Cieślik, Patryk M ach, “Revisiting timelike and null geodesics in the Schwarzschild spacetime: general expressions in terms of Weierstrass elliptic functions,” Class. Quantum  G rav. 39, no. 22 (October 2022): 225003. h ttp s : / /d x .d o i.o rg /1 0 .1 0 8 8 /1 3 6 1 -6 3 8 2 /a c 9 5 f2II Adam Cieślik, Patryk Mach, “Timelike and Null Geodesics in the Schwarzschild Space-time: Analytical Solutions,” Acta Phys. Po l. B  Proc. Suppl. 16, 6-A10 (June 2023). h ttp s : / /w w w .a c ta p h y s .u j.e d  

u .p l/S /1 6 /6 -A 1 0 /p d f

They were essential in preparing Monte Carlo simulations discussed in Publications III  and IV . To main­tain clarity, this short overview will cover only a few technical details.We focus on finding the general solution of the geodesic equations corresponding to metric (1.29). They have the following form:
(1.44a)(1.44b)
(1.44c)(1.44d)

This is the form used in Publication I . Note that in Publication II we make a slightly different choice of the geodesic parameter, leading to different equations and forms of solutions. However, the general idea and the procedure used in both publications are the same. Additionally, Publications III  and IV  utilise results from Publication I . Therefore, this introduction focuses on Publication I and briefly discusses the differences with respect to Publication II at the end.Publication I takes advantage of the fact that in the Schwarzschild spacetime each trajectory moves in a certain plane. This allows for parameterising the equations of motion using the true anomaly ψ . Consequently, one needs to solve a system of three equations that only depend on the radial coordinate. Finding the solution of the radial equation allows us to solve the remaining ones by quadratures. The equation that determines the change in the radial coordinate is
(1.45)

where dimensionless variables (1.35) were used. In the next steps it is convenient to adopt the following notation. Defining f(ξ )  =  a0ξ4 + 4 a 1ξ3 + 6 a 2ξ 2 + 4 a 3ξ + a 4,  (1.46)
where (1.47)19
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one can write equation (1.45) in the form
(1.48)

For a segment of a trajectory for which er  is constant, one gets
(1.49)

where ξ0 is an arbitrarily chosen radius corresponding to the angle ψ =  0. Equation (1.49) involves an elliptic integral which can be computed in several ways. Two cases are important in the context of the further course of this thesis:
,(1.50)
(1.51)

corresponding to the scattered and absorbed trajectories respectively. In equation (1.50),  y1 ,  y2 ,  and
y3 denote the roots of the polynomial 4y3 — g2y — g3 , satisfying y1 <  y2 <  y3 . In equation (1.51) y 1 denotes a real zero of the polynomial 4y3 -  g2y -  g3 =  4(y -  y 1)(y2 + py + q), where p2 -  4q <  0 and thus 
y 2 +  py +  q >  0. The constants g2 and g3 are given by

(1.52)(1.53)
They are referred to as Weierstrass invariants. The remaining parameters are defined as follows:

(1.54)
(1.55)

where k  V k  +  P k  +  q∙ A  function F(φ ,k)  is the Legendre elliptic integral defined by
(1∙56)

Equations (1∙50) and (1∙51) are discussed in Appendix C  of Publication I ∙ However, the primary outcome of Publication I is an application of a little-known result by Biermann and Weierstrass [12] to equation (1∙45), allowing one to derive a new form of the solution for ξ  =  ξ(ψ)∙ It reads
(1∙57)
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Here ρ is a Weierstrass elliptic function, defined by the invariants g2 , and g3 given by equations (1.52), i.e., ρ(z) =  p(z;g2,g 3), f  is defined in equation (1.46), and ξ0 is the initial position.In Publication I, it is demonstrated that formula (1.57) is valid for all types of trajectories in the Schwarzschild spacetime, even when the sign er changes. In fact the value of er appearing in (1.57) corresponds to the initial direction of the radial motion. Additionally, a similar equation is derived for null geodesics. Basing on the equation (1.57), the dependence of the affine parameter and the time coordinate on the true anomaly is calculated. As a result, we obtained a complete set of equations that fully describe the motion of the test particle, regardless of the type of the trajectory.The main difference between Publications I and II is the use of different coordinate systems. In Publication II, the classical Schwarzschild coordinates (1.26) were adopted. Also, in order to be able to apply the Biermann-Weierstras theorem to the resulting geodesic equations, the transformation of the affine parameter τ was carried out as follows:
(1.58)

The new parameter ττ is called the Mino time . This parametrisation is typically used to solve geodesic equations in the Kerr spacetime. Publication V  is devoted to this issue. The solutions obtained in II constitute a limiting case of solutions obtained in V  for the vanishing spin of the black hole.
1.2.4. M onte Carlo simulation methods for stationary solutions of general-relativistic 

Vlasov systems

I this section we give a brief overview of the main ideas and results of the following two publications:
III Patryk Mach, Adam Cieślik, and Andrzej Odrzywołek, “Monte Carlo methods for stationary solutions of general-relativistic Vlasov systems: Collisionless accretion onto black holes.” Phys. Rev. D  108, no. 12 (December 2023): 124057. h ttp s :// lin k .a p s .o rg /d o i/1 0 .1 1 0 3 /P h y s R e v D .1 0 8 .1 2 4 0 5 7IV  Adam Cieślik, Patryk Mach, and Andrzej Odrzywołek, “Monte Carlo methods for stationary solutions of general-relativistic Vlasov systems: Planar accretion onto a moving Schwarzschild black hole.” 

a rX iv : 2406.04471 (Jun 2024). h t tp s : / /a rx iv .o rg /a b s /2 4 0 6 .0 4 4 7 1

The primary outcome of these two works is a construction of a new Monte Carlo method allowing for computing stationary solutions of the general-relativistic Vlasov equation. This method was described on particular examples related to accretion problems in the Schwarzschild spacetime, but it is in fact a general one.Since ultimately one is not interested in the distribution function but in observable quantities, such as the particle current density or the components of the energy momentum tensor, our method focuses directly on such observable quantities.Consider the problem of computing the particle current density J μ (x) defined by (1.22). Our method estimates the components of J μ (x) corresponding to a continuous distribution function F  by considering21
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a discrete distribution function
(1.59)

representing a sample of N  particles moving along given trajectories τ →  {χlμi )(τ ),p Vi )(τ)), i =  1 ,. . . ,  N . In the next step, we compute the particle current density
(1.60)

associated with F (N ). The resulting expression contains several Dirac delta terms. The particle current density associated with the smooth distribution function F  is approximated by computing averages over numerical cells—subsets of suitably chosen hypersurfaces in M . Let Σ  ∈ M  be a hypersurface, not necessarily space-like. We choose a small region σ  ∈ Σ  (called a numerical cell) such that x  ∈ σ . The components of J μ  are approximated by the averages
(1.61)

where ηΣ denotes the volume element on Σ . In practice, equation (1.61) reduces to counting intersections of particle trajectories crossing σ with suitable weights, which depend on the choice of Σ . A  more formal explanation justifying equation (1.61) can be found in Publication I V . It is worth emphasising that the method constructed in this way can be applied not only to the Schwarzschild spacetime but also to more complex ones, such as the Kerr spacetime. Below we provide a brief discussion of the main differences between Publications III and I V . A  sample of results demonstrating the accuracy of the developed method is provided at the end.Dealing with stationary solutions requires a suitable choice of Σ  as a timelike hypersurface. Such a choice is made in both Publications III and I V . Also, in both Publications III  and IV  these hypersurfaces are adapted to a spherical grid of coordinates, but apart from that our choices are different. In Publication III  we chose hypersurfaces of a constant angle φ =  φ:
Σ  =  {(t, r ,θ ,φ ): t ∈ R, r = ∈ R, θ ∈ [0, π), φ =  φ} . (1.62)

In Publication IV , the hypersurfaces of constant r =  r were chosen, but this paper only deals with the planar accretion of particles confined to a single (equatorial) plane, therefore
Σ  =  {(t, r ,θ ,φ ): t ∈ R, r =  r, θ =  π∕2, φ ∈ [0, 2π)} . (1.63)

Since both publications use two different hypersurfaces to perform the counts of trajectories, they use two separate formulas to determine the particle position. Publication III uses the ξ =  ξ (ψ ) relationship given by (1.57). Publication IV  uses the relations defined by formulas (1.50) and (1.51).In both Publications III and IV  we test our method on particular Bondi-type accretion solutions. In
22



all cases the gas is stationary and extends to infinity. We consider either spherically symmetric or planar models, in which the motion of the gas is confined to a single plane. Simple solutions of this type can berestricted to monoenergetic particles. In more complicated ones, we assume that the gas at infinity canbe described by the Maxwell-Juttner distribution. In Publication III we only take into account models in which the gas at infinity is uniform and at rest. In Publication IV  we investigate a planar model of the accretion onto a moving black hole. Such an accretion process is sometimes referred to as the Bondi-Hoyle-Lyttleton problem. It is customary, to describe it in the reference frame associated with the black hole. In this case, one considers the gas which is asymptotically homogeneous and moves with a uniform and constant velocity in a given direction. In all cases, exact solutions were known or they could have been obtained analytically.To be slightly more precise, in Publication III we use the Maxwell-Juttner distribution given byF (x,p) =  A δ { ^ ~Pμpμ  -  mo) e x p ( m kμ ∕o j  =  Aδ { ^ - p μpμ -  m 0) exp ( (L64) 
=  A δ ( y ∕ -p μ pμ  -  mo) exp(- βε),

where β =  m o/  (kBT ) denotes the Boltzmann constant, T  is the asymptotic temperature of gas, A  is a proportionality constant, kμ  =  (1, 0, 0,0) is a timelike Killing vector, and m0 denotes the rest mass of a single particle. Publication IV  examines a system in which asymptotically the gas is boosted at a speed v  in the direction of the x -axis. This is equivalent to the motion of the black hole in the negative direction. In the Cartesian coordinates (t, x , y , z) vector kμ  transforms as
(1.65)

Consequently, the boosted Maxwell-Juttner distribution becomes
(1.66)

In spherical coordinates, for the motion confined to the equatorial plane one obtains
(1.67)

These asymptotic distributions serve as a basis for selecting parameters of individual trajectories appear­ing in our simulation method. We have to admit that this selection procedure remains an actual challenge in all examples investigated in Publications III- I V .Since distribution (1.64) depends effectively only on ε , selecting geodesic parameters according to this distribution function we were able to employ a classic von Newmann rejection method [33]. This is no longer the case of distribution (1.67), which depends effectively on two parameters, ε and φ . Hence, in Publication IV  we used a more advanced Markov Chain Monte Carlo (M CM C) method.We believe that the best confirmation of the quality of our method can be provided by a sample of
23



graphs from Publication IV , which we reproduce in Figures 1.1-1 .4 . They show consistency between the results obtained using the exact analytical expressions and the corresponding Monte Carlo estimators.

Figure 1.1: Time components of the particle current surface density J t  in the model with v =  0.95, β =  1, εcutoff =  10, and ξ0 =  1000. Exact solutions are plotted with solid and dashed lines. Dots (blue and green) represent sample results obtained by the Monte Carlo simulation. There are 168 486 945trajectories: N abs =  450 198, N s-cat =  84 010 986, N s+cat =  84 025 761.

1 .3 . A c c re t io n  in  th e  K e r r  sp a ce tim e

This section is devoted to the discussion of main results of Publications V  and V I:
V  Adam Cieślik, Eva Hackamnn, and Patryk Mach, “Kerr geodesics in terms of Weierstrass elliptic functions,” Phys. Rev. D  108, no. 2 (July 2023): 024056. h t tp s : / / l in k .a p s .o r g /d o i /1 0 .1 1 0 3 /P  

hysRevD.108.024056V I Adam Cieślik, Patryk Mach, and Andrzej Odrzywołek, “Accretion of the relativistic Vlasov gas in the equatorial plane of the Kerr black hole,” Phys. Rev. D  106, no. 10 (November 2022): 104056. 
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Figure 1.2: Radial components of the particle current surface density J  r  in the model with v =  0.95, β =  1 ,  ε cutoff =  10 ,  and ξ  0 =  1000 .  Exact solutions are plotted with solid and dashed lines. Dots (blue and green) represent sample results obtained by the Monte Carlo simulation. There are 168 486 945 tra jectories: N abs =  450 198, N s-cat =  84 010 986, N s+cat =  84 025 761.
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ξ ξFigure 1.3: Angular components of the particle current surface density J  r  in the model with v =  0.95, β =  1 ,  ε cutoff =  10 ,  and ξ  0 =  1000 .  Exact solutions are plotted with solid and dashed lines. Dots (blue and green) represent sample results obtained by the Monte Carlo simulation. There are 168 486 945 tra jectories: N abs =  450 198, N s-cat =  84 010 986, N s+cat =  84 025 761.
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Figure 1.4: The particle surface density ratio ns  /ns ,∞  in the model with v =  0.95, β =  1, εcutoff =  10, and ξ0 =  1000. The black hole moves in the negative direction of the x  axis. The first three plots show the particle number surface density in the equatorial plane. Plots on the left show the results obtained in the Monte Carlo simulation. The upper right plot shows the exact result. The remaining graph depicts the radial density profiles for three selected values of the angle φ. The simulation was prepared for 168 486 945 particle trajectories: N abs =  450 198, N s-cat =  84 010 986, N s+cat =  84 025 761.

27



These publications extend the concepts discussed so far to the Kerr spacetime. As a result, this introductory section has a similar structure to the previous one, but it no longer provides detailed explanations of the elements presented earlier.Both publications use the same Kerr metric in Boyer-Lindquist coordinates (t, r , θ, φ):
where

(1.68)
(1.69)
(1.70)

and a denotes the spin of the black hole.In both publications dimensionless variables are defined in a way similar to the Schwarzschild case [cf. (1.35)], with the exception that the role played previously by the conserved total angular momentum is taken over by the Carter constant. We denote the Carter constant by K  or use an equivalent quantity 
l,  which in the Schwarzschild limit tends to the total angular momentum. This introduction adopts the notation from Publication V I , and uses the quantity l ,  instead of K .Using the Hamiltonian formalism (1.4) and (1.3),  one can express the geodesic equations for the metric (1.68) in the following form:

where
and

(1.71a)(1.71b)
(1.71c)
(1.71d)

(1.72)
(1.73)

1.3.1. Exact solution of geodesic equations in  the K e rr spacetime

The main result of Publication V  is the discovery of a new form of the general solution to the system of equations (1.71).  It has been obtained by applying and developing the method introduced in Publication I for Schwarzschild geodesics. The advantage of our solution is that it is given by a single set of formulas, valid for all generic types of timelike and null geodesics. The main steps involved in the process of finding these solutions are briefly outlined below. 28



The solution starts by applying a reparametrisation of the affine parameter τ ,  introduced by Minoin [32]: (1.74)
It is easy to see that for a → 0, one gets the transformation (1.58). Denoting μ =  cosθ, one obtains

(1.75a)(1.75b)
(1.75c)
(1.75d)

where dimensionless variables were used, and a =  M  α , t =  M  Tτ . Additionally
(1.76)(1.77)

Here δι =  — gμ ν uμ u ν  is a parameter specifying the type of trajectory; it is defined as
(1.78)

Note a slight difference in the notation in equations (1.76) and (1.77) with respect to the one used in Publication V . In Publication V  the polynomial IR is denoted by R , a polynomial θ(μ) by g(μ).Equations (1.76) and (1.77) constitute two separate polynomial equations of the 4th degree. Thus equations (1.75a) and (1.75b) can be written in the form involving elliptic integrals analogously to (1.49). Just like in I , Publication V  uses the Biermann-Weierstrass theorem to solve them, which leads to new solutions for equations (1.75a) and (1.75b). The radial motion is given by
λ ι → r √ R (τ) +  1 R , (ξo) [p β (τ) — 2 R , ,(ξo)] +  2 R (ξo)R ,,,(ξo) ( 1 7 9 )

ξ(T) =  ξ o +------------------------------------------∑---------τ-------- ∑------ ∑----------------------------, (1-79)2 [ - R  (τ) — 1  R ,,(ξo)} — ⅛ R (ξo)R(R(ξo)where - R. (ττ) =  - (ττ; gR. , 2, gR. , 3), gR. , 2 and gR. ,3 are Weierstrass invariants corresponding to polynomial(1.76) . As in the case of Schwarzschild geodesics, the sign er refers to the initial direction of motion.Similarly, solution for μ =  μ (ττ) can be given as
ι eθ √ θ (μ o) - ⅛(T) +  2θ ' (μo) [-θ(T) — 24θ , ,(μo)] +  ⅛ θ(μo) θ , , ,(μo) Z1 onλ

μ (τ) — μo +-----------------------------------------z---------2-------- -------- ----------------------------- , (1.8U)
2 [ -θ(T) — 24θ >  — ⅛ θ(μo)θ (4)(μo)where - Θ. (τ) =  - (τ; gΘ. , 2, gΘ. , 3), gΘ. , 2 and gΘ. , 3 are Weierstrass invariants corresponding to polynomial(1.77) . The initial value μ o is given by μ o =  μ(0) =  cosθo =  cosθ(0). Here, as in the radial case, the sign of eθ is to be understood as referring to the polar momentum component at the initial location θo.
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Figure 1.5: An example of a timelike unbound absorbed orbit with ε2 =  1.1, λ z  =  - 1, α  =  0.8, λ  =  12and initial position at ξ0 =  8, θ0 =  0.85, φ0 =  0.33, er  =  - 1, eθ =  1. Solid color lines correspond to solutions obtained with Eqs. (1.79), (1.80). Dotted lines depict corresponding numerical solutions. The motion is depicted in two planes: xy on the right and xz on the left. The intersection of thin black lines marks the initial position. Blue lines in the xz plane and cones in the three-dimensional plot correspond to extremal values of θ. Gray spheres and dark circles depict black hole horizons. The figure in the lower right corner shows to the coordinate time T  versus the proper time τ .
Equations (1.75c) and (1.75d) can be solved by substituting solutions (1.79) and (1.80) and performing integration over the Mino time t . The forms of solutions for φ(t) and T (t) are involved, and consequently they are omitted in this summary.Figure 1.5 illustrates a sample solution. The solid line represents our analytic results, while dashed lines represent numerical solutions.

1.3.2. Accretion of the re la tiv is tic  Vlasov gas in  the equatorial plane of the K e rr black hole

The main goal of Publication V I is to investigate the properties of the accretion of the collision­less Vlasov gas onto the Kerr black hole in the equatorial plane. To achieve this, we employ the method used previously to analyse the accretion around the Schwarzschild black hole in [37] and the30



Reissner-Nordstrom black hole in [16]. The key elements of this analysis and its outcomes are outlined below.As before, we consider a Bondi-type stationary accretion process. The gas extends to infinity, although it is confined to the equatorial plane only. A t infinity, the gas is assumed to be at rest and it is described by the (two dimensional) Maxwell-Juttner distribution. Also as before, we only take into account gas particles moving along unbound orbits.The first step is to classify the orbits. As in the Schwarzschild case, unbound orbits are characterised by ε ≥  1. Additionally, for the polynomial (1.72) a new dimensionless notation is adopted
R(r) =  M i m 2R(ξ), (1.81)

where
(1.82)

and the sign eσ =  ± 1 is related with the direction of motion relative to the black hole rotation. As previously, unbound trajectories are divided into two subgroups:
• absorbed orbits—with one end at infinity and the other behind the horizon. These trajectories satisfy 

ε ≥ 1 and λ ≤ λ c (ε, eσ ),• scattered orbits—with both end points at infinity. For these orbits εmin(ξ, eσ ) ≤ ε and λ c (ε,eσ ) ≤
λ ≤ λ max (ζ, ε, εσ  C

Here λ c (ε, eσ ) is a solution (with respect to λ) of the set of equations
(1.83a)(1.83b)

The formula for the upper limit λ max(ξ, ε ,e σ ) follows from the requirement that R  ≥ 0. The symbol εmin(ξ, eσ ) denotes the minimal energy allowed for the scattered trajecotory.Next, similarly as in the Schwarzschild case (1.64), we assume the following Maxwell-Juttner distri­bution at infinity (1.84)
where the terms δ(θ — π∕2) and δ(pθ ) correspond to the the confinement of the gas to the equatorial plane.In order to describe the behaviour of gas in the vicinity of a black hole, we perform a suitable canonical transformation ( t ,r ,φ ,p t ,p r ,p φ ) → (Q μ ,P ν ). It is then shown that the distribution (1.84) satisfies the Vlasov equation (1.12) in the entire phase space. 31



For a given distribution, it is possible to calculate the surface particle current density J μ , the surface energy-momentum tensor Tμ ν  and the surface particle density n s =  y/ J μ J μ  . The relationship between the surface particle current density and the particle current density J μ  defined in (1.22) is given by
J μ (t ,r ,θ ,φ ) =  r1δ θ -  π2 J μ (t ,r ,φ ).  (1.85)

Similarly for the energy-momentum tensor defined in (1.25) we write
Tμ ν (t ,r ,θ ,φ ) =  1r δ θ -  π2 Tμ ν (t ,r ,φ ),  (1.86)

where Tμ ν  can be referred to as the components of the energy-momentum tensor surface density.Ultimately, it is possible to estimate the rest-mass accretion rate M , the energy accretion rate E andthe angular momentum accretion rate L :
(1.87)
(1.88)
(1.89)

Publication V I contains a detailed analysis of the behaviour of quantities (1.87)- (1.89) for different values of the black hole spin α and asymptotic gas temperatures T , related to the parameter β  by β  =  m 0/ (kBT ).
1 .4 . C o n c lu d in g  re m a rk s

This thesis introduces a Monte Carlo method of solving the general-relativistic Vlasov equation. A  novel feature of our method, which sets it in contrast to existing particle-in-cell schemes, is that it allows for dealing with stationary solutions. We demonstrate the robustness of our method on a collection of examples related to Bondi-type accretion problems in the Schwarzschild spacetime, for which exact solutions can be obtained within the framework of the general-relativistic kinetic theory. In particular, we were able to go beyond the spherical symmetry (or axial symmetry for planar problems) and recover exact solutions representing the planar accretion of the collisionless gas onto a moving Schwarzschild black hole.We believe that our Monte Carlo scheme opens a new perspective for dealing with kinetic systems in which controlling the underlying phase-space geometry is hard, and consequently finding exact solutions remain beyond the reach of current methods. As an example of possible future applications one might think of the accretion of the collisionless gas onto a moving Kerr black hole or dealing with a magnetised gas. On the other hand, even simpler problems are still left open. We believe that our method could be used to confirm the results on the accretion of the collisionless gas onto a moving Schwarzschild black hole, obtained recently in [28, 29]. 32



Our results concerning the description of geodesics in the Schwarzschild and Kerr spacetimes ap- pearead as a by-product of the development of Monte Carlo simulations presented in this thesis. We were quite surprised to discover the possibility of a consistent and uniform description of the Schwarzschild and the Kerr geodesics in terms of Weierstrass functions, made possible by the application of the Biermann-Weierstrass theorem. The most remarkable feature of this formulation is that a single set of formulas can be used to describe all generic timelike and null geodesics, irrespective of their type (e.g., the number of radial turning points). In the Kerr spacetime there exists a class of geodesics with no radial turning points. This stays in contrast to the Schwarzschild case, in which r  =  0 can always be regarded as a formal radial turning point. Unlike other solution methods available in the literature, our formalism provides explicitly real analytic expressions for the geodesics belonging to this class.We also believe that our formalism, used so far for the Schwarzschild and Kerr geodesics, can be gen­eralised to other important cases. A  generalisation to the geodesic motion in the Reissner-Nordstrom or Kerr-Newman spacetimes seems to be nearly straightforward. Well-known spacetimes with cosmological constant would probably require the use of hyperelliptic functions.
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AbstractThetheoryofSchwarzschildgeodesicsisrevisited.BasingonaresultbyWeier- strassandBiermann,wederiveaformuladescribingallnonradial,timelikeand null trajectories in terms of Weierstrass elliptic functions. Quite remarkably, a single formula works for an entire geodesic trajectory, even if it passes through turning points. Using this formula, we derive expressions for the proper and coordinate time along the geodesic.Keywords: Weierstrass elliptic functions, Schwarzschild geodesic, analytic methods(Some figures may appear in colour only in the online journal)
1. IntroductionIn this paper we revisit some elements of the theory of geodesics in the Schwarzschild space­time. The motivation for repeating this classic calculation in a new form stems from the works on the kinetic description of the Vlasov gas on the Schwarzschild spacetime and the accretionof the Vlasov gas onto Schwarzschildblackholes [13, 23, 25, 43- 45, 53, 54]. In particular, wewere motivated by an ongoing project aiming at constructing Monte Carlo type simulationsof the gas consisting of collisionless particles moving around the Schwarzschild black hole.
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Having those applications in mind, we put special emphasis on unbounded trajectories— they are neglected in many discussions, but they play a crucial role in the description of Bondi-type accretion processes.Existing descriptions of Schwarzschild geodesics differ in the parametrization and also in types elliptic functions used to express the solutions. A s usual, different prescriptions appear to be more or less convenient, depending on the actual problem at hand. Our goal was to specify the constants of motion (in particular the energy and the angular momentum) together with the initial location of the particle, and obtain the corresponding trajectory in an exact and reliable manner. We achieve this aim using Weierstrass elliptic functions, but our prescription turns out to be different than existing ones (or at least the ones we are aware of). The main result presented in this paper is a concise formula describing all types of timelike and null trajectories in the Schwarzschild metric (except for the purely radial ones), based on a theorem due to Biermann and Weierstrass.The problem of an analytic description of the motion of test particles in the Schwarzschild spacetime is nearly as old as the Schwarzschild solution itself. The first attempt to solve geodesic equations in the Schwarzschild spacetime was published in 1917 by Droste, together withaderivationoftheSchwarzschildmetric[18](thispaperisnowalsoavailableasa‘ Golden Oldie' reprint [19]). Droste expressed his solution in terms of the Weierstrass elliptic function. Thirteen years later Hagihara gave a full description of the motion of test particles around a Schwarzschild black hole [34]. His work contains a complete characterization of all types of allowed orbits and is now a classic position in the theory of Schwarzschild geodesics.Simultaneously to the development of solutions based on Weierstrass functions, Forsyth, Greenhill, Morton, Darwin, Mielnik, and Plebański succeeded in expressing Schwarzschild geodesics in terms of Jacobi elliptic functions and Legendre integrals [16, 17, 21, 30, 47, 49]. Publication years of these papers span across several decades. As a historical remark, let us note that the authors ofreferences [16, 47], published in 1959and 1962, alreadyadmitted that their calculations could had been madealmost fortyyears earlier, as all requiredmathematical tools were already known at that time.In subsequent years, researchers were mostly aware of the existence of two general ways of solving Schwarzschild geodesic equations, choosing between them according to their pref­erences and needs [8, 10, 15, 24, 26, 31, 32, 37- 39, 42, 46, 50, 55, 56, 58- 60, 62]. Similar methods were also applied to an analysis of the geodesic motion in other sphericallysymmet- ric spacetimes, for which geodesic equations are solvable [12, 14, 51, 61]. In some of such cases equations of motion contain effectively a fifth degree polynomial expression, leading to hyperelliptic abelian integrals [33, 40, 61].A  slightly different approach to the geodesic motion in the Schwarzschild metric was recently proposedby Scharf[57]. Scharf's analysis is based on a simplified version of a result which we will refer to as the Biermann-Weierstrass formula.According to references [29, 52, 65], around 1860 Weierstrass obtained a general solution of an ordinarydifferential equation
d2x(t)—— -  =  <xx(f)3 +  βx(f)2 +  7.x(O +  δ, (1)where α , β , γ , a n d δ are constant coefficients, which is roughly equivalent to an integral problem

( 2 )
2
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where f is a quartic polynomial, and x0 =  x (0). Weierstrasss' solution was later published byhis student Biermann, as a part of his inaugural dissertation [6]. The Weierstrass-Biermann formula is derived in Greenhill's textbook [29]; it appears also in the classic textbook by Whittaker and Watson [65]. On the other hand, it is absent in other textbooks dealing with elliptic functions from that time [3, 9, 20, 35, 36], nor does it appear in standard textbooks and tables used by physicists [1, 2, 5, 7, 11, 27].The Biermann-Weierstrass formula for x  =  x(t) simplifies, if  x0 is a zero of the polynomial f , and this version is used by Scharf. In the context of the geodesic motion this requirement restricts the choice of the starting (reference) point of the trajectory to turning points. In our work, we start with the general Biermann-Weierstrass expression, and hence this restriction is removed. A  single formula (equation (36) of this article) describes all time­like and null geodesic trajectories, except purely radial ones. Moreover, it is valid along the entire trajectory, even if it passes through turning points. The latter fact is not immediately obvious from the derivation of equation (36), but it can be shown using addition theorems for elliptic functions.The affine parameter and the coordinate time along a geodesic can be obtained as inte­grals involving the Biermann-Weierstrass expression. While, in principle, they can be eval­uated assuming the general form of equation (36), the resulting formulas are lengthy and thus of little practical use. For completeness, we decided to provide appropriate expres­sions for the affine parameter and the coordinate time, assuming the simplified version of the Biermann-Weierstrass formula.AproofoftheBiermann-WeierstrassformulaisgiveninappendixA ;wedecidedtoprovide this material, since existing, known to us proofs of the Biermann-Weierstrass formula are ratherhardtofollowindetail.ApartfromasketchoftheproofgiveninBiermann'sdissertation [6], thereis a proofin Greenhill's textbook[29], and its moremodern accountin [52]. We fill some minor gaps missing in [52].The order of this paper is as follows. The next section specifies horizon-penetrating coor­dinates used in this paper. Equations of motion are derived in section 3. The main result of this paper— a single formula describing non-radial, timelike and null trajectories— is given in section 4. In section 5 we discuss the range of the true anomaly parameter. The proper time and the coordinate time along a geodesic are computed in sections 6 and 7, respectively. The proof of the Biermann-Weierstrass formula is given in appendix A . Appendix B contains a brief classification of timelike and null geodesics. In appendix C  we evaluate certain elliptic integrals, required to control the range of the true anomaly parameter for unbounded orbits.Throughout the paper we use geometric units with c  =  G  =  1, where c  is the speed of light, and G  denotes the gravitational constant. The signature of the metric is assumed to be (- , + , + , + ). Spacetime dimensions are labeled with Greek indices, μ  =  0, 1, 2, 3.
2. Horizon-penetrating coordinatesWe will work in spherical coordinates (t, r, θ, φ). In its simplest form (in the so-called Schwarzschild coordinates) the Schwarzschild metric can be written as
where (3)

( 4 )
3
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( 5 )
and M  denotes the black hole mass. Since ultimately we envisage applications of geodesic solutions to accretion problems, we will also need coordinates in which the metric is explicitly regularatthehorizon.Suchcoordinatescanbeeasilyobtainedbyachoiceofthetimefoliation. The transformation
where η =  η(r) is a function of radius r, yields the metric in the form

g =  - N dt2 +  2(1 -  N η)dt dr +  η(2 -  N η)dr2 +  r2 dθ2 +  r2 sin2 θ dφ2. (6)The function η defines the time foliation. A  popular choice η ≡ 1 leads to coordinates which are manifestly regular at the horizon r =  2M , and which are sometimes referred to as Eddington-Finkelstein coordinates. Note that since we only change the time foliation, the radial coordinate r retains its interpretation as the areal radius.Contravariant components of the metric (6)aregivenby
Moreover,

( f r>2 -  g rg t =  1.
(7)
(8)

3. Geodesic motionTherearemanywell-knowndescriptionsofthegeodesicmotion.Inordertokeepaconnection with the works [44, 45, 53, 54], we will work in the Hamiltonian framework. The Hamiltonian 
H  describing the geodesic motion of a free particle can be chosen as

H  =  ^ g μv (xa)P μpv- (9)
Here (xμ, pμ) are treated as canonical variables, and H  depends on xα through gμν(xα). It is easy to verify that the Hamilton equationsd,xμ _  dH_ dpiL _ _ d H _  di ∂pμ, di ∂ xμlead to standard geodesic equations of the form

(11)For timelike geodesics we choose the affine parameter i  as a rescaled proper time τ , i.e., 
i  =  τ ∣ m, where m is the particle rest mass. The four velocity uμ =  dxμ∕dτ is normalized as 
gμιg1μι1v =  - 1 .  We require that pμ =  d-xμ∕d i ,  and that H  =  ^gμι,pμp v =  -⅛m2∙For null geodesics m =  O and H  =  ⅛gμvpμpv =  O. In this case the affine parameter i  is unique up to a transformation

i  —— i  =  α i  +  β , (12)
4
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with α > 0 and an arbitrary β .  Such an affine reparametrization implies a rescaling of the tangent vector
(13)y ι → p'μ =  - p μ.αThe explicit form of the Hamiltonian H ,  assuming metric (6), reads
(14)

Since H  depends neither on t nor on φ, the momentum components E  ≡ - p t (the energy) and 
lz ≡ pψ are constants of motion. The Hamiltonian H  is also independent of s, and hence it is also conserved. A  simple calculation allows one to check that the total angular momentum

(15)
is another constant of motion.The remaining momentum components pθ and pr can be expressed as

(16)
and

where
(18)

is the radial effective potential, and where we have introduced the signs eθ =  ±  1, and er =  ±  1, corresponding to the directions of motion. Here and in what follows, the symbol ∖ √  denotes the non-negativebranch ofthe square root. Equation ( 16) follows directly fromequation ( 15). Equation (17) can be obtained from the equality H  =  - ∖m2. Note also that, contrary to the formula for pr, the expression for pr,
does not depend on η.  On the other hand
and this expression enters the equations of motion listed below. Also note that, while for
er =  + 1 (outgoing motion) the expression for pr diverges at the horizon, the corresponding

5
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expression for er =  - 1 is perfectly regular (particles are allowed to fall into the black hole). An expression for pr with er =  - 1, manifestly regular at r =  2M, reads

Equations dx μ ∕ dS =  ∂H ∕∂pμ can be written as
(21)

(22a)
(22b)
(22c)
(22d)

Note that the dependence on η appears only in equation (22d). In standard Schwarzschild coordinates Nη ≡ 1anddt∕ dUs  =  E ∕ N .It is convenient to work in dimensionless rescaled variables. For timelike geodesics we define such variables as in [54], i.e., by
t =  M τ , r =  M ξ , pr =  mπξ , pθ =  Mmπθ , E  =  mε , l =  Mmλ , lz =  Mmλ z.  (23)In addition, a new affine parameter s  is defined by 

M5 =  — i. (24)
mFor null geodesics m =  0. We introduce an arbitrary mass parameter mU >  0, and define

t =  M τ , r =  M ξ , pr = mUπξ , pθ =  MmUπθ , E  = mUε, l  =  MmUλ , lz =  MmUλz(25)and Us =  (M ∕ mU)s .In terms of these dimensionless variables, the equations of motion (22) can be written as
(26a)
(26b)
(26c)
(26d)

6
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where N(ξ ) =  1-2 ∕ ξ . The dimensionless radial potential reads
(27)

for timelike geodesics, and
(28)

for null ones.It is well known that geodesic motion in the Schwarzschild spacetime is confined to a plane.Choosing the coordinate system so that θ ≡ π ∕2, and dθ ∕ds ≡ 0, we get λ2 =  λ ∣ , and thus 
λz =  ± λ . We will adopt a convention with λ ≥ 0 and define the angle in the orbital plane (the so-called true anomaly) ψ =  sgn(λzW  The relevant equations of motion can be written as

(29a)
(29b)
(29c)

System(29)canalsobeobtainedbyintroducingstandardorbitalelementssuchastheorbital inclination,theargumentofperiapsis,theargumentoflatitude,andthetrueanomaly(see,e.g. [39]). Another possibility to (partially) decouple the equations of motion (26) is to introduce the so-called Mino time [48].A  qualitative analysis of the effective radial potential allows for a general classification of different types of orbits. This is done, to some extent, in appendix B ,  both for timelike and null orbits. In general, we divide trajectories into bound and unbound ones. Unbound trajecto­ries can either start at infinity and plunge into the black hole (we refer to such trajectories as absorbedones). The secondlargeclass ofunboundtrajectories consists oforbits characterized by sufficiently large angular momentum. In this case the particles arriving from infinity are scattered off the centrifugal barrier (these trajectories are referred to as scattered ones).
4. Solution of equations of motion

4.1. Timelike geodesicsW ewillstartouranalysiswithtimelikegeodesics.Giventheformofequation(29),itisnatural to treat ψ as a parameter and search for a solution of the form ξ =  ξ (ψ). From (29a)and(29b) we get immediately
Defining

7

(30)
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where
(32)

one can write equation (30)as
(33)

For a segment of the trajectory for which er is constant, we get
(34)

whereξ 0 isanarbitrarilychosenradiuscorrespondingtotheangleψ =  0.Weemphasizethat√  isassumedtobenon-negative.Weierstrass invariantsofthepolynomial f read(seeappendixA )
(35a)
(35b)

Therefore, thanks to the Biermann-Weierstrass theorem (see appendix A  for a statement of this theorem and the proof), we can write the formula for ξ =  ξ (ψ)as
(36)

Here ρ is understood to be defined by the invariants g2, and g3 given by equation (35), i.e., ρ(z) =  ρ(z; g2, g3), and f  is defined in equations (31) and (32).Weemphasizethatformula(36)worksinamuchmoregeneralsettingthandescribedabove. It turns out to be valid also for trajectories along which the sign er changes. This can be checked numerically, but there is also a way to demonstrate this fact analytically. The argument can be sketched as follows.Denote the functions defined by equation (36) and corresponding to two different signs er as
(37)

and
(38)

It follows from equation (34)thatξ - (ψ; ξ0) =  ξ+ (- ψ; ξ0).Consider a particle moving initially inwards (i.e., with er =  - 1) from a starting positionξ0 to the turning point ξ 1, for which f  (ξ 1) =  0, and then moving outwards (with er =  + 1) up
8
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to a point with the radius ξ .  The angle ψ corresponding to this motion can be expressed as ψ =  ψ1 +  ψ 2,where
For both angles ψ1 and ψ2 we have, according to the Biermann-Weierstrass theorem(equation (A.19)):

(39)

(40a)
(40b)
(40c)
(40d)

The simplicity of the above formulas is, of course, due to the fact that f (ξ 1 ) =  0. Using expression (37) w e g e tξ 1 =  ξ - (ψ1; ξ0). The fact that the formula(37) describes the continu­ation of the trajectory in the segment from ξ 1 to ξ means thatξ  =  ξ - (Ψ1 +  ≠ 2 ; ξo ) =  ξ+ (≠ 2 ; ξ 1) =  ξ -  (- ≠ 2 ; ξ 1)∙ (41)While the above expression could, in principle, be checked directly, it is much easier to check the corresponding relations involving Weierstrass ρ functions. According to the addition theorem for the Weierstrass elliptic function ρ , we have
(42)

Inserting in the above formula the expressions for ρ(ψ1), ρ(ψ2), ρ ,(ψ1), and ρ ,(ψ2) given by equation (40), we get, after some algebra,
(43)

as predicted by the Biermann-Weierstrass formula (A.19). Deriving equation (43), we have to remember that f  is a fourth order polynomial given by equation (31), and f (ξ 1) =  0. The reason forconsidering thedifferenceψ1 -  ψ2, insteadofthesum ψ1 +  ψ2, can beunderstood in the light ofequation (41) and the fact that ξ + (ψ2; ξ 1) =  ξ - (- ψ2; ξ 1).In summary, equation (36) can be used to describe any orbit with ψ =  0 f o r ξ =  ξ0.T h e sign er in equation (36) can be understood as referring to the direction of motion at ψ =  0, and it need not be changed as the trajectory passes through a turning point. This stays in a clear contrast to the approaches based on Jacobi and Legendre elliptic functions, where one has to deal with different types of orbits separately. Apart from this universality, the main practical advantage of formula (36) is the fact that it does not require finding zeros of the polynomial 
f . O f  course, there are applications in which the knowledge about zeros of the polynomial f

9
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Figure 1. Sample of timelike inner bound orbits (type IIa) for λ  =  4.2. Solid color lines 
correspond to solutions obtained with equation (36). Dotted lines depict corresponding 
numerical solutions.

is required— we require such knowledge indirectly in sections 5- 7, dealing with the allowed ran geofψ , theproperandcoordinatetimes andτ ,respectively.Notethat
(44)and consequently zeros of the polynomial f are related to zeros of the expression ε2 -  U λ (ξ), corresponding to turning points and discussed in appendix B .  The Biermann-Weierstrass expression is based on a transformation of the integral appearing on the right-hand side of equation (34) to the Weierstrass form, i.e.,
(45)

(see appendix A ). Zeros of the polynomial W =  4w3 -  g2w -  g3 depend on the sign of the discriminant Δ = g23 -  27g32.  The case with Δ = 0 corresponds to λ  =  λ c(ε), defined by equation (B.6).Figures 1- 4 show various kinds of orbits obtained with the help of equation (36). Figure 1 depicts examples of bound inner orbits. Figure 2 shows a sample outer bound orbit. Unbound absorbedorbitsareshowninfigure3.Finally,afamilyofunboundscatteredorbitsisplottedin figure 4.  In all figures, the left panel depicts the radius ξ versus the angle ψ.  Right panels show the orbits in the orbital plane with Cartesian coordinates x , y.  For comparison, in all cases we drawthesameorbitsobtainedbyintegratinggeodesicequationsnumerically.Thesenumerical results are depicted with dotted or dashed lines.
4.2. Null geodesicsThe reasoning for null geodesics is analogous. The equation defining the trajectory reads

(46)
10
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Figure 2. Sample of timelike outer bound orbits (type IIb) for λ  =  4.2. Solid color lines 
correspond to solutions obtained with equation (36). Dotted lines depict corresponding 
numerical solutions.

Figure 3. Sample of timelike unbound absorbed orbits (type IIIa) for λ  =  8. Solid color 
lines correspond to solutions obtained with equation (36). Dotted lines depict corre­
sponding numerical solutions.

Adhering to the same notation as for timelike orbits, we set
i.e .,

(47)
(48)
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Ψ

Figure 4. Sample of timelike unobound scattered orbits (type IIIb) for λ  =  9.68. Solid 
color lines correspond to solutions obtained with equation (36). Dotted lines depict 
corresponding numerical solutions.

Figure 5. Sample of null bound orbits (type II) for λ  =  4.2. Solid color lines correspond 
to solutions obtained with equation (36). Dotted lines depict corresponding numerical 
solutions.

and a1 =  a4 =  0. The Weierstrass invariants can be written as (49a)
(49b)With these modifications, remaining equations of the previous subsection hold for null geodesics as well. In particular, equation (36), with f (ξ ) and the Weirestrass invariants given by equation (47)a n d (49), is valid also for null geodesics.

12
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Figure 6. Sample of null unbound absorbed orbits (type IIIa) for λ  =  8. Solid color lines 
correspond to solutions obtained with equation (36). Dotted lines depict corresponding 
numerical solutions.

Figure 7. Sample of null unbound absorbed orbits (type IIIa) for λ  =  9.68. Solid color 
lines correspond to solutions obtained with equation (36). Dotted lines depict corre­
sponding numerical solutions.

Figures 5- 7 show a sample of null trajectories obtained with equation (36). As for timelike geodesics, dotted lines depict solutions obtained numerically.
5. The range of ψIn practical applications, one may need to control the allowed range of the parameter ψ or to compute the values of ψ referring to certain points at the trajectory (pericenter, apocenter).

13

51



Class. Quantum Grav. 39 (2022) 225003 ACieSlikand P Mach

Inparticular,forunboundscatteredorbitstheanglesψ∞ ±  correspondingtotheasymptotics ξ → ∞ could be obtained from the equation
(50)

i.e ., from the requirement that the denominator in equation (36)vanishes.For unbound trajectories of particles that fall into the black hole, the sign er is constant along the trajectory. As a consequence, one can use equation (A.19) of appendix A  applied directly to the integral in equation (34). This yields

(51)meaning that ψ∞ + is the relevant angle in this case.Notethatin orderto getψ∞ ±  directlyformequation(50), onewouldhaveto invert(locally)the Weierstrass function ρ , which is troublesome in practical applications, as ρ is not a one to one map.In appendix C , we express the function
(52)

for an unbound scattered timelike or null trajectory in terms of the Legendre elliptic integrals. The result reads
(53)

where y1 <  y2 <  y3 are real zeros of the polynomial 4y3 -  g2y -  g3,a n d k2 =  (y2 -  y1)/(y3 -  y1 ).Foraparticlearriving frominfinityatascatteredtrajectory, theangles ψ∞ ±  can beobtained in a way illustrated in figure 8. Let ξ0 be a location of an incoming particle, with er =  - 1, corresponding to ψ =  0. The angle ψ∞ +  <  0 can be expressed as ψ∞ +  =  - X (ξ0). Denote the location of the pericenter as ξper; suppose it corresponds to ψ =  ψ. We haveψ +  ∣Ψ∞ + ∣ =  Ψ -  Ψ∞ + =  X (ξper)∙ (54)Since the orbit is symmetric with respect to ξper, one can express ψ∞ -  asψ∞ -  =  2ψ +  ∣ψ∞ + ∣ =  2X (ξper) -  ∣ψ∞ + ∣ =  2X (ξper) -  X (ξ0)∙ (55)For an unbound absorbed trajectory the parameter ψ∞ + can be expressed as before by ψ∞ + =  - X (ξ0) (we take er =  - 1), but an explicitly real expression for X (ξ0) is different, and it is given by equations (C.15)an d (C.17) ofappendix C .
14
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Figure 8. Trajectory of a scattered particle in the motion plane. The radius ξ  per and the
angle ψ  correspond to the pericenter.

For all types of trajectories— bounded and unbounded ones— one can define the integral
(56)

which we also compute in appendix C .Finally note that for scattered trajectories the values ψ∞ ±  yield the bending (or deflec­tion) angle in the Schwarzschild spacetime, which has been studied both for timelike and null geodesics [22,  41,  63, 64].
6. Affine parameter (proper time)In this section we compute the affine parameter s  associated with a given angle ψ .  For timelikegeodesics the value of 5 is related to the proper time τ  by τ  =  M s.Given an expression for ξ =  ξ(ψ), the corresponding affine parameter can be computed byintegrating equation (29b) ,i .e ., as
Integratingthesquareofexpression(36)is,inprinciple,possible,butitis tedious,andtheresult seems to be too complicated to be useful in practical applications. Much simpler formulas can be obtained using equation (29b) with the reference position taken at a zero of the polynomial
f (ξ).
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Let ξ 1 denote a radius such that f (ξ 1) =  0 (usually a periapsis or an apoapsis); assume that it corresponds to ψ =  0. The radius ξ  corresponding to an angle ψ reads
(58)

(irrespectively of the radial direction of motion, i.e., the value of er). The affine parameter elapsed during the motion from ψ =  0 to so m e ψ =  ψ2 can be written as

(59)The above integral can be computed with the help of the following two integral formulas([7] ,p 3 1 2 a n d [27],p 6 26 ):
(60)

(61)
whereζ (x )andσ (x )denotetheWeierstrassfunctionsζ (x ; g2, g3)andσ (x ; g2, g3),respectively. We have

where ρ(v) =  ⅛ ∕"(ξ ι)  or y =  9 1 (⅛ ∕"(ξ ι)) ∙ Usually, using the inverse of the Weierstrass function is troublesome, since ρ is not a one-to-one function. Fortunately, in formula (62), one is permitted to choose any y satisfying the above condition.We now invoke to the reasoning from the end of the previous section. Consider a motion of a particle starting from an arbitrary location ξ0 and moving inwards, up to a periapsis with the radius ξ1 (thus f (ξ1) =  0). Next the particle moves outwards, up to a location with a radius ξ . Define the angles ψ1 and ψ2 by equation (39). Both angles satisfy ψ1 ≥ 0 and ψ2 ≥ 0. Let ψ =  ψ1 +  ψ2. Because of symmetry, the proper time of the entire motion can be written as
s(ψ ) =  s * (≠ 1 ; ξ 1) +  st-Xψ2 ; ξ2) =  s * (ψ1; ξ 1) +  s * (≠ -  ψ1 ; ξ 1). (63)Formula (63) can be understood as a replacement for integral (57) with ξ (ψ) g iv e n b y  equation (36). Note that, since s* (ψ2; ξ 1) is an odd function of ψ2, we get s(ψ =  0) =  0, as expected. It can also be checked that the same formula holds for ξ 1 corresponding to an apoapsis, provided that definitions (39) are changed accordingly, so that ψ1 ≥ 0 and ψ2 ≥ 0.
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7. Coordinate timeThe coordinate time τ can be obtained in a way similar to the calculation of the affineparameter s.  Consider a trajectory originating at ξ =  ξ 0,  ψ =  0, τ =  0. The coordinate time corresponding to the lapse of the parameter ψ can be computed by integrating equation (29). Combining equations (29b)an d (29c), one getsτ(ψ) =  T1(ψ) +  T2(ψ), (64)where
(65)

and
(66)

The second equality in equation (66) follows from equation (29a).The integral T2 is clearly gauge-dependent. In the standard Schwarzschild coordinatesη(ξ ) =  1 /N (ξ), and T2 ≡ 0. O f course,

With the help of the identity
(68)

integral (65) can be written as
(69)

In analogy to the discussion of the previous section, we will start the computation of T1 consideringatfirstthespecial caseofatrajectoryoriginatingataturningpointξ =  ξ1, ψ =  0, such that f (ξ1) =  0. In this case the radius ξ =  ξ (ψ) is given by equation (58). The lapse of the function T1 during the motion from ψ =  0 t o ψ =  ψ2 can be expressed as
(70)
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where ρ( v) =  ⅛ ∕"(ξ ι)  and the function ∕∣  is defined by equation (60). The last integral can bewritten in the form

(71)
where

(72)
The next step proceeds as in the previous section. Consider a particle on a trajectory orig­inating at the radius ξ0 and ψ =  0, moving inwards to the turning point ξ =  ξ 1, ψ =  ψ1,and  thencontinuingoutwards,uptoalocationwithanarbitraryradiusξ =  ξ (ψ) .L e tψ =  ψ1 +  ψ2,ψ1 ≥ 0, ψ2 ≥ 0, where ψ1 and ψ2 are given by (39). Thanks to symmetry

Again, the same formula holds for a particle moving initially outwards, provided that the signs in the definitions of ψ1 and ψ 2 are suitably adjusted.
(73)

8. SummaryWe have revisited the theory of timelike and null geodesics in the Schwarzschild spacetime. The novel aspect of our work is the application of the Biermann-Weierstrass theorem to the description of Schwarzschild geodesics. A  single formula (36) describes all types of timelike or null geodesic orbits, except for purely radial ones. Working with a single formula gives an advantage in those applications, in which one is forced to deal with many different orbits at the same time. We should emphasize that, in contrast to standard numerical methods, equation (36) yields exact solutions for arbitrary evolution times, even in the case of dynamically unstable orbits.Our motivation comes from works on kinetic description of relativistic gases. Hence, we parameterize geodesics with conserved quantities (the energy and the angular momentum of the particle) and the particle initial location. Although such a parametrization is natural (and perhaps also the most popular), it might not be optimal in some applications, especially in the contextofnullgeodesics, in which casespecifyingthelocationsoftheemitterandtheobserver could by more convenient (cf [28]).TheBiermann-Weierstrass methodofthis paperis fairly general, and it is deliberatelypre- sented as such in this paper. We choose as our example the Schwarzschild spacetime, but a generalization to a large class of spherically symmetric metrics is straightforward, the Reiss- ner-Nordstrom spacetime being one of natural possibilities. This fact opens up a variety of
18
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applications, including astrophysical ones, related to testing the nature of astrophysical black holes,bothin thecontextoflightpropagationandthemotionofmassiveparticles(see,e.g.[4]).
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Appendix A. Biermann-Weierstrass theoremThe proofs of lemma A .1  and theorem A .2  given below are adapted from references [6,  29,  52].For any quartic polynomial

f (x) =  a0 x4 +  4a1 x3 +  6a2 x2 +  4a3 x  +  a4, we express its Weierstrass invariants ([65], p 453) as
g2 ≡ a0 a4 -  4a1 a3 +  3a22,
g3 ≡ a0 a2 a4 +  2a1 a2 a3 -  a23 -  a0 a32 -  a21 a4 .The Weierstrass elliptic function ρ satisfies the integral formula
,  =  f̂ x  d "'

'p(~⅛2⅛3> ∖∕4w3 — g∏w — g3the derivative of ρ satisfies the relation "dρ(z; g2, gs f 2dz =  4P(z; g2, g3) -  g2 p(z; g2, g3) -  g3 ∙

(A.1)
( A . 2 a )(A.2b)

( A . 3 )
(A.4)

In what follows, we will use an abbreviated notation: ρ(z) =  ρ(z; g2, g3), ρ ,(z) =  ⅜ (z; g2 , g3)∕ dz.
Lemma A.1. (Euler 1761). Let f (x ) =  a0 x4 + 4a1 x3 +  6a2x 2 +  4a3x  +  a4.Thedifferen- 
tial equation

(A.5)
(A.6)

57



Class. Quantum Grav. 39 (2022) 225003 ACieSlikand P Mach

where w' is an integration constant. Similarly, equation

(A.7)
has an integral of the form

(A.8)
Proof. The following proof is due to Lagrange [29]. For simplicity, we only give the proofof equation (A.6). Equation (A.8) can be proved in an analogous way.Let us introduce a new independent variable Λ  such that d x ∕d Λ  =  √ ∕( x ) . With a slightabuse of notation we write y(Λ) =  y(x(Λ)). It follows that d y ∕d Λ  =  √ ∕(v (Λ )). Define p(Λ) =  
x (Λ ) +  y (Λ )a n d q(Λ ) =  x (Λ ) -  y (Λ ), so thatdp dq (A.9)dA =  √ ∕( χ Λ j )  +  √ ∕W Λ j ) ,  =  v 7 W Λ j)  -  v 7 W Λ j) ∙
Differentiating further with respect to Λ ,  one gets
and

p p  =  ∕W A ) )  -  /(y(Λ)) =  ^ a 0pq(p2 +  q2) +  a1q(3p2 +  q2) +  6a2pq +  4a3⅛.
Hence
The above equation can be readily integrated, yielding
or, equivalently,
where w' is an integration constant.
Theorem A.2. (Biermann-Weierstrass). Let

f (x) =  a0 x4 +  4a1 x3 +  6a2 x2 +  4a3 x  +  a4,

(A.11)
(A.12)
(A.13)
(A.14)

□

(A.15)
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be a quartic polynomial. Denote the Weierstrass invariants of f by g2 and g3, i.e .,

g2 ≡ a0 a4 -  4a1 a3 +  3a22,
g3 ≡ a0 a2 a4 +  2a1 a2 a3 -  a23 -  a0 a32 -  a21 a4 . (A.16a)(A.16b)

Let

(A.17)
where x0 is any constant, not necessarily a zero of f ( x).T h en

(A.18)
and

(A.19a)

(A.19b)

where ρ(z) =  ρ(z; g2, g3) is the Weierstrass function corresponding to invariants (A.16).

Proof. In what follows, we assume that z, x , and x 0 are real. We also assume that f  (x) ≥  0 in theinterval(x 0 , x ). H encez >  0 fo r x  >  x 0 , andconverselyz <  0 fo rx  <  x 0 . In thefirststep ofthe proof, we show that the integral (A.17) can be transformed to the Weierstrass form, i.e., there exists a transformation w =  w(x ) such that
(A.20)

Quite remarkably, such a transformation is related to formula (A .6)o flem m a A .1 .L etu stake
(A.21)

where y is treated as a parameter. Note that w =  ∣w ' -  a2, where w, is the constant appearingin equ d computation yields
(A.22)
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where
(A.23)In the following, we restrict ourselves to the range in which dw/dx  (and hence also A (x, y )) has adefinitesign, so thatthemap χ  →  w(χ ) constitutes avalidchangeoftheintegrationvariable. Onecan showthatA 2(x , y) =  W(w(x )),whereW =  4w3 -  g2w -  g3, andtheinvariantsg2 and 

g3 are given by equation ( A.16). Consequently, A(x,y) =  e√IT(w(x)), where e =  ± 1 . This proves equation (A.20). More precisely,

Setting y =  x  0 in equation (A.21), we get w →  + ∞  for x  →  x0.  A s a consequence, one obtains
(A.24)
(A.25)

Note that e =  +1 for x >  x0, and e =  - 1  for x <  x0. It follows that w(x) can be written as w(x) =  ip(ez(x); g3,g 3) =  ρ(z(gCy, g2, g3)and √W(w(x)) =  -ep '(z(x);g2,g3) (the last relation can be obtained directly by differentiating equation (A.25) with respect to x ).It is easy to check that w defined by equation (A.21) can be also written as
(A.26)

where F i (x,y) =  /(y) +  ⅛∕'(y)(x -  y) +  -  y)2. It is a positive root of the quadraticequation (x  - y )2w2 - F 1 (x , y)w + F 2 (x , y) =  0, (A.27)where (A.28)
Using the relation

(A.29)one can transform equation (A.27) into the form
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(A.30)
which is a quadratic equation with respect to x -  y.  Solutions of this equation can be written as

(A.31)
A  close inspection shows that the plus and minus sign in the above expression is correlated with the sign of x -  y.W ehave

(A.32)

(A.33)
fo rx < y.Thisobservationfollowsfromnoticingthatw(x)isadecreasingfunctionofx fo rx >y and an increasing function of .x for x <  y (cf equation (A.22)), and from inspecting the lim­its of the above expressions for w  →  + ∞ . Given that ρ 'U (A g 2 ,g 3 ) =  -e √ W r(w(x)) =  - A( x ,  x0), and returning to our choice y  =  x0 ,  we write the expression for x  as

(A.34)i.e ., in the form of equation (A.18). Equation (A.19) follow directly from equations (A.23)and(A.26). □

Appendix B. Classification of trajectories

B.1. Timelike trajectoriesQualitative behavior of timelike trajectories depend on the properties of the dimensionless effective radial potential (27). The motion of a massive particle is only possible in regions where (B.1)
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For 0 ≤ λ 2 ≤ 12, U∖ (ξ) is a monotonically increasing function of ξ , growing from 0 at ξ  =  2 to Uλ(ξ ) →  1 fo rξ → ∞ .F o r λ2 >  12, Uλ(ξ ) has two local extrema: a local minimum at
and a local maximum at

(B.3)
(seee.g.[54]).Thelocationofthem inim um ξmingrowsmonotonicallyfrom 6toinfinity,asλ2 increases from 12 to infinity. At the same time, the radius ξmax decreases monotonically from6 to 3 .W eh ave (B.4)
The value Uλ(ξ min) grows from 8/9 to 1, as λ2 increases from 12 to infinity. Simultaneously, the value Uλ(ξmax) grows from 8/9 to infinity. For λ 2 ≥ 16, the value of the potential at the maximum is always greater than or equal to one; otherwise, it is smaller.Consider an equation ( B . 5 )i.e., a limiting case of inequality (B .1), where ξ max is given by equation (B.3). A  solution of equation (B.5) with respect to λ2 reads2 12λ c(ε)- =  ------------- 4------------ ∙ (B∙6)'  ( * ÷ ∕
In otherwords, λc (ε) denotes thevalueoftheangularmomentumforwhich theradial potential at the local maximum is equal to ε2. It turns out to be particularly useful in classifying different types of timelike trajectories.Therearethreemain types oforbits:radial, bound, andunbound.Theycan becharacterized as follows.• Type I (radial orbits). This class consists of trajectories for which λ2 =  0. Test particles move radially.• Type II (bound orbits). Bound orbits never reach ξ =  ∞ . They can be divided into the following sub-types:

* Inner orbits. This is a class of bound orbits with at least one of the endpoints beneaththeblackholehorizon.Forλ2 <  12,this istheonlytypeofboundorbits.The energy associated with such orbits is limited by ε2 <  1 f o r λ2 <  16 and ε2 ≤ Uλ(ξmax) for 16 ≤ λ2.F o r λ2 ≥ 12, there are limiting cases with λ =  λc(ε), in which the orbits can spiral asymptotically towards ξ =  ξ max.
* Outerorbits. Thesearetrajectoriestrappedinapotentialwell, whichcanexistfor 3 < ξmax ≤ ξ . In the generic case of outer bound orbits, the equation ε2 =  Uλ(ξ ) hasthreepositiverootsξ 1 , ξ 2 , ξ3 , satisfyingξ1 < ξ max < ξ 2 < ξ min < ξ 3 ,andthe particle oscillates between ξ2 and ξ3. Thus outer bound orbits exist for 12 ≤ λ2.
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For 12 ≤ λ2 < 16, the energy ε is bounded by Uλ(ξmin) ≤ ε2 ≤ Uλ(ξmax) < 1. For 16 ≤ λ2, the energy ε satisfies Uλ(ξmin) ≤ ε2 < 1.Alternatively, the phase space occupied by outer bound orbits can be charac­terized by
where

and
(B.8)
(B.7)

(B.9)
(see, e.g. [23]). Note that circular orbits with either ξ =  ξ max (stable) or ξ =  ξmin (unstable) belong to this class. There are also limiting cases with λ  =  λ c (ε), similar to the limiting cases of type IIa and type IIIc.• Type III (unbound orbits). In this case ε '≥ 1. Unbound trajectories are divided into the following two sub-types:

* Absorbedorbits. Thesetrajectoriesoriginateat ξ  =  ∞ and end beneath the black hole horizon. The angular momentum associated with absorbed trajectories satisfies λ < λ c (ε).
* Scatteredorbits. Bothendpointsofscatteredtrajectoriesreachinfinity. The particles never reach below ξ =  3, i.e ., below the photon sphere. Their energy is bounded from below by

(B.10)
The total angular momentum of a scattered particle is limited from above, i.e., λ c (ε) < λ ≤ λ max (ε , ξ ).

* A  limiting case with λ =  λ c (ε). The particle travels from infinity and spirals asymptotically to ξ =  ξmax.A  comprehensive discussion of the classification of orbits can be found in [ 10, 39, 54]. Figure B1 shows the radial effective potential Uλ(ξ ) corresponding to different types of orbits listed above.
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Figure B1. The effective potential U λ  (ξ ) (equation (27)) for λ  =  4.2 (left)an d λ  =  3.8 
(right). The properties of the orbit depend on the energy of the particle and the location 
with respect to the local maximum of U λ  (ξ  ). Different types of orbits (IIa, IIb, IIIa, IIIb) 
are marked with separate colors.

B.2. Null trajectoriesThe classification of null trajectories is similar to that of timelike orbits, but it is in many respects much simpler. The dimensionless radial potential U λ  (ξ ), defined by equation (28), has a single maximum at ξmax =  3. The value of the potential at the maximum reads
(B.11)

Consequently, the equivalent of the function λ c (ε), defined in equation (B.5), reads
(B.12)

The orbits are divided into the following classes.• Type I (radial orbits). A s for timelike geodesics, this class consists of orbits with λ  =  0.
• Type II (bound orbits). Null bound orbits exist for ξ  ≤ 3 and ε2 ≤ λ2/27. This type includes (as a limiting case) the circular photon orbit with the radius ξ =  3.• TypeIII (unboundorbits). As fortimeliketrajectories,unboundorbits can be dividedinto two following types.

* Absorbed orbits. In this case ε2 > 0 and λ <  λc(ε).
* Scattered orbits. For scattered orbits λc(ε) < λ ≤ λmax (ε , ξ ), where

These orbits exist only for ξ > 3. 
* A  limiting case with λ =  λ c (ε).

(B.13)
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Appendix C. Elliptic expressions for ψ(ξ )

and
In this appendix we derive expressions for

(C.1)
(C.2)

intermsofLegendreellipticintegrals.Ofcourse,X (ξo) =  Y(ξo; ∞ ).Substitutionsgiveninthis appendix are known, and they are used e.g. in [39]. They can be introduced quite generally, both for timelike and null orbits.Let us start with a more general elliptic integral
( C . 3 )

where/(ξ) =  fl0ξ4 +  4aiξ 3 +  6tt2ξ 2 +  4a3ξ +  a4. Lete be a zero o f/ . Substituting ξ  =  e +  j ,we get
(C.4)

whereA o =  ao ,  A1 =  a1 + aoe,  A2 =  a2 + 2a1e +  aoe2, A 3 =  a3 + 3a2e + 3a1e2 +  aoe3.T h etransformation ξ  =  e +  j  maps the zero ξ  =  e to infinity, removing one factor (ξ — e} from the factorization of f (ξ ). Theremainingzeros of f (ξ) are mapped into zerosof A o +  4A1x  +  6A2x2 +  4A3x 3. Next, another substitution x =  y~̂ A2, brings the above integral to the Weier-strass form
(C.5)

where g2 and g3 are given by (A.16).Further reduction to Legendre integrals requires a control of the integration range with respect to zeros of the polynomial 4y3 -  g2y -  g3, provided that one wants to have explic­itly real expressions. We start by computing the integral X (ξo), assuming a scattered unboundorbit. In this case, f (ξ ) has four real zeros, one of which is simply ξ =  o. This can be seenas follows. We have f (ξ ) =  ξ4(ε2 -  U λ (ξ )). The expression ε2 -  U λ (ξ ) has three real zeros: two of them are positive, as follows from the discussion concerning the centrifugal barrier. The third one is negative. For timelike trajectories this fact can be seen by noting that
(C.6)

Conesequently, ε2 -  U λ (ξ) tends to - ∞  for ξ →  o- , a n d ε2 -  U λ (ξ ) →  ε2 -  1 >  o, fo rξ → - ∞ .H e n ce ,ε2 - U λ (ξ )changesitssignforξ < o.Fornulltrajectoriesthereasoning is analogous, but this time
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(C.7)
Consequently, ε2 -  U λ  (ξ) →  ε2 >  0, for ξ → - ∞ .  In both cases (timelike and null) we willdenote the zeros of f (ξ ) a s ξ 1 <  0 < ξ 3 < ξ 2.In the substitution ξ  =  e +  ∣  leading to equation (C.4), we now choose e =  O. This yields
A0 =  a0,  A1 =  a1 ,  A 2 =  a2 ,  A 3 =  a3 .  Note that a2 =  - 1/6, a3 =  1/2, both for timelike and null trajectories. Hence, X (ξ0) can be written as

(C.8)
The substitution y  =  -  j⅛ +  ⅛ maps the zeros ξ 1, ξ 2, ξ 3 of /(ξ) to y1, y2, V3, respectively, but this time y 1 <  y2 <  y3. The original integration range of ξ , ξ 2 ≤ ξ 0 ≤ ξ  <  ∞ , is mapped into the segment: y 1 <  - 1/12 <  y ≤  y2.We now make a substitution

y  =  y 2 -  μ 2 cos2 χ , √ = y 2 - y ι ,  k2 =  - — — , O ≤  χ  ≤  y .  (C.9) 
y 3 -  y 1 2Thus y =  y 1 for χ  =  0, and y =  y2 for χ  =  π ∕2 . This yields

(C.10)
where k/μ  =  1/√y3 -  Vi ■ Consequently,

(C.11)
where

(C.12)
For generic unbound absorbed orbits, the situation is slightly different. In this case the polynomial 4y3 -  g2y -  g3 has only one real zero y 1 < - 1/ 12. We write: 4y3 -  g2y -  g3 =  4(y  -  y 1)(y2 +  py +  q), where p2 -  4q <  0 and thus y2 +  py +  q >  0. The substitution which turns equation (C .8) into the Legendreform reads now

where

V =  V i+A ttan2 1 ,  μ =  φ ↑ +  py1 +  q, O ≤  χ  <  ∣ . (C.13)
We have y =  y 1 for χ  =  0 and y → ∞ for χ  → π ∕2. A  straightforward algebraic calculation yields now

(C.14)
(C.15)
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Note that k2 is real and positive. This fact follows directly from the inequality p2 -  4q <  0, which ensures that
(C.16)

A s a consequence, X (ξ 0) can be written as
(C.17)For generic timelike outer bound orbits the expression ε2 -  U λ  (ξ ) has three real positiveroots ξ 3 < ξ 2 < ξ 1,  which are also the zeros of f (ξ ) (the fourth root being ξ 4 =  0). The motionis allowed in the range ξ 2 ≤  ξ ≤  ξ i . The transformation y =  - ⅛  +  ⅛ maps the zeros ξ 3, ξ 2, ξ 1 into y 1 <  y2 <  y3 (the zeros of 4y3 -  g2y -  g3). Explicitly real expressions for Y (ξ0, ξ ) can be obtained with substitutions (C .9 ). We get
(C.18)Thecaseofinnerboundorbitsism orecom plex,since,dependingonthevaluesofε andλ , they correspond either to a case with three real zeros of 4y3 -  g2y -  g3 or to a case in which this polynomial has just one real zero and two complex ones. Here again, substitutions (C .9 ) and(C.13) work,butonehastoadjustthedetails(carefullyselecttherootsy 1, y2,a n d y3).
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The theory of Schwarzschild geodesics is revisited. Using a theorem 
due to Weierstrass and Biermann, we derive concise formulas describing all 
timelike and null trajectories in terms of Weierstrass elliptic functions. The 
formulation given in this note uses an analogue of the so-called Mino time.
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1 . Introduction and motivation

Since the discovery of the Schwarzschild m etric, different ways of ex­
pressing solutions to  the Schwarzschild geodesic equations have been devel­
oped [1- 6]. In most cases, they differ in the assumed param etrization and 
in the types of elliptic functions used to write the solution.

Our motivation for revisiting the theory of Schwarzschild geodesics is 
related to works on the kinetic description of the Vlasov gas in the Schwarzs- 
child spacetime and the accretion of the Vlasov gas onto Schwarzschild black 
holes [7- 13], Reissner-Nordstrom black holes [14], and Kerr black holes [15­
18]. In particular, aiming at constructing Monte Carlo type simulations of 
the gas consisting of non-colliding particles moving around the Schwarzschild 
black hole, we were searching for a concise description of all types of time­
like and null trajectories in the Schwarzschild metric, which would depend 
explicitly on standard constants of motion (in particular, the energy and 
the angular momentum) together with the initial location of the particle. 
It turns out tha t such a description can be written in terms of Weierstrass

* Presented by A. Cieślik at the 8th Conference of the Polish Society on Relativity,
Warsaw, Poland, 19-23 September, 2022.

(6-A710.1)
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elliptic functions, basing on a theorem due to  Weierstrass and Biermann [19]. 
A detailed account of these results can be found in our recent paper [6]. This 
note is intended to  give a  short summary, bu t, in comparison to  [6], we use 
a  different param etrization. In [6], solutions are expressed in term s of the 
so-called true anomaly; in this note, we use an analogue of the Mino tim e, 
introduced originally for the Kerr geodesics in [20].

2. Geodesic equations

We work in standard Schwarzschild coordinates. The m etric reads 

g =  - N  dt2 +  dNr  +  r 2 dθ 2 +  r  2 sin2 θ dφ2 , (1)

where
(2)

and M  is the Schwarzschild mass. Geodesic equations can be w ritten in the 
form [6]

where

(3a)

(3b)

(3c)

(3d)

(4)

is the radial effective potential and E , l ≥  0, lz denote constant values of the 
particle energy, the to ta l angular momentum, and the azimuthal component 
of the angular momentum, respectively. The constant δm  is defined as

(5)

and the signs eθ =  ± 1 and er  =  ± 1 correspond to the directions of motion.
There is a convenient way to partially decouple the above equations, 

which also works for the geodesic motion in the Kerr spacetime, and which 
for the la tter case was introduced by Mino in [20]. The trick is to reparame-
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trize geodesics so th a t

(6)

We will refer to the param eter s as the Mino time. Additionally, to simplify 
further calculations, we will work in dimensionless rescaled variables, defined
as in [7], i .e . ,

A new Mino time s is defined by

s
ss =  M  m (8)

In terms of these dimensionles variables, geodesic equations (3) can be 
written as

where N (ξ) =  1 — 2∕ ξ . The dimensionless radial potential reads

where

(9a)

(9b)

(9c)

(9d)

(10)

(11)

3. Biermann-Weierstrass theorem

Solutions given in this work are based on the following result due to 
Biermann and Weierstrass. The original formulation of this theorem has 
been published in [19]. More detailed proofs can be found in [6 , 21, 22].
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Theorem 3.1 Let

f  (x) =  a 0 x4 +  4a 1x3 +  6a 2x2 +  4a 3 x  +  a 4 (12)

be a quartic polynomial. Denote the invariants of f  by g2 and g3 , i.e.,

Let

(13a)
(13b)

g2 ≡  a 0 a 4 -  4a 1 a 3 +  3a22 ,
3 2  2g3 ≡  a 0 a 2a 4 +  2a 1 a 2a 3 -  a32 -  a 0 a23 -  a12 a 4 .

(14)

where x0 is any constant, not necessarily a zero of f ( x) . Then

and

where p (z ) =  p (z ; g2 ,g3) is the Weierstrass function corresponding to in­
variants (13) .

4. Solutions 

4.1. Solution for ξ(s )
Equation (9a) can be rew ritten in the Weierstrass form

where

and

(17)

(18)

ao =  ε 2 -  δ , 4a1 =  2δ , 6a2 =  - λ 2 , 4a3 =  2λ 2 , a4 = 0 .
(19)
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For a  segment of the tra  jectory from ξ0 to  ξ, we get

(20)

where ξ0 is a  reference radius corresponding to  s =  0. Weierstrass invariants
of the polynomial f  read

(21a)

(21b)

Therefore, thanks to the Biermann-W eierstrass theorem, we can write the 
formula for ξ =  ξ(s)  as

ξ ( ) ξ , '--∖  f  (ξ0 ⅛ , (s) +  1 f  (ξo ) M s) -  ⅛ ∏ ξo )  +  2 4 f  (W " ξ
ξ (s ) =  ξo +  -  -  .

2 [p(s) -  1  f ''(ξo)  2 -  ⅛ f  (ξo)f (4) (ξo )
(22)

Here, ρ is understood to be defined by the invariants g2 , and g3 given by 
Eq. (21), i.e., ρ (z) =  ρ (z ; g2 ,g3), and f  is defined in Eqs. (18) and (19).

The above equation is a general solution to Eq. (17), valid for all types 
of allowed trajectories. One can moreover show that Eq. (22) gives a correct 
solution also in the presence of turning points. In this case, the sign ' r  in 
Eq. (22) has to be interpreted as referring to the initial position ξo (in other 
words, ' r  can be treated as a part of initial data).

4.2. Solution for θ (s ) and φ (s )
Equation (9b) can be integrated in a straightforward way. Substituting 

μ  =  cos θ, we get

where μ0 =  cos θ0 correspond to a reference point. Setting
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one gets

μ (s ) =  - eθ 1 -  λ j  sin[λ (s -  β0)] . (23)

Equation (9c) can be now integrated as

s s
1 1

φ (s) -  φ 0 =  λ z
sin j  θ (s)

ds =  λ -
1 -  μ (s) j

ds

=  arctan
λ z
λz tan[λ (s  -  β0 )] +  arctan λλz tan (λ β 0 )

where we have used Eq. (23), and φ 0 =  φ (0) . The above expression can be
corrected for discontinuities due to  the tangent function. The final formula 
has the form

φ (s ) =  φ 0 +  arctan
λ z
λz tan[λ (s  -  β0 )] λλz tan (λ β 0 )+ a rc ta n  tan(λ β 0 ) + n π sgnλ z ,

(24)
where n  is an integer p art of πλ  (s  -  β0 ) ±  j1 . Here, the plus corresponds to
s  >  0 and the minus to  s  <  0.

4 .3 . S o lu tion  fo r  τ (s ) 

A direct integration of Eq. (9d) yields

s j s

τ (s ) -  τ (0) = ε ξ (S)1 j
o 1 ξ (^)

ds =  ε i (s) j  +  2ξ (S) + 4 + d s .

These integrals can be computed by substituting expression (22)  for i (s ), 
however the result may be too complicated and impractical. Instead, we 
will focus on a simpler case, in which a turning point can be chosen as a 
reference point.

Let i 1 denote the radius of the turning point, so th a t f (i 1 ) =  0. Choosing 
i 1 as a reference radius corresponding to  s  =  0, one can rewrite Eq. (22)  as

i (s ) =  i 1 +
4 f  ' (i i )

P («) -  j i f "  (ξ i )
(25)

irrespectively of the radial direction of motion, i.e ., the value of er . The 
coordinate time elapsed during the motion from s  =  0 to s  =  s j  can be
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w ritten as

(26)

where ρ (y) =  2⅛f ' ' (ξ ι ) and p (z) =  2⅛f ' ' (ξ ι ) -  4fξ1- 2) ∙ One can choose any 
values y and z satisfying these conditions. Integral (26) can be computed 
with the help of the following two integral formulas ([23], p. 312 and [24], 
p. 626):

(28)

where ζ (x ) and σ (x ) denote the Weierstrass functions ζ (x ; g2, g3 ) and 
σ (x ; g2, g3 ), respectively. Hence, we obtain

In general, to obtain a continuous expression for τ * , one has to be careful 
in selecting appropriate branches of the logarithms appearing in Eqs. (27) 
and (28).

As an example, consider a motion of a particle starting from an arbitrary 
location ξ0 and moving inwards until it reaches a periapsis with the radius ξ l 

(thus f (ξ l ) =  0). Next, the particle moves outwards up to a location with 
a radius ξ . Denote the Mino time needed for the motion from ξ0 to ξ l  by 
s l  and the Mino time needed for the motion from ξ l  to ξ by s2 . Thanks to 
symmetry, the coordinate time of the entire motion can be w ritten as

τ (s ) =  τ⅛(s ι ; ξ ι ) +  τ* (s2 ; ξ i ) =  τ* (s i ; ξ ι ) +  τ * (s -  s i ; ξ ι ) , (30)

where s =  s l  +  s2 .
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The value s1 can be computed from Eq. (20). The integral in Eq. (20) 
can be expressed in term s of the Legendre elliptic integrals, b u t the exact 
form of the result depends on a  type of particle tra  jectory. For an unbound 
scattered trajectory

where y1 <  y2 <  y3 are real zeros of the polynomial 4y3 -  g2y  -  g3 , and 
k 2 =  (y2 -  y1 ) / (y3 -  y1 ) . A longer discussion of th is result can be found
in [6, 9], where i t  is referred to  as the elliptic X  function. A comprehensive 
discussion of the classification of orbits and different expressions for the 
integral in (20) can be found in [3, 5].

5. Conclusions

We have revisited the theory of timelike and null geodesics in the
Schwarzschild spacetime. A novel aspect of our study is an application
of the Biermann-W eierstrass theorem, providing a single formula describ­
ing bound and unbound geodesic orbits. More details on this approach can 
be found in our recent article [6]. In [6], geodesics are parametrized using 
the so-called true anomaly — an angle measured within the orbital plane. 
Here, we introduce a param etrization by an analogue of the Mino time, com­
monly used in the theory of the Kerr geodesics. The solutions formulated in 
this way can serve as limiting expressions for Kerr geodesics in the limit of 
non-spinning black holes.

This work was partially supported by the National Science Centre, 
Poland (NCN) grant No. 2017/26/A /ST2/00530.

REFERENCES

[1] Y. Hagihara, Jpn. J. Astron. Geophys. 8, 67 (1930), 
https://u i.adsabs.harvard.edu/abs/1930JaJAG. . . 8 . . . 67H/abstract

[2] B. Mielnik, J. Plebański, Acta Phys. Pol. 21, 239 (1962).
[3] S. Chandrasekhar, «The Mathematical Theory of Black Holes», Oxford 

University Press, New York, NY 1983.

78

https://ui.adsabs.harvard.edu/abs/1930JaJAG...8...67H/abstract


Timelike and Null Geodesics in  the Schwarzschild Space-time . . . 6-A10.9

[4] G. Scharf, J. Mod. Phys. 2, 274 (2011).
[5] U. Kostić, Gen. Relativ. Gravit. 44, 1057 (2012).
[6] A. Cieślik, P. Mach, Class. Quantum Grav. 39, 225003 (2022).
[7] P. Rioseco, O. Sarbach, Class. Quantum Grav. 34, 095007 (2017).
[8] P. Rioseco, O. Sarbach, J. Phys.: Conf. Ser. 831, 012009 (2017).
[9] P. Mach, A. Odrzywołek, Phys. Rev. D 103, 024044 (2021).

[10] P. Mach, A. Odrzywołek, Phys. Rev. Lett. 126, 101104 (2021).
[11] P. Mach, A. Odrzywołek, Acta Phys. Pol. B Proc. Suppl. 15, 1-A7 (2022).
[12] C. Gabarrete, O. Sarbach, Acta Phys. Pol. B Proc. Suppl. 15, 1-A10 (2022).
[13] A. Gamboa et al., Phys. Rev. D 104, 083001 (2021).
[14] A. Cieślik, P. Mach, Phys. Rev. D 102, 024032 (2020).
[15] P. Rioseco, O. Sarbach, Phys. Rev. D 98, 124024 (2018).
[16] L. Andersson, P. Blue, J. Joudioux, Commun. Part. D iff. Eq. 43, 47 (2018).
[17] A. Cieślik, P. Mach, A. Odrzywołek, Phys. Rev. D 106, 104056 (2022).
[18] P. Mach, A. Odrzywołek, Acta Phys. Pol. B Proc. Suppl. 16, 6-AX.X (2023), 

this issue.
[19] W. Biermann, «Problemata quaedam mechanica functionum ellipticarum 

ope soluta», Ph.D. Thesis, Berlin 1865, 
http://resolver.sub.uni-goettingen.de/purl?PPN313151385

[20] Y. Mino, Phys. Rev. D 67, 084027 (2003).
[21] A.G. Greenhill, «The applications of elliptic functions», Macmillan, London 

1892, h ttp s ://a rc h iv e .o rg /d e ta ils /a p p lic a tio n s e lli0 0 g re e r ic h
[22] M.J. Reynolds, J. Phys. A : Math. Gen. 22, L723 (1989).
[23] P.F. Byrd, M.D. Friedman, «Handbook of Elliptic Integrals for Engineers 

and Scientists», Springer, Berlin, Heidelberg 1971.
[24] I.S. Gradshteyn, I.M . Ryzhik, A. Jeffrey, «Table of integrals, series, and 

products», Academic Press, Amsterdam, Boston 2007.

79

http://resolver.sub.uni-goettingen.de/purl?PPN313151385
https://archive.org/details/applicationselli00greerich


2 .3 . M o n te  C a r lo  m e th o d s  fo r  s ta t io n a ry  s o lu tio n s  o f  g e n e ra l- re la t iv is t ic  

V la s o v  sys te m s : C o llis io n le s s  a c c re t io n  o n to  b la c k  ho les

Reprinted (excerpt, abstract, figures) with permission from:Patryk Mach, Adam Cieślik, and Andrzej Odrzywołek, Phys. Rev. D  108, No. 12 (December 2023): 124057.Copyright (2023) by the American Physical Society.

80



PHYSICAL REVIEW D 108, 124057 (2023)
E dito rs ' Suggestion

Monte Carlo methods for stationary solutions of general-relativistic 
Vlasov systems: Collisionless accretion onto black holes

Patryk Mach ,1 Adam Cieślik ,1,2 and Andrzej Odrzywołek 1
1Instytut Fizyki Teoretycznej, Uniwersytet Jagielloński, Łojasiewicza 11, 30-348 Kraków, Poland 

2Szkoła Doktorska Nauk Ścisłych i Przyrodniczych, Uniwersytet Jagielloński

(Received 17 October 2023; accepted 28 November 2023; published 20 December 2023)

We develop a Monte Carlo simulation method for computing stationary solutions of the general- 
relativistic Vlasov equation describing a gas of noncolliding particles. As specific examples, we select 
planar or spherically symmetric accretion models on the Schwarzschild background spacetime. In all cases 
the gas extends to infinity, which poses an additional difficulty in the Monte Carlo approach. We discuss
models with monoenergetic particles as well as solutions obeying the Maxwell-Juttner distribution at 
infinity. For all models, exact expressions for the particle current density are known or can be computed 
analytically. We demonstrate perfect agreement between exact expressions for the particle current density 
and the results of our Monte Carlo simulations.

DOI: 10.1103/PhysRevD.108.124057

I. INTRODUCTION

In the general-relativistic kinetic theory of gases, 
observable quantities (the particle current density, energy- 
momentum tensor, energy density, pressure, etc.) are 
computed as suitable integrals over momentum space
[1- 9]. With sufficient control of the phase-space structure
(e.g., a good description of the regions in the phase space
available for the motion of gas particles), one can, in many 
cases, compute such integrals directly, providing a solution 
to the problem at hand (see, e.g., [10- 18]). For complex 
problems, a good description of the phase-space structure 
may not be available, and one has to resort to other 
methods. In this work we deal with a simple (but important) 
case in which collisions between individual particles of the 
gas are neglected. Since a collisionless gas consists of 
particles moving along geodesic trajectories, a possible way 
would be to construct a Monte Carlo simulation, in which 
one would select a sample of geodesic trajectories and then 
compute averages over this sample, in order to obtain 
desired observables. Although this idea sounds simple, its 
actual implementation poses several difficulties related to 
the selection of geodesics and the averaging procedure.

Another option is to use the so-called particle-in-cell 
method, which has been employed successfully in general- 
relativistic simulations of kinetic systems with magnetic 
fields [19- 22].

In this article we present a technical implementation of a 
Monte Carlo approach, designed to work with stationary 
solutions. While stationary solutions seem to be natural 
and even simple, they require a somewhat counterintui­
tive approach to the averaging process, as will become 
clear in the remainder of this paper. In short, instead of

counting intersections of geodesic trajectories with regions 
of spacelike hypersurfaces, we count intersections with 
suitable timelike hypersurfaces.

For clarity, we will focus on several easy accretion-type 
problems in the Schwarzschild spacetime, for which ana­
lytic solutions are available. Specifically, we will consider 
stationary Bondi-type solutions, in which the gas extends to 
infinity, where it is assumed to be homogeneous and at 
re s t[10,11,23].W ewillworkwithplanarmodels,assuming 
that the gas is confined to a single plane (similarly to the 
accretionmodelintheKerrspacetimedescribedin[17]),and 
with spherically symmetric configurations. In the simplest 
case, we restrict ourselves to monoenergetic particles, but 
we also give examples in which the gas obeys the Maxwell- 
Juttner distribution at infinity [24,25].

As a supplement to this paper, we provide sample 
Wolfram Mathematica [26] codes performing our simu­
lations. They will be publicly available at [27].

This paper is organized as follows. In Sec. II we 
introduce our notation and define the one-particle distri­
bution function. Section III is devoted to planar models, in 
which the motion of particles is confined to a common 
plane. We start with an elementary model of a planar 
uniform distribution of monoenergetic particles in the 
Minkowski spacetime. Two planar accretion models for 
the Schwarzschild spacetime are given in Sec. III B . I n  
Sec. III C we discuss Monte Carlo integration in the context 
of these two models. This section provides a link between 
the two approaches: an analytic one and an approach based 
on the actual Monte Carlo simulations. It also gives us an 
opportunity to discuss the selection of geodesic parameters 
describing the Monte Carlo sample. Section III D introdu­
ces our Monte Carlo simulations. In Sec. IV we focus on

2470-0010=2023=108(12)=124057(21) 124057-1 © 2023 American Physical Society81
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spherically symmetric stationary accretion models. A short 
summary is given in Sec. .

We will work in standard gravitational units with
c  ¼ G ¼ 1 , where c  is the speed of light and G denotes 
the gravitational constant. We assume the signature of the
metric in the form ( - ,  + , + , + ).

II. ONE-PARTICLE DISTRIBUTION FUNCTION

In the framework of the general-relativistic kinetic 
theory, the gas is described in terms of a distribution 
function defined on a one-particle phase space—a subset of 
the tangent or cotangent bundle of the spacetime manifold 
(see, e.g., [9] for a recent introduction). In this paper we 
adhere to the cotangent bundle formulation, but it is, in fact, 
a matter of convention.

Let (M, g) be a spacetime manifold. The cotangent 
bundle of M is defined as

T M  = { ( x ,p ) ↑x ∈M ,p  ∈ T *M }. (1)

The one-particle distribution function is a real function 
defined on suitably chosen subsets U ⊆  T *M, i.e., 
F  :U  → [0, + ∞ ). The precise mathematical definition of 
F  depends on a convention regarding the choice of U .Letus 
consideragascomposedofthesamerest-massparticles(such 
agasissometimesreferredtoas“ simple” [2]).Onepossibility 
is to restrict U to the future mass shell, defined as

r m =  { (x ,p )  ∈ T* M ^ ⅛  =  -m 2,

p  is future-directed}, (2)

where m  denotes the rest mass of a particle. This option has 
been chosen, e.g., in [9]. Another option is to transfer the 
mass-shell restriction to the assumed form of F  and to 
demand that F  ~  δ (yJ - p μp μ -  m) .In thispaper, wedecided 
to choose the latter option, mainly to be consistent with 
previous works [10,11].

Let S  denote a three-dimensional spacelike hypersurface 
in M , and let s  be a future-directed unit vector normal to S . 
We define N [S] as an averaged number of particle 
trajectories in U, whose projections on M  intersect S . In  
other words, N [S] denotes the number of particles in S. It 
can be shown that [cf. [9], Eqs. (94)]

(3)

where

P+  = {p  ∈ TTM:Ml pμp ν < 0 ,p is  future-directed} (4)

and ηS denotes the volume element on S . The volume 
element on Px+ is given (in local adapted coordinates) by

dvolx (p ) =  -  detgμν(x )d p 0dp 1d p 2dp 3 . (5)

Equation (3) gives rise to the definition of the so-called 
particle current density

J μ (x ) =  F ( x, p )p μdvolx (p ) . (6)
P x+

With this definition one can write N [S] as

N [S∖ =  - f  J μ sμηs . (7)

The geodesic motion can be described by Hamilton' s 
equations

(8a)

(8b)

where p μ =  dxμ=dτ , H (x, p ) = 21 gμν(xα)pμp ν =  -  21 m 2.In 
the absence of collisions between particles, the distribution 
function F  satisfies the so-called Vlasov equation, which 
can be expressed as a requirement that F  should remain 
constant along a geodesic:

dF  ∂F  dxμ ∂F  d p ν ∂F  ∂H  -  ∂F  ∂H
dτ ∂xμ dτ ∂p ν dτ ∂xμ ∂p μ ∂p ν ∂x ν

= { H ,F } = 0 . (9)

Here {∙, ∙} denotes the Poisson bracket. Note, in particular, 
that a probability function depending on (x, p ) via con­
stants of motion I i(x ,p ), i.e., F  =  F (I1(x ,p ), . . ,  
I s(x ,p )), where { H ,I i} =  0, i =  1, . .. ,s ,  would always 
satisfy the Vlasov equation. In explicit terms, Eq. (9) can be 
written as

μν ∂F  1 ∂gαβ ∂F
gμνp ν ∂xμ -  2 p αpβ ∂xμ ∂pμ 0 . (10)

Using Eq. (9), one can show that the particle current 
density satisfies the conservation law V μ J μ =  0, which 
again justifies formula (7). The particle number density can 
be defined covariantly as n  =  - J μJ μ . Alternatively, 
one can work with the components of J μ .

III. PARTICLES CONFINED TO  A PLANE

We will assume a specific-to-general approach and start 
with illustrative cases of the gas confined to a plane. 
More specifically, we will begin with a discussion of a 
uniform gas of monoenergetic particles restricted to a two­
dimensional plane in the flat Minkowski spacetime. In the 
next step, we turn to a planar accretion problem in the 
Schwarzschild spacetime.
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A. Flat space case
Consider a uniform gas of monoenergetic noncolliding

particles confined to a two-dimensional plane in the flat 
Minkowski spacetime. The gas particles move along 
straight lines. The only nonvanishing component of the 
particle current density J  t can be computed in two

The second calculation is based on spherical coordinates. 
While these may seem to be a bad choice for the problem 
with an explicit translational symmetry, this calculation 
provides an illustration of some aspects related to the 
selection of samples of geodesics in the Monte Carlo 
simulations discussed in this paper. We define

(20a)

(20b)

(20c)

(20d)

and assume a convention in which l ≥  0. Quantities m, E, l, Z and lz are constants of motion. A straightforward calcu-
Jμ (t,x,y~) = F (t,x ,y ; pβ ')pμdvolx(p). (13) lation gives

For a uniformly distributed gas of monoenergetic
particles of the same mass m 0, we assume

F (X, p) = am 05(p z)5(P t + E o)δ(↑J p 2 -  p2 -  m0^

¼ αδ(p z)δ(ε -  ε0)δ(m -  m0); (14)

where p t =  - E, E  =  mε, E0 =  mε0, and α is a proportion­
ality constant. Hence,

J t =  αm0 δ(p z )δ(p t +  E0 )

×  δ p t2 -  p2 -  m0 p td p td p Xdp y d p z . (15)

Integrating over p t and p z is straightforward, and it gives

J t =  - αm0E0 δ E20 -  p X2 -  p 2y -  m0 d p Xdp y . (16)

Introducing polar momentum coordinates p x = ζ  cos S, 
p y = ζ  sin S, we obtain dpxdpy = ζdSdζ  and

J t =  - 2 παm 0E0 δ p t2 -  ζ2 -  m0 ζdζ. (17)

On the other hand,

δ p t2- ζ 2 - m0 =  ffiffiffiffi2ffiffi-ffi0ffiffiffiffiffiffiffi2ffiδ ζ -  E20 - m20 ; (18)
E20 - m20

and hence

J t =  - 2 παm02E0 =  - 2 παm30ε0; (19)

Treating m , E , l, and lz as new momentum coordinates, one 
obtains

mldmdEdldlz =  E2 -  m2 -  2

2 lz2
×  l2 -  z2 dp t dp r dpθdpφ . (22)

sin2 θ

Keeping the pair of coordinates (l; lz) is troublesome in 
making the restriction to the equatorial plane. A convenient 
solution is to change (l; lz) ↦  (l; σ ), where

sin σ =  llz . (23)

Thus, p θ =  0 corresponds to σ = ± π∣r2. We have 
dlz =  l2 -  lz2dσ . Moreover, at the equatorial plane 
θ =  π∣2, we find

ffiffiffiffi2ffiffiffiffiffiffiffiffiffiffiffi2ffiffiffiffiffiffiffilffiffi2ffiffi
mldmdEdldσ  =  E2 -  m2 -  2d p td p rdp θdpφ; (24)

and hence the volume element dvolx(p ) can be written as 

mldmdEdldσdvolx (p ) =  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi2ffi . (25)
r 2 E2 -  m2 -  rl22

Similarly,

δ (p z ) = l δ σ -  2 +  δ σ +  2 . (26)

where E0 =  m0ε0. This gives
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F(x, p) 'u"'l 'r δ(m -  mg)δ(E -  Eg )

× δ ( σ -  2 ) + δ ( σ + ι )  (2 7 )

and

j  = -  4am0 Eg f  im. d l
r  g Eg2 - m g2 - rl22

where lmax ¼ r E2g -  m2g. The additional factor 2 appear­
ing in the above formula comes from the fact that a given 
set of values E, m, and l corresponds to two possible values
of the radial momentum p r =  ± ∣p r∣ [cf. Eq. (20a)]. Let us 
introduce the following dimensionless quantities:

l =  M m gλ, r = Mξ, Eg =  m0εg , (29)

where M denotes a reference mass parameter. The expres­
sion for J t can be written as

(30)

equivalent of the Bondi (or Michel)-type stationary accre­
tion of the collisionless gas occurring in the Schwarzschild 
spacetime (see Refs. [10,11,23]) restricted to a plane. 
Within the plane, the gas extends to infinity, and it is 
assumed to be asymptotically “ atrest.”  A model ofthis type 
for the Kerr spacetime has been analyzed in [17]. I n  
contrast to the Kerr case, the planar accretion model in 
the Schwarzschild spacetime is relatively simple and can 
serve as a pedagogical example in our discussion.

We work in standard Schwarzschild coordinates 
(t, r, θ, φ). The Schwarzschild metric has the well-known 
form

2M  2 2M - 1 2

g =  -  1 -  dt2 +  1 -  d r2

2+  r2dθ2 +  r2 sin2 θdφ2: (35)

All our calculations can also be repeated using suitably 
chosen horizon-penetrating Eddington-Finkelstein-type 
coordinates, yielding essentially the same results. We use 
the simplest Schwarzschild form of the metric to avoid 
unnecessary complications.

The geodesic motion is integrable. There exist four 
independent constants of motion, which, for simplicity, 
we denote as

where λmax =  ξ ε2g -  1. The integral in Eq. (30) reads m2 =  - gμνp μp ν; (36a)

E = - p t ; (36b)

l2 =  p θ2 +  sin2 θ p 2φ; (36c)

lz  =  p φ; (36d)

using the symbols which have already been introduced in 
the flat Minkowski case. As before, we assume l ≥  g and 
define dimensionless quantities ξ, ε, λ, and λz:

Thus, we finally obtain

Jt =  - 2 παm3gεg; (33)

which coincides with Eq. (19). We will return to Eqs. (30)-  
(32) in Sec. III D, discussing the selection of geodesic 
parameters. For future use, note that

ns =  2παm3gεg (34)

can be interpreted as a particle surface density of the gas.

r  =  Mξ, E =  mε, lz = M mλz, l = Mmλ, (37)

where, this time, M  refers explicitly to the Schwarzschild 
mass. We will also use the momentum-space coordinate σ 
(23),definedusingdimensionlessquantitiesbysinσ = λz=λ.

The phase-space region available for the motion 
can be controlled with almost the same expressions as 
thoseusedinthesphericallysymmetricmodel[10]. Inwhat 
follows, we will summarize the most important formulas; 
details of the derivation can be found in [10]. The contra- 
variant radial component of the momentum vector reads

B. P lanar accretion onto a  Schwarzschild black hole
As one of our test models, we consider planar stationary 

accretion in the Schwarzschild spacetime. It is an where

124057-4
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(39)

denotes the dimensionless effective radial potential.
The region available for the radial motion is character­

ized by the condition ε2 -  Uλ (ξ) ≥ 0. Since Uλ (ξ) → 1, as 
ξ → ∞ , unbound orbits are characterized by the energy 
ε ≥  1. The orbits with the angular momentum λ < λc(ε), 
where

(40)

plunge into the black hole—we refer to these orbits as 
absorbed ones. Unbound orbits w ithλ >  λc(ε) are scattered 
off the centrifugal barrier. The maximum value of the 
angular momentum for a scattered unbound orbit reaching 
radius ξ reads

1. Monoenergetic particles
For a planar accretion model with monoenergetic 

particles, we assume a one-particle distribution function 
of the form

F(x, p ) = αm0δ ( - p μp μ -  m0 )δ (p t  +  E0 )δ (pz )

=  αδ( m -  m0) δ ( ε -  ε0) δ ( p z )

=  m λ δ (m -  m0 )δ (ε -  ε0 )

× [δ(σ -  π ∕2 ) + δ ( σ  +  π ∕2 ) ∖. (43)

One may readily verify that the above choice satisfies the 
Vlasov equation (9).

The volume element in momentum space reads, in terms 
of coordinates m, ε, λ, and σ,

(41) (44)

while the minimum allowed energy can be written as

(42)

The components of the particle surface current density J  μ 
can now be expressed as a sum of two parts: a part 
corresponding to absorbed orbits and a part corresponding 
to scattered ones, i.e., J  μ =  J  (μabs) +  J (μscat) . According 
to the characterization given in the previous subsection, 
one has

(45a)

(45b)

where Θ denotes the Heaviside step function. The addi­
tional factor 2 in the expression for J t(scat) is due to equal 
contributions of ingoing and outgoing trajectories. The 
radial component reads

2αm3J r (ξ) = J (rabs) (ξ) = -  ξm 0 Θ (ε0 -  1)λc (ε0 ). (46)

The radial component J r is directly related with the rest- 
mass accretion rate, which we define as (see Ref. [17])

M  = -'2πM m 0ξJr. (47)

For the monoenergetic planar model the rest-mass accretion 
rate reads
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M  = 4παMm4θ (εQ — 1)λc(εo )∙ Maxwell-Juttner model, keeping in mind that the Maxwell- 
Juttner distribution is only assumed asymptotically.

As a general remark, applying to all models in this paper, 
let us note that in physical applications the proportionality 
constant α appearing in the expression for the distribution 
function is rather hard to control. For planar models, it can 
be expressed in terms of the asymptotic particle number 
surface density ns, which for the gas of monoenergetic 
particles is given by Eq. (34). This allows us to write 
Eq. (48) as

M  = 2Mm0nsΘ (ε0 — 1) λ- 0-  ∙ (49)
ε0

C. M onte C arlo integration
Our first approach is to apply a Monte Carlo integration to 

Eq. (45) or (51) (for a general introduction to Monte Carlo 
methods see, for instance, [28]). This procedure can be 
viewed as an intermediate step between analytic solutions 
given in previous subsections and our final aim to construct 
actual Monte Carlo simulations. We will also use it as an 
illustration of the problems related to the selection of the 
sample of geodesics. Consider an integral

For spherical models one can express the proportionality 
constant α in terms of the asymptotic particle number 
density [10,11]. Since in this work we focus mainly on the 
Monte Carlo simulations, we will keep the proportionality 
constant α for clarity in the resulting formulas.

2. Maxwell-Juttner distribution
Assuming, instead of monoenergetic particles, that at 

infinity the gas obeys a Maxwell-Juttner distribution 
restricted to a plane [24,25], we set

F (x ,p )  = aδ(^P - p μp μ — m^  e x p ^ - ^ P ^ δ(Pz )

= δ(m — m0) exp (—βε)
m0λ
× [δ(σ — π ∕ 2 ) + δ(σ +  π ∕2 )], (50)

I  =  f (x )dx∙ (52)
Ω

Let X i ∈Ω, i = 1, ...N  denote N  samples chosen from the 
distribution p (x ). The Monte Carlo estimator of I  reads

(53)

For a uniform distribution, one has p (x ) = 1 ∕V , where 
V  =  vol(Ω) is the volume of Ω, and thus

V N
hI i = NV f (X i ) ∙ (54)

i= 1

Consider now an integral of the form

where β  =  m0∕ (kBT ), kB denotes the Boltzmann constant, 
and T  is the asymptotic temperature of the gas.

A calculation similar to that for the planar accretion of 
monoenergetic particles yields

(55)

where g (x ) is a weight. For p (x ) = cg(x ), where c  is a 
proportionality constant, one obtains

(56)

Since the probability density function p (x ) integrates to 
unity, we obtain

Thus,

(58)

(57)

1

With a slight abuse of terminology, we will refer 
to the model described in this subsection as the planar

These two options yield two different approaches to 
solving our problem. For monoenergetic accretion, we 
would rather use a uniform-distribution integration. This 
can be done as follows. Let ξ0 be the outer radius of the
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region of interest, and let λ i ∈ [0, λmax(ε0, ξ0)] denote 
uniformly selected random angular momenta. Note that 
the configuration is assumed to extend to infinity. Selecting 
a finite ξ0 allows us to focus our attention on the region 
2 < ξ ≤ ξ0 and to lim itthe range o fthe  angular momen- 
tum.1 Angular momenta λi can be divided into two 
classes, with the corresponding sets of indices: I abs ¼
f i  ∙ 0 ≤ λi < λc(εo )}, 1 scat f i  ∙λc < λi ≤ λm a x(ε0 , ξθ )},
with N abs ¼ # I abs, N scat ¼ # Iscat, where # I  denotes the 
number of elements in set I. Monte Carlo estimators of 
J (abs) and J (scat) in the monoenergetic planar model can be 
written as

(59a)

(59b)

where ξmin(λ, ε) denotes the pericenter radius—the 
largest zero of the polynomial ξ3[ε2 _ Uλ (ξ)]. Sample 
results obtained in this way are shown in Fig. 1, assuming 
ε0 _  1.3 and ξ0 _  20. Monte Carlo data are plotted with 
dots. Solid and dashed lines represent exact solutions. We 
plot the graphs of _ J t/ (αm3) and _ J (abs)/ (αm3). We omit 
the calculation of the Monte Carlo estimator for Jr since it 
is almost trivial.

The planar Maxwell-Juttner accretion model can serve as 
an illustration for the second scheme. Selecting geodesic 
parameters from the Maxwell-Juttner distribution can be 
done using von Neumann' s rejection method [29].A s  
before, let us focus on the region 2 < ξ ≤ ξ0. We start by 
introducing a cutoff εcutoff for the allowed energy ε. 
Subsequently, we select, assuming uniform distributions,
ε i  ∈ [1, εcutoff], λ i  ∈ [0 , λmax K u t o f f , ξ0l . < ,  a n d  a n  a u x i l i a r y 
variable y i ∈ [0,1]. The values of ε i and λi are added to 
the set of selected parameters, if yi < exp (-β ε i) / exp(-β ) 
and λi < λmax(εi, ξ0), and rejected otherwise. This pro­
cedure is iterated until asufficientnumber ofpairs (εi, λi) is 
selected. As before, parameters (εi, λi) are divided into 
those corresponding to absorbed trajectories [λi < λc(εi)] 
and scattered ones [λi >  λc(εi)]. We denote, also as before,
N abs _  #I abs ,  N scat _  #I scat .

Monte Carlo estimators of J t(abs) and J t(scat) are 
computed as

1Accretion from a region of a finite radius is an interesting
problem on its own [15].

FIG. 1. Components of the particle surface density current J t 
for the monoenergetic planar model with ε0 _  1.3, ξ0 _  20. 
Exact solutions [Eqs. (45)] are plotted with solid and dashed 
lines. Dots (blue and green) represent sample results obtained by 
the Monte Carlo integration [Eqs. (59)]. There are 105 angular 
momentum samples: Nabs _  31814, N scat _  68186.

(60a)

(60b)

where

(61a)

(61b)

An example of the components J t(abs) and J t obtained in this 
way for β  _  1, εcutoff _  10, and ξ0 _  20 is shown in Fig. 2 . 
In Fig. 2 and in what follows, to assure a fair comparison, 
both analytic solutions and Monte Carlo estimators are 
computed assuming the same cutoff value εcutoff for the 
maximal energy.

In both cases we have introduced small adjustments in 
the Monte Carlo integration procedure, which make it 
similar to the actual Monte Carlo simulations discussed in 
the remainder of this paper. In particular, instead of limiting 
the selection of geodesic parameters used to compute
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FIG. 2. Same as in Fig. 1 but for the Maxwell-Juttner planar 
accretion model with β ¼ 1, εcutoff ¼ 10, and ξ0 ¼ 20. Exact 
solutions [Eqs. (51a) and (51b)] are plotted with solid and dashed 
lines. Blue and green dots show results of the Monte Carlo 
integration [Eqs. (60)]. The total number of randomly selected 
triples (εi∙,λi,y i) is 2 × 106, which gives Nabs =  10462, 
Nscat ¼ 27268.

hj(scat>i with λmax(ε , ξ), we use an equivalent restriction on
ξmin —the pericenter radius.

D. Monte C arlo simulations of stationary 
p lanar problems 

1. Averages
We construct our Monte Carlo simulations of stationary 

flows by selecting a set of geodesic trajectories and 
counting their intersections with suitably chosen surfaces, 
assuming appropriate weights.

As introductory examples, consider planar problems 
described in Sec. III. We aim at a Monte Carlo simulation 
that would allow us to compute the components of, 
say, J μ. This poses several problems. The first one is 
related to the choice of a convenient parametrization of 
geodesics. The second is to select geodesics assuming 
the correct probability distribution expressed in terms of 
geodesic parameters. Finally, one has to design a method 
of computing suitable averages over momenta. We will 
start the discussion with this last problem.

The essence of our Monte Carlo simulations is an 
approximation of a continuous system by a discrete one, 
given by the distribution function

(62)

N  [S]

where N  denotes the number of particles with trajectories 
described by coordinates x(μi)(τ) and momenta p (νi)(τ) 

[cf. [5], p. 14, Eq. (A6)]. Our convention regarding the 
parameter τ is that of Eq. (8), and hence Eq. (62) differs by 
the factor 1=m with respect to the formula in [5]. The 
particle current density J  μ corresponding to this distribu­
tion can be computed as

Jv (x ) =  y  f iχ - P ) ,μ∖ - d e t g p (x)dPθ- dP3

Z N

=  δ(4)(x α -  x(αi) (τ))
i  =  1

×  p (μi)(τ) -  detgαβ(x )dτ: (63)

The above expression is compatible with Eq. (7), which 
can be seen as follows. Let S  denote a hypersurface of 
constant time, and let the spacetime metric g in the vicinity 
of S be expressed in the standard 3 +  1 form

g = ( - α 2 + β iβ l)dt2 + 2βidtdxl + γ ij dxldxj , (64)

where α  is the lapse, βi are the components of the 
shift vector, and γ  denotes the metric induced on S. 
Then,

n [s] =  -  j μ sμηs

=  -  ηS d τX δ(4)(xμ -  x(μi)(τ ))

×  -  detgδκ(x )p (νi)(τ )sν: (65)

Here, sν = ( -α ,  0 , 0 , 0), and ηS =  detγijd3x . Thus,

3 Z N  μ
d3x dτ

i= 1

=  X dτδ(t -  t( i) (τ )) d(τi) =  N, (66)
i= 1

where we have used the fact that -  detgμν =  α  detγ ij.
We will estimate thevalue o f J μ a tap o in tx , by selecting 

a(small) hypersurface region Σ (acell), such thatx ∈Σ, and
computing

h J μ i =  ΣRJημηΣ : (67)
Σ ηΣ

δ(4)(xμ -  x(μi) (τ ))p t(i)(τ )
S

124057-888



MONTE CARLO METHODS FOR STATIONARY SOLUTIONS OF ... PHYS. REV. D 108, 124057 (2023)

For planar models, we might be interested in the surface 
density value

(68)

where in the last sum we only take into account trajectories 
that intersect Σ. The integral with respect to τ  can be 
computed by writing

as well.
Perhaps the most natural method would be to select a 

region within a hypersurface of constant time, discretize 
this region into cells, and average over trajectories passing 
through a given cell. The trouble with this approach is that
it is not well suited to searching for stationary solutions. 
Instead, we can select a timelike hypersurface foliated by 
the orbits of a stationary Killing field and count the 
intersections of the geodesics with such a surface, assuming 
additional weights, which we derive below.

For a planar, stationary accretion flow in the 
Schwarzschild spacetime, we take a segment

S =  {(r, θ, φ )∖r1 ≤ r ≤ r2, θ =  π ∕2 ,  φ = φ0g (69)

and a surface

Σ = {(t,r , θ, φ )'.t1 ≤ t ≤ t2, r 1 ≤ r ≤ r2, 

θ =  π ∕2 ; φ  =  φ 0 g: (70)

δ(φ 0 -  φ ( i) (τ )) =  X d(φ( i ) -  k) ;
k j d τ j τ τ j

(76)

where φ(i) (τk) = φ 0. The above sum runs over all inter­
sections of the ith trajectory with Σ. Note that

Thus, we finally obtain

(77)

(78)

Let Φτ (x0 ) denote the orbit of the timelike Killing vector 
field ξμ =  (1 ,0 ,0 ,0 ), passing through x t0 at τ  =  0, i.e., 
Φ0(xi0) ¼ x i0. Then, Σ can be expressed as the image

∑ =  Φ [t ι ,t2](S). (71)

For the planar model we have

Z N
J μ (x )=  δ (θ -  π=2)δ(3) (xα -  x(αi)(τ))

i = 1

×  p (μi)(τ) -  detgαβ(x)dτ , (72)

where

δ(3)(xα -  x(αi)(τ)) =  δ (t -  t ( i ) (τ))δ (r -  r (i ) (τ))

×  δ (φ 0 -  φ ( i ) (τ)): (73)

Since, at the equatorial plane δ (θ -  π= 2 ) = r δ(z) and 
J  μ =  δ (z)Jμ , we obtain

where N  int is the number of all intersections of trajectories 
with the surface Σ (see Fig. 3). The particle current surface 
density can now be approximated as

(79)

For stationary problems, the result should be independent 
of the choice of t1 and t2 in a sense that the number of 
trajectories that intersect Σ should be proportional to the 
length t2 -  t1 if the latter is sufficiently large. In practice, 
we omit the factor t2 -  t1 and normalize the results by the 
number of trajectories taken into account. Moreover, 
instead of considering full orbits in the four-dimensional 
spacetime, it is sufficient to work with projections of 
trajectories onto surfaces of constant time t.

(74)

where - d e tg αβ(x) = ( r 2 sinθ)-1  =  1=r2 . The volume 
element induced on Σ reads ηΣ =  dtdr. A direct calcu­
lation gives

2. Selecting trajectories
The setup described above brings us immediately to the

problem of selecting the appropriate distribution of geo­
desics. Let us start the discussion with a homogeneous 
distribution of a gas within a plane in the Minkowski 
spacetime, introduced in Sec. III A. In principle, we are
interested in an infinite distribution, but for practical 
reasons, a Monte Carlo simulation has to be restricted to 
a compact region in space, say, a disk of a dimensionless

124057-989



MACH, CIEŚLIK, and ODRZYWOŁ EK PHYS. REV. D 108, 124057 (2023)

radius ξ0 . The problem we are facing turns out to 
be a variation of the classic Bertrand problem (or 
Bertrand paradox), known from the theory of geometrical 
probability [30]. Bertrand's problem is usually formulated 
as follows. On a fixed circle, one randomly selects a chord. 
What is the probability that the length of this chord is 
larger than the side of an equilateral triangle inscribed in 
this circle? It is then shown that different methods of 
selecting the chord “at random”  lead to different answers 
(different probabilities). One of the methods of selecting 
chords is to demand that they belong to straight lines 
uniformly distributed in a plane. Such a distribution has 
been studied, e.g., by Kendall and Moran in [31]. In terms 
of Cartesian coordinates (x,y), straight lines can be para­
metrized by

ux +  vy +  1 =  0. (80)

It can be shown that the probability distribution

F (u; v)dudv = ( u2 +  v2)- 2dudv (81)

is invariant under the group of Euclidean symmetries on the 
plane—rotations and translations [31]. The trouble with 
parameters u and v is that they are not well suited to a 
description of chords within a given circle. Instead, a better 
description can be provided by parametrizing the chords 
(or, equivalently, straight lines in the plane) by polar 
coordinates (p, S) of the point on the chord with the 
smallest distance to the center of the circle. In terms of 
(p; S), one has

(u2 +  v2) -2dudv = dpdS, (82)

and given that dudv = pdpd&, we obtain

F (p, S ) = p ~ 1. (83)

In the context of Bertrand's paradox, this distribution was 
already proposed by Poincare in 1912 [32].

While in the original formulation of Bertrand' s paradox 
choosing a solution may be a matter of preference, 
Poincare’s solution happens to be well suited to our 
problem at hand, as the restriction to a given circle is only 
technical—we are, in fact, interested in a description of a 
gas of particles with trajectories distributed uniformly in a 
plane. For monoenergetic particles of energy ε0, the para­
metrization in terms of the coordinate p  is equivalent to the 
one with the total angular momentum λ, a s λ and

(84)

are linearly related. Let us now return to the angula 
momentum distribution appearing in Eqs. (30) and (32

FIG. 3. Illustration of intersections of the ith trajectory with the 
surface Σ , as defined in Eq. (70). In this example, the number of 
intersections N int =  3 [see Eq. (78)].

Using Eq. (84), we can express J t given by Eqs. (30) 
and (32) as

(85)

To conclude, in a Monte Carlo simulation of uniformly 
distributed monoenergetic particles confined to a plane in 
flat Minkowski spacetime, we would select trajectories 
distributed uniformly in λ. An example of such a distribu­
tion of straight lines in a plane is shown in Fig. 4 . Since the 
total angular momentum λ is a constant of motion and our 
models of accretion in Schwarzschild spacetime assume a 
uniform planar asymptotic distribution of particles, a uni­
form distribution of λ has to be assumed for these models 
as well.

3. Implementation for the planar accretion problem
Unbound trajectories confined to a plane in the 

Schwarzschild spacetime can be parametrized by the energy 
ε, angular momentum λ, the location of the intersection of 
the orbit with the circle of the given radius ξ0 (outer 
boundary of the simulation region), and the sign eλ dis­
tinguishing between the clockwise or anticlockwise direc­
tion of motion. If λ = j λzj (the motion occurs in the 
equatorial plane), we set eλ =  sgnλz. We compute trajecto­
ries using a formalism based on the Biermann-Weierstrass 
theoremintroducedin[33]. Its mainingredientis auniversal 
formula for a radius in terms of the so-called true anomaly 
angle ψ (the polar angle in the orbital plane). It reads
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(86)

For unbound absorbed orbits, an explicitly real formula
for X(ξo) is different. Let y1 denote a real zero of 
the polynomial 4y3 -  g2y -  g3 =  4(y -  y1)(y2 +  py + q), 
where p 2 -  4q < o and thus y2 +  py  +  q > o. We define 
μ  =  y12 +  p y 1 +  q and

and

ε2 -  1 2
ao = ~ 2Γ ~ ; 4 f l ι  =  λ2 ; 6a2 =  -1 .  4¾  =  2. (88)

The Weierstrass ρ  function has to be computed with the 
following Weierstrass invariants:

k2 = 21 1 - y1 +μp=2
(94)

(89a)

i.e., ρ (ψ ) =  ρ (ψ ;g2,g3), and the same applies to the 
derivative ρ ' (ψ ). Here, the sign er =  ±1 corresponds to 
the radial direction of motion at the initial location ξo. 
Taking ingoing trajectories at ξo, we set er =  -1 .

As another element, we need formulas for the allowed 
range Rψ of the true anomaly ψ. It is computed differently 
for absorbed and scattered orbits. We define the following 
function:

X(ξ) =  ∞ dr f f i - . (90)
Λ  √ f (ξ0)

For generic unbound scattered orbits, X (ξ) can be 
expressed as

where y1, y 2, and y 3 denote the roots of the polynomial 
4y3 -  g2y -  g3 , satisfying y1 < y 2 < y 3 ,

k2 =  y2 -  y1 ; (92)
y 3 -  y1

and F (φ, k) is the Legendre elliptic integral defined by

The expression for X(ξ) reads

(89b)

(95)

The calculation of the allowed range of ψ is now quite 
simple. For unbound scattered orbits, one has

Rψ =  2[X(⅞peri) -  X(ξo )]; (96)

where ξperi denotes the pericenter radius. For unbound 
absorbed orbits, we set

Rψ =  X (2) -  X (ξo ); (97)

since ξ =  2 corresponds to the black hole horizon.
Note that the range Rψ of the angle ψ can be larger

than 2π , in which case the orbit circles around the black 
hole. Thus, the last “ technical”  element in our description 
is a simple function that gives the number of intersections 
of a given geodesic trajectory with a radius of constant 
polar angle φ . To define such a function, one only needs 
to know the range Rψ , the polar coordinate φo correspond­
ing to the initial radius ξo, the sign eλ, and the polar 
coordinate of the radius φ  for which one counts the 
intersections with the given geodesic. This idea is illus­
trated in Fig. 5. In this case a sample absorbed geodesic 
is depicted with a blue line. Radial segments which are 
intersected twice are marked with solid gray lines. Radial 
segments with three intersections are marked with dashed 
lines. A sample Wolfram Mathematica [26] code for such 
a function is as follows (here, p h i  =  φ , p h i 0  =  φo, 
r a n g e  =  Rψ , d i r  =  eλ):
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N u m b e rO fIn te rs e c tio n s [p h i_ , p h i0 _ ,  ra n g e _ , d i r _ ]  :=  I f [ d i r  == 1 ,
I f [ p h i  > p h i0 ,

I f [M o d [ra n g e , 2 P i ]  > p h i—p h i0 ,  Q u o tie n t[ra n g e , 2 P i ]  + 1 , Q u o tie n t[ra n g e , 2 P i ] ] ,  
If[M o d [ra n g e  + p h i0 ,  2 P i ]  > p h i ,  Q u o tie n t[ra n g e  + p h i0 ,  2 P i ] ,
Q u o tie n t[ra n g e  + p h i0 ,  2 P i ] —1 ] ] ,

I f [ p h i  < p h i0 ,
I f [M o d [ra n g e , 2 P i ]  > p h i0 —p h i ,  Q u o tie n t[ra n g e , 2 P i ]  + 1 , Q u o tie n t[ra n g e , 2 P i ] ] ,  
I f [M o d [p h i0 —ra n g e , 2 P i ]  < p h i ,  Q u o tie n t[ra n g e —p h i0 ,  2 P i ]  + 1 , 
Q u o tie n t[ra n g e —p h i0 ,  2 P i ] ] ]

]

Given all these elements, we select trajectories with a
given energy ε0 and uniformly distributed values of
Φo ∈ [0,2π), λ ∈ [0, λmax(ε0, ξo )], and the sign eλ =  ±1. 
For clarity, these parameters can be divided into two 
classes: those corresponding to absorbed trajectories with 
λ < λc (ε) and those corresponding to scattered orbits with 
λ >  λ c (ε). A plot of such trajectories, projected at a 
hypersurface of constant time, is given in Fig. 6 .

According to Eq. (79), the components of J μ can be 
computed by counting the number of intersections per 
length interval at a given radius (φ  =  const), with appro­
priate weights. Such intersections are illustrated in Fig. 7 . 
L etthesetofind icesIabs(ξ1 , ξ2) numbertheintersections of 
absorbed trajectories in the segment ξ1 ≤  ξ ≤  ξ2 of a radius 
of constant φ . Note that a given trajectory can contribute 
more than once to the set of intersections I abs 0ξ1 , &)—t h i s  

can happen for spiraling orbits, similar to the one shown in 
Fig. 5 . An analogous set of indices referring to scattered 
orbits will be denoted by Iscat(ξ1, ξ2). The Monte Carlo

FIG. 4. Randomly distributed straight lines on a plane. There 
are 500 lines in this picture, selected according to Eq. (82) or (83).

estimators of components J (abs) and J (scat) at (ξ =  ( ξ 1 +  
ξ2)=2, φ ) can be computed as

(98a)

(98b)

where N abs and N scat denote the number of absorbed and 
scattered orbits, respectively. The estimator for J r can be 
computed as

-15 -10 -5  0 5 10 15
x/M

FIG. 5. Illustration of the function controlling the number of 
intersections of a geodesic and a radial segment of constant φ.A  
spiraling geodesic is plotted with the blue line. It corresponds to 
ε =  1.1andλ =  4.7244.Radialsegmentsofconstantφ whichare 
intersected twice are depicted with solid lines. A dashed line is 
used for rays intersected three times. The orange circle corre­
sponds to the black hole horizon.
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FIG. 7. Intersection points of orbits plotted in Fig. 6 and radii of 
constant φ .

FIG. 6. Randomly distributed monoenergetic (ε0 ¼ 1.3) geo­
desics on a plane. Angular momenta are uniformly distributed
within λ ∈ [0 ,λmax(ε0, ξ0)], where ξ0 =  20. Absorbed orbits are 
depicted in blue. Scattered orbits are plotted in green. There are 
500 orbits in this plot.

(99)

We discretize the radial direction according to ξj < ξ < ξj + 1, 
j  =  1, . ,N ξ -  1, with ξ1 =  2 and ξN ξ =  ξ0 (the radius of 
the outer boundary). Thus, strictly speaking, the values ξ1 and 
ξ2 appearing in all our formulas should be replaced by 
ξ1 → ξj , ξ2 → ξj + 1 . We will, however, keep the notation 
with ξ1 and ξ2 referring to cell boundaries, as it is probably 
more transparent. A comparison of results obtained according 
to Eqs. (98) and (99) with exact expressions for J t and Jr is 
shown in Figs. 8 and 9.

Apart from the number of trajectories, the resolution of 
the method is controlled by the number of radii of constant
φ  and the size ξj+ 1 -  ξj  of radial segments [ξj∙, ξj+ 1]. In the
example shown in Figs. 8 and 9, there are 120 radii of
constant φ, distributed within the full angle, and 100 
equidistant radial segments [ξj , ξj+ 1] in the range 2 < ξ ≤  
ξ0 =  20 ateach radius φ =  const. The values ofhJμi  can be 
computed separately for each radius of constant φ; in our 
examples we additionally average the results over all radii 
of constant φ.

In a similar fashion one can compute Monte Carlo 
estimators of the particle current density in the case 
with the Maxwell-Juttner asymptotic distribution. It is

FIG. 8. Time components of the particle surface density current 
Jt for the planar accretion model with monoenergetic particles. In 
this case ε0 =  1.3 and ξ0 =  20. Exact solutions [Eqs. (45)] are 
plotted with solid and dashed lines. Blue and green points depict 
results of a Monte Carlo simulation [Eqs. (98)]. There are 5 ×  104 
orbits: 15,953 absorbed trajectories and 34,047 scattered ones.

convenient to select trajectories directly from the 
Maxwell-Juttner distribution. Again, von Neumann' s rejec­
tion method can be used. We repeat the procedure described 
in Sec. III C; however, this time four parameters 
(εi, λ i, φ0,i, eλ,i,y i)  are selected in each iteration step, and 
uniform distributions are assumed for φ0,i ∈ [0, 2π), 
and eλ,i =  ±1.
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FIG. 9. Radial component of the particle surface density current 
J r for the model illustrated in Fig. 8 (planar model with
monoenergetic particles; ε0 ¼ 1.3 and ξ0 ¼ 20). The exact 
solution [Eq. (46)] is plotted with the solid line. Blue and green 
dots show results of a Monte Carlo simulation [Eq. (99)]. The 
sample of geodesic orbits is the same as in Fig. 8. There are 
5 ×  104 orbits: 15,953 absorbed trajectories and 34,047 
scattered ones.

Monte Carlo estimators of the particle current surface 
density in the asymptotically Maxwell-Juttner model can 
be written as

A comparison of these estimators and exact solutions given 
by Eqs. (51) is shown in Figs. 10 and 11.

IV. SPHERICALLY SYM M ETRIC SOLUTIONS

A. Spherically symmetric solutions 
in the Schwarzschild background

We now turn to spherically symmetric solutions. The 
calculations given in this section are similar to those for 
planar systems, and thus we will mostly only summarize

FIG. 10. Time components of the particle surface density
current J t for the planar Maxwell-Juttner model. In this case 
β ¼ 1, εcutoff ¼ 10, and ξ0 ¼ 20. Exact solutions [Eqs. (51a) and 
(51b)] are plotted with solid and dashed lines. Blue and green 
dotsshowresultsofaMonteCarlosimulation[Eqs.(100)].There 
are 2 × 106 sets (εi∙, λi, φ0 i, eλιi,y i), giving 10,356 absorbed and 
27,056 scattered orbits.

the results. Spherically symmetric models describing sta­
tionary accretion of collisionless gas in the Schwarzschild 
spacetime were derived in [10,11], in particular, assuming 
the Maxwell-Juttner distribution at infinity. In the following

FIG. 11. Radial component of the particle surface density 
current Jr for the planar accretion model with a Maxwell-Juttner 
asymptotic distribution. In this case β ¼ 1, ξ0 ¼ 20, εcutoff ¼ 10. 
The exact solution [Eq. (51c)] is plotted with a solid line. Blue 
dots show results of a Monte Carlo simulation [Eq. (101)]. The 
sample of geodesic orbits is the same as in Fig. 10. There are 
2 × 106 sets (εi, λi, φ0 i, eλti,y i), giving 10,356 absorbed and 
27,056 scattered orbits.
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two subsections we give expressions for the particle current 
density in the spherically symmetric stationary accretion 
model with monoenergetic particles and recall expressions 
derived already in [10,11] for the spherical Maxwell-
Juttner model.

1. Monoenergetic particles
For the gas of monoenergetic particles, the one-particle 

distribution function reads, in our standard setup, 

f {x,p) = am0δ ^ v ∕ - p μ pμ -  m0^δ{p t +  E0)

=  α δ (√ - P μ Pμ -  m ^  δ(ε -  ε⅛), (102)

where, as before, we only take into account future pointing 
momenta. The momentum-space volume element can be 
written as

where

(107)

(108)

dvolx (p )
m3λ

ffi d εdmdλdχ ; (103)
ξ2 ε2 -  Uλ (ξ) 

where the variable χ is defined as

p θ = Mmλ cosχ , p φ = Mmλ sin θ sinχ  (104)

(see Ref. [10]).
Taking into account the regions in the phase space 

available for the motion of absorbed and scattered particles, 
one can write time components of the particle current 
density as

The integrals with respect to momenta can be easily 
computed, yielding

2. Asymptotic Maxwell-Juttner distribution
Assuming the gas obeying the Maxwell-Juttner distri­

bution asymptotically, we find the one-particle distribution 
function in the form

f (χ , p ) =  α5 ( P ~ P μ Pμ -  m0)  e x p ^ m kμPμ^

= α δ ( y∕ - P μ Pμ -  m0^ exp (-β ε). (109)

This gives the following expressions for J t and J  r.

(110c)
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B. M onte Carlo simulations of spherically 
symmetric solutions

Similarly to the planar case, one can perform both 
Monte Carlo integration and the actual Monte Carlo 
simulation of stationary spherically symmetric accretion 
flows. Since Monte Carlo integration is essentially straight­
forward and does not require any new elements, we will 
omit this part.

We now take

(118)

S = {(r, θ, φ )∙.r l  ≤ r ≤ r2, θx ≤ θ ≤ θ2, φ =  φo g (111)

and the surface

Σ =  {(t, r, θ, φ )'.t1 ≤ t ≤ t2, r 1 ≤ r ≤ r2,

θ1 ≤ θ ≤ θ2; φ  =  φog ( 1 1 2 )

where we have assumed that r2 -  r1 ≪  1, and, conse­
quently, 1 (n  +  r2) ≈  r(iy

The easiest way of simulating spherically symmetric 
flows in the Schwarzschild background uses the fact that 
each trajectory is in fact a planar one. Thus, one can still 
select parameters of trajectories in a single plane. In this 
case, one can ignore the factors depending on θ and the 
inclination angle, and write

and compute the estimators (119)

h J μi =  ΣRJημηΣ : (113)
Σ η Σ

The calculation is analogous to the previous one, performed 
for the planar case. The expression for the particle current 
density reads

(114)

The key difference with respect to the planar case is 
related to the selection of geodesics. While in the planar
case we select geodesics from the distribution α  dλ, 
the three-dimensional case requires a distribution α  λdλ. 
To see this, one can return to a classic discussion of a 
uniform random distribution of straight lines in the three­
dimensional flat space given by Kendall and Moran in [31]. 
They parametrize straight lines in R 3 by

x = a z + p, (120a)

The volume element on Σ can be written as ηΣ =  rdtdrdθ . 
Thus,

Σ ηΣ = 2 (t2 - t1)(r2 - r1)(θ2 - θ1)(r1 + r2 ) , (115)

and

y = b z + q, (120b)

where (x, y, z ) denote Cartesian coordinates. The appro­
priate probability measure, invariant with respect to 
Euclidean rotations and translations, is given by

(1 +  a2 +  b2)- 2 dadbdpdq  (121)

(116)

The values lz and l are related: jlz j = l  cos ι , where ι denotes 
the inclination of the orbit with respect to the equatorial 
plane of the coordinate system. Thus,

[cf. Eq. (3.50), p. 74 i n [31]]. The plane perpendicularto 
the line given by Eqs. (120) and passing through the origin 
of the coordinate system is described by

ax  +  by  +  z  =  o: (122)

The unit vector normal to this plane has the coordinates

(123)

This gives the Monte Carlo estimator of J  μ in the form

Let us fix the parameters a  and b . The intersection of 
the line (120) with the plane (122) is specified by the 
parameters p  and q . The area element at the plane (122)
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defined by such intersection points and obtained by varying 
the parameters p  and q  is given by

dS = ( 1  +  α2 +  b2) ⅛dpdq (124)

(note an error in [31] in this formula). Let dΩ denote the
solid angle element around the normal vector ni, obtained 
by varying a and b. Kendall and Moran show that

(1 +  a2 +  b2 ) -2  dadbdpdq  =  dSdΩ: ( 125)

Let δ be a distance from the center of the coordinate 
system to the intersection point. It is given by

δ =  (1 +  b2)p 2 -  2ab2pq  +2 (1 +  a2)q2: (126)
1 +  a2 +  b2

Fix the parameters a and b. Let φ  denote an angle between 
the intersection of the plane (122) and the plane z  =  0 and 
the line joining the origin of the coordinate system and the 
intersection point. We have

(127)

The estimator for J  r can be computed as

(128)

(129)

FIG. 12. Time components of the particle current density J  t for 
the monoenergetic spherically symmetric model with ε0 =  1.3 
and ξ0 =  20. Exact solutions [Eqs. (106)] are plotted with solid 
and dashed lines. Blue and green dots show results of a 
Monte Carlo simulation [Eqs. (131)]. We use von Neumann's 
rejection method to select appropriate distribution of the total 
angular momentum. There are 5 ×  104 von Neumann iteration 
steps giving 2477 absorbed and 22,273 scattered trajectories.

as expected [(δ; φ) are standard polar coordinates in the 
plane (122)]. Again, the total angular momentum λ asso­
ciated with a given line is directly proportional to its 
distance δ from the center of the coordinate system. This 
justifies our claim that

(1 +  α2 +  b2)-2dadbdpdq <x. λdλ. (130)

Assuming the notation from the previous section, we
write Monte Carlo estimators for the monoenergetic model
in  thć* fr∖  I l r w iz in n  f n r m ∙

(131a)

(131b)

Here, as in the planar case, we have adapted our normali­
zation to analytic formulas (106) and (108). A comparison 
of these estimators with the exact solutions is given in 
Figs. 12 and 13.

In a similar fashion one can compute Monte Carlo 
estimators of the particle current density in the case with 
the Maxwell-Juttner asymptotic distribution. As in the 
planar case, parameters of the trajectories can be selected 
from the Maxwell-Juttner distribution, using von 
Neumann' s rejection method. Once again, we repeat the 
procedure described in Sec. III C. The only difference is 
that this time both angular momenta λ and the energies ε are 
selected from nonuniform distributions. This requires 
introducing two separate auxiliary parameters (y i and z i, 
say). Monte Carlo estimators of J  t(abs) and J  t(scat) can be 
computed as
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FIG. 13. Radial component of the particle current density 
J  r for the monoenergetic spherically symmetric model with
ε0 ¼ 1.3 and ξ0 ¼ 20. The exact solution [Eq. (108)] is plotted 
with the solid line. Blue dots show results of a Monte Carlo 
simulation [Eq. (132)]. The sample of geodesic orbits is the same 
as in Fig. 12. There are 2477 absorbed trajectories.

FIG. 14. Time components of the particle current density J  t for
the Maxwell-Juttner spherically symmetric model with β  = 1, 
εcutoff ¼ 10, and ξ0 ¼ 20. Exact solutions [Eqs. (110a) and 
(110b)] are plotted with solid and dashed lines. Blue and green 
dots show results of a Monte Carlo simulation [Eqs. (133)]. There 
are 6 × 106 sets (εi, λi, φ0i, eλ,i,y i,z i), giving 963 absorbed 
trajectories and 12,804 scattered trajectories in this simulation.

(133b)

(134)

Here,

1 ε cutoff
V̂abs =  2 exp(-βε)λc(ε)2dε , (135a)

1  ε cutoff
Vscat =  2 e χ p ( - βg)[λmaχ(ε, ξo )2 -  λc(ε))}dε. (135b)

A comparison of Monte Carlo estimators defined in this 
way and exact solutions is given in Figs. 14 and 15.

Of course, one can also adhere to the original prescrip­
tion given by Eq. (118) and distribute selected trajectories 
among randomly oriented orbital planes. This requires 
some technical elements in the calculation but does not 
change the overall results. The idea is to count (with 
appropriate weights) intersections of trajectories with 
meridian half-planes of a fixed spherical coordinate system. 
As before, we separately count intersections falling in the
radial regions ξj  < ξ < ξj+ 1, j  = 1, . . . ,N ξ -  1, with ξ1 =
2 and ξNξ =  ξ0, but we also discretize with respect to θ and

FIG. 15. Radial component of the particle current density J  r 
for the Maxwell-Juttner spherically symmetric model with β  =  1, 
εcutoff =  10, and ξ0 =  20. The exact solution [Eq. (110c)] i s  
plotted with the solid line. Blue dots show results of a 
Monte Carlo simulation [Eqs. (134)]. The sample of geodesic 
orbits is the same as in Fig. 14. There are 6 × 106 sets 
(εi, λi, φ0,i, eλ,i∙,yi∙,Zi∙), giving 963 absorbed trajectories and 
12,804 scattered trajectories in this simulation.

separately count intersections occurring in different regions 
θk < θ < θk+1, k = 1 , . ,N θ - 1 , θ 1 = 0 a n d θNθ = π.A s 
before, for clarity, we keep the notation with ξ1, ξ2, θ 1, and 
θ2 referring to cell boundaries.
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(136a)

(136b)

(136c)

where Clbs(ξ ι , <⅛θl ,θ 2) and ∕ scat (⅞χ ,<⅛θχ , θ2 ) collect 
indices corresponding to intersections of absorbed and 
scattered trajectories falling in the regions ξ1 ≤ ξ i) ≤ ξ2 

and θ 1 ≤  θ (i) ≤ θ2.
The orientation of the orbital plane can be controlled 

by specifying coordinates of the normal vector. Choosing 
to work with Cartesian coordinates facilitates the selec­
tion procedure—again, von Neumann' s rejection method 
can be used to select normal vectors distributed uniformly 
in a unit sphere. Taking into account different possible 
orientations of the orbits would be important for nonspheri­
cally symmetric solutions. Examples of such solutions, 
representing models of a Schwarzschild black hole

FIG. 16. Intersections of trajectories with a grid of meridional 
half-planes. Blue and green dots correspond to absorbed and 
scattered orbits, respectively. There are 79 absorbed orbits and 
1077 scattered ones.

moving through the medium, are provided in [13,14]. 
For spherically symmetric solutions, one can average the 
results not only over different values of φ0, but also over 
cells [θ1, θ2].

For completeness, Fig. 16 shows an example of 
intersections of orbits selected according to the Maxwell- 
Juttner distribution with a grid of meridional half­
planes. Sample results of a Monte Carlo simulation 
with a fixed coordinate system and randomly distri­
buted orbital planes of individual trajectories are shown 
in Fig. 17.

FIG. 17. Time components of the particle current density J  t for 
the Maxwell-Juttner spherically symmetric model with β ¼ 1, 
εcutoff ¼ 10, and ξ0 ¼ 20. Exact solutions [Eqs. (110a) and 
(110b)] are plotted with solid and dashed lines. Blue and green 
dots show results of a Monte Carlo simulation in which orbital 
planes of individual trajectories are distributed randomly, and we 
count intersections of orbits with segments of meridional half­
planes of a fixed coordinate system (as shown in Fig. 16). We use 
von Neumann's rejection method, selecting geodesic parameters 
and the vector normal to the equatorial plane in a single iteration 
step. There are 107 iteration steps, giving 828 absorbed and 
10,979 scattered trajectories.
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V. SUMMARY

We have developed Monte Carlo techniques for solving 
the general-relativistic Vlasov equation. We focused on 
stationary accretion-type solutions on the Schwarzschild 
background, but with appropriate adjustments, our methods 
should also work in other cases, including stationary 
configurations of the collisionless gas in Kerr spacetime, 
as well as time-dependent solutions of initial value prob­
lems. (A possible future implementation valid for Kerr 
spacetime should, in particular, recover results of the planar 
model [17] as a test.)

The emphasis on stationary solutions sets our formu­
lation in contrast to particle-in-cell methods, designed to 
solve initial value problems and allowing for an efficient 
coupling of (plasma) particles with electromagnetic fields 
(see, e.g., [19,34]). Nonspherically symmetric numerical 
stationary solutions of Einstein-Vlasov equations were 
obtained already in pioneering works [35,36] and more 
recently in [37]. Numerical methods used in these papers 
are focused on Einstein equations; the kinetic part is 
treated with relatively simple Ansatze for the distribution 
function, and it is restricted to bound orbits. In this paper 
we were concerned with the kinetic part only, aiming at 
constructing a possibly versatile framework. Our averag­
ing method for computing observable quantities, such as 
the particle current density or the energy-momentum 
tensor, is general [although one might need to adapt the 
hypersurface Σ in Eqs. (67) and (68) to the problem at

hand].An appropriate selectionofthe sampleofgeodesics 
can be treated as a separate issue. We have provided 
examples corresponding to a homogeneous asymptotic 
distribution of particles, characteristic of Bondi-type 
accretion problems.

Our discussion emphasized the difference between 
planar models (in which the motion of particles is confined 
to a common plane) and nonplanar ones. It is especially 
tricky (or subtle) for spherically symmetric spacetimes (like 
the Schwarzschild spacetime), in which each of the geo­
desics belongs to a single plane.

In all examples, we have concentrated on computing the 
particle current density, but other observable quantities can 
be obtained in a similar fashion. A simple Monte Carlo 
simulation yielding the rest-mass accretion rate in the 
low-temperature limit of the Bondi-Hoyle-Lyttleton-type 
models described in [13,14] was reported in [16].

Aside from a purely technical aspect of the proposed 
Monte Carlo method, we hope that the cases investigated 
in this paper offer insight into the geometric structure 
of the general-relativistic kinetic theory and its statistical 
interpretation.
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We perform Monte Carlo simulations of stationary planar accretion of a  collisionless gas onto a 
moving Schwarzschild black hole. In th is work—a sequel to  our previous paper on the Monte Carlo 
m ethod for stationary general-relativistic Vlasov systems—we dem onstrate th a t our approach can 
be extended beyond the simplifying assumptions of the spherical symmetry or axial symmetry in the 
planar case. O ur m ethod of computing observable quantities, such as the particle current density, 
can be regarded as a  rigorous coarse graining scheme, adapted to  a  numerical grid. Main difficulties 
are related to  the appropriate param etrization of particle trajectories and a  selection of param eters 
consistent w ith assumed requirements on the distribution function.

I. IN TR O D U C TIO N

The general-relativiśtic kinetic model provideś a deścription of gaśeś in śtrong gravitational fieldś, complementary 
to hydrodynamicś or magnetohydrodynamicś. If colliśionś between individual gaś particleś are rare and the mean free 
path between colliśionś iś large in compariśon to the characteriśtic length ścale in the śyśtem, the aśśumption of the 
local thermodynamical equilibrium may not hold and conśequently the hydrodynamical approach may not be valid.

The general-relativistic kinetic description was applied to stellar systems [1, 2], dark matter models [3-7] and 
matter flows around black holes [4-17]. It also provides a model used in mathematical general relativity [18-26]. A 
numerical implementation of the general-relativistic kinetic model, the so-called particle-in-cell (PIC ) method, is used 
to simulate the dynamics of magnetized accretion flows onto black holes [27-30].

In a recent paper [31] we proposed a Monte Carlo method of solving the general-relativistic Vlasov (Liouville) 
equation describing the gas of non-colliding particles moving in a given spacetime. In the kinetic model free particles 
of the gas move along segments of geodesics, from one individual collision to the next, or simply along geodesics 
if collisions are absent. To be more precise one should say that the gas is described by a continuous one-particle 
distribution function which, as long as collisions are neglected, remains constant along geodesics, understood as 
curves in the phase space. The Monte Carlo method proposed in [31] consists of three elements: i )  Choosing a 
finite random set of parameters characterizing geodesic trajectories of individual particles (initial condition and/or 
constants of motion) selected from a suitable continuous distribution; i i )  Solving geodesic equations for the selected 
sample of parameters; i i i )  Computing suitable averages that approximate macroscopic observable quantities—particle 
current density, the energy-momentum tensor, etc. Out of these three points, only the second—solving geodesic 
equations—is relatively straightforward. The third point is implemented as follows. We consider observable quantities 
associated with a Dirac delta type distribution that corresponds to a finite number of point particles moving along 
given trajectories. Observable quantities associated with a continuous distribution function are then approximated 
by averaging over suitable hypersurfaces (either spacelike or timelike). This amounts to counting (with appropriate 
weight factors) the intersections of particle trajectories with given hypersurfaces. One could say that our method 
provides a particular coarse graining procedure, adapted to a given numerical grid. We emphasize that the novelty of 
counting over timelike hypersurfaces allows us to deal directly with stationary distributions.

The first point remains notoriously difficult. In principle any selection of geodesics would lead to a valid solution 
of the Vlasov equation. On the other hand, one would expect that physically sound solutions should correspond 
to distribution functions characterized by well defined properties (e.g., boundary or initial conditions). In practice, 
selecting an appropriate sample of geodesic parameters can be problematic. In [31] we solved this task in particular
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^ E lectron ic  address: andrzej.odrzyw olek@ uj.edu .p l

103

mailto:adam.cieslik@doctoral.uj.edu.pl
mailto:patryk.mach@uj.edu.pl
mailto:andrzej.odrzywolek@uj.edu.pl


2

examples, providing a collection of results related to the Bondi-type accretion onto a Schwarzschild black hole. We 
searched for stationary solutions, either spherically symmetric or axially symmetric and planar (all particles moving 
in single plane).

In this paper we extend our analysis presented in [31] and investigate stationary solutions of a planar accretion 
problem with asymptotic boundary conditions that describe the gas moving uniformly in one direction. Such models 
constitute a planar equivalent of the relativistic accretion of the Vlasov gas onto a moving Schwarzschild black hole, 
derived in [4, 5], and an intermediate step towards a similar analysis in the Kerr spacetime [15]. While a planar model 
of this type might seem slightly artificial, it provides a perfect opportunity to discuss the details related to the choice 
of the sample of geodesics as well as the averaging procedure of our Monte Carlo method, outside the safe assumption 
of spherical symmetry.

The order of this paper is as follows. In Section II  we introduce our notation and collect basic definitions regarding 
the phase space description of gases in the general-relativistic kinetic theory. Section III introduces the planar accretion 
model in the Schwarzschild spacetime, which we deal with in this paper, and which serves as an illustration and test of 
our method. Our Monte Carlo method is described in Sec. IV . We start with a discussion of the general coarse graining 
scheme and then show its application on a polar grid in the Schwarzschild spacetime. A detailed description of our 
simulations is provided in Sec. V . We discuss, in particular, the selection of particle trajectories corresponding to the 
assumed asymptotic distribution. Concluding remarks are given in Sec. VI. In Appendix A we show a derivation of 
the distribution function of our planar accretion model. For the sake of generality, this distribution is derived also for 
a non-planar flow, in which the motion of the gas is not confined to a single plane. Appendix B  provides a derivation 
of the particle current surface density associated with our planar model.

We used W olfram  M athem atica [32] to perform our simulations. Sample packages containing our numerical code 
will be publicly available in [33].

Throughout this paper we use the geometric system of units with c =  G  =  1, where c is the speed of light, and G  
denotes the gravitational constant. The signature of the metric is ( - ,  + ,  + ,  + ).

II. PH ASE-SPACE DESCRIPTION

In this section we recall some basic notions of the general-relativistic kinetic theory, mostly to fix the notation. An 
excellent fresh introduction to the kinetic model in general relativity can be found in [35]. A lot of information can 
be found in [20, 36]. For the (special) relativistic kinetic theory one can consult [37, 38].

Consider a spacetime manifold (M ,  g) , where M  is the spacetime and g denotes the metric tensor. Let x  denote a
point (an event) in M . We will work in a Hamiltonian formulation in which the momenta are expressed as covectors.
A particle at x ∈ M  will be characterized by its four-momentum p  ∈ T * M , the cotangent space at x. The one-particle 
phase space Γ  is a region in the cotangent bundle defined asT , M  =  { (x ,p ): x ∈ M , p ∈ Tχ M }.  (1)

Ensemble-averaged properties of the gas can be described by a one-particle distribution function F  defined on Γ  ⊆  T * M .  In this work, we narrow our analysis to the gas of identical particles. Such a model is known as the “simple 
gas” [39]. In principle, this assumption would allow us to restrict the phase space to the mass shell Γ +m which we 
define as

A  =  { (x ,p ) ∈ T * M  : gμ ν pμ p ν  =  - m 2, p  is future-directed} , (2)

where m >  0 denotes the rest mass of a single gas particle. Another possibility, which we choose in this paper, is to 
enforce the mass-shell condition by assuming that F  ~  δ(1∕ - p μ pμ — m).

The Hamiltonian of a free-particle geodesic motion can be taken in the form

H (xμ , p ν ) =  12 gμ ν (x )pμ p ν , (3)

where (xμ , p ν ) are regarded as canonical variables. Geodesic equations can be then written in the Hamiltonian form

dxμ  =  ∂H , dpν  ∂H
dτ ∂pμ

ν

dτ ∂ x ν
(4)

21 gμ νp μp ν -  21 m 2 . For thewhere the parameter τ  is selected as τ  =  s /m  and s  denotes the proper time. Thus H  
ensemble of non-colliding particles, the distribution function F  is conserved along geodesics, which can be expressed 
as

dddτ F (xμ (τ ) ,p ν (τ )) { H ,F } = 0 , (5)
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where { ∙ , ∙}  denotes the Poisson bracket. Equation (5) is known as the Vlasov or Liouville equation. Assuming the 
Hamiltonian (3), one can rewrite Eq. (5) in the textbook form

gμ ν Pν
∂F  1 p p ∂gα β  ∂F
∂xμ  2Pa Pe ∂x μ ∂pμ 0. (6)

The one-particle distribution function has the following statistical interpretation. Let S  be a spacelike hypersurface 
in M ,  and let s  be a future-directed unit vector normal to S . The averaged number of particle trajectories whose 
projections on M  intersect S  can be expressed as

where

N  [S ] =  y  y  F  (x ,p )pμ Sμ dvolχ (p)

Px+P x

ηS , (7)

P+  =  {p  ∈ T * M : gμ ν pμ p ν <  0 , p is future directed} , (8)ηS  denotes the induced volume element on S , and dvolx (p ) is the volume element on Px+ . In local adapted coordinates 
dvolx (p ) is given as

dvolx (p ) =  - det gμ ν (x )dp0dp1dp2dp3 .  (9)

Equation (7) gives rise to the following definition of the so-called particle current density:

J μ (x ) =  F (x, p)pμ dvolx (p).  (10)
Px+P x

Thus, the number of particles in S  can be re-expressed as

N [S ] =  -  J μ sμ ηS .  (11)
S

Using Eq. (5), one can show that the particle current density satisfies the conservation law V μ J μ =  0, which again 
justifies formula (11). The particle number density can be defined covariantly as

n =  √ - J μ J μ . (12)

Such a definition of the particle number density— as a scalar quantity— allows for a connection with general-relativistic 
hydrodynamics, where the particle number density as well as the energy density and the pressure are usually defined 
as scalar functions. Alternatively, one can work with the components of J μ .

One should also note that in integral formulas of type (7) or (10) one can choose to transfer some information 
about the distribution function F  from the distribution function itself to the specification of the integration domain 
(e.g., S, Px+ ), or vice versa—one can consider a fairly general phase space and impose restrictions directly on the 
distribution function. To some degree we will also make use of this freedom in this paper, e.g., in Eqs. (40), where we 
will specify a convenient form of the distribution function, but restrict the integrals over momenta to regions in the 
phase space available to the motion of particles of a given type (particles absorbed and scattered by the black hole).

In this work we deal with stationary systems. In particular, in our prescription of the Monte Carlo estimators for 
the particle current density J μ we will, at some stage, explicitly assume that both the distribution function F  and 
the components J μ are stationary. A spacetime (M , g ) is called stationary if there exist a Killing vector k that is 
asymptotically timelike and generates one parameter groups of isometries. A definition of a stationary distribution 
function F  defined on T ' . M  can be formulated in terms of the lift of the Killing vector k to the cotangent bundle, 
defined as follows. For a general Killing vector field ξ  on (M , g ) such that its value at point x ∈ M  can be expressed 
as ξx  =  ξ μ (x ) 

x  ∂xμ
(13)

X
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(14)

one defines an associated vector field on the cotangent bundle T * M , the so-called lift of ξ , by

∂
ξ(χ,p') =  ζ μ(χ ) ∂χμ ( x,p ) ∂ξα  ∂

Pa ∂x μ  (x ) ∂pμ (x ,p )
The lifts defined in this way satisfy Killing equations with respect to the so-called Sasaki metric—a natural metric on 
T ' M  [35]. We say that a distribution function F  is stationary if

c , τ = p ∂kα ∂ F = 0
k ∂xμ ∂xμ ∂pμ ,

where L ^ denotes the Lie derivative with respect to the lift fe.

III. P L A N A R  STATIO N AR Y AC CR ETIO N  IN  TH E SCH W ARZCH ILD SPACETIM E

A . Geodesic motion in the Schwarzschild spacetime

For simplicity, we work in standard Schwarzshild coordinates (t, r, θ, φ ), and use the metric in the form

g = - N dt2 + N1 dr2 + r 2 (dθ2 + sin 2 θdφ2 ) ,

(15)

(16)

where

N = 1
2M

(17)
r

We have √ —det gμ ν  =  1∕ (r 2 sin θ).
The Hamiltonian associated with a geodesic motion in the spacetime with the metric (16), is given by

H =  12 —N1 pt2 + N p r2 + r12 pθ2 + sipnφ2 θ (18)

Itisw ell-know nthattheenergyE = —pt , theazimuthalcomponentoftheangularmomentum lz  = pφ , andthetotal 
angular momentum

l =  pθ2 +  sipnφ2 θ
θ sin2 θ (19)

are conserved. The fourth constant of motion is the Hamiltonian itself, or equivalently the particle rest mass m  
—2H .
For geodesics with fixed values of E , l , lz  , and m , the radial momentum is determined by

pr  =  Nr  E 2 — U (r ) , (20)

where er  =  ψ 1 indicate an inward (—)∕outward (+) motion and,

U (r ) =  N  m 2 + rl 2 (21)

represents an effective radial potential. The component pθ can be expressed as

Pθ =  rθ l 2 lz2
sin2 θ (22)

For the motion confined to the equatorial plane we have p θ =  0 and consequently l 2 =  lz2 . In our planar models we 
will generally use the constant l ≥  0, and define lz =  < φ l , where < φ =  ± 1 corresponds to the motion with a growing 
(+)∕decreasing (—) angle φ .
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In this paper we will frequently use dimensionless quantities ξ , ε,  λ z ,  and λ  defined as (see, e.g., [8])r  =  M  ξ , E  =  m ε, lz =  M  m λz ,  l  =  M  m λ . (23)

The radial potential (21) can be expressed in the form U  (r)  =  m 2U λ (ξ ) , where' ( * - 2 ) 0 + 1 ) . <24>

The expression for pr  reads

Pr =  «r  m  ∖  '' -  u λ (ξ ) - (25)

In this work we only take into account unbound orbits that can reach ξ →  ∞ .  The region in which the motion is permitted is defined by the condition ε2 -  Uλ (ξ ) ≥  0. Since Uλ (ξ ) approaches 1 when ξ →  ∞ ,  unbound orbits are 

characterized by the energy ε≥  1. The properties of the radial potential Uλ (ξ ) are well known (see, for instance, 
the Appendix A in [8] for a detailed discussion), and they allow for the following further classification of unbound 
trajectories. Orbits with the angular momentum λ  <  λ c  ( ε), whereλ c ( ε)2

12
(26)

plunge into the black hole. We will refer to such orbits as absorbed ones. Unbound orbits with λ  >  λ c ( ε) are scattered 
by the centrifugal barrier. We will refer to these trajectories as scattered ones. The maximum angular momentum 
for a scattered unbound orbit reaching radius ξ is given by ε2λ m a x ( ε, ξ ) =  ξ 1 -  ξ2

1, (27)

while the minimum permitted energy is expressed as

Γ∞ , ξ ≤  3 ,
ε m in (ξ ) =  ∖ ( 1 -  ∣ )  ( 1 +  ξ ⅛ )  , 3 <  ξ <  4 ,

U ,  ξ  ≥  4 . (28)

The infinity symbol in Eq. (28) means that no unbound scattered trajectory can reach the region with ξ <  3. The 
radius ξ =  3 corresponds to the so-called circular photon orbit (or the photon sphere). A circular orbit at ξ =  4 is 
known as the marginally bound one. The Innermost Stable Circular Orbit (ISCO) occurs at ξ =  6. These orbits are, 
to some degree, relevant to the interpretation of our results presented in Sec. V  D.

B . Planar distribution function

We will consider a planar accretion model, in which the gas particles are only moving within the equatorial plane. 
The restriction to the equatorial plane can be imposed on the form of the distribution function as follows. We set

f (t , r , θ , φ;Pα ) =  1 δ ( θ -  0  f ( t ,r ,φ ;p a )-l J μ (t,r,θ,φ") =  1 δ ( θ -  ∣)  j μ(t , r , ψ')∙ (29)

Note that the factor δ(θ — π ∕2 ) ∕r  can be written as δ(θ — π ∕2) ∕ r  =  δ(z), where z =  r  cos θ. The vector ∂z , associated 
with the coordinate z , is normal to the equatorial plane θ =  π ∕2. A substitution of Eq. (29) in Eq. (10) implies that 
the particle current surface density j μ  can be written as

j μ (t, r, φ) =  F (t, r, φ; Pα )Pμ dvolx (P) . (30)
x+P
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The restriction of the coordinates (t ,r , θ, φ) to the equatorial plane θ =  π ∕2 implies a corresponding restriction in 
momenta (pθ =  0) as well. We setF (t, r, φ, pt , pr , pθ , pφ ) =  rδ (pθ )f (t, r, φ, pt , pr , pφ ) , (31)

where again the factor rδ (pθ ) can be written as rδ (pθ ) =  δ (pz ) (at the equatorial plane). This follows immediately from 
the relation pz =  - pθ ∕ r ,  holding at the equatorial plane. Note that distribution functions F  and f  are conveniently 
related as

F (t ,r ,θ ,φ ,p t ,p r ,p θ ,p φ ) =  δ θ -  π2 δ (pθ )f (t ,r ,φ ,p t ,p r ,p φ ).
The particle current surface density can be now expressed in the formdpt dpr  dpθ dpφ  dpt dpr  dpφ

J μ {t τr ,φ )=  rδ (Pθ )f  (t ,r ,φ ,p t ,Pr ,p φ)pμ --------r 2-------  =  f  (t , r ,φ ,Pt ,Pr ,Pφ)Pμ ------- ----- ~ ,
Px+P x p +Px

where

P+ =  {(p t ,Pr ,Pφ ): gμ ν Pμ Pν  <  0 , P is future directed} , 
and where we have used the fact that at the equatorial plane the volume element dvolx (p ) reads

dvolx (P) =  2 1 dPtdPr dPθdPφ  =  12 dPtdPr dPθdPφ .
r 2 sin θ r 2

Here

g =  - N d t2 +  N dr2 +  r 2dφ2

denotes the metric induced at the equatorial plane.
In the remainder of this paper we will also use the following covariant particle number surface density

l 's. =  √ - g μ ν J μ J ν .

(32)

(33)

(34)

(35)

(36)

(37)

C . Planar accretion model

We consider a stationary gas of particles moving within the equatorial plane. Asymptotically, the gas is assumed to 
be homogeneous and described by the two dimensional Maxwell-JUttner distribution [40, 41], boosted with a constant 
velocity v along the x  axis. In other words, we think of a planar distribution of gas that is in equilibrium, and moves 
with a uniform velocity v in a given direction. This is mathematically equivalent to a model with a black hole moving 
with a constant velocity with respect to a gas remaining asymptotically at rest, and a majority of works dealing with 
the accretion onto a moving black hole assume this point of view. We show in Appendix A that the distribution 
function corresponding to these asymptotic conditions can be written as

f  (ξ, φ, m, ε, λ ) =  α δ (m  — m 0 ) exp { - β γ  [ε — er v y ∕ε 2 — 1 cos [φ + eφ er X (ξ , ε, λ )]] ∣, (38)

where the elliptic function X (ξ, ε, λ ) is defined as

X (ξ, ε, λ ) =  λ dξ,
ξ,2V ε 2 — Uλ (ξ ) ε 2 — I 1 — ξ

dξ '

1 +  λ21 +  ξ ∕ 2
(39)

Here γ  =  1∕  1 — v2 is the Lorentz factor associated with the velocity v , m 0 denotes the rest mass of a single particle, 
α  and β  are constants. The constant β  is related to the asymptotic temperature of the gas by β  =  m 0 ∕ (k B T ), where 
k B  denotes the Boltzmann constant. The distribution function specified in Eq. (38) is a planar equivalent of the 
distribution function derived in [4, 5].

In our models we will only take into account unbound orbits—trajectories that can reach (or originate at) infinity. 
The particle current surface density J μ can be expressed as a sum J μ =  J μ(abs) +  J μ(scat), where the part J μ(abs) refers 
to absorbed orbits and the part J μ(scat) refers to scattered trajectories.
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The components J ^abs) and ..J?""” ') can be computed using the following formulas (details of the drivation are given 
in Appendix B )

J t( a b s )(ξ ,φ )  =  - 2αξm 03 dε ε λ <≈(ε ) dλ
J t( s c a t)(ξ ,φ )  =  - 4α m 03

ξ J ~  ' J - j ε  -  Uλ (ξ )

×  cosh βγv ε 2 -  1 sin(φ) sin[X (ξ ,ε ,  λ )]

λ m a x  (ξ ,ε )̂

dεe - β γ ε  ε

β γ [ε + v√ ε2- 1 co s(φ ) cos[X (ξ ,ε ,λ )]] (40a)

dλε 2 -  Uλ (ξ )
cosh βγv ε2 -  1 cos(φ) cos[X (ξ ,ε ,λ )] (40b)

J r(a b s)(ξ ,φ ) =  - 2α m J  dε
J r(sc a t)(ξ ,φ ) =  4α m J3

ε m i n (ξ ) λc(ε )
×  cosh βγv ε 2 -  1 sin(φ) sin[X (ξ ,ε ,  λ )] 

λ c (ε )
d λ e- β γ [ε+ v ε2- 1 co s(φ ) cos[X (ξ ,ε ,λ )]]Jε 2 1 sin(φ) sin [X (ξ , εξ - 2 1

×  cosh βγv ε 2 -  1 sin(φ) sin[X (ξ ,ε ,  λ )]

λ m a x  (ξ ,ε )̂dεe- β γ ε  d λ sinh βγv ε 2 - 1 cos(φ ) cos [X (ξ , ε, λ )]

(40c)

ξ - 2
ε m i n (ξ ) λ c (ε )

×  cosh βγv ε 2 -  1 sin(φ) sin[X (ξ ,ε ,  λ )]

λ c (ε ) '
e- β γ [ε + v ε2- 1 co s(φ ) cos[X (ξ ,ε ,λ )]]ε 2 -  Uλ (ξ ) eJ

ε 2

(40d)

j <abs) (ξ ,Φ ) =  -  dλ 7 = x =

×  sinh βγv ε 2 -  1 sin(φ) sin [X (ξ , ε, λ )]

C∞ λ m a x (ξ ιε)J φ(sc a t)(ξ ,φ ) =  - 4α m JM  dεe- β γ ε  dλ

(40e)

ε m i n (ξ ) λ c (ε )
× cosh βγv ε 2 -  1cos(φ)cos[X (ξ ,ε ,λ )] .ε 2 -  Uλ (ξ )

sinh βγv ε 2 -  1sin(φ) sin[X (ξ ,ε ,λ )] (40f)

ξ

λ
ξ

The parameter α  can be expressed in terms of the asymptotic surface number density, which we define as ns , ∞ = 
limr → ∞  ns =  limr → ∞  - J μ J μ . Since, asymptotically, the gas is described by a two dimensional Maxwell-JUttner 
distribution, one can show that ns , ∞ =  2παm 3J 1 β+2β  e 

β
β . (41)

A calculation leading to Eq. (41) can be performed assuming the flat Minkowski metric, and it can be found in [6]. 
Note that a boosted Maxwell-JUttner distribution must satisfy

lim J t  =  - ns , ∞γ , (42)r

which can also be checked by a direct calculation.

IV . M O N T E  C A R LO  AP PR O AC H

A . Coarse graining method

We will now discuss the main ideas behind our Monte Carlo method, starting with a general averaging scheme. 
The choice of trajectories of individual particles will be discussed in the subsequent section in a particular example 
of the planar accretion model.
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Consider a sample of N  particle trajectories in the phase space T * M  understood as mappings (curves) Y(i ) : τ  → 
( x μi ) (τ ) ,p Vi ) (τ ) ) ,  i =  1, . . . ,  N . The distribution function associated with this sample can be written in the form

n  r
F (N ')(xμ ,P ν ) =  ∑  / δ(4) ( x μ  -  xμi ) (τ ))  δ(4) ( p : -  pV') (τ ))  dτ.

i= 1 (43)

which can be understood as a general-relativistic version of an analogous expression known from the (special) rela­
tivistic kinetic theory ([37], p. 14, Eq. (A6)). In the special relativistic setting this function was also introduced in 
[42], although with a slightly different normalization, i.e., divided by the number of trajectories N . The distribution 
function F (N ) represents a collection of point-like test particles, and therefore it provides a fine-grained description of 
matter. The essence of the Monte Carlo method introduced in [31] and developed in this paper is a suitable averaging 
method, allowing for an approximation of the coarse-grained smooth distribution function F . Since ultimately one is 
interested in observable quantities, such as the particle current density J μ , we apply this coarse graining procedure 
explicitly to the components of J μ . A general discussion of coarse graining in the context of the special-relativistic 
kinetic theory can be found in [42].

The particle current density associated with the distribution function (43) reads

,,   N  ______________
J μ(N ) (x ) =  F (N ) (x, p )pμ - det gδ κ (x )dp0 . . . dp3 =  δ (4) x α  -  x (αi ) (τ ) p (μi ) (τ ) - det gδ κ (x )dτ,

+  i= 1Px+  i = 1 (44)

where we have assumed that all momenta p (μi ) (τ ) belong to Px+(τ ) . It was shown in [31] that this expressions is 
compatible with Eq. (7), i.e., if S  is a spacelike hypersurface in M  such that the projections of all trajectories γ (i ) , 
i =  1, . . . , N , on M  intersect S , then N [S ] =  N , where N [S ] is computed according to Eq. (7), assuming the 
distribution function F (N ) .

Let us view F (N ) as an approximation to a smooth distribution function F . Select a hypersurface Σ  in M  (not 
necessarily a spacelike one) and a small neighbourhood σ  ⊂  Σ  (a numerical cell) such that x ∈ σ . We estimate J μ (x ) 
corresponding to F  by the average

W X )
σ J μ(N )ηΣ (45)

σ  η Σ
where ηΣ  denotes the volume element on Σ. For stationary systems, Σ  can be chosen as a timelike hypersurface, 
adapted to isometry groups generated by the Killing vector field k . We will see in the next section that the coarse 
graining (or smoothing) procedure given by Eq. (45) amounts to counting (with suitable weights) the intersections of 
particle trajectories with selected surfaces.

Equation (45) can be justified as follows. Suppose that F (N ) tends to a smooth distribution function F  in the sense 
that ' dx» . . . dx ’ dp„  . . . dps F (N (X-P) φ(x ,p )

=  - det gα β (x )dx0 . . . dx3 - det gδ κ (x )dp0 . . . dp3 F (N ) (x, p ) -  F (x, p)
φ(x ,P) → O, (46)N

as N  → ∞ , where φ(x ,p ) is a test function on T * M . Choosing φ(x ,p ) =  χ  (p ∈ P+ )p μ ψ(x), we get

- det gα β (x )dx0 . . . dx3 Jμ N (x ) ψ (x ) → - det gα β (x )dx0 . . . dx3 JμN(x ) ψ (x ) .3 J μ (x )
(47)

Here χ  (p ∈ Px+ ) denotes the characteristic function of the set Px+ . Suppose that Σ  is a hypersurface in M  chosen 
as in Eq. (45). Let γ be a three dimensional metric induced on Σ. Suppose further that α  is a function such that 
iy ∕-det gα β (x ) =  α ( x ) y ∕ |det γα β (x ) |. Let (x 0 , . . .  , x 3 ) denote a coordinate system adapted to the hypersurface Σ, so 
that Σ is characterised by x 0 =  X0 (say) and η∑ =  ∖ / |det γα β (x ) |dx1dx2dx3 . Choose ψ (x ) =  χ(x  ∈ σ )δ(x 0 — X0 ) ∕α (x ). 
This gives

J μ(N ) (x )N ηΣ  → Jμ (x ) η =  Jμ (x 0 ) η ,ηΣ  =  ηΣ , (48)N N
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FIG. 1: A visual representation of a cell σ  (green slab) defined by Eqs. (51) or (53).

where x 0 ∈ σ . The last equality follows from the mean value theorem, provided that σ is closed, bounded, and
connected, and the components of J μ (x ) are continuous on σ. Note that this equality holds for each component 
separately, i.e., x 0 might be different for different μ =  0 , . . . ,  3 (the mean value theorem does not hold for vector­
valued functions). Equation (45) follows directly from the limit (48).

In the analysis of planar models investigated in this paper, we will rather use the estimate of the particle current 
surface density

(49)

defined in the analogous way, but with σ and Σ being two dimensional surfaces.

B . Intersections of trajectories with arcs of constant radius

As an example adapted to a planar stationary accretion flow in the Schwarzschild spacetime we select surfaces of 
constant r  =  r  defined by

Σ =  {(t, r, θ, φ) : t ∈ R , r =  r, θ =  π/2, φ ∈ [0, 2π)}  (50)

and cells (cf. Fig. 1) σ =  {(t, r, θ, φ) : t 1 ≤  t ≤  t∙2, r  =  r, θ =  π ∕2 , φι  ≤  φ ≤  φ⅛}. (51)

It is also convenient to denote

S  =  { (r, θ, φ) : r =  r, θ =  π ∕2, φι  ≤  φ ≤  φ⅛}. (52)

The choice defined by Eq. (52) is different than the one made in [31]. In our previous work, we chose S  as segments 
of constant angle φ. Both choices are adapted to stationary flows in the sense that σ can be foliated by orbits of the 
timelike Killing vector field k μ =  (1, 0 , 0 , 0). More precisely Let Φτ (x i0 ) denote the orbit of k , passing through x i0 at 
τ  =  0, i.e., Φ0 (x i0 ) =  x i0 . Then σ can be expressed as the image

(53)

Both choices are also compatible with a standard grid of polar coordinates (Fig. 1).
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where

For the planar model (particles moving in the equatorial plane) the fine-grained particle current density can be 
expressed as

(54)

(55)

Thus,

A corresponding particle current surface density J(n ') is defined as in Eq. (29), i.e.

where, from (16) at the equatorial plane^/ - det gδ κ (x ) =  (r2 sin θ) =  1∕ r 2 . The volume element on Σ reads

(56)

(57)

(58)

where g denotes the metric induced on the surface Σ:

g =  -  ( 1 -  2 2  ) dt2 +  r 2dφ2 ∙ (59)

A direct calculation gives

(60)

where I (σ ) ⊆  { 1, ∙ ∙ ∙ , N }  denotes the set of indices corresponding to trajectories that intersect σ . The integral with 
respect to τ  can be computed by writing

Returning to Eq. (60), we get

δ (r  -  r (i ) τ )) =  ∑
δ (τ - τk )

k , dr(i ) /d T ∣τ = τ

where r (i ) (τ⅛) =  r . The sum in Eq. (61) runs over all intersections of the i-th trajectory with σ . Note that

(61)

(62)

(63)
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where the index j  in the last sum runs over all N int intersections of trajectories with the cell σ. The area (cf. Fig. 1) 
of σ reads

(64)

(65)

where we changed to dimensionless variables (23).
For a stationary distribution in the Schwarzschild spacetime Eq. (15) reduces to the condition ∂ t F  =  0, which 

implies a traslational invariance of the distribution function with respect to time t . Consequently, instead of computing 
all spacetime components of trajectories x μi ) (τ ) =  (t(i ) (τ ), r (i ) (τ ) ,θ (i ) (τ ) ,φ (i ) (τ )), i =  1, . . . , N , including the time 
coordinate t (i 3(τ ), it suffices to consider their projections r (i 3(τ ) , θ(i 3(τ ), φ (i 3(τ ) on hypersurfaces of constant time. 
The condition that a trajectory intersects σ present in Eq. (65) can be then replaced with a simpler condition that its 
projection onto a hypersurface of constant time intersects a segment S . Also, instead of the normalization by (t ( -  t1 ) 
in Eq. (65), one can normalize by a factor proportional to the total number of trajectories N . The details of our 
implementation are given in Eqs. (73) below.

V . M O N TE  C A R LO  M E T H O D  FOR TH E P L A N A R  AC C R ETIO N  PROBLEM

A . Selection of geodesic parameters

In the first step of our simulations we select a set of particle trajectories, corresponding to the assumed distri­
bution function. In our simulations of the planar accretion in the Schwarzschild spacetime we use the parameters 
{ ξ0 , φi(init3 , εi , λ i } , representing the radial and the azimuthal coordinates of the initial position, the energy, and the 

total angular momentum of i-th particle, respectively. The first coordinate is the same for all trajectories—all particles 
start at a fixed radius r 0 =  M ξ0 . It is important to ensure that this value is sufficiently large. The coordinate values φi(init3 and εi are sampled from the planar asymptotic (ξ  →  ∞ ) distribution function (A32) (derived in Appendix A):

f  (x ,p) =  αδ  ( -y ∕-p μ pμ -  m 0  ̂ exp [ - β γ  ( ε  -  er v y ∕ ε2 -  1 cos φ ) ] , (66)

where we assumed that all particles have the same mass m 0 .
For a given speed v , distribution (66) depends on three parameters: φ( m lt∖ ε i  and εr . The parameter εr  determines 

the direction of the radial motion: εr  =  - 1 means that a particle moves towards the center of the coordinate system, εr  =  +1 means that a particle moves in the opposite direction. See also definition (20). Absorbed particles start at 
ξ =  ξo , and are characterized by εr  =  - 1. Our treatment of scattered particles is different. In principle we could 
say that all scattered particles (moving along unbound orbits) originate also at ξ =  ξ 0 with εr  =  - 1, they reach 
a pericenter and then move to ξ =  ξ 0 again, this time with εr  =  +1. That means that a scattered trajectory of 
a particle originating at (ξ 0 , φ(ln lt) ) with εr  =  - 1 contributes also to the distribution function at (ξ 0 , φ(end) ) with 
er =  +1. While for an individual trajectory φ(end) can be easily related to φ(ln lt) , adjusting the overall selection 
procedure to the distribution function (66) is difficult. In practice we circumvent this difficulty by dividing each of 
the scattered trajectories in half. We consider segments running from ξ 0 to the pericenter with εr  =  - 1 and those 
running from the pericenter to ξ0 with εr  =  +1. Both segments are selected separateley from the distribution function 
(66).

To randomize the parameters φi , ε i according to the distribution function (66), we use the Markov Chain Monte 
Carlo (MCMC) method, implemented in the W olfram M athematica [32]. A sample of the W olfram M athematica code 
used to select the parameters of trajectories (with εr  =  - 1) looks as follows:
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num = 1 0 ^6 ;
normM = N In te g ra te [

E xp[-β /S q r t [ 1  -  v ^ 2 ]* (ε + v * S q r t[ε^2 -  1 ]*C os[φ] ) ] ,
{ε,  1 ,  e n e rg y c u to f f} ,{ φ,  0 ,  2 * P i} ] ;

d istM  = P r o b a b i l i ty D is t r ib u t io n [
E xp[-β ∕S q r t [ 1  -  v ^ 2 ]* (ε + v * S q r t[ε ^2 -  1]*C os[φ])] ∕no rm M ,

{ε,  1 ,  e n e rg y c u to f f} ,  {φ,  0 ,  2 * P i} ] ;
dataM0 = R andom V ariate[distM , num, Method ->  {"MCMC", "T h in n in g "  ->  2 , " I n i t i a lV a r ia n c e "  ->  1 } ] ;

Here num denotes the number of generated sets { φi(in it) ,  εi } ,  and normM is a normalization factor of the truncated 
distribution function specified as distM . In the last line we generate the set of parameters φi(in it)  and εi , using the 
W olfram  M athem atica function Random Variate. Random Variate allows one to select among multiple methods of 
generating data, which can be specified in the Method parameter. The W olfram  M athem atica implementation of the
MCMC method can be controlled by a number of parameters. In our example we set the so-called “thinning” and 
the “initial variance.”

The method of selecting the remaining parameter λ i  is described in detail in [31]. In our scenario, the values of λ i  

are distributed uniformly. Both the energy εi  and the angular momentum λ i  are randomized within specific limits.
Their choice is arbitrary, but the numbers should be large enough to provide a wide range of different trajectories. 
All selected energies εi  are smaller than a cutoff value εcu to ff , represented in our sample code as e n e rg y c u to f f . All 
angular momenta are smaller than λ m a x( εc u to ff,  ξ0 ) . Once the parameters of individual orbits are selected, they are 
subject to a test. Specifically, they should satisfy the inequalityλ i  ≤  λ m a x(εi ,  ξ0) ,  (67)

where λ m a x is given by the Eq. (27). Parameters satisfying Eq. (67) are divided into those corresponding to absorbed 
trajectories—if the angular momentum λ i  is less or equal to λ c (εi  )  given by Eq. (26)—and those corresponding to 
scattered tra jectories (if λ i  >  λ c (εi )).

B . Geodesics

Given initial parameters { ξ0 ,  φi(in it) , ε i ,  λ i } , the geodesic motion of a test particle can be determined in a couple of
reasonable ways. One can either express the radial distance r  =  M  ξ  as a function of the azimuthal angle φ or use the 
inverted relation φ(ξ ) . Both possibilities are described in [43]. Alternatively, it is possible to use the parametrization 
by the proper time [44]. All these methods are equivalent, and the choice of the most convenient one depends on
the problem at hand. In Section IV B  we described our method of estimating ( J μ') on surfaces Σ with a fixed radial 
distance r  =  M ξ. Consequently, our description of geodesic trajectories should provide the values of the angle φ 
corresponding to a given radius ξ . This can be done with the help of the function (closely related to (39))

(68)

which was described in detail in [43] (p. 26, Eq. (C .2)). In Equation (68) we assume that εr  is constant along the 
segment of the geodesic between ξ0 and ξ , and that φ(ξ0 ) =  0. In our previous study [31] the surfaces Σ were 
characterized by φ =  const. Consequenly, we used formulas for ξ (φ), based on the Biermann-Weierstrass theorem.

It can be shown that for unbound scattered and absorbed geodesic trajectories the integral in Eq. (68) can be 
expressed as

where in Eq. (69a) y1 , y2 , and y3 denote the roots of the polynomial 4y3 -  g2 y -  g3 , satisfying y 1 <  y2 <  y3 . In 
Equation (69b) yk1 denotes a real zero of the polynomial 4y3 -  g2 y -  g3 =  4(y -  y 1)(y2 +  py +  q), where p2 -  4q <  0

(69a)

(69b)
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and thus y2 +  py +  q >  0. The constants g2 and g3 — Weiestrass invariants—are given by

The remaining parameters are defined as

(70a)

(70b)

(71a)

(71b)

where μ =  y i  +  py1 +  q . Here F (φ, k) is the Legendre elliptic integral [34] defined by

(72)

C . Monte Carlo estimators

We apply Eqs. (65) on a standard equidistant polar grid, with the radial coordinate in the range 2 <  ξ ≤  ξ 0 . The 
parameter ξ 0 is, in principle, arbitrary. The angle φ is discretized as φi =  i ∆ φ, i =  1, . . .  Nφ , where ∆ φ =  2 π ∕N φ , and 
Nφ denotes the number of segments in the angular direction. Similarly, the radial coordinate is discretized according 
to ξj  =  2 +  j ∆ ξ , j  =  1, . . . , Nξ , where ∆ ξ =  (ξ0 -  2) ∕N ξ . Thus for j  =  Nξ , we have ξj  =  ξ0 , which corresponds to 
the outer boundary of the grid. Note that ξ0 may be smaller than ξ0 , which is related to the selection of the sample 
of trajectories. For the results presented in Sec. VD , we assumed Nφ =  360, N ξ =  100, ξ0 =  20.

Formula (65) is then applied to all segments σ  (Fig. 1) specified in Eq. (51), with φ-1 =  φi - ι , φ2 =  φi , and r  =  M ξj , 
where i =  1, . . . , Nφ , j  =  1, . . . , Nξ , and we allow ourselves for a slight abuse of notation. For simplicity, we will keep 
the notation with φι , φ2 , and ξ in the remainder of this section, when referring to a single segment of the numerical 
grid.

Our choice of σ (or S ) has some advantages. An unbound absorbed trajectory crosses the circle of constant radius 
r  =  M ξ  only once. A generic unbound scattered trajectory crosses a circle of constant r  =  M ξ  twice, or it does not 
cross it at all. The precise angular coordinates of these crossing points can be computed from Eqs. (69a) and (69b). 
This stays in contrast to our previous choice made in [31], where a trajectory wrapping around the black hole could, 
in principle, cross a segment of a constant φ an arbitrary number of times.

The important difference with respect to our previous work [31] is related to the treatment of scattered trajectories. 
Ingoing and outgoing segments of scattered trajectories are selected separately, and in practice no scattered trajectory 
appears in our calculation as a whole one. As described in Sec. V A, this fact is not related to the discretization of 
the numerical grid, but rather to the asymptotic distribution function, which takes into account both ingoing and 
outgoing trajectories in the overall budget. All absorbed trajectories are characterized by er =  - 1. Ingoing segments 
of scattered trajectories should have er  =  - 1; outgoing segments correspond to εr  =  +1. There should be roughly 
the same number of ingoing and outgoing segments in a given simulation.

Let I a b s (φ1 , φ 2) denote the set of indices numbering absorbed trajectories crossing a segment of a circle with ξ =  ξ 
and φ1 ≤  φ < φ 2 . In a similar way we define the sets of indices corresponding to ingoing an outgoing segments 
of scattered trajectories. They are denoted by I s-c a t (φ1 , φ 2) and I s+c a t (φ 1 , φ2), respectively. The total number of 
absorbed trajectories is denoted by Na b s . Symbols Ns-c a t and Ns+c a t denote, respectively, the total numbers of ingoing 
and outgoing segments of scattered trajectories in the sample. Using this notation, the Monte Carlo estimators of the
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particle current surface density components can be expressed as

(73a)

(73b)

(73c)

(73d)

(73e)

(73f)

(74a)

(74b)

and the sign εφ ji =  ± 1 is selected randomly from a set { - 1, + 1 }  using Mathematica [32] RandomChoice command for 
all trajectories.

In the plots shown in Sec. VD, the values the estimators ( J μ (x)) corresponding to each cell are assigned to coordi­
nates (ξj , (V i  + V i - 1 )/2). Consequently the angular coordinates change in the range 0 .5o ≤  φ ≤  359.5o . To calculate 
the angular position of the particle, we use one of Eqs. (69a) and (69b), depending on the type of trajectory. For a 
given radial coordinate ξj , we determine the corresponding i-th cell by using the relation φi  =  Lv (ξj  )/ ^ v J +  1∙

D . Results

Results of our Monte Carlo simulations are shown in Figs. 2-13. We compare the components of the particle 
current surface density J μ and the surface density ns computed according to exact expressions (40) with the Monte 
Carlo estimators (73). Figures 2-13 show the results obtained for 3 models with the following parameters: v =  0 .95, β =  1 (Figs. 2-5), v =  0 .5, β =  1 (Figs. 6-9), and v =  0 .5, β =  8 (Figs. 10-13). In all cases the maximum energy 
e n e rg y c u to f f  was set to εcutoff =  10. For a fair comparison, the same maximal energy is also used in the computation 
of integrals in Eqs. (40)—instead of improper integrals taken over energies running up to infinity, we compute the 
same integrals up to εc u to ff. In all 3 models we assumed i o =  1000, as described in Sec. VA.

The graphs illustrating all 3 models share the same layout. In Figures (2-4), (6-8), and (10-12) we compare the 
components of the particle current surface density at different angles V . Exact solutions are shown with solid lines.
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Results of our Monte Carlo simulations are plotted with points. As described in Sec. V C, they are only computed in 
a region outside the black hole horizon. Blue and green colors are used for the components corresponding to absorbed
trajectories ( J (labs) ) and the total current ( J μ =  J ((abs) +  ..//,scat')), respectively. Figures 5, 9, and 13 depict the surface 
particle density. To illustrate the directions of the flow, we also plot directions of the vector field (J x , J y ) defined asJ x  =  J r  cosφ -  J φ r sinφ, (75a)J y  =  J r  sinφ + J φ r cosφ. (75b)

In each graph, we have marked the location of the horizon (ξ  =  2), the photon orbit (ξ  =  3), and the ISCO (ξ =  6). 
Additionally, the location of the marginally bound orbit (ξ  =  4) is indicated on the figures showing radial density 
profiles.

Numerical results shown in our examples require generating approximately 108 initial geodesic parameters (this 
number is denoted as num in Sec. V A ), from which we subsequently select those that satisfy Eq. (67). In the 
numerical examples presented in this paper we set the number of those initial parameter sets to 2 × 108 . This results 
in a different number of geodesics, depending on the assumed values of v and β .

All our examples exhibit a remarkable agreement between exact expressions and results of our Monte Carlo simula­
tions. The planar model investigated in this paper shares several common features with the three dimensional model 
of [4, 5]. There is a bow wave in front of the black hole, roughly between photon and marginally bound circles (cf. 
Figs. 5, 9, 13) and a wake behind it at ISCO distance. Around the stagnation point, the particle number surface 
density drops to small values, see also Fig. 1 in [15]. Since in this paper we mainly concentrate on the construction of 
our Monte Carlo scheme, we postpone the detailed discussion of this planar accretion model to some other occasion.

V I. CO N CLU D IN G  R E M A R K S

The Monte Carlo method introduced in [31] and developed in this work should provide stationary solutions of the 
general-relativistic Vlasov equation in cases in which controlling the underlying phase-space structure is hard, and 
consequently exact solutions may be difficult to obtain. We have demonstrated our method by computing the particle 
current density, but an adaptation to other quantities, such as the components of the energy momentum tensor is 
straightforward.

Precise numerical simulations may, of course, be time consuming. On the other hand, two-dimensional solutions 
analyzed in this paper, involving the numbers of individual trajectories of the order of 108 , can be obtained using 
W olfram  M athem atica [32] within days on a modest computer equipped with less than 100 computing cores. We 
supplement this paper with a sample of W olfram  M athem atica packages used to produce our numerical results. They 
will be available at [33]. We believe that these packages can serve as an illustration of many details of our method, 
which are otherwise difficult to describe. A clear evidence for the robustness of our Monte Carlo technique for 
stationary accretion problems is presented in Fig. 5 where, except for the statistical noise, both the surface particle 
density and currents are nearly identical to those obtained in a direct numerical integration. This paves a road towards 
problems which are unsolvable analytically at present, in particular the stationary accretion onto the Kerr black hole 
moving in an arbitrary direction with respect to its spin.

We have applied our method specifically to collisionless non-magnetized systems, but its main elements are purely 
geometrical. We believe that it should allow for a generalization to general-relativistic Vlasov systems coupled with 
the electromagnetic field (see, e.g., [45]). In this case geodesic orbits should be replaced by trajectories of charged 
particles in a given spacetime and a given electromagnetic field (external or dynamically coupled to the gas).
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Appendix A: Boosted planar Maxwell-Juttner distribution

In this appendix we derive Eq. (38), which provides the distribution function corresponding to a planar stationary 
accretion of a collisionless gas onto a moving Schwarzschild black hole, investigated in this paper. In the asymptotic 
limit the distribution function given by Eq. (38) tends to the Maxwell-JUttner distribution boosted with a constant 
velocity along the x  axis. Equation (38) is derived using the action-angle formalism, developed in [8], and used also 
in [4-6, 11, 15]. In contrast to our previous works [6, 15] dealing with planar models, we consider a three dimensional
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FIG . 2: Time components of the particle current surface density J t  in the model w ith v  =  0.95, β  =  1, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqs. (73)). There are 168 486 945 trajectories: N abs =  450 198, N s-c a t =  84 010 986, 
N s+c a t  =  84 025 761.

distribution corresponding to gas particles that are not confined to the equatorial plane, and impose the restriction 
to a single plane at the end. This calculation follows closely the footsteps outlined in [4], where the boost was applied 
along the z axis of standard spherical coordinates (A5). Boosting the distribution function along the x  axis instead 
allows for the subsequent adaptation to the planar problem.

is given by

1. Boosted Maxwell-Juttner distribution in the Minkowski spacetime

The Maxwell-Juttner distribution describing a gas of same rest mass particles in the Minkowski spacetime endowed 
with the metric

(A1)

(A2)
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FIG . 3: Radial components of the particle current surface density J  r  in the model with v  =  0.95, β  =  1, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqs. (73)). There are 168 486 945 trajectories: N abs =  450 198, 
N s+c a t  =  84025 761.

N s-c 84 010 986,

where α  and β  are constants, k μ =  (1, 0 , 0 , 0) is a timelike Killing vector, and m 0 denotes the rest mass of a single 
particle.

Applying a Lorentz boost B μ ν with the velocity v along the x -axis to this distribution is straightforward. Vector kμ transforms as

k 'μ =  B μν kv =  (γ ,γ v , 0 , 0) , γ =  — 1 2 
1 -  v2

in Cartesian coordinates ( t ,x ,y ,z ) .  Consequently, the boosted Maxwell-Juttner distribution becomes

(A3)

(A4)

Note that the gas is boosted in the positive direction of the x  axis. This is equivalent to the motion of the black hole
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FIG . 4: Angular components of the particle current surface density J φ  in the model w ith v  =  0.95, β  =  1, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results 
obtained by the Monte Carlo simulation (Eqs. (73)). There are 168 486 945 trajectories: N abs =  450 198, N s-c a t =  84 010 986,
N s+c a t 84 025 761.

in the negative direction (φ =  180o ) in our accretion model. By converting to spherical coordinates (t, r, θ, φ),x  =  r cos φ sin θ, y =  r sinφ sinθ, z =  r cosθ,
(A5a)
(A5b)
(A5c)

(A6)
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FIG . 5: The particle surface density ratio n s  / n s , ∞  in  the model w ith v  =  0.95, β  =  1, ε c u to ff  =  10, and ξ0  =  1000. The black
hole moves in the negative direction of the x  axis, i.e, φ = 180° . The first three plots show the particle number surface density 
in the equatorial plane. Plots on the left show the results obtained in the Monte Carlo simulation. The upper right plot shows 
the exact result based on Eqs. (40). The remaining graph depicts the radial density profiles for three selected values of the angle 
φ . The simulation was prepared for 168 486 945 particle trajectories: N abs =  450 198, N s-c a t =  84 010 986, N s+c a t  =  84 025 761.

2. Boosted Maxwell-Juttner distribution and action-angle variables

The Hamiltonian describing a geodesic motion of a free particle in Minkowski spacetime in spherical coordinates is 
given by

(A7)

The corresponding solutions of the Hamilton equations—geodesics in the Minkowski spacetime—are simply straight 
lines. This formulation implies that the energy E  =  - pt  ,  the azimuthal component of the angular momentum lz  =  pφ  ,
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N s+c a t

i

FIG . 6: Time components of the particle current surface density J t  in the model w ith v  =  0.5, β  =  1, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results 
obtained by the Monte Carlo simulation (Eqs. (73)). There are 78 361 180 trajectories: N abs =  227 889, N s-c a t  =  39 064 112,

ξ

39 069 179.

and the particle rest mass m  =  - 2H  , are all conserved. Additionally, the total angular momentum

(A8)

is also conserved. For geodesics with fixed values of E , l, lz  , and m , the radial momentum is determined by

(A9)

where er  =  ± 1 differentiates between ingoing and outgoing particles. The component pθ is expressed as

with ∈θ =  ± 1 similarly defined.

(A10)
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FIG . 7: Radial components of the particle current surface density J  r  in  the model w ith v  =  0.5, β  =  1, ε c u to ff  =  10, and 
ξ 0  =  1000. Components of the particle current surface density J  r  for ξ 0 =  1000. Exact solutions (Eqs. (40)) are plotted with 
solid and dashed lines. Dots (blue and green) represent sample results obtained by the Monte Carlo simulation (Eqs. (73)). 
There are 78 361 180 trajectories: N abs =  227 889, N s-c a t  =  39 064 112, N s+c a t =  39 069 179.

For a motion along a segment of a geodesic ^ with constant E , l, lz , m, and constant signs er  and eg , we define the 
abbreviated action as

Here, pr  and pθ are defined in Eqs. (A9) and (A10). We introduce the following canonical transformation:

(A11)
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FIG . 8: Angular components of the particle current surface density J φ  in  the model with v  =  0.5, β  =  1, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results 
obtained by the Monte Carlo simulation (Eqs. (73)). There are 78 361 180 trajectories: N abs =  227 889, N s-c a t  =  39 064 112, 
N s+c a t  =  39 069 179.

(t, r, θ, φ ,p t ,p r ,p θ ,p φ ) — → (Qμ , Pν ), where the new momenta are constants of motion:

(A12a)

(A12b)
(A12c)

(A12d)
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FIG . 9: Same as in Fig. 5 for the model w ith smaller velocity v  =  0.5. Remaining param eters β  =  1, ε c u to ff  =  10, and ξ 0  =  1000. 
The simulation was prepared for 78 361 180 particle tra  jectories: N abs =  227 889, N s-c a t =  39 064 112, N s+c a t  =  39 069 179.
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FIG . 10: Time components of the particle current surface density J t  in the model with v  =  0.5, β  =  8, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results 
obtained by the Monte Carlo simulation (Eqs. (73)). There are 30 900 617 trajectories: N abs =  118 561, N s-c a t  =  15 391 121, 
N s+c a t  =  15 390 935.
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FIG . 11: Radial components of the particle current surface density J  r  in the model with v  =  0.5, β  =  8, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqs. (73)). There are 30 900 617 particles: N abs 

N s+c a t  =  15 390 935.
118 561, N s-c a t  =  15 391 121,
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FIG . 12: Angular components of the particle current surface density J φ  in the model with v  =  0.5, β  =  8, ε c u to ff  =  10, and 
ξ 0  =  1000. Exact solutions (Eqs. (40)) are p lotted w ith solid and dashed lines. Dots (blue and green) represent sample results 
obtained by the Monte Carlo simulation (Eqs. (73)). There are 30 900 617 trajectories: N abs =  118 561,
N s+c a t  =  15 390 935.

N s-c a t  =  15 391 121,
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FIG . 13: Same as in Fig. 9 b u t w ith lower tem perature. Param eters of the model are v  =  0.5, β  =  8, ε c u to ff  =  10, and ξ 0  =  1000. 
The simulation was prepared for 30 900 617 particle tra  jectories: N abs =  118 561, N s-c a t =  15 391 121, N s+c a t  =  15 390 935.
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and

p2θ + sipnφ2 θ

(A13a)

(A13b)

(A13c)

(A13d)

(see [4]). In the above formulas, the last form is given in terms of the momenta (pt , p r , pθ, pφ ) . To derive expressions
(A13), we assume that the constant in Eq. (A11) is independent of m , E , lz , and l.

Basing on [4], one can note several relationships between the variables (Q μ ,P ν ) and (xμ ,p ν ). These relationships 
will be useful in the following sections:

where

In a similar fashion we get

(A14)

(A15)

(A16)

(A17)

3 . Asymptotic relations

(A18)

p r =  er V  E 2 — m 2 =  e^/ P 12 — P 02 . (A19)

In the asymptotic limit, (A16) takes the following form

V  =  — tan ( q 3 +  er 2 )  =  cot Q 3 , (A20)
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and Eq. (A17) tends to

where we used the fact that 0 <  θ <  π. Therefore cos φ can be now expressed as

Hence,

and

sin Q3 =  — sin [arctan (ω) +  er —] =  —er cos [arctan (ω) ] , 
where ω =  l cpo t θ . Since - π2 ≤  arctanω ≤  π2 , it follows that cos[arctan(ω)] ≥  0. Consequently, one obtains

sin Q 3 =  — er | sin Q 3 1.
Finally substituting the above expression in Eq. (A18), we get

f  β
F (x , p) =  α δ (P 0 — m 0 ) exp — γ 

m 0 P 1 + v P 12 — P 02 cos Q 2 sin Q 3 + PP 2 sin Q 2 cos Q3
It is important to note that this expression is valid for the three-dimensional motion of the gas. In the 
section, we deal with asymptotic expressions corresponding to the planar motion of the gas.

(A—1)

(A——)

(A—3)

(A—4)

(A—5)

(A—6)

following

4. Planar motion in the asymptotic limit

To analyze the motion confined to the equatorial plane, we consider the limit θ — π ∕2 and pθ — 0, leading to 
lz  — eφ l , where eφ =  sgn(lz ). An application of those limits to (A26) is straightforward. Equations (A12) yield

p 2 — eφ p 3 ∙

Consequently, using the notation (32), we have

F (x , p ) =  δ θ — π2 δ(pθ )f (x , p ) ,
where

f  βf (x ,p ) =  α δ (P0 — m 0 ) exp — γ
m 0

Additionally, from Eqs. (A13), we obtain 3 2
P 1 + v J P 12 — P 02 sin (Q 3 + e^ Q 2)

Q  + eφ Q —— eψ φ — er - ∙

Therefore, f (x , p ) =  α δ (P 0 — m 0 ) exp — γ 
m 0 P 1 + v P 12 — P 02 sin eφ φ — er

Substituting (A12), we get
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5 . Action-angle variables in the Schwarzschild spacetime

As previously, we consider the motion along a segment of a geodesic ^ with constant E , l, lz , m , and constant signs er  and eθ , and we define the abbreviated action as

(A33)

In this case, pr  and pθ  are defined by Eqs. (20) and (22). We now introduce the following canonical transformation:

(A34a)

(A34b)
(A34c)

(A34d)

and

Using (39) we could reformulate Eq. (A35d) as

Q3 =  - eθ arctan

(A35a)

(A35b)

(A35c)

(A35d)

l cot θ

l2 - l2zsin2 θ + er X (ξ , ε , λ ) . (A36)

However, limξ → ∞  X (ξ , ε ,  λ ) =  0, which would disagree with the asymptotic value of Q3 calculated from Eq. (A13d), 
i.e.,

3 π
lim Q3 =  - er -  eθ arctan

l cot θ
r 2 l2

Therefore, to ensure consistency with the asymptotic behavior, we choose

l2zsin2 θ (A37)

(A38)
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6. Boosted Maxwell-Juttner distribution on the equatorial plane

Equation (A26) yields a general form the distribution function expressed in the action-angle coordinatesβ
F (x ,p )  =  αδ(P 0 -  m 0)exp -  γ 

m 0 P 1 +  v P 12 -  P 02 cos Q 2 sin Q 3 +  P 2 sin Q 2 cos Q 3 1 0 P  3
As in Appendix A 4, we take a limit θ → π ∕2 and pθ → 0, so that lz → eψ l. Similarly 

p 2 → eφ P3 ,Q 3 + f φ Q 2 → f φ φ + er X (ξ , ε, λ ) — e ^ - ,
and therefore

f  (x ,p ) =  αδ(P 0 — m o)e x ^∣— P i  +  υ∖J  P i  — Po sin [evφ + <PX (ξ ,ε , λ ) — 2 ]  j ∙

Substituting Eq. (A34), one obtains the final expressionf  (x ,p ) =  α ^ ∕ X p ~pμ  — m 0  exp {  — β γ  ∣ε + ' φ '∖ 2 — 1 sin ∣φ + eψ er ( x (ξ ,ε , λ ) — ∏ ∙)]]} 
=  α ⅛ (y ∕—p . p ' — m0  exp {  — β γ  ∣ε — er^ / ε 2 — 1 cos [φ +  eψ er X (ξ , ε, λ )]] ∣.

(A39)

(A40a)

(A40b)

(A41)

(A42)

Appendix B : Particle current surface density

To evaluate momentum integrals in Eq. (33), we change the variables according to (p t , p r , p φ ) → (m 2, E , lz ), where 

(B1a)2 1 2 2 1 
m =  N pt  — N p r — r 2 pφ ,

E  =  —pt ,
lz =  p φ .

(B1b)
(B1c)

The Jacobian of this transformation is simply

Consequently,

(B2)

(B3)

(B4)

where in the last step we used the relation λ z =  eψ λ, valid at the equatorial plane, and where we also abuse the 
notation by allowing ourselves to change freely the arguments in f .

Assuming f  in the form of Eq. (A42) and

we get Eqs. (40).
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We derive novel analytical solutions describing timelike and null geodesics in the Kerr spacetime. The 
solutions are parametrized explicitly by constants of motion—the energy, the angular momentum, and the 
Carter constant—and initial coordinates. A single set of formulas is valid for all null and timelike geodesics, 
irrespectively of their radial and polar type. This uniformity has been achieved by applying a little-known 
result due to Biermann and Weierstrass, regarding solutions of a certain class of ordinary differential 
equations. Different from other expressions in terms of Weierstrass functions, our solution is explicitly real 
for all types of geodesics. In particular, for the first time the so-called transit orbits are now expressed by 
explicitly real Weierstrass functions.

DOI: 10.1103/PhysRevD.108.024056

I. INTRODUCTION

Few results in general relativity have more astrophysical
implications than the theory of timelike and null Kerr
geodesics. Properties of geodesic motion in the Kerr 
spacetime are key in modeling accretion disks [1,2] or 
the propagation of light in the Kerr geometry [3,4]. 
Geodesic motion is used as a zero-order approximation 
in the self-force approach [5] and serves as a basis for our 
understanding of the Penrose process [6].

The theory of Kerr geodesics developed quickly after a 
fundamental discovery made by Carter that the Hamilton- 
Jacobi equation is completely separable in the Kerr 
spacetime [7,8]. The geometrical nature of this fact was 
understood by Walker and Penrose in terms of Killing 
tensors [9], and equatorial orbits were soon analyzed, 
see e.g. [10- 12]. An analysis of nonequatorial geodesics 
is, of course, much more involved. Vortical orbits were 
first discussed by De Felice and Calvani in [13] and later 
in [14]; i n [15] Wilkins described bound orbits. Another 
account of timelike and null geodesics can be found in 
Bardeen' s lectures [16]. An early review of the theory of 
geodesics in black hole spacetimes was given by Sharp

*adam.cieslik@doctoral.uj.edu.pl
1eva.hackmann@zarm.uni-bremen.de
*patryk.mach@uj.edu.pl

in [17], and an extensive text-book discussion of various 
generic types of Kerr geodesics was provided in 
Chandrasekhar' s b o o k [18].

Much has been achieved in subsequent years. Another 
detailed text-book introduction to the theory of Kerr 
geodesics was published by O' Neill in [19]. Negative 
energy geodesics within the ergosphere were studied 
in [20] and later in [21,22]. Spherical orbits were inves­
tigated in [23- 25]. A particularly convenient geodesic 
parametrization, allowing for partial decoupling of geo­
desic equations, was introduced by Mino in [5]. I n [26] 
Schmidt derived action-angle variables for Kerr geodesics 
and computed corresponding fundamental frequencies. A 
combination of Schmidt' s results and the Mino paramet­
rization was given in [27]. Analytic solutions for bound 
timelike orbits (and the associated characteristic frequen­
cies) were obtained in [28,29], using Jacobian elliptic 
functions and Legendre' s integrals. Various solutions 
expressed in terms of Jacobian elliptic functions were 
also given in [30,31]. General methods of obtaining 
analytical solutions in terms of Weierstrass elliptic func­
tions were described by Hackmann and Lammerzahl 
in [32- 34].

The phase-space picture of Kerr geodesics was 
investigated by Levin, Perez-Giz, Stein, and Warburton 
in [35- 37]. In particular, Ref. [35] discusses equatorial 
homoclinic orbits and the separatrix between stable orbits

2470-0010=2023=108(2)=024056(32) -1 © 2023 American Physical Society137

mailto:adam.cieslik@doctoral.uj.edu.pl
mailto:1eva.hackmann@zarm.uni-bremen.de
mailto:patryk.mach@uj.edu.pl


ADAM CIEŚLIK, EVA HACKMANN, and PATRYK MACH PHYS. REV. D 108, 024056 (2023)

and orbits plunging into the black hole. In [37] Stein and 
Warburton considered nonequatorial orbits as well. Special 
classes of orbits characterized by constants of motion that 
also describe circular orbits were recently analyzed by 
Mummery and Balbus in [38,39] (see also [40]). The 
separatrix problem has also been discussed earlier in the 
context of gravitational radiation by Glampedakis, 
Kennefick and O' Shaughnessy [41,42], and it appears 
naturally in the study of accretion of the Vlasov gas onto 
the Kerr black hole [43]. Periodic orbits in the Kerr 
spacetime were studied in [44]. Reference [45] provides 
a relation between scattering and bound geodesics in the 
Kerr spacetime using the Hamilton-Jacobi action.

In [46] Gralla and Lupsasca revisited null geodesics in 
the Kerr exterior, providing a convenient classification and 
analytic solutions. A very detailed classification of radial 
motion for timelike and null geodesics has recently been 
provided in [47].

In addition, many authors investigated geodesic motion 
in the near-horizon approximation for high-spin black
holes (see, e.g., [48—52]). References [51,52] contain 
solutions for the generic polar motion in the Kerr spacetime 
as well. Last but not least, an important progress was 
recently made in the analysis of intricate properties of null 
Kerr geodesics, related to strictly observational problems— 
gravitational lensing, observable properties of photon rings, 
etc. [3,4,53- 56].

In this paper we give exact solutions of the geodesic 
equations in the Kerr spacetime. Using an old, but relatively 
little known result by Biermann and Weierstrass [57] (see 
also [58] and [59- 61] for the proof), we were able to find a 
single set of formulas, valid for all generic timelike and null 
geodesics, that yield an explicitly real solution for arbitrary 
admissible initial data. Our analysis is a sequel to Ref. [61], 
which is also based on the Biermann-Weierstrass theorem 
and provides solutions for generic timelike and null geo­
desics in the Schwarzschild spacetime. Benefits of this new 
approach are at least twofold. All solutions can be effec­
tively written in terms of Weierstrass elliptic functions ρ, σ, 
and ζ , and a single set of formulas remains valid for all 
generic geodesics. Solutions are explicitly specified by 
prescribing constants of motion—the energy, the angular 
momentum, the Carter constant—and the initial position. 
This means, in practice, that no a  priori knowledge about 
the type of the orbit is required in order to select an 
appropriate formula. Secondly, radial motions of the so- 
called transit type [19], for which the radial potential has no 
real zeros, can be described in a straightforward way, by 
explicitly real formulas.

Many geodesic types, which are usually treated as 
special, nongeneric cases in other approaches, are incorpo­
rated naturally in our formalism. Interesting examples of 
such types include “whirling”  near-separtartix orbits.

All our formulas have been coded in Wolfram 
Mathematica [62], and a collection of sample solutions is

plotted in Sec. V of this paper. A Wolfram Mathematica 
package implementing our formulas is available at 
PANGAEA and at the GitHub [63].

The remainder of this paper is organized as follows. 
Section II contains preliminary material: we introduce our 
notation conventions, discuss a simple classification of 
orbital types, and recall the Biermann-Weierstrass theo­
rem. Section III provides general solutions to the geodesic 
equations. We discuss the general method of deriving 
our solutions, but many technical details are given in 
Appendix A .SectionsIV and V give a short description of 
our implementation in Wolfram Mathematica and a col­
lection of examples, respectively. Section VI provides a 
short discussion of our results. Appendix B is devoted to 
Schwarzschild and extreme-Kerr limits ofoursolutions. In 
Appendix C we provide a table of integrals to which we 
refer in our derivation.

II. PRELIM INARIES

A. M etric conventions
We use standard geometric units with c  ¼ G ¼ 1, where 

c  denotes the speed of light, and G is the gravitational 
constant. The signature of the metric is ( - ,  + , + , + ).

We will work in Boyer-Lindquist coordinates xμ ¼ 
(t, r, θ , φ ) . The Kerr metric can be written as

g ¼  gμν dxμ dxν

¼ gt tdt2 +  2gtφdtdφ  +  gr r d r2 +  gθθdθ2 +  gφφdφ2 , (1)

where

(2a)

(2b)

(2c)

(2d)

(2e)

and we denote

(3 a )

(3b)

The Kerr spacetime is characterized by the mass M and 
the angular momentum J  ¼ Ma. The two solutions of the
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equation Δ =  0, r⅛ =  M  ±  vzM"2 — a2, correspond to the 
inner and outer Kerr horizons.

B. Equations of motion
Timelike and null geodesic equations can be expressed in 

the Hamiltonian form

and

(9)

dxμ ∂H
dτ ∂pμ ’

There is a convenient way to partially decouple the 
above equations, introduced by Mino in [5]. It consists in 
reparametrizing geodesics so that

dpν ∂H
dτ ∂xν ’ (4b)

where pμ =  dxμ ∕d τ ,  H (xα,p β ) =  1  gμν(xα)pμp ν = — 2  m2, 
and m  denotes the particle rest mass. The above normali­
zation of the four-momentum p μ is a useful convention. 
The four-velocity uμ is normalized as gμνuμuν =  —δ1, 
where

or

(10)

(11)

δ1 ¼
1
0

for timelike geodesics; 
for null geodesics:

(5)
This yields

dθ =  -  p f f i ffi);
Thus, for timelike geodesics, pμ ¼ muμ, and the proper 
time can be expressed as τ  = mτ.

By standard arguments, H , p t ≡  —E  and p φ ≡  lz are 
constants of motion. The fourth constant—the so-called 
Carterconstant K—follows from the separation ofvariables 
in the Hamilton-Jacobi equation [7,18]. In explicit terms, 
geodesic equations can be written as

dφ a[(r2 + a2)E  — al ∖̂ds
Δ +

1
sin2 θ z

(12a)

(12b)

(lz - a E sin2 θ ); (12c)

Here

dtds (r2 +  a 2)[(r2 +  a2)E — alz}
Δ

+ a (lz - a E sin2θ ): (12d)

It is convenient to work in dimensionless rescaled 
variables. For timelike geodesics, we define dimensionless 
variables as in [64,65], i.e., by

a = Mα, t = M T, r = Mξ, E = mε,

K  = M 2m2 κ, lz = M m λz. (13)
In addition, the rescaled Mino time s is defined by

(6)

1
Mm

(14)

and

Θ (θ) ≡  K - m 2a2 cos2 θ -  lz - a sinθE . (7) 
sin θ

W ithaslightabuseofterm inology,wewillrefertoR (r)and 
Θ (θ) as radial and polar potentials, respectively. The signs 
er and eθ correspond to directions of motion in r and θ, 
respectively. More precisely,

For null geodesics m ¼ 0, and the parameter m in Eqs. (13) 
shouldbereplacedwithanypositivemassparameterm > 0 .

In terms of dimensionless variables, geodesic equa­
tions (12) can be written as

dξ ¼ er R, (15a)ds

ddθs ¼ eθpΘ , (15b)
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(15c)

(15d)

R ≡  [(ξ2 +  α2)ε — α λ j2 — (ξ2 — 2ξ +  α2)(δ1ξ2 +  κ), (16)

Θ ≡  κ — δ1α2 cos2 θ ----- 1  (λz — αε sin2 θ)2. (17)
1 sin2 θ z

In Sec. III we give explicit solutions of Eqs. (15) for the 
functions ξ (s), θ (s), φ (s), and T(s). They are specified by 
prescribing δ1 and the constants of motion ε, λz, and κ,
which in turn can be computed from initial velocities. 
Defining, for timelike geodesics, components of the veolc- 
ity vi ¼ ui=ut ¼ p i=pt, i  ¼ r; θ ; φ , we get

Constants ε, λz, and κ can be expressed as

(19)

(20)

(21)

It is well known [18,46] that for null geodesics solutions 
of Eqs. (12) depend on E, lz, and K  via the ratios lz=E and
K ∕E 2. This corresponds to the choice m =  E  in Eqs. (13) 
and (15), which, assuming E > 0, yields ε ¼ 1. Constants 
E, λz and κ can be then expressed as

E  =  —gt tp t — gtφp φ; (22)

λ z =  M E (gtφ p t +  gφφp φ); (23)

(24)

where p μ is a null vector.

C. Types of orbits
Although the main idea of this paper is to provide a 

single set of formulas describing solutions of all generic 
timelike and null geodesic trajectories, it is useful to 
introduce a general classification of different types of 
possible orbits and some terminology, which can facilitate 
the discussion. A detailed discussion of various orbital 
types can be found, e.g., in [19].

Generic orbits can be classified according to the type of 
radial motion. Allowing, in the discussion, for negative 
values of ξ, we adopt the following terminology from [19] 
(p. 209, Def. 4.6.3): A geodesic is said to be of transit type, 
if ξ(s) goes from ± ∞  to ψ  ∞, as the parameter s goes from 
—to to + ∞ . A geodesics, for which ξ (s) goes from ± ∞  to 
± ∞  is called a flyby. Both types represent unbound orbits. 
A geodesic is said to be interval-bound, if ξ1 ≤  ξ (s) ≤  ξ2, 
for some —∞  < ξ1 < ξ2 < + ∞ . All other geodesics are 
exceptional in some sense, and this includes orbits termi­
nating in the ρ2 =  0 singularity orgeodesics related with an 
occurrence of multiple zeros of R . The character of generic 
orbits is mainly governed by the numberofreal zeros ofthe 
radial potential R . The following cases are generically 
possible:

(I) The potential R has no real zeros, and R > 0 for all 
ξ . This allows for transit orbits.

(II) The potential R has two real zeros ξ1 < ξ2, and R > 0 
for ξ < ξ1 and ξ2 < ξ . This case allows for flyby 
orbits.

(III) The potential R has four real zeros ξ1 < ξ2 < 
ξ3 < ξ4, and R > 0 for ξ1 < ξ < ξ2 and ξ3 < ξ < 
ξ4 . Interval-bound orbits are possible.

(IV) The potential R has four real zeros ξ1 < ξ2 < 
ξ3 < ξ4, and R > 0 for ξ < ξ1, ξ2 < ξ < ξ3, and 
ξ4 < ξ . Both flyby and interval-bound orbits are 
possible.

(V) The potential R has two real zeros ξ1 < ξ2, and R > 0 
for ξ1 < ξ < ξ2. Only interval-bound orbits are 
possible.

Since Boyer-Lindquist coordinates used in this paperare 
singular at Kerr horizons (ξ =  ξH ), solutions of the whole 
system of equations (15) cannot be continued through 
ξ =  ξH . On the other hand, the radial and polar equa­
tions (15a) and (15b) remain unaffected by horizon 
singularities of Boyer-Lindquist coordinates, and this fact 
allows for the general classification given above, without 
invoking explicitly regular coordinate systems.

A very detailed classification of the radial geodesic 
motion has recently been given in [47] for timelike 
trajectories. In contrast to the terminology summarized 
above, the authors of [47] concentrate on possible con­
figurations of roots of R in the region outside the outer Kerr 
horizon, which is of course of main physical relevance. A 
similar classification for null geodesics was given in [46] 
and subsequently slightly expanded in [47].
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A classification with respect to the range of the θ 
coordinate is simpler [18,19]. Defining μ ¼ cos θ, one
can express Θ as Θ =  g(μ) /  sin2 θ, where g(μ) is a 
biquadratic polynomial defined in Eq. (37) below. It allows
for one or two zeros in the range 0 ≤  μ2 ≤  1. Moreover, 
g(μ =  0 ) =  κ — (αε — λz)2 and g(μ =  1) =  - λ 2 ≤ 0. The 
condition Θ >  0, or equivalently g(μ) >  0, leads to two 
generic types of motion. For κ — (αε — λz)2 > 0, the 
trajectory oscillates around the equator. In this case 
μ2 < μ+  ≤ 1, where μ+ is a zero of the polynomial g(μ). 
For κ — (αε — λz)2 < 0, if the motion is at all possible, it 
is restricted to one hemisphere, and the allowed range of μ2 

is 0 < μ-  ≤ μ2 ≤ μ+  ≤ 1, where again μi  denote zeros 
of g(μ).

D. Biermann- W eierstrass theorem
Solutions derived in this work are largely based on the 

following result due to Biermann and Weierstrass. The 
original formulation of this theorem was published in [57]. 
More detailed proofs can be found in [59- 61].

Let

f ( x ) = a 0x4 +  4a1x3 +  6a2x2 +  4a3x +  a 4 (25)

be a quartic polynomial, and let g2 and g3 denote 
Weierstrass invariants of f ,  i.e.,

g2 =  a 0a 4 — 4a1a 3 +  3a22; (26a)

Let

(27)

where x0 is any constant, not necessarily a zero of f(x). 
Then,

(28)

I---------------------------------------------------------------------------
where ρ(z) =  ρ(z; g2,g 3) is the Weierstrass function cor- ι
responding to invariants (26), i.e., the function z(x) can be a 2 =  -  (δ1α2 +  κ -  2α2ε2 +  2αελz); (31c)
inverted. In addition 6

a3 =  2 K; (3 1 d )

a4 = α4ε 2 — α2κ — 2α3ελz +  α2λ∣ =  —α2 [κ — (αε — λz)2].

(31e)

For a segment of a trajectory for which er is constant, 
we get

III. SOLUTIONS OF THE GEODESIC EQUATIONS

A. Radial motion
A solution for ξ (s) can be obtained by a direct appli­

cation of the Biermann-Weierstrass theorem to Eq. (15a). 
The polynomial R (ξ) can be written as

R (ξ) =  α0ξ4 +  4 a ι ξ3 +  6a2ξ2 +  4aβξ +  a4 , (30)

where

(31a)

ξ

where ξ0 is an arbitrarily chosen (initial) radius correspond­
ing s =  0. Weierstrass invariants of the polynomial R read

g & 2 =  a0a4 -  4a1a 3 +  3a2 , (33a)

gR 3 =  a0 a2a4 +  2a1a2a3 -  a 3 -  a 0 a2 -  a∙^a4 . (33b)

Using the Biermann-Weierstrass theorem, we can write the 
(3 1 b ) formula for ξ =  ξ (s) as
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(34)

where . r (s) — ρ(s; gR 2,gR ,3), and the polynomial R is 
defined in Eqs. (30) and (31).

It is important to stress that the above solution remains 
valid also when the sign er changes along a trajectory. In 
this case er in Eq. (34) should be understood as an initial 
sign value, corresponding to s — o. A longer discussion of 
this fact in the context of Schwarzschild geodesics can be 
found in [61].

Note that if ξo is chosen as a root of the polynomial R , 
i.e., R (ξo ) — O, expression (34) can be reduced to

(35)

This can be a useful parametrization for trajectories with 
radial turning points. On the other hand, if no real zeros of 
R exist, Eq. (34) still provides a valid, explicitly real 
solution. This is the case of transit orbits of radial type I.

B. Polar motion
Equation (15b) can be transformed to the Biermann- Weierstrass form by a substitution ν  — cos2 θ or μ  — cos θ. 

The first option yields a convenient form of a third order 
polynomial under the square root in Eq. (15b), but it does 
not constitute a one to one function in the region 
o ≤ θ ≤ π . In th isw o rk w e choosethesecondpossibility 
and define μ  — cos θ , which yields a one to one mapping 
for o ≤  θ ≤  π .W e g e t,in th isc a se ,

(36)

g(μ) — boμ4 + 6b2μ2 + b4 (37)

and

bo — - α2(ε2 -  δ1) — - α 2ao, (38a)

b2 — ( - α2δ1 +  2α2ε2 -  κ -  2αελz)  — a2, (38b)
6

b4  — - α2ε2 +  κ +  2αελz -  λz2 — κ -  (αε -  λz)2 — -  α42 :

(38c)

The fact that the coefficients bo, b2 , a n d b4  are directly 
related to the coefficients ao, a2 , a n d a4  is somewhat 
surprising, since Eqs. (15a) and (15b) are decoupled. The 
appropriate Weierstrass invariants read

gg;2 — bo b4 + 3 b22 ; (39a)

gg;3 — bo b2 b4  -  b23; (39b)

and the solution for μ  — μ (s) can be written as

(40)

where p?(s) — p(s; gft2 ,gg,3 ) and μo — μ (O) — cos θo — 
cos θ (o) is the initial value corresponding to s — o. Here, 
as in the radial case, the sign eθ is to be understood as 
referring to the polar momentum component at the initial 
location θo.

Note that due to the relation between bo, b2 , b4 and ao, 
a2 , a4, we have

(41b)

I---------------------------------------------------------------------------
C. Azimuthal motion

In order to find solutions for φ (s), we split the right-hand 
side of Eq. (15c) into two parts depending on ξ and θ , 
respectively. Integrating the result with respect to the Mino 
time s, we get

(41a)
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and

where

(43)

(49)

h(u±) ≡ c0zz4  +  4c1u3  +  6c2u2  +  4c3ui  +  c4 , (50)

and
(44)

(51a)

The first step in computing the integral I ξ (s) consists in
applying the partial fraction decomposition with respect to 
ξ (s). Note that ξ2 -  2ξ  +  α2 = ( ξ  -  ξH+)(ξ  -  ξ-H ), where
ξ f f =  1 ±  λ/1 -  α2 denote the dimensionless radii of the 
inner and outer Kerr horizons. This yields, assuming 
-1  <  α <  1, the following partial fraction decomposition

where

(45)

(46)

c 1 =  2 {ξ⅛ [ - α2δ1 + 2α2ε2 -  2αλzε

+  ξ⅛ ( -2 δ1⅞⅛ +  3δ1 +  2ξ⅛ε2)} -  κ(ξ⅛ -  1)}, (51b)

C2 =  6 ½-α2(δχ -  2ε2) -  κ -  2αελz +  6(δ1 -  δ1 ξ⅛ +  ε2ξ⅛ )ξ⅛}, 

(51c)

C3 =  δ 1 Q  -  ξ⅛) +  ε2ξ⅛ , (51d)

c4 =  ε2 -  δ1: (51e)

A simpler expression for c1 can be obtained by replacing 
the terms ξ⅞ with ξ⅞  =  1 ±  vz 1 -  α2. This yields

c 1 =  - 2α2ε2 +  2 α2δ1('± λ ∕  1 -  α2 +  2^

-  δ1 ( ± λ ∕  1 -  α2 +  1) ± 1  ∖∕1  -  α2(8ε2 -  κ)

-  αλzε ( ± ∖ ∕ 1 -  α2 +  +  4ε2. (52)

One way of computing integrals N ∩ (s) would be to 
express the integrand in terms of derivatives of the 
Weierstrass ζ  function, and to adhere to a general integra­
tion scheme described in [32]. Here, we decided to follow a 
more straightforward approach, which once again makes 
use of the Biermann-Weierstrass result. We start with the 
following substitution

One can check that invariants of the polynomial h are the 
same as for the polynomial R , i.e., they are given by 
Eq. (33). This is not surprising. It can be easily proved [59] 
that a substitution (we keep the original notation of [59] at 
this point)

so that

(53)

(47)
transforms a differential form dx= X(x), where X(x) 
denotes a 4th order polynomial in x, into

(48)
(54)

Differentiating u±  with respect to s, we get, using
Eq. (15a),

where X0(x0) is a 4th order polynomial of x0. The 
Weierstrass invariants g2 and g3 of the polynomial X(x) 
and the invariants g02, g03 of X0(x0) are related:
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and thus

h(u- ) = u- R (ξ). (57)
In our case, ξ (s) =  [ξH u- (s) +  1}∕u- (s), i.e., m =  1, 
l =  ξH , l' =  1, and m' =  0 in substitution (53). 
Consequently l0m -  lm0 =  1, and g2 =  g2, g3 =  g3.

Before proceeding further, let us note that Eqs. (47) 
and (49) give

(56)

It follows that h(u± ) is positive, as long as R (ξ) remains 
positive. Note, however, that ξ → ξH , corresponds to 
u± → ∞, i.e., the change of variables given by Eq. (47) 
is singular at one of horizons.

Keeping the above fact in mind, we can now apply the 
Biermann-Weierstrass theorem to Eq. (49) and express u± 
as a function of s:

(58)

where uo-  =  u- (o) =  1 ∕( ξo — ξ- ). Formula (58) is written 
in terms of the Weierstrass function pR  =  ρ(s; g R 2,gR3), 
since both polynomials R and h are characterized by the 
same Weierstrass invariants.

Expression (58) can be integrated. To simplify sub­
sequent calculations, we introduce the following new 
symbols:

Hence Eq. (58) takes the form

(60)

and integral (46) can be written as

where

and p 1-  and p 2-  satisfy p (p 1- ; gR ,2 , gR ,3 ) =  A 4 -  +  ∖ ∕ ⅜

and ρ (p 2- ; gR 2 , gR 3) =  A4-  — ∖∣A - . Weierstrass func­

tions appearing in the expressions for K 1, K 2, and K 3 in 
Eq. (61) should be computed assuming invariants gR 2 and 
gR 3. Integrals (62) are calculated in Appendix C [Eqs. (C1), 
(C2), (C7), and (C27)- (C29)].

Note that h(4)(uo- ) =  24co =  24(2ξ- ε — αλz)2 is non­
negative, and hence A 5-  must also be non-negative. Thus 
both ρ 1-  and ρ 2-  are real. Nevertheless p 1-  or p 2-  may be 
complex, even though both Weierstrass invariants gR 2, gR 3 

are real. This happens, for instance, when ρ(p; gR 2 , gR 3) is 
strictly positive on the real line, and ρ 1-  or ρ2-  becomes
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negative. However, even in this case, the integral K 1 given 
by Eqs. (C1) and (C27) is explicitly real. A potentially 
complex term in the expression for K1 [Eq. (C27)] has 
the form

Λ (s  p)
1

P0(P )
2Z(p)s +  ln σ 's -  p )

σ(s +  p)

where s is real. In specific examples I 1(s; p) can indeed 
become complex, but the imaginary part of I 1 (s; p) is 
independent of s, and hence it cancels out in the definite 
integral K 1 . This fact follows immediately from Eq. (C1), 
which we write as

d  I  s; p  1  :
ds 1  s p  p(s) -  p(p) ∙

Since both ρ(p) and ρ(s) are real, one gets

d

where eμ ¼ sgnμ. On the other hand

4q4μ1g(μ) =  4q(q -  l)[⅛0(q -  1)2 +  6 ½ ⅛ 2 -  q) +  W ]
≡  w (q) ∙ (65)

Thus q satisfies the equation 

dq (s)

where

and

ds
ImI1(s; p )¼ 0 ∙

In a similar way, one can demonstrate that K2 must be real. 
The integral K 3 is given by an explicitly real formula.

The integral I  θ defined in Eq. (44) can be computed 
using the substitution μ ¼ cos θ.W ehave

1 1 ≡  q(s)∙ (63)
sin2 θ (s) 1 -  μ2 (s)

The derivative of q(s) reads

dS =  2q2μ dS =  - 2eθq2μ p g μ  =  - eθê J  4q4μ2g M ,

(64)

ds
- eθeμ w (q); (66)

w (q) ≡ d0q4 + 4 d1q3 + 6 d2q2 + d3q; (67)

d0 ¼ - 4 λz2;

d1 ¼ - α2δ1 +  κ +  2αελz +  λz2;

2
d2 =  3 [α2(2δ1 -  ε2) -  κ -  2αελz], 

d3 ¼ α2( - δ1 +  ε2)∙

Weierstrass invariants of the polynomial w(q) read

g w;2 =  - 4d 1 d 3 +  3 d 22 ;

gw;3 = 2 d 1d2d3 - d 23 - d 0d23

(68a)

(68b)

(68c)

(68d)

(69a)

(69b)

Thus,

z z e >eμ χ ∕w⅛ o M W + 1 w °(qo )[pw (s ) - 2 4 w"(qo)]+  2 4 w (qo)w",(qo)
2 [pw (s ) -  24 w" (qo)]2 -  48 w (qo )w (4)(qo )

(70)
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=  λz ½qos + B k  (s ; Pw ,i >Pw,2 )

+  B2 K 2 (s ; p w ,1 , ⅛ )  +  B3 K 3 (s ; p w ,1 , p w ,2)], (7 2 )

where p w,ι  and p w,2 satisfy ρ (p w,ι i 9w,2,9w,3) =  B4 + ∖ fB

and γ (p w,2; gw.2∙ gw,3) =  B 4 -  ∖ J⅜5∙ Moreover, Weierstrass 

functions appearing in the expressions for K 1, K2, K3 in the 
above formula should be computed with the invariants gw;2 

and gw;3 .
Integrals K 1, K2, and K3 appearing in Eq. (72) are again 

real, although the constants p w;1, p w;2 are in general 
complex. The situation encountered here is, however, 
different than the one described for integrals N ∩ (s). We

have B5 ≤ 0, and thus ρ llλ∣ and ρ llλ2 are, in general, 
complex. The fact that the integral K 1 is real can be 
demonstrated as follows. Observe that

(73)

where the bar denotes complex conjugation, and where, for 
simplicity, we omit the Weierstrass invariants gw;2 and gw;3, 
as well as the subscript w in the symbols p w;1 and p w;2. 
Therefore, p 1 and p 2 are the two solutions, in the period 
parallelogram, of the equation γ(x) =  B4 +  A25 , and 

hence they are related by

(74)

where znm =  2Nω + 2Mω ' is a period of γ, and N, M  are 
integers. Keeping in mind that Znm =  znm is a period of γ  
as well (this happens for real Weierstrass invariants), we 
find the following relations:

(75)

(76)

(77)

(78)

(79)

where η and η0 are the periods of the second kind. Inserting the above formulas in the expressions for integrals K 1 and K 2 
[see Eqs. (C1), (C7), (C27), and (C28)], we find, for instance,

(80)

We see that pairs of the type x -  x  appear in Eq. (80) both in the nominator and the denominator and, therefore, K 1 is real. 
Similarly, the integral K 2 is basically of the same form. Integral K 3 does not involve any sigma functions and reads
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Summarizing all results from this section, ultimately, we 
can write Eq. (42) as

with integrals N ⅛ given in Eq. (61) and integral I θ given 
in Eq. (72).

The case with a  =  ±1 (the extreme Kerr limit) requires a 
separate treatment, as the partial fraction decomposition 
given by Eq. (45) has a different form. Appropriate 
formulas are given in Appendix B.

D. Time coordinate
The solutionforT(s) canbe obtainedinasimilarway. A 

direct integration of Eq. (15d) yields

(88)

Consequently,

J ξ (s) =  (4 +  α2)εs +  2εN  1(s) +  εN2(s) +  A - N ]i (s)

+ A + N + ( s )  (89)

where, apart from the integrals N ⅛ computed in the 
previous section, we have denoted

Zs
N ι (s) =  ξ(s)ds (90)

0

and

(83)

(91)

where

Detailed expressions for N 1(s), N 2(s), and Jθ (s) are given 
in Appendix A.

Finally, we can write Eq. (83) as

T (s) - T ( 0 ) = ( 4 + α2)εs + 2 εN 1(s) + εN 2 (s)

+  A - N -H(s) + A+N H+ (s) -  α2εJθ (s): (92)

As before, the extreme Kerr case with a  =  ±1 has to be 
considered separately. The appropriate partial fraction 
expansion of the radial part of Eq. (83) can be found in 
Appendix B .

Zs

J θ (s) =  sin2θ (s)ds.

0

For -1  <  α <  1, the expression
(ξ2 +  α2)2ε -  2αλzξ (ξ2 +  α2)2ε -  2αλzξ

(85) E. P roper time
The relation between the proper time τ  and the rescaled 

Mino time s can also be integrated. Equations (10) or (11) 
give

ξ2 -  2ξ +  α2 (ξ -  ξH+)(ξ -  ξ-H )
(86)

and, upon integration,
has the following partial fraction decomposition

where

(87)
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IV. IM PLEM ENTATION IN W OLFRAM 
MATHEMATICA

All formulas expressing the solutions obtained in Sec. III 
have been encoded in a Wolfram Mathematica [62] package, 
which is available at PANGAEA and at the GitHub [63].T h e  
implementation of our formulas is essentially straightfor­
ward, but it is tedious, due to the number of different 
integrals appearing in our calculation. Perhaps the only place 
which requires special attention is related with computing 
the terms of the form

ln -(s -  y; f e ,⅛) ,
- (s +  y; 92 ,9 3 )

where σ denotes the Weierstrass function sigma, s is the 
Mino time, and y is, in general, a complex parameter. 
Expressions of this type appear in integrals (C1), (C3), 
and (C7). A proper implementation of our formulas, yielding 
continuous solutions for φ (s) and T(s), requires careful 
selection of the complex logarithm branch in Eq. (94).A  
“brute force”  approach to this problem is to start at s =  0 and 
to follow the appropriate logarithm branch up to a given 
nonzero value of s, assuring that both real and imaginary 
parts of Eq. (94) remain continuous. The logarithm in 
Eq. (94) can be thus computed as

, - ( s  -  y; 92, 93) τ - (s  -  y; 92, 93) . o , .  ftκ 9 
l n  -  =  L o g  -  +  2πkι, (9 5 )

- (s +  y; 92 ,9 3 ) - (s +  y; 92 ,9 3 )

where Log denotes the principal value of the complex 
logarithm, and k ∈ Z , but one has to select an appropriate 
integer k, which can change as s increases. Another 
straightforward (but numerically expensive) approach is to 
express (94) as

and evaluate the above integral numerically.
There is a partial work-around to the above problem,

based on the properties of the Weierstrass function sigma. 
Let ω1 and ω3 denote half-periods of ρ(z), and let ω 1 be 
real. The function sigma can be expressed as

where q = elπω3c° 1, η1 =  ζ(ω 1), θ1(z,q) denotes the 
Jacobi theta function, and where we omit temporarily 
the Weierstrass invariants g2 and g3 in the argument of 
- (z) [66]. For arguments z of the form z =  s ±  y, where y 
is a (possibly) complex parameter, and s is real, we get a 
product of an exponential factor exp [η1z2∕ ( 2 ω 1))] and the 
remaining part, periodic in s. To disentangle these two 
different behaviors, we define

- (z) = o (z) e x p [- ni Z2/ (2®i )]. (9 8 )

Thus

ln σ(s -  y) =  lnσ(s -  y) - ⅛ i ≤ .  (99)
σ(s +  y) -  (s +  y) ω1

Here the key task is to control the phase of - (s -  y ) /  
- (s +  y). The principal value of the argument of this ratio, 
Arg[- (s -  y ) ∕σ (s +  y)], is discontinuous at s =  0 and 
s =  2ω 1. This can be seen by expanding - (s -  y ) ∕σ (s +  y) 
with respect to s around s =  0, which gives, up to terms 
linear in s ,

(100)

Hence, Arg[- (s -  y ) ∕⅞(s +  y)] changes at s =  0 from - π 
to π , if Im[Z(y) -  η1y ∕ω1] >  0, and from π to - π , if 
Im[Z(y) -  η1y ∕ω1] < 0. By periodicity, the same happens 
also at s =  2ω1. In the simplest case Arg[- (s -  y )/ 
-  (s +  y)] would exhibit no additional discontinuities 
within the range 0 < s <  2ω 1 . If, however, the argument 
Arg[- (s -  y ) ∕⅞(s +  y)] changes sufficiently fast, additional 
jumps may also occur. To correct for this general behavior, 
we write

(101)

where k is a fixed integer.
A final prescription for a continuous choice of the 

logarithm branch can be written as

(102)

In practical examples, the above prescription works well, 
saving time with respect to the “brute force”  algorithm 
described above. Controlling the changes of the phase of
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TABLE I. Parameters of geodesics 
ξ+H =  1 +  1 -  α2 =  1.6.

shown in Figs. 1- 10. Black hole horizons are located at ξ-H=  1 -  1 -  α 2 =  0 . 4 and

Figure Number δ1 ε2 κ λz α Radial type Real zeros of R (ξ) ξ0

1 1 1.1 12 - 1 0.8 II, flyby - 24.3351, 0.254136 8
2 1 0.95 12 3 0.8 III, interval-bound 0.22019, 1.63896, 8.44487, 29.696 10
3 1 0.95 12 3 0.8 III, interval-bound 0.22019, 1.63896, 8.44487, 29.696 1.55
4 1 1.1 12 3 0.8 IV, flyby - 26.4861, 0.230431, 1.67987, 4.57578 10
5 1 0.5 12 - 1 0.8 V, interval-bound 0.291099, 2.3974 2.3
6 1 30 12 - 0.05 0.8 I, transit 10
7 0 1 60 4.47214 0.8 IV, flyby - 8.927, 0.296172, 1.60191, 7.02891 10
8 0 1 60 4.47214 0.8 IV, interval-bound - 8.927, 0.296172, 1.60191, 7.02891 1.5
9 0 1 0.6 - 0.111803 0.8 II, flyby - 0.721257, - 0.137167 10
10 0 1 0.4 - 0.00912871 0.8 I, transit 10

σ(s -  y) / σ(s +  y) within one period 2ω 1 suffices to 
compute the suitable value of k. Let

x = ξ cos φ  sin θ, (107a)

y = ξ sin φ sin θ , (107b)

z  =  ξ cosθ: (107c)

which can be computed, e.g., from Eq. (96). Assuming 
Eq. (102) and the equality

one gets immediately

(104)

and thus

(105)

(106)

V. EXAMPLES

Examples of solutions obtained in Sec. III are plotted in 
Figs. 1- 11. In Figs. 1- 10 we plot projections of the orbits 
on the xy and xz planes together with projections on the 
three-dimensional spaces of constant time. Here the 
Cartesian coordinates (x; y; z) are defined as

TABLE II. Parameters of special equatorial geodesics shown 
in Fig. 11.

The last plot (lower right panel) in Figs. 1 to 10 shows the 
coordinate time T  versus the proper time τ  for timelike 
geodesics and the affine parameter for null ones. Our 
analytic solutions are depicted with an orange line. For 
comparison, we also plot numerical solutions corresponding 
to the same initial data. They are depicted with black dotted 
lines. Inall plots we markinitial positions (ξ0 ; θ0 ; φ0),bu tin  
many cases the solutions are evolved both forward and 
backward in time. Blue lines or gray cones in the plots show 
the limiting values of the angle θ, marking the region 
available for the motion. Black hole horizons (inner and 
outer) are drawn as black circles or gray spheres.

The coordinate singularities present in Boyer-Lindquist 
coordinates prevent us from continuing the solutions through 
horizons. The equations for ξ (s) andθ (s) are unaffected,but 
the ones for φ (s) and T(s) are. Consequently, we only plot 
our solutions up to horizons.

For convenience, main parameters of solutions shown in 
Figs. 1- 10 have been collected in Table I, together with 
information about their radial types and real zeros of the 
radial potential R . In all cases α =  0.8, and consequently 
the horizons are located at ξ-H =  1 -  1 -  α2 =  0.4 and
ξH+ =  1 +  1 -  α2 =  1.6. Figures 1- 6 show examples of 
timelike orbits (δ1 =  1). Null orbits (δ1 =  0) are shown in 
Figs. 7- 10.

Figure 1 shows a generic timelike flyby orbit of radial 
type II, plunging into the black hole. The orbit crosses the 
equatorial plane. Figure 2 depicts a generic timelike type III 
interval-bound orbit, restricted to a region outside the black 
hole horizon, oscillating around the equatorial plane. In 
Fig. 3 we assume the same constants ofmotion as in Fig. 2 , 
but the choice of the initial radius ξ0 =  1.55 yields an inner 
bound orbit. We follow the motion both forward and
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FIG. 1. An example of a timelike unbound absorbed orbit with ε2 ¼ 1.1, λz ¼ - 1, α ¼ 0.8, κ ¼ 12 and initial position at ξ0 ¼ 8,
θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1. Solid color lines correspond to solutions obtained with Eqs. (34), (40), (82). Dotted lines depict 
correspondingnumericalsolutions. Themotionis depictedintwoplanes:xyontherightandxzontheleft. Theintersectionofthinblack 
lines marks the initial position. Blue lines in the xz plane and cones in the three-dimensional plot correspond to extremal values of θ. 
Gray spheres and dark circles depict black hole horizons. The figure in the lower right corner shows to the coordinate time T versus the 
proper time τ .

backward in time, up to horizons at ξ = ξH . Figure 4 gives
a generic example of a type IV flyby orbit. In this case the
turning point is located at ξ ≈  4.58 >  <⅛. Consequently, 
the particle incoming from ξ =  + ∞  is scattered by the 
black hole, and moves to ξ =  + ∞ . Figure 5 shows an 
example of an interval-bound orbit of radial type V, with 
ξ0 =  2.3 >  ξH . The motion is continued forward and 
backward in time up to ξ = ξ⅛ . Perhaps the most interest­
ing case is shown in Fig. 6 . The trajectory is of type I and 
represents a transit orbit. The motion is restricted to the 
“ northern”  hemisphere. We emphasize once more that the

radial motion is described by a manifestly real expression 
(34), even though the radial potential R has no real zeros in 
this case.

In Fig. 7 we plot a generic null flyby trajectory of radial 
type IV. This trajectory crosses the equatorial plane. For 
the null trajectory depicted in Fig. 8 we assume the same 
constants of motion as in Fig. 8 , but we take ξ0 =  1.5. 
Consequently, the trajectory is of interval-bound type, and 
the part of the orbit shown in Fig. 8 is restricted to the 
region enclosed by the two horizons ξ = ξj1 and ξ = ξ⅛ . 
Figures 9 and 10 show two examples of null orbits
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FIG. 2. Same as in Fig. 1, but for a timelike bound orbit with ε2 ¼ 0.95, λz ¼ 3, α ¼ 0.8, κ ¼ 12, and an initial position at ξ0 ¼ 10,
θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.

plunging into the black hole. Both trajectories originate at 
ξ0 =  10. The trajectory shown in Fig. 9 is of radial type II 
(flyby). The one depicted in Fig. 10 belongs to radial type I 
(transit). Both trajectories are restricted to the “northern”  
hemisphere.

Figure 11 shows examples of two special equatorial
trajectories with constants of motion corresponding to 
circular orbits [38,39]. Parameters of these solutions are 
collected in Table II. Upper plots in Fig. 11 depict a
timelike spiraling orbit with constants of motion ε, λz , and κ 
characteristic for a marginally stable corotating circular 
orbit with the radius ξms. In this case

R =  (ε2 -  1)ξ (ξ -  ξms)3, (108)

i.e., ξms is a triple root of R . The radius ξms can be 
computed as

ξms 3 +  Z 2 eλα
∣(3 -  Z ι )(3 +  Z i  +  2Z2)

α2 , (109)

where Z 1 =  1 +  vz1 -  α2 (∖̂ 1 + eλα +  ∖ ∕1 -  eλα), Z2 =  
∖j3 α 2 + Z x [12]. Here the sign eλ =  sgnα corresponds 
to a corotating orbit, and eλ ¼ -sg n α to a counterrotating 
one. For α ¼ 0.8 and eλ ¼ + 1 ,w e g e t ξms ≈  2.90664.In 
this case a corotating marginally stable orbit is charac­
terized by ε2 ¼ 0.77064, κ ¼ 2 .81619,andλz ¼ 2.38044. 
For the timelike orbit plotted in Fig. 11 we assume the 
same values of ε, λz,a n d κ, but the initial radius is set to 
be ξ0 ¼ ξms -  0.01.
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FIG. 3. Same as in Fig. 1, but for an inner bound orbit with ε2 ¼ 0.95, λz ¼ 3, α ¼ 0.8, κ ¼ 12, and an initial position at ξ0 ¼ 1.55,
θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.

Lower panels in Fig. 11 show a similar picture for an 
equatorial null orbit. In this case we assume the constants ε, 
λz, and κ corresponding to a circular null orbit of radius

(110)

This gives, for α =  0.8 and eλ = + 1 ,  ξph =  1.81109, and 
the constants of motion λz=ε  =  3.2373, and κ=ε2 =
5.94042. The potential JR has a double zero at ξ — ξph. 
For the null orbit plotted in Fig. 11 we assume the initial 
radius at ξ0 =  ξph -  0.01.

VI. DISCUSSION

We have derived a single set of general, closed form 
analytic solutions describing all types of timelike and null 
Kerr geodesics in terms of Weierstrass elliptic functions. 
Our derivation follows largely the footsteps of Ref. [32],bu t 
a new ingredient is an application of the Biermann- 
Weierstrass theorem, which allows us to parametrize sol­
utions with the constants of motion and arbitrary admissible 
initial coordinates. In particular, there is no need in our 
formalism to calculate any turning points of the motion, 
which is generally necessary in other methods.

We tried to be coherent in our approach, and to express 
our solutions in terms of Weierstrass elliptic functions only, 
but one is free to mix our formulas with the existing
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FIG. 4. Same as in Fig. 1, but for a timelike unbound scattered orbit with ε2 ¼ 1.1, λz ¼ 3, α ¼ 0.8, κ ¼ 12, and an initial position at
ξ0 =  10, θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.

solutions, perhaps more convenient in some cases. Our
method provides very general and clear expressions for
radial and polar motions. As usual, expressions for φ{s) 
and the time coordinate T (s) are much more involved, as 
several elliptic integrals appear that are solved using 
logarithms of the Weierstrass sigma function. However, 
progress has been made in the required careful selection of 
appropriate branches of complex logarithms, as described 
in Sec. I . This has been achieved by extracting the linear 
parts and reducing the problem to the determination of a 
single constant for the complete trajectory. On the other 
hand, the big advantage of our derivation is that it does not 
differentiate between many possible algebraic types of 
solutions, perhaps except for (zero-measure) special cases 
with ε  =  δ1, described in Appendix B  , and a necessity to 
handle some aspects of the derivation in the extreme-Kerr 
case separately (Appendix B  ).
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APPENDIX A: EXPRESSIONS FOR J θ, N 1, 
AND N 2

In this appendix we collect expressions for J θ (s), N 1 (s), 
and N 2 (s), appearing in our formulas for T(s). The 
derivations are similar to the ones for N ⅛ and Iθ (s), given 
in Sec. IIIC .
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M

FIG. 5. Same as in Fig. 1, but for a timelike bound orbits with ε2 ¼ 0.5, λz ¼ - 1, α ¼ 0.8, κ ¼ 12, and an initial position at ξ0 ¼ 2.3,
θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.
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FIG. 6. Same as in Fig. 1, but for a timelike unbound absorbed orbit with ε2 ¼ 30, λz ¼ - 0.05, α ¼ 0.8, κ ¼ 12, and an initial position
at ξ0 = 10, θ0 = 0.85, φ0 = 0.33, er = - 1, eg = 1.

Hence Eq. (34) takes the form

(A4)

and therefore

wh e r e  PR ,1 a n d  PR ,2 s a t i s f y P ( Pr ,1; 9r ,2 , 9r ,3 ) = C4 ■ ∖  C5 a n d  P(PR 2; 9r ,2 , 9r ,3 ) = C4 - ∖ "'-.- W e i e r s t r a s s

(A5)

functions
appearing in expressions for K 1, K2, K3 in the above formula should be computed with the invariants 9r ,2 and 9 r -3
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FIG. 7. Same as in Fig. 1, but for a null unbound orbit with ε2 ¼ 1, λz ≈  4.47214, α ¼ 0.8, κ ¼ 60, and an initial position at ξ0 ¼ 10,
θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.

The integral N2 (s) can be calculated as follows. We have

where

(A6)
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FIG. 8. Same as in Fig. 1, but for a null bound orbit with ε2 ¼ 1, λz ≈  4.47214, α ¼ 0.6, κ ¼ 60, and an initial position at ξ0 ¼ 1.5,
θ0 = 0.85, φ0 = 0.33, er = - 1, eg = 1.
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FIG. 9. Same as in Fig. 1, but for a null unbound orbit with ε2 ¼ 1, λz ≈ - 0.111803, α ¼ 0.8, κ ¼ 0.6, and an initial position at
ξ0 = 10, θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.

Integrals (A9) are calculated in Appendix C.F o r ε =  δ1 
integrals (A5) and (A7) have a different form. They are 
listed in Appendix B  . where μ =  cos θ. This gives
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FIG. 10. Same as in Fig. 1, but for a null unbound orbit with ε2 ¼ 1, λz ≈ - 0.00912871, α ¼ 0.8, κ ¼ 0.4, and an initial position at
ξ0 = 10, θ0 = 0.85, φ0 = 0.33, er = - 1, eθ = 1.

d  = - 2μ d s = e√ 4μ2g <μ>

=  eθy ∕4(1 -  z)[*o (1 -  z)2 +  6b2 ( l  -  z ) + b 4 ]

≡  e∣∣eμ∖ l ' (A 1 2 )

Here

v(z) ≡  4e1z3 +  6e2z2 +  4e3z +  e4; (A13)

and
e1 =  α2(ε2 -  δ1) = d 3; (A14a)

2
e2 =  3 [α2(2δ1 -  ε2) -  κ -  2αλzε] = d2, (A14b)

e3 =  κ -  α* 2δ1 +  2αλzε +  λz2 =  d1; (A14c)

e4 =  - 4 λz2 =  d0 , (A14d)

where coefficients d0 , . ,d 3 are given by Eq. (68). 
Weierstrass invariants of the polynomial v (z ) read

gv ,2 =  - 4 e 1e3 +  3e22, (A15a)

gv,3 =  2e 1e2e3 -  e23 -  e21e4 , (A15b)

and not surprisingly, gv ,2 =  gw,2 and gv ,3 =  gw,3 .
Consequently,
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FIG. 11. Examples of spiraling orbits in the equatorial plane. Upper figures correspond to a timelike orbit with ε2 ≈  0.77064,
λz ≈  2.38044, α = 0.8, κ =  (λz — αε)2 ≈ 2.81619, and an initial position at ξ0 = ξms — 0.01 ≈ 2.89664, θ0 = π ∕2 , φ0 = 0.33, er = - 1. 
Lower figures correspond to a null orbit with ε2 =  1, λz ≈  3.2373, α =  0.8, κ = (λz — αε)2 ≈  5.94042 and an initial position at 
ξ0 =  ξph — 0.01 ≈ 1.80109, θ0 = π ∕2 , φ0 = 0.33, er = —1.

z(s) =  Z0 + -
—e»e ,  ∖  v ( z 0 M M + 1 v ' (Z0 ) [pw (s ) — 24  +  24 v ⅛0')v,‰ ')2 ( 0 )[ w ( ) 24

2[Pw (s) — 24 v " (z0 )]2
(A16)

where z0 =  sin2 θ0, ρw(s) =  ρ(s; gw2 , gw3 ). As before, we
define D  =  — 7 eθe ^ /  v(z0),

D1 =  4 8 v(z0)v000(z0 ) — 9 6 v0(z0 )v00(z0 ), (A17a)
D 4 =  24 v 00(z 0 ) ,

P v,1 =  D4 =  24 v"(z<))∙

(A17c)

(A17d)

(A17e)

D2 =  4 v0(z0 ), (A17b)
Hence
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Zs

J θ (s) = z(s ,)ds
0

f s { I D 1 +  D2 - w (s ) + D3 - W(s ) 
'o V 0 +  [Pw (s) -  - v ,1]2

1
a 3 =  2 κ,

where

z0 s + D 1I 3 (s ;p v;1) + D 2I 8 (s ;p v ;1) + D 3I 4 (s ;p v ;1);

(A18)

a 4 =  0,

(B1d)

(B1e)

Zs

h (K P v l  ■•= -  -  2 d s ,  (A 1 9 a )
J  [- (s) -  - υ,1∣2

9r ,2 = - 4a1a3 + 3a2 = — κ2 -  δ1κ, (B2a)

s

1 ε2 -  δ13 2 3 δ1 2 1 2gk ,3 =  2α1α2 α3 -  a 3 -  ao^ 2 — κ 3 - — κ2 ------------ κ22 0 3 63 12 4 κ :

I 8 (s ; P v,i ) -
- (s )

[- (s ) -  - v,1]
-ds, (A19b)

I4 (s ;P v,i ) — I f - -y (S-  2 ds, (A19c)
[- (s ) -  - v,v ,1]

(B2b)

b. Solution for θ (s)

For α =  0 the solution for θ(s)— Eq. (40)—can be 
expressed in a simple form, involving elementary func­
tions. This can be seen as follows. The coefficients of the 
polynomial g(μ) read, for α =  0,

and P v ,1 satisfies - ( P v ,1 ; gw,2,g w,3 ) = D 4 . Integrals (A19)
are calculated in Appendix C.

b 0 =  0,

APPENDIX B: LIM ITING CASES

In this appendix we discuss two special limiting cases: 
the Schwarzschild limit with α → 0, and the extreme Kerr 
limit with α → 1.

b 2 =  -  6 κ, 

b4 κ -  λz2:

(B3a)

(B3b)

(B3c)

The appropriate Weierstrass invariants can be written as
1. Schwarzschild limit

The Biermann-Weierstrass formula has been used to 
provide an explicit description of Schwarzschild geodesics 
in [61,67]. The description given in [61] exploits the fact 
that the motion occurs in a single plane and uses the true 
anomaly as a geodesic parameter. The solution discussed 
briefly in [67] is adjusted to the setup of this paper— 
geodesics are parametrized by an equivalent of the Mino 
time. In this subsection we discuss α =  0 limits of our 
solutions for ξ (s), θ (s), φ (s), and T(s) and show that they 
coincide with the expressions given in [67].

a. Solution for ξ (s)

The form of the solution for ξ(s)—Eq. (34)—does not 
change for α =  0, but the coefficients (31) and Weierstrass 
invariants (33) of the polynomial JR acquire the following 
simpler form:

gg,2 =  3b22 =  κ2,12

I
63

(B4)

gg,3 =  - b 32 =  3 κ3: (B5)

The value of - ( s ;  gg,2,g g,3) can be computed by noting the 
following two identities ([68], p. 652, Eq. 18.12.27 and 
[66], Eq. 23.10.17):

-  z; 1 1 1 1 (B6)12 63 2(1 -  cos z) 12

-(z ; c4g2, c 6g3) = c 2-(cz ; g2,g 3), (B7)

where c is any nonzero real or complex constant. This gives

a0 =  ε2 -  δ1 ,

1
a 1 =  2 δ1,

(B1a)

(B1b)

- ( s ;  gg,2,g g,3 ) = - 1 2 1 3s; 1 2 κ2, 63 κ3 =  κ-

κ
2[1 -  cos(√κs)]

κ
12 : (B8)

1a 2 =  -  6 κ; Differentiating the above expression with respect to s, 
we get
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κ3=2 1 cos κs
P0(s; ga2,g a3) = — - - r . --------  r . . (B9)

g, g, 2 [1 -  cos(λ∕ Ks)] sm(λ∕ Ks)

Using Eqs. (B8) and (B9) in Eq. (40), it is easy to obtain the 
following expression for μ (s):

,z ∖ o  3  c o s ( √ κs) ,-j1 ,λ
P (s ; 9 ,,2 , 9, . ,3 ) =  - 2κ2 ∙ <b16>

An explicit expression for q(s) is lengthy, but it can be 
shown that it simplifies to q(s) =  1∕[1 -  μ (s)2], whereμ (s) 
is given by Eq. (B10) or, equivalently, Eq. (B11). This gives

p  ffiffi λ 2 p  ffiffi
μ (s )¼  μ0 cos (y∕κs) -  eθ 1 -  μ⅛ — -  sin (y∕κs). (B10)

Denoting β 0 =  √ ffi arcsin μ°= , we finally get
1- λκ-

μ ( s ) ¼ - e θ^ T - K sin [√K(s -  β 0)]. (B11)

This form has already been obtained for the Schwarzschild 
metric in [67].

c. Solution for φ (s)
The only term remaining in the expression for 

φ (s) -  φ (0) in the Schwarzschild limit is the integral I θ. 
We have

Zs
φ(s) -  φ (0 )=  Iθ = λz j ^  q(S)ds. (B12)

0

The expression for q(s) = 1= sin2 θ(s)— Eq. (70)—can 
also be simplified for α  =  0. The coefficients and 
Weierstrass invariants of the polynomial w (q) have the form

φ (s) - φ ( 0 ) = I θ = λ

λ -

s
ds

- '  1 -  μ2(s)

5
ds

1 -  (1 - ⅛)sin2[√K( s - β o )]

Evaluating the last integral, we obtain

φ (s) -  φ (0 )= arc tan √ κ  t a n ½√κ(s -  O  
κ

+  arctan
pλ-ffiκffi tan(p κβ0) 

κ

and

We find that

. (B17)

+  nπ (B18)

where n  ∈ Z , in agreement with a formula given in [67].

d. Solution for T (s)
Assuming α  =  0, we get, from Eq. (83),

d0 =  - 4 λ-2 

d i  =  κ +  ̂ 2 ,

- 2 κ d2 =  -  κ
3

d3 =  0

4 κ2gw  2 =  3 κ2

gw, 3 =  ( | V  K .

(B13a)

(B13b)

(B13c)

(B13d)

(B14a)

(B14b)

Noting that

1
"' 9 ,,2 , g , j ) = H  3 κ2⅜ κ =  κ tsin≈ c ^ s )  3

and

T(s) -  T ( 0 ) = ε  ξ (ξs)(s-) 2 ds. (B19)
0

ξ3 2 8
ξ - 2

one can write

=  ξ2 +  2ξ +  4 +

Zs Z2

2

ξ - 2
(B20)

T(s) - T ( 0 ) = ε  ξ2(s )d s+ 2 ε  ξ (s )d s+ 4 ε s

0 0
Zs

+  8 ε
ds

ξ ( s ) - 2

= εN 2 ( s )+ 2 εN1 ( s )+ 4 ε s + 8 εNH+ (s). (B21)

Integrals N 1 and N 2 are given by Eqs. (90) and (91). The 
integral N+H can still be computed as in Sec. III, i.e.,

Z s ds Z s

N+H ( s ) =  0 ξ (s) -  2 =  0 u+ (s)ds. (B22)

(B15)
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Here u+ satisfies Eq. (49) with the polynomial h(u+ ) given 
by Eq. (50). On the other hand, coefficients c0; . ;c 4 have, 
for α ¼ 0, the following simple form

c0 =  16ε2, (B23)

c1 =  8ε2 - 1  κ -  2δ1, (B24)

c2 ¼ 4ε2 -  61 κ -  2δ1 ; (B25)

3
c3 ¼ 2ε2 -  2 δ1; (B26)

c4 ¼ ε2 -  δ1: (B27)

As in the general case, the Weierstrass invariants gh;2 and 
gh 3 of the polynomial h(u+ ) coincide with gjR2 and gR, 3, 
respectively.

2. Extreme K err limit
A few equations have to be modified in the limit of α → 

±1 (extreme Kerr spacetime). In this case Δ =  r2 — 2M r + 
a2 ¼ ( r -  M )2 and ξ2 -  2ξ +  α2 ¼ (ξ -  1)2.

Equation (43) reads

s

0

2ξ(s )ε — aλz
[ξ(s) — 1]2

(B28)ds.

A partial fraction expansion now gives

c 1 =  2ε2 — αελz; (B33b)

c2 =  6 (—δ1 + 8ε2 — κ — 2aελz), (B33c)

c3 =  ε2 — 12 δ1; (B33d)

c4 =  ε2 — δ1 . (B33e)

Solution for u is then given, as in Eq. (58), and integrals 
N 4 and N 5 can be computed as

s s

N4 (s) =  ∕ '  u(s)ds, N 5(s) =  ∕ '  u2(s)ds. (B34)

Similarly, the integral J ξ (s) appearing in Eq. (83) reads, 
for a =  ±1,

j s [£2(s) + 1]2£ — 2αλ^ s )
J ‘ (s) =  w — i p  ds

s s

5εs +  2ε ξ (s)ds +  ε ξ2(s)ds 
0 0

+  2(4ε — αλz)N4 ( s )+ 2 (2 ε — αλz)N5(s). (B35)

I ξ (s) = 2 αεN 4(s) + ( 2 αε — λz)N 5 (s); (B29)

where

Zs  Zs

n^  = !  ' . (B 3 0 )

0 0

Integral N 4 can be computed as in Eqs. (46)- (62). Defining 
u(s) =  1 ∕[ξ(s) — 1], we get

3. The case with ε  = δ1
In this subsection we compute integrals (A5) and (A7) 

in the special case with ε =  δ1. In this case C5 =  0 
[Eq. (A3e)], and Eq. (A4) has the following form

ξ ( s ) = ξ0 +
C1 +  C2pR (s ) +  C3 pR (s ) 

[pR?(s ) — pR  ,3]
(B36)

where

du
ds

er (B31) w h e r e  Pr ,3 =  P ( Pr ,3 ; g&,2, gR ,3 ) =  C4 ∙ T h u s

N 1 (s)

h ( u ) = c 0u4 +  4c1u3 +  6c2u2 +  4c3u +  c4; (B32)

and

Zs Zs
√ ξ ( . ) d 5 =  ξo +  C1 +C2pr (s) +  C3P  < 4  ds

'0 -0 P i ( ∙ )  — PR .3

= ξ 0 s  +  C1I 3 (s ; pR  ,3 ) + C 2 I 8 (s ; p R , 3 ) + C 3 I 4 (s ; p R  ,3) ,
(B37)

c0 =  4ε2 — 4αελz +  λz2 (B33a) and
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N s(s) C, ÷ < W s) + ⅞ ⅛  w > 2ds =  Ci , l9 (s; PR J

0 [pR(s ) -  P R ,3

+  2C, C2 I 2 0(s ; p R,3 ) + 2Cl C3 I 2 l (s ; p R,3 )
+  2C2C3 I 2 2(s ; p R,3 ) + C 2 I 2 3(s ; p R,3 ) + C3 1 25 (s ; p R,3 ) ;

(B38)

M s; PR,3 ) -
I22(S; PR ,3) -

s

s

where 5

s
M s  p r ,3 )  ■•=

I3(s; p r ,3) - ,

s

p 0(s )

M ;  p r,3) -
sM ;  p r ,3) -
s

M s  p r,3) -

s

I20(s;p r 3  -

[p(s ) -  PR,3]

h p0(s) i

p(s) -  pR,3

h p(s) i

p(s) -  pR,3

h ,  i
p(s) -  pR,3

h p(s) i
p(s) -  pR,3

ds, (B39a)

ds, (B39b)

ds, (B39c)

ds, (B39d)

ds, (B39e)

s

I2 5 (s ;p R,3 ) -  h 
0

p(s) -  pR,3

h p0(s )p (s ) i

p(s) -  pR,3

h p(s)2 i

p(s) -  pR,3

p0(s)2

p(s) -  pR,3

I , (x ;y )= dx ,
p(x) -  p(y) p0(y)

p0(x)dx
p(x) -  p(y)

dx

ds, (B39f)

ds, (B39g)

ds, (B39h)

4
ds: (B39i)

A analogous analysis should be carried out for initial
parameters yielding A 5± =  0 or B5 =  0.

APPENDIX C : INTEGRALS

In this appendix, we collect the formulas for all elliptic 
integrals appearing in this paper and used to solve Kerr 
geodesic equations. We adopt a convention according to 
which in all following formulas x denotes the variable, 
while y and z are treated as parameters. This is emphasized 
by separating the variable x from the parameters y and z 
with the semicolon. The integrals are based on the results 
presented in [69] (pp. 626) [70] (pp. 311), [71] (vol.4, 
pp. 109- 110)

2ζ (y )x + ln
σ (x -  y)
σ (x + y )

I 2 (x ; y ) =  p ( ) - p ( ) = l n (p (x ) - p (y )),

I3 (x;y) p00(y )lnσ ( x - y )
' (p (x ) -  p (y))2 p ' M 3 “ σ x  + y)

- p 0(y)2 ζ ( x + y ) + ζ ( x - y ) +  2 p (y )+  p(0()y)( ) x ,

; Z p0(x)dx -  ,
I4 (x ;y )=  = -

(p(x) -  p(y))2 p(x) -  p(y)

I5 (x ;y )=  p0( ) (p ) = p ( y ) ln ( p ( x ) - p ( y ) ) + p ( x ) ,
p(x) -  p(y)

p0(x)p(x)dxp0(x)p(x)dx
I 6 (x ; y ) =  (p (x) - p (y))2 = l n (p (x ) - p (y ))

p(y)
p(x) -  p(y)

(C1)

(C2)

(C3)

(C4)

(C5)

(C6)
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I7 (x; y ) = P(x)x- dPx(y) =  x +  P0(yy) 2ζ (y)x +  ln σ(xx + yy) ; (C7)

I 8 (x; y ) = (P (x)(- )P (y))2 =  I 1 (x; y )+ P (y ) I 3 (x; y); (C8)

I 9 (x; y ) = P (x)(- )P (y) =  P(y)I7 (x; y) -  ζ (x); (C9)

I 10(x ;y )= P (x)(- )P (y) =  P(y)I9 (x; y ) + 6 P0( x ) + 122 x; (C10)

I 11(x ;y )= P (x0) (- )P (y) =  4 I10(x;y) -  g2I 7 (x;y) -  g3I 1 (x;y); (C11)

I 12(x ;y )= (P (x) (- )P (y))2 =  I7 (x; y )+ P (y ) I 8 (x;y); (C12)

I 13(x ;y )= (P (x) (- )P (y))2 =  I9 (x; y ) + P ( y ) I 12(x;y); (C13)

I 14(x; y ) =
P02(x)dx

(P (x) -  P (y))2 =  4 I13(x; y) -  g2I 8 (x; y) -  g3I 3 (x; y); (C14)

dx 1
■ (p (x  +  y) -  P (x  -  y) -  2P0(y)x

J (p (x ) -  P (y))3 P0(y)3-  1⅜ ( y > ' (yX1 (χ ; y) -  3p W M M x ;y)) ;

ρ 0(x)dx 1

M x; y)

M χ ; y) =

I 17(x; y) =

⅛ (x ; y) =

1 19(χ ; y) =

⅛ ( χ ; y) =

I2 1 (χ; y) =

I2 2 (x; y) =

I 2 3 (χ; y) =

(p (x ) -  P (y))3 2 (p (x ) -  P (y))2 ’

ρ(x)dx
(P (x ) -  P (y))3

ρ 2 (x)dx 
(P (x ) -  p (y)) 

dx

=  ⅞ ( x ; y) +  P M M x ; y) ;

3 =  ⅞ ( x ; y) +  P M M x ; y) ;

1
x +  y) +  p ' (x -  y) -  2p"(y)x(P(x) -  P(y))4 6P0(y)4

P(4)(y)I1(x;y) -  (3P00(y)2 +  48P(y)P0(y))I3(x; y) -  12P00(y)P0(y)2I 19(x; y

(P (x)(- )P (y))4 =  I 15(x ;y )+ P (y ) I 19(x;y);

P0(x)dx -  1 ;
(P(x) -  P(y))4 =  -  3(P(x) -  P(y))3 

P(x)P0(x)dx -  3P(x) -  P(y) ;
(P(x) -  P(y))4 6(P(x) -  P(y))3

P2(x)dx

(C15)

(C16)

(C17)

(C18)

(C19)

(C20)

(C21)

(C22)

(C23)
(P(x) -  P(y))

=  I 17(x ;y )+ P (y ) I 2 0 (x;y);
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ρ 3 (x)dx
M x; y)

M x; y)

κ √ χ ; y ,z)

K2 (x; y,z)

K3 (x; y,z)

K 4 (x ; y , z)

K 5 (x ; y ,z)

K 6 (x ; y ,z)

L γ(x'; y,z)

L2 (x; y,z)

L3 (x; y,z)

L 4 (x ; y ,z)

L5(χ ; y ,z)

Lβ (χ; y ,z)

=  M x; y) +  p (y )⅛ ( x ; y) ;

4 4I 24(x ; y ) -  g2I 20(x ; y ) -  g3I 19(x ; y );

(p(x) -  ρ(y))4 18

ρ '2(x)dx 
(p (x ) -  p (y))

dx I 1 (x ; y ) -  I 1 (x ; z )
(p (x ) -  p (y))(p (x ) -  p (z)) p (y) -  p (z) ’

ρ(x)dx _  I 7(x;y) -  I 7(x; z)
(p (x ) -  p (y))(p (x ) -  p (z)) p (y) -  p (z) ’

________ ρ 0(x)dx________ __ I 2 (x; y) -  I 2 (x; z)
(p (x ) -  p (y))(p (x ) -  p (z)) p (y) -  p (z) ’

______ p(x) p 0 (x) dx =  I 5 (x; y) - 15 (x; z)
(p (x ) -  p (y))(p (x ) -  p (z)) p (y) -  p (z) ’

ρ 2 (x) dx _  I 9 (x; y) -  I 9 (x; z)
(p (x ) -  p (y))(p (x ) -  p (z)) p (y) -  p (z) ’

________ p02(x)dx________ =  I 11(x; y) -  I 11(x; z)
(p (x ) -  p (y))(p (x ) -  p (z)) p (y) -  p (z) ’

dx _ I 3(x; y) -  2K1(x; y, z ) + I 3(x; z)
[(p (x ) -  p (y))(p (x ) -  p (z))]2 (p (y) -  p (z))2

__________p(x)dx____________ I 8 (x; y) -  2K2 (x; y, z) +  ⅞ (x; z)
[(p (x ) -  p (y))(p (x ) -  p(z))]2 (p (y) -  p (z))2

ρ ' (x)dx _  I4 (x; y) -  2K3(x; y, z) +  I4 (x; z)
[(p (x ) -  p (y))(p (x ) -  p(z))]2 (p (y) -  p (z))2

ρ ' (x)ρ(x)dx _ I 6(x; y) -  2K4 (x; y, z) +  I6(x; z)
[(p (x ) -  p (y))(p (x ) -  p(z))]2 (p (y) -  p (z))2

_________ p(x)2dx_________ __ I 12(x; y) -  2K5 (x; y, z ) + I n (x; z)
[(p (x ) -  p (y))(p (x ) -  p(z))]2 (p (y) -  p (z))2

ρ ' (x)2dx I 14(x; y) -  2K6(x; y, z) + 114(x; z)
[(p (x ) -  p (y))(p (x ) -  p (z))]2

(C24)

(C25)

(C26)

(C27)

(C28)

(C29)

(C30)

(C31)

(C32)

(C33)

(C34)

(C35)

(C36)

(C37)
(p (y) -  p(z))2
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Accretion of the relativistic Vlasov gas in the equatorial 
plane of the Kerr black hole
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We investigate stationary accretion of the collisionless Vlasov gas onto the Kerr black hole, occurring in 
the equatorial plane. The solution is specified by imposing asymptotic boundary conditions: at infinity the
gas obeys the Maxwell-Juttner distribution, restricted to the equatorial plane (both in positions and
momenta). In the vicinity of the black hole, the motion of the gas is governed by the spacetime geometry.
We compute accretion rates of the rest-mass, the energy, and the angular momentum, as well as the particle 
number surface density, focusing on the dependence of these quantities on the asymptotic temperature of 
the gas and the black hole spin. The rest-mass and energy-accretion rates, normalized by the black hole 
mass and appropriate asymptotic surface densities of the gas, increase with increasing asymptotic 
temperature. The accretion slows down the rotation of the black hole.

DOI: 10.1103/PhysRevD.106.104056

I. INTRODUCTION

General-relativistic kinetic theory provides a description 
of gases in strong gravitational fields, alternative to the 
more popular hydrodynamic approach. When collisions 
between gas particles are rare and the mean free path is 
large, fluid dynamics does not apply. In this case, a more 
reasonable approximation is provided by the kinetic theory 
of noncolliding gas particles. A standard kinetic description 
uses a distribution function defined on a suitable one- 
particle phase space. In general-relativistic literature this 
approximation is sometimes referred to as the Vlasov gas. 
Vlasov models are often used in stellar dynamics to 
describe galaxies and clusters of galaxies (see a math- 
ematicalanalysisin[1,2]o r[3 ]fortheNewtonian account). 
Another physical realization of Vlasov systems would be in 
the form of noninteracting dark matter massive particles 
[4]. Last but not least, the gas surrounding supermassive 
black holes, such as M87* and Sgr A*, observed recently 
by the Event Horizon Telescope Collaboration, is also 
believed to be nearly collisionless and magnetized [5- 12]. 
Classic reviews of the general-relativistic kinetic theory can 
be found e.g., in [13- 18]; see also [19- 21] for more recent 
accounts.

Rigorous relativistic models of accretion flows onto 
black holes derived within the framework of the kinetic 
theory are relatively recent. Spherically-symmetric steady 
accretion of the collisionless Vlasov gas onto a 
Schwarzschild black hole (a kinetic counterpart of the

*adam.cieslik@doctoral.uj.edu.pl
1patryk.mach@uj.edu.pl
* andrzej.odrzywolek@uj.edu.pl

Michel accretion model [22,23]) was investigated in 2017 
by Rioseco and Sarbach [24,25]. An extension of this 
model for Reissner-Nordstrom black holes is given in [26]. 
Accretion of the collisionless Vlasov gas onto a moving 
Schwarzschild blackhole (ageneral-relativisticcounterpart 
of the Bondi-Hoyle-Lyttleton accretion problem) was 
investigated in 2021 [27- 29]. In the same year Gamboa 
et al. described accretion of the Vlasov gas onto a 
Schwarzschild black hole occurring from a sphere of a 
finite radius [30]. A kinetic description of the phase-space 
mixing at the equatorial plane of the Kerr spacetime is 
g iven in [31]. Someaspects ofthe dynamics ofthemassless 
Vlasov gas in a slowly-rotating Kerr spacetime are ana­
lyzed in [32]. We would also like to mention recent studies 
of self-gravitating static Vlasov configurations around 
black holes [33,34]. At the same time, there is an ongoing 
work on kinetic simulations of magnetized plasma in black 
hole spacetimes [35,36]. These, highly sophisticated 
numerical simulations complement existing works based 
on the magnetohydrodynamical approximation, and seem 
to be crucial in understanding the physics of black hole 
magnetospheres, as well as interpreting future horizon­
resolving observations.

In this paper we derive stationary axially-symmetric 
solutions of the collisionless Vlasov equation correspond­
ing to a gas accreting onto a Kerr black hole at the 
equatorial plane. They constitute a model of an infinite, 
geometrically thin accretion disk. At infinity, the gas 
remains at rest, and it is assumed to be described by the 
Maxwell-Juttner distribution confined to the equatorial 
plane. The flow of the gas in the vicinity of the black 
hole is still restricted to the equatorial plane, but otherwise 
it is governed by the geometry of the spacetime. In a sense,
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our model is an analogue of the spherically symmetric one 
obtained for Schwarzschild black holes in [24]. The 
restriction to the equatorial plane of the Kerr black hole 
is justified by the algebraic simplicity of equations gov­
erning the geodesic motion at the equatorial plane. On the 
other hand, this model seems to be of interest on its own, as 
a model of a thin accretion disk around the Kerr black hole. 
It allows us to provide explicit expressions for the particle 
current surface density, as well as mass and angular 
momentum accretion rates. We find that the accretion 
process described by this model slows down the black 
hole rotation, i.e., the sign of the angular momentum 
accretion rate is opposite to the sign of the black hole 
spin parameter.

In many respects our two-dimensionalmodelof athin disk 
of the Vlasov gas differs from spherically-symmetric, three­
dimensional models known from [24- 26]. We find, for 
instance, that the rest-mass accretion rate, normalized by 
the black hole mass and the asymptotic rest-mass surface 
density, increases with the asymptotic temperature. This 
stays in contrast to the spherically-symmetric case, known 
for the Schwarzschild or Reissner-Nordstrom metric, in 
whichtherest-massaccretionrate, normalizedbythesquare 
oftheblackholemassandtheasymptoticrest-massdensity, 
decreases with the asymptotic temperature. We should state 
that this behavior depends on the parametrization of sol­
utions and is related to the properties of the two dimensional 
Maxwell-Juttner distribution, assumed at infinity.

Thin accretion disks appear naturally in numerical 
simulations of accreting plasma in the vicinity of Kerr 
black holes, both kinetic and based on general-relativistic 
magnetohydrodynamics[35- 38].Sinceourm odeldoesnot 
involve magnetic fields, we would rather think of its 
potential applications in modeling of dark matter accretion, 
as in [27].

In fact, a better understanding of astrophysical black 
holes in the environment dominated by the omnipresent 
dark matter is one of main motivations behind our work. 
For example, changes in the Kerr spin parameter [39,40] 
could explain the ON/OFF behavior of active galactic 
nuclei powered by supermassive black holes [41,42]. 
The specific physical mechanism responsible for this 
behavior remains elusive, and major black hole mergers 
are required to significantly alter the black hole spin [43]. 
Accretion of noninteracting matter could, in principle, 
provide a new mechanism of this kind.

Equations governing the Vlasov gas at the equatorial 
plane of the Kerr spacetime can be derived in two frame­
works. We will work in a (2 +  1)-dimensional setup, based 
on the 3 dimensional metric induced at the equatorial plane. 
Alternatively, one can derive the same equations, working 
in the full (3 +  1 )-dimensional framework and imposing 
conditions which effectively restrict the motion to the 
equatorial plane. For clarity and completeness, this alter­
native formulation will be summarized in Appendix A.

The order of this paper is as follows. Section II contains 
mathematical preliminaries and conventions concerning the 
Kerr metric and the geodesic motion in the Kerr spacetime. 
In Sec. III we introduce our model of the disk of the 
collisionless Vlasov gas confined to the equatorial plane of 
the Kerr metric. We specify the distribution function and 
derive the expressions for the particle current surface 
density. Section IV discusses the phase space of unbound 
orbits. In Sec. V we compute the particle current surface 
density and the rest-mass surface density of the disk. 
Section VI is devoted to the rest-mass, energy, and angular 
momentum accretion rates; in particular, we derive analytic 
limits of these accretion rates for zero and infinite asymp­
totic temperatures of the gas. Section VII contains a short 
discussion of the results.

II. PRELIM INARIES 

A. M etric conventions
We use standard geometric units with c  ¼ G ¼ 1, where 

c  denotes the speed of light, and G is the gravitational 
constant. The signature of the metric is ( - ,  + , + , + ).

We will work in Boyer-Lindquist coordinates (t, r, θ, φ ) . 
They are divergent at the black hole horizon, but, in 
comparison to more refined coordinate choices, they result 
in relatively simple formulas. In Boyer-Lindquist coordi­
nates the Kerr metric can be written as

g ¼ gt tdt2 +  2gtφ dtdφ  +  gr r d r2 +  gθθdθ2 +  gφφdφ2 , (1)

where

2Mr
gt t  ¼ -1  +  2 ,ρ2

2M arsin2 θ
g tφ ¼ -  2 ,ρ2

2
g r r Δ

¼ ρ2 ,

g φφ

and we denote

2Ma2r  sin2 θ
r2 +  a 2 +  sin2 θ ,

(2a)

(2b)

(2c)

(2d)

(2e)
ρ

Δ  ¼ r2 -  2M r +  a 2 , (3a)

ρ2 ¼ r2 +  a 2 cos2 θ: (3b)

Note that many authors use the symbol Σ in place of ρ2 

(cf. [44]). The contravariant metric component read

104056-2171
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(r2 +  a 2)2 -  Δα2 sin2 θgtt ¼ -
Δρ2

r2 +  a2 +
2M ra2 sin2 θ

ρ2

gtφ 2M ra 
Δρ2 ;

Δ
grr ¼ ρ2 ;ρ2

gθθ ¼ ρ12
ρ2

φφ 1  2 Δgφφ ¼ 2 - a 2 +  2
Δρ2 sin2 θ

(4a)

(4b)

(4 c )

(4d)

(4 e )

Einstein equations in 2 +  1 dimensions.Suchan equivalent
of the Kerr solution does not exist, except for the so-called
Banados-Teitelboim-Zanelli (BTZ) solution [45], which 
assumes a negative cosmological constant.

B. Timelike geodesics
Timelike geodesic equations can be expressed in the 

Hamiltonian form

dxμ

dτ

dpν

dτ

∂H
∂p μ

-  ∂ H  -  ∂ xν ;

(8a)

(8b)

The Kerr spacetime is characterized by the mass M and the 
angular momentum J  ¼ M a. In general, we will restrict 
ourselves to the region outside the black hole horizon, 
with Δ >  0.

The metric induced at the equatorial plane θ ¼ π =2 has
the form

where pμ = dxμ∕d τ ,  H (xα,p β ) = 2 gμν(xα)pμp ν = - 1 m2, 
and m  denotes the particle rest mass. By standard argu­
ments, H , p t ≡  - E  and p φ ≡  lz are constants of motion. 
The fourth constant—the so-called Carter constant l— 
follows from the separation of variables in the Hamilton- 
Jacobi equation

where

Z =  Zt tdt2 +  2γtφdtdφ + γ r rdr2 + γφφdφ2, (5)

∂∂Sτ +  H (x α; ∂βS ) = 0 : (9)

The ansatz

2M
Ztt =  - 1  +  ;

r

Ztφ =  -
2Ma

r

Zrr =
r2
Δ ;

Zφφ =  r2 +  a2 1 +
2M

r

Contravariant components of Z read

tt 1 (  2 2 2Ma2'Ztt =  -  Δ r2 +  a2 +

Ztφ -

Z

2Ma ; 
Δ r

Δ
r2 ;

φφ 1 2MZφφ =  Δ 1 -  rM :

(6a)

(6b)

(6c)

(6d)

(7a)

(7b)

(7c)

(7d)

with

S  =  - Hτ +  W  =  2 m2τ +  W (10)

W  =  p tdt +  p φ dφ +  p r dr +  p θ dθ 

=  - E t +  lz φ +  W r (r) + W θ (θ)

yields the “ time-independent” Hamilton- Jacobi equation

gμν∂μW∂νW  =  - m2 (11)

or, in explicit terms,

(r2 +  a2)2 -  Δa2 sin2 θ 2 4Mra
Δ

E 2 +  Δ Elz  +  Δ (W 0r )2

Δ
(W 0θ)2 +  Δ1 - a2 +  sinΔ2 θ lz2 =  - m2ρ2:

Rearranging terms, we get

lz 2

(12)

An easy calculation yields detgμν =  - 1 =(ρ4 sin2 θ) and
detZμν =  - 1 =r2.N otethat Zis notasolutionofthevacuum

(W 0θ)2 +  m2a2 cos2 θ +  z -  a sinθE  
θ sinθ

=  - m 2r2 -  Δ (Wr)2 +  Δ  [(r2 +  a2)E  -  alz∖2. (13)
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Since the left-hand side depends only on θ, while the right­
hand side depends only on r , both sides have to be constant. 
We denote this constant value by l2 [note that the left-hand 
side of Eq. (13) is explicitly non-negative]. Thus

(W'θ)2 ≡ Θ(θ) =  Z2 -  m2α2 cos2 θ

-  ( ⅛ -  α  s i n  θ  <1 4 >

and

Δ 2(W 'r)2 ≡  R(r) =  [(r2 +  α2)E  -  αZz]2

-  Δ (m2r2 +  Z2). (15)

The equations of m otion can  be integrated following the 
standard procedure, i.e., by computing the derivatives 
∂S=∂m, ∂S=∂E, ∂S=∂Zz, ∂S=∂Z, and equating the results 
to a new set of constants β0, β1, β2, β3 (say) [46,47].

C. Timelike geodesics a t the equatorial plane
The descriptionof time-like geodesics restricted to the 

equatorial plane (θ =  π=2) is much simpler. We have 
p θ =  0, Wθ =  0. Equation(14) reduces to

Z2 = (Z z -  aE )2. (16)

We will assume a conventionwith Z ≥  0. Thus,

eσZ = Zz -  aE, (17)

where eσ =  ±1. Consequently,

R (r ) = ( r 2E  -  eσaZ)2 -  Δ (m2r 2 +  Z2)

r4 E2 -  1 - 2M m +  rZ2

r
2eσaEZ +  a2m2

r2 (18)

Momentum components associated with the geodesic 
motion confined to the equatorial plane can be written as

p t  =  - E; (19a)

p r =  er Δ ; (19b)

p θ =  0 ; (19c)

p φ  =  Zz =  eσ Z +  aE  =  eσ (Z +  eσ aE) ; (19d)

where er =  ±1 corresponds to the radial direction of 
motion.

Alternatively, one can obtain equations governing the 
motion confined to the equatorial plane directly from the 
Hamiltonian

H  =  2 (γttp t2 +  2γtφp tp φ  +  γ rrp r2 +  γφφp 2φ) . (20)

Here again, p t =  - E , p φ =  Zz, and H  =  -  12 m2 have to be 
constant. Solving the equation H  =  -  12 m2 for p r yields
Eq. (19b).

Following [24,31], we use dimensionless variables 
defined as

a
Gt ----  ------  ,

M

Thus,

where

ε  =  E ; λ =  Z ; ξ  =  r . (21)
m Mm M

R (r ) = M 4m2R (ξ), (22)

R (ξ) = (ξ2ε -  eσαλ)2 -  (ξ2 -  2ξ + α2)(ξ2 + λ2)

=  ξ4 ε2 1 -  2 1 λ2 -  2eσαελ +  α2
1 -  ξ 1 +  ξ2 -  ξ2 (23)

and

p t =  - E  =  - mε; (24a)

p r =  er
R erm R

Δ ξ2 -  2ξ +  α2

p θ =  0 ;

(24b)

(24c)

p φ =  Zz =  eσZ +  aE  =  M m (eσλ +  αε)

=  Mmeσ(λ +  eσαε) . (24d)

In this work we will generally parametrize geodesics 
using the Carter constant Z (or λ) instead of Zz. This is, of 
course, a matter of preference. Our choice was partially 
motivated by a similar substitution in Eq. (3) o f[31]; it also 
simplifies a few algebraic relations used in this paper. We 
should emphasize that the sign eσ is associated with the 
quantity Zz -  aE  and not with Zz. In particular Zz =  0 
implies Z =  - eσaE . On the other hand in many important 
cases the signs of Zz and eσ coincide. Thus, we will 
generally refer to trajectories with eσα >  0 as prograde 
ones, and to those satisfying eσα <  0 as retrograde ones.

There are three well-known types of circular orbits at the 
equatorial plane, two of which will play an important role 
in the subsequent analysis [44,48]. There is the circular 
photon orbit with the radius
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ξph —  2 +  2 cos 3 arccos ( - eσα) (25)

a solution of (ξ -  3)√ ?  +  2eσα — 0 or (ξ -  3)2ξ -  4α2 — 0. 
The circular photon orbit corresponds to a null geodesic, 
but it appears naturally as a limit of time-like orbits. There 
is the so-called marginally bound orbit with the dimension­
less radius

W — W(t, r, φ ,m , E, lz) — j ^  p tdt +  J  p rdr + ^  p φdφ 

— - E t  +  lzφ +  Wr. (29)

We choose new momenta in the form

P0 — m P1 — E P 2 — lz . (30)

ξmb — 2 -  eσα + 2yJ∖ -  eσα,
The corresponding conjugate variables Qμ are defined as

(26) Qμ — ∂W=∂Pμ, i.e.,

which is a solution to ξ(ξ -  4 ) +  4αeσ∖Jξ  -  α2 — 0 [see 
also Eq. (60)]. For unbound orbits ξmb is related to the so- 
called fly-by radius [49]. The dimensionless radius of the 
innermost stable circular orbit (marginally stable orbit, 
ISCO) is given by

Q0 — ∂∂Wm Q — ∂
∂m

∂W  ∂W∂ E , Q2 —f ∙  (3 1 )

ξms — 3 +  Z 2
( 3 - Z 1 )(3 2Z 2) (27)

The Vlasov equation (28), written in terms of the Poisson 
bracket, is covariant with respect to canonical transforma­
tions. Since H  — -  12 P02, it reads, in the new variables
(Qμ Pν ),

- P
where Z 1 — 1 +  3 1 -  α2( 3 1 +  eσα +  3 1 -  eσα), Z 2 — 

3α2 +  Z 12 [44]. The radius ξms is a solution of the 
equation (ξ -  6)ξ +  8αp ξ -  3α2 — 0. The location of 
the innermost stable circular orbit does not seem to play 
a crucial role in our analysis. However, the related poly­
nomial in ξ, as well as those defining ξph and ξmb,d o
appear in the integrands of our formulas for accretion rates.

∂f  
0 ∂Q0

— 0 . (32)

Consequently, any distribution function of the form

III. VLASOV EQUATION AT THE 
EQUATORIAL PLANE

The Vlasov gas considered in this paper is a collection of 
free particles moving along timelike future-directed geo­
desic lines. It is described in terms of the distribution 
function f  — f (xμ p ν), defined on the one-particle phase 
space. For collisionless particles, the Vlasov equation can 
be expressed as a requirement that the probability function 
f  is constant along a geodesic,

d f  ∂f  dxμ ∂f  dpν ∂f  ∂H  -  ∂f  ∂H
dτ ∂xμ dτ ∂p ν dτ ∂xμ ∂p μ ∂p ν ∂xν

—f H  f g —0 . (28)

f —f (Q1 Q2 P0 P1 P 2 ) ( 3 3 )

satisfies the Vlasov equation. Further restrictions on the 
form of the distribution function can be obtained by 
imposing symmetry conditions.

The distribution function f  is not an observable quantity 
on its own. We define the components of the particle 
current surface density as

j μ (x ) — y  f (x , p )p μy j -  d e t  γμvdP t dP r dPφ , (3 4 )

where μ  — t r φ , and f  — f (t r φ p t p r p φ). Similarly, 
the surface energy-momentum tensor components are

TμJ x ^  J  f (x , p )p μp vy j -  d e t  γμvdP t dP r dPφ ∙ (3 5 )

A covariant particle number surface density ns can be 
defined as

Here f∙ , ∙g denotes the Poisson bracket.
A formal solution of the above equation has been

obtained in the context of the Kerr metric in [20]. We will 
repeat this reasoning here, assuming that the motion is 
restricted to the equatorial plane. In this case, 
(xμ, p ν) — (t,r , φ , p t, p r, p φ), and the Hamiltonian H  is 
given by Eq. (20). The idea is based on a suitable canonical 
(symplectic) transformation of the phase-space variables 
( t r φ p t p r p φ ) ↦  (Qμ P ν) . It is given in terms of a 
generating function (the so-called abbreviated action)

ns — - γμνJμJ ν. (36)

We consider a model of a stationary accretion disk 
consisting of same-mass particles, confined to the equato­
rial plane and extending to infinity. At infinity the gas is 
assumed to be essentially “ at rest”  and to be characterized 
by a constant particle number surface density ns ∞ . More 
precisely, we require that at infinity the distribution 
function should be given by the two dimensional 
Maxwell-Juttner distribution [50,51]. On the other hand,
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the motion of the gas near the black hole should be 
governed by its gravitational field. A distribution function 
fulfilling these assumptions can be chosen as

f  =  Aδ(√ - P μ Pμ -  m 0 ) exp ( m p ^

= Aδ(P0 -  m0  e x p ( - β  P 1) , (37)
m0

where m0 (the particle mass) and A are constants. Here 
β ¼ m0=(kBT ), T  is the asymptotic temperature of the gas, 
and kB denotes the Boltzmann constant. The factor 
δ( - pμp μ -  m0) ensures that the momenta satisfy the
mass shell condition. Here, and in what follows, we only 
take into account future-pointing momenta. Clearly, the 
distribution function given by Eq. (37) is of the form (33); 
it satisfies the collisionless Vlasov equation (32) and 
coincides with the standard Maxwell-Juttner distribution 
at the infinity.

In what follows, we will also use the rest-mass surface 
density, defined as

ρs  ¼ m0n s : (38)

The components of the particle current surface density 
J t, Jr, and J φ can be computed according to Eqs. (34). 
To evaluate the integrals over momenta appearing in 
Eqs. (34), one needs to control the domain in the phase 
space occupied by relevant particle trajectories—this is 
probably the most difficult part of the calculation. The 
coordinate transformations introduced in the remainder of 
this section and the analysis of Sec. IV are devoted to this 
problem.

We will only take into account unbound trajectories, i.e., 
trajectories that reach infinity. Bound trajectories could also 
play a role, but since collisions between gas particles are 
neglected and we are working on a fixed spacetime, 
contributions corresponding to bound and unbound trajec­
tories can be treated separately. Thus, for simplicity, we 
assume that no bound trajectories are present. The reader 
interested in the phase-space mixing occurring for bound 
trajectories in the equatorial plane of the Kerr spacetime is 
referred to [31].

Unbound trajectories are naturally divided into two 
classes. There are orbits characterized by relatively small 
values of angular momentum, which end in the black hole. 
We refer to such orbits as absorbed ones. The second class 
consists of orbits with sufficiently high angularmomentum, 
which are scattered off the centrifugal barrier. They 
originate and end at infinity. We will refer to those orbits 
as scattered trajectories. Even though we are mainly 
interested in the accretion process, both types of unbound 
trajectories have to be taken into account, as they all 
contribute to the total “budget”  of trajectories at infinity, 
where the Maxwell-Juttner distribution is assumed.

(39a)

(39b)

(39c)

(40)

(41)

The analysis of unbound trajectories is simpler in terms 
of conserved variables such as m, E , lz (or l), instead of 
momentap t, p r, p φ. Thus, wechange momentum variables 
p t, p r , p φ to

m2 =  - ( γttp 2 +  2∕ tφp tp φ +  γrrp 2r +  γφφp φ ),

E  ¼ - p t ,

l =  eσ (pφ + ap t).

The Jacobian of the above transformation reads

∂(m2,E ,l)  2eσp rΔ

d(p t, p r, p φ) r2 '

Consequently,

2 2  r2 r2 m
d p td p rdp φ =  dm 2dEdl =  dmdEdl;

2jp rjΔ jp rjΔ

where jp rjΔ =  R (r ).
In terms of dimensionless quantities (21) the momentum 

integration element can be written as

ffiffiffiffiffiffiffiffiffiffiffiffiffiμffiffiνffi ξm 2dmdεdλ
-  detγμνd p td p rdp φ =  p ffiffiffi . (42)

√R

This yields formal expressions for the components Jμ in the 
form

J t =  - Am 03ξ  exp(-β ε ) dεdλ (43a)
eσ 1

J r
AM 2m30ξ

Δ
er exp(-β ε )dεdλ; (43b)

e 1

dεdλ
p R '

Jφ =  AM m30ξ  exp(-β ε )(eσλ +  αε)
e 1

(43c)
e„= ± 1 ,

In the following we will also need explicit expressions for 

Am 3
J r =  ξ 0 er exp(-β ε ) dεdλ (44)

ξ e„= ± 1 ∙

and

Am40

T rφ

T rt =  -  ξ 0 er exp(-β ε )εdεdλ; (45)
ξ eσ= ± 1 •’

mξ0M er exp(-β ε )(eσλ +  αε ) d ε  d  λ . ( 46 )
ξ e 1

There is a simple test of correctness that can be 
performed at this point—one can compute the component 
J t in the flat Minkowski space limit M  → 0, a → 0.This 
has to be done with some caution. In particular the mass M
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in Eqs. (21) defining the dimensionless quantities should be
replaced with any positive constant with the mass dimen­
sion. The expression for JR yields, in the Minkowski limit,

R  → λ4 (  ε2 -  1 -  ,

and hence

J t ¼ - Amλ 30

λ e„ = ± 1 ∙
exp(-^ ε )ε

dεdλ

ε2 -  1 -  λλ22

IV. CLASSIFICATION O F ORBITS

We are interested in both absorbed and scattered 
unbound trajectories. By inspecting the expression (23) 
for R at λ → ∞, we see that the unbound trajectories must 
satisfy ε ≥  1.

As in the Schwarzschild case (see, e.g., [24]), a particle 
traveling on an absorbed trajectory cannot encounter the 
centrifugal barrier, when traveling from infinity towards the 
black hole. The centrifugal barrier is effectively controlled 
by the value of λ. An absorbed trajectory is characterized by 
the condition λ ≤ λc(ε, eσ), where λ c(ε, eσ) is a solution 
(with respect to λ) of the set of equations

The key point is to control the range in the phase space over 
which the above integral is performedffiffi.ffiffiTffiffiffihffiffiffieffiffi trajectories are straight lines with ε >  1 and λ <  λ ε2 -  1 .Inadd ition ,a  

setofvalues ε, m ,an d λ, correspond to two possible values 
of the radial momentum p r =  ± ∣p r∣. This gives J t of 
the form

R (λ) =  0, 

dR (λ)dλ ¼ 0 ,

(52a)

(52b)

J t = -
4Am30 ∞λ

1
dε exp(-βε)ε

λ ε2 - 1 dλ

0 qε2 - 1 - λλ22
(47)

and R (λ) is given by (23). The function λc(ε,eσ) can be 
given in a parametric (therefore the subscript p ) form as

λ c = λp (λ, eσ) ≡The last integral, over λ, is simply πλ=2. Thus,
λ5=4 -  αeσλ3=4 

√ 2 α e σ + ( λ -  3)√λ ’
(53a)

3 ∞
J t =  - 2 πAm03 dε exp(-βε)ε

=  - 2πAm30 ■ (4 8 )

This result agrees with the standard computation of J t 
based on Cartesian coordinates. For completeness, we 
report this computation in Appendix B . Notably for­
mula (48) agrees with Eq. (B8) and formula (117) of 
[21], which uses the Bessel function

* ∕2< W  =  ^  ■ ■ (49)

ε =  εp (ξ, eσ) ≡
 αeσ + (λ -  2 )√ fλ3=4 2αeσ + ( λ -  3) λ (53b)

It can be readily verified that the above expressions solve 
Eqs. (52). Zeros of the expression under the square root in 
the denominator of (53) correspond to circular photon orbits (25). We have εp(λmb, eσ)¼ 1 ,  where λmb is the 

dimensionless radius of the marginally bound orbit, given by Eq. (26). On the other hand εp (λ , eσ) → ∞  for λ → λph, 
where λph is the dimensionless radius of the circular 

photon orbit at the equatorial plane, given by Eq. (25). Consequently, the range 1 ≤ εp(λ , eσ) <  ∞  corresponds to 
λmb ≥  λ >  λp h . Note that

dλc (ε)
∂λp (λ,eσ)

∂λ

The above result allows us also to write the expression 
for the asymptotic rest-mass surface density of matter at the 
equatorial plane

dε ∂εp (λ,eσ)
∂λ

¼ λ2 ■
(54)

ρs,∞  ≡  m0ns,∞ ¼ - m0J t ∣∞  ¼ 2πAm 40
1 +  β  
β 2 exp(-β ) (50)

Hence, the factor A in the integral expressions (43) for Jμ 
can be replaced by

The function λc(ε , eσ) cannot be expressed in a closed 
form, however it satisfies a relatively simple equation, 
polynomial in both λ and ε, which can be found as follows. 
The expressions on the left hand-side of Eqs. (52) are polynomials in λ. It is well known that the substitution 
u  ¼ 1 =λ yields polynomials of a lower order. We define 

U = R ∕ λ4, and change the variables to u =  1 ∕λ. This gives 
the conditions

A
ρs,∞  β

2πm04 1 +  β
e x P<M

U(u) ¼ - 1  +  2u -  u2α2 +  ε2 -  2eσu2αελ

-  u2λ2 +  2u3λ2 ¼ 0 , (55a)
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=  2 — 2uα2 — 4eσ uαελ — 2uλ2 
du

+  6u2λ2 =  0. (55b)

The term u3 in Eq. (55a) can be easily removed by 
multiplying Eq. (55b) by u, solving for u3, and substituting 
the result in Eq. (55a). This yields the set of equations

3(ε2 — 1 ) + 4 u  — u2(α2 +  2eσαελ +  λ2) = 0 ;  (56a)

1 — u(α2 +  2eσαελ +  λ2) + 3 u 2λ2 =  0. (56b)

instead of Eqs. (55). Substituting temporarily

X = α2 + 2 eσα ελ + λ2; (57)

we get

3(ε2 — 1 ) + 4 u  — u2X =  0; (58a)

1 — uX + 3u2λ 2 =  0. (58b)

One could continue this way in order to finally eliminate u, 
but the most straightforward method to achieve this aim is
to compute the so-called Grobner basis for the above 
system. The result reads

Y  ≡  (ε2 — 1)[27(ε2 — 1)λ4 — X3 +  18λ2X]

+  16λ2 — X2 =  0. (59)

Grobner' s basis is an invariant of the polynomial elimina­
tion, and it can be computed directly from Eqs. (55) or (52). 
On the other hand, to get a relatively simple form of 
Eq. (59) one has to guess substitution (57), suggested
by Eqs. (58).

In practice, we compute λc(ε; eσ) numerically, as a 
solution of Eq. (59), or we use the parametric form (53). 
In the former case, one has to be careful to select the 
physical branch of solutions. Sample solution branches of 
Eq. (59) are shown in Fig. 1. The physical branch, para­
metrized by Eqs. (53) is depicted with a red line, but other 
branches are also present. We show, for instance, the 
existence of a branch (blue) with vertical asymptote ε =  
1 (thin line). The function Y is a 6th degree polynomial in λ 
and a 5th degree polynomial in ε. The term in Y with the 
highest degree in λ is — (ε2 — 1)λ6. Thus, for sufficiently

FIG. 1. Sample solutions of Eq. (59) for α =  2=3, eσ = + 1 
(continuous line), eσ =  —1 (dashed line). Physically relevant 
branches, given by the parametric formula (53), are depicted with 
red lines. Note the existence of mirrored branches in the 
remaining three quadrants of the full ε — λ plane (not shown).

large λ, Y becomes positive for ε2 < 1. On the other hand, 
Eq. (59) has a simple solution for ε =  1. In this case 
X = ( eσα + λ)2, andEq. (5 9 )canbereduced to

Y =  16λ2 — (eσα +  λ)4 =  0. (60)

Non-negative ffiffiffisffiffioffiffilffiuffiffitffiiffiffions of this equation read λ =  
2 — eσα ±  2√1 — eσα, and the larger of the two solutions is

λ* =  2 — eσα + ‰J^1 — eσα (61)

(note an algebraic coincidence λ* =  ξmb). The remaining 
two nonpositive solutions are λ =  —2 — eσα ±  2√1 +  eσα . 
It follows that for ε =  1 and λ >  λ*, we have Y < 0. 
Consequently, Eq. (59) has an asymptotic solution with 
λ → + ∞  for ε → 1.

Equation (59) has a simple solution for α =  ±1 and 
eσα = + 1 ,  i.e., for prograde orbits in the extremal Kerr 
metric. In this case λc(ε; eσ) = ε . This solution is shown 
in Fig. 2 .

For scattered orbits, λc(ε , eσ) < λ ≤ λm a x(ξ; ε, eσ). The 
formula for the upper limit λmax(ξ ; ε ; eσ) follows from the 
requirement that R ≥ 0. It reads

ξ
ξ — 2

H ε2+ 1  - 1)
λmax(ξ ; ε ; eσ) +  (ξ — 2)[ξ (ε2 — 1) + 2] eσαε (62)
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FIG. 2. Sample solutions of Eq. (59) for α = 1, eσ =  +1 
(continuous line), eσ = —1 (dashed line). Physically relevant 
branches are depicted with red lines. For α = 1 and eσ = 
+  1, λc(ε , eσ =  + 1) =  ε.

Note that for jαj ≥  2=2 we have ξph ≤  2 and λmax must be 
evaluated at the removable discontinuity ξ  =  2 for prograde 
trajectories. The relevant limit for eσ α  >  0 is

4ε2 — α2
lim λmax(ξ, ε, eσ) =  ∙ ------- . (63)
ξ→2 2eσ αε

Scattered unbound orbits exist only for sufficiently high 
energies ε . The main bound, ε  >  1, applies to all trajecto­
ries reaching infinity. On the other hand, a condition 
defining a scattered orbit is the existence of a centrifugal 
barrier—a particle on a scattered orbit travels from infinity, 
reaches a turning point, at which R (ξ) =  0, and moves 
again to infinity. In other words, a scattered orbit

parametrized by ε, λ, and eσ can only pass through a point 
of radius ξ, if there is a turning point at ξ0 ≤  ξ (i.e.,
R (ξ0) =  0) and the region with radii ξ  ≥ ξ  is available for 
motion [i.e., R (ξ0) ≥  0]. In order to obtain the value of the 
minimal energy εmin(ξ, eσ) allowing for a scattered orbit at 
some radius ξ, we solve Eqs. (58) with respect to ε . More 
precisely, we start by solving Eq. (58b) with respect to λ . 
There are two possible solutions, which we can substitute 
in Eq. (58a). Solving the resulting equations with respect 
to ε  yields four solutions, two of which can be positive. 
These are

2
ε

-α- α - +  α2(5 — 3ξ) +  (ξ — 3)(ξ — 2)2ξ 
ξ [(ξ — 3)2ξ — 4α2] ;

(64)

they do not depend explicitly on eσ , but in fact one of them 
corresponds to prograde, and the other to retrograde orbits. 
One can distinguish between the two cases by inspecting 
the asymptotics of the two expressions. The two solutions 
tend to infinity for

2
3

ξ → 2 +  2cos arccos(±α) (65)

i.e., solutions to (ξ — 3)2ξ — 4α2 =  0. These solutions can 
be easily identified as the locations of circular photon orbits 
at the equatorial plane. The latter are given by ξ =  ξph, 
where ξph is defined by Eq. (25).

Matching the asymptotics of Eq. (64) with the locations 
of circular photon orbits, we can select the signs in (64), 
leading to the formula

— 2eσα [α2 +  (ξ ~ 2 )ξ]ξ 1=2 +  α2(5 — 3ξ) +  (ξ — 3)(ξ — 2 ) ^

ξ[(ξ — 3)2ξ — 4α2] .

For both solutions (with eσ =  ±1) the limiting energy given by the above formula decreases from + ∞  for ξ >  ξph. The 
value ε =  1 is reached at ξ =  ξmb, where ξmb is given by Eq. (26). Thus, the minimal allowed energy for scattered orbits can 
be written as

∞

εm in(ξ;  eσ ) 2egα [α2+ (ξ~2)ξ]+ 1=2+ α2(5~3ξ)+ (ξ~3)(ξ~2)2ξ 
V  ξ [(ξ- 3)2ξ- 4α2)]

1

for ξ <  ξph; 

for ξph <  ξ <  ξm b; 

for ξ ≥ ξm b .

(67)

Note that no scattered trajectory can extend to ξ <  ξph. Sample graphs of εmin(ξ; eσ) are shown in Fig. 3.
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FIG. 3. Samplegraphsof εmin(ξ, eσ) for α = 1/10 and eσ =  + 1 
(blue continuous line) and eσ =  —1 (orange dashed line). Vertical 
lines denote locations of circular photon orbits ξph for eσ =  ± 1. 
Note that εmin(ξ, + 1) is regular at ξph corresponding to eσ =  —1.

( 69a ) 

(69b)

( 69c )

The factor 2 in Eqs. (69a) and (69c) is due to two possible 
radial directions of motion along a scattered trajectory,
er =  ±1. Note that in dimensionless variables Δ =  
M2(ξ2 -  2ξ +  α2).

Using the parametric solution for λc(ε, eσ) given by
Eq. (53), we get

V. PARTICLE CURRENT SURFACE DENSITY

We divide the expressions for the particle current surface 
density J μ into two parts; a part corresponding to absorbed 
trajectories and a part corresponding to scattered ones. The 
quantities referring to those two parts will be denoted with 
thesuperscripts (abs)and(scat),respectively. Consequently, 
J μ =  J (μabs) +  J (μscat). As discussed in the previous section, 
the phase-space region corresponding to absorbed trajecto­
ries is characterized by ε ≥  1 and λ ≤  λc(ε , eσ ). Scattered 
orbitspassingthroughapointatradiusξ arecharacterizedby 
εmin(ξ , eσ)  <  ε <  ∞  and λc(ε, eσ)  <  λ ≤  λmax(ξ , ε , eσ ). 
Explicit expressions for J (μabs) and J (μscat) read

J (abs) (ξ) =  —Am0ξ dξε'p (ξ, eσ)εp (ξ, eσ)
eσ = ± 1 ' '  ξmb

× e x p[— β ε p (ξ, eσ )]
λp(ξ ,eσ ) dλ

×
'0 lJR M ξ ,  eσ) ; λ , ξ , eσ ]

J + + )  =  — A +  +  f *  d}ep (ξ , e.)
eσ 1 ξmb

(70a)

(68a)

× exp[—βεp (ξ, eσ)]λp (⅞, eσ), 

J ^abs) (ξ) =  AM m0ξ  X  d⅞εp (⅞, ep )
e 1 ξmbeσ = ± 1 ξmb

× exp[—βεp (ξ, eσ)]
f,λp(ξ ,eσ)

× dλ

(70b)

( 68b)

0
eσλ +  αεp (ξ, eσ)

R [εp (ξ, eσ), λ, ξ, eσ]
(70c)

where εp (ξ, eσ) =  ∂εp(ξ,ep) ∕ ∂ξ, and where we have 
explicitly listed the arguments in R , i.e., we set

(68c)

R (ε , λ, ξ, eσ ) = ξ4
2 2 λ2 2eσα ελ+ α2

ε  — 1 — ξ 1 + ξ2 — ξ2

(71)

and

to avoid confusion. In principle, a similar parametrization 
can be used to express the integrals corresponding to 
scattered trajectories, however it is difficult to find the 
integration limit corresponding to εmin(ξ , eσ), i.e., ξ such
t h a t  ε ι ι ι i ι ∕ξ ∙ eσ) ε∕ ∕ ξ, eσ )-
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FIG. 4. Components of the particle current surface density J φ,
j φabs∖  and ∕ φscat, corresponding to eσ =  + 1. The spin parameter 
α ¼ 7=8; β ¼ 0.1. The vertical line marks the location of the 
circular photon orbit ξph.

Sample graphs of various components of the particle
current surface density are shown in Figs. 4- 10. The main
feature visible in these plots is the cutoff for the scattered
components J (scat), J scat), and J ^ cat) at the location of 
the circular photon orbit ξph, which in turn depends on eσ : 
eσ = + 1  (prograde motion, Fig. 4); eσ =  - 1  (retrograde 
motion, Fig. 5). The difference is best visible in Fig. 9 . Note 
that the graphs of the components J (abs), J (scat), j φabs∖  and 
j φscat) are not smooth, due to the cutoff behavior at ξ =  ξph.

Figure 11 shows the directions of the flow at the 
equatorial plane for α =  1=2 and β =  1. We use standard 
Cartesian coordinates defined by t0 =  t, x =  rc o s φ, 
y = r s i n φ . This yields the following contravariant com­
ponents of the particle current surface density,

FIG. 5. Same as in Fig. 4, but for eσ =  - 1.

FIG. 6. Components of the particle current surface density J φ, 
j φabs∖  and j φscab, obtained by summing the parts corresponding to 
eσ =  ± 1. The spin parameter α = 7/8; β  = 0.1.

(72a)

(72b)

(72c)

FIG. 7. Components of the particle current surface density J t, 
J t(abs) , and J t(scat) corresponding to eσ = + 1. The spin parameter 
α =  7 ∕8 ; β  =  0.1. The vertical line marks the location of the 
circular photon orbit ξph.
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FIG. 8. Same as in Fig. 7, but for eσ = - 1.

The arrows in Fig. 11 correspond to the components
{Jx,J y'}. The accretion flow is nearly radial outside the
outer (retrograde) circular photon orbit; it twists towards
the prograde circular photon orbit, where the dragging 
effect becomes much more pronounced. Finally, the matter 
sinks below the black hole horizon.

We should emphasize that the vector components Jμ 
depend on the assumed metric gauge, in particular on the 
chosen time foliation. This is best visible for the component 
Jr (cf. Fig. 10), which in the Boyer-Lindquist coordinates is 
divergent at the black hole horizon. On the other hand, the 
particle surface density ns defined by Eq. (36) and plotted 
in Fig. 12 is a gauge invariant quantity. The particle surface 
density ns is continuous across the outer horizon, but it 
diverges at the inner Kerr horizon (Fig. 12, right panel). 
This latter behavior resembles the so-called mass inflation

FIG. 9. Components of the particle current surface density Jt, 
J ∕ 'bs∖  and J ∕ c""' obtained by summing the parts corresponding to 
eσ = ± 1. The spin parameter α = 7/8; β  = 0.1.

FIG. 10. Components of the particle current surface density 
J ^  (for eσ = 1), J ^  (for eσ = - 1) and J r obtained by 
summing the parts corresponding to eσ =  ± 1. The spin parameter 
α = 7/8; β  = 0.1.

discovered by Poisson and Israel [52]. A peculiar feature 
illustrated in Fig. 12 is a local minimum of the particle 
surface density ns near the retrograde marginally stable 
orbit, occurring for high values of the parameter β . This 
behavior seems to be related with the dimensionality of the 
model—it has not been observed for spherically symmetric 
models investigated in [24- 26].

FIG. 11. Streamlines of the vector field (Jx, J y) . Circular 
photon orbits are shown in red and blue colors. The region 
inside the black hole horizon is marked in black. The black hole 
rotates counterclockwise. The parameters used to create this plot 
are α = 0.5 and β  = 1 . The units on the axes are mass units M.
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FIG. 12. The invariant particle surface density ns vs the dimensionless radius ξ. The left panel shows the dependence of ns on the value 
of the parameter β for α ¼ 7=8. In the right panel we set β ¼ 1 and plot the graphs of ns for three different values of α. Vertical lines in 
the right plot correspond to inner Kerr horizons.

VI. ACCRETION RATES

The two Killing vectors admitted by the metric γ induced
at the equatorial plane (5), i.e., ξμ =  (ξt, ξr, ξφ) =  (1,0,0) 
andχ μ = {χt,χ r,χ φ) =  (0 ,0 ,1), give rise to two indepen­
dent conserved currents J (μt) =  Tμνξν and J (μφ) =  Tμνχ ν, 

satisfying V μJ μt) =  0 and V μJμφ) =  0. Together with the 
conserved particle current surface density Jμ, they yield 
three accretion rates, which can be defined based on Stokes 
theorem.

Let M  be a region in a d  dimensional spacetime 
equipped with metric (d)g. Let ∂M  denote the d  -  1 
dimensional boundary of M , and let (d-1 )g be the metric 
induced on ∂M . A general-relativistic version of Stokes 
theorem can be written as

(75)

We have detγμν =  - Δ . The vector normal to the surface 
r  =  const has the components nr = ± r ∕∖∕^Δ, nt = nφ =  0. 
The flux through the boundary at r =  r1 can be written as

d2y  j detγjnμVμ =  -  dtdφrVr, (76)
r= r1 r= r1

giving rise to the accretion rate

V_ =  -  rVrdφ: (77)
r= r1

Here the covariant derivative V μ is defined with respect to 
the metric (d)g, Vμ is a vector field on M , and nμ is the 
vector field normal to the boundary ∂M . I f V μVμ ¼ 0, 
we get

(74)

Working in the (2 +  1 )-dimensional case restricted to the 
equatorial plane only, we take d =  3 and (d)g =  (3)g =  γ . 
Assume M  to be a region enclosed by two surfaces of 
constant time Σ1, Σ2 and restricted by r1 < r < r 2. The 
metric induced on the surface r =  const, θ =  π ∕2 reads

The minus sign in the above definition is a matter of 
convention, but it has a meaning. Here, and in what follows, 
we choose the signs so that the accretion rates correspond 
to the fluxes into the black hole.

Assuming Vμ =  m0Jμ, - J(μt), o r J(μφ), we get three 
accretion rates, respectively; the rest-mass accretion rate 
given by M_ =  - 2 πM m0ξJr, the energy accretion rate 
E_ =  2πM ξTrt, and the angular momentum accretion 
rate given by L_ =  - 2 πM ξTrφ. Sign conventions in the 
definitions of E_ and L_ can be checked by noticing that for 
perfect fluids Trt α  urut and Tr φ α  uruφ , where uμ denote 
the components of the four-velocity of the fluid.

The expression for J r given by Eq. (44) yields the rest- 
mass accretion rate
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M_ ¼ - 2 πMm0ξJ r

=  -2πA M m 0 j ^  er exp(-βε)dεdλ. (78)

Since j (scat) =  0, we only get a contribution from absorbed 
trajectories with 1 ≤  ε and λ ≤  λc(ε; eσ), i.e.,

M_ =  2πAM m 0 dε exp(- β ε )λc(ε; eσ) . (79)
eσ = ± 1 ∙ h

For the energy and the angular momentum accretion 
rates we get

E_ =  2πM ξTrt  =  2πAm 0M  dε exp(- β ε )ελc(ε; eσ);
eσ= ± X ∙'x

(81)

respectively. Note that L_ ¼ 0 for a nonrotating black hole, 
i.e., for α ¼ 0, since in this case λc(ε; + 1 ) ¼ λc(ε; - 1).

Finally, expressing the normalization constant A in terms 
of the asymptotic surface rest-mass density ρ s ∞  (51) or the 
asymptotic surface energy density εs,∞ = -  lim≈→∞ Ttt, 
we get

M_ =  M p , , , 1 β( ) dε exp(- β ε )λ c (ε, eσ ) ,

1 +  β  eσ ±1 ' ' 1

(82a)

E_ =  M ε , , , 2 2β ( )β2 d ε exp(- β ε )ελc (ε ,e σ ) ,
2 + 2β  + β  eσ ~ i lJ l

(82b)

(82c)

The results of the remainder of this section suggest that the 
parametrization in terms of the asymptotic surface energy 
density ε ,,, seems to be more relevant to accretion rates E_ 

and L_ than an alternative one which uses p ,,, . The two 
quantities are related by

p s∞  2 +  2β +  β 2 £s’“ . (8 3 )

We derive this relation in Appendix B.
The expressions for M_ , E_, L_ , understood as functions of

β , are given by Laplace transforms ofcertain functions. For 
instance, M_ turns out to be a Laplace transform of λc. This 
Laplace form implies certain standard relations, such as

∂ Z ∞ Z ∞
-  ∂ββ dε  exp (-βε)λc(ε, eσ)=  dε exp (-βε)ελc(ε, eσ).

(84)

Thus M_ and E_ are related.
Using the parametric representation of λc(ε ) given by 

Eqs. (53), one can express the accretion rates as

(80)

(85c)

where ε0p (ξ, eσ ) = ∂εp (ξ, ep )=∂ξ.
The above parametric representation fails for α =  ±1,

i.e., for the extreme Kerr metric. For eσα = + 1  (prograde 
motion), we have ξph =  ξmb =  1 , and the lower and upper 
integration limits in the integrals corresponding to eσ =  α 
coincide. On the other hand, correct expressions given by 
Eqs. (82) yield nonzero results for those integrals. This 
behavior is not a fault of Boyer-Lindquist coordinates, as it 
is discussed in a beautiful article by Jacobson [53], but it is 
a failure of parametrization (53) for the extreme Kerr 
metric. Since for α =  ±1 and eσα =  +1 we have 
λc(ε, eσ) = ε (cf. Fig. 2), integrals appearing in Eqs. (82) 
can be easily evaluated. We get in this case (assuming for 
simplicity positive signs α = + 1 ,  eσ = + 1  )
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Although, M_ and E_ appear on a similar footing, the
quantity responsible for the growth of the black hole mass 
M is the energy accretion rate E_ rather than M_ . This is 
shown in spherical symmetry and in the context of perfect
fluids in [54] (see also [55]).

While the integrals in Eqs. (85) can be computed 
numerically, relatively simple analytic expressions can 
be obtained in the limits of β → ∞  (zero asymptotic 
temperature) and β → 0 (ultrarelativistic particles).

The asymptotic behavior of M_ for β → ∞  (zero asymp­
totic temperature) follows from Watson's lemma on asymp­
totic expansions of Laplace-type integrals [56].I tg iv e s

(87)

Note that the lower integration limit is 1 instead of zero, 
which leads to an additional factor e—β, as compared to the 
standard textbook version of Wffiaffitffisffiffioffiffiffinffi'ffisffiffiffilemma. Since 
λc(1, eσ) =  λ* (eσ) ≡  2 — eσα +  2y∕1  — eσα , and

(88)

Since (95)

λ* (eσ) =  4 +  2√1 — α +  2√1 +  α , (90)
e„ = ± 1

we obtain the asymptotic expansion of M_  in the form

M ~ M ρs∞  ι  +  4 +  2 y ∕ 1 — α +  2 √  1 +  α

1 p ffiffiffiffiffiffiffiffiffi ffi 3

+  [(2 — α +  2√1 — α)2

+  (2 +  α +  2 √ T + ffi2] } . (91)

The limit for β  → ∞  reads

lim M =  2Mρs ∞ (2 +  √1 — α +  √1 +  α). (92)
β→∞

The above expression can also be written in the following 
trigonometric form

arcsin αlim M =  8Mρs ∞ cos2 1---- -----  . (93)
β→∞ 4

In the case of E_, we get, for β  → ∞ , a similar expansion

(94)

This yields the limit
(8 9 ) √ffiffiffiffiffiffiffiffiffiffiffi √ffiffiffiffiffiffiffiffiffiffiffi

lim E =  2Mρs ∞  (2 +  1 -  α +  1 +  α)
β→∞

=  2Mεs ∞  (2 +  λ/1 — α +  vz 1 +  α).

Clearly, the expressions for M_  and E_  coincide for β  → ∞, 
as expected.

A similar calculation for L_  leads to an asymptotic 
expansion for large values of β  of the form

FIG. 13. Accretion rate M  vs black hole spin parameter α. The abscissa in the left panel shows lim^ →∞ M / (Mρs,∞) =  ∑2e = ± 1 λ* (eσ) 
(solid blue line), λ* (eσ =  + 1) (dotted orange line), and λ* (eσ =  —1) (dashed green line). The right panel depicts accretion rates M, 
rescaled according to Eq. (130). Blue and orange graphs correspond to the limits β → 0 and β → ∞ , respectively. A graph of the half 
circle 1 -  α2 (dashed green line) is shown for comparison.
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(96)

Thus,

(102)

(97)

The integral I 2 can be evaluated. We have

(103)

Moreover,or, using trigonometric functions,

(98)
limI 2 =  3 3. (104)β→0 2

To find the limits for β  → 0, we first observe that the 
integrand of, e.g., (85a) has a sharp maximum near the 
beginning of the integration interval, i.e., near rph.O u r  
method is based on identifying the leading terms in the 
integrand function and estimating the remainder. The latter 
can be done using the general Lebesgue dominated con­
vergence theorem [57] (page 89, Theorem 19). It is a 
version of the standard Lebesgue dominated convergence 
theorem in which the dominating function is replaced by a 
suitable series of functions. We will illustrate this method 
on two particular examples, before proceeding with the 
general result.

Let us start with the α =  0 case. The goal is to estimate 
the integral

We now show that limβ→0 I3 =  0. Noticing elementary
inequalities

pffi3ffi≥  6pffirffir  (105)

and

(106)

valid for 3 ≤  r ≤  4, we see that the integrand G1(r; β ) is 
non-negative. It is also easy to check that it tends to zero, as 
r  → 3 from above. Clearly,

(99)

It cannot be evaluated analytically. However, since the 
maximum of the integrand is, in the limit, very close to 
r = 3 ,o n ecan try to su b stitu ter =3everyw hereexceptfor 
terms r -  3, i.e., divergent ones. To be more precise, we 
split the integral I 1 into two parts I 1 =  I 2 +  I3, where

"  <  i f -  e x p ( — p s ^ )  ( 1 0 7 )

in the range 3 < r < 4. The right-hand side of inequality 
(107) is integrable, as follows from Eqs. (100) and (103). 
We may now apply the general Lebesgue dominated 
convergence theorem [57] to the integral I3. Since

(108)

(100)

and

we ffiaffilso have limβ→0 I3 =  0. Thus limβ→0 I 1 =  limβ→0 I2 =
3 3, and finally

(109)

with

The additional overall factor 2 in the result is due to the fact
that for α =  0 the integrals corresponding to eσ =  ±1 
coincide.

As the second example we take α =  1 ; eσ =  - 1  , i.e., the 
extreme Kerr metric and retrograde orbits. The integral to 
estimate is now
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(110)

valid in the range 4 ≤ ξ ≤ 3 +  2 ffi 2. The second inequalitffiffiyffi 
in Eq. (114) is obvious, as 3 -  √ ξ >  0 for 4 ≤ ξ ≤ 3 +  2 2. 
The integral I5 can be evaluated with the result

where we deliberately skip the term - e ββ 2=(1 +  β ) , t o  
shorten the notation. This integral can be expressed as a 
sum I4 =  I5 +  I6, where

(111)

and

(117)

Thus, G2(ξ ; β ) is bounded by an integrable function. We 
have

(112)
and

(118)

with

(113)

We have

By the generalized Lebesgue theorem

■ β 2eβ
lim
β→0 1 + β I 6 =  0;

and consequently

(119)

(120)

(114)

The first inequality follows again from two elementary 
inequalities

(121)

and

Thus,

(115)
(122)

(116)

The corresponding result for α =  1 and eσ =  +1 is given 
by Eq. (86a), which is independent of β .

Repeating the above procedure for any -1  <  α <  1 
gives, with the help of a computer algebra system (we 
use Wolfram Mathematica [58]), the following formula

(123)

An alternative, explicitly real form of this expression can be written as

104056-17
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In a similar way, one can compute the limit of E_ for 
β → 0 . The result reads

lim E = 6 p 3 M εs ∞  cos ( 1 arcsin α ∣. (125)
β→o s'∞  \ 3β→0 3

This is quite surprising. In addition to the equality

lim M_ lim E_
β→∞ Mρs∞  β→∞ M εss

established so far, we now also have

lim M_ ¼ lim E_
β →o Mρ i ,∞ β →o M ⅛

(126)

(127)

Finally, for L_ we get

lim L  =  - 6 v z3M2εs ∞ sin
β →o

2 +  cos

2 arcsin α

s ∞ 3
2arcsinα

(128)×
3

In a good approximation, the dependence of L /(M 2εs∞ ) on α is just linear (cf. Fig. 17). The coefficient

δ ≡  -d- 2 —

d α ∖M 2εs ∞
(129)

- = o

varies from δ =  - 8  in the limit β → ∞  to δ =  -1 2  3
for β → o.

Figures 14- 17 show numerical values of the accretion 
rates M_ , E_, and L_ together with the corresponding limits, 
obtained for β → ∞  and β → o. Figure 14 depicts the 
dependence of the rest-mass accretion rate on the black 
hole spin parameter -. Different colors represent solutions 
corresponding to different values of the parameter β. The 
first observation is that M / (Mρs∞ ) decreases with ∣α∣. The 
dependence of M /(M ρ s ∞ ) on α is, in fact, similar for 
different values of β and can be illustrated by the limiting 
cases β → o and β → ∞ , given by Eqs. (124) and (92). 
After a suitable rescaling, the graphs of M /  (Mρs∞ ∞ ) vs α have 
an almost circular shape, as shown in Fig. 13. The quantity 
plotted in this figure (the rescaled M (β, α)/ (Mρs ∞ )) is

M  (β, α) -  M (β, 1) 
M (β, 0) -  M (β, 1)

for fixed values of M and ρ s ∞ . Upon such a rescaling, the 
difference between the values corresponding to β → o and 
β → ∞islessthan1% ,anditisbarelyvisibleontheplot.The 
nearly circular shape can be explained by the zero temper­
ature limit, β  → ∞ , in which M / (Mρs ∞ ) is just the sum 
λ * (eσ =  +1) +  λ t (eσ =  -1 )  =  4 +  2 p1  — α +  2p1  +  α .

FIG. 14. M/  (Mρs∞) versus α. The dots represent numerically
computed values. Solid lines depict the limits β → o (blue line)
and β → ∞  (orange line), given by Eqs. (124) and (92), 
respectively. Numerical data are computed for β =  1=4ooo, 
1=1o, 1, 10, 100, and 10000.

The obtained dependence of M / (Mρs ∞ ) on α confirms 
our previous results reported in [26], where two of us 
investigated a spherical model ofthe steady accretion ofthe 
collisionless Vlasov gas on the Reissner-Nordstrom black 
hole. In this work the charged black hole was treated as a 
toy model of a rotating one, allowing for a simple analysis 
in spherical symmetry. We have found that the rest-mass 
accretion rate decreases with the charge parameter (see 
Fig. 7 in [26]).

Another fact is related to the dependence of M / (Mρs ∞ ) 
on β . We see both from Figs. 14 and 15 that the ratio 
M / (Mρs ∞ ) is actually decreasing with β , i.e., it increases

FIG. 15. M / (Mρs∞) versus β . Blue dots correspond to α =  0. 
Orange dots correspond to α =  ±  1. For α =  0 the data interpolate 
between 6∖ E3 and 8. For α =  ± 1, between 9 and 2(2 +  ∖ ∕2). The 
inflection point is located around β  ~ 2.8.
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FIG. 16. E∕{M εs∞) versus α. The dots represent numerically 
computed values. Solid lines depict the limits β → 0 (blue line) 
and β → ∞  (orange line), given by Eqs. (125) and (95), 
respectively. Numerical data are computed for β ¼ 1 ∕ 1000,
1 ∕ 10, 1, 10, 100, and 10000.

FIG. 17. L ∕(M 1εs∞) versus α. The dots represent numerically 
computed values. Solid lines depict the limits β → 0 (blue line) 
and β → ∞  (orange line), given by Eqs. (128) and (97), 
respectively. Numerical data are computed for β ¼ 1 ∕ 100, 
1 ∕ 10, 1, 10, 100, and 1000. Note a nearly linear behavior for 
moderate values of α; the deviation from a first order series 
expansion around α =  0 is of the order of 3.5% at α =  ± 0.5.

with the asymptotic temperature of the gas. This is 
surprising, as the situation known for the spherically 
symmetric accretion of the Vlasov gas onto the 
Schwarzschild black hole [24,25] or the Reissner-
Nordstrom black hole [26] is exactly opposite. In the latter
case, the mass accretion rate M_ , normalized by M 2 and the
asymptotic rest-mass density, decreases with the asymp­
totic temperature of the gas. Moreover, it is divergent for 
β → ∞ . It turns out that the factor responsible for the 
reversed behavior in our case is the parametrization of M_ by 
the asymptotic surface rest-mass density, and its depend­
ence on the parameter β. We will return to the discussion of 
this behavior in the subsequent section.

The energy accretion rate E_ exhibits a very simlar 
dependence on α and β, provided that it is normalized 
by the asymptotic surface energy density εs∞  and not by 
ρ s∞ . This behavior is illustrated in Fig. 16.

The most interesting outcome of our study concerns, in 
our view, the angular momentum accretion rate. The 
dependence of L ∕ (M1εs∞ ) is shown in Fig. 17. The sign 
of L_ is always opposite to the sign of the black hole spin 
parameter α, meaning that the accretion process slows down 
the black hole rotation. This seems to be reasonable—in our 
model the black hole is placed in a large (infinite) reservoir 
of the gas with essentially no net angular momentum. A 
steady accretion of the gas can, therefore, decrease the 
black hole angular momentum. Moreover, the dependence 
of L ∕  (M1εs∞ ) on α is to a good approximation linear, 
except for very high values of jαj. The dependence of 
L ∕  (M1εs∞ ) on the parameter β  is qualitatively similar to 
the dependence of the rest-mass and energy accretion rates 
on β . The values interpolate between two limits obtained for 
β →0 a n d β →∞ , givenby Eqs. (1 2 8 )a n d (97).

VII. DISCUSSION

We have investigated a model of a geometrically thin, 
stationary accretion disk composed of the collisionless 
Vlasov gas moving in the equatorial plane of the Kerr 
spacetime. This model serves as a two dimensional kinetic 
analogue of the Bondi (or Michel) type accretion—at 
infinity the gas is assumed to be homogeneous and at rest, 
while the motion in the vicinity of the black hole is induced 
by the gravitational attraction.

One of subtle points in our analysis is related to the 
parametrization of solutions. The normalization constant A 
appearing in the distribution function (37) is not an 
observable quantity. To obtain a consistent formalism, we 
express this constant by the asymptotic rest-mass surface 
density ρ s∞  or the asymptotic energy surface density εs∞  
The relation of these quantities with the asymptotic temper­
ature T  or the parameter β , characteristic for the two 
dimensional Maxwell-Juttner distribution, leads to an 
unexpected dependence of the rest-mass and energy accre­
tion rates on β— both M∕ (Mρs∞ ) and E ∕(M ε s∞ ) decrease 
with increasing β . The situation known for spherically 
symmetric models of steady accretion of the collisionless 
Vlasov gas on Schwarzschild or Reissner-Nordstrom black 
holes is the opposite—the mass accretion rate M_ , normal­
ized by M 2 and the asymptotic rest-mass density ρ∞ , grows 
with β  [24- 26]. We have checked that replacing the constant 
A  in our formula for M_ with a relation characteristic for a 
three dimensional Maxwell-Juttner distribution, i.e.,

A βρ∞

4πm 0 κ 2 (β )
(131)
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[cf. Eq. (B20)], would restore (qualitatively) the same 
standard behavior. This implies a natural question about 
the physically relevant parametrization. Note that even a
tiny momentum component p z , normal to the equatorial 
plane, would cause a deviation from the equatorial plane 
sufficiently far from the black hole and imply a three­
dimensional asymptotic distribution.

Another aspect in which the dimensionality of our model 
is clearly visible is related to the changes of the black hole 
spin implied by the angular momentum accretion rate. Let 
us estimate these changes assuming a quasistationary 
approximation. Assume that L_ is a time derivative of the
black hole angular momentum J  ¼ M2 α and that the energy 
accretion rate E_ gives the time derivative of the black hole 
mass M . Thus,

dα d  J  dt ¼ dt M2
m A j  2 M  α (,j  2 M ^  ( 1 3 2 )

In the limit of β → ∞  (cold matter) we get, for small values 
of α,

dα
dt - 2 ¼ ,∞ α ∙ (133)

Therefore, in this limit the rotation of the black hole slows 
dow nonthe timescale τ  ¼ c=(24Gρs,∞ ) (inSI units). Note 
thatinourtwo-dimensional modeltheaboveresultdoes not 
depend on the black hole mass M . As an illustration, we 
could estimate the time scale τ  for the dark matter compo- 
nentpresentintheMilkyW ay. Projectingthelocalcolddark 
matter density pDM ~  5 × 10-22 k g ∕m 3 [59] on the Galactic 
plane,wegetρ s,∞ ¼ 2r0ρDM,w herer0 ¼ 50 kpcisthedark 
matter halo scale [60]. This gives the time scale τ  of the 
order of 4 × 109 years. We emphasize that the above result 
clearly depends on the dimensionality of the model. 
Improving of the above estimate would require a fully 
three-dimensional accretion model.

Another aspect not discussed in this paper is related to 
the stability of the presented model. We would expect 
various kinetic instabilities known from the theory of 
accretion disks to be relevant in the present context, 
especially if magnetic fields are taken into account (see 
e.g., [61] and references therein).
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APPENDIX A: FOUR-DIMENSIONAL 
CALCULATION

In this appendix we recover main formulas of this paper, 
performing a fully four-dimensional calculation in the 
phase-space and imposing a restriction to the equatorial 
plane afterwards.

In the four-dimensional setting, the distribution function
has the form F  =  F (t, r, θ, φ, p t, p r, p θ , p φ). The particle 
current density and the energy momentum tensor are 
defined as

J  μ (x ) ¼  F ( x, p )p μdvolx (p ) , (A1)

and

T μ ν(x ) ¼  F ( x ,p )p μp νdvolx (p ) , (A2)

where

dvolx (p ) ¼  -  det(gμν)d p tdp r d p θdp φ ∙ (A3)

For the motion restricted to the equatorial plane we take

F ( x, p ) ¼ δ (z )F (x ,p ) , (A4)

where z  is a coordinate such that the vector ∂z is normal to 
the equatorial plane at z  ¼ 0. In terms of spherical 
coordinates used in this paper we can assume the standard 
formula z  ¼ r cos θ . This gives δ (z ) ¼ δ (θ -  π ∕ 2) ∕ r . Thus,

J  μ (x ) ¼ δ (z )j μ (x ) , (A5a)

T μ ν(x ) ¼ δ (z )T μ ν(x ) , (A5b)

where

j μ (x ) ¼  F (x ,p )p μdvolx (p ) , (A6)

and

T μ ν(x ) ¼  F (x ,p )p μp νdvolx (p ) ∙ (A7)

The distribution function F  satisfies the Vlasov equation

dF  ∂F  dxμ ∂F  d p ν ∂F  ∂H  -  ∂F  ∂H
dτ ∂xμ dτ ∂p ν dτ ∂xμ ∂p μ ∂p ν ∂xν

¼ f H, F g ¼ 0 ∙ (A8)

To compute momentum integrals in Eqs. (A6) and (A7), 
we continue in a way similar to our three-dimensional 
calculation and consider a transformation of momentum
variables (p t ,p r ,p θ ,p φ ) ↦  (m2,E , l2, l z ), given by
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l2 ¼ p θ2 +  m2a2 cos2 θ +  φ +  a  sin θp
θ sin θ

lz  ¼ p φ ;

(A9a)

(A9b)

(A9c)

(A9d)

R (r ) = ( r 2E  — eσal)2 — Δ (m2r 2 +  l2) 

=  M 4m2R (ξ), (A16)

where R (ξ) is given by Eq. (23).
Using dimensionless variables (21) we get, at the

equatorial plane,

m3λ
dvolx(P) =  ffiffiffiffiffiffiffiffiffi dmdεdλdσ: (A17)

2

/T? (ξ)

where m2 in Eq. (A9c) has to be replaced by the right-hand 
side of Eq. (A9c). By a straightforward computation, we get 
the Jacobian determinant

∂(m2,E , l2, l z) 4Δp rp θ 4 R  Θ :
∂(P t ,P r ,P θ ,P φ )

Consequently,

dm 2dEdl2dlz ¼ 4(mdm )d E (ldl)dl
4p ffiRffiffip ffiΘffiffiffi

dP tdP rd P θdPφ: (A11)

For the motion confined to the equatorial plane 
P θ2 ¼ Θ ¼ 0, and hence l2 -  (lz -  aE )2 ¼ 0. This moti­
vates the following definition,

In order to compute integrals (A6) and (A7), one needs to 
invert relations (A9). For the motion confined to the 
equatorial plane outside of the black hole horizon, one gets

(A10)
(A18)

(A19)

(A20)

Pφ = lz = eσl +  aE = Mm(eσλ + αe), (A21)

where we have expressed the results in terms o fm , e, and λ . 
It is also convenient to have an explicit expression for Pr, 
which reads

sin σ
lz -  aE  

l ; (A12) P
erm v  Rr r

ξ 2 (A22)

and thus dlz ¼ l2 -  (lz -  aE )2dσ. The momentum inte­
gration element reads

We now take

ρ2 l2 -  (l -  aE)2
dPtdPrd P θdPφ ¼ p ffiffiffipzffiffiffiffi (mdm )d E (ldl)dσ:

F  = Aδ(m — m0) [δ(σ — π ∕2 ) + δ ( σ  +  π ∕2 )]
0 mλ

R Θ

At the equatorial plane we get simply

ρ2 ffilffi2ffiffi-ffiffiffiffi(ffilffiffizffiffi-ffiffiffiffiaffiffiEffiffiffi)ffi2ffiffi r2

× exp(—βe) (A23)

Finally,

R Θ

(A13) and

m0M λ
δ(m — m0)[δ(σ — π ∕2 )  +  δ(σ +  π ∕2)]

p ffiffiffi : (A14)
× δ( θ — 2  ) e x P(—β ε )∙ (A24)

Note that at the equatorial plane

ξ

mλ
[δ(σ — π ∕2 ) + δ ( σ  +  π ∕2 )] =  δ(Pz)  (A25)

where σ  =  ± π ∕2  and we have used the fact that 
y / — det(gμν) =  1 ∕ r 2 and p Θ =  ^ ∕ l 2 -  (lz -  aE )2 at the 
equatorial plane. In order to control the sign of σ at the 
equatorial plane we assume a convention with l ≥  0 and 
l = eσ{lz — aE) or, equivalently, lz = eσl +  aE. Thus 
σ =  eσπ∕2 . This yields, at the equatorial plane,

This relation follows from equations P θ =  —rPz and 
l2 =  P θ2 + ( Pφ +  aPt)2, which are satisfied at the equato­
rial plane. Thus

Pz = —e 9 -

l cos σ (A26)

F
A

r
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where eθ is the sign of p θ . One can check that F  given by 
Eq. (A24) satisfies Eq. (A8).

This gives

APPENDIX B: MAXW ELL-JUTTNER
DISTRIBUTION FOR THE GAS CONFINED

TO A SINGLE PLANE IN THE 
MINKOWSKI SPACETIME

J t(ξ) = ~ Am 3ξ e x p ( - β ε ) y f f i=  dεdλ, (A27)
R (ξ)

J r (ξ)
Am 30ξ

ξ2 -  2ξ +  α2 /
er exp(-β ε )dεdλ; (A28)

J θ (ξ ) ¼ 0 ; (A29)

J φ (ξ)¼  ∑ 2 AMm0ξ exp(-^g) dεdλ, (A30)
e„= ± 1 •’ /R  (ξ)

Thermodynamic relations characterizing the Maxwell- 
Juttner distribution in arbitrary dimensions are given, e.g., 
in [21], Sec. 3.3. In this appendix we derive some of these 
relations for 2 +  1 dimensions, and we do so mainly to 
keepthesameconventionsasintheremainderofthispaper. 
In particular, we compute the rest-mass surface density of a 
gas in thermal equilibrium, confined to a single plane in the 
Minkowski spacetime, as well as the corresponding energy 
surface density.

We work in Cartesian coordinates (t; x; y; z). The 
Minkowski metric has the form

g ¼ - d t 2 + d x 2 + d y 2 + d z 2: (B1)

in agreement with Eqs. (43).
In the same four-dimensional setup we can also recover

the formulas for the accretion rates. A unit vector normal to 
the boundary r  ¼ r 1 and tangent to the hypersuffirffifffiffiace of 
constant time has the components nμ =  (0, ± ρ ∕χ ∕∆ , 0,0). 
The determinant of the metric induced at r  ¼ r 1 reads 
det γ = ∆ ρ2 sin2 θ.

The flux of the vector field Vμ through the boundary at 
r = r 1 canbew rittenas

d3y χ ∕ I detγ∣nμ Vμ =  ±  dtdθdφρ2 sinθVr, (A31)
r= r1 r= r1

where, as in our previous calculation, we choose the minus 
sign. This gives rise to the accretion rate

V = -  dθdφo2 sin θVr. (A32)
r= r1

For the current Vμ confined to the equatorial plane with 
Vr = Vrδ(z) = Vrδ(θ -  π∣2)∣r, where Vr does not depend 
on θ, we get

V_ =  - r1 dφVr. (A33)
r= r1

The remaining part of the derivation follows the footsteps 
of our three-dimensional calculation. The only difference is 
that in the four-dimensional case, the conserved vector 
currents are given by J  μ, T μνξν, and T μνχν, where the 
Killing vectors associated with the four dimensional metric 
g have the components ξμ = ( ξt, ξr, ξθ, ξφ) = ( 1 , 0 , 0 , 0) 
and χμ = ( χ t, χ r, χθ, χφ) = ( 0 , 0 , 0 , 1). This again leads to 
accretion rates defined as in Eqs. (79)- (81).

We assume the same notation as in Appendix A. The 
particle current density is denoted by J  μ, and the energy- 
momentum tensor by T μν. They are defined by Eqs. (A1) 
and (A2) with dvolx(p ) = d p tdpxdpydpz. Surface quan­
tities Jμ and Tμν are defined as in Eqs. (A5). Distribution 
functions F  and F  are related by Eq. (A4).

TheM axwell-Juttnerdistributionofthegasconfinedtoa 
single plane z =  0 is defined by the distribution function

F = Aδ(p- p μ pμ - m0 )δ (p z )exp m p t

=  Aδ p t2 -  p2 -  m0 δ(p z ) exp m p t . (B2)

The rest-mass density is equal to - m0J  t. The rest-mass 
surface density, used in this paper, reads ρs =  - m0J t. 
Similarily, the energy density equals -T  tt, and the energy 
surface density is given by εs =  - T tt.

The component J t can be computed as

J t =  A δ p t2 -  p2 -  m0 δ(p z )

×  exp p t p td p t dp x dp y dp z , (B3)
m0

where p2 =  p 2x +  p 2y +  p z2, and where we only take into 
account future-pointing momenta. In the first step we use 
the identity

δ p t2- p2 - m0 =  ffiffiffiffi2ffiffi0ffiffiffiffiffiffiffiffi2ffiδ p t +  m02 + p2 . (B4)
m02 + p2

Integrating over p t, we obtain
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J t = -A m 0 y  δ(pz) exp ( ∖ ∕mo +  P ^  dpxdpydp z - 

(B5)

Next, a straightforward integration over p z gives

β

P s  =  F (p ν )p xp x dp t dp x dp y dp z (B12)

(B13)=  oπAm 0 β+3 exp(- β ) :

J t ¼ - Am 0 exp -  m m 0o + p xo + p yo dp x dp y : (B6)

The next step is standard—we change momentum coor­
dinates (px,p y) to polar ones (ζ, S), defined by p x = ζ cosS, 
Py = ζ  sin S. This gives dpxdpy = ζdSdζ, where 
p xo +  p oy =  ζ o. Hence,

J t = - o πAm0 exp -  m m 0o + ζo ζdζ: (B7)

We can now substitute χ =  mβ m o0 +  ζo. Thus, ζdζ  =  
(m  0=β)oχdχ , and

J t = -  βo 0 e x p (-χ )χdχ
β β

=  -  oπAm 03 β+o exp(- β ): (B8)

Thus,

Ps  m 0
=  =  kB  T:

n s  β
(B14)

We see that the two-dimensional Maxwell-Juttner distri­
bution gives rise to the standard ideal gas equation.

The specific enthalpy associated with the two dimen­
sional Maxwell-Juttner distribution is

εs +  Ps 3 +  3β  +  β o

ρs  β (1 +  β )
(B15)

These results should be contrasted with the standard 
formula obtained for the gas not restricted to one plane, but 
filling the whole space uniformly. In the latter case, we 
assume

F =

This gives, as before

A0δ p to -  Po -  m  0 exp m p t : (B16)

The particle number surface density reads

ns =  oπAm03 β+o exp(- β ) ;
βo

(B9)

and the rest-mass surface density can be expressed as 
ρs  =  m  0n s .

In a similar fashion, one can compute the expression for 
the energy surface density

J  t =  -  A0m  0 exp -  m m  o0 +  Po dp x dp y dp z :

(B17)

Changing to spherical-momentum coordinates we get 

J  t =  -  4πA0m  0 exp -  m m o0 +  ζo ζ odζ: (B18)

εs = - T tt = -  F (p ν )p tp td p t dp x dp y dp z ; (B10)

The substitution χ =  mβ m  0o +  ζo now gives

4πA0m  40 ∞
J t =  -  βo exp(- χ )χ β -  1dχ

where F (p ν) is given by Eq. (B2). The result reads

εs =  oπAm 40 +  β3 +  exp(- β ) : (B11)

It is also worth noticing that the equivalent of the 
pressure, i.e., Ps =  Txx =  T yy reads

= - 4 πA0m 04K oβ(β) (B19)

Thus, the particle number density for the three-dimensional 
Maxwell-Juttner distribution can be written as

n  4πA0m 40 o( ) :
β

(B20)

104056-23192



CIEŚLIK, MACH, and ODRZYWOŁ EK PHYS. REV. D 106, 104056 (2022)

[1] M. Hadzic, Z. Lin, and G. Rein, Stability and instability 
of self-gravitating relativistic matter distributions, Arch. 
Ration. Mech. Anal. 241, 1 (2021).

[2] H. Andreasson, M. Kunze, and G. Rein, Rotating, 
Stationary, axially symmetric spacetimes with collisionless 
matter, Commun. Math. Phys. 329, 787 (2014).

[3] J. Binney and S. Tremaine, Galactic Dynamics (Princeton
University Press, Princeton, New Jersey, 2008).

[4] P. Dominguez-Fernandez, E. Jimenez-Vazquez, M. 
Alcubierre, E. Montoya, and D. Nunez, Description of 
the evolution of inhomogeneities on a dark matter halo 
with the Vlasov equation, Gen. Relativ. Gravit. 49, 123 
(2017).

[5] S. L. Shapiro, A. P. Lightman, and D. M. Eardley, A two- 
temperature accretion disk model for Cygnus X-1: Structure 
and spectrum, Astrophys. J. 204, 187 (1976).

[6] R. Narayan, I. Yi, and R. Mahadevan, Explaining the 
spectrum of Sagittarius A* with a model of an accreting 
black hole, Nature (London) 374, 623 (1995).

[7] R. Mahadevan and E. Quataert, Are particles in advection- 
dominated accretion flows thermal?, Astrophys. J. 490, 605 
(1997).

[8] B. Ryan, S. Ressler, J. Dolence, Ch. Gammie, and 
E. Quataert, Two-temperature GRRMHD simulations of 
M87, Astrophys. J. 864, 126 (2018).

[9] The Event Horizon Telescope Collaboration, First M87 
event horizon telescope results. I. The shadow of the super­
massive black hole, Astrophys. J. Lett. 875, L1 (2019).

[10] The Event Horizon Telescope Collaboration, First M87 
event horizon telescope results. V. Physical origin of the 
asymmetric ring, Astrophys. J. Lett. 875, L5 (2019).

[11] The Event Horizon Telescope Collaboration, First Sagit­
tarius A* event horizon telescope results. I. The shadow of 
the supermassive black hole in the center of the Milky Way, 
Astrophys. J. Lett. 930, L12 (2022).

[12] The Event Horizon Telescope Collaboration, First Sagit­
tarius A* event horizon telescope results. V. Testing astro­
physical models of the galactic center black hole, 
Astrophys. J. Lett. 930, L16 (2022).

[13] J. L.Synge,TheRelativisticGas(North-Holland,Amsterdam, 
1957).

[14] W. Israel, Relativistic kinetictheory ofasimplegas, J. Math. 
Phys. (N.Y.) 4, 1163 (1963).

[15] J. Ehlers, General relativity and kinetic theory, in General 
Relativity and Cosmology, edited by R. K. Sachs (Academic 
Press, New York, 1971).

[16] J. Ehlers, General relativistic theory of gases, in Relativistic 
Fluid Dynamics, edited by C. Cattaneo (Cremonese, Rome, 
1971).

[17] S. R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert, 
Relativistic Kinetic Theory (North-Holland Publishing 
Company, Amsterdam, 1980).

[18] C. Cercignani and G. M. Kremer, The Relativistic Boltz­
mann Equation: Theory and Applications (Birkhauser, 
Basel, 2002).

[19] H. Andreasson, The Einstein-Vlasov system/kinetic theory, 
Living Rev. Relativity 14, 4 (2011).

[20] O. Sarbach and Th. Zannias, The geometry of the tangent 
bundle and the relativistic kinetic theory of gases, Classical 
Quantum Gravity 31, 085013 (2014).

[21] R. O. Acuna-Cardenas, C. Gabarrete, and O. Sarbach, An 
introduction to the relativistic kinetic theory on curved 
spacetimes, Gen. Relativ. Gravit. 54, 23 (2022).

[22] F. C. Michel, Accretion of matter by condensed objects, 
Astrophys. Space Sci. 15, 153 (1972).

[23] E. Chaverra, P. Mach, and O. Sarbach, Michel accretion of a 
polytropic fluid with adiabatic index γ >  5=3: Global flows 
versus homoclinic orbits, Classical Quantum Gravity 33, 
105016 (2016).

[24] P. Rioseco and O. Sarbach, Accretion of a relativistic, 
collisionless kinetic gas into a Schwarzschild black hole, 
Classical Quantum Gravity 34, 095007 (2017).

[25] P. Rioseco and O. Sarbach, Spherical steady-state accretion 
of a relativistic collisionless gas into a Schwarzschild black 
hole, J. Phys. Conf. Ser. 831, 012009 (2017).

[26] A. Cieślik and P. Mach, Accretion of the Vlasov gas on 
Reissner-Nordstrom black holes, Phys. Rev. D 102, 024032 
(2020).

[27] P. Mach and A. Odrzywołek, Accretion of Dark Matter onto 
a Moving Schwarzschild Black Hole: An Exact Solution, 
Phys. Rev. Lett. 126, 101104 (2021).

[28] P. Mach and A. Odrzywoł ek, Accretion of the relativistic 
Vlasov gas onto a moving Schwarzschild black hole: Exact 
solutions, Phys. Rev. D 103, 024044 (2021).

[29] P. Mach and A. Odrzywoł ek, Accretion of the relativistic 
vlasov gas onto a moving schwarzschild black hole: Low- 
temperature limit and numerical aspects, Acta Phys. Pol. B 
Proc. Suppl. 15, 1-A7 (2022).

[30] A. Gamboa, C. Gabarrete, P. Dominguez-Fernandez, 
D. Nunez, and Olivier Sarbach, Accretion of a Vlasov 
gas onto a black hole from a sphere of finite radius and the 
role of angular momentum, Phys. Rev. D 104, 083001 
(2021).

[31] P. Rioseco and O. Sarbach, Phase space mixing in the 
equatorial plane of the Kerr black hole, Phys. Rev. D 98, 
124024 (2018).

[32] L. Andersson, P. Blue, and J. Joudioux, Hidden symmetries 
and decay for the Vlasov equation on the Kerr spacetime, 
Commun. Partial Differ. Equations 43, 47 (2018).

[33] H. Andreasson, Existence of steady states of the massless 
Einstein-Vlasov system surrounding a schwarzschild black 
hole, Ann. Inst. Henri Poincare 22, 4271 (2021).

[34] S. Gunther, G. Rein, and Ch. Straub, A birman-schwinger 
principle in general relativity: Linearly stable shells of colli­
sionless matter surrounding a black hole, arXiv:2204.10620.

[35] A. Bransgrove, B. Ripperda, and A. Philippov, Magnetic 
Hair and Reconnection in Black Hole Magnetospheres, 
Phys. Rev. Lett. 127, 055101 (2021).

[36] K. Parfrey, A. Philippov, and B. Cerutti, First-Principles 
Plasma Simulations of Black-Hole Jet Launching, Phys. 
Rev. Lett. 122, 035101 (2019).

[37] B. Ripperda, M. Liska, K. Chatterjee, G. Musoke, A. A. 
Philippov, S. B. Markoff, A. Tchekhovskoy, and Z. Younsi, 
Black hole flares: Ejection of accreted magnetic flux 
through 3D plasmoid-mediated reconnection, Astrophys. 
J. Lett. 924, L32 (2022).

[38] S. Ressler, Ch. White, E. Quataert, and J. Stone, Ab Initio 
horizon-scale simulations ofmagnetically arrested accretion 
in Sagittarius A* fed by stellar winds, Astrophys. J. Lett. 
896, L6 (2020).

104056-24193



ACCRETION OF THE RELATIVISTIC VLASOV GAS IN THE ... PHYS. REV. D 106, 104056 (2022)

[39] M. Volonteri, M. Sikora, J.-P. Lasota, and A. Merloni, The 
evolution of active galactic nuclei and their spins, As- 
trophys. J. 775, 94 (2013).

[40] D. Fiacconi, D. Sijacki, and J. E. Pringle, Galactic nuclei 
evolution with spinning black holes: method and imple­
mentation, Mon. Not. R. Astron. Soc. 477, 3807 (2018).

[41] A. Wójtowicz, Ł . Stawarz, C. C. Cheung, N. Werner, and 
D. Rudka, Radio emission of nearby early-type galaxies 
at low and very-low radio luministy range, arXiv: 
2209.14638.

[42] A. Wilson and E. Colbert, The difference between radio­
loud and radio-quiet active galaxies, Astrophys. J. 438,6 2  
(1995).

[43] Y. Dubois, M. Volonteri, and J. Silk, Black hole evolution
III. Statistical properties of mass growth and spin evolution 
using large-scale hydrodynamical cosmological simula­
tions, Mon. Not. R. Astron. Soc. 440, 1590 (2014).

[44] J. M. Bardeen, W. H. Press, and S. A. Teukolsky, Rotating 
black holes: Locally nonrotating frames, energy extraction, 
and scalar synchrotron radiation, Astrophys. J. 178, 347 
(1972).

[45] M. Banados, C. Teitelboim, and J. Zanelli, Black Hole in 
Three-Dimensional Spacetime, Phys. Rev. Lett. 69, 1849
(1992).

[46] S. Chandrasekhar, The Mathematical Theory of Black Holes 
(Oxford University Press, Oxford, 1992).

[47] L. D. Landau and E. M. Lifshitz, Mechanics. Course of 
Theoretical Physics, 2nd ed. (Pergamon Press, Oxford, 
1969).

[48] J. M. Bardeen, Timelike and null geodesics in the Kerr 
metric, in Black Holes, edited by C. DeWitt and B. S. 
DeWitt (Gordon and Breach, New York, 1973).

[49] S. J. Szybka, Blackhole flyby, Am. J. Phys. 89, 783(2021).

[50] F. Juttner, Das Maxwellsche Gesetz der Geschwindigkeits- 
verteilung in der Relativtheorie, Ann. Phys. (Berlin) 339,
856 (1911).

[51] F. Juttner, Die Dynamik eines bewegten Gases in der 
Relativtheorie, Ann. Phys. (Berlin) 340, 145 (1911).

[52] E. Poisson and E. Israel, Inner-Horizon Instability and Mass 
Inflation in Black Holes, Phys. Rev. Lett. 63, 1663 (1989).

[53] T. Jacobson, Where is the extremal Kerr ISCO?, Classical 
Quantum Gravity 28, 187001 (2011).

[54] P. Mach and E. Malec, Steady critical accretion onto black 
holes: Self-gravity and sonic point characteristics, Phys. 
Rev. D 105, 104012 (2022).

[55] J. Karkowski, B. Kinasiewicz, P. Mach, E. Malec, and 
Z. Świerczyński, Universality and backreaction in a general- 
relativistic accretion of steady fluids, Phys. Rev. D 73,
021503(R) (2006).

[56] G. N. Watson, The harmonic functions associated with the 
parabolic cylinder, Proc. London Math. Soc. s2-17, 116
(1918).

[57] H. L. Royden and P. M. Fitzpatrick, Real Analysis, 4th ed. 
(Pearson, Hoboken, New Jersey, 2010).

[58] Wolfram Research, Inc., Mathematica, Version 13.1, 
Champaign, IL (2022).

[59] P. Salucci, F. Nesti, G. Gentile, and C. Frigerio Martins, The 
dark matter density at the Sun' s location, Astron. Astrophys.
523, A83 (2010).

[60] F. Nesti and P. Salucci, The dark matter halo of the 
Milky Way, AD 2013, J. Cosmol. Astropart. Phys. 07
(2013) 016.

[61] F. Foucart, M. Chandra, C. F. Gammie, E. Quataert, and 
A. Tchekhovskoy, How important is non-ideal physics in 
simulations of sub-Eddington accretion on to spinning black 
holes?, Mon. Not. R. Astron. Soc. 470, 2240 (2017).

104056-25194


