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Streszczenie

Celem pracy jest przedstawienie nowej metody symulacji Monte Carlo, pozwalajacej na analize rozwia-
zan ogdlnorelatywistycznego rownania Wlasowa, opisujacego gaz nie zderzajacych sie czastek w silnych po-
lach grawitacyjnych. W pracy przedstawiono podstawy formalizmu relatywistycznej przestrzeni fazowej,
metody klasyfikacji trajektorii oraz ogdélna konstrukcje metody Monte Carlo. Na podstawie opracowanej
metody stworzono symulacje numeryczna akrecji gazu Wlasowa na statyczna czarnag dziure Schwarz-
schilda oraz na czarna dziure poruszajaca sie przez dwuwymiarowy rozklad gazu w plaszczyznie réwniko-
wej. W obu przypadkach gaz rozciaga sie do nieskoficzonodci, gdzie spelnia rozktad Maxwella-Jiittnera.
Uzyskane wyniki pokazuja, ze stworzona metoda moze byé¢ stosowana z powodzeniem do analizy przy-
padkéw wykraczajacych poza sferyczna symetrie lub osiowa symetrie w przypadku plaszczyznowym.
Poréwnanie wynikéw symulacji z dokltadnymi wyrazeniami na gestosé pradu czastek wykazuje doskonata
zgodnosé.

Drugim waznym wynikiem pracy jest przedstawienie nowej metody rozwiazywania réwnan geodezyj-
nych w czasoprzestrzeniach Schwarzschilda i Kerra. Bazujac na mato znanych wynikach Biermanna i
Weierstrassa, dla kazdej z czasoprzestrzeni otrzymano pojedynczy uktad wzoréw opisujacych wszystkie
nieradialne, czasopodobne i zerowe geodezyjne, wyrazonych za pomoca funkcji Weierstrassa. Rozwigzania
sa parametryzowane przez stale ruchu oraz wspélrzedne poczatkowe. Dodatkowo w przypadku czaso-
przestrzeni Kerra, po raz pierwszy przedstawiono jawnie rzeczywiste wyrazenia opisujace geodezyjne bez
radialnych punktéw zwrotnych.

Rozprawa sklada sie z pieciu publikacji, jednego artykulu opublikowanego w formie preprintu oraz

dodatkowego wprowadzenia.



Abstract

This thesis presents a new Monte Carlo simulation method enabling the analysis of solutions to the
general-relativistic Vlasov equation describing a gas of non-colliding particles in strong gravitational
fields. We describe essential elements of the general-relativistic phase-space formalism, a classification of
relevant trajectories, and the general construction of our Monte Carlo scheme. Using this method, we
performed numerical simulations of the accretion of the Vlasov gas onto a static Schwarzschild black hole
and onto a black hole moving through a planar distribution of a gas. In both cases, the gas extends to
infinity, where it obeys the Maxwell-Jittner distribution. Our results demonstrate that this method can
be successfully applied to cases that do not assume spherical symmetry or axial symmetry in the planar
case. A comparison of our simulation results with exact expressions for the particle current density shows
an excellent agreement.

The second significant result of this thesis is a new method of solving geodesic equations in the
Schwarzschild and the Kerr spacetimes. Basing on a little-known result of Biermann and Weierstrass, we
derived, separately for the Schwarzshcild and the Kerr spacetimes, a single set of formulas describing all
non-radial, timelike and null trajectories, expressed in terms of Weierstrass functions. The solutions are
explicitly parameterized by constants of motion and the initial coordinates. Additionally, in the case of
the Kerr spacetime, real expressions describing orbits without radial turning points are explicitly given.

The dissertation consists of five publications, one preprint and an additional introduction.
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Preface

The general-relativistic kinetic theory provides a description of matter complementary (or alternative)
to the general-relativistic hydrodynamics or magnetohydrodynamics. If collisions between individual par-
ticles of the gas are rare, the assumption of the local thermodynamic equilibrium may be not satisfied
and the hydrodynamical approximation may no longer be valid. Traditionally, the general-relativistic
kinetic theory was used to study stellar systems (i.e., systems in which the stars are treated as individual
particles of the gas) [39,40], collisionless plasma [13,19,22,34], or more recently, the dynamics of dark mat-
ter [20,28,29,41]. In mathematical relativity, the kinetic theory provides a reasonable matter model—the
resulting system of equations is usually referred to as the Vlasov-Einstein, Boltzmann-Einstein, or
Vlasov-Maxwell-Einstein system, depending on the assumed details [1-5,9-11,25]. Modern introductions
to the general-relativistic kinetic theory can be found in [14]. Classic textbooks on the special-relativistic
kinetic theory include [15,24].

In this thesis we deal with accretion of the collisionless matter onto black holes. Such models were first
developed in 1970’s in [21,27,38,43], but a rigorous treatment in the framework of the General Relativity
did not appear until 2017, when Rioseco and Sarbach investigated the spherical stationary accretion
model of the collisionless gas in the Schwarzschild spacetime [37]. Such models were later developed
in a series of works, including the accretion in the Reisner-Nordstom spactime, the Kerr spacetime, or
stationary models of the accretion onto moving Schwarzschild black holes [28, 30, 31]. The latter were
especially investigated in the context of the dark matter accretion [29].

The accretion of magnetised collisionless plasma onto Kerr black holes was recently investigated numer-
ically in a series of works employing the so-called Particle-In-Cell (PIC) simulation method [13,19,22,34].
Such models—closely related to a rigorous general-relativistic kinetic approach—provide a useful al-
ternative to much more popular magnetohydrodynamical simulations. I should however emphasise a
spectacular success of magnetohydrodynamical models in explaining the results of the Event Horizon
Telescope Collaboration (EHT) and interpreting the radio images of matter in the vicinity of the su-
permassive black holes SgrA™ [8] and M&87* [6]. This was made possible by emulating the properties
of a collisionless plasma in the general-relativistic magnetohydrodynamical simulations by appropriately
adjusting electron and proton temperatures [7].

The main aim of this thesis is to provide a general-relativistic Monte Carlo simulation method ca-
pable of deriving stationary solutions of kinetic systems in strong gravitational fields. The existing
Particle-In-Cell methods [13, 19,22, 34] are not well suited to this aim, as they are rather adapted to an
initial value formulation. On the other hand, we view the Monte Carlo approach as corresponding to the
natural interpretation of the kinetic description of gas as a collection of individual particles. If collisions

between the particles in the gas are absent, the particles of the gas move along geodesics. Consequently,



coarse-grained quantities characterising the gas can be computed by averaging over a sample of selected
geodesic trajectories. Our method consists of three steps: i) Selecting an appropriate sample of trajec-
tories of individual particles, ii) Solving geodesic equations, iii) Computing suitable averages to obtain
macroscopic quantities such as the particle current density or the components of the energy momentum
tensor.

Our Monte Carlo method is described in papers III and IV. Its key novel feature is that it offers a
possibility to compute stationary solutions of the general-relativistic kinetic theory. We demonstrate the
robustness of this method by recovering spherically symmetric accretion solutions in the Schwarzschild
spacetime obtained in [37], but also solutions of a planar accretion onto a moving Schwarzschild black
hole, similar to [28,29].

The problem of an efficient description of the geodesic motion arises naturally in our construction of
the Monte Carlo method for kinetic systems. We address this problem in papers I, II, and V, devoted to
the analysis of timelike and null geodesics in the Schwarzschild and Kerr spacetimes. We use Weierstrass
elliptic functions, but our approach differs from existing methods. Both in the Schwarzschild and the
Kerr case we were able to provide a single set of formulas describing all generic types of timelike and null
geodesics, regardless of their radial type. Our formulas depend explicitly on initial data, and no a priori
knowledge of the turning points is required. In addition, our analysis remains valid for a special family of
geodesics in the Kerr spacetime, for which no radial turning points occur. Our method provides explicitly
real formulas describing such geodesics. Up to our knowledge, this is the only existing formulation with
this property. All these results are based on a little-known formula derived by Biermann and Weierstrass
and published in Biermann’s dissertation [12]. Since the original Biermann’s sketch of the proof as well
as the later proof given in [23] may be difficult to understand to modern readers, we provide a separate
proof in Appendix A of Publication I.

This doctoral thesis is based on a series of six articles I co-authored. They are listed in the “List
of Publications” as Publications I-VI. Five of these papers were already published in scientific journals.
Publication IV is currently available as a preprint. The introduction of this dissertation aims to systema-
tise the content of Publications I-VI into a logical sequence and to briefly guide the reader through these
papers. To achieve this aim, these papers are not discussed in a chronological order of their publication
date.

The introductory part is organised as follows. Section 1.1 introduces main elements found in all
publications of this thesis. It covers some aspects of the Hamiltonian formalism, defines the relativistic
phase space and introduces the Vlasov equation. It also defines some of the observable quantities which
we deal with in this dissertation. Section 1.2 guides the reader through four Publications I-1V, describing
some aspects of our Monte Carlo simulations. Its first two parts are devoted to the classification of
geodesic orbits, relevant in our work. The following subsections discuss main results of Publications
III-1V. Section 1.3 presents main results of Publications V and VI. It is not as extensive as Section 1.2,
because to some degree Publications V and VI constitute generalisations of ideas discussed in the previous
section to the Kerr spacetime. Our aim was to show that the method developed for the Schwarzschild

spacetime can also be applied to the Kerr case in the future.



The second part of this thesis consists of Publications I-1V.

Additionally, as a part of the work on the results contained in this thesis, I prepared two Wolfram
Mathematica packages [17] and [18]. The first one implements our solutions of timelike and null geodesics
in the Kerr spacetime derived in Publication V. The second one contains an implementation of the Monte
Carlo simulation of the accretion of the Vlasov gas onto a moving black hole and is based on Publication

IV. Both packages are publicly available.



Notation

In Publications I-VI, spacetime dimensions are labelled with Greek indices, © = 0,1, 2,3, while
spatial dimensions are labelled with Latin ones, i = 1, 2, 3. The signature of the metric is assumed to be
(—,+,+, +). Geometric units with ¢ = G = 1 are used, where ¢ is the speed of light, and G denotes the
gravitational constant.

Our notation differs slightly across Publications I-VI. Alterations include, e.g., different symbols used
to denote the proper and the coordinate time (also in their dimensionless versions) or different symbols
denoting distribution functions. On the other hand, I tried to keep a consistent notation in the entire
introductory part of this thesis. To ensure clarity in the text, the symbols that may be easily confused

are listed below, with page references:

e s — proper time (p. 12),

e 7 — affine parameter (p. 12),

e 7 — Mino time (p. 21),

e | — time coordinate (p. 15),

e ¢ — time in general coordinates that can be adapted to different spacetime foliations (p. 15),
¢ T — asymptotic temperature of gas (p. 23),

o T — dimensionless time coordinate (p. 29),

m — test particle rest mass (p. 16),

mq — a fixed rest mass of a single particle (p. 23)
e M — black hole mass (p. 15),
¢ o — azimuthal longitude (p. 15),

¥ — true anomaly (p. 19),

r — radial distance (p. 15),

e 7 —radius in general coordinates that can be adapted to different spacetime foliations (p. 15),
¢ ¢ — dimensionless radial coordinate (p. 16),

® Cnax — location of the maximum of the effective potential (p. 17),

e [/ — energy of the test particle (p. 16),

e ¢ — dimensionless energy of the test particle (p. 16),

¢ [, —azimuthal angular momentum of the test particle (p. 16),

e )\, — dimensionless azimuthal angular momentum of the test particle (p. 16),

[ — total angular momentum of the test particle (p. 16),

e )\ — dimensionless total angular momentum of the test particle (p. 16),

A. — critical angular momentum for unbound trajectories (p. 17),

® A\nax — maximum angular momentum for unbound trajectories (p. 17)
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Uy — effective potential (p. 16),

Uy — dimensionless effective potential (p. 17),

ns — induced volume element on S (p. 14),

7 — a function used to control the time foliation (p. 15),
N[S] — number of particles in S (p. 14),

N —the ¢"" element of the Schwarzschild metric (p. 15),
n — particle number density (p. 15),

ns — particle surface density (p. 32),

F — distribution function (p. 13),

FWN) — fine-grained distribution function (p. 22),

F((b7 k) — Legendre elliptic integral (p. 20),

J,. — particle current density (p. 14),

J,, — surface particle current density (p. 32),

T, — energy-momentum tensor (p. 15),

T, — surface energy-momentum tensor (p. 32)



1. Introduction

1.1. Preliminaries

1.1.1. Hamiltonian description

In the spacetime (M, g), where M is a three dimensional differential manifold and ¢ denotes the

metric, a freely falling test particle moves along a geodesic 7 — x®(7), described by geodesic equations

d2zH dz® dxP
A e (1)

Here I'* 5 is the Christoffel symbol associated with the metric g. The normalisation of the parameter 7

is a matter of convention. In this case, we assume that

: (1.2)

where s is the particle proper time and m is its rest mass. The four-velocity is defined by u* = da*/ds,
where g""u,u, = —1.
An equivalent method of describing the motion of a test particle is to use the Hamiltonian formalism.

In this approach, the geodesic equations (1.1) correspond to Hamilton’s equations

de#  OH  dp,  OH

- T = — 1.3
dr dp,’  dr oxv’ (1.3)
where the Hamiltonian is given by
1 17 (a7
H = 59" (@ )pupy (1.4)
and (z*,p,) are canonical variables. Assuming that
dxt
p dat 1.5
P = (1.5)
one can write the Hamiltonian in a particularly simple form
1, . 1
H= 59“ (2)pupy = —imz. (1.6)

1.1.2. Relativistic phase space

The relativistic kinetic theory is formulated in terms of the so-called distribution function defined on

a phase space I'. The latter is understood as a set of all possible particle states, represented by pairs
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(z*,p,), forming a subset of the cotangent bundle 7" M, defined as [26,37,42]
T*M={(z,p): x€ M, pe T M} (1.7)

In this thesis I restrict myself to the so-called “simple gas,” i.e., the case in which the masses of all particles

are the same. This limits the discussion to the mass shell T’} | defined as follows:
L) = {(z,p) € T*M: ¢"p,p, = —m?, p is future-directed}. (1.8)

The mass shell condition can be also imposed by defining the distribution function F on T*M and

assuming that

F o 8(/=pupt — m). (1.9)

1.1.3. Vlasov equation

For particles that do not collide, exactly one trajectory passes through each point of phase space I'.
The set of these trajectories defines a congruence of curves on I'. The vector field on I' associated with

this phase flow is given by [26,37]
O0H 0 oOH 8

Xy — _ 2 Y
H dp,, Ozt Ozt Opy,

(1.10)

and the integral curves v(7) of Xy (geodesics in the phase space) are described by Hamilton’s equations
(1.3). For the Hamiltonian of the form (1.4), the associated vector field is called the Liouville vector field

L := Xy and can be written as

1 ag>? 0
— g"p, — paps—— ——. 1.11
L=g""py g = 5PaPs—5 o (1.11)
By applying the Liouville operator to the distribution function F, one obtains
d w
LIF] = {H, F} = - F(@"(7), pu(7)), (1.12)

where {-,-} are Poisson brackets. The lack of collisions between particles is understood mathematically
as a requirement that the distribution function F is invariant along the geodesic, i.e.,

%}“(w“(ﬂ?pl,(ﬂ) =0. (1.13)

This yields, in explicit terms,
oF 1 0g°P OF B

— — —popg——— =0, 1.14
drn 2PoPF g Opy ( )

9" py
which is known as the Vlasov equation (also referred to as the Liouville or the collisionless Boltzmann
equation). In the literature there exist at least two other popular forms of this equation [1,15,35], both
consistent with an alternative tangent bundle formulation. Instead of viewing the phase space ' as a part

of T* M, one can also define it as part of the tangent bundle T M. The relation between the coordinates

13



on the cotangent bundle (z*,p,) and the coordinates on the tangent bundle (Z#,p*) is given by
gt =gk, = g"(@%)py, (1.15)

which leads to the following transformations

OF  OF _dg  OF  OF ., 0f

oo 0w o g oy, 7 o (1.16)

After short calculations, it can be shown that the analogue of the Vlasov equation (1.14) on a tangent

bundle reads

oF oOF
Sp _TH _sasB _
P B I\ sp*p o5 =0. (1.17)
By assuming the mass shell condition g,.p“p” = —m?, the above equation can be transformed into
another equally popular form [1, 16]
OF proF 1 . oF
L I %= =0 1.1
at | pom g0 PP HE T (1.18)

where % = ¢.

1.1.4. Physical observables

The distribution function F is a scalar invariant quantity, but it is not an observable. In order to
determine the observable quantities, one needs to look at the statistical interpretation of the distribution
function. Since, as mentioned earlier, precisely one trajectory passes through each point of the phase
space [', the average number of particles can be expressed as a suitable integral of the distribution function
over the occupied volume in I". Strictly speaking, for a certain spacelike hypersurface S in M, the average

number of particle trajectories whose projections on M intersect S can be expressed as [14]

N1t == [ | [ Fepsravol. o) ns. (1.19)

where

Pl ={peTiM:g"p,p, <0,p is future-directed}, (1.20)

and s is a future-directed unit vector normal to S, ng denotes the induced volume element on S, and

dvol,(p) is the volume element on P . In local adapted coordinates dvol,(p) is given as

dvol,,(p) = v/ —det g*¥(z)dpodp 1 dpadps. (1.21)

By defining the particle current density as

Ta) = [ Fla.plpavol, (o), (1.22)

14



equation (1.19) can be expressed in the form

N[s] = —/Sj,ﬁ“??& (1.23)

Using Eq. (1.14), it can be demonstrated that the particle current density obeys the conservation law
V,J* = 0 [36], which further supports the expression (1.23). The particle number density can be

covariantly defined as

n— /=TT (1.24)

Defining the particle number density as a scalar quantity helps to maintain a connection with the
general-relativistic hydrodynamics. Similarly to (1.22), the energy-momentum tensor components can

be defined as
T () = / | F @ p)pupydvoly(p). (1.25)
P

As before, the Vlasov equation implies that V, 7+ = 0.

1.2. Accretion in the Schwarzschild spacetime: Monte Carlo simulations

This chapter begins with a discussion of timelike geodesics in the Schwarzschild spacetime. An efficient
description of the Schwarzschild geodesics constitutes a foundation of all four Publications I-1V. The next

part presents a summary of the results of these works.

1.2.1. Conserved quantities

In Publications II, ITI, and IV we work in standard Schwarzschild coordinates (¢,7, 6, ) and with the

metric of the form

1
g=—Ndt* + Ndrz + 72(d6? + sin? 0dy?), (1.26)
where
oM
N=1-"—+ (1.27)
T

and M > 0 is the black hole mass. This form of the metric was selected due its simplicity, which
is crucial in preparing Monte Carlo simulations. However, one can also work in horizon-penetrating
coordinates. There is an elegant way to define the metric that combines both cases. Consider the

following transformation

E:t+/r {ﬁ —77(7)} dr, 7=r, (1.28)

where i = 5(7) specifies the time foliation . In coordinates (¢,7) the metric has the form
Guv = —Ndt* + 2(1 — Np)dtdr + n(2 — Nn)di® 4 72d0* 4 7 sin® 0 dy”. (1.29)

The choice n = 1 corresponds to the so-called Eddington-Finkelstein coordinates, regular at the horizon.

For the parameter n = 1/N, one obtains the form (1.26).

15



The form of (1.29) was adopted in Publication I, as this paper aims to develop a general analytic
description of geodesics in the Schwarzschild spacetime. In the context of the general-relativistic kinetic
theory, metric (1.29) was also used in the works [28,29,37], devoted to analytic solutions.

The conserved quantities arise naturally from the spherical symmetry and stationarity of the Schwarzschild
spacetime. To show that the choice of 17 does not affect their forms, one can write the geodesic Hamiltonian

associated with metric (1.29),

H— % " (P + 297 (F)peps + 97 (P + Fiz (pZ + Sii% eﬂ : (1.30)

where the contravariant metric components are given by
g =n(-2+Nn), ¢"=(01-Nn), g7 =N. (1.31)
Clearly, the Hamiltonian H depends neither on # nor on ¢, so the associated momenta p; = —F (the

energy) and p, =, are preserved. Additionally, H does not explicitly depend on the affine parameter 7,
and consequently it is also conserved. Due to the adopted normalisation of 7, this fact is equivalent to the

conservation of the particle rest mass m = +/—2H . It can also be shown that total angular momentum

p2
l=14/pj+ Smﬁe (1.32)

is conserved.

1.2.2. Classification of trajectories

By rewriting equation (1.30) using the conserved quantities F, [, [, m and solving for p;, one obtains

9"E + 67’\/[(9ﬁ)2 — g B2 =g (m2 + &) [1—n(1— 2] E+ /BT = Upn(7)

pr = g - N ’
(1.33)
where U, ,,,(7) denotes the effective potential
_ 2M 5 1P
T T
The parameter ¢, = £1 determines the radial direction of the motion. For ¢, = —1, the particle moves

towards the centre of the coordinate system; when ¢, = 41, it moves in the opposite direction. For
simplicity and because 7 = r, the dash symbol above 7 is omitted in the analysis below.

To facilitate further study, it is useful to introduce dimensionless variables

r=ME pr=mme, E=me, (=MmA\ [,=Mmk\,. (1.35)

This (or similar) parametrisation is adopted in all Publications I-VI.
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It is clear from equation (1.33) that the motion of a massive particle must be confined to the region
in which the following inequality holds:
e? = Ux(§) 20, (1.36)

Ux(€) = (1 - %) (1 + 2—5) . (1.37)

Appendix B of Publication I provides a complete description of all possible trajectories in the Schwarzschild

where

spacetime, both for timelike and null geodesics. However, in accretion problem s investigated in this the-
sis, only unbound timelike trajectories are relevant, i.e., those for which inequality (1.36) is satisfied at
asymptotic infinity. This requirement can be strictly expressed as a condition on the energy value of the
particles £ > 1. Such trajectories can be further categorised as absorbed or scattered by the black hole.

An incoming particle on a scattered trajectory encounters a centrifugal barrier (a turning point) in its

A2 12
gmax - 7 (1 - 1- F) (138)

be a location of the maximum of effective potential Uy (€). It corresponds to the smallest possible radius

radial motion. Let

at which this radial turning point can occur. Consider the equation

Us(€max) = €2, (1.39)

and solve it for A. The resulting total angular momentum A, is called critical and can be expressed by

12
Ale) = —— . . (1.40)

z
3e
V92 —8+41

It determines the limiting value of A for which the particle is able to bounce off the potential barrier. If
the particle total angular momentum is too low, i.e., A < A.(g), such a particle will be absorbed. For
scattered particles, A.(¢) < A, but the total angular momentum is limited from above. The maximum

angular momentum Anmax(e, ) is obtained directly from equation (1.36) and is given as

~ 1. (1.41)

Consequently for scattered particles A.(g) < A < Amax(e,£). Note that &nax given by (1.38) satisfies
Emax > 3. Consequently scattered trajectories can only occur in the region with £ > 3. Moreover (1.38)

yields A > £//€ — 3 for scattered trajectories. This gives a lower bound on the energy of scattered

2 > UN(E) = (1 - 2) (1 + L) : (1.42)

particles:
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Combining this result with the fact that £ > 1 for unbound trajectories, we get the bound in the form

00, § <3,
Emin(€) = \/(1—§) (1+§%3)7 3<€ <4, (1.43)
L §2>4,

which was used in Publications I, III, and IV.
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1.2.3. Exact solution of the equations of motion in Schwarzschild spacetime

This section briefly discusses the main results of Publications:

I Adam Cieglik, Patryk Mach, “Revisiting timelike and null geodesics in the Schwarzschild spacetime:
general expressions in terms of Weierstrass elliptic functions,” Class. Quantum Grav. 39, no. 22
(October 2022): 225003. https://dx.doi.org/10.1088/1361-6382/ac95£2

IT Adam Cieglik, Patryk Mach, “Timelike and Null Geodesics in the Schwarzschild Space-time: Analytical
Solutions,” Acta Phys. Pol. B Proc. Suppl. 16, 6-A10 (June 2023). https://www.actaphys.uj.ed
u.pl/S/16/6-A10/pdf

They were essential in preparing Monte Carlo simulations discussed in Publications IIT and IV. To main-
tain clarity, this short overview will cover only a few technical details.
We focus on finding the general solution of the geodesic equations corresponding to metric (1.29).

They have the following form:

e OB U, (1.44a)
dr ap, ’

dip oH 1,

_ _ _ 144
dr Iy  r2sin’0 ( )
do oH € |/ {2

= = o2 1.44
dr Ipy 72 sin @’ ( c)
dt dH E  1—Ny

a o b B2 —Upn(r), 1.44d
o a, N ' 7T N Lm () (1.44d)

This is the form used in Publication I. Note that in Publication II we make a slightly different choice of
the geodesic parameter, leading to different equations and forms of solutions. However, the general idea
and the procedure used in both publications are the same. Additionally, Publications IIT and IV utilise
results from Publication I. Therefore, this introduction focuses on Publication I and briefly discusses the
differences with respect to Publication II at the end.

Publication I takes advantage of the fact that in the Schwarzschild spacetime each trajectory moves
in a certain plane. This allows for parameterising the equations of motion using the true anomaly ¢ .
Consequently, one needs to solve a system of three equations that only depend on the radial coordinate.
Finding the solution of the radial equation allows us to solve the remaining ones by quadratures. The

equation that determines the change in the radial coordinate is

d 2 21 2
ﬁer%mq\/%suﬁsg—ewa (1.45)

where dimensionless variables (1.35) were used. In the next steps it is convenient to adopt the following

notation. Defining

F(&) = aog® + 4a16% + 6428 + 4as + ay, (1.46)

where

6as = —1, das =2, ay=0, (1.47)
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one can write equation (1.45) in the form

i
£ - VTE. (1.48)

For a segment of a trajectory for which e, is constant, one gets

[
v /5 VIEY (49

where & is an arbitrarily chosen radius corresponding to the angle ¢ = 0. Equation (1.49) involves an

elliptic integral which can be computed in several ways. Two cases are important in the context of the

further course of this thesis:

_ . T - v2+ 5 — o
o) — 9 | [ arecos | 222 4} — B arccos | 20222y, 1.50
b(€) T (v a—— {1.50)

DO = | F | 2arctany/ =2—2 " &
© N :

corresponding to the scattered and absorbed trajectories respectively. In equation (1.50), y1, ya, and
y3 denote the toots of the polynomial 4y> — goy — g3, satisfying y1 < yo < y3. In equation (1.51) ¢
denotes a real zero of the polynomial 4y> — goy — g3 = 4(y —y1)(v> + py +q), where p? —4q < 0 and thus
y> + py +q > 0. The constants g, and g3 are given by

gy — — —— (1.52)

g3 — —— (1.53)

They are referred to as Weierstrass invariants. The remaining parameters are defined as follows:

B = 7?;2:?;1 (1.54)

- 1 g1 +p/2

[ P 1.
2( p ; (1.55)

where i = +/§7 + py1 + q. A function F(qb7 k) is the Legendre elliptic integral defined by
1

¢ d
~ X s s
F(o, k) :/ —_— << . (1.56)

0 1 — k2sin” x 2 2
Equations (1.50) and (1.51) are discussed in Appendix C of Publication I. However, the primary
outcome of Publication I is an application of a little-known result by Biermann and Weierstrass [12] to

equation (1.45), allowing one to derive a new form of the solution for £ = £(¢). It reads

ery/TE)P (&) + 37/ (60) [9() — & F7(€0)] + 2 S (&) F (&)
2 [p(d) — 4 17(60)]" — & F(&)FO (&)

E(w) = €0+ — . (1.57)
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Here g is a Weierstrass elliptic function, defined by the invariants g2, and g3 given by equations (1.52),
ie., p(z) = p(2;99,93), [ is defined in equation (1.46), and & is the initial position.

In Publication I, it is demonstrated that formula (1.57) is valid for all types of trajectories in the
Schwarzschild spacetime, even when the sign ¢, changes. In fact the value of ¢, appearing in (1.57)
corresponds to the initial direction of the radial motion. Additionally, a similar equation is derived for
null geodesics. Basing on the equation (1.57), the dependence of the affine parameter and the time
coordinate on the true anomaly is calculated. As a result, we obtained a complete set of equations that
fully describe the motion of the test particle, regardless of the type of the trajectory.

The main difference between Publications I and II is the use of different coordinate systems. In
Publication II, the classical Schwarzschild coordinates (1.26) were adopted. Also, in order to be able to
apply the Biermann-Weierstras theorem to the resulting geodesic equations, the transformation of the

affine parameter 7 was carried out as follows:

dat oy dat

The new parameter 7 is called the Mino time . This parametrisation is typically used to solve geodesic
equations in the Kerr spacetime. Publication V is devoted to this issue. The solutions obtained in II

constitute a limiting case of solutions obtained in V for the vanishing spin of the black hole.

1.2.4. Monte Carlo simulation methods for stationary solutions of general-relativistic

Vlasov systems

I this section we give a brief overview of the main ideas and results of the following two publications:

IIT Patryk Mach, Adam Cieglik, and Andrzej Odrzywotek, “Monte Carlo methods for stationary solutions
of general-relativistic Vlasov systems: Collisionless accretion onto black holes.” Phys. Rev. D 108,
no. 12 (December 2023): 124057. https://link.aps.org/doi/10.1103/PhysRevD.108.124057

IV Adam Cieslik, Patryk Mach, and Andrzej Odrzywotek, “Monte Carlo methods for stationary solutions
of general-relativistic Vlasov systems: Planar accretion onto a moving Schwarzschild black hole.”

arXiv: 2406.04471 (Jun 2024). https://arxiv.org/abs/2406.04471

The primary outcome of these two works is a construction of a new Monte Carlo method allowing for
computing stationary solutions of the general-relativistic Vlasov equation. This method was described
on particular examples related to accretion problems in the Schwarzschild spacetime, but it is in fact a
general one.

Since ultimately one is not interested in the distribution function but in observable quantities, such
as the particle current density or the components of the energy momentum tensor, our method focuses
directly on such observable quantities.

Consider the problem of computing the particle current density J,.(x) defined by (1.22). Our method

estimates the components of 7, (x) corresponding to a continuous distribution function F by considering
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a discrete distribution function

N
FWN (gt p,) = 2/5(4) (x“ — x’é)(T)) 6 (pl, —pl(,i)(T)) dr (1.59)

i=1
representing a sample of N particles moving along given trajectories 7 — (xl(;)(T)?pl(/i)(T)), i=1,...,N.

In the next step, we compute the particle current density

Tw) = [ O, gl =det 2 () dpodpsdpadps (1.60)
Py

associated with FV). The resulting expression contains several Dirac delta terms. The particle current
density associated with the smooth distribution function F is approximated by computing averages over
numerical cells—subsets of suitably chosen hypersurfaces in M. Let > € M be a hypersurface, not
necessarily space-like. We choose a small region o € 3 (called a numerical cell) such that 2 € o. The

components of J,, are approximated by the averages

L T s

(Tu(z)) ng7

(1.61)

where 7y denotes the volume element on 3. In practice, equation (1.61) reduces to counting intersections
of particle trajectories crossing ¢ with suitable weights, which depend on the choice of . A more formal
explanation justifying equation (1.61) can be found in Publication IV. It is worth emphasising that the
method constructed in this way can be applied not only to the Schwarzschild spacetime but also to more
complex ones, such as the Kerr spacetime. Below we provide a brief discussion of the main differences
between Publications I1T and IV. A sample of results demonstrating the accuracy of the developed method
is provided at the end.

Dealing with stationary solutions requires a suitable choice of ¥ as a timelike hypersurface. Such a
choice is made in both Publications IIT and IV. Also, in both Publications III and IV these hypersurfaces
are adapted to a spherical grid of coordinates, but apart from that our choices are different. In Publication

IIT we chose hypersurfaces of a constant angle ¢ = &:
Y={{tnr0,p):tcR r=R,0€[0,7), p=&}. (1.62)

In Publication IV, the hypersurfaces of constant » = 7 were chosen, but this paper only deals with the

planar accretion of particles confined to a single (equatorial) plane, therefore
Y={(t,r,0,p):teR r=70=n/2 ¢el0,2n)}. (1.63)

Since both publications use two different hypersurfaces to perform the counts of trajectories, they use
two separate formulas to determine the particle position. Publication IIT uses the £ = £(¢)) relationship
given by (1.57). Publication IV uses the relations defined by formulas (1.50) and (1.51).

In both Publications III and IV we test our method on particular Bondi-type accretion solutions. In
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all cases the gas is stationary and extends to infinity. We consider either spherically symmetric or planar
models, in which the motion of the gas is confined to a single plane. Simple solutions of this type can be
restricted to monoenergetic particles. In more complicated ones, we assume that the gas at infinity can
be described by the Maxwell-Jiittner distribution. In Publication IIT we only take into account models
in which the gas at infinity is uniform and at rest. In Publication IV we investigate a planar model
of the accretion onto a moving black hole. Such an accretion process is sometimes referred to as the
Bondi-Hoyle-Lyttleton problem. It is customary, to describe it in the reference frame associated with the
black hole. In this case, one considers the gas which is asymptotically homogeneous and moves with a
uniform and constant velocity in a given direction. In all cases, exact solutions were known or they could
have been obtained analytically.

To be slightly more precise, in Publication III we use the Maxwell-Jiittner distribution given by

Flz,p) = A8 (\/=pup* — mao) exp (mﬁok"pu> = A6 (\/—pup* — mo) exp (mﬁopt> (1.64)
= Aé (w/—pup“ — mo) exp (—fBs),

where 8 = mg/ (kgT) denotes the Boltzmann constant, 7" is the asymptotic temperature of gas, A is a
proportionality constant, k* = (1,0,0,0) is a timelike Killing vector, and mq denotes the rest mass of a
single particle. Publication IV examines a system in which asymptotically the gas is boosted at a speed v
in the direction of the z-axis. This is equivalent to the motion of the black hole in the negative direction.

In the Cartesian coordinates (¢, z,y, z) vector k* transforms as

Bt = B K = (v,7v,0,0), = ﬁ (1.65)
Consequently, the boosted Maxwell-Jiittner distribution becomes
F'(w,p) = A (/=pup* — mo) exp {mﬁov(pt + vpz)} . (1.66)
In spherical coordinates, for the motion confined to the equatorial plane one obtains
Fllz,p) = A5 (\/—pup” — mo) exp {mﬁo'y (pe + vcosappr)} (1.67)

= A (\/=pup* — mo) exp [—ﬁ’y (5 —e,vv/e2 —1cos Lp)}

These asymptotic distributions serve as a basis for selecting parameters of individual trajectories appear-
ing in our simulation method. We have to admit that this selection procedure remains an actual challenge
in all examples investigated in Publications ITI-1V.

Since distribution (1.64) depends effectively only on &, selecting geodesic parameters according to this
distribution function we were able to employ a classic von Newmann rejection method [33]. This is no
longer the case of distribution (1.67), which depends effectively on two parameters, € and . Hence, in
Publication IV we used a more advanced Markov Chain Monte Carlo (MCMC) method.

We believe that the best confirmation of the quality of our method can be provided by a sample of
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graphs from Publication IV, which we reproduce in Figures 1.1-1.4. They show consistency between the

results obtained using the exact analytical expressions and the corresponding Monte Carlo estimators.

Figure 1.1: Time components of the particle current surface density Jt in the model with v = 0.95,
B = 1, ecutoff = 10, and &0 = 1000. Exact solutions are plotted with solid and dashed lines. Dots (blue
and green) represent sample results obtained by the Monte Carlo simulation. There are 168 486 945
trajectories: Nabs = 450 198, Nscat = 84 010 986, Nscat = 84 025 761.

1.3. Accretion in the Kerr spacetime

This section is devoted to the discussion of main results of Publications V and VI:

V Adam Cieslik, Eva Hackamnn, and Patryk Mach, “Kerr geodesics in terms of Weierstrass elliptic
functions,” Phys. Rev. D 108, no. 2 (July 2023): 024056. https://link.aps.org/doi/10.1103/P
hysRevD.108.024056

VI Adam Cieslik, Patryk Mach, and Andrzej Odrzywotek, “Accretion of the relativistic Vlasov gas in
the equatorial plane of the Kerr black hole,” Phys. Rev. D 106, no. 10 (November 2022): 104056.
https://link.aps.org/doi/10.1103/PhysRevD.106.104056
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Figure 1.2: Radial components of the particle current surface density J r in the model with v = 0.95,
B = 1, ecutoff = 10, and £0 = 1000. Exact solutions are plotted with solid and dashed lines. Dots (blue
and green) represent sample results obtained by the Monte Carlo simulation. There are 168 486 945
trajectories: Nabs = 450 198, Nscat = 84 010 986, Nseat = 84 025 761.
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Figure 1.3: Angular components of the particle current surface density J r in the model with v = 0.95,
B = 1, ecutoff = 10, and £0 = 1000. Exact solutions are plotted with solid and dashed lines. Dots (blue
and green) represent sample results obtained by the Monte Carlo simulation. There are 168 486 945
trajectories: Nabs = 450 198, Nscat = 84 010 986, Nsat = 84 025 761.
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Figure 1.4: The particle surface density ratio ns/ns,« in the model with v = 0.95, B = 1, ecutoff = 10,
and &0 = 1000. The black hole moves in the negative direction of the x axis. The first three plots show
the particle number surface density in the equatorial plane. Plots on the left show the results obtained in
the Monte Carlo simulation. The upper right plot shows the exact result. The remaining graph depicts
the radial density profiles for three selected values of the angle @. The simulation was prepared for
168 486 945 particle trajectories: Nabs = 450 198, Nscat = 84 010 986, N scat = 84 025 761.

27



These publications extend the concepts discussed so far to the Kerr spacetime. As a result, this
introductory section has a similar structure to the previous one, but it no longer provides detailed
explanations of the elements presented earlier.

Both publications use the same Kerr metric in Boyer-Lindquist coordinates (¢,7, 8, ¢):

9 = guvdatda” = gudt® + 2g1,dtdp + grrdr® + goedd” + gppdi?, (1.68)
where )
2Mr 2Mar sin” 0 0’
gt = -1+ 5 Gt — — P Irr — 1.69
it p2 2%} p2 A ( )

2Ma’rsin? :9) <in?o.

900 = p°, Jop = <r2 +a® + g (1.70)

and a denotes the spin of the black hole.

In both publications dimensionless variables are defined in a way similar to the Schwarzschild case
[cf. (1.35)], with the exception that the role played previously by the conserved total angular momentum
is taken over by the Carter constant. We denote the Carter constant by I or use an equivalent quantity
[, which in the Schwarzschild limit tends to the total angular momentum. This introduction adopts the
notation from Publication VI, and uses the quantity [, instead of K.

Using the Hamiltonian formalism (1.4) and (1.3), one can express the geodesic equations for the metric

(1.68) in the following form:

dr OH 1

w98 RO, 1.71
T = G — e VED) (1.71a)
9  OH 1
Rl o(f 1.71
- opg P2 (©), (1.71b)
dp  0H 1 |a[(r’+a®)E—al.] 1 »
- = % = [ A + 2 (I, —aEsin®0)| , (1.71c¢)
dt  oH 1 |(r?*+a®)[(r® +a®) E—al]
a 98 - I, —aEsin’ 0 1.71
= R LR
where
R(r) = [ + a®)E —al,]” — A(m?r? +1) (1.72)
and
I 2
—7_ 22 g f bz
O@)=1l—m’a’cos” 0 (sin@ asm@E) . (1.73)

1.3.1. Exact solution of geodesic equations in the Kerr spacetime

The main result of Publication V is the discovery of a new form of the general solution to the system of
equations (1.71). It has been obtained by applying and developing the method introduced in Publication
I for Schwarzschild geodesics. The advantage of our solution is that it is given by a single set of formulas,
valid for all generic types of timelike and null geodesics. The main steps involved in the process of finding

these solutions are briefly outlined below.
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The solution starts by applying a reparametrisation of the affine parameter 7, introduced by Mino

in [32]:
dzt o dz#
—_— = —. 1.74
P ar (1.74)

It is easy to see that for a — 0, one gets the transformation (1.58). Denoting p = cos#, one obtains

% NG (1.75a)
% NS (1.75b)
S
fl—j; - ot azg(_gz;f?; — o +a(X, —ae +asp?), (1.75d)

where dimensionless variables were used, and a = M, t = MT. Additionally

R = [(€+0%)—ar]’ —(€ -2+ a)(5:€7 + ), (1.76)
e = A—élazuz(l—uz)—()\z—aEJraEuz)z. (1.77)
Here 61 = —g,, u#u” is a parameter specifying the type of trajectory; it is defined as

1 for timelike geodesics,
01 = (1.78)
0 for null geodesics.

Note a slight difference in the notation in equations (1.76) and (1.77) with respect to the one used in
Publication V. In Publication V the polynomial R is denoted by R, a polynomial ©(u) by g(y).
Equations (1.76) and (1.77) constitute two separate polynomial equations of the 4th degree. Thus
equations (1.75a) and (1.75b) can be written in the form involving elliptic integrals analogously to (1.49).
Just like in I, Publication V uses the Biermann-Weierstrass theorem to solve them, which leads to new

solutions for equations (1.75a) and (1.75b). The radial motion is given by

R(€0)9R(7) + 3 R'(&) [pa(7) — 317 (60)] + 53 R(&) R (€0)

§(7) =& + — _
m=s 2[pr(7) — &R (50)]2 — L R(&)RW (fo)

7 (1.79)

where pr(7T) = ©(T;9r2:9Rr3); 9r2 and gg s are Weierstrass invariants corresponding to polynomial
(1.76). As in the case of Schwarzschild geodesics, the sign e, refers to the initial direction of motion.

Similarly, solution for ¢ = p(7) can be given as

( 9" (10)] + 570(10)0" (o)

O (10)0™ (o)

)2 7 (1.80)

-
where g (7) = ©(7;96,2,96,3); 9o 2 and gg 5 are Weierstrass invariants corresponding to polynomial

(1.77). The initial value o is given by po = p(0) = cos g = cos §(0). Here, as in the radial case, the sign

of €p is to be understood as referring to the polar momentum component at the initial location 6.
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Figure 1.5: An example of a timelike unbound absorbed orbit with €2= 1.1, Az = - 1, a= 0.8, A = 12
and initial position at & = 8, 60 = 0.85 @o = 033, er = - 1 e = 1 Solid color lines correspond to
solutions obtained with Eqgs. (1.79), (1.80). Dotted lines depict corresponding numerical solutions. The
motion is depicted in two planes: xy on the right and xz on the left. The intersection of thin black lines
marks the initial position. Blue lines in the xz plane and cones in the three-dimensional plot correspond
to extremal values of 6. Gray spheres and dark circles depict black hole horizons. The figure in the lower
right corner shows to the coordinate time T versus the proper time t.

Equations (1.75c¢) and (1.75d) can be solved by substituting solutions (1.79) and (1.80) and performing
integration over the Mino time t. The forms of solutions for @(t) and T (t) are involved, and consequently
they are omitted in this summary.

Figure 1.5 illustrates a sample solution. The solid line represents our analytic results, while dashed

lines represent numerical solutions.

1.3.2. Accretion of the relativistic Vlasov gas in the equatorial plane of the Kerr black hole

The main goal of Publication VI is to investigate the properties of the accretion of the collision-
less Vlasov gas onto the Kerr black hole in the equatorial plane. To achieve this, we employ the

method used previously to analyse the accretion around the Schwarzschild black hole in [37] and the
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Reissner-Nordstrom black hole in [16]. The key elements of this analysis and its outcomes are outlined
below.

As before, we consider a Bondi-type stationary accretion process. The gas extends to infinity, although
it is confined to the equatorial plane only. At infinity, the gas is assumed to be at rest and it is described
by the (two dimensional) Maxwell-Jittner distribution. Also as before, we only take into account gas
particles moving along unbound orbits.

The first step is to classify the orbits. As in the Schwarzschild case, unbound orbits are characterised

by € > 1. Additionally, for the polynomial (1.72) a new dimensionless notation is adopted
R(r) = M*m>R(¢), (1.81)

where

ol

(&) = (fe—craN)’ — (& =264 a”) (& +N) (1.82)
2 A2 e, A + o
el () () E]

and the sign ¢, = *£1 is related with the direction of motion relative to the black hole rotation. As

previously, unbound trajectories are divided into two subgroups:

e absorbed orbits—with one end at infinity and the other behind the horizon. These trajectories satisfy
e>1and A < A, ¢,),

¢ scattered orbits—with both end points at infinity. For these orbits emin(§, 6,) < € and A.(g,¢,) <
A< Amax(§,6,€65).

Here A.(g,¢,) is a solution (with respect to A) of the set of equations

l

& =0, (1.83a)
dR(¢)
e 0. (1.83b)

The formula for the upper limit Amax(&, €, €,) follows from the requirement that R > 0. The symbol
£min (&, €5 ) denotes the minimal energy allowed for the scattered trajecotory.
Next, similarly as in the Schwarzschild case (1.64), we assume the following Maxwell-Jiittner distri-

bution at infinity
7= 46 (0 5) 60013 (V" — o) exo (). (1.84)

where the terms 6(6 — 7/2) and §(pg) correspond to the the confinement of the gas to the equatorial
plane.

In order to describe the behaviour of gas in the vicinity of a black hole, we perform a suitable canonical
transformation (£,7, @, pe, pr, pp) — (Q*, P,). It is then shown that the distribution (1.84) satisfies the

Vlasov equation (1.12) in the entire phase space.
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For a given distribution, it is possible to calculate the surface particle current density J,, the surface
energy-momentum tensor T),,, and the surface particle density n, = y/J#J, . The relationship between

the surface particle current density and the particle current density 7, defined in (1.22) is given by
1 T
ju(t77”7097§0) - ;(5 ('9_5) J/J«(t7r74p)' (185>
Similarly for the energy-momentum tensor defined in (1.25) we write
1 m
nu(t7 7, '97 4)0) - ;(5 ('9 - 5) Tuu(t7 7 4)0)7 (186>

where T}, can be referred to as the components of the energy-momentum tensor surface density.
Ultimately, it is possible to estimate the rest-mass accretion rate M, the energy accretion rate & and

the angular momentum accretion rate L:

M = —2nMmo&t” =2rAMm§ / de exp(—Be) Aoz, €5), (1.87)
ec=11 1
E = 2nMET", = 2n AmiM Z/ deexp(—pe)eX.(e, €5 ), (1.88)
=+171
L = —2rMET™, = 2 AmiM? Z / de exp(—pe) %)\g(é7eg)+a£)\c(£7eg) . (1.89)
=+171

Publication VI contains a detailed analysis of the behaviour of quantities (1.87)—(1.89) for different values

of the black hole spin a and asymptotic gas temperatures 7', related to the parameter 8 by 8 = mo/ (kgT).

1.4. Concluding remarks

This thesis introduces a Monte Carlo method of solving the general-relativistic Vlasov equation. A
novel feature of our method, which sets it in contrast to existing particle-in-cell schemes, is that it allows
for dealing with stationary solutions. We demonstrate the robustness of our method on a collection
of examples related to Bondi-type accretion problems in the Schwarzschild spacetime, for which exact
solutions can be obtained within the framework of the general-relativistic kinetic theory. In particular,
we were able to go beyond the spherical symmetry (or axial symmetry for planar problems) and recover
exact solutions representing the planar accretion of the collisionless gas onto a moving Schwarzschild
black hole.

We believe that our Monte Carlo scheme opens a new perspective for dealing with kinetic systems in
which controlling the underlying phase-space geometry is hard, and consequently finding exact solutions
remain beyond the reach of current methods. As an example of possible future applications one might
think of the accretion of the collisionless gas onto a moving Kerr black hole or dealing with a magnetised
gas. On the other hand, even simpler problems are still left open. We believe that our method could be
used to confirm the results on the accretion of the collisionless gas onto a moving Schwarzschild black

hole, obtained recently in [28,29].
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Our results concerning the description of geodesics in the Schwarzschild and Kerr spacetimes ap-
pearead as a by-product of the development of Monte Carlo simulations presented in this thesis. We were
quite surprised to discover the possibility of a consistent and uniform description of the Schwarzschild
and the Kerr geodesics in terms of Weierstrass functions, made possible by the application of the
Biermann-Weierstrass theorem. The most remarkable feature of this formulation is that a single set
of formulas can be used to describe all generic timelike and null geodesics, irrespective of their type (e.g.,
the number of radial turning points). In the Kerr spacetime there exists a class of geodesics with no
radial turning points. This stays in contrast to the Schwarzschild case, in which » = 0 can always be
regarded as a formal radial turning point. Unlike other solution methods available in the literature, our
formalism provides explicitly real analytic expressions for the geodesics belonging to this class.

We also believe that our formalism, used so far for the Schwarzschild and Kerr geodesics, can be gen-
eralised to other important cases. A generalisation to the geodesic motion in the Reissner-Nordstrém or
Kerr-Newman spacetimes seems to be nearly straightforward. Well-known spacetimes with cosmological

constant would probably require the use of hyperelliptic functions.
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Abstract
ThetheoryofSchwarzschildgeodesicsisrevisited.BasingonaresultbyWeier-
strassandBiermann,wederiveaformuladescribingallnonradial timelikeand
null trajectories in terms of Weierstrass elliptic functions. Quite remarkably, a
single formula works for an entire geodesic trajectory, even if it passes through
turning points. Using this formula, we derive expressions for the proper and
coordinate time along the geodesic.

Keywords: Weierstrass elliptic functions, Schwarzschild geodesic, analytic
methods

(Some figures may appear in colour only in the online journal)

1. Introduction

In this paper we revisit some elements of the theory of geodesics in the Schwarzschild space-
time. The motivation for repeating this classic calculation in a new form stems from the works
on the kinetic description of the Vlasov gas on the Schwarzschild spacetime and the accretion
of the Vlasov gas onto Schwarzschildblackholes [13, 23, 25, 43- 45, 53, 54]. In particular, we
were motivated by an ongoing project aiming at constructing Monte Carlo type simulations
of the gas consisting of collisionless particles moving around the Schwarzschild black hole.
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Having those applications in mind, we put special emphasis on unbounded trajectories—they
are neglected in many discussions, but they play a crucial role in the description of Bondi-type
accretion processes.

Existing descriptions of Schwarzschild geodesics differ in the parametrization and also in
typeselliptic functions used to express the solutions. As usual, different prescriptions appear to
be more or less convenient, depending on the actual problem at hand. Our goal was to specify
the constants of motion (in particular the energy and the angular momentum) together with the
initial location of the particle, and obtain the corresponding trajectory in an exact and reliable
manner. We achieve this aim using Weierstrass elliptic functions, but our prescription turns
out to be different than existing ones (or at least the ones we are aware of). The main result
presented in this paper is a concise formula describing all types of timelike and null trajectories
in the Schwarzschild metric (except for the purely radial ones), based on a theorem due to
Biermann and Weierstrass.

The problem of an analytic description of the motion of test particles in the Schwarzschild
spacetime is nearly as old as the Schwarzschild solution itself. The first attempt to solve
geodesic equations in the Schwarzschild spacetime was published in 1917 by Droste, together
withaderivationoftheSchwarzschildmetric[18](thispaperisnowalsoavailableasa‘Golden
Oldie' reprint [19]). Droste expressed his solution in terms of the Weierstrass elliptic function.
Thirteen years later Hagihara gave a full description of the motion of test particles around a
Schwarzschild black hole [34]. His work contains a complete characterization of all types of
allowed orbits and is now a classic position in the theory of Schwarzschild geodesics.

Simultaneously to the development of solutions based on Weierstrass functions, Forsyth,
Greenhill, Morton, Darwin, Mielnik, and Plebanski succeeded in expressing Schwarzschild
geodesics in terms of Jacobi elliptic functions and Legendre integrals [16, 17, 21, 30, 47, 49].
Publication years of these papers span across several decades. As a historical remark, let us
note that the authors ofreferences [16, 47], published in 1959and 1962, alreadyadmitted that
their calculations could had been madealmost fortyyears earlier, as all requiredmathematical
tools were already known at that time.

In subsequent years, researchers were mostly aware of the existence of two general ways
of solving Schwarzschild geodesic equations, choosing between them according to their pref-
erences and needs [8, 10, 15, 24, 26, 31, 32, 37- 39, 42, 46, 50, 55, 56, 58- 60, 62]. Similar
methods were also applied to an analysis of the geodesic motion in other sphericallysymmet-
ric spacetimes, for which geodesic equations are solvable [12, 14, 51, 61]. In some of such
cases equations of motion contain effectively a fifth degree polynomial expression, leading to
hyperelliptic abelian integrals [33, 40, 61].

A slightly different approach to the geodesic motion in the Schwarzschild metric was
recently proposedby Scharf[57]. Scharf's analysis is based on a simplified version of a result
which we will refer to as the Biermann-Weierstrass formula.

According to references [29, 52, 65], around 1860 Weierstrass obtained a general solution
of an ordinarydifferential equation

d2x(t
ﬁ() = a3+ Bx(f)2+ 7.x(0 + 9, ©)

where a, 3, y,and d are constant coefficients, which is roughly equivalent to an integral
problem
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where f is a quartic polynomial, and xo = x(0). Weierstrasss' solution was later published by
his student Biermann, as a part of his inaugural dissertation [6]. The Weierstrass-Biermann
formula is derived in Greenhill's textbook [29]; it appears also in the classic textbook by
Whittaker and Watson [65]. On the other hand, it is absent in other textbooks dealing with
elliptic functions from that time [3, 9, 20, 35, 36], nor does it appear in standard textbooks
and tables used by physicists [1, 2, 5, 7, 11, 27].

The Biermann-Weierstrass formula for x = x(t) simplifies, if xo is a zero of the
polynomial f, and this version is used by Scharf. In the context of the geodesic motion this
requirement restricts the choice of the starting (reference) point of the trajectory to turning
points. In our work, we start with the general Biermann-Weierstrass expression, and hence
this restriction is removed. A single formula (equation (36) of this article) describes all time-
like and null geodesic trajectories, except purely radial ones. Moreover, it is valid along the
entire trajectory, even if it passes through turning points. The latter fact is not immediately
obvious from the derivation of equation (36), but it can be shown using addition theorems for
elliptic functions.

The affine parameter and the coordinate time along a geodesic can be obtained as inte-
grals involving the Biermann-Weierstrass expression. While, in principle, they can be eval-
uated assuming the general form of equation (36), the resulting formulas are lengthy and
thus of little practical use. For completeness, we decided to provide appropriate expres-
sions for the affine parameter and the coordinate time, assuming the simplified version of the
Biermann-Weierstrass formula.

AproofoftheBiermann-WeierstrassformulaisgiveninappendixA ;wedecidedtoprovide
this material, since existing, known to us proofs of the Biermann-Weierstrass formula are
ratherhardtofollowindetail. ApartfromasketchoftheproofgiveninBiermann'sdissertation
[6], thereis a proofin Greenhill's textbook[29], and its moremodern accountin [52]. We fill
some minor gaps missing in [52].

The order of this paper is as follows. The next section specifies horizon-penetrating coor-
dinates used in this paper. Equations of motion are derived in section 3. The main result of
this paper— a single formula describing non-radial, timelike and null trajectories—is given in
section 4. In section 5 we discuss the range of the true anomaly parameter. The proper time
and the coordinate time along a geodesic are computed in sections 6 and 7, respectively. The
proof of the Biermann-Weierstrass formula is given in appendix A . Appendix B contains a
brief classification of timelike and null geodesics. In appendix C we evaluate certain elliptic
integrals, required to control the range of the true anomaly parameter for unbounded orbits.

Throughout the paper we use geometric units with ¢ = G = 1, where c is the speed of
light, and G denotes the gravitational constant. The signature of the metric is assumed to be
(- ,+,+,+). Spacetime dimensions are labeled with Greek indices, y = 0,1, 2, 3.

2. Horizon-penetrating coordinates

We will work in spherical coordinates (t, r, 6, @). In its simplest form (in the so-called
Schwarzschild coordinates) the Schwarzschild metric can be written as

®

where
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and M denotes the black hole mass. Since ultimately we envisage applications of geodesic
solutions to accretion problems, we will also need coordinates in which the metric is explicitly
regularatthehorizon.Suchcoordinatescanbeeasilyobtainedbyachoiceofthetimefoliation.
The transformation

where n = n(r) is a function of radius r, yields the metric in the form
g=-Nd2+ 2(1 - Nn)dtdr + n(2 - Nn)dr2+ r2d62+ r2sin26d@2.  (6)

The function n defines the time foliation. A popular choice n = 1 leads to coordinates
which are manifestly regular at the horizon r = 2M, and which are sometimes referred to as
Eddington-Finkelstein coordinates. Note that since we only change the time foliation, the
radial coordinate r retains its interpretation as the areal radius.

Contravariant components of the metric (6)aregivenby

)
Moreover,

(fp2-grgt= 1 8)

3. Geodesic motion

Therearemanywell-knowndescriptionsofthegeodesicmotion.Inordertokeepaconnection
with the works [44, 45, 53, 54], we will work in the Hamiltonian framework. The Hamiltonian
H describing the geodesic motion of a free particle can be chosen as

H = ~gpv(xa)Pupv- (©)
Here (xy, pp) are treated as canonical variables, and H depends on xa through guv(xa). It is
easy to verify that the Hamilton equations

dxy _ dH_  dpiL__dH _
di opy, di oxy

lead to standard geodesic equations of the form

(11)

For timelike geodesics we choose the affine parameter i as a rescaled proper time T, i.e,
i = T m, where m is the particle rest mass. The four velocity upy = dxp~dt is normalized as
guglylly = -1. We require that ppy = dxvd i, and thatH = ~gupppv = -¥am2:

For null geodesics m = O and H = Yguvpupv = O. In this case the affine parameter i is
unique up to a transformation

i —+ = ai + B, (12)
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with a > 0 and an arbitrary 3. Such an affine reparametrization implies a rescaling of the
tangent vector

| - ‘= - . 13
y pu ap H (13)
The explicit form of the Hamiltonian H, assuming metric (6), reads

(14)

Since H depends neither on t nor on ¢, the momentum components E = - p t (the energy) and
Iz = py are constants of motion. The Hamiltonian H is also independent of s, and hence it is
also conserved. A simple calculation allows one to check that the total angular momentum

15)
is another constant of motion.
The remaining momentum components p8 and pr can be expressed as
(16)
and
where
(18)

is the radial effective potential, and where we have introduced the signs 0= = 1,ander = £ 1,
corresponding to the directions of motion. Here and in what follows, the symbol V' denotes
the non-negativebranch ofthe square root. Equation (16) follows directly fromequation (15).
Equation (17) can be obtained from the equality H = - m2. Note also that, contrary to the
formula for pr, the expression for pr,

does not depend on 1. On the other hand

and this expression enters the equations of motion listed below. Also note that, while for
er = + 1 (outgoing motion) the expression for pr diverges at the horizon, the corresponding

5
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expression for er = - 1is perfectly regular (particles are allowed to fall into the black hole).
An expression for pr with er = - 1, manifestly regular at r = 2M, reads

(1)

Equations dxy/ dS = dH~0py can be written as
(22a)

(22b)

(22¢)
(22d)

Note that the dependence on n appears only in equation (22d). In standard Schwarzschild
coordinates Nn = landdt diJ= E/N.

It is convenient to work in dimensionless rescaled variables. For timelike geodesics we
define such variables as in [54], i.e., by

t=MT, r=ME, pr=mme, pe = Mmme, E =meg, |=MmA, lz=MmAz (23)

In addition, a new affine parameter s is defined by
5 M, (24)
= —i.
m
For null geodesics m = 0. We introduce an arbitrary mass parameter td > 0, and define

t=MT, r=ME, pr=tdme, pe= MUme, E = tde, | = MUA, Iz= MUAz
(25)

andb= (M/ d)s.
In terms of these dimensionless variables, the equations of motion (22) can be written as

(26a)

(26b)

(26¢)

(26d)
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where N(§) = 1-2/¢ . The dimensionless radial potential reads

@7
for timelike geodesics, and

(28)

for null ones.

Itis well known that geodesic motion in the Schwarzschild spacetime is confined to a plane.
Choosing the coordinate system so that 6 = 11/2, and d6/ds = 0, we get A2= A , and thus
Az = + \.We will adopt a convention with A = 0 and define the angle in the orbital plane (the
so-called true anomaly) ) = sgn(AzZW The relevant equations of motion can be written as

(29a)
(29b)
(29¢)

System(29)canalsobeobtainedbyintroducingstandardorbitalelementssuchastheorbital
inclination,theargumentofperiapsis,theargumentoflatitude,andthetrueanomaly(see,e.g.
[39]). Another possibility to (partially) decouple the equations of motion (26) is to introduce
the so-called Mino time [48].

A qualitative analysis of the effective radial potential allows for a general classification of
different types of orbits. This is done, to some extent, in appendix B, both for timelike and
null orbits. In general, we divide trajectories into bound and unbound ones. Unbound trajecto-
ries can either start at infinity and plunge into the black hole (we refer to such trajectories as
absorbedones). The secondlargeclass ofunboundtrajectories consists oforbits characterized
by sufficiently large angular momentum. In this case the particles arriving from infinity are
scattered off the centrifugal barrier (these trajectories are referred to as scattered ones).

4. Solution of equations of motion

4.1. Timelike geodesics

Wewillstartouranalysiswithtimelikegeodesics.Giventheformofequation(29),itisnatural
to treat Y as a parameter and search for a solution of the form & = & (). From (29a)and(29b)
we get immediately

(30)

Defining

) = aol® +4a1& + 64267 + 4as€ + au, (31

7
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where

(32)
one can write equation (30)as

(33)
For a segment of the trajectory for which er is constant, we get

(34)

whereéOisanarbitrarilychosenradiuscorrespondingtotheangley = 0.WeemphasizethatV
isassumedtobenon-negative. Weierstrass invariantsofthepolynomial f read(seeappendixA)

(35a)
(35b)

Therefore, thanks to the Biermann-Weierstrass theorem (see appendix A for a statement of
this theorem and the proof), we can write the formula for & = ¢ ({)as

(36)

Here p is understood to be defined by the invariants g2, and g3 given by equation (35), i.e.,
p@) = p(z; g2,93), and f is defined in equations (31) and (32).

Weemphasizethatformula(36)worksinamuchmoregeneralsettingthandescribedabove.
It turns out to be valid also for trajectories along which the sign er changes. This can be checked
numerically, but there is also a way to demonstrate this fact analytically. The argument can be
sketched as follows.

Denote the functions defined by equation (36) and corresponding to two different signs er
as

@7

and

(38)

It follows from equation (34)that&- (g; £0) = &+ (- Y; €0).
Consider a particle moving initially inwards (i.e., with er = - 1) from a starting position
&0 to the turning point & 1, for which f (1) = 0, and then moving outwards (with er = + 1) up

8
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to a point with the radius &. The angle g corresponding to this motion can be expressed as

Y= Yil+ Y2where
(39)

For both angles Y1 and Y2 V& have, according to the Biermann-Weierstrass theorem
(equation (A.19)):

(40a)
(40b)
(40c)

(40d)

The simplicity of the above formulas is, of course, due to the fact that f (§1) = 0. Using
expression (37)wegetEl= & (Y1 &0). The fact that the formula(37) describes the continu-
ation of the trajectory in the segment from &1to & means that

E= & (Wi + #£2;8)= &+ (#2;81) = & (- #2;&1): (41)

While the above expression could, in principle, be checked directly, it is much easier to
check the corresponding relations involving Weierstrass p functions. According to the addition
theorem for the Weierstrass elliptic function p, we have

(42)

Inserting in the above formula the expressions for p(W2), p(W2), p.(YD), and p,(Y2) given by
equation (40), we get, after some algebra,

(43)

as predicted by the Biermann-Weierstrass formula (A.19). Deriving equation (43), we have
to remember that f is a fourth order polynomial given by equation (31), and f (§1) = 0. The
reason forconsidering thedifferencey1- 2, insteadofthesumyl+ Y2 can beunderstood
in the light ofequation (41) and the fact that {+ (W2, £ = &- (- Y2 1)

In summary, equation (36) can be used to describe any orbit with y = 0for& = €0.The
sign erin equation (36) can be understood as referring to the direction of motion at ¢ = 0, and
it need not be changed as the trajectory passes through a turning point. This stays in a clear
contrast to the approaches based on Jacobi and Legendre elliptic functions, where one has to
deal with different types of orbits separately. Apart from this universality, the main practical
advantage of formula (36) is the fact that it does not require finding zeros of the polynomial
f . Of course, there are applications in which the knowledge about zeros of the polynomial f

9

a7



Class. Quantum Grav. 39 (2022) 225003 ACieSlikand P Mach

Figure 1. Sample of timelike inner bound orbits (type Ila) for A = 4.2. Solid color lines
correspond to solutions obtained with equation (36). Dotted lines depict corresponding
numerical solutions.

is required— we require such knowledge indirectly in sections 5- 7, dealing with the allowed
rangeofy, theproperandcoordinatetimes andt,respectively.Notethat

(44)

and consequently zeros of the polynomial f are related to zeros of the expression €2- Ux(g),
corresponding to turning points and discussed in appendix B. The Biermann-Weierstrass
expression is based on a transformation of the integral appearing on the right-hand side of
equation (34) to the Weierstrass form, i.e.,

(45)

(see appendix A). Zeros of the polynomial W = 4w3- g2w - g3 depend on the sign of the
discriminant A = g3- 27g3 The case with A = 0 corresponds to A = Ac(€), defined by
equation (B.6).

Figures 1- 4 show various kinds of orbits obtained with the help of equation (36). Figure 1
depicts examples of bound inner orbits. Figure 2 shows a sample outer bound orbit. Unbound
absorbedorbitsareshowninfigure3.Finally,afamilyofunboundscatteredorbitsisplottedin
figure 4. In all figures, the left panel depicts the radius & versus the angle . Right panels show
the orbits in the orbital plane with Cartesian coordinates x, y. For comparison, in all cases we
drawthesameorbitsobtainedbyintegratinggeodesicequationsnumerically.Thesenumerical
results are depicted with dotted or dashed lines.

4.2. Null geodesics

The reasoning for null geodesics is analogous. The equation defining the trajectory reads

(46)

10
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Figure 2. Sample of timelike outer bound orbits (type I1b) for x = 4.2. Solid color lines
correspond to solutions obtained with equation (36). Dotted lines depict corresponding
numerical solutions.

Figure 3. Sample of timelike unbound absorbed orbits (type I11a) for A = 8. Solid color
lines correspond to solutions obtained with equation (36). Dotted lines depict corre-
sponding numerical solutions.

Adhering to the same notation as for timelike orbits, we set

(47)

(48)
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]

Figure 4. Sample of timelike unobound scattered orbits (type 111b) for A = 9.68. Solid
color lines correspond to solutions obtained with equation (36). Dotted lines depict
corresponding numerical solutions.

Figure 5. Sample of null bound orbits (type I1) forA = 4.2. Solid color lines correspond
to solutions obtained with equation (36). Dotted lines depict corresponding numerical
solutions.

and a1 = a4 = 0. The Weierstrass invariants can be written as

(49a)

(49Db)

With these modifications, remaining equations of the previous subsection hold for null
geodesics as well. In particular, equation (36), with f () and the Weirestrass invariants given
by equation (47)and (49), is valid also for null geodesics.

12
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Figure 6. Sample of null unbound absorbed orbits (type Il1a) for A = 8. Solid color lines
correspond to solutions obtained with equation (36). Dotted lines depict corresponding
numerical solutions.

Figure 7. Sample of null unbound absorbed orbits (type I1la) for A = 9.68. Solid color
lines correspond to solutions obtained with equation (36). Dotted lines depict corre-
sponding numerical solutions.

Figures 5- 7 show a sample of null trajectories obtained with equation (36). As for timelike
geodesics, dotted lines depict solutions obtained numerically.

5. The range of Y

In practical applications, one may need to control the allowed range of the parameter  or to
compute the values of Y referring to certain points at the trajectory (pericenter, apocenter).

13
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Inparticular,forunboundscatteredorbitstheangles» + correspondingtotheasymptotics
& - oo could be obtained from the equation

(50)

i.e., from the requirement that the denominator in equation (36)vanishes.

For unbound trajectories of particles that fall into the black hole, the sign er is constant along
the trajectory. As a consequence, one can use equation (A.19) of appendix A applied directly
to the integral in equation (34). This yields

(51)

meaning that Y + is the relevant angle in this case.
Notethatin orderto getw + directlyformequation(50), onewouldhaveto invert(locally)
the Weierstrass function p, which is troublesome in practical applications, as p is not a one to

one map.
In appendix C, we express the function

(52)

for an unbound scattered timelike or null trajectory in terms of the Legendre elliptic integrals.
The result reads

(53)

where y1< y2< y3 are real zeros of the polynomial 4y3- g2y- g3andk2= (y2- yl)/

(3 - y1).

Foraparticlearriving frominfinityatascatteredtrajectory, theangles Y« + can beobtained
in a way illustrated in figure 8. Let £0 be a location of an incoming particle, with er = - 1,
corresponding to Y = 0. The angle Yo+ < 0 can be expressed as Yo+ = - X (§0). Denote the

location of the pericenter as per; suppose it corresponds to P = . We have

P+ Yot = Y- quo+:X(Eper)' (54)

Since the orbit is symmetric with respect to per, one can express Ye - as
Yoo - = 20+ Yoot = 2X (Gper) - Yo+ = 2X (Eper) - X (€0)- (55
For an unbound absorbed trajectory the parameter Y« + can be expressed as before by

Po + = - X (§0) (we take er = - 1), but an explicitly real expression for X (€0) is different, and
it is given by equations (C.15)and(C.17) ofappendix C .

14
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Figure 8. Trajectory of a scattered particle in the motion plane. The radius &per and the
angle Y correspond to the pericenter.

For all types of trajectories—bounded and unbounded ones—one can define the integral

(56)

which we also compute in appendix C.

Finally note that for scattered trajectories the values Y« + yield the bending (or deflec-
tion) angle in the Schwarzschild spacetime, which has been studied both for timelike and null
geodesics [22, 41, 63, 64].

6. Affine parameter (proper time)

In this section we compute the affine parameter s associated with a given angle . For timelike
geodesics the value of 5is related to the proper time T by T = Ms.

Given an expression for & = & (), the corresponding affine parameter can be computed by
integrating equation (29b) ,i.e., as

Integratingthesquareofexpression(36)is,inprinciple,possible,butitis tedious,andtheresult
seems to be too complicated to be useful in practical applications. Much simpler formulas can
be obtained using equation (29b) with the reference position taken at a zero of the polynomial

f(©).

15
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Let &1 denote a radius such that f (1) = 0 (usually a periapsis or an apoapsis); assume that
it corresponds to P = 0. The radius & corresponding to an angle { reads

(58)

(irrespectively of the radial direction of motion, i.e., the value of er). The affine parameter
elapsed during the motion from ) = Otosomey = Y2 can be written as

(59)

The above integral can be computed with the help of the following two integral formulas
([71,p312and[27],p626):

(60)

(61)

wherel (x)ando (x)denotetheWeierstrassfunctions{ (x; g2 g3)andao (x; g2 g3),respectively.
We have

where p(v) = ¥/'(&1) ory = 9 1(¥/'(&1))- Usually, using the inverse of the Weierstrass
function is troublesome, since p is not a one-to-one function. Fortunately, in formula (62), one
is permitted to choose any y satisfying the above condition.

We now invoke to the reasoning from the end of the previous section. Consider a motion of
a particle starting from an arbitrary location £0 and moving inwards, up to a periapsis with the
radius &1 (thus f (1) = 0). Next the particle moves outwards, up to a location with a radius .
Define the angles Y1 and Y2 by equation (39). Both angles satisfy 1= 0 and {2 = 0. Let
Y= Yl+ Y2 Because of symmetry, the proper time of the entire motion can be written as

s() = s*(#£1;81) + stXyp; &2) = s+ (P1;&1) + s+(Z - Y1;&1). (63)

Formula (63) can be understood as a replacement for integral (57) with {(Q)givenby
equation (36). Note that, since s*({2; &1) is an odd function of Y2 we get s() = 0) = 0,
as expected. It can also be checked that the same formula holds for &1 corresponding to an
apoapsis, provided that definitions (39) are changed accordingly, so that 1= 0 and 2 = 0.

16
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7. Coordinate time

The coordinate time T can be obtained in a way similar to the calculation of the affine
parameter s. Consider a trajectory originating at § = £0, ¢ = 0, T = 0. The coordinate time
corresponding to the lapse of the parameter Y can be computed by integrating equation (29).
Combining equations (29b)and(29c), one gets

T(W) = Tu() + T2(), (64)
where
(65)
and
(66)

The second equality in equation (66) follows from equation (29a).
The integral T2 is clearly gauge-dependent. In the standard Schwarzschild coordinates

nE)= 1/N(E), and T2 = 0. Of course,

With the help of the identity

(68)

integral (65) can be written as

(69)

In analogy to the discussion of the previous section, we will start the computation of T1
consideringatfirstthespecial caseofatrajectoryoriginatingataturningpointé = &1, ¢ = 0,
such that f(@€1) = 0. In this case the radius § = & () is given by equation (58). The lapse of
the function T1 during the motion from { = Oto Y = P2 can be expressed as

(70)
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where p(v) = ¥/"(&1) and the function/ is defined by equation (60). The last integral can be
written in the form

(V1)

where

(72)

The next step proceeds as in the previous section. Consider a particle on a trajectory orig-
inating at the radius £€0and { = 0, moving inwards to the turning point & = £1 @ = Qland
thencontinuingoutwards,uptoalocationwithanarbitraryradiusg = {({).Lety = Y1+ Y2
P1= 0, P2 2 0, where Yland P2 are given by (39). Thanks to symmetry

T () = T (01 &) + T3 &) = T1(h1; 61) + Ti(0 — 15 61). (73)

Again, the same formula holds for a particle moving initially outwards, provided that the signs
in the definitions of Y1 and Y2 are suitably adjusted.

8. Summary

We have revisited the theory of timelike and null geodesics in the Schwarzschild spacetime.
The novel aspect of our work is the application of the Biermann-Weierstrass theorem to the
description of Schwarzschild geodesics. A single formula (36) describes all types of timelike
or null geodesic orbits, except for purely radial ones. Working with a single formula gives an
advantage in those applications, in which one is forced to deal with many different orbits at the
same time. We should emphasize that, in contrast to standard numerical methods, equation (36)
yields exact solutions for arbitrary evolution times, even in the case of dynamically unstable
orbits.

Our motivation comes from works on kinetic description of relativistic gases. Hence, we
parameterize geodesics with conserved quantities (the energy and the angular momentum of
the particle) and the particle initial location. Although such a parametrization is natural (and
perhaps also the most popular), it might not be optimal in some applications, especially in the
contextofnullgeodesics, in which casespecifyingthelocationsoftheemitterandtheobserver
could by more convenient (cf [28]).

TheBiermann-Weierstrass methodofthis paperis fairly general, and it is deliberatelypre-
sented as such in this paper. We choose as our example the Schwarzschild spacetime, but a
generalization to a large class of spherically symmetric metrics is straightforward, the Reiss-
ner-Nordstrom spacetime being one of natural possibilities. This fact opens up a variety of
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applications, including astrophysical ones, related to testing the nature of astrophysical black
holes,bothin thecontextoflightpropagationandthemotionofmassiveparticles(see,e.g.[4]).
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Appendix A. Biermann-Weierstrass theorem

The proofs of lemma A.1 and theorem A.2 given below are adapted from references
[6, 29, 52].
For any quartic polynomial

f(x) = aox4+ 4aix3+ 6a2x2+ 4asx + as, (A1)
we express its Weierstrass invariants ([65], p 453) as

g2 = acas - 4aias + 3a2 ( A

g3 = aoazas + 2aiazas - al- aocal- aZaa. (A.2b)
The Weierstrass elliptic function p satisfies the integral formula

L= X dm

(
'p(-¥%2%3> ~2dW3 —g[w —g3
the derivative of p satisfies the relation
"dp(z;92.9s f2 ] .
o = PGz - 0:p6ioz00) - oo (A4)

In what follows, we will use an abbreviated notation: p(z) = p(z; 9293), p.(2) =
¥ (z; g2,93) dz.

Lemma A.l. (Euler 1761). Let f(x) = aox4+ 4aix3+ 6azx2+ 4dasx + as.Thedifferen-
tial equation

(A:5)

(A.6)
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where w' is an integration constant. Similarly, equation
(A7)

has an integral of the form

(A8)

Proof. The following proof is due to Lagrange [29]. For simplicity, we only give the proof
of equation (A.6). Equation (A.8) can be proved in an analogous way.

Let us introduce a new independent variable A such that dx/dA = V/(x). With a slight
abuse of notation we write y(A) = y(x(A)). It follows that dy/dA = V/(v(A)). Define p(A) =
X(A)+ y(A)andq\) = x(A)- y(\), so that

R = vixni) + vavajy, 9= v7wAj) - vIWAj). (A.9)

Differentiating further with respect to A, one gets

and

p p =/WA))- /(y(\) = "alpq(p2+ q2) + alq(3p2+ q2) + 6apq + 4a3%s

(A11)
Hence

(A12)
The above equation can be readily integrated, yielding

(A13)
or, equivalently,

(A14)
where w' is an integration constant. O
Theorem A.2. (Biermann-Weierstrass). Let

f(x) = aox4+ 4aix3+ 6axx2+ 4dasx + a4, (A.15)
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be a quartic polynomial. Denote the Weierstrass invariants of f by g2and g3 i.e.,

g2 = acas - 4aias+ 3a2 (A.16a)
g3 = aoazas + 2aiazas - al- aoald- alas. (A.16b)

Let
(A17)

where xo is any constant, not necessarily a zero of f(x).Then

(A.18)

and

(A.19a)

(A.19b)
where p(2) = p(z; g2 g3) is the Weierstrassfunction corresponding to invariants (A.16).

Proof. In what follows, we assume that z, x, and x0 are real. We also assume thatf (x) = 0
in theinterval(xo, x). Hencez > O0forx > xo, andconverselyz < O0forx < Xo. In thefirststep
ofthe proof, we show that the integral (A.17) can be transformed to the Weierstrass form, i.e.,
there exists a transformation w = w/(x) such that

(A.20)

Quite remarkably, such a transformation is related to formula (A.6)oflemmaA.l.Letustake

(A21)

wherey is treated as a parameter. Note thatw = w' - a2 where w, is the constant appearing
inequ d computation yields

(A22)
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where

(A23)

In the following, we restrict ourselves to the range in which dw/dx (and hence also A(X, y)) has
adefinitesign, so thatthemap x - w(x) constitutes avalidchangeoftheintegrationvariable.
Onecan showthatA2(x,y) = W(w(x)),whereW = 4w3- g2w- @3, andtheinvariantsg2and
g3 are given by equation (A.16). Consequently, A(x,y) = eVIT(w(x)), where e= 1. This
proves equation (A.20). More precisely,

(A.24)

Settingy = Xxo in equation (A.21), we getw - + oo forx - xo. As a consequence, one obtains

(A.25)

Note that e= +1 for x > x0, and e = -1 for x < xO0. It follows that w(x) can be written as
w(x) = ip(ez(x); g3,93) = p(z(aCy, g2 g3)and VW(w(x)) = -ep'(z(x);g9293) (the last relation
can be obtained directly by differentiating equation (A.25) with respect to x).

It is easy to check that w defined by equation (A.21) can be also written as

(A.26)
where Fi(x,y) = /(y) + YW'(y)(x- y) + - y)2 Itis a positive root of the quadratic
equation

(x- y)2w2- Fi(x,y)w+ Fz2(x,y) = 0, (A.27)
where

(A.28)
Using the relation

(A.29)

one can transform equation (A.27) into the form
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(A.30)

which is a quadratic equation with respect to x - y. Solutions of this equation can be
written as

(A.31)

A close inspection shows that the plus and minus sign in the above expression is correlated
with the sign of x - y.Wehave

(A.32)

(A.33)

forx < y.Thisobservationfollowsfromnoticingthatw(x)isadecreasingfunctionofx forx >
y and an increasing function of x for x < y (cf equation (A.22)), and from inspecting the lim-
its of the above expressions for w - +o . Given that p'U(Ag2,03) = -evWi(w(x)) = -A
(X, x0), and returning to our choicey = xo, we write the expression for x as

(A.34)

i.e., in the form of equation (A.18). Equation (A.19) follow directly from equations (A.23)and
(A.26). O

Appendix B. Classification of trajectories

B.1. Timelike trajectories

Qualitative behavior of timelike trajectories depend on the properties of the dimensionless
effective radial potential (27). The motion of a massive particle is only possible in regions
where

£2 = U = 0. (B.1)
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For 0 S A2 < 12, U (§) is amonotonically increasing function of &, growing from0 at& = 2
to UNE) - 1for - oo .ForA2> 12, UA(E) has two local extrema: a local minimum at

and a local maximum at

(83)

(seee.g.[54]).Thelocationoftheminimumégmingrowsmonotonicallyfrom6toinfinity,asA2
increases from 12 to infinity. At the same time, the radius &mex decreases monotonically from
6to3.Wehave

(B4)

The value UA(min) grows from 8/9 to 1, as A2 increases from 12 to infinity. Simultaneously,
the value UA(Emex) grows from 8/9 to infinity. For A2 = 16, the value of the potential at the
maximum is always greater than or equal to one; otherwise, it is smaller.

Consider an equation

U)\(gmax) - 52’ (

i.e., alimiting case of inequality (B.1), where &nax is given by equation (B.3). A solution of
equation (B.5) with respect to A2 reads

2
N R — pR— (B-6)

In otherwords, Ac(€) denotes thevalueoftheangularmomentumforwhich theradial potential
at the local maximum is equal to £2. It turns out to be particularly useful in classifying different
types of timelike trajectories.

Therearethreemain types oforbits:radial, bound, andunbound.Theycan becharacterized
as follows.

e Type | (radial orbits). This class consists of trajectories for which A2 = 0. Test particles
move radially.

e Type Il (bound orbits). Bound orbits never reach { = oo . They can be divided into the
following sub-types:

« Inner orbits. This is a class of bound orbits with at least one of the endpoints
beneaththeblackholehorizon.ForA2< 12this istheonlytypeofboundorbits.
The energy associated with such orbits is limited by €2< 1forA2< 16 and
€2 < UNEmex) for 16 < A2ForA2 2 12, there are limiting cases with A = Ac(g),
in which the orbits can spiral asymptotically towards & = &max

= Quterorbits. Thesearetrajectoriestrappedinapotentialwell, whichcanexistfor
3 < &max < &. In the generic case of outer bound orbits, the equation €2 = UA(E)
hasthreepositiverootséz, 2, &3, satisfying1 < { max < 2 < & min < &3,andthe
particle oscillates between &2 and &3. Thus outer bound orbits exist for 12 < A2,
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For 12 < A2 < 16, the energy € is bounded by UAEmin) < €2 < UAEm) < 1
For 16 < A2, the energy € satisfies UNEmin) < e2< 1
Alternatively, the phase space occupied by outer bound orbits can be charac-

terized by
gmin < e < 1’ /\C(E) < A < AmaX(€9 5)’ (B7)
where
(B.8)
and
(B.9)

(see, e.g. [23]). Note that circular orbits with either & = Emex (stable) or & =
&min (unstable) belong to this class. There are also limiting cases with A = Ac(€),
similar to the limiting cases of type lla and type Illc.

e Type Il (unbound orbits). In this case € "> 1. Unbound trajectories are divided
into the following two sub-types:

+ Absorbedorbits. Thesetrajectoriesoriginateat { = oo and end beneath
the black hole horizon. The angular momentum associated with
absorbed trajectories satisfies A < A ¢ (€).
Scatteredorbits. Bothendpointsofscatteredtrajectoriesreachinfinity.
The particles never reach below & = 3, i.e., below the photon sphere.
Their energy is bounded from below by

*

(B.10)

The total angular momentum of a scattered particle is limited from
above, i.e., Ac(€) < A < Amax (€, §).

« A limiting case with A = Ac(€). The particle travels from infinity and
spirals asymptotically to & = Emax

A comprehensive discussion of the classification of orbits can be found in [10, 39, 54].

Figure B1 shows the radial effective potential UA(E) corresponding to different types of orbits
listed above.
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Figure B1. The effective potential Ux () (equation (27)) fora = 4.2(left)andx = 3.8
(right). The properties of the orbit depend on the energy of the particle and the location
with respect to the local maximum of UA (). Different types of orbits (Ila, I1b, Il1a, I11b)
are marked with separate colors.

B.2. Null trajectories

The classification of null trajectories is similar to that of timelike orbits, but it is in many
respects much simpler. The dimensionless radial potential Ux (), defined by equation (28),
has a single maximum at Emex = 3. The value of the potential at the maximum reads

(B.11)

Consequently, the equivalent of the function Ac(€), defined in equation (B.5), reads

(B.12)

The orbits are divided into the following classes.

e Type | (radial orbits). As for timelike geodesics, this class consists of orbits with A = 0.

e Type Il (bound orbits). Null bound orbits exist for & < 3 and €2 < A2/27. This type
includes (as a limiting case) the circular photon orbit with the radius £ = 3.

e Typelll (unboundorbits). As fortimeliketrajectories,unboundorbits can be dividedinto
two following types.

« Absorbed orbits. In this case €2 > 0 and A < Ac(€).
* Scattered orbits. For scattered orbits Ac(e) < A < Amex (g, &), where

(B.13)

These orbits exist only for & > 3.
« A limiting case with A = Ac(€).
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Appendix C. Elliptic expressions for Y(§)

In this appendix we derive expressions for

(C1)
and

(C2)

intermsofLegendreellipticintegrals.Ofcourse X (o) = Y(€o; oo ).Substitutionsgiveninthis
appendix are known, and they are used e.g. in [39]. They can be introduced quite generally,
both for timelike and null orbits.

Let us start with a more general elliptic integral

where/(§) = fl€4+ 4ail3+ 6ttX2+ 4a3xX + ad Lete be azero of/. Substitutingé = e + j,
we get

(C4)

whereAo = ao, A1 = a1+ ace, A2 = a2+ 2aie+ aoe2 A3z = as + 3aze + 3ai1e2+ aoce3The
transformation { = e + j maps the zero § = e to infinity, removing one factor (§ —e} from
the factorization of f (). Theremainingzeros of f () are mapped into zerosof Ao + 4A1x +
6A2x2+ 4A3x 3. Next, another substitution x = y~"A2, brings the above integral to the Weier-
strass form

(C5)

where g2 and g3are given by (A.16).

Further reduction to Legendre integrals requires a control of the integration range with
respect to zeros of the polynomial 4y3- g2y - g3 provided that one wants to have explic-
itly real expressions. We start by computing the integral X (§0), assuming a scattered unbound
orbit. In this case, f (§) has four real zeros, one of which is simply § = o. This can be seen
as follows. We have f (§) = &€4(€2- Ua(§)). The expression €2- Ua (§) has three real zeros:
two of them are positive, as follows from the discussion concerning the centrifugal barrier. The
third one is negative. For timelike trajectories this fact can be seen by noting that

(C6)

Conesequently, €2- Ux(§) tends to -oco for & - o-,and€2- Ur(@€)- €2- 1> o,
for{ - -oo .Hence,e2- Ux(§)changesitssignforf < o.Fornulltrajectoriesthereasoning
is analogous, but this time
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C7)

Consequently, €2- Ux(§) - €2> 0, for { - -oco . In both cases (timelike and null) we will
denote the zeros of f({)asél< 0<§3<¢2

In the substitution £ = e+ leading to equation (C.4), we now choose e = O. This yields
Ao = ao, A1 = a1, A2 = a2, A3 = a3. Note thataz = - 1/6, a3z = 1/2, both for timelike and
null trajectories. Hence, X (§0) can be written as

(C8)

The substitutiony = - j¥s+ Ysmaps the zeros &1, £2, &3 0f /(&) toyl y2 V3 respectively, but
this timey 1 < y2 < y3. The original integration range of &, {2 < §0 < & < oo, is mapped into
the segment: y1< - 1/12 <y < y2

We now make a substitution

y= y2- M2cos2x, VvV =y2-yi, k2= - — —,
y3 - y1
Thusy = ylforx = 0,andy = y2forx = m/2. This yields

(C.10)
where k/p = 1/Vy3- Vionsequently,

(C.11)
where

(C.12)

For generic unbound absorbed orbits, the situation is slightly different. In this case the
polynomial 4y3- g2y - g3 has only one real zero yl< - 1/12 We write: 4y3- g2 - ¢g3=
4y - yD(y2+ py+ q), where p2- 4q < 0 andthusy2+ py+ q > 0. The substitution which
turns equation (C.8) into the Legendreform reads now

V= Vi+Attan21l, p= @ t+ pyl+q, O<yx < . (C13)

We havey = y1forx = Oandy - oo for x - T /2. A straightforward algebraic calculation
yields now

(C.14)

where

(C.15)
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Note that k2 is real and positive. This fact follows directly from the inequality p2- 4q < O,
which ensures that

(C.16)

As a consequence, X (§0) can be written as

(C.17)

For generic timelike outer bound orbits the expression €2- Ux(§) has three real positive
roots&3< & 2< & 1, which are also the zeros of f (§) (the fourth rootbeing &4 = 0). The motion
is allowed in the range £2< & < €i. The transformationy = -% + Y& maps the zeros &3 &2,

Elintoyl< y2< y3(the zeros of d4y3- g2y - g3). Explicitly real expressions for Y (£0, &) can
be obtained with substitutions (C.9). We get

(C.18)

Thecaseofinnerboundorbitsismorecomplex,since,dependingonthevaluesofe andA,
they correspond either to a case with three real zeros of 4y3- g2 - g3or to a case in which
this polynomial has just one real zero and two complex ones. Here again, substitutions (C.9)
and(C.13) work,butonehastoadjustthedetails(carefullyselecttherootsyl y2andy?J).
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The theory of Schwarzschild geodesics is revisited. Using a theorem
due to Weierstrass and Biermann, we derive concise formulas describing all
timelike and null trajectories in terms of Weierstrass elliptic functions. The
formulation given in this note uses an analogue of the so-called Mino time.
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1. Introduction and motivation

Since the discovery of the Schwarzschild metric, different ways of ex-
pressing solutions to the Schwarzschild geodesic equations have been devel-
oped [1-6]. In most cases, they differ in the assumed parametrization and
in the types of elliptic functions used to write the solution.

Our motivation for revisiting the theory of Schwarzschild geodesics is
related to works on the kinetic description of the Vlasov gas in the Schwarzs-
child spacetime and the accretion of the Vlasov gas onto Schwarzschild black
holes [7- 13], Reissner-Nordstrom black holes [14], and Kerr black holes [15-
18]. In particular, aiming at constructing Monte Carlo type simulations of
the gas consisting of non-colliding particles moving around the Schwarzschild
black hole, we were searching for a concise description of all types of time-
like and null trajectories in the Schwarzschild metric, which would depend
explicitly on standard constants of motion (in particular, the energy and
the angular momentum) together with the initial location of the particle.
It turns out that such a description can be written in terms of Weierstrass

* Presented by A. Cieslik at the 8th Conference of the Polish Society on Relativity,
Warsaw, Poland, 19-23 September, 2022.

(6-A710.1)
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elliptic functions, basing on a theorem due to Weierstrass and Biermann [19].
A detailed account of these results can be found in our recent paper [6]. This
note is intended to give a short summary, but, in comparison to [6], we use
a different parametrization. In [6], solutions are expressed in terms of the
so-called true anomaly; in this note, we use an analogue of the Mino time,
introduced originally for the Kerr geodesics in [20].

2. Geodesic equations

We work in standard Schwarzschild coordinates. The metric reads

g=- Ndt2+ dv + r2d62+ r2sin26dg2, (1)

where M
N=1-22% (2)

T

and M is the Schwarzschild mass. Geodesic equations can be written in the
form [6]

d
= B2~ Upr). (3a)
dé €p [2
— =2 = 3b
ds 2 sinZ 6’ (30)
dp [,
- _ 2 3cC
ds  r2sin?6’ (3¢)
a_E (3d)
ds N
where 2
2M
Uim(r) = (1 — 7) ((5m + 2 (4)

is the radial effective potential and E, | = 0, |z denote constant values of the
particle energy, the total angular momentum, and the azimuthal component
of the angular momentum, respectively. The constant dm is defined as
5 m?  for timelike geodesics, (5)

0 for null geodesics,
and the signs ee = =1 and er = £ 1 correspond to the directions of motion.
There is a convenient way to partially decouple the above equations,

which also works for the geodesic motion in the Kerr spacetime, and which
for the latter case was introduced by Mino in [20]. The trick is to reparame-
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trize geodesics so that

)

dat pda
ds  ds

or 3= / 2ds . (6)

0

We will refer to the parameter s as the Mino time. Additionally, to simplify
further calculations, we will work in dimensionless rescaled variables, defined
as in [7], i.e.,
t = Mt, r=ME¢, Pr = Mg,
pe = Mmmy, E=me, l=Mm\, l.=Mmh>,. (7)

A new Mino time s is defined by
S
SS= M m (8)

In terms of these dimensionles variables, geodesic equations (3) can be
written as

E — (VE O, (%)

do / A2
R A2 - = 9b
ds €0 sinZ 6’ (90)

dp Az
. _E 9c
ds sin? 6’ (96)
2
dr _ e (9d)
ds N(&)
where N () = 1—2/¢ . The dimensionless radial potential reads
2 A2 2. A7 2\
o= (1-2) (4 2) 2o 2 220
© £ ¢? & ¢ &
where
5 1 for time-like ge'odesics, (11)
0 for null geodesics.

3. Biermann-Weierstrass theorem

Solutions given in this work are based on the following result due to
Biermann and Weierstrass. The original formulation of this theorem has
been published in [19]. More detailed proofs can be found in [6, 21, 22].
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6-A10.4 A. Cieslik, P. Mach

Theorem 3.1 Let

f(X) = aox4 + 4a1x3+ 6azx2+ 4a3x + a4 (12)

be a quartic polynomial. Denote the invariants of f by g2 and g3, i.e.,

g2 = aoa4 - 4aias + 3az, (13a)
g3 = aoaza4+ 2aia2a3- a3- aoaz- aza4. (13b)

Let
z(x) ‘ (14)

RVCi

where xo is any constant, not necessarily a zero of f(x). Then

—V/F(@o)g' () + 5. (w0) [9(2) — 57" (w0)] + 55 (x0) f" (o)

Tr =9+ ,
) 2 [p(2) — 1" (20)]” — 25 F(20) f@ (o)
(15)
and
AV f(@) f(xo) + f(o) f'(x0) f"(x0)
plz) = e —a0)2 Ar—ag) | 24 (162)
¢'(2) = - [@f(f(?)s B 4(5—(2)2} flwo) = [(xf—(i?)f* + 4(];/5200))2} flz).
(16D)

where p(z) = p(z;92,93) is the Weierstrass function corresponding to in-
variants (13).

4. Solutions

4.1. Solution for &(s)
Equation (9a) can be rewritten in the Weierstrass form

d¢
. 17
= =aVF(©). (17)
where
f(&) = aot™ + 401> + 6a26® + dazé + ay (18)
and
do=¢€2- 0, 4a1 = 20 , 6a2= - A2, 4a3 = 2\ 2, as = 0.
(19)
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For a segment of the trajectory from &o to ¢, we get

e’

o | V@)

where &o is a reference radius corresponding to s = 0. Weierstrass invariants
of the polynomial f read

(20)

1

g2 = EXL — 57, (21a)
1 1

gz = @AG —~ %/\4 - (2 — &) A%, (21b)

Therefore, thanks to the Biermann-Weierstrass theorem, we can write the
formula for £ = &(s) as

f (0%, (s)+ 1f (o) M s) Yo 1 &) + 24f (W " &
2[|0(S)- 1 f"(@) 2- % f €o)f (4) (&)
(22)
Here, p is understood to be defined by the invariants g2, and g3 given by
Eq. (21), i.e., p(z2) = p(z;92,93), and f is defined in Eqs. (18) and (19).
The above equation is a general solution to Eq. (17), valid for all types
of allowed trajectories. One can moreover show that Eq. (22) gives a correct
solution also in the presence of turning points. In this case, the sign 'r in

Eqg. (22) has to be interpreted as referring to the initial position & (in other
words, 'r can be treated as a part of initial data).

4.2. Solution for 6(s) and ¢ (s)

Equation (9b) can be integrated in a straightforward way. Substituting
U = cos B8, we get

0
1 ~ €0
= f YD /\/A—“
o  sin2 @ A2

€0 . M . Ho
= —— | arcsin ———— — arcsin ———— | ,
A | _ M 1 X
A2 A2

where po = cos 8o correspond to a reference point. Setting

o) —E—earcsinL
O_A )\27
1-%
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6-A10.6 A. Cieslik, P. Mach

one gets
H(s)=-e 1- Ajsin[A(s- BO)] . (23)

Equation (9c) can be now integrated as

S S
1 1
) ds = A- ds
sinj 8(s) 1- p(s)]

¢ (s) - o

arctan )Xétan[)\(s - Bo)] + arctan Az tan(Afo)

where we have used Eq. (23), and @o = ¢ (0). The above expression can be
corrected for discontinuities due to the tangent function. The final formula
has the form

A
©(s) = @o+ arctan Az tan[A (s - Bo)] +arctan Mzttgr?((){\@og? + NTMSgnAz,

(24)
where n is an integer part of x(s - Bo)* . Here, the plus corresponds to
s > 0 and the minusto s < 0.

4.3. Solution for T (S)

A direct integration of Eq. (9d) yields

S

s J
T(s)- 1(0) = ¢ 1E(S)j ds = ¢ i(s)j + 28(5) + 4+ ds.
o 1 M

These integrals can be computed by substituting expression (22) for i(s),
however the result may be too complicated and impractical. Instead, we
will focus on a simpler case, in which a turning point can be chosen as a
reference point.

Leti1 denote the radius of the turning point, sothatf (i1) = 0. Choosing
i1 as a reference radius corresponding to s = 0, one can rewrite Eq. (22) as

L abG) 05)
EE g i

irrespectively of the radial direction of motion, i.e., the value of er. The
coordinate time elapsed during the motion from s = 0 to s = sj can be
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written as
o _ 18 | sHre warl'©
Lf(&)? } )
+ 16 d 7 26
03 — o) [ (26)

where p(y) = 2%f (&) and p(z) = 2%f " (&) - 45,13- One can choose any
values y and z satisfying these conditions. Integral (26) can be computed

with the help of the following two integral formulas ([23], p. 312 and [24],
p. 626):

L e 1 )
Iizy) = /p(x)—p(y) T W(y) [2C(y) H 0(x+y)] ’ (27)
N dz _ 9y oy
hlmy) = / @) — o) P @ty
L )e . 20" () W),
p,z(y){a L)+ y>+[2p<y>+ e ] }
(28)

where ((x) and o(x) denote the Weierstrass functions ((x;g2,g3) and
0(x;g92,03), respectively. Hence, we obtain

3
T*(32§§1):5{ 3 5y + s+l

§1—2 2
2f(&1)
(61—2)°

f1(&1) L (s23y) — I1(0; )]

f(&)?
16

y(s0:2) — (05 2)] + y(s:y) — (0 y)]} .

(29)

In general, to obtain a continuous expression for t*, one has to be careful
in selecting appropriate branches of the logarithms appearing in Egs. (27)
and (28).

As an example, consider a motion of a particle starting from an arbitrary
location & and moving inwards until it reaches a periapsis with the radius &I
(thus f (&1) = 0). Next, the particle moves outwards up to a location with
a radius ¢. Denote the Mino time needed for the motion from & to &I by
sI and the Mino time needed for the motion from &I to § by s2. Thanks to
symmetry, the coordinate time of the entire motion can be written as

T(S) = ta(st;& ) + 1¢(s2;&i) = T (Si;& )+ (S - Si; &), (30)

where s = sI + S2.
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6-A10.8 A. Cieslik, P. Mach

The value s1 can be computed from Eq. (20). The integral in Eq. (20)
can be expressed in terms of the Legendre elliptic integrals, but the exact
form of the result depends on a type of particle trajectory. For an unbound
scattered trajectory

2 V(&)

1 1 1
[ Y2+ 15 —o¢ +55

SR F'| arccos ﬂ,k — F'| arccos Y2 12 L ,
VvVY3—U Y2—U Y2—4

(31)

where y1 < y2 < y3 are real zeros of the polynomial 4y3 - g2y - g3, and
k2 = (y2 - y1)/(y3- y1). A longer discussion of this result can be found
in [6, 9], where it is referred to as the elliptic X function. A comprehensive
discussion of the classification of orbits and different expressions for the
integral in (20) can be found in [3, 5].

3(51) — €

5. Conclusions

We have revisited the theory of timelike and null geodesics in the
Schwarzschild spacetime. A novel aspect of our study is an application
of the Biermann-Weierstrass theorem, providing a single formula describ-
ing bound and unbound geodesic orbits. More details on this approach can
be found in our recent article [6]. In [6], geodesics are parametrized using
the so-called true anomaly — an angle measured within the orbital plane.
Here, we introduce a parametrization by an analogue of the Mino time, com-
monly used in the theory of the Kerr geodesics. The solutions formulated in
this way can serve as limiting expressions for Kerr geodesics in the limit of
non-spinning black holes.

This work was partially supported by the National Science Centre,
Poland (NCN) grant No. 2017/26/A/ST2/00530.

REFERENCES

[1] Y. Hagihara, Jpn. J. Astron. Geophys. 8, 67 (1930),
https://ui.adsabs.harvard.edu/abs/1930JaJAG...8 ...67H/abstract

[2] B. Mielnik, J. Plebanski, Acta Phys. Pol. 21, 239 (1962).

[3] S. Chandrasekhar, «The Mathematical Theory of Black Holes», Oxford
University Press, New York, NY 1983.

78


https://ui.adsabs.harvard.edu/abs/1930JaJAG...8...67H/abstract

Timelike and Null Geodesics in the Schwarzschild Space-time . .. 6-A10.9

[4] G. Scharf, J. Mod. Phys. 2, 274 (2011).

[5] U. Kosti¢, Gen. Relativ. Gravit. 44, 1057 (2012).

[6] A. Cieslik, P. Mach, Class. Quantum Grav. 39, 225003 (2022).

[7] P. Rioseco, O. Sarbach, Class. Quantum Grav. 34, 095007 (2017).
[8] P. Rioseco, O. Sarbach, J. Phys.: Conf. Ser. 831, 012009 (2017).
[9] P. Mach, A. Odrzywotek, Phys. Rev. D 103, 024044 (2021).

[10] P. Mach, A. Odrzywotek, Phys. Rev. Lett. 126, 101104 (2021).

[11] P. Mach, A. Odrzywotek, Acta Phys. Pol. B Proc. Suppl. 15, 1-A7 (2022).
[12] C. Gabarrete, O. Sarbach, Acta Phys. Pol. B Proc. Suppl. 15, 1-A10 (2022).
[13] A. Gamboa et al., Phys. Rev. D 104, 083001 (2021).

[14] A. Cieslik, P. Mach, Phys. Rev. D 102, 024032 (2020).

[15] P. Rioseco, O. Sarbach, Phys. Rev. D 98, 124024 (2018).

[16] L. Andersson, P. Blue, J. Joudioux, Commun. Part. Diff. Eq. 43, 47 (2018).
[17] A. Cieslik, P. Mach, A. Odrzywotek, Phys. Rev. D 106, 104056 (2022).

[18] P. Mach, A. Odrzywotek, Acta Phys. Pol. B Proc. Suppl. 16, 6-AX.X (2023),
this issue.

[19] W. Biermann, «Problemata quaedam mechanica functionum ellipticarum
ope soluta», Ph.D. Thesis, Berlin 1865,
http://resolver.sub.uni-goettingen.de/purl?PPN313151385

[20] Y. Mino, Phys. Rev. D 67, 084027 (2003).

[21] A.G. Greenhill, «The applications of elliptic functions», Macmillan, London
1892, https://archive.org/details/applicationselliOOgreerich

[22] M.J. Reynolds, J. Phys. A: Math. Gen. 22, L723 (1989).

[23] P.F. Byrd, M.D. Friedman, «Handbook of Elliptic Integrals for Engineers
and Scientists», Springer, Berlin, Heidelberg 1971.

[24] 1.S. Gradshteyn, I.M. Ryzhik, A. Jeffrey, «Table of integrals, series, and
products», Academic Press, Amsterdam, Boston 2007.

79


http://resolver.sub.uni-goettingen.de/purl?PPN313151385
https://archive.org/details/applicationselli00greerich

2.3. Monte Carlo methods for stationary solutions of general-relativistic

Vlasov systems: Collisionless accretion onto black holes

Reprinted (excerpt, abstract, figures) with permission from:

Patryk Mach, Adam Ciedlik, and Andrzej Odrzywotek, Phys. Rev. D 108, No. 12 (December 2023):
124057.

Copyright (2023) by the American Physical Society.

80



PHYSICAL REVIEW D 108, 124057 (2023)

Monte Carlo methods for stationary solutions of general-relativistic
Vlasov systems: Collisionless accretion onto black holes
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We develop a Monte Carlo simulation method for computing stationary solutions of the general-
relativistic Vlasov equation describing a gas of noncolliding particles. As specific examples, we select
planar or spherically symmetric accretion models on the Schwarzschild background spacetime. In all cases
the gas extends to infinity, which poses an additional difficulty in the Monte Carlo approach. We discuss
models with monoenergetic particles as well as solutions obeying the Maxwell-Juttner distribution at
infinity. For all models, exact expressions for the particle current density are known or can be computed
analytically. We demonstrate perfect agreement between exact expressions for the particle current density

and the results of our Monte Carlo simulations.

DOI: 10.1103/PhysRevD.108.124057

I. INTRODUCTION

In the general-relativistic kinetic theory of gases,
observable quantities (the particle current density, energy-
momentum tensor, energy density, pressure, etc.) are
computed as suitable integrals over momentum space
[1- 9]. With sufficient control of the phase-space structure
(e.g., a good description of the regions in the phase space
available for the motion of gas particles), one can, in many
cases, compute such integrals directly, providing a solution
to the problem at hand (see, e.g., [10- 18]). For complex
problems, a good description of the phase-space structure
may not be available, and one has to resort to other
methods. In this work we deal with a simple (but important)
case in which collisions between individual particles of the
gas are neglected. Since a collisionless gas consists of
particles moving along geodesic trajectories, a possible way
would be to construct a Monte Carlo simulation, in which
one would select a sample of geodesic trajectories and then
compute averages over this sample, in order to obtain
desired observables. Although this idea sounds simple, its
actual implementation poses several difficulties related to
the selection of geodesics and the averaging procedure.

Another option is to use the so-called particle-in-cell
method, which has been employed successfully in general-
relativistic simulations of kinetic systems with magnetic
fields [19-22].

In this article we present a technical implementation of a
Monte Carlo approach, designed to work with stationary
solutions. While stationary solutions seem to be natural
and even simple, they require a somewhat counterintui-
tive approach to the averaging process, as will become
clear in the remainder of this paper. In short, instead of

2470-0010=2023=108(12)=124057(21)
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counting intersections of geodesic trajectories with regions
of spacelike hypersurfaces, we count intersections with
suitable timelike hypersurfaces.

For clarity, we will focus on several easy accretion-type
problems in the Schwarzschild spacetime, for which ana-
lytic solutions are available. Specifically, we will consider
stationary Bondi-type solutions, in which the gas extends to
infinity, where it is assumed to be homogeneous and at
rest[10,11,23].Wewillworkwithplanarmodels,assuming
that the gas is confined to a single plane (similarly to the
accretionmodelintheKerrspacetimedescribedin[17]),and
with spherically symmetric configurations. In the simplest
case, we restrict ourselves to monoenergetic particles, but
we also give examples in which the gas obeys the Maxwell-
Juttner distribution at infinity [24,25].

As a supplement to this paper, we provide sample
Wolfram Mathematica [26] codes performing our simu-
lations. They will be publicly available at [27].

This paper is organized as follows. In Sec. Il we
introduce our notation and define the one-particle distri-
bution function. Section I11 is devoted to planar models, in
which the motion of particles is confined to a common
plane. We start with an elementary model of a planar
uniform distribution of monoenergetic particles in the
Minkowski spacetime. Two planar accretion models for
the Schwarzschild spacetime are given in Sec. Il1IB.In
Sec. 111 C we discuss Monte Carlo integration in the context
of these two models. This section provides a link between
the two approaches: an analytic one and an approach based
on the actual Monte Carlo simulations. It also gives us an
opportunity to discuss the selection of geodesic parameters
describing the Monte Carlo sample. Section I11 D introdu-
ces our Monte Carlo simulations. In Sec. 1V we focus on

© 2023 American Physical Society
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spherically symmetric stationary accretion models. A short
summary is given in Sec.

We will work in standard gravitational units with
c ¥4 G ¥ 1, where c is the speed of light and G denotes
the gravitational constant. We assume the signature of the
metric in the form (-, +, +, +).

Il. ONE-PARTICLE DISTRIBUTION FUNCTION

In the framework of the general-relativistic kinetic
theory, the gas is described in terms of a distribution
function defined on a one-particle phase space—a subset of
the tangent or cotangent bundle of the spacetime manifold
(see, e.g., [9] for a recent introduction). In this paper we
adhere to the cotangent bundle formulation, but it is, in fact,
a matter of convention.

Let (M,g) be a spacetime manifold. The cotangent
bundle of M is defined as

T ={(x,p)x M,p T+M}. 1)
The one-particle distribution function is a real function
defined on suitably chosen subsets U T*M, ie,
F :U - [0,+0). The precise mathematical definition of
F depends on a convention regarding the choice of U.Letus
consideragascomposedofthesamerest-massparticles(such
agasissometimesreferredtoas”simple” [2]).Onepossibility
is to restrict U to the future mass shell, defined as

T*M A% =

rm = {(x,p) -m2,

p is future-directed}, 2
where m denotes the rest mass of a particle. This option has
been chosen, e.g., in [9]. Another option is to transfer the
mass-shell restriction to the assumed form of F and to
demandthatF ~ d(yJ -p upd - m).Inthispaper, wedecided
to choose the latter option, mainly to be consistent with
previous works [10,11].

Let S denote a three-dimensional spacelike hypersurface
in M, and let s be a future-directed unit vector normal to S.
We define N [S] as an averaged number of particle
trajectories in U, whose projections on M intersect S.In
other words, N [§] denotes the number of particles in S. It
can be shown that [cf. [9], Egs. (94)]

@)

where

P+ ={p TTM:Mlpupv < 0,pis future-directed}

4)

and nS denotes the volume element on S. The volume
element on Px is given (in local adapted coordinates) by

PHYS. REV. D 108, 124057 (2023)

dvolx(p)= - detguv(x)dpodpidpadps. (5)

Equation (3) gives rise to the definition of the so-called
particle current density

Ju= F(xp)pudvo(p). ®)
Px
With this definition one can write N [J] as
NI[S=-f Jusuns. 0

The geodesic motion can be described by Hamilton's
equations

(8a)

(8b)

where pp = dxp=dt,H (X, p) = 2guv(Xa)pupv = - 2m2.In
the absence of collisions between particles, the distribution
function F satisfies the so-called Vlasov equation, which
can be expressed as a requirement that F should remain
constant along a geodesic:

dF  OF dxu OF dpv OF OH - OF OH
dt  Oxu dt dpvdt Oxpdpp OpvOxv
={H,F}=0. 9)

Here {:, -} denotes the Poisson bracket. Note, in particular,
that a probability function depending on (x, p) via con-
stants of motion li(x,p), ie, F = F (li(x,p), ..,
Is(x,p)), where {H,li} =0, i=1,...,5, would always
satisfy the VVlasov equation. In explicit terms, Eq. (9) can be
written as

w OF 1 dgap OF

guvpv Oxu - 2papp Oxp dpu O

(10)

Using Eg. (9), one can show that the particle current
density satisfies the conservation law VuJ u = 0, which
again justifies formula (7). The particle number density can
be defined covariantly as n = -J uJ u. Alternatively,

one can work with the components of J u.

I11. PARTICLES CONFINED TO A PLANE

We will assume a specific-to-general approach and start
with illustrative cases of the gas confined to a plane.
More specifically, we will begin with a discussion of a
uniform gas of monoenergetic particles restricted to a two-
dimensional plane in the flat Minkowski spacetime. In the
next step, we turn to a planar accretion problem in the
Schwarzschild spacetime.

124057-2
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A. Flat space case

Consider a uniform gas of monoenergetic noncolliding
particles confined to a two-dimensional plane in the flat
Minkowski spacetime. The gas particles move along
straight lines. The only nonvanishing component of the
particle current density J t can be computed in two

Z

Jutxy~) = F(t,x,y; pp’)pudvolx(p). (13)

For a uniformly distributed gas of monoenergetic
particles of the same mass mo, we assume

F (X, p) = amo5(pz)5(Pt + E0)6(Up2- p2- mO"
Yo 0d(pz)d(e - €0)d(M - mo); (14)

wherept= - E, E = mg, Eo = meo, and a is a proportion-
ality constant. Hence,

Jt=amo d(pz)d(pt+ Eo)
xd pt2- p2- mo pdptdpxdpydp:. (15)

Integrating over ptand pz is straightforward, and it gives
Jt= -amoEo 6 Eae- pz- p2- mo dpxdpy. (16)

Introducing polar momentum coordinates px = {cos S,
py = {sinS, we obtain dpxdpy = ¢dSd{ and
Jt = -2mamoEo 60 ptw- (2- mo CdC. a7

On the other hand,

0 pt-C{2-mo = {EEEEERD (- Ee-ma; (18)
Ea- ma
and hence
Jt= -2noamaEo = -2mamseo; 19)

where Eo = moeo.

PHYS. REV. D 108, 124057 (2023)

The second calculation is based on spherical coordinates.
While these may seem to be a bad choice for the problem
with an explicit translational symmetry, this calculation
provides an illustration of some aspects related to the
selection of samples of geodesics in the Monte Carlo
simulations discussed in this paper. We define

(20a)
(20b)
(20c)

(20d)

and assume a convention in which | = 0. Quantitiesm, E, I,
and Iz are constants of motion. A straightforward calcu-
lation gives

Treating m, E, |, and Iz as new momentum coordinates, one
obtains

mldmdEdldlz= E2- m2- 2

12

2
x l2- 2
sin2

edptdprdpedpq>. (22)

Keeping the pair of coordinates (l; Iz) is troublesome in
making the restriction to the equatorial plane. A convenient

solution is to change (I; 12) (I;0), where

sing = Ik. (23)
Thus, pe =0 corresponds to o ==m B. We have
dlz= I2- lzdo. Moreover, at the equatorial plane

0 =mn 2, we find

mldmdEdldo = E2- m2- 2dptdprdpedpe; (24)

and hence the volume element dvolx(p) can be written as

ST (25)

r2 E2- m2- k

dvolx (p) =

Similarly,
d(pz)=1d 0-2 +d o+2 . (26)

This gives

124057-3



MACH, CIESLIK, and ODRZYWOt EK

F(x,p) 'ul'rd(m - mg)d(E - Eg)
x 0(0-2)+06(0+1) ()
and
j = - 4am0Eg fim. dl
r g Eg-mag- bk

where Imex ¥4 r  Eg - ma. The additional factor 2 appear-
ing in the above formula comes from the fact that a given
set of values E, m, and | corresponds to two possible values
of the radial momentum pr =+ pr [cf. Eq. (20a)]. Let us
introduce the following dimensionless quantities:

I = Mmogj, r= Mg, Eg = moeg, (29)
where M denotes a reference mass parameter. The expres-
sion for Jt can be written as

(30)

where Amex = & €g - 1. The integral in Eq. (30) reads

Thus, we finally obtain

Jt = -2mamaeg; (33)
which coincides with Eq. (19). We will return to Egs. (30)-
(32) in Sec. Il D, discussing the selection of geodesic
parameters. For future use, note that

ns = 2mamaeg (34)

can be interpreted as a particle surface density of the gas.

B. Planar accretion onto a Schwarzschild black hole

As one of our test models, we consider planar stationary
accretion in the Schwarzschild spacetime. It is an

PHYS. REV. D 108, 124057 (2023)

equivalent of the Bondi (or Michel)-type stationary accre-
tion of the collisionless gas occurring in the Schwarzschild
spacetime (see Refs. [10,11,23]) restricted to a plane.
Within the plane, the gas extends to infinity, and it is
assumed to be asymptotically “atrest.” A model ofthis type
for the Kerr spacetime has been analyzed in [17].In
contrast to the Kerr case, the planar accretion model in
the Schwarzschild spacetime is relatively simple and can
serve as a pedagogical example in our discussion.

We work in standard Schwarzschild coordinates
(t, r, 6, 9). The Schwarzschild metric has the well-known

form

2M 2 2M -1 2

g=- dt2+ 1- dr2

+ r2df2 + r2sin20de2: (35)
All our calculations can also be repeated using suitably
chosen horizon-penetrating Eddington-Finkelstein-type
coordinates, yielding essentially the same results. We use
the simplest Schwarzschild form of the metric to avoid
unnecessary complications.

The geodesic motion is integrable. There exist four
independent constants of motion, which, for simplicity,
we denote as

mz = - givpupv; (36a)
E = -pt; (36b)
l2=pa+ S-nepzq'; (36¢)
Iz = po; (36d)

using the symbols which have already been introduced in
the flat Minkowski case. As before, we assume 1> g and
define dimensionless quantities &, €, A, and Az:
r=M¢, E=meg, Iz=MmAz, I=MmA, (37)
where, this time, M refers explicitly to the Schwarzschild
mass. We will also use the momentum-space coordinate o
(23),definedusingdimensionlessquantitiesbysing = Az=A.
The phase-space region available for the motion
can be controlled with almost the same expressions as
thoseusedinthesphericallysymmetricmodel[10]. Inwhat
follows, we will summarize the most important formulas;
details of the derivation can be found in [10]. The contra-

variant radial component of the momentum vector reads

(38)

where

124057-4
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(39)

denotes the dimensionless effective radial potential.

The region available for the radial motion is character-
ized by the condition €2 - Ux(§) = 0. Since Ur(§) — 1, as
& — o, unbound orbits are characterized by the energy
€ = 1. The orbits with the angular momentum A < Ac(g),
where

(40)

plunge into the black hole—we refer to these orbits as
absorbed ones. Unbound orbits withA > Ac(e) are scattered
off the centrifugal barrier. The maximum value of the
angular momentum for a scattered unbound orbit reaching
radius & reads

(41)

while the minimum allowed energy can be written as

(42)

where © denotes the Heaviside step function. The addi-
tional factor 2 in the expression for J{3&) is due to equal
contributions of ingoing and outgoing trajectories. The
radial component reads

PHYS. REV. D 108, 124057 (2023)

1. Monoenergetic particles

For a planar accretion model with monoenergetic
particles, we assume a one-particle distribution function
of the form

-pupu - Mo)d(pt + E0)d(pz)
ad(m - mo)d(e - €0)d(pz)

F(x,p )= amod(

Msm - mo)sd(e - )

x P(0- n/2)+8(0 +1w2) . (43)

One may readily verify that the above choice satisfies the
Vlasov equation (9).

The volume element in momentum space reads, in terms
of coordinates m, €, A, and o,

(44)

The components of the particle surface current density Ju
can now be expressed as a sum of two parts: a part
corresponding to absorbed orbits and a part corresponding

to scattered ones, i.e., Ju= J(@® + J(EHA). According

to the characterization given in the previous subsection,
one has

(45a)

(45Db)

The radial component Jr is directly related with the rest-
mass accretion rate, which we define as (see Ref. [17])

M = -2nMmogJr. 47)

Ir(€) = J (gos) (§) = - 20 (€0 - 1)Ac(e0). (46) For the monoenergetic planar model the rest-mass accretion
rate reads
124057-5

85



MACH, CIESLIK, and ODRZYWOt EK

M = 4naMm48 (eQ—1)Ac(Eo):

As a general remark, applying to all models in this paper,
let us note that in physical applications the proportionality
constant o appearing in the expression for the distribution
function is rather hard to control. For planar models, it can
be expressed in terms of the asymptotic particle number
surface density ns, which for the gas of monoenergetic
particles is given by Eq. (34). This allows us to write
Eq. (48) as

M = 2Mmonse (o —1) A- o- -
€0

(49)

For spherical models one can express the proportionality
constant a in terms of the asymptotic particle number
density [10,11]. Since in this work we focus mainly on the
Monte Carlo simulations, we will keep the proportionality
constant a for clarity in the resulting formulas.

2. Maxwell-Juttner distribution
Assuming, instead of monoenergetic particles, that at

infinity the gas obeys a Maxwell-Juttner distribution
restricted to a plane [24,25], we set

F(x,p) = ad("P-puypp—m” exp”-"P "5(Pz)

o(m —mo) exp (—B¢€)
moA

x P(c—w2 )+ d(c+ w2)], (50)
where B = mo/ (kBT ), kB denotes the Boltzmann constant,
and T is the asymptotic temperature of the gas.

A calculation similar to that for the planar accretion of
monoenergetic particles yields

1

With a slight abuse of terminology, we will refer
to the model described in this subsection as the planar

PHYS. REV. D 108, 124057 (2023)

Maxwell-Juttner model, keeping in mind that the Maxwell-
Juttner distribution is only assumed asymptotically.

C. Monte Carlo integration

Our first approach is to apply a Monte Carlo integration to
Eq. (45) or (51) (for a general introduction to Monte Carlo
methods see, for instance, [28]). This procedure can be
viewed as an intermediate step between analytic solutions
given in previous subsections and our final aim to construct
actual Monte Carlo simulations. We will also use it as an
illustration of the problems related to the selection of the
sample of geodesics. Consider an integral

I = fx)dx

Q

(52)

LetXi Q,i= 1, ...N denote N samples chosen from the
distribution p (x). The Monte Carlo estimator of | reads

(53)
For a uniform distribution, one has p(x)=1/V , where

V = vol(Q) is the volume of Q, and thus

V N
M

hli = f (Xi)- (54)

i=1

Consider now an integral of the form

(55)

where g(x) is a weight. For p (x) = cg(x), where ¢ is a
proportionality constant, one obtains

(56)

Since the probability density function p (x) integrates to
unity, we obtain

(57)
Thus,

(58)

These two options yield two different approaches to
solving our problem. For monoenergetic accretion, we
would rather use a uniform-distribution integration. This
can be done as follows. Let &o be the outer radius of the

124057-6
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region of interest, and let Ai [0, Amax(€o, &0)] denote
uniformly selected random angular momenta. Note that
the configuration is assumed to extend to infinity. Selecting
a finite &o allows us to focus our attention on the region
2 < &< & and to limitthe range ofthe angular momen-
tum.1 Angular momenta Ai can be divided into two
classes, with the corresponding sets of indices: laxs %
fi-0<Ai <Ac(eo)}, 1scat  Ti-Ac < Ai € Amax(€0,80)},
with Nas ¥ » labs, Nscat Y4 « Iscat, where . 1 denotes the
number of elements in set I. Monte Carlo estimators of

J(@® and J (&H) in the monoenergetic planar model can be
written as

(59a)

(59b)

where &min(A,e) denotes the pericenter radius—the
largest zero of the polynomial &3f2_ Ua(§)]. Sample
results obtained in this way are shown in Fig. 1, assuming
€0 _ 1.3 and & _ 20. Monte Carlo data are plotted with
dots. Solid and dashed lines represent exact solutions. We

plot the graphs of _Jt/ (am3) and _J @®/ (am3). We omit
the calculation of the Monte Carlo estimator for Jr since it
is almost trivial.

The planar Maxwell-Juttner accretion model can serve as
an illustration for the second scheme. Selecting geodesic
parameters from the Maxwell-Juttner distribution can be
done using von Neumann's rejection method [29].A's
before, let us focus on the region 2 < & < &o. We start by
introducing a cutoff ecuoff for the allowed energy e.
Subsequently, we select, assuming uniform distributions,
€ [1,€cutorf], Ai [0, Amaxkutoff, &<, ana auxitiary
variable yi [0,1]. The values of €i and Ai are added to
the set of selected parameters, if yi < exp(-Bei)/exp(-B)
and Ai < Amex(ei, &o), and rejected otherwise. This pro-
cedure is iterated until asufficientnumber ofpairs (gi, Ai) is
selected. As before, parameters (ei,Ai) are divided into
those corresponding to absorbed trajectories [Ai < Ac(ei)]
and scattered ones [Ai > Ac(ei)]. We denote, also as before,

N abs __ #abs. N scat _ _#I scat
Monte Carlo estimators of J{d® and J(SH) are

computed as

an

1Accretion from a region of a finite radius is an interesting
problem on its own [15].

PHYS. REV. D 108, 124057 (2023)

FIG. 1. Components of the particle surface density current Jt
for the monoenergetic planar model with €o_ 1.3, & _ 20.
Exact solutions [Egs. (45)] are plotted with solid and dashed
lines. Dots (blue and green) represent sample results obtained by
the Monte Carlo integration [Egs. (59)]. There are 105 angular
momentum samples: NaB_ 31814, NSt 68186.

(60a)

(60Db)

where

(61a)

(61b)

An example of the components J{a® and Jt obtained in this
way forp _ 1, eoutoff _ 10, and &o _ 20 is shown in Fig. 2.
In Fig. 2 and in what follows, to assure a fair comparison,
both analytic solutions and Monte Carlo estimators are
computed assuming the same cutoff value eautoff for the
maximal energy.

In both cases we have introduced small adjustments in
the Monte Carlo integration procedure, which make it
similar to the actual Monte Carlo simulations discussed in
the remainder of this paper. In particular, instead of limiting
the selection of geodesic parameters used to compute

124057-7
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FIG. 2. Same as in Fig. 1 but for the Maxwell-Juttner planar
accretion model with B %1, eatdff ¥4 10, and &o ¥4 20. Exact
solutions [Egs. (51a) and (51b)] are plotted with solid and dashed
lines. Blue and green dots show results of the Monte Carlo
integration [Egs. (60)]. The total number of randomly selected
triples (e, Ai,yi) is 2 x 106, which gives Nd%= 10462,
Nscat ¥4 27268.

hj@&abi with Amex(e, &), we use an equivalent restriction on
Emin—the pericenter radius.

D. Monte Carlo simulations of stationary
planar problems

1. Averages

We construct our Monte Carlo simulations of stationary
flows by selecting a set of geodesic trajectories and
counting their intersections with suitably chosen surfaces,
assuming appropriate weights.

As introductory examples, consider planar problems
described in Sec. I11. We aim at a Monte Carlo simulation
that would allow us to compute the components of,
say, Ju. This poses several problems. The first one is
related to the choice of a convenient parametrization of
geodesics. The second is to select geodesics assuming
the correct probability distribution expressed in terms of
geodesic parameters. Finally, one has to design a method
of computing suitable averages over momenta. We will
start the discussion with this last problem.

The essence of our Monte Carlo simulations is an
approximation of a continuous system by a discrete one,
given by the distribution function

PHYS. REV. D 108, 124057 (2023)

where N denotes the number of particles with trajectories
described by coordinates x(j)(t) and momenta pi)(T)

[cf. [5], p. 14, Eq. (A6)]. Our convention regarding the
parameter T is that of Eq. (8), and hence Eq. (62) differs by
the factor 1=m with respect to the formula in [5]. The
particle current density J p corresponding to this distribu-
tion can be computed as

Jyx)=y fix-P)u -...gp(x)dPe- dP3

Z
B (xa - X6) (1)

i=1

x p(H(t) - detgap(x)dt: (63)

The above expression is compatible with Eq. (7), which
can be seen as follows. Let S denote a hypersurface of
constant time, and let the spacetime metric g in the vicinity
of S be expressed in the standard 3 + 1 form

g= (-az2+Bipl)dtz + 2pidtdx| + yijdxldxj,  (64)

where a is the lapse, Bi are the components of the
shift vector, and y denotes the metric induced on S.
Then,

Y I T
Cons dt X @ @)
x - detgok(x)p ) (t)sv:

(65)

Here, sv = (-a, 0,0,0), and nS= detyijdax. Thus,

3 N 1]
dax dt 3(4)(xu- x(B())pL)(T)

S i=1

N [9]

X dtd(t- ti(t)) dfi) = N,

i=1

(66)

where we have used the fact that - detguw = a detyij.
We will estimate thevalue o fJp atapointx, by selecting

a(small) hypersurface region Z (acell), such thatx Z, and
computing
hiui= RIpg: (67)
(62) 5Nz
124057-8
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For planar models, we might be interested in the surface
density value

(68)

as well.

Perhaps the most natural method would be to select a
region within a hypersurface of constant time, discretize
this region into cells, and average over trajectories passing
through a given cell. The trouble with this approach is that
it is not well suited to searching for stationary solutions.
Instead, we can select a timelike hypersurface foliated by
the orbits of a stationary Killing field and count the
intersections of the geodesics with such a surface, assuming
additional weights, which we derive below.

For a planar, stationary accretion flow in the
Schwarzschild spacetime, we take a segment
S={(r,8,0) risr<r2,0=mw2,0 = ¢og (69)
and a surface
={(tr,0,0)t1st<st2,ragr<re,
8=mn/2;0 = @og: (70)

Let @t (xo) denote the orbit of the timelike Killing vector
field & = (1,0,0,0), passing through x0 at T =0, i.e,
®o(xb)¥% xb. Then, Z can be expressed as the image

> = OLe(S). (71)
For the planar model we have
AN
Ju(x)= 30 - m=2)3(3) (Xa - x)(1))
i=1
x pfi)(T) - detgap(x)dr, (72)
where
0(3) (xa - x@) (1)) = d(t- t()(1))d(r- r()(1))
x 8(@o- @) (1)): (73)

Since, at the equatorial plane 6(0- m=2)=rd(z) and
J u = 0(z)Jp, we obtain

(74)
where  -detgap(x) = (r2sinf)-1 = 1=r2. The volume
element induced on X reads nz = dtdr. A direct calcu-
lation gives

PHYS. REV. D 108, 124057 (2023)

where in the last sum we only take into account trajectories
that intersect . The integral with respect to t can be
computed by writing

5@0- 00 (@) = X do- K ;
¢ e oo

(76)

where @(i) (tk) = @o. The above sum runs over all inter-
sections of the ith trajectory with . Note that

(77

Thus, we finally obtain

(78)

where Nint is the number of all intersections of trajectories
with the surface Z (see Fig. 3). The particle current surface
density can now be approximated as

(79)

For stationary problems, the result should be independent
of the choice of t1 and t2 in a sense that the number of
trajectories that intersect X should be proportional to the
length t2 - tu1 if the latter is sufficiently large. In practice,
we omit the factor t2 - t1 and normalize the results by the
number of trajectories taken into account. Moreover,
instead of considering full orbits in the four-dimensional
spacetime, it is sufficient to work with projections of
trajectories onto surfaces of constant time t.

2. Selecting trajectories

The setup described above brings us immediately to the
problem of selecting the appropriate distribution of geo-
desics. Let us start the discussion with a homogeneous
distribution of a gas within a plane in the Minkowski
spacetime, introduced in Sec. Il A. In principle, we are
interested in an infinite distribution, but for practical
reasons, a Monte Carlo simulation has to be restricted to
a compact region in space, say, a disk of a dimensionless
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radius &. The problem we are facing turns out to
be a variation of the classic Bertrand problem (or
Bertrand paradox), known from the theory of geometrical
probability [30]. Bertrand's problem is usually formulated
as follows. On a fixed circle, one randomly selects a chord.
What is the probability that the length of this chord is
larger than the side of an equilateral triangle inscribed in
this circle? It is then shown that different methods of
selecting the chord “at random” lead to different answers
(different probabilities). One of the methods of selecting
chords is to demand that they belong to straight lines
uniformly distributed in a plane. Such a distribution has
been studied, e.g., by Kendall and Moran in [31]. In terms
of Cartesian coordinates (x,y), straight lines can be para-
metrized by

ux+ vy + 1= 0. (80)
It can be shown that the probability distribution
F (u; v)dudv = (u2 + v2)-dudv (81)

is invariant under the group of Euclidean symmetries on the
plane—rotations and translations [31]. The trouble with
parameters u and v is that they are not well suited to a
description of chords within a given circle. Instead, a better
description can be provided by parametrizing the chords
(or, equivalently, straight lines in the plane) by polar
coordinates (p, S) of the point on the chord with the
smallest distance to the center of the circle. In terms of
(p; S), one has

(uz2 + v2) -Audv = dpds, (82)
and given that dudv = pdpd&, we obtain
F(p,S)=p-~1 (83)

In the context of Bertrand's paradox, this distribution was
already proposed by Poincare in 1912 [32].

While in the original formulation of Bertrand's paradox
choosing a solution may be a matter of preference,
Poincare’s solution happens to be well suited to our
problem at hand, as the restriction to a given circle is only
technical—we are, in fact, interested in a description of a
gas of particles with trajectories distributed uniformly in a
plane. For monoenergetic particles of energy €o, the para-
metrization in terms of the coordinate p is equivalent to the
one with the total angular momentum A,a s A and

(84)

are linearly related. Let us now return to the angula
momentum distribution appearing in Egs. (30) and (32

PHYS. REV. D 108, 124057 (2023)

FIG. 3. Illustration of intersections of the ith trajectory with the
surface £, as defined in Eqg. (70). In this example, the number of
intersections NIt= 3 [see Eq. (78)].

Using Eq. (84), we can express Jt given by Egs. (30)
and (32) as

(85)

To conclude, in a Monte Carlo simulation of uniformly
distributed monoenergetic particles confined to a plane in
flat Minkowski spacetime, we would select trajectories
distributed uniformly in A. An example of such a distribu-
tion of straight lines in a plane is shown in Fig. 4. Since the
total angular momentum A is a constant of motion and our
models of accretion in Schwarzschild spacetime assume a
uniform planar asymptotic distribution of particles, a uni-
form distribution of A has to be assumed for these models
as well.

3. Implementation for the planar accretion problem

Unbound trajectories confined to a plane in the
Schwarzschild spacetime can be parametrized by the energy
€, angular momentum A, the location of the intersection of
the orbit with the circle of the given radius &o (outer
boundary of the simulation region), and the sign ex dis-
tinguishing between the clockwise or anticlockwise direc-
tion of motion. If A =jAzj (the motion occurs in the
equatorial plane), we set ex = sgnAz. We compute trajecto-
ries using a formalism based on the Biermann-Weierstrass
theoremintroducedin[33]. Its mainingredientis auniversal
formula for a radius in terms of the so-called true anomaly
angle ¢ (the polar angle in the orbital plane). It reads

124057-10
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and

€2-1 2

ao=~2l~; 4m=R; 6a2=-1. 4% =2 (88)

The Weierstrass p function has to be computed with the
following Weierstrass invariants:

(89a)

(89b)

ie, p(W) = p(Y;g2,93), and the same applies to the
derivative p'(¢). Here, the sign er = +£1 corresponds to
the radial direction of motion at the initial location &o.
Taking ingoing trajectories at &o, we set er = -1.

As another element, we need formulas for the allowed
range Ry of the true anomaly (. It is computed differently
for absorbed and scattered orbits. We define the following
function:

o fi-.
NV TEQ

X(€) =

[

(90)

For generic unbound scattered orbits, X (§) can be
expressed as

where y1, y2, and y3 denote the roots of the polynomial
4y3 - goy - g3, satisfying y1 <y2 <ys,

PHYS. REV. D 108, 124057 (2023)

(86)

For unbound absorbed orbits, an explicitly real formula
for X(&o) is different. Let y1 denote a real zero of
the polynomial 4y3 - g2y - g3 = 4(y - y1)(y2+ py + Qq),
where p2- 49 < o and thus y2 + py + q > 0. We define

p= yz2+pyi+ g and
ke=12 1-y1 =2
y1 HIp (94)
The expression for X(&) reads
(95)

The calculation of the allowed range of ¢ is now quite
simple. For unbound scattered orbits, one has

Ry = 2[X(7per) - X(&o)];

where &peri denotes the pericenter radius. For unbound
absorbed orbits, we set

(96)

Ry = X(2) - X(&); (97)
since & = 2 corresponds to the black hole horizon.

Note that the range Ry of the angle ¢ can be larger
than 2m, in which case the orbit circles around the black
hole. Thus, the last “technical” element in our description
is a simple function that gives the number of intersections
of a given geodesic trajectory with a radius of constant
polar angle ¢. To define such a function, one only needs
to know the range Ry, the polar coordinate @o correspond-
ing to the initial radius &o, the sign ex, and the polar
coordinate of the radius ¢@ for which one counts the
intersections with the given geodesic. This idea is illus-
trated in Fig. 5. In this case a sample absorbed geodesic
is depicted with a blue line. Radial segments which are
intersected twice are marked with solid gray lines. Radial

k2 =y2- y1; (% segments with three intersections are marked with dashed
y3 - y1 lines. A sample Wolfram Mathematica [26] code for such
a function is as follows (here, phi = @, phio = @o,
and F (o, k) is the Legendre elliptic integral defined by range = Ry, d ir = ex):
124057-11
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NumberOfintersections[phi_, phiO_, range_, dir

If[phi>phio,

PHYS. REV. D 108, 124057 (2023)

=1,

1= tf[dir

[ff[Mod[range, 2 Pi] >phi—4phi0, Quotient[range, 2 Pi] +1, Quotient[range, 2 P i]],
Iff[Mod[range + phi0O, 2 Pi] >phi, Quotient[range + phiO, 2 P i],

Quotient[range + phi0, 2 Pi]—]],
If[phi<phio,

[ff[Mod[range, 2 Pi] >phi0O—p hi, Quotient[range, 2 Pi] +1, Quotient[range, 2 P i]],
[ff[Mod[phi0O—+ange, 2 Pi] <phi, Quotient[range—phi0, 2 Pi] +1,

Quotient[range—phi0, 2 P i]]]
]

Given all these elements, we select trajectories with a
given energy €o and uniformly distributed values of
® [0,2m), A [0,Amex(co0,&o)], and the sign ex = £1.
For clarity, these parameters can be divided into two
classes: those corresponding to absorbed trajectories with
A < Ac(€) and those corresponding to scattered orbits with
A > Ac(e). A plot of such trajectories, projected at a
hypersurface of constant time, is given in Fig. 6.

According to Eg. (79), the components of Ju can be
computed by counting the number of intersections per
length interval at a given radius (¢ = const), with appro-
priate weights. Such intersections are illustrated in Fig. 7.
Letthesetofindiceslabs(§1,&2) numbertheintersections of
absorbed trajectories in the segment &1 < & < &2 of aradius
of constant @. Note that a given trajectory can contribute
more than once to the set of intersections 1as0&1, &
can happen for spiraling orbits, similar to the one shown in
Fig. 5. An analogous set of indices referring to scattered
orbits will be denoted by Iscat(§1,&2). The Monte Carlo

this

FIG. 4. Randomly distributed straight lines on a plane. There
are 500 lines in this picture, selected according to Eq. (82) or (83).

estimators of components J(@® and J (&) at (E = (g1 +
£2)=2, ¢) can be computed as

(98a)

(98b)

where Nadxs and Nseat denote the number of absorbed and
scattered orbits, respectively. The estimator for Jr can be
computed as

-15 -10 -5 0 5 10 15
x/IM
FIG. 5. llustration of the function controlling the number of

intersections of a geodesic and a radial segment of constant ¢.A
spiraling geodesic is plotted with the blue line. It corresponds to
€= 1.landA = 4.7244 Radialsegmentsofconstantg whichare
intersected twice are depicted with solid lines. A dashed line is
used for rays intersected three times. The orange circle corre-
sponds to the black hole horizon.
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FIG. 6. Randomly distributed monoenergetic (g0 % 1.3) geo-
desics on a plane. Angular momenta are uniformly distributed
within A [0,AM@X€o, &0)], where & = 20. Absorbed orbits are
depicted in blue. Scattered orbits are plotted in green. There are
500 orbits in this plot.

(99)

We discretize the radial directionaccordingto § < § < &j+1,
j=1, .,Neg- 1, with &= 2 and ENe = &o (the radius of
the outer boundary). Thus, strictly speaking, the values £ 1and
&2 appearing in all our formulas should be replaced by
&1 &, & — &+1. We will, however, keep the notation
with &1 and &2 referring to cell boundaries, as it is probably
more transparent. A comparison of results obtained according
to Egs. (98) and (99) with exact expressions for Jt and Jr is
shown in Figs. 8 and 9.

Apart from the number of trajectories, the resolution of
the method is controlled by the number of radii of constant
¢ and the size &j+ 1 - & of radial segments [}, &j+ 1]. In the
example shown in Figs. 8 and 9, there are 120 radii of
constant @, distributed within the full angle, and 100
equidistant radial segments [§ , &+ 1] in the range 2 < & <
&o = 20 ateach radius @ = const. The values ofhJui can be
computed separately for each radius of constant ¢; in our
examples we additionally average the results over all radii
of constant ¢.

In a similar fashion one can compute Monte Carlo
estimators of the particle current density in the case
with the Maxwell-Juttner asymptotic distribution. It is

PHYS. REV. D 108, 124057 (2023)

FIG. 7. Intersection points of orbits plotted in Fig. 6 and radii of
constant @.
FIG. 8. Time components of the particle surface density current

Jt for the planar accretion model with monoenergetic particles. In
this case €0 = 1.3 and &o = 20. Exact solutions [Eqgs. (45)] are
plotted with solid and dashed lines. Blue and green points depict
results of a Monte Carlo simulation [Egs. (98)]. There are 5 x 104
orbits: 15,953 absorbed trajectories and 34,047 scattered ones.

convenient to select trajectories directly from the
Maxwell-Juttner distribution. Again, von Neumann's rejec-
tion method can be used. We repeat the procedure described
in Sec. IIC; however, this time four parameters
(ei,Ai,@o,i,eni,yi) are selected in each iteration step, and
uniform distributions are assumed for @o,i [0, 2m),
and exi = 1.
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FIG.9. Radial component of the particle surface density current
Jr for the model illustrated in Fig. 8 (planar model with
monoenergetic particles; €o0%2 1.3 and &o ¥ 20). The exact
solution [Eq. (46)] is plotted with the solid line. Blue and green
dots show results of a Monte Carlo simulation [Eq. (99)]. The
sample of geodesic orbits is the same as in Fig. 8. There are
5x 104 orbits: 15,953 absorbed trajectories and 34,047
scattered ones.

Monte Carlo estimators of the particle current surface
density in the asymptotically Maxwell-Juttner model can
be written as

A comparison of these estimators and exact solutions given
by Egs. (51) is shown in Figs. 10 and 11.

IV. SPHERICALLY SYMMETRIC SOLUTIONS

A. Spherically symmetric solutions
in the Schwarzschild background

We now turn to spherically symmetric solutions. The
calculations given in this section are similar to those for
planar systems, and thus we will mostly only summarize

PHYS. REV. D 108, 124057 (2023)

FIG. 10. Time components of the particle surface density
current Jt for the planar Maxwell-Juttner model. In this case
B ¥ 1, eatdf ¥4 10, and Eo ¥4 20. Exact solutions [Egs. (51a) and
(51b)] are plotted with solid and dashed lines. Blue and green
dotsshowresultsofaMonteCarlosimulation[Eqs.(100)].There
are 2 x 106 sets (et,Ai,@0i,eNi,yi), giving 10,356 absorbed and
27,056 scattered orbits.

the results. Spherically symmetric models describing sta-
tionary accretion of collisionless gas in the Schwarzschild
spacetime were derived in [10,11], in particular, assuming
the Maxwell-Juttner distribution at infinity. In the following

FIG. 11. Radial component of the particle surface density
current Jr for the planar accretion model with a Maxwell-Juttner
asymptotic distribution. In this case B ¥4 1, & ¥4 20, addf ¥ 10.
The exact solution [Eq. (51c)] is plotted with a solid line. Blue
dots show results of a Monte Carlo simulation [Eq. (101)]. The
sample of geodesic orbits is the same as in Fig. 10. There are
2 x 106 sets (ei,Ai,@Oi,eMi,yi), giving 10,356 absorbed and
27,056 scattered orbits.
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two subsections we give expressions for the particle current
density in the spherically symmetric stationary accretion
model with monoenergetic particles and recall expressions
derived already in [10,11] for the spherical Maxwell-
Juttner model.

1. Monoenergetic particles

For the gas of monoenergetic particles, the one-particle
distribution function reads, in our standard setup,

f {x,p) = am03"v/-p ppp - mO"d{pt+ Eo)

ad (Vv -PuPu- m~o(e- €4), (102)

where, as before, we only take into account future pointing
momenta. The momentum-space volume element can be
written as

maA
dvolx (p) fdedmdAdy;  (103)
&2 e2- Ur(@©)
where the variable X is defined as
pe = MmA cosy , pe = MmA sin 8 siny (104)

(see Ref. [10]).

Taking into account the regions in the phase space
available for the motion of absorbed and scattered particles,
one can write time components of the particle current
density as

The integrals with respect to momenta can be easily
computed, yielding

PHYS. REV. D 108, 124057 (2023)

where

(107)

(108)

2. Asymptotic Maxwell-Juttner distribution

Assuming the gas obeying the Maxwell-Juttner distri-
bution asymptotically, we find the one-particle distribution
function in the form

f (x,p)=a5(P~PuPu- m0) exp”m kuPp?

=ad(y-P pPy- mo* exp (-Be). (109)

This gives the following expressions for J tand J r.

(110c)
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B. Monte Carlo simulations of spherically
symmetric solutions

Similarly to the planar case, one can perform both
Monte Carlo integration and the actual Monte Carlo
simulation of stationary spherically symmetric accretion
flows. Since Monte Carlo integration is essentially straight-
forward and does not require any new elements, we will
omit this part.

We now take
S={(r,0,9).r1 <r<r2,06x<0<0620=0@og (111)
and the surface
= {(t,r,06,0)t1st<to,ri<r<re,
B1<0<B2;0=00g (1 1 2 )
and compute the estimators
hJpi= RIpn:: (113)
ins

The calculation is analogous to the previous one, performed
for the planar case. The expression for the particle current
density reads

(114)

The volume element on X can be written asnz = rdtdrd®.
Thus,

Nz = 2 (t2- ti)(r2- r1)(02- B1)(r1+ r2), (115)
and

(116)

The values Iz and | are related: jlzj = | cos 1, where 1 denotes
the inclination of the orbit with respect to the equatorial
plane of the coordinate system. Thus,

This gives the Monte Carlo estimator of J u in the form

PHYS. REV. D 108, 124057 (2023)

(118)

where we have assumed that r2- r1 1, and, conse-
quently, 1(n + r2) = r(y

The easiest way of simulating spherically symmetric
flows in the Schwarzschild background uses the fact that
each trajectory is in fact a planar one. Thus, one can still
select parameters of trajectories in a single plane. In this
case, one can ignore the factors depending on 6 and the

inclination angle, and write

(119)

The key difference with respect to the planar case is
related to the selection of geodesics. While in the planar
case we select geodesics from the distribution o dA,
the three-dimensional case requires a distribution o AdA.
To see this, one can return to a classic discussion of a
uniform random distribution of straight lines in the three-
dimensional flat space given by Kendall and Moran in [31].
They parametrize straight lines in R3 by

az+p, (120a)

y=bz+q, (120b)

where (X, Yy, z) denote Cartesian coordinates. The appro-
priate probability measure, invariant with respect to
Euclidean rotations and translations, is given by

(1+ a2+ b2)-2dadbdpdq (121)

[cf. Eq. (3.50), p. 74 in[31]]. The plane perpendicularto
the line given by Egs. (120) and passing through the origin
of the coordinate system is described by

ax+ by+z=o: (122)

The unit vector normal to this plane has the coordinates

(123)

Let us fix the parameters a and b. The intersection of
the line (120) with the plane (122) is specified by the
parameters p and q. The area element at the plane (122)
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defined by such intersection points and obtained by varying
the parameters p and q is given by
dS =(1 + o2+ b2) Ydpdg (124)
(note an error in [31] in this formula). Let dQ denote the
solid angle element around the normal vector ni, obtained
by varying a and b. Kendall and Moran show that
(1 + a2+ b2)-2dadbdpdq = dSdQ: (125)

Let d be a distance from the center of the coordinate
system to the intersection point. It is given by

1B

0= (1+ b2)p2- 2drpq + (1 + a2)qz:
1+ a2+ b2

Fix the parameters a and b. Let @ denote an angle between
the intersection of the plane (122) and the plane z = 0 and
the line joining the origin of the coordinate system and the
intersection point. We have

(127)

(128)

(129)

as expected [(0;@) are standard polar coordinates in the
plane (122)]. Again, the total angular momentum A asso-
ciated with a given line is directly proportional to its
distance & from the center of the coordinate system. This
justifies our claim that
(1 + a2+ b2)-2dadbdpdq << AdA. (130)
Assuming the notation from the previous section, we
write Monte Carlo estimators for the monoenergetic model

in thé* fr lirwizinn fnrm .

(131a)

(131b)
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FIG.12. Time components of the particle current density J t for
the monoenergetic spherically symmetric model with g0 = 1.3
and &o = 20. Exact solutions [Eqs. (106)] are plotted with solid
and dashed lines. Blue and green dots show results of a
Monte Carlo simulation [Egs. (131)]. We use von Neumann's
rejection method to select appropriate distribution of the total
angular momentum. There are 5x 104 von Neumann iteration
steps giving 2477 absorbed and 22,273 scattered trajectories.

The estimator for J r can be computed as

Here, as in the planar case, we have adapted our normali-
zation to analytic formulas (106) and (108). A comparison
of these estimators with the exact solutions is given in
Figs. 12 and 13.

In a similar fashion one can compute Monte Carlo
estimators of the particle current density in the case with
the Maxwell-Juttner asymptotic distribution. As in the
planar case, parameters of the trajectories can be selected
from the Maxwell-Juttner distribution, wusing von
Neumann's rejection method. Once again, we repeat the
procedure described in Sec. 111 C. The only difference is
that this time both angular momenta A and the energies € are
selected from nonuniform distributions. This requires
introducing two separate auxiliary parameters (yi and zi,

say). Monte Carlo estimators of J {@® and J (&) can be
computed as
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FIG. 13. Radial component of the particle current density
J r for the monoenergetic spherically symmetric model with
€0 %2 1.3 and &o %2 20. The exact solution [Eq. (108)] is plotted
with the solid line. Blue dots show results of a Monte Carlo
simulation [Eq. (132)]. The sample of geodesic orbits is the same
as in Fig. 12. There are 2477 absorbed trajectories.

(133b)
(134)
Here,
Vibs = % ECumﬁexp(-Bs))\c(s)zds, (135a)
Veat=2 b (-Bo)Amix(e.Eo)2- Ao(e)}de.  (135b)

A comparison of Monte Carlo estimators defined in this
way and exact solutions is given in Figs. 14 and 15.

Of course, one can also adhere to the original prescrip-
tion given by Eq. (118) and distribute selected trajectories
among randomly oriented orbital planes. This requires
some technical elements in the calculation but does not
change the overall results. The idea is to count (with
appropriate weights) intersections of trajectories with
meridian half-planes of a fixed spherical coordinate system.
As before, we separately count intersections falling in the
radial regions & <& <&+ 1,j = 1,...,N&¢- 1, with &1 =
2 and ENe = &o, but we also discretize with respect to 6 and

PHYS. REV. D 108, 124057 (2023)

FIG.14. Time components of the particle current density J t for
the Maxwell-Juttner spherically symmetric model with B = 1,
eatdff 410, and o ¥20. Exact solutions [Egs. (110a) and
(110b)] are plotted with solid and dashed lines. Blue and green
dots show results of a Monte Carlo simulation [Egs. (133)]. There
are 6 x 106 sets (ei,Ai,0i,e\i,yi,zi), giving 963 absorbed
trajectories and 12,804 scattered trajectories in this simulation.

FIG. 15. Radial component of the particle current density J r
for the Maxwell-Juttner spherically symmetric model with3 = 1,
eatdf = 10, and & = 20. The exact solution [Eq. (110c)]is
plotted with the solid line. Blue dots show results of a
Monte Carlo simulation [Egs. (134)]. The sample of geodesic
orbits is the same as in Fig. 14. There are 6 x 106 sets
(i, Ai, @oii, eAt,yt,Zt), giving 963 absorbed trajectories and
12,804 scattered trajectories in this simulation.

separately count intersections occurring in different regions
Bk <0 <6k+1, k=1, . ,Ne-1,01=0and6BNe = m.As
before, for clarity, we keep the notation with &1, &2, 81, and
82 referring to cell boundaries.
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where Chbs(§i,<%01,02) and /s (7,<%0yx,02) collect
indices corresponding to intersections of absorbed and
scattered trajectories falling in the regions 1< i) < &2
and 01 < 0(i) < 02.

The orientation of the orbital plane can be controlled
by specifying coordinates of the normal vector. Choosing
to work with Cartesian coordinates facilitates the selec-
tion procedure—again, von Neumann's rejection method
can be used to select normal vectors distributed uniformly
in a unit sphere. Taking into account different possible
orientations of the orbits would be important for nonspheri-
cally symmetric solutions. Examples of such solutions,
representing models of a Schwarzschild black hole

FIG. 16. Intersections of trajectories with a grid of meridional
half-planes. Blue and green dots correspond to absorbed and
scattered orbits, respectively. There are 79 absorbed orbits and
1077 scattered ones.

PHYS. REV. D 108, 124057 (2023)

(136a)

(136b)

(136¢)

moving through the medium, are provided in [13,14].
For spherically symmetric solutions, one can average the
results not only over different values of @o, but also over
cells [B1,02].

For completeness, Fig. 16 shows an example of
intersections of orbits selected according to the Maxwell-
Juttner distribution with a grid of meridional half-
planes. Sample results of a Monte Carlo simulation
with a fixed coordinate system and randomly distri-
buted orbital planes of individual trajectories are shown
in Fig. 17.

FIG.17. Time components of the particle current density J t for
the Maxwell-Juttner spherically symmetric model with B %1,
eatdff ¥4 10, and €0 % 20. Exact solutions [Egs. (110a) and
(110b)] are plotted with solid and dashed lines. Blue and green
dots show results of a Monte Carlo simulation in which orbital
planes of individual trajectories are distributed randomly, and we
count intersections of orbits with segments of meridional half-
planes of a fixed coordinate system (as shown in Fig. 16). We use
von Neumann's rejection method, selecting geodesic parameters
and the vector normal to the equatorial plane in a single iteration
step. There are 107 iteration steps, giving 828 absorbed and
10,979 scattered trajectories.
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V. SUMMARY

We have developed Monte Carlo techniques for solving
the general-relativistic VVlasov equation. We focused on
stationary accretion-type solutions on the Schwarzschild
background, but with appropriate adjustments, our methods
should also work in other cases, including stationary
configurations of the collisionless gas in Kerr spacetime,
as well as time-dependent solutions of initial value prob-
lems. (A possible future implementation valid for Kerr
spacetime should, in particular, recover results of the planar
model [17] as a test.)

The emphasis on stationary solutions sets our formu-
lation in contrast to particle-in-cell methods, designed to
solve initial value problems and allowing for an efficient
coupling of (plasma) particles with electromagnetic fields
(see, e.g., [19,34]). Nonspherically symmetric numerical
stationary solutions of Einstein-Vlasov equations were
obtained already in pioneering works [35,36] and more
recently in [37]. Numerical methods used in these papers
are focused on Einstein equations; the kinetic part is
treated with relatively simple Ansatze for the distribution
function, and it is restricted to bound orbits. In this paper
we were concerned with the kinetic part only, aiming at
constructing a possibly versatile framework. Our averag-
ing method for computing observable quantities, such as
the particle current density or the energy-momentum
tensor, is general [although one might need to adapt the
hypersurface ~ in Eqs. (67) and (68) to the problem at
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hand].An appropriate selectionofthe sampleofgeodesics
can be treated as a separate issue. We have provided
examples corresponding to a homogeneous asymptotic
distribution of particles, characteristic of Bondi-type
accretion problems.

Our discussion emphasized the difference between
planar models (in which the motion of particles is confined
to a common plane) and nonplanar ones. It is especially
tricky (or subtle) for spherically symmetric spacetimes (like
the Schwarzschild spacetime), in which each of the geo-
desics belongs to a single plane.
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simulation yielding the rest-mass accretion rate in the
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Instytut Fizyki Teoretycznej, Uniwersytet JagielloSski, Lojasiewicza 11, 30-348 Krakow, Poland

We perform Monte Carlo simulations of stationary planar accretion of a collisionless gas onto a
moving Schwarzschild black hole. In this work—a sequel to our previous paper on the Monte Carlo
method for stationary general-relativistic Vlasov systems—we demonstrate that our approach can
be extended beyond the simplifying assumptions of the spherical symmetry or axial symmetry in the
planar case. Our method of computing observable quantities, such as the particle current density,
can be regarded as a rigorous coarse graining scheme, adapted to a numerical grid. Main difficulties
are related to the appropriate parametrization of particle trajectories and a selection of parameters
consistent with assumed requirements on the distribution function.

I. INTRODUCTION

The general-relativistic kinetic model provide$ a description of gase$ in strong gravitational fields, complementary
to hydrodynamic$ or magnetohydrodynamics. If colliSion$ between individual ga$ particle$ are rare and the mean free
path between collisions$ i$ large in comparison to the characteristic length $cale in the System, the aséumption of the
local thermodynamical equilibrium may not hold and con$equently the hydrodynamical approach may not be valid.

The general-relativistic kinetic description was applied to stellar systems [1, 2], dark matter models [3-7] and
matter flows around black holes [4-17]. It also provides a model used in mathematical general relativity [18-26]. A
numerical implementation of the general-relativistic kinetic model, the so-called particle-in-cell (P1C) method, is used
to simulate the dynamics of magnetized accretion flows onto black holes [27-30].

In a recent paper [31] we proposed a Monte Carlo method of solving the general-relativistic Vlasov (Liouville)
equation describing the gas of non-colliding particles moving in a given spacetime. In the kinetic model free particles
of the gas move along segments of geodesics, from one individual collision to the next, or simply along geodesics
if collisions are absent. To be more precise one should say that the gas is described by a continuous one-particle
distribution function which, as long as collisions are neglected, remains constant along geodesics, understood as
curves in the phase space. The Monte Carlo method proposed in [31] consists of three elements: i) Choosing a
finite random set of parameters characterizing geodesic trajectories of individual particles (initial condition and/or
constants of motion) selected from a suitable continuous distribution; ii) Solving geodesic equations for the selected
sample of parameters; iii) Computing suitable averages that approximate macroscopic observable quantities—particle
current density, the energy-momentum tensor, etc. Out of these three points, only the second—solving geodesic
equations—is relatively straightforward. The third point is implemented as follows. We consider observable quantities
associated with a Dirac delta type distribution that corresponds to a finite humber of point particles moving along
given trajectories. Observable quantities associated with a continuous distribution function are then approximated
by averaging over suitable hypersurfaces (either spacelike or timelike). This amounts to counting (with appropriate
weight factors) the intersections of particle trajectories with given hypersurfaces. One could say that our method
provides a particular coarse graining procedure, adapted to a given numerical grid. We emphasize that the novelty of
counting over timelike hypersurfaces allows us to deal directly with stationary distributions.

The first point remains notoriously difficult. In principle any selection of geodesics would lead to a valid solution
of the Vlasov equation. On the other hand, one would expect that physically sound solutions should correspond
to distribution functions characterized by well defined properties (e.g., boundary or initial conditions). In practice,
selecting an appropriate sample of geodesic parameters can be problematic. In [31] we solved this task in particular
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examples, providing a collection of results related to the Bondi-type accretion onto a Schwarzschild black hole. We
searched for stationary solutions, either spherically symmetric or axially symmetric and planar (all particles moving
in single plane).

In this paper we extend our analysis presented in [31] and investigate stationary solutions of a planar accretion
problem with asymptotic boundary conditions that describe the gas moving uniformly in one direction. Such models
constitute a planar equivalent of the relativistic accretion of the Vlasov gas onto a moving Schwarzschild black hole,
derived in [4, 5], and an intermediate step towards a similar analysis in the Kerr spacetime [15]. While a planar model
of this type might seem slightly artificial, it provides a perfect opportunity to discuss the details related to the choice
of the sample of geodesics as well as the averaging procedure of our Monte Carlo method, outside the safe assumption
of spherical symmetry.

The order of this paper is as follows. In Section II we introduce our notation and collect basic definitions regarding
the phase space description of gases in the general-relativistic kinetic theory. Section I1I introduces the planar accretion
model in the Schwarzschild spacetime, which we deal with in this paper, and which serves as an illustration and test of
our method. Our Monte Carlo method is described in Sec. IV. We start with a discussion of the general coarse graining
scheme and then show its application on a polar grid in the Schwarzschild spacetime. A detailed description of our
simulations is provided in Sec. V. We discuss, in particular, the selection of particle trajectories corresponding to the
assumed asymptotic distribution. Concluding remarks are given in Sec. VI. In Appendix A we show a derivation of
the distribution function of our planar accretion model. For the sake of generality, this distribution is derived also for
a non-planar flow, in which the motion of the gas is not confined to a single plane. Appendix B provides a derivation
of the particle current surface density associated with our planar model.

We used Wolfram Mathematica [32] to perform our simulations. Sample packages containing our numerical code
will be publicly available in [33].

Throughout this paper we use the geometric system of units with ¢ = G = 1, where ¢ is the speed of light, and G
denotes the gravitational constant. The signature of the metric is (—, +, 4+, +).

II. PHASE-SPACE DESCRIPTION

In this section we recall some basic notions of the general-relativistic kinetic theory, mostly to fix the notation. An
excellent fresh introduction to the kinetic model in general relativity can be found in [35]. A lot of information can
be found in [20, 36]. For the (special) relativistic kinetic theory one can consult [37, 38].

Consider a spacetime manifold (M, g), where M is the spacetime and g denotes the metric tensor. Let z denote a
point (an event) in M. We will work in a Hamiltonian formulation in which the momenta are expressed as covectors.
A particle at x € M will be characterized by its four-momentum p € T, M, the cotangent space at z. The one-particle
phase space I is a region in the cotangent bundle defined as

T*M={(z,p): x € M, pe TIM]}. (1)

Ensemble-averaged properties of the gas can be described by a one-particle distribution function F defined on I' C
T*M. In this work, we narrow our analysis to the gas of identical particles. Such a model is known as the “simple
gas” [39]. In principle, this assumption would allow us to restrict the phase space to the mass shell '}, which we
define as

U = {(z,p) € T*M: g"p,p, = —m?, p is future-directed}, (2)

where m > 0 denotes the rest mass of a single gas particle. Another possibility, which we choose in this paper, is to
enforce the mass-shell condition by assuming that F ~ §(/=p.pF — m).
The Hamiltonian of a free-particle geodesic motion can be taken in the form

1 v
H($#7pl,) - 59# (x)pﬂpl/7 (3)
where (z#,p,) are regarded as canonical variables. Geodesic equations can be then written in the Hamiltonian form
dz#  0H dp,  OH (@)
dr  9p, dr  Ozv’

where the parameter 7 is selected as 7 = s/m and s denotes the proper time. Thus H = %g’“’p#py = —%mg. For the
ensemble of non-colliding particles, the distribution function JF is conserved along geodesics, which can be expressed

as

L F (), p () = (H, F} =0, )
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where {-,-} denotes the Poisson bracket. Equation (5) is known as the Vlasov or Liouville equation. Assuming the
Hamiltonian (3), one can rewrite Eq. (5) in the textbook form

oF 1 09> OF

ing . — — Do — O 6

I Pvgen — oPePi g Op,, (6)
The one-particle distribution function has the following statistical interpretation. Let S be a spacelike hypersurface

in M, and let s be a future-directed unit vector normal to S. The averaged number of particle trajectories whose

projections on M intersect .S can be expressed as

N8 = = [ | [ Foppstavol. v | ns. @
S p;
where
Pr={peTiM: ¢g"p,p, <0, pis future directed}, (8)

ng denotes the induced volume element on S, and dvol,(p) is the volume element on P;. In local adapted coordinates
dvol,(p) is given as

dvol, (p) = v/ —det g*¥(z)dpodp1 dp2dps. (9)

Equation (7) gives rise to the following definition of the so-called particle current density:

@m:/mmmwmm (10)

Pt

Thus, the number of particles in S can be re-expressed as
NS = = [ Tustus (1)
s

Using Eq. (5), one can show that the particle current density satisfies the conservation law V,J# = 0, which again
justifies formula (11). The particle number density can be defined covariantly as

n=/—T.J". (12)

Such a definition of the particle number density—as a scalar quantity—allows for a connection with general-relativistic
hydrodynamics, where the particle number density as well as the energy density and the pressure are usually defined
as scalar functions. Alternatively, one can work with the components of 7,,.

One should also note that in integral formulas of type (7) or (10) one can choose to transfer some information
about the distribution function F from the distribution function itself to the specification of the integration domain
(e.g., S, P), or vice versa—one can consider a fairly general phase space and impose restrictions directly on the
distribution function. To some degree we will also make use of this freedom in this paper, e.g., in Eqgs. (40), where we
will specify a convenient form of the distribution function, but restrict the integrals over momenta to regions in the
phase space available to the motion of particles of a given type (particles absorbed and scattered by the black hole).

In this work we deal with stationary systems. In particular, in our prescription of the Monte Carlo estimators for
the particle current density J, we will, at some stage, explicitly assume that both the distribution function F and
the components J, are stationary. A spacetime (M, g) is called stationary if there exist a Killing vector & that is
asymptotically timelike and generates one parameter groups of isometries. A definition of a stationary distribution
function F defined on T* M can be formulated in terms of the lift of the Killing vector £ to the cotangent bundle,
defined as follows. For a general Killing vector field & on (M, g) such that its value at point x € M can be expressed
as

f=e() | | (13)

fitad
x
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one defines an associated vector field on the cotangent bundle T* M, the so-called lift of £, by

8 g 9

) L 9 S 0 . 14
f(x,p) §H(x) Ot P Ozt (= Opp (z,p) "

(2.p)

The lifts defined in this way satisfy Killing equations with respect to the so-called Sasaki metric—a natural metric on
T*M [35]. We say that a distribution function F is stationary if

OF _ Ok OF

L F = ki — Py — — , 15
k arr P pn Op,, (15)
where £; denotes the Lie derivative with respect to the lift k.
III. PLANAR STATIONARY ACCRETION IN THE SCHWARZCHILD SPACETIME
A. Geodesic motion in the Schwarzschild spacetime
For simplicity, we work in standard Schwarzshild coordinates (¢, 7,0, ¢), and use the metric in the form
1
g=—Ndt* + Ndrg + r2(d6? + sin” 0dp?), (16)
where
2M
N=1—-—. (17)
r
We have /—det g#” = 1/(r?sin ).
The Hamiltonian associated with a geodesic motion in the spacetime with the metric (16), is given by
H=t—ip vy 2 (2 i (18)
- 2 P Pr 2 Po Sil’lg 9 .
It is well-known that the energy F = —p,, the azimuthal component of the angular momentum I, = p,,, and the total
angular momentum
2
P
| = 24 - 19
Po sin® 6 (19)

are conserved. The fourth constant of motion is the Hamiltonian itself, or equivalently the particle rest mass m =

v—2H.

For geodesics with fixed values of F, [, [, and m, the radial momentum is determined by
pr = SVE U, (20)

where €, = F1 indicate an inward (—)/outward (4) motion and,

12
Ur)=N <m2 + T—2> (21)
represents an effective radial potential. The component py can be expressed as

12

g = egy/ 12 — ——. 22
P sin? § (22)
For the motion confined to the equatorial plane we have py = 0 and consequently [2 = (2. In our planar models we
will generally use the constant [ > 0, and define I, = €I, where ¢, = %1 corresponds to the motion with a growing

(4)/decreasing (—) angle ¢.
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In this paper we will frequently use dimensionless quantities &, £, A, and X defined as (see, e.g., [8])
r=M¢ E=me, [I,=Mmk,, [=Mmh (23)

The radial potential (21) can be expressed in the form U(r) = m2Uy(¢), where

Un(€) = <1 - %) <1 } 2—2) . (24)

pr = &V = UA(E). (25)

In this work we only take into account unbound orbits that can reach £ — oc. The region in which the motion is
permitted is defined by the condition £2 — Uy(¢) > 0. Since Uy(¢) approaches 1 when ¢ — oo, unbound orbits are
characterized by the energy ¢ > 1. The properties of the radial potential Ux(&) are well known (see, for instance,
the Appendix A in [8] for a detailed discussion), and they allow for the following further classification of unbound
trajectories. Orbits with the angular momentum A < A.(¢), where

The expression for p, reads

Mo(e)? = I (26)

peT=ny

3e

V/9e2 -8 +1

plunge into the black hole. We will refer to such orbits as absorbed ones. Unbound orbits with A > A.(g) are scattered
by the centrifugal barrier. We will refer to these trajectories as scattered ones. The maximum angular momentum
for a scattered unbound orbit reaching radius £ is given by

&2
)\max(€7§) = 2 L, (27)
1-¢%
while the minimum permitted energy is expressed as
0, £<3,
Emin(§) = \/<1—§> (1+55), 3<¢<q, (28)
L, =

The infinity symbol in Eq. (28) means that no unbound scattered trajectory can reach the region with £ < 3. The
radius & = 3 corresponds to the so-called circular photon orbit (or the photon sphere). A circular orbit at § = 4 is
known as the marginally bound one. The Innermost Stable Circular Orbit (ISCO) occurs at £ = 6. These orbits are,
to some degree, relevant to the interpretation of our results presented in Sec. VD.

B. Planar distribution function

We will consider a planar accretion model, in which the gas particles are only moving within the equatorial plane.
The restriction to the equatorial plane can be imposed on the form of the distribution function as follows. We set

1 T 1 T
F(t7 7, 07@71704) - ;(5 <0 - 5) F(t7 Tﬁpvpa)? jﬂ(t7 7”70790) - ;(5 <0 - §> Jﬂ(t7r7 90) (29)

Note that the factor §(6 — 7/2)/r can be written as §(0 — 7/2)/r = d(z), where z = rcosf. The vector 0., associated
with the coordinate z, is normal to the equatorial plane 6 = 7/2. A substitution of Eq. (29) in Eq. (10) implies that
the particle current surface density J, can be written as

Ju(t ) = /F(tm?gp;pa)p#dvolm(p). (30)

Pt
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The restriction of the coordinates (t,7, 8, ) to the equatorial plane § = 7/2 implies a corresponding restriction in
momenta (pp = 0) as well. We set

F(t7 7 @7pt7pr7p97p<,0) - T(S(PG)f(t7 7 @7pt7pr7p<p)7 (31)
where again the factor r§(pg) can be written as rd(pg) = d(p.) (at the equatorial plane). This follows immediately from
the relation p, = —pp/r, holding at the equatorial plane. Note that distribution functions F and f are conveniently
related as

T
F(t7 7, 07 @7pt7pr7p97p<,0) = <0 - §> (5(p9)f(t7 7, @7pt7pr7p<p)~ (32)

The particle current surface density can be now expressed in the form

dpydp, dpgdp dpdp,dp
Jﬂ(t7r7 SO) - /T(S(pQ)f(t7T7 @7pt7pr7p<p)p % f t 7 @7pt7pr7p<p)p %7 (33)
P
where
Pr= {(pt, Pr, Po): §*pupy <0, pis future directed}, (34)

and where we have used the fact that at the equatorial plane the volume element dvol,(p) reads

1
dvol, (p) = dpedp,dpedp, = T—detdp,,dpgdp¢. (35)

1
r2sin @
Here
G = —Ndt? + Ndr? + r2dy? (36)

denotes the metric induced at the equatorial plane.
In the remainder of this paper we will also use the following covariant particle number surface density

Ny = /=GP T (37)

C. Planar accretion model

We consider a stationary gas of particles moving within the equatorial plane. Asymptotically, the gas is assumed to
be homogeneous and described by the two dimensional Maxwell-Jittner distribution [40, 41], boosted with a constant
velocity v along the z axis. In other words, we think of a planar distribution of gas that is in equilibrium, and moves
with a uniform velocity v in a given direction. This is mathematically equivalent to a model with a black hole moving
with a constant velocity with respect to a gas remaining asymptotically at rest, and a majority of works dealing with
the accretion onto a moving black hole assume this point of view. We show in Appendix A that the distribution
function corresponding to these asymptotic conditions can be written as

f(£7 w, m,&, )‘) - a(5(m - mO) exp {_67 |:€ TACAY, €2 — 1cos [SO + 6(,067’X(£7 = )‘)]i| }7 (38)
where the elliptic function X (£, e, A) is defined as

¢’

s e

X(&e,0)=

(39)

Here v = 1/v/1 — v? is the Lorentz factor associated with the velocity v, mg denotes the rest mass of a single particle,
a and § are constants. The constant 3 is related to the asymptotic temperature of the gas by 5 = mg/(kgT'), where
kp denotes the Boltzmann constant. The distribution function specified in Eq. (38) is a planar equivalent of the
distribution function derived in [4, 5].

In our models we will only take into account unbound orbits—trajectories that can reach (or originate at) infinity.

_ J/Sabs) +Jlgscat)

The particle current surface density J, can be expressed as a sum .J, where the part J ,Sabs) refers

?

to absorbed orbits and the part J ,Sscat) refers to scattered trajectories.
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The components J, ,Sabs) and J,Sscat) can be computed using the following formulas (details of the drivation are given
in Appendix B)

e} Ac(e)
2am3 dX 2
Jt(abs) (57 SO) _ 0 /CZ&? c / efﬁ'y[eqtvx/e —1 cos(p) cos[X(f,E,)\)]] (40&)
2 _
£ / J NEEING)
x cosh {ﬁfyv\/ g2 — Isin(p)sin [X (€, ¢, )\)]} ,
4 3 o0 Amax(fﬁ) d)\
Jt(scat)(f7 @) = — ozfmo / dee P7E ¢ / W cosh {ﬁfyv\/ g2 — 1cos(p)cos [X (&, e, N)] (40b)
£2 — U,
Emin (€) Ac(E)

x cosh {ﬁfyv\/ g2 — Isin(p)sin [X (€, ¢, )\)]} ,

Ac(E)

JE) (¢, o) = _zamf / de / Ihe—B7 eV T cos() coslX (.2, M) (40¢)
1 0
x cosh [ﬁfyiu/ﬁsin(gp) sin [X (&, g, )\)]} ,
g Amax (§,€)
JEea (e ) = ééoz_m; / dee Pre / dAsinh {ﬁvvﬁcos(gp)cos [X (&2, (40d)
£min(£) Ac(e)
x cosh [ﬁfyiu/ﬁsin(gp) sin [X (&, g, )\)]} ,
Aole
T, ) 2am0 / i /( )d)\ )\UA(@ o—BrfeHov/ETT cos(i) coslX (€.£. N ] (40¢)
0
x sinh {ﬁfyv\/aﬂsin(gp) sin [X (&, &, )\)]} ,
Amax (§:€)
(e, ¢) = 4am M / dee B / d)\%msinh [B7ev/E = Tsin(g) sin [X (&£, V)] (40F)
£min(§) Ac()

x cosh {ﬁfyv\/ g2 — leos(p)cos [X (€, &, )\)]} .

The parameter a can be expressed in terms of the asymptotic surface number density, which we define as n; o, =

lim, o ns; = lim, o /—J,J#. Since, asymptotically, the gas is described by a two dimensional Maxwell-Jittner
distribution, one can show that

1
3 +6€7B.

Ns,00 = 2TQAM 72

(41)

A calculation leading to Eq. (41) can be performed assuming the flat Minkowski metric, and it can be found in [6].
Note that a boosted Maxwell-Jiittner distribution must satisfy

lim J, = —n; o7, (42)

700

which can also be checked by a direct calculation.

IV. MONTE CARLO APPROACH
A. Coarse graining method

We will now discuss the main ideas behind our Monte Carlo method, starting with a general averaging scheme.
The choice of trajectories of individual particles will be discussed in the subsequent section in a particular example
of the planar accretion model.
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Consider a sample of N particle trajectories in the phase space 7" M understood as mappings (curves) ygy: 7 —+

<x’é)(7')7pfj) (7‘)>7 i =1,..., N. The distribution function associated with this sample can be written in the form

FM gk p,) Z / 6@ (2 =ty (1)) 89 (b — (7)) ar, (43)

which can be understood as a general-relativistic version of an analogous expression known from the (special) rela-
tivistic kinetic theory ([37], p. 14, Eq. (A6)). In the special relativistic setting this function was also introduced in
[42], although with a slightly different normalization, i.e., divided by the number of trajectories N. The distribution
function F(N) represents a collection of point-like test particles, and therefore it provides a fine-grained description of
matter. The essence of the Monte Carlo method introduced in [31] and developed in this paper is a suitable averaging
method, allowing for an approximation of the coarse-grained smooth distribution function F. Since ultimately one is
interested in observable quantities, such as the particle current density 7,, we apply this coarse graining procedure
explicitly to the components of J,. A general discussion of coarse graining in the context of the special-relativistic
kinetic theory can be found in [42].
The particle current density associated with the distribution function (43) reads

TN () = /f(N)(x P)puy/ —det g% (z)dpy . .. 2/5(4) > — gy (r )> PP (7)) —det g% (z)dr,  (44)

g

where we have assumed that all momenta p,a)( ) belong to P o(ry. 1t was shown in [31] that this expressions is

compatlble with Eq. (7), i.e., if S is a spacelike hypersurface in M such that the projections of all trajectories -,
i = ,N, on M intersect S, then N[S] = N, where N[S] is computed according to Eq. (7), assuming the
distnbutlon functlon FN),

Let us view FN) as an approximation to a smooth distribution function F. Select a hypersurface ¥ in M (not
necessarily a spacelike one) and a small neighbourhood ¢ C ¥ (a numerical cell) such that z € . We estimate J,(z)
corresponding to F by the average

(N)
ey LT ()

where 1y denotes the volume element on . For stationary systems, > can be chosen as a timelike hypersurface,
adapted to isometry groups generated by the Killing vector field k. We will see in the next section that the coarse
graining (or smoothing) procedure given by Eq. (45) amounts to counting (with suitable weights) the intersections of
particle trajectories with selected surfaces.

Equation (45) can be justified as follows. Suppose that FN) tends to a smooth distribution function F in the sense
that

7t = Flap)

/dajo . .dz3dpo .. dps o(z,p)

= / \/—det go5(z)dz’ ... dz*\/—det g% (z)dpy . . ]:(N) (x7p])v— Sz, p) o(z,p) = 0, (46)

as N — oo, where ¢(z, p) is a test function on T* M. Choosing ¢(z,p) = x (p € P, ) pup(z), we get

/w—detgag —>/1/—detga5 Sjﬂ( )w(x) (47)

Here x (p € P) denotes the characteristic function of the set PJ". Suppose that Y is a hypersurface in M chosen
as in Eq. (45) Let ~ be a three dimensional metric induced on 3. Suppose further that & is a function such that

v/ —det g,5(z «/|det Yagp(z)|. Let ( , %) denote a coordinate system adapted to the hypersurface 3, so
that > is characterlsed by z¥ = z° (say and ny = «/|det Yop(T)|drt dz?dz®. Choose (z) = x(z € 0)5(z° —z°)/a(z).

This gives
(N) j (0)
#\+0
— 48
/ 77 / N N /7727 (48)

a

(N)
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FIG. 1. A visual representation of a cell o (green slab) defined by Egs. (51) or (53).

where xo 0. The last equality follows from the mean value theorem, provided that o is closed, bounded, and
connected, and the components of Ju(x) are continuous on ¢. Note that this equality holds for each component
separately, i.e., xo might be different for different y = 0,..., 3 (the mean value theorem does not hold for vector-
valued functions). Equation (45) follows directly from the limit (48).

In the analysis of planar models investigated in this paper, we will rather use the estimate of the particle current
surface density

_ f& J/SN)WE
f& s 7

defined in the analogous way, but with ¢ and X~ being two dimensional surfaces.

(Ju()) (49)

B. Intersections of trajectories with arcs of constant radius

As an example adapted to a planar stationary accretion flow in the Schwarzschild spacetime we select surfaces of
constant r = r defined by

T={(tr6@:t R, r=r0=mn/2,¢ [02n)} (50)
and cells (cf. Fig. 1)
o={t,r6@:tlst=st2r=r,0=1n/2 @ < @< %} (51)
It is also convenient to denote
S={(r6,@):r=r,0=1n/2 @ < @< %} (52)

The choice defined by Eq. (52) is different than the one made in [31]. In our previous work, we chose S as segments
of constant angle ¢. Both choices are adapted to stationary flows in the sense that o can be foliated by orbits of the
timelike Killing vector field ky = (1,0,0,0). More precisely Let ®t (xo) denote the orbit of k, passing through xo at
T =0, ie., ®o(xp) = xpo. Then o can be expressed as the image

5' — @[tlh](S). (53)

Both choices are also compatible with a standard grid of polar coordinates (Fig. 1).
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For the planar model (particles moving in the equatorial plane) the fine-grained particle current density can be
expressed as

j(N) t,7,0,0) Z/ (5(3) < -z (T)> p,(f) (1)4/ —det g% (z)dr, (54)
where
6 <x°‘ — ZE(O;)(T)> =6 (t—tu) (1) 0 (r—ru (1) 6 (¢ — (1)) . (55)

A corresponding particle current surface density J,SN) is defined as in Eq. (29), i.e.,

1 m
(N) - - _ 2 (N
Ja (s 0,) = 0 <9 2) TVt ). (56)
Thus,
J(N) t,7, ) E /7"(5( ) — (7‘)> p/(f) (7)4/ —det g% (z)dr, (57)

-1

where, from (16) at the equatorial plane, \/—det g%%(z) = (r?sin) ~ = 1/r%. The volume element on 3 reads

M
=\ —det G (2) didp = \[1 = == dtd, (58)

where § denotes the metric induced on the surface 3:
2M
§=— <1 - —> dt®> + r?dp?. (59)
r
A direct calculation gives

/J,EN)ni

o

jdt 7261@%/%@5(3) <x°‘ - x%(ﬂ) P (7)
Z /dT\/:(5 7”—7"(1 (Z)( ), 0)

i€I(5)

where I(&) C {1,..., N} denotes the set of indices corresponding to trajectories that intersect 6. The integral with
respect to 7 can be computed by writing

~ (1T — 1)
§(r—r@p(n) => ———, (61)
| dry/dr|
where 7;y(7;) = 7. The sum in Eq. (61) runs over all intersections of the i-th trajectory with . Note that
?gpg“)(l‘T) P = By <1‘T><m2+r—z : (62)
Returning to Eq. (60), we get
[ = 33 far1 - ZE ST )
Z icl(3) k ‘dr( )/dT‘ B ‘
IM Nint p,(f)
= 1— 63
S =

= \/Egj) (1—2M/7) <m2+l /T >
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where the index j in the last sum runs over all Ny, intersections of trajectories with the cell 5. The area (cf. Fig. 1)

of & reads
BT Y] Y]
G t1 ®1

This gives the Monte Carlo estimator of .J, in the form

Nint j
f& Jung 1 P/(f)

Lns  7lta—t1)(w2 — 1) ; \/E(Qj) —(1—-2M/7) <m2 Jrl(gj)/#)

) Nint p(j)
_ _ Z - 7 "
M - ) g 3
mé(ta —t1)(p2 — ¥1) j=1 \/g?j) —(1-2/¢) <1 + )‘?j)/£2>

where we changed to dimensionless variables (23).

For a stationary distribution in the Schwarzschild spacetime Eq. (15) reduces to the condition 8;F = 0, which
implies a traslational invariance of the distribution function with respect to time ¢t. Consequently, instead of computing
all spacetime components of trajectories x’é) (r) = (t(i) (7), 7 (7), 06y (T), 204 (7‘))7 i =1,..., N, including the time
coordinate ¢(;)(7), it suffices to consider their projections (r(;(7), 0 (), @) (7)) on hypersurfaces of constant time.
The condition that a trajectory intersects & present in Eq. (65) can be then replaced with a simpler condition that its
projection onto a hypersurface of constant time intersects a segment S. Also, instead of the normalization by (t2 —%1)
in Eq. (65), one can normalize by a factor proportional to the total number of trajectories N. The details of our
implementation are given in Eqs. (73) below.

V. MONTE CARLO METHOD FOR THE PLANAR ACCRETION PROBLEM
A. Selection of geodesic parameters

In the first step of our simulations we select a set of particle trajectories, corresponding to the assumed distri-
bution function. In our simulations of the planar accretion in the Schwarzschild spacetime we use the parameters

{&o, gpglnlt)7 €, Ai}, representing the radial and the azimuthal coordinates of the initial position, the energy, and the
total angular momentum of é-th particle, respectively. The first coordinate is the same for all trajectories—all particles
start at a fixed radius rg = M&y. It is important to ensure that this value is sufficiently large. The coordinate values
gpginit) and g; are sampled from the planar asymptotic (§ — oo) distribution function (A32) (derived in Appendix A):

flz,p)=ad (\/Tﬂpﬂ — mo) exp {—ﬁfy <€ — e, vV g2 — 1cos gp)}? (66)

where we assumed that all particles have the same mass mg.

For a given speed v, distribution (66) depends on three parameters: gpglnlt)7 g; and ¢€,. The parameter ¢, determines
the direction of the radial motion: ¢, = —1 means that a particle moves towards the center of the coordinate system,
€, = +1 means that a particle moves in the opposite direction. See also definition (20). Absorbed particles start at
& = &y, and are characterized by ¢, = —1. Our treatment of scattered particles is different. In principle we could
say that all scattered particles (moving along unbound orbits) originate also at §& = £, with ¢, = —1, they reach
a pericenter and then move to £ = &y again, this time with ¢, = +1. That means that a scattered trajectory of
a particle originating at (&, ™) with ¢, = —1 contributes also to the distribution function at (&, ¢®*®) with
€, = +1. While for an individual trajectory ©®*®) can be easily related to ¢ adjusting the overall selection
procedure to the distribution function (66) is difficult. In practice we circumvent this difficulty by dividing each of
the scattered trajectories in half. We consider segments running from £y to the pericenter with ¢, = —1 and those
running from the pericenter to { with ¢, = +1. Both segments are selected separateley from the distribution function
(66).

To randomize the parameters ¢;,s; according to the distribution function (66), we use the Markov Chain Monte
Carlo (MCMC) method, implemented in the Wolfram Mathematica [32]. A sample of the Wolfram Mathematica code
used to select the parameters of trajectories (with €, = —1) looks as follows:
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num = 1076;
normM = NIntegratel[
Expl[-5/Sqrt[1 - v™2]*(c + v*Sqrt[c™2 - 1]1*Cosl[pl)],
{e, 1, energycutoff},{y, 0, 2%Pi}];
distM = ProbabilityDistributionl[
Expl[-5/Sqrt[1 - v™2]*(e + v*Sqrt[c”2 - 1]1*Cos[w]l)]/normM,
{e, 1, energycutoff}, {¢, 0, 2*Pil}];
dataMO = RandomVariate[distM, num, Method -> {"MCMC", "Thinning" -> 2, "InitialVariance" -> 13}];
(init)

%

,€i}, and normM is a normalization factor of the truncated
distribution function specified as distM. In the last line we generate the set of parameters gpglnlt) and ¢;, using the
Wolfram Mathematica function RandomVariate. RandomVariate allows one to select among multiple methods of
generating data, which can be specified in the Method parameter. The Wolfram Mathematica implementation of the
MCMC method can be controlled by a number of parameters. In our example we set the so-called “thinning” and
the “initial variance.”

The method of selecting the remaining parameter J\; is described in detail in [31]. In our scenario, the values of \;
are distributed uniformly. Both the energy ; and the angular momentum A; are randomized within specific limits.
Their choice is arbitrary, but the numbers should be large enough to provide a wide range of different trajectories.
All selected energies &; are smaller than a cutoff value .y, represented in our sample code as energycutoff. All
angular momenta are smaller than Ay .x(€eutosr, S0)- Once the parameters of individual orbits are selected, they are
subject to a test. Specifically, they should satisfy the inequality

)\i S )\max(gi7§0)7 (67)

Here num denotes the number of generated sets {p

where Apmax 18 given by the Eq. (27). Parameters satisfying Eq. (67) are divided into those corresponding to absorbed
trajectories—if the angular momentum X; is less or equal to A.(g;) given by Eq. (26)—and those corresponding to
scattered trajectories (if A; > A.(g;)).

B. Geodesics

Given initial parameters {&g, gpglnlt)7 i, Ai }, the geodesic motion of a test particle can be determined in a couple of
reasonable ways. One can either express the radial distance » = M¢ as a function of the azimuthal angle ¢ or use the
inverted relation ¢(¢). Both possibilities are described in [43]. Alternatively, it is possible to use the parametrization
by the proper time [44]. All these methods are equivalent, and the choice of the most convenient one depends on
the problem at hand. In Section IV B we described our method of estimating (.J,) on surfaces 3. with a fixed radial
distance ¥ = M¢. Consequently, our description of geodesic trajectories should provide the values of the angle ¢

corresponding to a given radius ¢. This can be done with the help of the function (closely related to (39))

4
g’
PO = e §/ T~ e X ) - X (e, (65)

which was described in detail in [43] (p. 26, Eq. (C.2)). In Equation (68) we assume that €, is constant along the
segment of the geodesic between & and ¢, and that ¢(§) = 0. In our previous study [31] the surfaces Y were
characterized by ¢ = const. Consequenly, we used formulas for {(¢), based on the Biermann- Weierstrass theorem.

It can be shown that for unbound scattered and absorbed geodesic trajectories the integral in Eq. (68) can be
expressed as

v = Yo+ 15 — 32 ~ vty
@(5)(“%) = &% | F | arccos \/37 k| —F | arccos M? k ) (69a)
Vi — o1 Yo — Y1 Y2 — Y1
1 1= 1 L_ g
(abs) _ _fo a 26 " 13 Y1 n %6 137 Y g
(€ = F | 2arctan \/:7 k| —F | 2arctan{/ ——, ) 69b
O = 5= r . (0%0)

where in Eq. (69a) v, y2, and y3 denote the roots of the polynomial 4y® — goy — g3, satisfying y; < y2 < y3. In
Equation (69b) §; denotes a real zero of the polynomial 4y — goy — g3 = 4(y — y1)(y? + py + q), where p? —4q < 0

-
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and thus 4 + py + ¢ > 0. The constants g, and g;— Weiestrass invariants—are given by

1 1
- — _ 70
g2 19 )\27 ( a“)
1 1 e2—1
gy — —— L (70b)

63 12A2 402

The remaining parameters are defined as follows:

p2 = 270 (71a)
Ys—un

k2 = 1 <1 — M) 7 (71b)
2 p

where p = /9% + pi1 +q. Here F(¢, k) is the Legendre elliptic integral [34] defined by

o<l (72)

@
0/\/1—k251nx 2 2

C. Monte Carlo estimators

We apply Egs. (65) on a standard equidistant polar grid, with the radial coordinate in the range 2 < & < éo. The
parameter 50 is, in principle, arbitrary. The angle ¢ is discretized as ¢; = iAp, ¢ = 1,... N, where Ay = 27/N,,, and
N, denotes the number of segments in the angular direction. Similarly, the radial coordinate is discretized according
to §; =2+ JAE, j=1,..., Ne, where AL = (50 — 2)/Ne¢. Thus for j = N¢, we have §; = €0, which corresponds to
the outer boundary of the grid. Note that 50 may be smaller than &, which is related to the selection of the sample
of trajectories. For the results presented in Sec. VD, we assumed N, = 360, N¢ = 100, & = 20.

Formula (65) is then applied to all segments & (Fig. 1) specified in Eq. (51), with o1 = ¢;_1, @2 = ¢;, and 7 = ME;,
where i =1,...,N,, 7=1,..., N¢, and we allow ourselves for a slight abuse of notation. For simplicity, we will keep
the notation with ¢1, (9, and £ in the remainder of this section, when referring to a single segment of the numerical
grid.

Our choice of & (or ) has some advantages. An unbound absorbed trajectory crosses the circle of constant radius
7 = M€ only once. A generic unbound scattered trajectory crosses a circle of constant ¥ = ME twice, or it does not
cross it at all. The precise angular coordinates of these crossing points can be computed from Eqs. (69a) and (69b).
This stays in contrast to our previous choice made in [31], where a trajectory wrapping around the black hole could,
in principle, cross a segment of a constant ¢ an arbitrary number of times.

The important difference with respect to our previous work [31] is related to the treatment of scattered trajectories.
Ingoing and outgoing segments of scattered trajectories are selected separately, and in practice no scattered trajectory
appears in our calculation as a whole one. As described in Sec. V A, this fact is not related to the discretization of
the numerical grid, but rather to the asymptotic distribution function, which takes into account both ingoing and
outgoing trajectories in the overall budget. All absorbed trajectories are characterized by ¢, = —1. Ingoing segments
of scattered trajectories should have €, = —1; outgoing segments correspond to ¢, = +1. There should be roughly
the same number of ingoing and outgoing segments in a given simulation.

Let Iops(1,2) denote the set of indices numbering absorbed trajectories crossing a segment of a circle with & = ¢
and ¢; < ¢ < @y. In a similar way we define the sets of indices corresponding to ingoing an outgoing segments
of scattered trajectories. They are denoted by I, (¢1,%2) and It (¢1,¢2), respectively. The total number of
absorbed trajectories is denoted by N,ps. Symbols N, and N, denote, respectively, the total numbers of ingoing

scat
and outgoing segments of scattered trajectories in the sample. Using this notation, the Monte Carlo estimators of the
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particle current surface density components can be expressed as

abs 2 SVa S i
<Jt( b)> _ __ =%MgVebs £ (73a)

Nabs(gpQ - @1)5 i€Tms(01,02) \/€12 — (1 — 2/5) (1 + )\12/52)7

(2 = 1)€ | Neca eIt oo \/3— (1—2/8) (14 2/8?)

<Jt(50at)> - 20m§ Vot Z i

V7 4 i
4 s Z — , (73b)
Nocat oor= S ooy \/gg — (1-2/8) (1 4+ 22/€2)
2am3V, 1
Jlabs)y 2070 Vabs S — 73c
< " > NabS(@Q_@l)f (1_2/9 ( )

i€Lps(1,02)

2am3 %88 1 V., 1

<Jr(scat)> _ _ siat Z (1 — 2/5) _ ]vsiat Z (1 — 2/5) , (73d)

(P2 = ¢1)€ | Nobat . o
S eIk (1.02) SO G (o102)

20mE M Vs i\
<J(;ab5)> = Namo—bf Z Ce, — (73e)
abs(@Q - %01)5 i€ Lo (@1,2) \/53 _ (1 _ 2/5) (1 + )\12/52)
<J<,(oscat)> _ 2am8M _ Vvs%at Z €<p,i)\i
(902 - @1)5 Nscat eIE (01.09) \/ ZQ — (1 — 2/5) (1 + )\12/52)
_ ]‘\//:siat i Ai — , (73f)
scat eI (o1,02) \/ ZQ — (1 — 2/5) (1 + )\12/52)
where
27 Ecutott
Vabs = / / exp {—ﬁfy <€ +vve? — 1cos gp)} Ac(g)dedy, (74a)
0o 1
27 Ecutoff
Vi = [ [ e [-87 (=% ovE = Toosi) | Pus(e, o) = Acededy (7ab)
0o 1

and the sign e, ; = %1 is selected randomly from a set {—1, +1} using Mathematica [32] RandomChoice command for
all trajectories.

In the plots shown in Sec. V D, the values the estimators (.J,(z)) corresponding to each cell are assigned to coordi-
nates (&;, (¢; +@i—1)/2). Consequently the angular coordinates change in the range 0.5° < ¢ < 359.5°. To calculate
the angular position of the particle, we use one of Egs. (69a) and (69b), depending on the type of trajectory. For a
given radial coordinate §;, we determine the corresponding é-th cell by using the relation ¢; = |¢(&;)/A¢] + 1.

D. Results

Results of our Monte Carlo simulations are shown in Figs. 2-13. We compare the components of the particle
current surface density J, and the surface density n, computed according to exact expressions (40) with the Monte
Carlo estimators (73). Figures 2-13 show the results obtained for 3 models with the following parameters: v = 0.95,
8 =1 (Figs. 2-5), v = 0.5, 8 = 1 (Figs. 6-9), and v = 0.5, 5§ = 8 (Figs. 10-13). In all cases the maximum energy
energycutoff was set to eqytor = 10. For a fair comparison, the same maximal energy is also used in the computation
of integrals in Eqs. (40)—instead of improper integrals taken over energies running up to infinity, we compute the
same integrals up to ccutorr. In all 3 models we assumed & = 1000, as described in Sec. V A.

The graphs illustrating all 3 models share the same layout. In Figures (2-4), (6-8), and (10-12) we compare the
components of the particle current surface density at different angles ¢. Exact solutions are shown with solid lines.
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Results of our Monte Carlo simulations are plotted with points. As described in Sec. V C, they are only computed in
a region outside the black hole horizon. Blue and green colors are used for the components corresponding to absorbed

trajectories (J,(fbs)) and the total current (J, = J ,Sabs) + J,SSCM))7 respectively. Figures 5, 9, and 13 depict the surface
particle density. To illustrate the directions of the flow, we also plot directions of the vector field (J?, JY) defined as

J® = JTcosp— JPrsing, (75a)
JY J7sing 4+ J9rcosp. (75b)

In each graph, we have marked the location of the horizon (§ = 2), the photon orbit (¢ = 3), and the ISCO (¢ = 6).
Additionally, the location of the marginally bound orbit (§ = 4) is indicated on the figures showing radial density
profiles.

Numerical results shown in our examples require generating approximately 10® initial geodesic parameters (this
number is denoted as num in Sec. VA), from which we subsequently select those that satisfy Eq. (67). In the
numerical examples presented in this paper we set the number of those initial parameter sets to 2 x 10%. This results
in a different number of geodesics, depending on the assumed values of v and S.

All our examples exhibit a remarkable agreement between exact expressions and results of our Monte Carlo simula-
tions. The planar model investigated in this paper shares several common features with the three dimensional model
of [4, 5]. There is a bow wave in front of the black hole, roughly between photon and marginally bound circles (cf.
Figs. 5, 9, 13) and a wake behind it at ISCO distance. Around the stagnation point, the particle number surface
density drops to small values, see also Fig. 1 in [15]. Since in this paper we mainly concentrate on the construction of
our Monte Carlo scheme, we postpone the detailed discussion of this planar accretion model to some other occasion.

VI. CONCLUDING REMARKS

The Monte Carlo method introduced in [31] and developed in this work should provide stationary solutions of the
general-relativistic Vlasov equation in cases in which controlling the underlying phase-space structure is hard, and
consequently exact solutions may be difficult to obtain. We have demonstrated our method by computing the particle
current density, but an adaptation to other quantities, such as the components of the energy momentum tensor is
straightforward.

Precise numerical simulations may, of course, be time consuming. On the other hand, two-dimensional solutions
analyzed in this paper, involving the numbers of individual trajectories of the order of 10%, can be obtained using
Wolfram Mathematica [32] within days on a modest computer equipped with less than 100 computing cores. We
supplement this paper with a sample of Wolfram Mathematica packages used to produce our numerical results. They
will be available at [33]. We believe that these packages can serve as an illustration of many details of our method,
which are otherwise difficult to describe. A clear evidence for the robustness of our Monte Carlo technique for
stationary accretion problems is presented in Fig. 5 where, except for the statistical noise, both the surface particle
density and currents are nearly identical to those obtained in a direct numerical integration. This paves a road towards
problems which are unsolvable analytically at present, in particular the stationary accretion onto the Kerr black hole
moving in an arbitrary direction with respect to its spin.

We have applied our method specifically to collisionless non-magnetized systems, but its main elements are purely
geometrical. We believe that it should allow for a generalization to general-relativistic Vlasov systems coupled with
the electromagnetic field (see, e.g., [45]). In this case geodesic orbits should be replaced by trajectories of charged
particles in a given spacetime and a given electromagnetic field (external or dynamically coupled to the gas).
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Appendix A: Boosted planar Maxwell-Juttner distribution

In this appendix we derive Eq. (38), which provides the distribution function corresponding to a planar stationary
accretion of a collisionless gas onto a moving Schwarzschild black hole, investigated in this paper. In the asymptotic
limit the distribution function given by Eq. (38) tends to the Maxwell-Jiittner distribution boosted with a constant
velocity along the = axis. Equation (38) is derived using the action-angle formalism, developed in [8], and used also
in [4-6, 11, 15]. In contrast to our previous works [6, 15] dealing with planar models, we consider a three dimensional
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FIG. 2: Time components of the particle current surface density Jt in the model with v = 0.95, 8 = 1, ecutoft = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqgs. (73)). There are 168 486 945 trajectories: Nabs = 450 198, Nscat = 84 010 986,

Nscat = 84 025 761.

distribution corresponding to gas particles that are not confined to the equatorial plane, and impose the restriction
to a single plane at the end. This calculation follows closely the footsteps outlined in [4], where the boost was applied
along the z axis of standard spherical coordinates (A5). Boosting the distribution function along the x axis instead
allows for the subsequent adaptation to the planar problem.

1. Boosted Maxwell-Juttner distribution in the Minkowski spacetime

The Maxwell-Juttner distribution describing a gas of same rest mass particles in the Minkowski spacetime endowed
with the metric

g = —dt? + dz?® + dy® + d2* (A1)

is given by

Flz,p) = ab (/—pup* — mo) exp <m£0/f"pﬂ> = ad (\/—pup* —mo) exp <mﬁopt>7 (A2)
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FIG. 3: Radial components of the particle current surface density Jr in the model with v = 0.95, B = 1, ecutoff = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqs. (73)). There are 168 486 945 trajectories: Nabs = 450 198, Nsc 84 010 986,
Nscat = 84025 761.

where o and B are constants, ky = (1,0,0,0) is a timelike Killing vector, and mo denotes the rest mass of a single
particle.

Applying a Lorentz boost B uv with the velocity v along the x-axis to this distribution is straightforward. Vector
ku transforms as

k'y = Buvkv = (y,yv,0,0), y=—1 2 (A3)
1- v2

in Cartesian coordinates (t,x,y,z). Consequently, the boosted Maxwell-Juttner distribution becomes

F'(z,p) = ad (1 /—pupt — mo) exp { s

—(ps + vpz)} : (A4)
mo

Note that the gas is boosted in the positive direction of the x axis. This is equivalent to the motion of the black hole
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FIG. 4: Angular components of the particle current surface density Jo in the model with v = 0.95, 8 = 1, ecutoff = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqgs. (73)). There are 168 486 945 trajectories: Nabs = 450 198, Nscat = 84 010 986,

Nscat 84 025 761.

in the negative direction (¢ = 1800) in our accretion model. By converting to spherical coordinates (t, r, 6, @),

= rcos@sinb, (Aba)
y = rsin@sin6, (A5b)
Z = rcos6, (A5c)
we obtain the distribution if the form
. cos cos sin
F'(z,p) = ad (1 /—Dupt — mo) exp {mﬁ’y {pt + v <sm0€0$§0 pr+ 807" P — rsin@0p<'o>} } (AB)
0

For simplicity, we will henceforth omit the prime in F.

120



19

FIG. 5: The particle surface density ratio ns/ns.~ in the model with v = 0.95, p = 1, ecutoft = 10, and & = 1000. The black
hole moves in the negative direction of the x axis, i.e, ¢ = 180-. The first three plots show the particle number surface density
in the equatorial plane. Plots on the left show the results obtained in the Monte Carlo simulation. The upper right plot shows
the exact result based on Eqgs. (40). The remaining graph depicts the radial density profiles for three selected values of the angle
¢ . The simulation was prepared for 168 486 945 particle trajectories: Nabs = 450 198, N scat = 84 010 986, N scat = 84 025 761.

2. Boosted Maxwell-Juttner distribution and action-angle variables

The Hamiltonian describing a geodesic motion of a free particle in Minkowski spacetime in spherical coordinates is
given by

1
o=
2

sin’ @

9o, 2, 1[5 P
—p; + o, + 2|\ P + . (AT)

The corresponding solutions of the Hamilton equations—geodesics in the Minkowski spacetime—are simply straight
lines. This formulation implies that the energy E = - pt, the azimuthal component of the angular momentum Iz = pe,
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i 3

FIG. 6: Time components of the particle current surface density Jt in the model with v = 0.5, B = 1, ecutoft = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqgs. (73)). There are 78 361 180 trajectories: Nabs = 227 889, Nscat = 39 064 112,
Nscat 39 069 179.

and the particle rest mass m = - 2H, are all conserved. Additionally, the total angular momentum
2
= pg + sifl(gﬁ (A8)
is also conserved. For geodesics with fixed values of E, I, Iz, and m, the radial momentum is determined by
12
p,,:e,,\/EQ—mQ—T—27 (A9)
where er = + 1 differentiates between ingoing and outgoing particles. The component pe is expressed as
12
po = egr/ 12 — m7 (A10)

with o= =+ 1 similarly defined.
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FIG. 7: Radial components of the particle current surface density Jr in the model with v = 0.5, B = 1, ecutoff = 10, and
go = 1000. Components of the particle current surface density Jr for £o = 1000. Exact solutions (Eqgs. (40)) are plotted with
solid and dashed lines. Dots (blue and green) represent sample results obtained by the Monte Carlo simulation (Eqgs. (73)).
There are 78 361 180 trajectories: Nabs = 227 889, Nscat = 39 064 112, N scat = 39 069 179.

For a motion along a segment of a geodesic ” with constant E, I, 1z, m, and constant signs er and eg, we define the

abbreviated action as

S

Here, pr and pe are

= /p#dx" = —Et+lzgp+/p,,dr+/p9d0

5 5

,’\\/
g2 2 2 /72 & 0
= —FEt+lLote, E? — — —dr + - —=24d
© e/ m —gdr 69/ -y
/ 2 / 2
r EQ—mQ——Q—laurctam(z EQ—mQ——2>}
T l T

= —Ft+l.p+e,
lcot @ l,cot@
+eg | —l arctan — + [, arctan — + const. (A11)
- sinz2 0 1> — sinz2 0

defined in Egs. (A9) and (A10). We introduce the following canonical transformation:
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FIG. 8: Angular components of the particle current surface density Jo¢ in the model with v = 0.5, p = 1, gcutoff = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqgs. (73)). There are 78 361 180 trajectories: Nabs = 227 889, Nscat = 39 064 112,

Nscat = 39 069 179.

(t,r,6,0,pt,pr,ps,pe) — —(Qu,Pv), where the new momenta are constants of motion:

oo L (., P
Po=m=lpi—pi—5\P+_7) (Al22)
T sin
P=FE=—p, (Al2b)
Py =1, =pg, (Al2c)
Py
P,=1]= 2 Al2d
3 p9 in2 07 ( )
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FIG.9: Sameasin Fig.5 for the model with smaller velocity v = 0.5. Remaining parameters p = 1, ecutoff = 10, and &0 = 1000.
The simulation was prepared for 78 361 180 particle trajectories: Nabs = 227 889, Nscat = 39 064 112, Nscat = 39 069 179.
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FIG. 10: Time components of the particle current surface density Jt in the model with v = 0.5, B = 8, ecutoft = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqgs. (73)). There are 30 900 617 trajectories: Nabs = 118 561, Nscat = 15 391 121,

Nscat = 15390 935.
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FIG. 11: Radial components of the particle current surface density Jr in the model with v = 0.5, p = 8, ecutoft = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Egs. (73)). There are 30 900 617 particles: Nabs 118 561, Nscat = 15 391 121,

Nscat = 15390 935.
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FIG. 12: Angular components of the particle current surface density Jo in the model with v = 0.5, 8 = 8, ecutoff = 10, and
go = 1000. Exact solutions (Eqgs. (40)) are plotted with solid and dashed lines. Dots (blue and green) represent sample results
obtained by the Monte Carlo simulation (Eqgs. (73)). There are 30 900 617 trajectories: Nabs = 118 561, Nscat = 15 391 121,

Nscat = 15390 935.
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FIG.13: Sameasin Fig.9 but with lowertemperature. Parameters of the modelarev = 0.5, = 8, ecutoff = 10, and &0 = 1000.
The simulation was prepared for 30 900 617 particle trajectories: Nabs = 118 561, Nscat = 15391 121, Nscat = 15 390 935.
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and

2
oS e,,mm/EQ—mQ—i— . 1 2
Q= — = i - > p?—pﬁ——2< 2y Lo > (A13a)
T

— . 2 2 - 2 Py )
om E?—m P2+ %2 <p§ + sii% - sin” 0
l2
oS e Bry/E? —m? — & .
Ql - @ = —t+ T2 2 - =—t— "peb P2 ) (Ale)
-m pg+r%<p§+sin§9>
o8 l, cotf t 6
Q* = TR + eg arctan le = ¢ + arctan <p<'° 0 >7 (A13c)
z z Po
I? - sinZ @
o8 2 lcot @
Q3 = a5 —e, arctan (; E?2 —m? — 7"_2> — €g arctan ﬁ
~ sinZ9d
2 p?
. pa + =% cot §
= — arctan P — arctan o sin?0 . (A13d)

/ P2 9
pg + singg 0 P

(see [4]). In the above formulas, the last form is given in terms of the momenta (p;, p,, ps, p,). To derive expressions
(A13), we assume that the constant in Eq. (A11) is independent of m, E, [, and [.

Basing on [4], one can note several relationships between the variables (Q*, P,) and (z*,p,). These relationships
will be useful in the following sections:

t 6 1 N
A X tan | —Q® — arctan LZ , (A14)
Po 3 / P
pg + singg [4
t 0 P,
© = Q? — arctan <M> = Q% — arctan {—QV} , (A15)
Pe Py
where
V = tan | —Q® — arctan LZ . (A16)
/ P
pg + singg [4
In a similar fashion we get
P2 + P2V2
.2 3 2
0= ———"+. Al17
= P v (A17)
3. Asymptotic relations
In the asymptotic limit of 7 — oo, Eq. (A6) becomes
Flz,p)=ad (\/—pﬂpﬂ — mo) exp {mﬁv [pr +vsinfcos @ pr]}. (A18)
0

Following the footsteps outlined in [4], we write the following asymptotic expressions. The radial component of the
four-momentum tends to

pr =€V E?2—m? = ¢,/ P? — P2. (A19)

In the asymptotic limit, (A16) takes the following form

V = —tan <Q3 + 67’%) = cot Q°, (A20)
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and Eq. (A17) tends to

P2
sinf) = \/sin2 Q>+ P_22 cos? (93,

3

where we used the fact that 0 < 8 < 7. Therefore cosp can be now expressed as

A3
cos Q?|sin Q3| + % ‘:;;183‘ sin Q? cos Q*

P.
COS = €OoS {Q2 — arctan {FQ cot QS} } = >
3 \/sin2 Q3+ %2‘ cos? Q3
3

Hence,
cos @sin @ = cos Q°|sin Q°| + % |:11;lg§| sin Q? cos Q°,
and
sin @Q* = —sin |arctan (w) + e,,g = —¢, cos [arctan (w)] ,
where w = l";;;e. Since —% < arctanw < T, it follows that cos [arctan (w)] > 0. Consequently, one obtains
sinQ® = —¢,|sin @®|.

Finally substituting the above expression in Eq. (A18), we get

Flz,p) = ad( Py — mg) exp {—mﬁofy {Pl +uy/ PE — P2 <COSQ2 sin Q® + %jsin@2 cosQ3>} }

29

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

It is important to note that this expression is valid for the three-dimensional motion of the gas. In the following

section, we deal with asymptotic expressions corresponding to the planar motion of the gas.

4. Planar motion in the asymptotic limit

To analyze the motion confined to the equatorial plane, we consider the limit § — 7/2 and pg — 0, leading to
l. — €,l, where €, = sgn(l.). An application of those limits to (A26) is straightforward. Equations (A12) yield

P2—>€<PP3.

Consequently, using the notation (32), we have

Flz.p) =8 (0= F) o(po)s (@.p)

flz,p) = ad(Py — mg) exp {—mﬁfy {Pl + w4/ P? — P2sin (Q3 + €¢Q2)} }
0

Additionally, from Eqgs. (A13), we obtain

where

T
Q3+ €<PQ2 — €pp — €ry

Therefore,

flz,p) = ad(Py — mg) exp {—mﬁo’y {Pl +wvy/ P? — P?sin <e¢gp — 67’%)} }

Substituting (A12), we get
flz,p) = aé(\/T#p/‘ — mg) exp {—ﬁ’y [a? + e, vV e? — 1sin <gp — 6<Pe,,g>} }
= ad(\/—pup* — mo) exp {—ﬁfy [5 — e, vV 2 — 1cos gp} }
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(A30)
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5. Action-angle variables in the Schwarzschild spacetime

As previously, we consider the motion along a segment of a geodesic 4 with constant E, [, [, m, and constant signs
€, and ¢g, and we define the abbreviated action as

S = /pﬂdx" = —Et+lzg0+/p,,dr+/p9d0. (A33)
5 5 5

In this case, p, and pg are defined by Eqs. (20) and (22). We now introduce the following canonical transformation:

Poeme i tmr_ Np2— L (2 P (A34a)
0 N Pr 72 Py sin2 0 ’
P =FE=—p, (A34b)
Py =1, =p,, (A34c)
P2
Py=1=4|pj + —5=, (A34d)
sin® 0
and
o8 dr dr dr
0
= — = —me, = —m = —m s A35a
@ om / VE2=U(7r) / Np, / g pr ( )
& & &
a8 dr o) g E
1:—:—t+e,,E/—:—t+/N dr:—t—/ dr, A35b
@ oOFE /) NE?—-U(r) / Npr ) 97"pr ( )
& & &
a8 [, cotf t 6
Q* = == = ¢+ ¢parctan SO ) = @ + arctan Pe Ol ” , (A35¢)
alz 12 2 Po
" sinZ0
o? oS o arctan lcot @ e dr
= = =g — |-l | ——
ol 12 2 /F2 _ U
1 5 " (r)
VPt sii25 g cotd dr
— arctan — l/ . (A35d)
pe r>Np,
,’\\/
Using (39) we could reformulate Eq. (A35d) as
lcotd
Q* = —e¢p arctan Lﬂ +e.X(& 8, AN). (A36)
1? - sinz2 [

However, limg_,.. X (&,£,A) = 0, which would disagree with the asymptotic value of Q* calculated from Eq. (A13d),
ie.,

lcot 6
lim Q° = —e,,E — €g arctan AL (A37)
r— 00 2 12 lz
" sinZ0

Therefore, to ensure consistency with the asymptotic behavior, we choose

lcot @

2
=
sinZ @

Q* = —eparctan +eX(E e ) — e,,g. (A38)

12_
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6. Boosted Maxwell-Jittner distribution on the equatorial plane

Equation (A26) yields a general form the distribution function expressed in the action-angle coordinates

P,
Flz,p) = ad( Py — mg) exp {—ﬁfy {Pl +uy/ P2 — P2 <cos Q%sin Q® + FQ sin Q? cos Q3>} } (A39)

mo 3

As in Appendix A 4, we take a limit § — 7/2 and pg — 0, so that [, — €,{. Similarly
Py — €, Ps, (A40a)
Q* + @ = e T e X (68N — 6T, (A40b)

and therefore
fz,p) = ad(Py — mp) exp {—mﬂofy {Pl +vy/ P? — P?sin {ngp +e.X(Ee,A)— e,,gH } (A41)
Substituting Eq. (A34), one obtains the final expression
flz,p) = ad (\/—pﬂpﬂ — mo) exp {—ﬁ*y {e + e, vV e? — lsin {gp + €q€r <X(f7€7 A)— g)” }
od (1 /—pupt — mo) exp {—ﬁfy [5 —euve? —1cos[p + e, X(€ ¢, )\)]} } (A42)

Appendix B: Particle current surface density

To evaluate momentum integrals in Eq. (33), we change the variables according to (pt, p,, p,) — (m?, E,L.), where

| 1

m° = ﬁp? — Np? — 2P (Bla)
E = —p, (B1b)
l. = pe. (Ble)
The Jacobian of this transformation is simply
d(m? E,1
% = —2Np, = =26,/ E2 - U(r) = =2¢,mv/ 2 — U,. (B2)
Pt Pry Py

Consequently,

dpydp,dp,  dmdFEdl, m2dmded\,

r N Uy =Ty

where we introduced the dimensionless variables £ and A.. Thus Eq. (33) reads

mZdmdsd,
vV €2 — U>\
mZdmded)\

1
621 E/f(t7£7§07m7€76<p7)\)pﬂﬁ7 (B4)

where in the last step we used the relation A, = €, X, valid at the equatorial plane, and where we also abuse the
notation by allowing ourselves to change freely the arguments in f.
Assuming f in the form of Eq. (A42) and

6;\7]”«/52 — Uy, Mm)\z> —m <—€7 &2 U, QPM)\) (B5)

N

dpdp,.dp 1
Jﬂ(t7r7 SO) - /f(t7 7 @7pt7pr7p<ﬁ)pﬂ% - E f(t7£7 w,m, &, )\Z)pﬂ

(pt7p7’7p<p) - <_m€7

we get Egs. (40).
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We derive novel analytical solutions describing timelike and null geodesics in the Kerr spacetime. The
solutions are parametrized explicitly by constants of motion—the energy, the angular momentum, and the
Carter constant—and initial coordinates. A single set of formulas is valid for all null and timelike geodesics,
irrespectively of their radial and polar type. This uniformity has been achieved by applying a little-known
result due to Biermann and Weierstrass, regarding solutions of a certain class of ordinary differential
equations. Different from other expressions in terms of Weierstrass functions, our solution is explicitly real
for all types of geodesics. In particular, for the first time the so-called transit orbits are now expressed by

explicitly real Weierstrass functions.

DOI: 10.1103/PhysRevD.108.024056

I. INTRODUCTION

Few results in general relativity have more astrophysical
implications than the theory of timelike and null Kerr
geodesics. Properties of geodesic motion in the Kerr
spacetime are key in modeling accretion disks [1,2] or
the propagation of light in the Kerr geometry [3,4].
Geodesic motion is used as a zero-order approximation
in the self-force approach [5] and serves as a basis for our
understanding of the Penrose process [6].

The theory of Kerr geodesics developed quickly after a
fundamental discovery made by Carter that the Hamilton-
Jacobi equation is completely separable in the Kerr
spacetime [7,8]. The geometrical nature of this fact was
understood by Walker and Penrose in terms of Killing
tensors [9], and equatorial orbits were soon analyzed,
see e.g. [10- 12]. An analysis of nonequatorial geodesics
is, of course, much more involved. Vortical orbits were
first discussed by De Felice and Calvani in [13] and later
in [14]; in [15] Wilkins described bound orbits. Another
account of timelike and null geodesics can be found in
Bardeen's lectures [16]. An early review of the theory of
geodesics in black hole spacetimes was given by Sharp

*adam.cieslik@doctoral.uj.edu.pl
1eva.hackmann@zarm.uni-bremen.de
*patryk.mach@uj.edu.pl

2470-0010=2023=108(2)=024056(32)

in [17], and an extensive text-book discussion of various
generic types of Kerr geodesics was provided in
Chandrasekhar'sb oo k [18].

Much has been achieved in subsequent years. Another
detailed text-book introduction to the theory of Kerr
geodesics was published by O'Neill in [19]. Negative
energy geodesics within the ergosphere were studied
in [20] and later in [21,22]. Spherical orbits were inves-
tigated in [23-25]. A particularly convenient geodesic
parametrization, allowing for partial decoupling of geo-
desic equations, was introduced by Mino in [5].1n [26]
Schmidt derived action-angle variables for Kerr geodesics
and computed corresponding fundamental frequencies. A
combination of Schmidt's results and the Mino paramet-
rization was given in [27]. Analytic solutions for bound
timelike orbits (and the associated characteristic frequen-
cies) were obtained in [28,29], using Jacobian elliptic
functions and Legendre's integrals. Various solutions
expressed in terms of Jacobian elliptic functions were
also given in [30,31]. General methods of obtaining
analytical solutions in terms of Weierstrass elliptic func-
tions were described by Hackmann and Lammerzahl
in [32-34].

The phase-space picture of Kerr geodesics was
investigated by Levin, Perez-Giz, Stein, and Warburton
in [35-37]. In particular, Ref. [35] discusses equatorial
homoclinic orbits and the separatrix between stable orbits

-1 © 2023 American Physical Society
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and orbits plunging into the black hole. In [37] Stein and
Warburton considered nonequatorial orbits as well. Special
classes of orbits characterized by constants of motion that
also describe circular orbits were recently analyzed by
Mummery and Balbus in [38,39] (see also [40]). The
separatrix problem has also been discussed earlier in the
context of gravitational radiation by Glampedakis,
Kennefick and O'Shaughnessy [41,42], and it appears
naturally in the study of accretion of the Vlasov gas onto
the Kerr black hole [43]. Periodic orbits in the Kerr
spacetime were studied in [44]. Reference [45] provides
a relation between scattering and bound geodesics in the
Kerr spacetime using the Hamilton-Jacobi action.

In [46] Gralla and Lupsasca revisited null geodesics in
the Kerr exterior, providing a convenient classification and
analytic solutions. A very detailed classification of radial
motion for timelike and null geodesics has recently been
provided in [47].

In addition, many authors investigated geodesic motion
in the near-horizon approximation for high-spin black
holes (see, e.g., [48-52]). References [51,52] contain
solutions for the generic polar motion in the Kerr spacetime
as well. Last but not least, an important progress was
recently made in the analysis of intricate properties of null
Kerr geodesics, related to strictly observational problems—
gravitational lensing, observable properties of photon rings,
etc. [3,4,53- 56].

In this paper we give exact solutions of the geodesic
equations in the Kerr spacetime. Using an old, but relatively
little known result by Biermann and Weierstrass [57] (see
also [58] and [59- 61] for the proof), we were able to find a
single set of formulas, valid for all generic timelike and null
geodesics, that yield an explicitly real solution for arbitrary
admissible initial data. Our analysis is a sequel to Ref. [61],
which is also based on the Biermann-Weierstrass theorem
and provides solutions for generic timelike and null geo-
desics in the Schwarzschild spacetime. Benefits of this new
approach are at least twofold. All solutions can be effec-
tively written in terms of Weierstrass elliptic functions p, o,
and ¢, and a single set of formulas remains valid for all
generic geodesics. Solutions are explicitly specified by
prescribing constants of motion—the energy, the angular
momentum, the Carter constant—and the initial position.
This means, in practice, that no a priori knowledge about
the type of the orbit is required in order to select an
appropriate formula. Secondly, radial motions of the so-
called transit type [19], for which the radial potential has no
real zeros, can be described in a straightforward way, by
explicitly real formulas.

Many geodesic types, which are usually treated as
special, nongeneric cases in other approaches, are incorpo-
rated naturally in our formalism. Interesting examples of
such types include “whirling” near-separtartix orbits.

All our formulas have been coded in Wolfram
Mathematica [62], and a collection of sample solutions is

PHYS. REV. D 108, 024056 (2023)

plotted in Sec. V of this paper. A Wolfram Mathematica
package implementing our formulas is available at
PANGAEA and at the GitHub [63].

The remainder of this paper is organized as follows.
Section Il contains preliminary material: we introduce our
notation conventions, discuss a simple classification of
orbital types, and recall the Biermann-Weierstrass theo-
rem. Section Il provides general solutions to the geodesic
equations. We discuss the general method of deriving
our solutions, but many technical details are given in
Appendix A.SectionsIV and V give a short description of
our implementation in Wolfram Mathematica and a col-
lection of examples, respectively. Section VI provides a
short discussion of our results. Appendix B is devoted to
Schwarzschild and extreme-Kerr limits ofoursolutions. In
Appendix C we provide a table of integrals to which we
refer in our derivation.

Il. PRELIMINARIES

A. Metric conventions

We use standard geometric units with ¢ ¥4 G ¥ 1, where
c denotes the speed of light, and G is the gravitational

constant. The signature of the metric is (-, +, +, +).
We will work in Boyer-Lindquist coordinates xu %
(t,r,8,9). The Kerr metric can be written as

g Y4 guvdXudxv

Ya gudt2 + 2gwpdtd@ + grrdr2 + geedB2 + geed2, (1)

where

(22)

(2b)

(2c)

(2d)

(2e)
and we denote

(s2)

(3b)

The Kerr spacetime is characterized by the mass M and
the angular momentum J % Ma. The two solutions of the

024056-2

138



KERR GEODESICS IN TERMS OF WEIERSTRASS ELLIPTIC ...

equation A = 0, rv = M = vaM2 —az2, correspond to the
inner and outer Kerr horizons.

B. Equations of motion

Timelike and null geodesic equations can be expressed in
the Hamiltonian form

dxp OH

dt  odpy’

dpv oH ab
dt oxv’ (4b)

where pp = dxwdt, H(Xa,pp) = 1 guv(xa)pppv = —2 m2,
and m denotes the particle rest mass. The above normali-
zation of the four-momentum py is a useful convention.
The four-velocity up is normalized as guvupguv = —81,
where

1 fortimelike geodesics;
O Ya .
0 fornullgeodesics:

®)
Thus, for timelike geodesics, pp ¥ muy, and the proper
time can be expressed as T = mT.

By standard arguments, H, pt= —E and peo= Iz are
constants of motion. The fourth constant—the so-called
Carterconstant K—follows from the separation ofvariables
in the Hamilton-Jacobi equation [7,18]. In explicit terms,
geodesic equations can be written as

Here

(6)

and

©() = K-m 2a2c0s20 - Iz -asinbE . (7)
sin@

Withaslightabuseofterminology,wewillrefertoR (r)and
©(0) as radial and polar potentials, respectively. The signs
er and ee correspond to directions of motion in r and 6,
respectively. More precisely,

PHYS. REV. D 108, 024056 (2023)

and

©)

There is a convenient way to partially decouple the
above equations, introduced by Mino in [5]. It consists in
reparametrizing geodesics so that

(10)
or

(11)
This yields

(12a)
de = - p ffiff; (12b)

de a[(r2+ a2)E —al~ 1 i . )
A * sin2 0 (I% a E sin208); (12c)

d¢ (r2+a2)[(r2+ a2)E —alz}

+ a(lz-a E sin20):
A

(12d)

It is convenient to work in dimensionless rescaled
variables. For timelike geodesics, we define dimensionless
variables as in [64,65], i.e., by
a = Maq,

t=MT, r = ME,

K = M2m2ak, Iz = MmAz. (13)
In addition, the rescaled Mino time s is defined by

E = meg,

1

M (14)

For null geodesics m ¥ 0, and the parameter m in Egs. (13)
shouldbereplacedwithanypositivemassparameterm > 0.

In terms of dimensionless variables, geodesic equa-
tions (12) can be written as

dg ¥a er R, (15a)

de v, es p@

(15b)
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(15¢)

(15d)

[€E2 + a2)e —aAj2 —(&2 —2& + a2)(d1&2 + K), (16)

K —0102C€0520 --—--—-1
1 sin2 6

(Az —ae sin20)2.
z

(17)

In Sec. Il we give explicit solutions of Eqgs. (15) for the
functions &(s), 6(s), ¢ (s), and T(s). They are specified by
prescribing 61 and the constants of motion €, Az, and K,
which in turn can be computed from initial velocities.
Defining, for timelike geodesics, components of the veolc-
ity vi Vs ui=ut Y4 pi=pt, i ¥ar; 0;0, we get

Constants €, Az, and k can be expressed as

(19)

(20)

(21)

It is well known [18,46] that for null geodesics solutions
of Egs. (12) depend on E, Iz, and K via the ratios 1z=E and
K/E 2. This corresponds to the choice m = E in Egs. (13)
and (15), which, assuming E > 0, yields ¢ ¥ 1. Constants
E, Az and k can be then expressed as

E = —gttpt —gtop 0; (22)

Az = ME(gpt+ geop@); (23)

(24)

where py is a null vector.

PHYS. REV. D 108, 024056 (2023)

C. Types of orbits

Although the main idea of this paper is to provide a
single set of formulas describing solutions of all generic
timelike and null geodesic trajectories, it is useful to
introduce a general classification of different types of
possible orbits and some terminology, which can facilitate
the discussion. A detailed discussion of various orbital
types can be found, e.g., in [19].

Generic orbits can be classified according to the type of
radial motion. Allowing, in the discussion, for negative
values of &, we adopt the following terminology from [19]
(p. 209, Def. 4.6.3): A geodesic is said to be of transit type,
if £(s) goes from £ to ¢ o, asthe parameter s goes from
—to t0 +0 . A geodesics, for which &(s) goes from + o to
+ oo is called a flyby. Both types represent unbound orbits.
A geodesic is said to be interval-bound, if §1< &(s) < &2,
for some —e < &1 < & < +. All other geodesics are
exceptional in some sense, and this includes orbits termi-
nating in the p2 = 0 singularity orgeodesics related with an
occurrence of multiple zeros of R. The character of generic
orbits is mainly governed by the numberofreal zeros ofthe
radial potential R. The following cases are generically
possible:

() The potential R has no real zeros, and R > 0 for all
&. This allows for transit orbits.

The potential R has two real zeros 1 < &2,andR > 0
for & < &1 and & < €. This case allows for flyby
orbits.

The potential R has four real zeros &1 < & <
&< &,and R>0for&1<&<& and &< & <
&4. Interval-bound orbits are possible.

The potential R has four real zeros &1 < & <
&3 < &, and R >0 for § <&, & < & <¢&3, and
&4 < &. Both flyby and interval-bound orbits are
possible.

The potential R has two real zeros €1 < &2,andR > 0
for &1 <& < &2. Only interval-bound orbits are
possible.

Since Boyer-Lindquist coordinates used in this paperare
singular at Kerr horizons (§ = &n), solutions of the whole
system of equations (15) cannot be continued through
& = &H1. On the other hand, the radial and polar equa-
tions (15a) and (15b) remain unaffected by horizon
singularities of Boyer-Lindquist coordinates, and this fact
allows for the general classification given above, without
invoking explicitly regular coordinate systems.

A very detailed classification of the radial geodesic
motion has recently been given in [47] for timelike
trajectories. In contrast to the terminology summarized
above, the authors of [47] concentrate on possible con-
figurations of roots of R in the region outside the outer Kerr
horizon, which is of course of main physical relevance. A
similar classification for null geodesics was given in [46]
and subsequently slightly expanded in [47].

(m

{n)

(v)

)
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A classification with respect to the range of the 6
coordinate is simpler [18,19]. Defining p % cos8, one
can express © as © = g(u)/ sin26, where g(u) is a
biquadratic polynomial defined in Eq. (37) below. It allows
for one or two zeros in the range 0 < p2 < 1. Moreover,
g(u=0)= k—(ag —Az)2 and g(p = 1) = -A2< 0. The
condition ® > 0, or equivalently g(u) > 0O, leads to two
generic types of motion. For kK —(age —Az)2 > 0, the
trajectory oscillates around the equator. In this case
M2 < p+ < 1, where p+ is a zero of the polynomial g(u).
For Kk —(age —Az)2 < 0, if the motion is at all possible, it
is restricted to one hemisphere, and the allowed range of p2
is 0 < Y- <p2<p+ <1, where again pi denote zeros
of g(u).

D. Biermann- Weierstrass theorem

Solutions derived in this work are largely based on the
following result due to Biermann and Weierstrass. The
original formulation of this theorem was published in [57].
More detailed proofs can be found in [59-61].

where p(z) = p(z; g2,93) is the Weierstrass function cor-
responding to invariants (26), i.e., the function z(x) can be
inverted. In addition

Il. SOLUTIONS OF THE GEODESIC EQUATIONS
A. Radial motion

A solution for &(s) can be obtained by a direct appli-
cation of the Biermann-Weierstrass theorem to Eq. (15a).
The polynomial R (&) can be written as

PHYS. REV. D 108, 024056 (2023)
Let
f(x)=aox4+ 4aixa + 6a2x2+ 4asx + a4

(25)

be a quartic polynomial, and let g2 and g3 denote
Weierstrass invariants of f, i.e.,

g2 = aoa4 —4a1as3 + 3az; (26a)

Let

@7

where xo is any constant, not necessarily a zero of f(x).
Then,

(28)
|
1
az= - (0102+ K- 2a2e2 + 20€A2); (31c)
6
a3 =2k (3 1d )

a4 = 04e2 —02K —203EAZ + 02h = —e2[K —(ae —Az)2].

(31le)

For a segment of a trajectory for which er is constant,
we get

where o is an arbitrarily chosen (initial) radius correspond-
ing s = 0. Weierstrass invariants of the polynomial R read

R() = 0o + 4a:1&3 + 6a282 + 4ap& + a4, (30)
g&2 = alas - 4a1a3 + 3az, (33a)
where
R3 = aoaza4 + 2alaza3- a3 - aoaz2- a’a4. 33b
(313) g a (33Db)
Using the Biermann-Weierstrass theorem, we can write the
(:0) formula for & = &(s) as
024056-5
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where . r (s) —p(s; gr 2,gr,3), and the polynomial R is
defined in Egs. (30) and (31).

It is important to stress that the above solution remains
valid also when the sign er changes along a trajectory. In
this case er in Eq. (34) should be understood as an initial
sign value, corresponding to s —o. A longer discussion of
this fact in the context of Schwarzschild geodesics can be
found in [61].

Note that if & is chosen as a root of the polynomial R,
i.e., R(&) —O, expression (34) can be reduced to

(35)

This can be a useful parametrization for trajectories with
radial turning points. On the other hand, if no real zeros of
R exist, Eq. (34) still provides a valid, explicitly real
solution. This is the case of transit orbits of radial type I.

B. Polar motion
WESHAHRD (i RPhy A MssdtanRio Umed 9, B Biermany:

The first option yields a convenient form of a third order
polynomial under the square root in Eq. (15b), but it does
not constitute a one to one function in the region
0< 0 <. Inthisworkwe choosethesecondpossibility
and define p —cos 8, which yields a one to one mapping
for o< 8 < m.Weget,inthiscase,

where p?(s) —p(s; gft2,gg.3) and po —p(O) —cosBo —
cos 8(o) is the initial value corresponding to s —o. Here,
as in the radial case, the sign ee is to be understood as
referring to the polar momentum component at the initial

location Bo.
Note that due to the relation between bo, b2, b4 and ao,
az, a4, we have

(41a)

(41b)

PHYS. REV. D 108, 024056 (2023)

(34)
(36)
g(u) —bopa + 6b2u2 + ba (37)
and

bo —- 02(e2 - 81) —-a 2ao0, (38a)
b2 6 (-0201+ 2002€2 - K- 2aeA) —az, (38b)

b4 —- 02e2 + K+ 20eAz - A2 —K - (0€ - AZ)2 —- Oe:
(38¢)

The fact that the coefficients bo, b2,an d bs are directly
related to the coefficients ao, a2,an d a4 is somewhat
surprising, since Eqgs. (15a) and (15b) are decoupled. The
appropriate Weierstrass invariants read

Qg2 —bobs + 3 b2; (39a)
Jo;3 —bob2bs - b3; (39b)

and the solution for p —u(s) can be written as
(40)

C. Azimuthal motion

In order to find solutions for @ (s), we split the right-hand
side of Eq. (15c¢) into two parts depending on & and 6,
respectively. Integrating the result with respect to the Mino
time s, we get

(42)
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where

(43)

and

(44)

The first step in computing the integral 1g(s) consists in
applying the partial fraction decomposition with respect to
&(s). Note that &2- 28 + a2 = (& - EH)(E - &H), where
&t= 1+ A1- a2 denote the dimensionless radii of the
inner and outer Kerr horizons. This yields, assuming
-1 < a < 1, the following partial fraction decomposition

(45)

where

(46)

One way of computing integrals Nn (s) would be to
express the integrand in terms of derivatives of the
Weierstrass ¢ function, and to adhere to a general integra-
tion scheme described in [32]. Here, we decided to follow a
more straightforward approach, which once again makes
use of the Biermann-Weierstrass result. We start with the
following substitution

(47)

so that

(48)

Differentiating u=
Eq. (15a),

with respect to s, we get, using

PHYS. REV. D 108, 024056 (2023)

(49)
h(ut) = c0z= + 4cius + 6c2uz2 + 4c3ui + c4, (50)
and
(51a)
c1= 2 {&»[-0a201+ 20262 - 20AzE
+ &% (-2017 + 301+ 28we2)} - K(E% - 1)}, (51b)

C =6 Y202(0x - 2€2) - K- 20€Az+ 6(01- 01&% + €28%)E% )

(51c)
C=01Q - &%) + €28, (51d)
c4 = €2- O1 (51e)

A simpler expression for c1 can be obtained by replacing
the terms &% with & = 1+ vzl - o2. This yields

c1= -202e2+ 20a201(t A/1- a2+ 27
-01l(xA/1- 02+ 1) +1 /1 - 02(8e2- K)

- ohze(x /1- a2+ + de2. (52)

One can check that invariants of the polynomial h are the

same as for the polynomial R, i.e., they are given by
Eq. (33). This is not surprising. It can be easily proved [59]
that a substitution (we keep the original notation of [59] at
this point)

(53)

transforms a differential form dx= X(x), where X(x)
denotes a 4th order polynomial in X, into

(54)

where X0x0Q is a 4th order polynomial of x0 The
Weierstrass invariants g2 and g3 of the polynomial X(x)
and the invariants g8, g@ of X0(x0) are related:
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In our case, &(s) = [Eru-(s) + 1}u- (s), ie,
=¢84, I'=1 and m'= 0 in substitution
Consequently Iom - ImO= 1, and g2 = g2, g3 = @3.

Before proceeding further, let us note that Eqs. (47)
and (49) give

m= 1,

(56)

where uo- = u- (0) = 1/(&o —<- ). Formula (58) is written
in terms of the Weierstrass function pr = p(s; gr2,gR3),
since both polynomials R and h are characterized by the
same Weierstrass invariants.

Expression (58) can be integrated. To simplify sub-

sequent calculations, we introduce the following new
symbols:

Hence Eq. (58) takes the form

(53).

PHYS. REV. D 108, 024056 (2023)

and thus

h(u-) = u- R(&). (57)

It follows that h(uz+) is positive, as long as R (§) remains
positive. Note, however, that § — &H, corresponds to
ut — oo, i.e., the change of variables given by Eq. (47)
is singular at one of horizons.

Keeping the above fact in mind, we can now apply the
Biermann-Weierstrass theorem to Eq. (49) and express u*
as a function of s:

(58)
where
and p1- and p2- satisfy p(p1- ;gr2,0r3) = A4- + /%
and p(p2-;gr2,0r3) = A4- — A-. Weierstrass func-

tions appearing in the expressions for K1, K2, and K3 in
Eq. (61) should be computed assuming invariants gr 2 and
gr 3. Integrals (62) are calculated in Appendix C [Egs. (C1),
(C2), (C7), and (C27)- (C29)].

Note that h@)(uo-) = 24co = 24(2&- € —aAz)2 is non-
negative, and hence As- must also be non-negative. Thus
both p1- and p2- arereal. Nevertheless p 1- or p2- may be

(60) complex, even though both Weierstrass invariants gr 2, gr 3

are real. This happens, for instance, when p(p; gr 2, gr 3) is

and integral (46) can be written as strictly positive on the real line, and p1- or p2- becomes
024056-8
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negative. However, even in this case, the integral K1 given
by Egs. (C1) and (C27) is explicitly real. A potentially
complex term in the expression for K1 [Eq. (C27)] has
the form

27(p)s + In 2 3~ p)

A(sp) o(s + p)

1
PQP)
where s is real. In specific examples 11(s; p) can indeed
become complex, but the imaginary part of l1i(s;p) is
independent of s, and hence it cancels out in the definite
integral K1. This fact follows immediately from Eq. (C1),
which we write as

1

al s;p :
p(s) - p(p) -

ds 1sp

Since both p(p) and p(s) are real, one gets
d
Imlai(s;p)%0-
ds

In a similar way, one can demonstrate that K2 must be real.
The integral K3 is given by an explicitly real formula.

The integral le defined in Eq. (44) can be computed
using the substitution p ¥ cos8.Wehave

1 1

inz6(s) 1- () OO ©3
The derivative of q(s) reads
dS = 2q2udS = -2esqeup g B = - €0eMJ 4qap2g M ,
(64)

z

esel /W% oM W + 1w°(qo)[pw(s) - 24w"(qo)]+ 24w (go)w",(qo)

PHYS. REV. D 108, 024056 (2023)

where ep % sgny. On the other hand

494p1g(y) = 49(q- D[%o(q- 1)2+ 6% %2- )+ W ]

= w(q) (65)
Thus q satisfies the equation
da(s) eeep w(q); (66)
ds
where
w(q) = dog4 +4dig3 + 6d2qg2 + daq; (67)
and
do Y4 -4 Az; (68a)
di% - 0201+ K+ 20€Az + Az; (68b)
d2 = % [02(201- €2) - k - 2aehz], (68c)
ds Y4 az2(-061+ €2) (68d)
Weierstrass invariants of the polynomial w(q) read
gw;2 = - 4d1d3 + 3d2; (69a)
gws =2d1d2d3 -d 2-d odz (69b)
Thus,
(70)

2[pw(s) - 24 W'(go)]2 - 48w (qo)w (4) (o)
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= NYeps + B k (s;Pw.i>Pw2)

+ B2k 2(s;pw,1,1/8 ) + Bsk 3(s;pw,1,pw,2)],

(=)

where pw: and pw2 satisfy p(pwii9w2,9w3) = B4 + B

and y(pwz;gw2-gws) = B4 - JB% Moreover, Weierstrass

functions appearing in the expressions for K1, K2, K3 in the
above formula should be computed with the invariants gw;2
and gw:3.

Integrals K1, K2, and K3 appearing in Eq. (72) are again
real, although the constants pwzi, pw2 are in general
complex. The situation encountered here is, however,
different than the one described for integrals N n(s). We

PHYS. REV. D 108, 024056 (2023)

have Bs < 0, and thus plIA and pun2 are, in general,
complex. The fact that the integral K1 is real can be
demonstrated as follows. Observe that

(73)

where the bar denotes complex conjugation, and where, for
simplicity, we omit the Weierstrass invariants gwz2 and gw,
as well as the subscript w in the symbols pwz1 and pwg2.
Therefore, p1 and p2 are the two solutions, in the period

parallelogram, of the equation y(x) = B4+ A, and

hence they are related by
(74)

where znm = 2Nw + 2Mw' is a period of y, and N, M are
integers. Keeping in mind that Znm = znmis a period of y
as well (this happens for real Weierstrass invariants), we
find the following relations:

(75)

(76)

(77

(78)

(79)

where n and nOare the periods of the second kind. Inserting the above formulas in the expressions for integrals K1 and K2
[see Egs. (C1), (C7), (C27), and (C28)], we find, for instance,

(80)

We see that pairs of the type x - x appear in Eq. (80) both in the nominator and the denominator and, therefore, K 1 is real.
Similarly, the integral K2 is basically of the same form. Integral K3 does not involve any sigma functions and reads

(81)
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Summarizing all results from this section, ultimately, we
can write Eq. (42) as

with integrals N given in Eq. (61) and integral le given
in Eq. (72).

The case with a = +1 (the extreme Kerr limit) requires a
separate treatment, as the partial fraction decomposition
given by Eg. (45) has a different form. Appropriate
formulas are given in Appendix B.

D. Time coordinate

The solutionforT(s) canbe obtainedinasimilarway. A
direct integration of Eq. (15d) yields

PHYS. REV. D 108, 024056 (2023)

(88)
Consequently,
Je(s) = (4 + a2)es + 2eN1(s) + eN2(s) + A-N1i(s)
+ A+N+(s) (89)

where, apart from the integrals N% computed in the
previous section, we have denoted

Z

Ni(s) =  &(s)ds (90)

and

(91)

Detailed expressions for N 1(s), N2(s), and Je(s) are given
in Appendix A.
Finally, we can write Eq. (83) as

B3 T(s)-T(0)=(4+az)es +2eN1(s) + eN2(s)
where + A-N-Hs) + A+NH(s) - az2ede(s): (92)
As before, the extreme Kerr case with a = 1 has to be
considered separately. The appropriate partial fraction
expansion of the radial part of Eq. (83) can be found in
Appendix B.
Z -
Jo(s) = sin26 (s)ds. (85) E. Proper time
. The relation between the proper time 1 and the rescaled
Mino time s can also be integrated. Equations (10) or (11)
For -1 < a < 1, the expression give
(§2 + 02)2e - 20Az& (&2 + 02)2¢€ - 20AzZE
86
-2kt (- BAGE- &) OO
and, upon integration,
has the following partial fraction decomposition
(87)
where
024056-11
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IV. IMPLEMENTATION IN WOLFRAM
MATHEMATICA

All formulas expressing the solutions obtained in Sec. Il1
have been encoded in a Wolfram Mathematica [62] package,
which is available at PANGAEA and at the GitHub [63]. T he
implementation of our formulas is essentially straightfor-
ward, but it is tedious, due to the number of different
integrals appearing in our calculation. Perhaps the only place
which requires special attention is related with computing
the terms of the form

In-(s- y;fe 19,
-(s+y;92,93)

where ¢ denotes the Weierstrass function sigma, s is the
Mino time, and y is, in general, a complex parameter.
Expressions of this type appear in integrals (C1), (C3),
and (C7). A proper implementation of our formulas, yielding
continuous solutions for @(s) and T(s), requires careful
selection of the complex logarithm branch in Eq. (94).A
“brute force” approach to this problemis to startats = 0 and
to follow the appropriate logarithm branch up to a given
nonzero value of s, assuring that both real and imaginary
parts of Eq. (94) remain continuous. The logarithm in
Eq. (94) can be thus computed as

ftk9

, ~(s-y;9293) 1 (
In - - L 95

-(s+y;92,93)

T (s - vy;92 93)+'2c1’1k’1',

- (s +y;92,93)
where Log denotes the principal value of the complex
logarithm, and k  z, but one has to select an appropriate
integer k, which can change as s increases. Another
straightforward (but numerically expensive) approach is to
express (94) as

and evaluate the above integral numerically.

There is a partial work-around to the above problem,
based on the properties of the Weierstrass function sigma.
Let w1 and w3 denote half-periods of p(z), and let w1 be
real. The function sigma can be expressed as

PHYS. REV. D 108, 024056 (2023)

where g = elmwdc1, n1= {(w1), 061(z,q) denotes the
Jacobi theta function, and where we omit temporarily
the Weierstrass invariants g2 and g3 in the argument of
- (2) [66]. For arguments z of the form z = s £ y, wherey
is a (possibly) complex parameter, and s is real, we get a
product of an exponential factor exp [N1z2/(2 w1))] and the
remaining part, periodic in s. To disentangle these two
different behaviors, we define

(@) =0@) exp [ niz2r (2®i)]. (o8)
Thus
In(?&s; ¥): |n_%§; )y - 1/t(SDIlS . (99)

Here the key task is to control the phase of - (s - y)/
- (s +y). The principal value of the argument of this ratio,
Arg[- (s- y)/o(s+vy)], is discontinuous at s= 0 and
s= 2w1. This can be seen by expanding - (s- y)/a(s+Y)
with respect to s around s = 0, which gives, up to terms
linear in s,

(100)

Hence, Arg[- (s - y)/7(s + y)] changes at s = 0 from -«
to m, if Im[Z(y) - niy/w1] > 0, and from n to - m, if
Im[Z(y) - niy/w1] < 0. By periodicity, the same happens
also at s = 2w1. In the simplest case Arg[- (s- y)/
-(s+y)] would exhibit no additional discontinuities
within the range 0 < s< 2w1. If, however, the argument
Arg[- (s - y)/7s + y)] changes sufficiently fast, additional
jumps may also occur. To correct for this general behavior,
we write

(101)

where k is a fixed integer.
A final prescription for a continuous choice of the
logarithm branch can be written as

(102)

In practical examples, the above prescription works well,
saving time with respect to the “brute force” algorithm
described above. Controlling the changes of the phase of
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TABLE |. Parameters of geodesics shown in Figs. 1-10. Black hole horizons are located at &H= 1- 1- a2= 0.4 and
HE 1+ 1- 02= 1.6.
Figure Number o1 £2 K A o} Radial type Real zeros of R (§) o
1 1 11 12 -1 0.8 11, flyby - 24.3351, 0.254136 8
2 1 09 12 3 0.8 I, interval-bound 0.22019, 1.63896, 8.44487, 29.696 10
3 1 09 12 3 0.8 I, interval-bound 0.22019, 1.63896, 8.44487, 29.696 1.55
4 1 11 12 3 0.8 1V, flyby - 26.4861, 0.230431, 1.67987, 4.57578 10
5 1 0.5 12 -1 0.8 V, interval-bound 0.291099, 2.3974 2.3
6 1 30 12 - 0.05 0.8 I, transit 10
7 0 1 60 447214 0.8 1V, flyby - 8.927, 0.296172, 1.60191, 7.02891 10
8 0 1 60 4.47214 0.8 1V, interval-bound - 8.927, 0.296172, 1.60191, 7.02891 1.5
9 0 1 0.6 - 0.111803 0.8 11, flyby - 0.721257, - 0.137167 10
10 0 1 0.4 -0.00912871 0.8 I, transit 10
o(s- y)/o(s+y) within one period 2wz1 suffices to x = &cos @ sin6, (107a)
compute the suitable value of k. Let

y = &singsing, (107b)

z = &coso: (107c)

which can be computed, e.g., from Eq. (96). Assuming
Eqg. (102) and the equality

(104)
one gets immediately

(105)
and thus

(106)

V. EXAMPLES

Examples of solutions obtained in Sec. Il are plotted in
Figs. 1- 11. In Figs. 1- 10 we plot projections of the orbits
on the xy and xz planes together with projections on the
three-dimensional spaces of constant time. Here the
Cartesian coordinates (x;y; z) are defined as

TABLE II.
in Fig. 11.

Parameters of special equatorial geodesics shown

The last plot (lower right panel) in Figs. 1to 10 shows the
coordinate time T versus the proper time t for timelike
geodesics and the affine parameter for null ones. Our
analytic solutions are depicted with an orange line. For
comparison, we also plot numerical solutions corresponding
to the same initial data. They are depicted with black dotted
lines. Inall plots we markinitial positions (§o;60;®0),butin
many cases the solutions are evolved both forward and
backward in time. Blue lines or gray cones in the plots show
the limiting values of the angle 6, marking the region
available for the motion. Black hole horizons (inner and
outer) are drawn as black circles or gray spheres.

The coordinate singularities present in Boyer-Lindquist
coordinates prevent us from continuing the solutions through
horizons. The equations for &(s) and8(s) are unaffected,but
the ones for @(s) and T(s) are. Consequently, we only plot
our solutions up to horizons.

For convenience, main parameters of solutions shown in
Figs. 1- 10 have been collected in Table I, together with
information about their radial types and real zeros of the
radial potential R. In all cases a = 0.8, and consequently
the horizons are located at &H= 1- 1- a2= 0.4 and

EH=1+ 1- o2= 1.6. Figures 1-6 show examples of
timelike orbits (81 = 1). Null orbits (81 = 0) are shown in
Figs. 7- 10.

Figure 1 shows a generic timelike flyby orbit of radial
type Il, plunging into the black hole. The orbit crosses the
equatorial plane. Figure 2 depicts a generic timelike type 11
interval-bound orbit, restricted to aregion outside the black
hole horizon, oscillating around the equatorial plane. In
Fig. 3 we assume the same constants ofmotion as in Fig. 2,
but the choice of the initial radius &0 = 1.55 yields an inner
bound orbit. We follow the motion both forward and
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FIG. 1.

PHYS. REV. D 108, 024056 (2023)

An example of a timelike unbound absorbed orbit with €2% 1.1, Az¥% - 1, a ¥ 0.8, K ¥4 12 and initial position at §o ¥4 8,

80= 0.85, 0= 0.33, er = - 1,e6 = 1 Solid color lines correspond to solutions obtained with Egs. (34), (40), (82). Dotted lines depict
correspondingnumericalsolutions. Themotionis depictedintwoplanes:xyontherightandxzontheleft. Theintersectionofthinblack
lines marks the initial position. Blue lines in the xz plane and cones in the three-dimensional plot correspond to extremal values of 6.
Gray spheres and dark circles depict black hole horizons. The figure in the lower right corner shows to the coordinate time T versus the

proper time T.

backward in time, up to horizons at & = &n . Figure 4 gives
a generic example of a type 1V flyby orbit. In this case the
turning point is located at £ = 4.58 > </& Consequently,
the particle incoming from & = + is scattered by the
black hole, and moves to & = +o. Figure 5 shows an
example of an interval-bound orbit of radial type V, with
€0 =23 > &H. The motion is continued forward and
backward in time up to & = &v. Perhaps the most interest-
ing case is shown in Fig. 6. The trajectory is of type I and
represents a transit orbit. The motion is restricted to the
“northern” hemisphere. We emphasize once more that the

radial motion is described by a manifestly real expression
(34), even though the radial potential R has no real zeros in
this case.

In Fig. 7 we plot a generic null flyby trajectory of radial
type IV. This trajectory crosses the equatorial plane. For
the null trajectory depicted in Fig. 8 we assume the same
constants of motion as in Fig. 8, but we take &o = 1.5.
Consequently, the trajectory is of interval-bound type, and
the part of the orbit shown in Fig. 8 is restricted to the
region enclosed by the two horizons & = &jl and & = &w.
Figures 9 and 10 show two examples of null orbits
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FIG. 2.
60=0.85, ¢0=0.33, er=-1,e6= 1

plunging into the black hole. Both trajectories originate at
&o = 10. The trajectory shown in Fig. 9 is of radial type Il
(flyby). The one depicted in Fig. 10 belongs to radial type |
(transit). Both trajectories are restricted to the “northern”
hemisphere.

Figure 11 shows examples of two special equatorial
trajectories with constants of motion corresponding to
circular orbits [38,39]. Parameters of these solutions are
collected in Table Il. Upper plots in Fig. 11 depict a
timelike spiraling orbit with constants of motion €, Az, and kK
characteristic for a marginally stable corotating circular
orbit with the radius &ms. In this case

R= (e2- 1)§(€- &my)s, (108)

PHYS. REV. D 108, 024056 (2023)

Same as in Fig. 1, but for a timelike bound orbit with €2%40.95, Az ¥4 3, a ¥ 0.8, K ¥4 12, and an initial position at &o ¥4 10,

i.e, &ms is a triple root of R. The radius &ns can be
computed as

3+z2 eaqa (109)

(B- Z)B + Zi + 222)
a2 ,

Ems

where Zi1= 1+ vzZl- o2(™l +exa+ /1- exa), Z2=

j3a2+ Zx [12]. Here the sign ex = sgna corresponds
to a corotating orbit, and ex % -sgna to a counterrotating
one. Fora % 0.8 and ex¥s+1,wegeténs= 2.90664.In
this case a corotating marginally stable orbit is charac-
terized by €2 ¥4 0.77064, K ¥4 2.81619,andAz ¥4 2.38044.
For the timelike orbit plotted in Fig. 11 we assume the
same values of €, Az,an d K, but the initial radius is set to
be & ¥ &ms - 0.01.
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FIG. 3.
60=0.85, ¢0=0.33, er=-1,e6= 1

Lower panels in Fig. 11 show a similar picture for an
equatorial null orbit. In this case we assume the constants €,
Az, and K corresponding to a circular null orbit of radius

(110)

This gives, fora= 0.8 andex=+1, &ph= 1.81109, and
the constants of motion Az=¢ = 3.2373, and k=g€2 =

5.94042. The potential R has a double zero at & — &ph.

For the null orbit plotted in Fig. 11 we assume the initial
radius at & = & - 0.01.

PHYS. REV. D 108, 024056 (2023)

Same as in Fig. 1, but for an inner bound orbit with €2%40.95, &z % 3, a ¥ 0.8, K ¥4 12, and an initial position at &o % 1.55,

VI. DISCUSSION

We have derived a single set of general, closed form
analytic solutions describing all types of timelike and null
Kerr geodesics in terms of Weierstrass elliptic functions.
Our derivation follows largely the footsteps of Ref. [32],but
a new ingredient is an application of the Biermann-
Weierstrass theorem, which allows us to parametrize sol-
utions with the constants of motion and arbitrary admissible
initial coordinates. In particular, there is no need in our
formalism to calculate any turning points of the motion,
which is generally necessary in other methods.

We tried to be coherent in our approach, and to express
our solutions in terms of Weierstrass elliptic functions only,
but one is free to mix our formulas with the existing
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FIG. 4. Same asin Fig. 1, but for a timelike unbound scattered orbit with €2%2 1.1, \z% 3, a ¥ 0.8, Kk %2 12, and an initial position at

&o = 10, 60=0.85, 0=0.33, er=-1,e8= 1

solutions, perhaps more convenient in some cases. Our
method provides very general and clear expressions for
radial and polar motions. As usual, expressions for ¢{s)
and the time coordinate T(s) are much more involved, as
several elliptic integrals appear that are solved using
logarithms of the Weierstrass sigma function. However,
progress has been made in the required careful selection of
appropriate branches of complex logarithms, as described
in Sec. | . This has been achieved by extracting the linear
parts and reducing the problem to the determination of a
single constant for the complete trajectory. On the other
hand, the big advantage of our derivation is that it does not
differentiate between many possible algebraic types of
solutions, perhaps except for (zero-measure) special cases
with € = 61, described in Appendix B , and a necessity to
handle some aspects of the derivation in the extreme-Kerr
case separately (Appendix B ).
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APPENDIX A: EXPRESSIONS FOR Je, N1,
AND N2

In this appendix we collect expressions for Je(s), N1(s),
and N2(s), appearing in our formulas for T(s). The
derivations are similar to the ones for N% and le(s), given
in Sec. I1IC.
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M

FIG.5. Sameasin Fig. 1, but for a timelike bound orbits with €2%4 0.5, \z ¥4 - 1, a ¥4 0.8, K ¥ 12, and an initial position at &o ¥ 2.3,
60=0.85, ¢0=0.33, er=-1,e6= 1
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FIG.6. Sameas in Fig. 1, but for a timelike unbound absorbed orbit with €2 ¥4 30, Az % - 0.05, a % 0.8, Kk ¥4 12, and an initial position
at €0= 10, 60= 0.85, 0= 033, er=- 1, eg= 1
Hence Eq. (34) takes the form

(A4)

and therefore

(A5)

Where PR,l and PR,Z satisfy P(Pr,l;gr,z,gr,3) = (:4 ] G and P(PRZ;gr,Z,gr,a) = (:4 = "'.' W eierstrass funCtionS
appearing in expressions for K1, K2, K3 in the above formula should be computed with the invariants 9 2 and or 3
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FIG. 7. Same asin Fig. 1, but for a null unbound orbit with €2 ¥4 1, \z= 4.47214, a ¥4 0.8, K ¥ 60, and an initial position at §o ¥4 10,
60=0.85, p0=0.33, er=-1,e6= 1

The integral N2(s) can be calculated as follows. We have

(A6)

where

(A7)
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FIG. 8. Same as in Fig. 1, but for a null bound orbit with €2%4 1, Az= 4.47214, a % 0.6, K ¥4 60, and an initial position at &o % 1.5,
60=0.85, ¢0=0.33, er=-1,eg= 1
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FIG. 9. Same as in Fig. 1, but for a null unbound orbit with €2%4 1, Az= - 0.111803, a ¥4 0.8, k ¥4 0.6, and an initial position at
g¢0= 10, 60=0.85, 0=0.33, er=-1,e8= 1

Integrals (A9) are calculated in Appendix C.Fore = 01
integrals (A5) and (A7) have a different form. They are
listed in Appendix B . where py = cos 6. This gives
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FIG. 10. Same as in Fig. 1, but for a null unbound orbit with €2 % 1, Az= - 0.00912871, a % 0.8, k ¥4 0.4, and an initial position at
g¢0= 10, 60=0.85, 0=0.33, er=-1,e8= 1

d =-2uds=e/ 4> €3 = K- a1+ 20Aze + Az = dg (Al4c)

= eBy/4(1 - 2)[*o(1 - z)2+ 6b2(l - z)+Db4]

e4 = -4)2 = do, (Al14d)
= eegl |' (A 1 2)

H where coefficients do, .,d3 are given by Eq. (68).

ere Weierstrass invariants of the polynomial v (z) read

v(z) = 4e1z3 + 6e2z2 + 4e3z + e4; (A13)

9.2 = -4deies + 3e2, (Al5a)

and

e1 = az(e2- d1)=d 3; Alda

( ) ( ) .3 = 2e1€2e3 - €3 - ezes, (A15b)

and not surprisingly, 2= @2 and @3 = 3.

2
e2 = 3 [or(201- €2) - K- 20Azg] = d2, (A14b) Consequently,
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FIG. 11. Examples of spiraling orbits in the equatorial plane. Upper figures correspond to a timelike orbit with €2= 0.77064,
Az= 238044, a = 0.8, Kk = (\z—ag)2= 2.81619, and an initial position at E0= &ms —0.01 = 2.89664, 60= w2, ¢0= 0.33,er = - 1
Lower figures correspond to a null orbit with €2= 1, \z= 3.2373, a = 0.8, Kk = (\z—0¢€)2= 5.94042 and an initial position at
& = §h—0.01 = 1.80109, 80= w2, 0= 0.33, er = —L.

2(5) = 2+ —®e, v(ZOM M + 2v (2)[pw (s) —24 + 24 V60"V, %0 ') (AL6)
2[Pw (s) —24 v* (20)]2
where zo = sin2 00, pw(s) = p(s; gwz ,gws ). As before, we D = _ 7e6e "/ v(z0) (AL70)
define = = ;
= v Wz Al7d
D1 = 48v(20)vl[z0) —9 6 VO(zo)V@zo),  (Al7a) D4 = 24vWzo). (A17d)
Pvi= Da = 24V"(z9) (A17e)
D2 = 4 v((zo0), (A17b)
Hence
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%
Jo(s) = z(s)ds -fos\{/ o+| D+ ED\ZN_(;V)(?)_JrV‘[?]:_W(S)
0
zos+ D 1l3(s;pv;1)+ D 2l8(s;pv;1)+ D 3la(s;pvi1);
(A18)
where
VA
h(KPVl -:.] I—(S)- -_U']-%ds, (A 19a)
IB(S;Pv,i) - ! (S) -ds, (A19Db)
[ (s) - -va]
la(s;Pvi) — | f--y (S 2ds, (A19c)
[ (s) - -]

and Pv,1 satisfies - (P v,1;0w,2,gw,3) = D 4. Integrals (A19)
are calculated in Appendix C.

APPENDIX B: LIMITING CASES

In this appendix we discuss two special limiting cases:
the Schwarzschild limit with o — 0, and the extreme Kerr
limit witha — 1.

1. Schwarzschild limit

The Biermann-Weierstrass formula has been used to
provide an explicit description of Schwarzschild geodesics
in [61,67]. The description given in [61] exploits the fact
that the motion occurs in a single plane and uses the true
anomaly as a geodesic parameter. The solution discussed
briefly in [67] is adjusted to the setup of this paper—
geodesics are parametrized by an equivalent of the Mino
time. In this subsection we discuss o = 0 limits of our
solutions for &(s), 6(s), @ (s), and T(s) and show that they
coincide with the expressions given in [67].

a. Solution for &(s)
The form of the solution for §(s)—Eq. (34)—does not
change for a = 0, but the coefficients (31) and Weierstrass

invariants (33) of the polynomial Racquire the following
simpler form:

PHYS. REV. D 108, 024056 (2023)

as = 2K, (B1d)
a4 =0, (Ble)
Or2 = -4ala3 + 3a2 = — «2 - OIK, (B2a)
1 )
gk3 = 2a10203 - a%- a8"2 —6—3K§- %ékﬁ ----s-%—a----ilé
(B2b)

b. Solution for 6(s)

For a = 0 the solution for 6(s)—Eq. (40)—can be
expressed in a simple form, involving elementary func-
tions. This can be seen as follows. The coefficients of the
polynomial g(u) read, for a = 0,

bo = 0, (B3a)
b2= -6k, (B3b)
bsa k- Az (B3c)

The appropriate Weierstrass invariants can be written as

3b2 = K2,

12 (B4)

Jg.2

|
gg3 = -ba= 63 Ka: (B5)
The value of -(s; gg2,993) can be computed by noting the

following two identities ([68], p. 652, Eq. 18.12.27 and
[66], Eq. 23.10.17):

.11 1 1
T Y1263 2(1- cosz) 12 (B6)
-(z; c492,c603) = ¢ 2-(cz; g2,93), (B7)

where c is any nonzero real or complex constant. This gives

ao = €2 - 91, (Bla) -(S; 99.2,99.3) = - S; ) K%, 613 K = k-
1 K K
a1 = 201, (Blb) 2[1 ) COS(\/KS)] 12: (BS)
az = - 8k; Differentiating the above expression with respect to s,
we get
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K3= 1 cos Ks

PUS 982:983) = — 5 Mo ko) smXKs)© B

Using Eqgs. (B8) and (B9) in Eq. (40), itis easy to obtain the
following expression for p(s):

p fifi A2 i
M(S)¥s pocos (yks) - es 1- pe— -sin &/KS). (B10)

Denoting Bo = vfiarcsin  p°=, we finally get
1- X

p(s)¥%-e0r T -K sin [VK(s - Bo)]. (B11)

This form has already been obtained for the Schwarzschild
metric in [67].

c. Solution for o (s)

The only term remaining in the expression for
¢ (s) - @ (0) in the Schwarzschild limit is the integral le.
We have

4

0(s) - 9(0)= le = Azj" q(S)ds. (B12)

0
The expression for q(s) = 1=sin26(s)—Eqg. (70)—can
also be simplified for o= 0. The -coefficients and
Weierstrass invariants of the polynomial w(q) have the form

PHYS. REV. D 108, 024056 (2023)

15>

An explicit expression for q(s) is lengthy, but it can be
shown that it simplifies to q(s) = L[1 - p(s)2], whereu(s)
is given by Eq. (B10) or, equivalently, Eq. (B11). This gives

,Z o 3cos(V KS)
P (s;9,,2,9.3) = - 2k .

S

ds
0() - 9(0)=le=A u2(s)
° d
s . (B17)
1- (1- %)sin2[VK(s- Bo)]
Evaluating the last integral, we obtain
(p(s) _ (p(0)=arctan \/Ktanj/z\/K(S' O
K
+ arctan phifitan(p Kpo) +nn (B18)

K
where n  z, in agreement with a formula given in [67].

d. Solution for T (s)
Assuming a = 0, we get, from Eq. (83),

do= -4%s (B132) T(s)- T(0)=¢ &ENs)2ds. (B19)
0
i = N B13b
di = K+ 72, ( ) Noting that
- 2K
d2= - °K (B13c) &3 8
3 = &2+ 28+ 4+ B2
A A SR L (820)
ds=0 (B13d) _
one can write
and 2 2
gu = %% (B144) T(s)-T(0)=¢ &2(s)ds+2¢ &(s)ds+4es
0 0
~ A
Qw3 = (| V K. (Bl4b) + 8¢ ds
€(s)-2
We find that = eN2(s)+2eN1(s)+4es+8eNH(s). (B21)
. 3 Integrals N1 and N2 are given by Egs. (90) and (91). The
= 3 = n
9.2,0,] )= H 3K2% K Kﬂml ) 3 integral NH can still be computed as in Sec. Ill, i.e.,
(B15) Z g; Z
N#(s)= o &P- 2= o u+(s)ds. (B22)
and
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Here u+ satisfies Eq. (49) with the polynomial h(u+) given
by Eqg. (50). On the other hand, coefficients co; . ;c4 have,
for a ¥ 0, the following simple form

co = 16¢g2, (B23)

c1= 8e2- 1k- 201, (B24)

C2 Yade2 - aK- 201; (B25)
3

c3 Ya2€2 - 201; (B26)

C4 Yag2- O1: (B27)

As in the general case, the Weierstrass invariants gh;2 and
ghs of the polynomial h(u+) coincide with gjR2 and gr 3,
respectively.

2. Extreme Kerr limit

A few equations have to be modified in the limit of a —
+1 (extreme Kerr spacetime). In this case A = r2 —2Mr +
az % (r- M)z and &2 - 28+ a2 Y% (& - 1)2.

Equation (43) reads

| 2&(s)e —alz

S. (B28)
(s) —1I2
A partial fraction expansion now gives
1£(s)= 2 aeN4(s)+ (2 ae —Az)Ns5(s);  (B29)
where
4 4
n/\ = | ' . (B 30 )
0 0

Integral N4 can be computed as in Eqs. (46)- (62). Defining
u(s) = 1/[&(s) —1], we get
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C1= 2€2 —OEAZ; (B33b)
c2 = 6 (—d1 + 8e2 —Kk —2a€Az), (B33c)
€3 = €2 —201; (B33d)
c4 = €2 —01. (B33e)

Solution for u is then given, as in Eq. (58), and integrals
N4 and N5 can be computed as

S

Na4(s) = /S; u(s)ds, Ns(s) = /' uz(s)ds. (B34)

Similarly, the integral J¢(s) appearing in Eq. (83) reads,
for a = 1,

13-

[E2(s) + 1]2£ —20M" )
w —ip ds

5es+ 2 &(s)ds + ¢

0 0
+ 2(4e —0oAz)N4(s)+2(2e —aAz)N5(s).

&2(s)ds

(B35)

3. The case with e =51

In this subsection we compute integrals (A5) and (A7)
in the special case with ¢ = 61. In this case Cs= 0
[Eq. (A3e)], and Eq. (A4) has the following form

C1+ C2pr(s) + C3pr(s)

&(s)=¢&+ [ORLs) —pr 3] (B36)

3” el’ (le) w here PI",3: P(Pr‘,3;g&,2,gR,3): C4'Thus
S
where \/EE()dsZ E+C+Q’()+C:P <4d
N . 1 S S
1) 0 0 ° Pi(:) —Prs3
h(u)=cous + 4cius + 6c2u2 + 4c3u+ c4; (B32)
=£0s + Cu3(s;pr3)+C218(s;pR.3) +C3i4(s;pr.3),
and (B37)
co = 4e2 —4aedz + Az2 (B33a) a'd
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Cy,+<W )+ 7Y¥%sw >2ds=GC,
N 5(6) . )+ 76 Y s=G,19(SPra W s - PAS)  4s  (Bash)
0 [PR(s) - Pr 3 p(s) - pRs
+ 2C Cu20(s;pr3)+ 2CiCai21(s;pRr.3) .
+ 2C2C3122(s;p r3) +C2123(s;p r3) + C3125(s;p R.3); 122(S: Pr.3) - h pO(s)p(s)i ds, (B39g)
(B38) p(s) - pR3
where 5 .
Mspra e 1 PEZ T 4o (Bagh)
’ ds,  (B39a) PEe) - PR
13 S,pr, - ’
L N TO R S
s)2 .
s l25(s;pRr.3) - h Pas) ,dst (B39
i p(s) - PR3
M ; pr,s)- nopas) ds, (B39b) 0
p(s) - PR3 A analogous analysis should be carried out for initial
parameters yielding As+ = 0 or Bs = 0.
h S i
M ; pra)- P(s) ds,  (B39c) APPENDIX C: INTEGRALS
p(s) - pRs3 _ ) -
In this appendix, we collect the formulas for all elliptic
s integrals appearing in this paper and used to solve Kerr
h , I 4s (B39d) geodesic equations. We adopt a convention according to
M s pr,s)- 0(s) - pR3 ' which in all following formulas x denotes the variable,
while y and z are treated as parameters. This is emphasized
s by separating the variable x from the parameters y and z
) h p(s) i with the semicolon. The integrals are based on the results
120(s;pr 3 ) - bR ds,  (B3%)  ,recented in [69] (pp. 626) [70] (pp. 311), [71] (vol.4,
P(S) - PR3 pp. 109- 110)
1 (x:y)= x o (y)x+in O Y) (1)
p(x) - p(y) pay) o(x+y)
pax)d
X ; = - = X ) - s C2
26)= pETRl= 1 (06)- PO (2
by pay) I (x-y)
(PG)- P2  pM 3 ox +Y)
“poMe Lxry)+Tx-y)+ o 2p(y)+ peOY) x (C3)
o Lopoax -
l4(xX;y)= = - (C4)
C= 000 - b2 T P - p(Y)
I5(cy)= p0() () =p()In(p(x)-p(y)+p(x), )
p(x) - p(y)
p%)p(x p(y) (
X | = - = In x ) - C6)
|6( 'y) (p( p( )2 (p( ) p(y)) p(x) - p(y)
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17(xy)=

ls(x;y)=

lo(x;y)=

lio(x;y)=

l11(x;y)=

l12(x;y)=

l13(x;y)=

l1a(x;y)=

M Xx;y)

M x;y) =

l17(x;y) =

(X)) =

119(x;y) =

v (x;Y) =

l21(x;y) =

l22(x;y) =

l23(x;y) =

P(X)x &(y) = x+ Pofy) 2L(y)x+ Inaf +y) ;

(P(x) - P(¥))
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(C7)
eXC)PM)z = 11 y)+P (V) s y); (C8)
PXCP(Y = PP Y) - 20 (C9)
P(X(—)P(y: P(y)lo(x;y )+ 6 PQ(X)+ 2 X; (C10)
POXSEP(Y = 4lio(xiy) - gal7(xiy) - gsla(xiy); (c11)
(P K¢ P(y)z = 17(xy)+P(y)ls(x;y); (C12)
X P2 = 190cy)+P (y) 12(x:y); (C13)

d
(P(%EXL( )2 = 4l13(x;y) - g2ls(x;y) - gals(x;y); (C14)
o L wp ) Pl-y) - 2PQY)
x + - X - - X
3 (p6)- PO Poy)sPETY y)- 2Py
- Bs(y> (yXikx;y)-3p w M oM x;Y)): (C15)
pQx)dx 1 (C16)
(Pk)- POz 2(pk)- P2’
d
(P(xp)()-()P)zy))s = A0GY) e M moy): (€17)
d
(P(f)Z(-X)p(Xy))“ BOGY)E M omoxy); (C18)
dx 1 . .
(POX) - PO)a 6Pay)a XY PO V) - 2
P@(y)l(x;y) - (3PAY)2 + 48P(y)PAY))Is(x;y) - 12P@yY)POy)2l19(x; y (C19)
(PXC)PW)e = 11s(x:y)+ P (y) l1s(xiy); (C20)
PQx)dx - 1
(P(x) - P(y))s = - 3(P(x) - P(y)3 (C21)
P(X)PAX)dx - 3P(x) - P(y) c22)
(PX) - P(y)4  6(P(x) - P(Y))3
P20 kiy) P () 1200y (C23)
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M Xx;y)

M Xx;y)

KV x;Y,2)

K2(x;y,z)

K3 (x;y,z)

Ka(x;y.2)

k5(x;y,2)

K6(x;y,2)

Ly(x;y.z)

L2(x;y,z)

L3(x;y,z)

Lalx;y,z)

Ls(x;y.z)

Le(X;y.2)

p3(x)dx
() - p(y))a= M X+ P(Y)%(x3y):
pr2(x)dx 4 4l2a(x;y) - g2l20(x;y) - g3lio(X;y);
(PG)- P
dx li(x;y) - 11(x;2)
(PC) - pPON(PE) - ) py)- p@)
p(x)dx _l7(xy) - 17(x;2)
(PC) - pPON(PE) - ) py)- p@)
pax)dx___ _ l2(x;y) - 12(x;2)
(PC) - pPON(PE) - P2) py)- p@)
p(x) pQx)dx = Is(x;y) - 15(X; 2)
(PG - PON(PK) - P(@) pPy)- p@)
p2(x)dx _la(x;y) - l9(x;2)
(PC) - PONPE) - p@) py)- p@)
p&(x)dx = lu(xyy) - lu(x; z)
(PC) - PONMPE) - @) py)- p@
dx _13(xy) - 2K1(x;y,z) + 13(X; 2)
(PG)- PON(PK) - P (Py) - p(@)2
p(x)dx ls(x;y) - 2K2(X;y, 2) + 7(X; 2)
[(PG)- POD(PE) - P(2))]2 (Py) - p(@)2
pr(x)dx _lalxy) - 2K3(x;y,2) + 14(X; 2)

[(PC) - PONPE) - p(2)]2

P (X)p(x)dx
[(pG&)- pOYN(PK) - p(2)]2

p(x)2dx
[(P)- PP &) - p(2))]2

p'(x)2dx
[(PC) - PO &) - P22

(PO) - p(2)2

16(X;y) - 2Ka(x;y, z) + le(x;2)
(Py) - p(@)2

l12(x;y) - 2Ks(X;y,2)+ In (X;2)
(P&)- p@)2

l14(x;y) - 2Ke(x;y, z) + 114(X; 2)
(P - p(2))2
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Accretion of the relativistic Vlasov gas in the equatorial
plane of the Kerr black hole
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We investigate stationary accretion of the collisionless Vlasov gas onto the Kerr black hole, occurring in
the equatorial plane. The solution is specified by imposing asymptotic boundary conditions: at infinity the
gas obeys the Maxwell-Juttner distribution, restricted to the equatorial plane (both in positions and
momenta). In the vicinity of the black hole, the motion of the gas is governed by the spacetime geometry.
We compute accretion rates of the rest-mass, the energy, and the angular momentum, as well as the particle
number surface density, focusing on the dependence of these quantities on the asymptotic temperature of
the gas and the black hole spin. The rest-mass and energy-accretion rates, normalized by the black hole
mass and appropriate asymptotic surface densities of the gas, increase with increasing asymptotic
temperature. The accretion slows down the rotation of the black hole.

DOI: 10.1103/PhysRevD.106.104056

I. INTRODUCTION

General-relativistic kinetic theory provides a description
of gases in strong gravitational fields, alternative to the
more popular hydrodynamic approach. When collisions
between gas particles are rare and the mean free path is
large, fluid dynamics does not apply. In this case, a more
reasonable approximation is provided by the kinetic theory
of noncolliding gas particles. A standard kinetic description
uses a distribution function defined on a suitable one-
particle phase space. In general-relativistic literature this
approximation is sometimes referred to as the Vlasov gas.
Vlasov models are often used in stellar dynamics to
describe galaxies and clusters of galaxies (see a math-
ematicalanalysisin[1,2]or[3]fortheNewtonian account).
Another physical realization of Vlasov systems would be in
the form of noninteracting dark matter massive particles
[4]. Last but not least, the gas surrounding supermassive
black holes, such as M87* and Sgr A*, observed recently
by the Event Horizon Telescope Collaboration, is also
believed to be nearly collisionless and magnetized [5- 12].
Classic reviews of the general-relativistic kinetic theory can
be found e.g., in [13- 18]; see also [19- 21] for more recent
accounts.

Rigorous relativistic models of accretion flows onto
black holes derived within the framework of the kinetic
theory are relatively recent. Spherically-symmetric steady
accretion of the collisionless Vlasov gas onto a
Schwarzschild black hole (a kinetic counterpart of the

*adam.cieslik@doctoral.uj.edu.pl
1patryk.mach@uj.edu.pl
~andrzej.odrzywolek@uj.edu.pl
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Michel accretion model [22,23]) was investigated in 2017
by Rioseco and Sarbach [24,25]. An extension of this
model for Reissner-Nordstrom black holes is given in [26].
Accretion of the collisionless Vlasov gas onto a moving
Schwarzschild blackhole (ageneral-relativisticcounterpart
of the Bondi-Hoyle-Lyttleton accretion problem) was
investigated in 2021 [27-29]. In the same year Gamboa
et al. described accretion of the Vlasov gas onto a
Schwarzschild black hole occurring from a sphere of a
finite radius [30]. A kinetic description of the phase-space
mixing at the equatorial plane of the Kerr spacetime is
givenin[31]. Someaspects ofthe dynamics ofthemassless
Vlasov gas in a slowly-rotating Kerr spacetime are ana-
lyzed in [32]. We would also like to mention recent studies
of self-gravitating static Vlasov configurations around
black holes [33,34]. At the same time, there is an ongoing
work on kinetic simulations of magnetized plasma in black
hole spacetimes [35,36]. These, highly sophisticated
numerical simulations complement existing works based
on the magnetohydrodynamical approximation, and seem
to be crucial in understanding the physics of black hole
magnetospheres, as well as interpreting future horizon-
resolving observations.

In this paper we derive stationary axially-symmetric
solutions of the collisionless Vlasov equation correspond-
ing to a gas accreting onto a Kerr black hole at the
equatorial plane. They constitute a model of an infinite,
geometrically thin accretion disk. At infinity, the gas
remains at rest, and it is assumed to be described by the
Maxwell-Juttner distribution confined to the equatorial
plane. The flow of the gas in the vicinity of the black
hole is still restricted to the equatorial plane, but otherwise
it is governed by the geometry of the spacetime. In a sense,

© 2022 American Physical Society
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our model is an analogue of the spherically symmetric one
obtained for Schwarzschild black holes in [24]. The
restriction to the equatorial plane of the Kerr black hole
is justified by the algebraic simplicity of equations gov-
erning the geodesic motion at the equatorial plane. On the
other hand, this model seems to be of interest on its own, as
a model of a thin accretion disk around the Kerr black hole.
It allows us to provide explicit expressions for the particle
current surface density, as well as mass and angular
momentum accretion rates. We find that the accretion
process described by this model slows down the black
hole rotation, i.e., the sign of the angular momentum
accretion rate is opposite to the sign of the black hole
spin parameter.

In many respects our two-dimensionalmodelof athin disk
of the Vlasov gas differs from spherically-symmetric, three-
dimensional models known from [24-26]. We find, for
instance, that the rest-mass accretion rate, normalized by
the black hole mass and the asymptotic rest-mass surface
density, increases with the asymptotic temperature. This
stays in contrast to the spherically-symmetric case, known
for the Schwarzschild or Reissner-Nordstrom metric, in
whichtherest-massaccretionrate, normalizedbythesquare
oftheblackholemassandtheasymptoticrest-massdensity,
decreases with the asymptotic temperature. We should state
that this behavior depends on the parametrization of sol-
utions and is related to the properties of the two dimensional
Maxwell-Juttner distribution, assumed at infinity.

Thin accretion disks appear naturally in numerical
simulations of accreting plasma in the vicinity of Kerr
black holes, both kinetic and based on general-relativistic
magnetohydrodynamics[35- 38].Sinceourmodeldoesnot
involve magnetic fields, we would rather think of its
potential applications in modeling of dark matter accretion,
as in [27].

In fact, a better understanding of astrophysical black
holes in the environment dominated by the omnipresent
dark matter is one of main motivations behind our work.
For example, changes in the Kerr spin parameter [39,40]
could explain the ON/OFF behavior of active galactic
nuclei powered by supermassive black holes [41,42].
The specific physical mechanism responsible for this
behavior remains elusive, and major black hole mergers
are required to significantly alter the black hole spin [43].
Accretion of noninteracting matter could, in principle,
provide a new mechanism of this kind.

Equations governing the Vlasov gas at the equatorial
plane of the Kerr spacetime can be derived in two frame-
works. We will work in a (2 + 1)-dimensional setup, based
on the 3 dimensional metric induced at the equatorial plane.
Alternatively, one can derive the same equations, working
in the full (3 + 1)-dimensional framework and imposing
conditions which effectively restrict the motion to the
equatorial plane. For clarity and completeness, this alter-
native formulation will be summarized in Appendix A.

PHYS. REV. D 106, 104056 (2022)

The order of this paper is as follows. Section Il contains
mathematical preliminaries and conventions concerning the
Kerr metric and the geodesic motion in the Kerr spacetime.
In Sec. Il we introduce our model of the disk of the
collisionless Vlasov gas confined to the equatorial plane of
the Kerr metric. We specify the distribution function and
derive the expressions for the particle current surface
density. Section 1V discusses the phase space of unbound
orbits. In Sec. V we compute the particle current surface
density and the rest-mass surface density of the disk.
Section VI is devoted to the rest-mass, energy, and angular
momentum accretion rates; in particular, we derive analytic
limits of these accretion rates for zero and infinite asymp-
totic temperatures of the gas. Section VII contains a short
discussion of the results.

Il. PRELIMINARIES

A. Metric conventions

We use standard geometric units with ¢ ¥4 G ¥ 1, where
c denotes the speed of light, and G is the gravitational
constant. The signature of the metric is (-, +, +, +).

We will work in Boyer-Lindquist coordinates (t, r, 6, ¢).
They are divergent at the black hole horizon, but, in
comparison to more refined coordinate choices, they result
in relatively simple formulas. In Boyer-Lindquist coordi-
nates the Kerr metric can be written as

g ¥ gudt2 + 2gredtd@ + grrdr2 + geed62 + goed@2, (1)
where
2Mr
Ot ¥a -1 + P2 (2a)
2Marsin2 0
gte Ya - % (2b)
2
grr A (20)
Y4 p2, (2d)
2Mazrsin2 6
900 rz+ az+ n2o, (26)
p
and we denote
AYir2- 2Mr+ az, (3a)
p2Ya r2 + a2cos26: (3b)

Note that many authors use the symbol X in place of p2
(cf. [44]). The contravariant metric component read

104056-2
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(r2+ a2)2- Aazsin26

tYs -
gi= Ap2
2Mraz2sin26
rz+ az+ 02 (4)
g 2Mra
Np2 (4b)
A
grr Ya g2; («¢)
gee Ya 2
* b2 (4d)
v, 1 az+ B
W a2 Ginde ()

The Kerr spacetime is characterized by the mass M and the
angular momentum J % Ma. In general, we will restrict
ourselves to the region outside the black hole horizon,
with A > 0.

The metric induced at the equatorial plane 8 ¥ m=2 has
the form

Z= Ziudt2 + 2ytedtd + yrrdr2 + yoed@2, (5)

where
2M
Zit= -1+ ) ; (6a)
2Ma
Zip = - (6b)
r
rz
Zor = A (6¢)
Zop = r2+ az 14 2M (6d)

r

Contravariant components of Z read

ZE: - A(r§+ a%+2Ma2‘ (7a)
Zo - ngra; (7b)

z rAz ; (7c)

Zeg= A 1-2M1 (7d)

An easy calculation yields detguw = -1=(p4sin26) and
detZwv = -1=r2.Notethat Zis notasolutionofthevacuum

PHYS. REV. D 106, 104056 (2022)

Einstein equations in 2 + 1 dimensions.Suchan equivalent
of the Kerr solution does not exist, except for the so-called
Banados-Teitelboim-Zanelli (BTZ) solution [45], which
assumes a negative cosmological constant.

B. Timelike geodesics

Timelike geodesic equations can be expressed in the
Hamiltonian form

dx
v OH (83)
dt  Opu
dpv - OH
dt - OXv; (8b)

where py = dxwdt, H(xa,pp) = 2guv(xa)pupv = - 1mz2,
and m denotes the particle rest mass. By standard argu-
ments, H, pt= - E and pe= Iz are constants of motion.
The fourth constant—the so-called Carter constant |—
follows from the separation of variables in the Hamilton-
Jacobi equation

0% + H(xa;08S)=0": ©)
The ansatz
S=-Ht+W=2m2t+ W (10)
with
W = ptdt+ pedo+ prdr+ pedd

-Et+ 2o + Wr(r) + We(0)

yields the “time-independent” Hamilton- Jacobi equation
guvOpW ovW = - m2 (11)

or, in explicit terms,

(r2+ a2)2 - Aazsin2® _2 4Mra
A E2+ A Elz+ A(W0)2

W02+ A -az+ S'Iﬁe l2 = - m2p2: (12)

Rearranging terms, we get

| . 2
(WOp2 + meazcos26 + z - asinbE
0

sin@
= -mz2r2- A(Wr)2+ A [(r2+ a2)E - alz2. (13)
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Since the left-hand side depends only on 8, while the right-
hand side depends only on r, both sides have to be constant.
We denote this constant value by I2 [note that the left-hand
side of Eq. (13) is explicitly non-negative]. Thus
(W8)2=0(0) = 2- m202c0s26
( % - a sin 9

<p4>

and

A2(Wr)2 = R(r) = [(r2+ a2)E - dZz)2
- A(mar2 + 2). (15)

The equations of motioncan be integrated following the
standard procedure, i.e., by computing the derivatives
0S=0m, 0S=0E, 0S=02Z, 0S=0Z and equating the results
to a new set of constants Bo, B1, B2, B3 (say) [46,47].

C. Timelike geodesics at the equatorial plane
The descriptionof time-like geodesics restricted to the

equatorial plane (6 = m=2) is much simpler. We have
pe =0, We = 0. Equation(14) reduces to
2 =(Zz- aE)a. (16)

We will assume a conventionwith Z= 0. Thus,
esZ= Z - aE, a7

where ec = £1. Consequently,

R(r)= (r2E - ecaz)2- A(mer2+ 2)

2M m o+ 2
.

r+ go- 1-

2ecaEZ + a2m2

. 19)
Momentum components associated with the geodesic
motion confined to the equatorial plane can be written as

pt = - E; (19a)

pr=cer A ; (19b)

pe = 0; (19¢)

pe = Z = ecZ+ aE = eo(Z+ ecak); (19d)

where er = 1 corresponds to the radial direction of
motion.

PHYS. REV. D 106, 104056 (2022)

Alternatively, one can obtain equations governing the
motion confined to the equatorial plane directly from the
Hamiltonian

H = 2 (yttpe + 2ytoptpo + yrpr2+ yoep29. (20)

Here again, pt = - E,pe = Z,and H = - 2m2 have to be
constant. Solving the equation H = - 2m2 for pr yields
Eq. (19b).

Following [24,31], we use dimensionless variables
defined as

A e=E; A= Z; k=1, ()
M m Mm M
Thus,
R(r)=M amzR (8), 22)
where
R(E) = (G2 - eoth)2 - (B2 28+ c2)(E2 + A2)
R P T et ‘ML
and
pt=-E = -me (242)
e R em R (2a)

A &2- 28+ a2

pe=0; (24c)
Pe = Z= esZ+ aE = Mm(eo) + ag)
= Mmeo(A + ecog). (24d)

In this work we will generally parametrize geodesics
using the Carter constant Z(or A) instead of Z. This is, of
course, a matter of preference. Our choice was partially
motivated by a similar substitution in Eq. (3) of[31]; it also
simplifies a few algebraic relations used in this paper. We
should emphasize that the sign ec is associated with the
quantity Z - aE and not with Z. In particular Z= 0
implies Z= - ecaE. On the other hand in many important
cases the signs of Z and eos coincide. Thus, we will
generally refer to trajectories with esca > 0 as prograde
ones, and to those satisfying eca < 0 as retrograde ones.

There are three well-known types of circular orbits at the
equatorial plane, two of which will play an important role
in the subsequent analysis [44,48]. There is the circular
photon orbit with the radius
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&n — 2+ 2cos 3 arccos (-eod) (25)

a solution of (§- 3)V? + 2esa —0 or (¢ - 3)2& - 402 —O0.
The circular photon orbit corresponds to a null geodesic,
but it appears naturally as a limit of time-like orbits. There
is the so-called marginally bound orbit with the dimension-
less radius

&mb —2 - eo0 + 2yJ - eoq, (26)
which is a solution to &(& - 4)+ 40e0J& - a2 —0 [see
also Eq. (60)]. For unbound orbits &b is related to the so-
called fly-by radius [49]. The dimensionless radius of the
innermost stable circular orbit (marginally stable orbit,
ISCO) is given by

(3-21)(3 272)

Ems —3+ Z2 (27)

where Z1—1+ 31- 02(s1l+ eca+ 31- eocd), Z2 —
302 + Z2 [44]. The radius &ns is a solution of the
equation (&- 6)¢ + 8ap & - 3a2 —0. The location of
the innermost stable circular orbit does not seem to play
a crucial role in our analysis. However, the related poly-
nomial in & as well as those defining &ph and &nb,do
appear in the integrands of our formulas for accretion rates.

I11. VLASOV EQUATION AT THE
EQUATORIAL PLANE

The Vlasov gas considered in this paper is a collection of
free particles moving along timelike future-directed geo-
desic lines. It is described in terms of the distribution
function f —f (xu pv), defined on the one-particle phase
space. For collisionless particles, the Vlasov equation can
be expressed as a requirement that the probability function
f is constant along a geodesic,

df of dxuy of dpv of oH - of oH
dt oxpdt dpv dt  Oxudpu Opvoxv
—fH fg —0. (28)

Here f-,-g denotes the Poisson bracket.

A formal solution of the above equation has been
obtained in the context of the Kerr metric in [20]. We will
repeat this reasoning here, assuming that the motion is
restricted to the equatorial plane. In this case,
(Xg,pv) — (t,r, @,pt,pr,poe), and the Hamiltonian H is
given by Eq. (20). The idea is based on a suitable canonical
(symplectic) transformation of the phase-space variables
(troptprpo) (Qu Pv). It is given in terms of a
generating function (the so-called abbreviated action)

PHYS. REV. D 106, 104056 (2022)

W —W(t, r,o,m, E, I1z) —j* ptdt+ J prdr+ " pedo

—-Et+ lzp + Wr. (29)
We choose new momenta in the form
Po —m P1 —E P2 —I:. (30)

The corresponding conjugate variables Qu are defined as
Qu —O0W=0Py, i.e.,
Q —o,

Qo —aW Q2 —PW

om

(1)

The Vlasov equation (28), written in terms of the Poisson
bracket, is covariant with respect to canonical transforma-

tions. Since H —- 2Pa, it reads, in the new variables
(Qu Pv),
of
- PoaQo —0. (32)

Consequently, any distribution function of the form
f —f(Q1 Q2 Po P1P2) ( 3 3 )

satisfies the Vlasov equation. Further restrictions on the
form of the distribution function can be obtained by
imposing symmetry conditions.

The distribution function f is not an observable quantity
on its own. We define the components of the particle
current surface density as

Ju®X) —y f (X,p)pUYj- ¢ccyuvdPidPrdPe, (:4)

where y —t r @, andf —f (t r @ pt pr po). Similarly,
the surface energy-momentum tensor components are

TW x A J f(X,p)pupVvyj- aec yWWdPtdPrdPo- (35)

A covariant particle number surface density ns can be
defined as
ns — - yuwJuJv. (36)
We consider a model of a stationary accretion disk
consisting of same-mass particles, confined to the equato-
rial plane and extending to infinity. At infinity the gas is
assumed to be essentially “at rest” and to be characterized
by a constant particle number surface density nse. More
precisely, we require that at infinity the distribution
function should be given by the two dimensional
Maxwell-Juttner distribution [50,51]. On the other hand,
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the motion of the gas near the black hole should be
governed by its gravitational field. A distribution function
fulfilling these assumptions can be chosen as

Ad(Y -PuPp- mo)exp (m p”

Ad(Po- mo exp(- B PD,
mo

@37

where mo (the particle mass) and A are constants. Here
B ¥ mo=(kBT), T is the asymptotic temperature of the gas,
and kB denotes the Boltzmann constant. The factor
6( - pupw - mo) ensures that the momenta satisfy the
mass shell condition. Here, and in what follows, we only
take into account future-pointing momenta. Clearly, the
distribution function given by Eq. (37) is of the form (33);
it satisfies the collisionless Vlasov equation (32) and
coincides with the standard Maxwell-Juttner distribution
at the infinity.

In what follows, we will also use the rest-mass surface
density, defined as

Ps Y4 mons: (38)

The components of the particle current surface density
Jt, Jr, and Je can be computed according to Egs. (34).
To evaluate the integrals over momenta appearing in
Egs. (34), one needs to control the domain in the phase
space occupied by relevant particle trajectories—this is
probably the most difficult part of the calculation. The
coordinate transformations introduced in the remainder of
this section and the analysis of Sec. IV are devoted to this
problem.

We will only take into account unbound trajectories, i.e.,
trajectories that reach infinity. Bound trajectories could also
play a role, but since collisions between gas particles are
neglected and we are working on a fixed spacetime,
contributions corresponding to bound and unbound trajec-
tories can be treated separately. Thus, for simplicity, we
assume that no bound trajectories are present. The reader
interested in the phase-space mixing occurring for bound
trajectories in the equatorial plane of the Kerr spacetime is
referred to [31].

Unbound trajectories are naturally divided into two
classes. There are orbits characterized by relatively small
values of angular momentum, which end in the black hole.
We refer to such orbits as absorbed ones. The second class
consists of orbits with sufficiently high angularmomentum,
which are scattered off the centrifugal barrier. They
originate and end at infinity. We will refer to those orbits
as scattered trajectories. Even though we are mainly
interested in the accretion process, both types of unbound
trajectories have to be taken into account, as they all
contribute to the total “budget” of trajectories at infinity,
where the Maxwell-Juttner distribution is assumed.

PHYS. REV. D 106, 104056 (2022)

The analysis of unbound trajectories is simpler in terms
of conserved variables such as m, E, Iz (or I), instead of
momentapt, pr, pe. Thus, wechange momentum variables

pt, Pr, Po to

m2 = -(yttp2 + 2 teptpoe + yrpe + yoope),  (39a)
E%-prt, (39h)
| = es(po + apt). (39¢)
The Jacobian of the above transformation reads
o(m2,E,l) 2eop ra (40)
d(pt,pr,pe) r2
Consequently,
rz 2 ram
dptdprdpe = . . dmeadEdl = _ _ dmdEdl; (41)
2jprjA jprjA
where jprjA = R(r).

In terms of dimensionless quantities (21) the momentum
integration element can be written as

EmadmdedA
p .

w\fdptdprdpq): (42)

This yields formal expressions for the components Ju in the
form

Jt = - Amag exp(-Be) ded) (43a)
& 1
. AMazmeg erexp(-Be)ded);  (43b)
A
e 1
Jo = AMmeE dgdA| (43c)

exp(-Be)(ecA + ag)
e.=x+1, PR

In the following we will also need explicit expressions for

Ams3s
Jr= ¢o erexp(-pe)dedA (44)
e,=+1.
and
Ama
Tre=- 80 erexp(-Be)ededh;  (45)
& eo=+19
Tre ntpM erexp(-pe)(esh + ag)dedA. (46)
E e 1

There is a simple test of correctness that can be
performed at this point—one can compute the component
Jtin the flat Minkowski space limitM — 0, a — 0.This
has to be done with some caution. In particular the mass M
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in Egs. (21) defining the dimensionless quantities should be
replaced with any positive constant with the mass dimen-
sion. The expression for Ryields, in the Minkowski limit,

R —>)\4(€2- 1- y

and hence

Jt Y - A\ 30
A

dedA
exp(-"e)e &

e =+1- €2-1-w

The key pointis to control the range in the phase space over
sirdtghthidnstsowédtineegral mngeormed Sl Iajacidiiee rare

setofvalues €, m,andA, correspond to two possible values
of the radial momentum pr= + pr. This gives Jt of
the form

4A9{ne [ A oe2-1 dA
Ji= - deexp(-Be)e (47)
1 0 qsz -1 -z
The last integral, over A, is simply nTA=2. Thus,
3 0
Jt= -21Ame deexp(-Be)e
= - 21Am8 ] (4 8 )

This result agrees with the standard computation of Jt
based on Cartesian coordinates. For completeness, we
report this computation in Appendix B. Notably for-
mula (48) agrees with Eg. (B8) and formula (117) of
[21], which uses the Bessel function

N

*/2 <\W (49)

The above result allows us also to write the expression
for the asymptotic rest-mass surface density of matter at the
equatorial plane

Ps,.0 = MoNs,0 ¥4 -MoJt 1/42rrAmolgzsexp(-ﬁ) (50)

Hence, the factor A in the integral expressions (43) for Ju
can be replaced by

L Y
2mrmal+ B
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IV. CLASSIFICATION OF ORBITS

We are interested in both absorbed and scattered
unbound trajectories. By inspecting the expression (23)
for R at A\ — o, we see that the unbound trajectories must
satisfy e > 1

As in the Schwarzschild case (see, e.g., [24]), a particle
traveling on an absorbed trajectory cannot encounter the
centrifugal barrier, when traveling from infinity towards the
black hole. The centrifugal barrier is effectively controlled
by the value of A. An absorbed trajectory is characterized by
the condition A < Ac(g, es), where Ac(g, eo) is a solution
(with respect to A) of the set of equations

R() =0, (52a)

dRI¥A)

Y 0, (52b)

and R(A) is given by (23). The function Ac(€,ec) can be
given in a parametric (therefore the subscript p) form as

A5=4 - 0€oA3=4

(53
V2aes+ (A- 3)VA’

Ae = Ap (), €c) = a)

£ = £ (£, eo) = N320C20RIA-(RIVH) A (53b)

It can be readily verified that the above expressions solve
Egs. (52). Zeros of the expression under the square root in
thibitde (@) indler hatre(53) (Asdbrespndl , tavivéreu Parbpisothie

BN s (@Blese faghie'o Bk theanRERIPaldy ) basiad fnbM, -Gixgh

where Aph is the dimensionless radius of the circular

Qooey ueritly aththeregridtatiap @laee), givercdyesmnd2ip
Amb = A > Aph. Note that

0 (Aeo) 1,
dhe (E) o 79V |

de (54)

0¢p (A eo)
oA

The function Ac(g, es) cannot be expressed in a closed
form, however it satisfies a relatively simple equation,
polynomial in both A and €, which can be found as follows.
pokyrexpiatsionsA ot fhewleft kaod~sideabfheqsub&tyitae
u ¥ 1=\ yields polynomials of a lower order. We define

U = R/ M, and change the variables to u = 1/A. This gives
the conditions

U(u)¥% -1 + 2u- u202+ €2 - 2ecU20€EA

- U2A2 + 2u3\2 ¥ 0, (55a)
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= 2 —2u02 —4ecuaeh —2uUA2
du

+ 6u2A2 = 0. (55b)
The term u3 in Eq. (55a) can be easily removed by
multiplying Eq. (55b) by u, solving for us, and substituting
the result in Eq. (55a). This yields the set of equations

3(e2 —1)+4u —u2(a2 + 2ecaer + A2)=0; (56a)
1 —u(az2 + 2ecaeh + A2)+ 3 u2h2 = 0. (56b)
instead of Eqgs. (55). Substituting temporarily
X = 02 +2ecteA+ A2 (57)
we get
3(e2—1)+4u —u2X = 0; (58a)
1—uX + 3u2a2 = 0. (58b)

One could continue this way in order to finally eliminate u,
but the most straightforward method to achieve this aim is
to compute the so-called Grobner basis for the above
system. The result reads

Y = (2 —1)[27(e2 —1)A4a —X3 + 18A2X]

+ 16A2 —X2 = 0. (59)
Grobner's basis is an invariant of the polynomial elimina-
tion, and it can be computed directly from Eqgs. (55) or (52).
On the other hand, to get a relatively simple form of
Eq. (59) one has to guess substitution (57), suggested
by Egs. (58).

In practice, we compute Ac(g; es) numerically, as a
solution of Eq. (59), or we use the parametric form (53).
In the former case, one has to be careful to select the
physical branch of solutions. Sample solution branches of
Eqg. (59) are shown in Fig. 1. The physical branch, para-
metrized by Eqs. (53) is depicted with a red line, but other
branches are also present. We show, for instance, the
existence of a branch (blue) with vertical asymptote € =
1 (thin line). The function Y is a 6th degree polynomial in A
and a 5th degree polynomial in €. The term in Y with the
highest degree in A is —{g2 —1)Ae. Thus, for sufficiently

H €2+ 1

3

Amex(&; € ; eo) £ 2

PHYS. REV. D 106, 104056 (2022)

FIG. 1. Sample solutions of Eq. (59) for a = 2=3, ec=+ 1
(continuous line), ea= —1 (dashed line). Physically relevant
branches, given by the parametric formula (53), are depicted with
red lines. Note the existence of mirrored branches in the
remaining three quadrants of the full ¢ —A plane (not shown).

large A, Y becomes positive for €2 < 1. On the other hand,
Eqg. (59) has a simple solution for € = 1 In this case
X = (eca + A)2, andEq. (59)canbereducedto

Y = 16)\2 —(eott + A\)4 = O. (60)

Non-negative fililflififlons of this equation read A=
2 —eo0 = 2V1 —eoq, and the larger of the two solutions is

A* = 2 —eo0 + %"l —eoll (61)

(note an algebraic coincidence A= = &mb). The remaining
two nonpositive solutions are A = —2 —eoa + 2V1 + eoq.
It follows that for ¢ = 1 and A > A*, we have Y < 0.
Consequently, Eq. (59) has an asymptotic solution with
A >+ fore -1

Equation (59) has a simple solution for a = +1 and
ecdt =+1, i.e. for prograde orbits in the extremal Kerr
metric. In this case Ac(g; es) = €. This solution is shown
in Fig. 2.

For scattered orbits, Ac(g,eq) < A < Amax(E;€, €s). The
formula for the upper limit Amex(§; €;ec) follows from the
requirement that R = 0. It reads

1

+ (€ —2)[E(e2—1) + 2 (62)

€oQE
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FIG. 2. Sample solutions of Eq. (59) for a =1, ec= +1
(continuous line), ec = —1 (dashed line). Physically relevant
branches are depicted with red lines. For a =1 and eo =
+1 Ac(e,e0= +1)= €.

Note that for joj = 2=2we have {ph < 2 and Amax must be
evaluated at the removable discontinuity § = 2 for prograde
trajectories. The relevant limit for esca > 0 is

(63)

Scattered unbound orbits exist only for sufficiently high
energies €. The main bound, € > 1, applies to all trajecto-
ries reaching infinity. On the other hand, a condition
defining a scattered orbit is the existence of a centrifugal
barrier—a particle on a scattered orbit travels from infinity,
reaches a turning point, at which R(§) = 0, and moves
again to infinity. In other words, a scattered orbit

PHYS. REV. D 106, 104056 (2022)

parametrized by €, A, and ecs can only pass through a point
of radius &, if there is a turning point at & < & (i.e.,
R(&o) = 0) and the region with radii & > € is available for
motion [i.e., R(§0 = 0]. In order to obtain the value of the
minimal energy emin(€, es) allowing for a scattered orbit at
some radius &, we solve Egs. (58) with respect to €. More
precisely, we start by solving Eq. (58b) with respect to A.
There are two possible solutions, which we can substitute
in Eq. (58a). Solving the resulting equations with respect
to ¢ yields four solutions, two of which can be positive.
These are

2 + a2(5 —3¢) + (§—3)

E[(€ —3)2¢ —4az]

-0 O-

(€ —2)2¢
(64)

they do not depend explicitly on eg, but in fact one of them
corresponds to prograde, and the other to retrograde orbits.
One can distinguish between the two cases by inspecting
the asymptotics of the two expressions. The two solutions
tend to infinity for

2
£ 2+ 2c0s 3arccos(im) (65)

i.e., solutions to (§ —3)2& —4a2 = 0. These solutions can
be easily identified as the locations of circular photon orbits
at the equatorial plane. The latter are given by & = &ph,
where &ph is defined by Eq. (25).

Matching the asymptotics of Eq. (64) with the locations
of circular photon orbits, we can select the signs in (64),
leading to the formula

—2ecafo2 + (§~2)ER =2+ a2(5 —38) + (€ —3)(—2)"
¢[(€ —3)2¢ —4az]

For both solutions (with ec = +1) the limiting energy given by the above formula decreases from +c for § > &pn. The
value € = lisreached at& = &mb, where Embis given by Eq. (26). Thus, the minimal allowed energy for scattered orbits can

be written as

emin(&; €0)

2ega o2+ (§~2)&]+ 12+ a2(5~3&) +(§~3)(§~2)2¢
&[E- 3)28- 402)]

for € < &n;
for &n < &< Emb; (67)

for & = &mo.

Note that no scattered trajectory can extend to & < &ph. Sample graphs of emin(¢; es) are shown in Fig. 3.
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FIG. 3. Samplegraphsof eminE,eo) fora = 1/10 andec = + 1
(blue continuous line) and ec = —1 (orange dashed line). Vertical
lines denote locations of circular photon orbits Ehfor ea= + 1
Note that emin&, + 1) is regular at M corresponding to ec = —1.

V. PARTICLE CURRENT SURFACE DENSITY

We divide the expressions for the particle current surface
density Ju into two parts; a part corresponding to absorbed
trajectories and a part corresponding to scattered ones. The
quantities referring to those two parts will be denoted with
thesuperscripts (abs)and(scat),respectively. Consequently,
Ju = J@®+ J(&A). As discussed in the previous section,
the phase-space region corresponding to absorbed trajecto-
ries is characterized by € = 1 and A < Ac(g,ec). Scattered
orbitspassingthroughapointatradiusg arecharacterizedby
emin(,ec) < €< o and Ac(g,eo) < A< Amax(€, €, €o).

Explicit expressions for J(d® and J (&) read

(68a)

(68b)

(68c)

and

PHYS. REV. D 106, 104056 (2022)

(69a)

(69b)

(69c)

The factor 2 in Egs. (69a) and (69c) is due to two possible
radial directions of motion along a scattered trajectory,
er= +1. Note that in dimensionless variables A =
M2(&2 - 2& + a2).

Using the parametric solution for Ac(g, es) given by
Eq. (53), we get

J@D(E) = —Amog d&e'p (€, ea)ep (€, eo)

ec=+1"Emb

X ex p[—BSp(E,ec)]
AP(E e0) dA

lO I\R £, €);\ & eo]

(70a)

J++) = —A + +
ec 1

x exp[Bep (€, ea)]A (7 €0),

f* dye(&,€)

(70b)

I dB(E) = AMmEE X
&=+l &w
x exp[—Bep (&, ea)]

fAP(E e0)
0

d7p (7a€p)

eoh + agp (E, eo)

Rep (€, e0), A, & ed]

(70c)

where ¢€p(§,e0)= 0ep(&,ep)/9¢, and where we have
explicitly listed the arguments in R, i.e., we set

2 A2 2ec0EN+ 02

REMNEeD)= & ¢ — 1.5 148 — B

(71)

to avoid confusion. In principle, a similar parametrization
can be used to express the integrals corresponding to
scattered trajectories, however it is difficult to find the
integration limit corresponding to emin(€, eo), i.e., & such
that su.il/E-ec) F//E,ec)-
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FIG. 4. Components of the particle current surface density J@,

j @B and/ @& corresponding to ec = + 1. The spin parameter
o Y47=8; B ¥ 0.1. The vertical line marks the location of the
circular photon orbit Eph

Sample graphs of various components of the particle

current surface density are shown in Figs. 4- 10. The main
feature visible in these plots is the cutoff for the scattered

components J (&), J I, and JAG) at the location of
the circular photon orbit Eph, which in turn depends on ec:
esc =+ 1 (prograde motion, Fig. 4); ec= -1 (retrograde
motion, Fig. 5). The difference is best visible in Fig. 9. Note
that the graphs of the components J @¥), J (S&), j @5 and

j &3 are not smooth, due to the cutoff behavior at & = &ph.

Figure 11 shows the directions of the flow at the
equatorial plane for a = 1=2 and = 1. We use standard
Cartesian coordinates defined by t0O=1t x = rcosg,
y=rsin@. This yields the following contravariant com-
ponents of the particle current surface density,

FIG. 5. Same as in Fig. 4, but for ec= - 1

PHYS. REV. D 106, 104056 (2022)

FIG. 6.

j @B and j @& obtained by summing the parts corresponding to
eo= + 1 The spin parameter a = 7/8; § = 0.1.

Components of the particle current surface density J@,

(72a)

(72b)

(72c¢)

FIG. 7. Components of the particle current surface density Jt,
Jtd®, and JtSE corresponding to eo = + 1. The spin parameter
o= 7/8; B = 0.1. The vertical line marks the location of the
circular photon orbit &ph
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FIG. 8. Same as in Fig. 7, but forec = - 1

The arrows in Fig. 11 correspond to the components
{Ix,Jy"}. The accretion flow is nearly radial outside the
outer (retrograde) circular photon orbit; it twists towards
the prograde circular photon orbit, where the dragging
effect becomes much more pronounced. Finally, the matter
sinks below the black hole horizon.

We should emphasize that the vector components Ju
depend on the assumed metric gauge, in particular on the
chosen time foliation. This is best visible for the component
Jr (cf. Fig. 10), which in the Boyer-Lindquist coordinates is
divergent at the black hole horizon. On the other hand, the
particle surface density ns defined by Eq. (36) and plotted
in Fig. 12 is a gauge invariant quantity. The particle surface
density ns is continuous across the outer horizon, but it
diverges at the inner Kerr horizon (Fig. 12, right panel).
This latter behavior resembles the so-called mass inflation

FIG. 9. Components of the particle current surface density Jt,

J/ kB and J/¢* obtained by summing the parts corresponding to
eo = + 1. The spin parameter a = 7/8; f = 0.1.

PHYS. REV. D 106, 104056 (2022)

FIG. 10. Components of the particle current surface density
JN (forec=1), J ™ (for eo=-1) and Jr obtained by
summing the parts corresponding to ec = + 1. The spin parameter
a=7/8;p=0.1

discovered by Poisson and Israel [52]. A peculiar feature
illustrated in Fig. 12 is a local minimum of the particle
surface density ns near the retrograde marginally stable
orbit, occurring for high values of the parameter B. This
behavior seems to be related with the dimensionality of the
model—it has not been observed for spherically symmetric
models investigated in [24- 26].

FIG. 11. Streamlines of the vector field (Jx,Jy). Circular
photon orbits are shown in red and blue colors. The region
inside the black hole horizon is marked in black. The black hole
rotates counterclockwise. The parameters used to create this plot
are o = 0.5 and p = 1. The units on the axes are mass units M.
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PHYS. REV. D 106, 104056 (2022)

FIG.12. The invariant particle surface density ns vs the dimensionless radius &. The left panel shows the dependence of ns on the value
of the parameter 3 for a % 7=8. In the right panel we set 3 % 1 and plot the graphs of ns for three different values of a. Vertical lines in

the right plot correspond to inner Kerr horizons.

V1. ACCRETION RATES

The two Killing vectors admitted by the metric y induced
at the equatorial plane (5), i.e., & = (&t,&r, &) = (1,0,0)
andyu = {xt,xr,xo) = (0,0,1), give rise to two indepen-
dent conserved currents J(t) = Twé&v and Jfg) = TV,
satisfying VuJut = 0 and VuJup) = 0. Together with the
conserved particle current surface density Jy, they yield
three accretion rates, which can be defined based on Stokes
theorem.

Let M be a region in a d dimensional spacetime
equipped with metric (d)g. Let OM denote the d- 1
dimensional boundary of M, and let (d-1)g be the metric

induced on dM . A general-relativistic version of Stokes
theorem can be written as

Here the covariant derivative vy is defined with respect to
the metric (d)g, Vp is a vector field on M, and np is the
vector field normal to the boundary oM .1fvuVu % 0,
we get

(74)

Working in the (2 + 1)-dimensional case restricted to the
equatorial plane only, we take d = 3 and (dg = (3)g = .
Assume M to be a region enclosed by two surfaces of
constant time X1, X2 and restricted by r1 < r<r2 The
metric induced on the surface r = const, 8 = /2 reads

(75)

We have detyuv = - A. The vector normal to the surface
r = const has the components nr = + r//A, nt = ne = 0.
The flux through the boundary at r = r1 can be written as

d2y jdetyjnpVp= - dtderVr, (76)
r=ri r=ri
giving rise to the accretion rate
V= - rvrde: 77)

r=ri

The minus sign in the above definition is a matter of
convention, but it has a meaning. Here, and in what follows,
we choose the signs so that the accretion rates correspond
to the fluxes into the black hole.

Assuming Vp = moJy, -J(, o0 r J(4), we get three
accretion rates, respectively; the rest-mass accretion rate
given by M = -2nMmo&Jr, the energy accretion rate
E = 2nM&Trt, and the angular momentum accretion
rate given by L = -2nM&Tre. Sign conventions in the
definitions of E and L can be checked by noticing that for
perfect fluids Trt a urutand Tre a urue, where uy denote

the components of the four-velocity of the fluid.
The expression for Jr given by Eq. (44) yields the rest-

mass accretion rate

104056-13

182



CIESLIK, MACH, and ODRZYWOt EK

M Y -2 tMmo&Jr
= -2TAMmMOj” erexp(-pe)dedA. (78)

Since j (X&) = 0, we only get a contribution from absorbed
trajectories with 1 < € and A < Ac(g; eo), i.e.,

M = 2nAMmo

€o=+1 -h

deexp(-Be)Ac(e; eo). (79)

For the energy and the angular momentum accretion
rates we get

E=2nmME&Tr = 2TAmoM

eo=+X:'X

deexp(-Be)ec(e; ea);

(80)

(81)

respectively. Note that L ¥ 0 for a nonrotating black hole,
i.e., for a ¥ 0, since in this case Ac(e; + 1) % Ac(g; - 1).

Finally, expressing the normalization constant A in terms
of the asymptotic surface rest-mass density ps« (51) or the
asymptotic surface energy density €S~ = - lim=.o Ttt,
we get

M=Mp, 1 )

deexp(-Be)Ac(e, eo),

1+ e +1''1
(82a)
E=Me, 2 2B ( B2 deexp(-Be)erc(e,ea),
2+ 25 +p e i 1J]
(82b)
(82¢)

The results of the remainder of this section suggest that the
parametrization in terms of the asymptotic surface energy

density €,,, seems to be more relevant to accretion rates E

and L than an alternative one which uses p,,, . The two
quantities are related by
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p Soo 2+ 2[3+B2£S (53)
We derive this relation in Appendix B.

The expressions for M, E, L, understood as functions of
[, are given by Laplace transforms ofcertain functions. For
instance, M turns out to be a Laplace transform of Ac. This
Laplace form implies certain standard relations, such as

o Loo Lo
- @3 deexp(-Be)Ac(e,e0)= deexp(-Be)eAc(e, eo).

(84)

Thus M and E are related.
Using the parametric representation of Ac(¢) given by
Eqgs. (53), one can express the accretion rates as

(85¢)

where €p (€, es) = 0O¢ep (€, ep )=0k.

The above parametric representation fails for a = +1,
i.e., for the extreme Kerr metric. For esa =+ 1 (prograde
motion), we have Eph = &mb = 1, and the lower and upper
integration limits in the integrals corresponding to esc = «o
coincide. On the other hand, correct expressions given by
Eqgs. (82) yield nonzero results for those integrals. This
behavior is not a fault of Boyer-Lindquist coordinates, as it
is discussed in a beautiful article by Jacobson [53], but it is
a failure of parametrization (53) for the extreme Kerr
metric. Since for a= *1 and eca = +1 we have
Ac(g, es) = € (cf. Fig. 2), integrals appearing in Eqgs. (82)
can be easily evaluated. We get in this case (assuming for
simplicity positive signs a =+1, ec =+1)
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Although, M and E appear on a similar footing, the
quantity responsible for the growth of the black hole mass
M is the energy accretion rate E rather than M. This is
shown in spherical symmetry and in the context of perfect
fluids in [54] (see also [55]).

While the integrals in Egs. (85) can be computed
numerically, relatively simple analytic expressions can
be obtained in the limits of B — o (zero asymptotic
temperature) and B — 0 (ultrarelativistic particles).

The asymptotic behavior of M for § — « (zero asymp-
totic temperature) follows from Watson's lemma on asymp-
totic expansions of Laplace-type integrals [56].1tgives

(87

Note that the lower integration limit is 1 instead of zero,
which leads to an additional factor e—g, as compared to the
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M ~Mpsw 1 + 4+ 2y/1—0+ 2V1+ a

1 p S
+ [2—0+ 2V1 —0):

+ 2+ o+ 2VT+ffig, . (91)

The limit for B — o reads

limM = 2Mpsw (2+ V1 —a+ V1 + q). (92
Booo

The above expression can also be written in the following
trigonometric form

arcsin o

lim M = 8Mps« cosz2 1
Booo

(93)

standard  textbook version of Vifiditfidfidfiriffisififiemma. Since |, o case of E, we get, for B — co, a similar expansion

Ac(l,e0) = A*(eoc) = 2 —eo0 + 2y1 —eoq, and

(88)

(o)

Since

A(eo) = 4+ 2V1 —a + 2V1 + q,
1

(90)

e =%

we obtain the asymptotic expansion of M in the form

(94)
This yields the limit
/RS /R
limE=2Mps«(2+ 1-0a+ 1+ q)
Booo
= 2Mesw (2 + M1 —o + vzl + a). (95)

Clearly, the expressions for M and E coincide for — o,
as expected.

A similar calculation for L leads to an asymptotic
expansion for large values of B of the form

FIG. 13. Accretion rate M vs black hole spin parameter a. The abscissa in the left panel shows lim» ~coM/ (Mps,c0) = Y2e =+ 1A+ (e0)
(solid blue line), A«(ec = + 1) (dotted orange line), and A~(ec = —1) (dashed green line). The right panel depicts accretion rates M,
rescaled according to Eqg. (130). Blue and orange graphs correspond to the limits p — 0 and f — oo, respectively. A graph of the half

circle 1- a2 (dashed green line) is shown for comparison.
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(96)
Thus,

(97)
or, using trigonometric functions,

(98)

To find the limits for B — 0, we first observe that the
integrand of, e.g., (85a) has a sharp maximum near the
beginning of the integration interval, i.e., near rphOur
method is based on identifying the leading terms in the
integrand function and estimating the remainder. The latter
can be done using the general Lebesgue dominated con-
vergence theorem [57] (page 89, Theorem 19). It is a
version of the standard Lebesgue dominated convergence
theorem in which the dominating function is replaced by a
suitable series of functions. We will illustrate this method
on two particular examples, before proceeding with the
general result.

Let us start with the o = 0 case. The goal is to estimate
the integral

(99)

It cannot be evaluated analytically. However, since the
maximum of the integrand is, in the limit, very close to
r =3,onecantrytosubstituter =3everywhereexceptfor
terms r- 3, i.e., divergent ones. To be more precise, we
split the integral 11 into two parts 11 = 12+ I3, where

(100)

and

with
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(102)
The integral 12 can be evaluated. We have
(103)
Moreover,
limlz =3 3. (104)

We now show that limp—-ol3 = 0. Noticing elementary
inequalities

ptiz epfif

(105)
and
(106)

valid for 3< r < 4, we see that the integrand G1(r;B) is
non-negative. It is also easy to check that it tends to zero, as
r — 3 from above. Clearly,

AN

if'exp(—ps ) (107)

in the range 3 < r < 4. The right-hand side of inequality
(107) is integrable, as follows from Egs. (100) and (103).
We may now apply the general Lebesgue dominated
convergence theorem [57] to the integral 13. Since

(108)

wefidllso have limp-o13 = 0. Thus limg-ol1= limp-ol2 =
3 3, and finally

(109)

The additional overall factor 2 in the result is due to the fact
that for a = 0 the integrals corresponding to ec = %1
coincide.

As the second example we take a = 1;ec = -1, i.e., the
extreme Kerr metric and retrograde orbits. The integral to
estimate is now
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(110)

where we deliberately skip the term -epf2=(1 + B),to
shorten the notation. This integral can be expressed as a
sum l4 = Is+ le, where

(111)
and

(112)
with

(113)
We have

(114)

The first inequality follows again from two elementary
inequalities

(115)

and

(116)
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valid in the range 4 < & < 3+ 2 f2. The second inequalitff
in Eq. (114) is obvious,as 3- V&> 0for4<&<3+2 2.

The integral Is can be evaluated with the result

(117)

Thus, G2(&;B) is bounded by an integrable function. We
have

(118)
and
(119)
By the generalized Lebesgue theorem
e
lim 2% 15 = o, (120)
p-0 1+
and consequently
(121)
Thus,
(122)
The corresponding result for a = 1 and ec = +1 is given

by Eg. (86a), which is independent of 3.

Repeating the above procedure for any -1 <a< 1
gives, with the help of a computer algebra system (we
use Wolfram Mathematica [58]), the following formula

(123)

An alternative, explicitly real form of this expression can be written as

(124)
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In a similar way, one can compute the limit of E for
B — 0. The result reads

liME = 6p3Mesw» cos (1 arcsina (125)
B =6 S'o 133
This is quite surprising. In addition to the equality
B-oMpSw  B-oMEeSS
established so far, we now also have
Iim m %lim E 127
BooMpioe B-oM % (127)
Finally, for L we get
2 arcsin o
limL = -6vZAM2esw sin
B -o S o
2arcsina
X 2+ cos (128)
B 42 BRI g M fleR R8RS ok (M 72 )

129
do M2es« (129)

-=o0
varies from d = -8 in the limit B - to d=-12 3
for —o.

Figures 14- 17 show numerical values of the accretion
rates M, E, and L together with the corresponding limits,
obtained for B - o and B —o0. Figure 14 depicts the
dependence of the rest-mass accretion rate on the black
hole spin parameter - Different colors represent solutions
corresponding to different values of the parameter 3. The
first observation is that M/ (Mps» ) decreases with a . The
dependence of M/(Mps«) on a is, in fact, similar for
different values of B and can be illustrated by the limiting
cases B — o0 and B — o, given by Egs. (124) and (92).
Afterasuitablerescaling, thegraphsofM/ (Mps« ) vs ahave
an almost circular shape, as shown in Fig. 13. The quantity
plotted in this figure (the rescaled M (B, a)/ (Mpsw)) is

M@ o) - M(B, 1)
M(B.0) - MB, 1)

for fixed values of M and ps« . Upon such arescaling, the
difference between the values corresponding to § — o0 and
B — wislessthan1%,anditisbarelyvisibleontheplot.The
nearly circular shape can be explained by the zero temper-
ature limit, B — o, in which M/ (Mps«) is just the sum

A*(ec = +1) + At(eo = -1) = 4+ 2pl —a + 2pl + a.

PHYS. REV. D 106, 104056 (2022)

FIG. 14. M/ (Mps©o) versus a. The dots represent numerically
computed values. Solid lines depict the limits p — o (blue line)
and B - o (orange line), given by Egs. (124) and (92),
respectively. Numerical data are computed for = 1=4ooo,
1=lo, 1, 10, 100, and 10000.

The obtained dependence of M/ (Mps«) on a confirms
our previous results reported in [26], where two of us
investigated a spherical model ofthe steady accretion ofthe
collisionless Vlasov gas on the Reissner-Nordstrom black
hole. In this work the charged black hole was treated as a
toy model of a rotating one, allowing for a simple analysis
in spherical symmetry. We have found that the rest-mass
accretion rate decreases with the charge parameter (see
Fig. 7 in [26]).

Another fact is related to the dependence of M/ (MpS )
on B. We see both from Figs. 14 and 15 that the ratio
M/ (Mpsw) is actually decreasing with 3, i.e., it increases

FIG. 15. M/ (Mpso0) versus B . Blue dots correspond to a = 0.
Orange dots correspond to a = + 1.Fora = 0 the data interpolate
between 6 E3and 8. Fora = + 1, between 9and 2(2 + /2). The
inflection point is located around B ~ 2.8.
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FIG. 16. EAM €s00) versus a. The dots represent numerically
computed values. Solid lines depict the limits B — 0 (blue line)
and B - o (orange line), given by Egs. (125) and (95),
respectively. Numerical data are computed for p ¥ 1/1000,
1710, 1, 10, 100, and 10000.

with the asymptotic temperature of the gas. This is
surprising, as the situation known for the spherically
symmetric accretion of the Vlasov gas onto the
Schwarzschild black hole [24,25] or the Reissner-
Nordstrom black hole [26] is exactly opposite. In the latter
case, the mass accretion rate M, normalized by M2 and the
asymptotic rest-mass density, decreases with the asymp-
totic temperature of the gas. Moreover, it is divergent for
B —oo. It turns out that the factor responsible for the
reversed behavior in our case is the parametrization of M by
the asymptotic surface rest-mass density, and its depend-
ence on the parameter 3. We will return to the discussion of
this behavior in the subsequent section.

The energy accretion rate E exhibits a very simlar
dependence on a and B, provided that it is normalized
by the asymptotic surface energy density €s» and not by
pse . This behavior is illustrated in Fig. 16.

The most interesting outcome of our study concerns, in
our view, the angular momentum accretion rate. The
dependence of L/ (M1esw ) is shown in Fig. 17. The sign
of L is always opposite to the sign of the black hole spin
parameter a, meaning that the accretion process slows down
the black hole rotation. This seems to be reasonable—in our
model the black hole is placed in a large (infinite) reservoir
of the gas with essentially no net angular momentum. A
steady accretion of the gas can, therefore, decrease the
black hole angular momentum. Moreover, the dependence
of L/ (M1lesw ) on a is to a good approximation linear,
except for very high values of jaj. The dependence of
L/ (Mlesw ) on the parameter B is qualitatively similar to
the dependence of the rest-mass and energy accretion rates
on . The values interpolate between two limits obtained for
B -0andp — o, givenby Egs. (128)and(97).

PHYS. REV. D 106, 104056 (2022)

FIG. 17. L/(M 1es9) versus a. The dots represent numerically
computed values. Solid lines depict the limits § — 0 (blue line)
and B - o (orange line), given by Egs. (128) and (97),
respectively. Numerical data are computed for 3 ¥21/100,
1710, 1, 10, 100, and 1000. Note a nearly linear behavior for
moderate values of o; the deviation from a first order series
expansion around a = 0 is of the order of 3.5% at a = £0.5.

VIl. DISCUSSION

We have investigated a model of a geometrically thin,
stationary accretion disk composed of the collisionless
Vlasov gas moving in the equatorial plane of the Kerr
spacetime. This model serves as a two dimensional kinetic
analogue of the Bondi (or Michel) type accretion—at
infinity the gas is assumed to be homogeneous and at rest,
while the motion in the vicinity of the black hole is induced
by the gravitational attraction.

One of subtle points in our analysis is related to the
parametrization of solutions. The normalization constant A
appearing in the distribution function (37) is not an
observable quantity. To obtain a consistent formalism, we
express this constant by the asymptotic rest-mass surface
density pse or the asymptotic energy surface density €se
The relation of these quantities with the asymptotic temper-
ature T or the parameter B, characteristic for the two
dimensional Maxwell-Juttner distribution, leads to an
unexpected dependence of the rest-mass and energy accre-
tion rates on B—both M/ (Mps~ ) and E/(M €S ) decrease
with increasing B. The situation known for spherically
symmetric models of steady accretion of the collisionless
Vlasov gas on Schwarzschild or Reissner-Nordstrom black
holes is the opposite—the mass accretion rate M, normal-
ized by M2 and the asymptotic rest-mass density pe , grows
with 3 [24- 26]. We have checked that replacing the constant
A in our formula for M with a relation characteristic for a
three dimensional Maxwell-Juttner distribution, i.e.,

A Bpe

4Tlm 0Ok Z(B) (131)
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[cf. Eq. (B20)], would restore (qualitatively) the same
standard behavior. This implies a natural question about
the physically relevant parametrization. Note that even a
tiny momentum component pz, normal to the equatorial
plane, would cause a deviation from the equatorial plane
sufficiently far from the black hole and imply a three-
dimensional asymptotic distribution.

Another aspect in which the dimensionality of our model
is clearly visible is related to the changes of the black hole
spin implied by the angular momentum accretion rate. Let
us estimate these changes assuming a quasistationary
approximation. Assume that L is a time derivative of the
black hole angular momentum J % M2a and that the energy
accretion rate E gives the time derivative of the black hole
mass M. Thus,

d&%&M mA j 2M

In the limit of B — o (cold matter) we get, for small values
of a,

a(,j 2M 7 (132)

da

it (133)

-2Y -

Therefore, in this limit the rotation of the black hole slows
downonthe timescale T ¥ ¢c=(24Gps,» ) (inSI units). Note
thatinourtwo-dimensional modeltheaboveresultdoes not
depend on the black hole mass M. As an illustration, we
could estimate the time scale t for the dark matter compo-
nentpresentintheMilkyWay. Projectingthelocalcolddark
matter density pDM~ 5 x 10-22 kg/m 3 [59] on the Galactic
plane,wegetps,» ¥ 2ropDMwherero ¥4 50 kpcisthedark
matter halo scale [60]. This gives the time scale T of the
order of 4 x 109 years. We emphasize that the above result
clearly depends on the dimensionality of the model.
Improving of the above estimate would require a fully
three-dimensional accretion model.

Another aspect not discussed in this paper is related to
the stability of the presented model. We would expect
various kinetic instabilities known from the theory of
accretion disks to be relevant in the present context,
especially if magnetic fields are taken into account (see
e.g., [61] and references therein).
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APPENDIX A: FOUR-DIMENSIONAL
CALCULATION

In this appendix we recover main formulas of this paper,
performing a fully four-dimensional calculation in the
phase-space and imposing a restriction to the equatorial
plane afterwards.

In the four-dimensional setting, the distribution function
has the form F = F (t,r,0,9,pt,pr,pe,pe). The particle
current density and the energy momentum tensor are
defined as

Ju()¥s  F(x,p)pudvolx(p), (A1)
and
Tw(x)%  F(x,p)pupvdvolx(p), (A2)
where
dvolx(p) ¥ - det(guw)dptdprdpedpe:  (A3)

For the motion restricted to the equatorial plane we take

F(x,p)% 6(z)F (x,p), (A4)
where z is a coordinate such that the vector 0z is normal to
the equatorial plane at z % 0. In terms of spherical
coordinates used in this paper we can assume the standard
formulaz ¥4 rcos 8. This givesd(z) ¥4 8(8 - m/2)r . Thus,

Ju(x) ¥ 8@)ju(x), (AS2)
Tuv(x) ¥ 3(2)Tuv(x), (ASb)
where
ju()¥s  F(x,p)pudvolx(p), (A6)
and
Tuw(x)%  F(x,p)pupvdvolx(p)- (A7)

The distribution function F satisfies the Vlasov equation

dF
dt

OF OoH - OF oH
Oxpopu

OF dxy OF dpv
Ooxpy dt  dpv dt

Yo fH,Fg%0-

opv 0xv
(A8)

To compute momentum integrals in Egs. (A6) and (A7),
we continue in a way similar to our three-dimensional
calculation and consider a transformation of momentum
variables (pt,pr,p6,po) (m2,E,l2,1z), given by
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(A9a)
(A9Db)
2
l2Y% pa+ mzaz2cos26 + ¢ + asinfp (A9c)
) sin®
lz % po; (A9d)

where m2in Eq. (A9c) has to be replaced by the right-hand
side of Eq. (A9c). By a straightforward computation, we get
the Jacobian determinant

a(mz2,E, 12,12) 4QAprp e 4 R O: (A10)
o(Pt,Pr,Po8,Pg)
Consequently,
dmadEdla2dlz ¥ )dE (Idl)dl
4p
dPtwdPrdPedPg:  (All)
For the motion confined to the equatorial plane

Pe% © %0, and hence 12- (Iz- aE)2 % 0. This moti-
vates the following definition,

. Iz- akE
sing I (A12)
and thus dlz¥% l2- (Iz- aE)2do. The momentum inte-
gration element reads

p2 l2- (I - aE)2
dPtdPrdPedPo Y p ?zﬁ (mdm)dE (Idl)da:
€]
(A13)
At the equatorial plane we get simply
0. THNENEERE ..
p i (A14)

R ©

Finally,

where 0= +w2 and we have used the fact that
y/—det(guv) = Yr2 and p@® = ~/12- (lz- aE)2 at the
equatorial plane. In order to control the sign of o at the
equatorial plane we assume a convention with 1= 0 and
| = ec{lz—aE) or, equivalently, lz= esl+ aE. Thus
0 = eol/2. This yields, at the equatorial plane,
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R(r) = (r2E —eocal)2 —A (mar2 + 12)

= Mam2R (§), (A16)

where R (§) is given by Eq. (23).
Using dimensionless variables (21) we get, at the
equatorial plane,

msA
dvolx(P) = %dmded)\dc: (A17)

In order to compute integrals (A6) and (A7), one needs to
invert relations (A9). For the motion confined to the
equatorial plane outside of the black hole horizon, one gets

(A18)

(A19)

(A20)

Po = Iz = el + aE = Mm(eoh + ae), (A21)
where we have expressed the results in terms ofm, e, and A.
It is also convenient to have an explicit expression for Pr,
which reads

ekmv R
pr (A22)
We now take
F = Ad(m —mg) m)\[6(0 —/2)+ 0 (0 + 12)]
x exp(—Be) (A23)
and
F o(m —mo)[d(c —2) + d(0 + W2)]
moM A
xa(e—z)exp(—ﬂ'i)' (A24)
Note that at the equatorial plane
g
i P(o—2)+d(0 + w2)] = 3(P)  (A25)

This relation follows from equations Pe= —Pz and
l2 = Pe2t (Pg + aPt)2, which are satisfied at the equato-
rial plane. Thus

lcoso
P; = —o-

(A26)
)
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where es is the sign of pe. One can check that F given by
Eq. (A24) satisfies Eq. (A8).

This gives
JE) = ~  AmsE  exp(-Be)yffi= dedh,  (A27)
RE)
FO g e g ErEXPEBEEAN (A2
J0®)% 0 (A29)
Jo(®)% T2 AMmoE  exp(-Ag) dedh, (A30)

in agreement with Egs. (43).

In the same four-dimensional setup we can also recover
the formulas for the accretion rates. A unit vector normal to
the boundary r Y4r1 and tangent to the hypersufilace of
constant time has the components ny = (0, £ p/x/A,0,0).
The determinant of the metric induced at r ¥ r1 reads
dety = Ap2sinz26.

The flux of the vector field Vu through the boundary at
r=ricanbewrittenas

dsy x /Idety nuVp= +

r=ri

dtd8dg@p2sinbVr,

r=ri

(A31)

where, as in our previous calculation, we choose the minus
sign. This gives rise to the accretion rate

V=- ded@o2sinBVr.

r=ri

(A32)

For the current Vu confined to the equatorial plane with
Vr=Vrd(z) =Vrd(8- m 2) r, where Vr does not depend
on 8, we get

V=-r (A33)

The remaining part of the derivation follows the footsteps
of our three-dimensional calculation. The only difference is
that in the four-dimensional case, the conserved vector
currents are given by J y, T w&v, and T pvxv, where the
Killing vectors associated with the four dimensional metric
g have the components &u = (&t,&r,&6,&p)=(1,0,0,0)
and xp = (xt,xr,x8,x0)=(0,0,0,1). This again leads to
accretion rates defined as in Eqgs. (79)- (81).
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APPENDIX B: MAXWELL-JUTTNER
DISTRIBUTION FOR THE GAS CONFINED
TO A SINGLE PLANE IN THE
MINKOWSKI SPACETIME

Thermodynamic relations characterizing the Maxwell-
Juttner distribution in arbitrary dimensions are given, e.g.,
in [21], Sec. 3.3. In this appendix we derive some of these
relations for 2 + 1 dimensions, and we do so mainly to
keepthesameconventionsasintheremainderofthispaper.
In particular, we compute the rest-mass surface density of a
gas in thermal equilibrium, confined to a single plane in the
Minkowski spacetime, as well as the corresponding energy
surface density.

We work in Cartesian coordinates (t;X;y;z). The
Minkowski metric has the form

g¥% -dt2+dxz2+dy2+dzz: (B1)

We assume the same notation as in Appendix A. The
particle current density is denoted by J , and the energy-
momentum tensor by T pv. They are defined by Egs. (Al)
and (A2) with dvolx(p) = dptdpxdpydpz. Surface quan-
tities Ju and Tpv are defined as in Egs. (A5). Distribution
functions F and F are related by Eq. (A4).
TheMaxwell-Juttnerdistributionofthegasconfinedtoa
single plane z = 0 is defined by the distribution function

AS(P- pup - mo)s(pz)exp m pe

Ad pwr- p2- mo O(pz)exp m pt (B2)

The rest-mass density is equal to - moJ t. The rest-mass
surface density, used in this paper, reads ps = - moJt.
Similarily, the energy density equals -T tt, and the energy
surface density is given by es = - Ttt.

The component Jt can be computed as

Ji=A 9§ pt2- p2- mo d(pz)

X exp m pt ptdptdpxdpydpz, (B3)
0

where p2 = p2xt p2yt p2, and where we only take into
account future-pointing momenta. In the first step we use
the identity

d

pt- p2- mo = EEEEED p:+

ma+ p2

ma+ p2 . (B4)

Integrating over pt, we obtain
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Jt=-Amoy 6(pz)exp ( /mo+ P~ dpxdpydp:-

(BS)

Next, a straightforward integration over pz gives

JiVa- Amo  exp rrq mo+ po+ pp dpxdpy: (B6)

The next step is standard—we change momentum coor-
dinates (px,py) to polar ones (¢, S), defined by px={cosS,

Py = (sinS.  This gives dpxdpy = {dSd{, where
px+ poy= (o. Hence,
Jt=-0omAmo exp -m mo+ {o (d{: (B7)

We can now substitute x = 8 me + {o. Thus, {dl =
(mo=p)oxdy, and

Ji=- Eo o exp(-x)xdx
B
=- onAme Bo exp(-B): (B8)
The particle number surface density reads
ns= omAm exp(-B);
mAme Bg p(-B) (B9)

and the rest-mass surface density can be expressed as
Ps = Mons.

In a similar fashion, one can compute the expression for
the energy surface density

e&s=-Ttt=- F(pv)ptptdptdpxdpydpz; (B10)

where F (pv) is given by Eqg. (B2). The result reads

€s = omtAma + [33+

exp(-B): (B11)

It is also worth noticing that the equivalent of the
pressure, i.e.,, Ps = Txx = Tyy reads

PHYS. REV. D 106, 104056 (2022)

Ps=  F(pv)pxpxdptdpxdpydp: (B12)
= omAmo (3 exp(-B): (B13)
Thus,
Pe oMo _ T (B14)
ns B

We see that the two-dimensional Maxwell-Juttner distri-
bution gives rise to the standard ideal gas equation.

The specific enthalpy associated with the two dimen-
sional Maxwell-Juttner distribution is

€s+ Ps
Ps

3+ 3 + Bo
B(L+B)

These results should be contrasted with the standard
formula obtained for the gas not restricted to one plane, but
filling the whole space uniformly. In the latter case, we
assume

(B15)

F= A® pto- Po- mo exp m pt (B16)
This gives, as before
Jt=-Alho exp -m mo+ Po dpxdpydp::
(B17)

Changing to spherical-momentum coordinates we get

J t=-4nAbo exp -m me+ o Codl: (B18)
The substitution x = 8 me + o now gives
4TAINe o
Ji=- o exp(-x)x B - ldx
= -4 nAm K B) (B19)

Thus, the particle number density for the three-dimensional
Maxwell-Juttner distribution can be written as

0()2
B

n 41AMao

(B20)
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