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Abstract
The thesis consists of three papers introducing spectral functionals on manifolds, together with
geometric interpretation and natural generalization to noncommutative geometry. This is one of
the first attempts to define functionals generalizing metric, Einstein and torsion tensors to the
noncommutative setting, which is carried out using Wodzicki residue. The explicit computations
of several examples (compact manifold, noncommutative torus, almost-commutative M × Z2 and
more) illustrate the method.

Streszczenie
Niniejsza rozprawa składa się z trzech artykułów, w których wprowadzamy funkcjonały spektralne
posiadające geometryczną interpretację na rozmaitościach i posiadające naturalne uogólnienie w
geometrii nieprzemiennej. Prezentujemy tam jedną z pierwszych prób uogólnienia tensorów me-
trycznego, Einsteina i torsji na przypadki nieprzemienne, przy użyciu residuum Wodzickiego. Dla
zobrazowania tej metody przeprowadzamy obliczenia dla kilku konkretnych przykładów, m.in.
zwartej rozmaitości, torusa nieprzemiennego czy prawie przemiennego iloczynu M × Z2.
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Chapter 1

Introduction

This thesis includes three research articles that implement geometrical concepts linked to physics
using the tools of noncommutative geometry (NCG). Alain Connes established NCG, a nascent
branch of mathematics, in the 1980s [7] and since then both mathematicians and physicists have
contributed significantly to the development of this promising topic. However, there are still un-
charted areas to uncover and the presented work aims to propose a range of new ideas and results.

The first indication that noncommutativity is important in physics is the relationship between
the quantum position and momentum operators. The phase space of quantum mechanics is an
example of noncommutative Moyal space [23, 22], which has been studied as a toy model and an
effective description of the tangent space of string theory in the presence of B field. NCG offers tools
for developing and studying complex mathematical and physical models that go beyond traditional
differential geometry. Various examples, including discrete set of points [21, 2], noncommutative
manifolds (e.g., noncommutative torus [24], quantum spaces, quantum groups, quantum spheres
[10] and κ-deformed Minkowski [20]), have been studied in terms of differential calculi, Riemannian
geometry, spectral geometry, and physical models. From the point of view of physics, substituting
classical space by noncommutative one is considered a step towards quantum gravity.

Another class of noncommutative spaces that physicists are particularly interested in is almost-
commutative spaces, which are products of manifolds and finite algebras. This type of spaces
naturally incorporates gauge fields into the model and gives them a geometrical interpretation.
Almost-commutative geometry has been utilized to provide a noncommutative description of the
Standard Model (see for example [19] and references therein).

1.1 Motivation of noncommutative geometry

The Gelfand-Naimark duality between (non)unital commutative C∗-algebras and (locally) compact
Hausdorff spaces serves as the base for NCG. If we consider consider complex functions defined
on a space, we can easy check, that together with pointwise addition and multiplication they form
an algebra. We can evaluate functions at a point and such evaluation map preserves addition
and multiplication (and conjugation) of functions and thus is a character of algebra of functions. It
turns out that under certain assumptions, every character is of this type, implying some equivalence
between the space and the set of characters. Gelfand and Naimark proved in [12] that every
commutative C∗-algebra is isomorphic to the algebra of continuous functions on a topological space.

5
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Table 1.1: Dictionary between corresponding objects in topology and algebra.
Topology Algebra

locally compact Hausdorff topological space nonunital C∗-algebra
compact Hausdorff topological space unital C∗-algebra

homeomorphism automorphism
continuous proper map morphism

open (dense) subset (essential) ideal
compactification unitization

Stone–Čech compactification multiplier algebra
Cartesian product tensor product

The connection between spaces and algebras allows us to move the focus of geometry from spaces
to algebras. In this scenario, we need to know which objects correspond to each other. Table 1.1
[26] provides an example of such a dictionary between algebra and topological space (for few more
entries see also [14]).

When dealing with algebras, we can omit the commutativity condition and treat noncommuta-
tive algebras as counterparts of generalized, noncommutative "spaces". They differ from classical
spaces in that they can contain no points in the usual sense, because points corresponds to charac-
ters and it is impossible to define functional preserving nonabelian multiplication (because complex
numbers commute) unless commutators of all elements of the algebra are in kernels of these charac-
ters, which is a very restrictive condition. Nevertheless, if we manage to develop geometric methods
on the side of function algebras, we can attempt to generalize them to noncommutative algebras
and study the geometry of such generalized spaces.

Fortunately, we do not need to deal with abstract algebras. According to the noncommutative
Gelfand-Naimark theorem, each C∗-algebra is isometrically ∗-isomorphic to a C∗-subalgebra of
bounded operators on a Hilbert space. Therefore, guided by the classical example, we may develop
the geometric characteristics of noncommutative spaces using the Hilbert space.

1.1.1 Spectral triples
Of course, the C∗-algebra alone describes only a topology of the space whereas geometric structures
are much richer. A possible technique for studying them is to introduce the concept of spectral
triples. The prototype of spectral triples is a collection of objects defined on a spin manifold M
consisting of the Hilbert space of L2-spinors, the Dirac operator, D, acting on the spinors and the
algebra of smooth complex functions on the manifold, which is a dense subalgebra of C∗-algebra
of continuous functions. This algebra is naturally represented on the Hilbert space by pointwise
multiplication. In this scenario, we can easily reconstruct the manifold and its metric structure
from the so defined triple. For example, the distance between two points A,B can be calculated
using the formula [5]

d(A,B) = sup
||[D,f ]||≤1

|f(A)− f(B)|, (1.1)

where f is taken from the algebra of smooth functions on M .
In general, a spectral triple consists of a Hilbert space H, an algebra A, which is a dense subal-

gebra of a C∗-algebra, represented faithfully by π on H as a subalgebra of B(H) and an unbounded,
densely defined, selfadjoint operator D (called Dirac operator) on H, such that commutators of D
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Table 1.2: Dependence between the KO-dimension of the spectral triple and the signs of the relations
involving J [6].

KO-dim mod 8 0 1 2 3 4 5 6 7
ϵ 1 1 -1 -1 -1 -1 1 1
ϵ′ 1 -1 1 1 1 -1 1 1
ϵ′′ 1 -1 1 -1

with representation of elements of A are bounded. Additional conditions, as given below, could be
introduced, adding more structures.

The spectral triple is n-summable if for every k > n, |D|−k is of the trace-class.
We call it even if there exists a self-adjoint grading operator γ, such that

γ2 = 1, Dγ = γD, ∀a ∈ A : γa = aγ. (1.2)

We say that the spectral triple is real if there exists an antilinear operator J , such that

J2 = ϵ1, JD = ϵ′DJ. (1.3)

If the triple is also even, we demand that

Jγ = ϵ′′γJ, (1.4)

where the constants ϵ, ϵ′, ϵ′′ = ±1 and they are determined by the so-called KO-dimension of the
spectral triple (table 1.2). Moreover, J determines a right representation of the algebra π◦(a) =
Ja∗J−1, which provides us with two additional conditions. First, the two representations must
commute, that is, for all a, b ∈ A,

[π(a), π◦(b)] = 0. (1.5)

The next one, known as the first order condition, is

[[D,π(a)], π◦(b)] = 0. (1.6)

This mimics in noncommutative case the classical situation that the Dirac operator is a differential
operator of order one.

In the case of classical spinors, the grading operator is the chirality, usually called γ5 in 4 di-
mensions, and J is the charge conjugation. Similarly to Gelfand-Naimark theorem, Connes proved,
that a commutative spectral triple under certain assumptions, known as the 7 axioms of Connes’
reconstruction theorem [6], is the canonical spectral triple of some spin manifold. In the noncom-
mutative setting, the spectral triple defines a noncommutative "manifold" that does not exist as
an independent object.

The commutator [D,π(a)] defines the exterior derivative of a. We put π(da) = [D,π(a)] and an
A− A-bimodule Ω1(A) generated by π(a)[D,π(b)] is called the bimodule of differential 1-forms.

1.2 Towards physics

1.2.1 Spectral Action
We saw that spectral triples correspond to spin manifolds, and the Dirac operator may be used to
calculate distances. We can also use it to compute the action functional for physical models based
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on spectral triples. The action is typically a sum of two terms [4]: the spectral action trf
(

|D|
Λ

)
,

where f is suitable positive function and Λ is a cutoff scale, and the fermionic action ⟨ψ|D|ψ⟩,
where ψ ∈ H (see also [27] and [25] for spectral formulation of fermionic action).

To compute the spectral action we can utilize an expansion in Λ using Seeley-Gilkey-DeWitt
coefficients aj (the entire construction is available in [4]):

trf

( |D|
Λ

)
≈

∑

j

fjaj

( |D|
Λ

)
, (1.7)

where constants fj are determined by the used function f . Usually, we need only the first terms of
the sum, which can be also computed using mathematical tools such as Wodzicki residue or heat
kernel expansion [29].

Using the spectral action applied to a spin manifold, we obtain the Einstein-Hilbert action with
cosmological constant for General Relativity using a manifold’s canonical Dirac operator ([6, 16,
17]). Moreover, the full action of the Standard Model of elementary particles may be reconstructed
using the spectral and fermionic action, after the gauge fields are included as fluctuations of the
Dirac operator in a mild extension of spin geometry called almost-commutative geometry [8].

1.2.2 Almost commutative geometries

The term "almost commutative geometry" refers to a product of a spin manifold and its canonical
spectral triple (C∞(M), L2(S), DM , γM , JM ) with a finite spectral triple (AF ,HF , DF , γF , JF ) in
which both the algebra and the Hilbert space are finite dimensional. The resultant Dirac operator
is taken as

D = DM ⊗ 1F + γM ⊗DF (1.8)

and the other objects are given by usual tensor products. With this choice of D we have

D2 = D2
M ⊗ 1F + 1M ⊗D2

F . (1.9)

In this picture, the Hilbert space contains all of the model’s fermionic fields, while the gauge
fields are encoded in the family of Dirac operators. We call them fluctuated Dirac operators, and
they arise from the initial Dirac operator in the following manner

Dω = D + ω + ϵ′JωJ−1, (1.10)

where ϵ′ and is the same as in (1.3), and ω is a differential form, i.e. a sum of terms of the form
a[D, b] with a, b ∈ A.

The most prominent example of this type of geometries is the Spectral Standard Model, with
the finite part of the algebra being AF = C ⊕ H ⊕M3(C) and the finite part of the Hilbert space
consisting of all types of fermions (even particles with different chirality or color are treated as
different particles). The finite matrix DF encodes the masses of particles and the mixing angles.

Details of this model have evolved as there are still several choices to be made. Originally, the
model was far from perfection, but many issues were addressed and resolved over time. Among
others, the challenges include fermion doubling or quadrupling. This has origins in the fact that
in the finite part of the Hilbert space we distinguish particles with different chirality (and also
antiparticles), whereas Dirac spinors on the manifold side address the same degrees of freedom.
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This problem can be solved by using a suitable projection or modifying the spectral triple. Another
option is to limit the Hilbert space to physical degrees of freedom, but the consequence is that the
spectral triple will not be of the product type. This solution appears to be closer to the classical
formulation of the Standard Model, as studied in [1, 3].

Furthermore, there was a problem with the mass of the Higgs particle. Under certain assump-
tions it was calculated to be around 170 GeV, which is more than a third more than the measured
mass. Although it is impressive that the model could predict the Higgs mass, the result was in-
correct, which forced further modifications. Finally, we notice that the Spectral Standard Model
contains some issues, such as the problem with its formulation in the Lorentzian signature, as up
to now the spectral approach works in Euclidean signature. There is some progress in this subject
[9], although the full Lorentzian formulation is yet unknown.

1.3 Pseudodifferential operators and Wodzicki residue
Pseudodifferential operators are a generalization of differential operators. They share similar idea to
interchange of differential and algebraic equations by the Fourier transform. Let f be a C∞ function
on the real line (but it works similarly for manifolds) and f̂ its Fourier transform (assuming that it
exists). We have a well-known formula

d

dx
f(x) =

1√
2π

∫

R
iξf̂(ξ)eixξ. (1.11)

Analogously, for a differential operator P we can write

(Pf)(x) =
1√
2π

∫

R
σ(P )(x, ξ)f̂(ξ)eixξ, (1.12)

where σ(P ) is a function characteristic for the operator P , which may be created from P by
altering ∂a to iξa, resulting in a polynomial in ξ. Allowing σ(P )(x, ξ) to be a smooth function in
both arguments instead of a polynomial in ξ results in pseudodifferential operators, provided that
σ(P ) belongs to a certain symbol class. In our case it is sufficient to require

|∂αx ∂βξ σ(P )(x, ξ)| ≤ Cα,β(1 + ||ξ||)k−|β|,

where α, β are multiindices, Cα,β are constants, and an integer k is called the order of P . For more
possibilities and conditions see [13, 28, 15].

To work with pseudodifferential operators on the level of their symbols, we have to know how
to compose them. The composition rule must be consistent with the composition of differential
operators and can be derived from it. It is given by the following formula:

σ(PQ)(x, ξ) =
∑

α

(−i)|α|
|α|! ∂ξασ(P )(x, ξ)∂

x
ασ(Q)(x, ξ), (1.13)

where α is a multiindex.
Usually it is convenient to expand a symbol into a series

σ(P )(x, ξ) =

∞∑

i=0

σk−i(P )(x, ξ), (1.14)
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where k is the order of P and every σj(P )(x, ξ) is homogeneous in ξ with degree j. The first term,
σk(P )(x, ξ), is called the principal symbol of P . Using this type of expansion, the composition rule
for order-k operator P and order-l operator Q for the first three symbols is

σk+l(PQ) = σk(P )σl(Q),

σk+l−1(PQ) = σk(P )σl−1(Q) + σk−1(P )σl(Q)− i∂ξaσk(P )∂
x
aσl(Q),

σk+l−2(PQ) = σk(P )σl−2(Q) + σk−1(P )σl−1(Q) + σk−2(P )σl(Q)

− i∂ξaσk(P )∂
x
aσl−1(Q)− i∂ξaσk−1(P )∂

x
aσl(Q)− 1

2
∂ξabσk(P )∂

x
abσl(Q).

(1.15)

The Wodzicki residue is a unique trace of the algebra of pseudodifferential operators acting on
sections of a complex vector bundle over a manifold, although it can be generalised to a suitable
class of spectral triples. In the case of compact, oriented manifold M of dimension n, the formula
for Wodzicki residue is up to a constant given by

Wres(P ) =

∫

M

∫

|ξ|=1

trσ−n(P )(x, ξ). (1.16)

This work was inspired by the theorem which states that the Wodzicki residue can be used to
produce the Einstein-Hilbert action on a Riemannian manifold M :

Wres(∆−n
2 +1) ∝

∫

M

R
√
g dxn, (1.17)

where ∆ is the laplacian and R is the curvature scalar. Similarly, the usual integration of a function
f can be formulated in this way as

Wres(f∆−n
2 ) ∝

∫

M

f
√
g dxn. (1.18)

The Wodzicki residue allows us to find a noncommutative formulation of even more geometric
quantities, not limited to scalars as R. Curvature tensors carry more information than just scalar
curvature, but their definition for spectral triples has yet to be established. This thesis presents
a consistent technique for introducing and generalizing tensor geometric objects using Wodzicki
residue methods ([P1, P2, P3]).



Chapter 2

Spectral functionals

The presented series of articles focuses on geometric tensors such as the metric, torsion, and Ein-
stein tensor. When working with manifolds, the metric is a fundamental quantity that allows us
to construct curvature tensors (Einstein, Riemann, Ricci) as well as some canonical differential
operators, such as Laplacian or Dirac operator.

In noncommutative geometry, however, the spectral triple is a fundamental object from which
we must learn how to extract the geometric tensors. It is well-known that the scalar of curvature
can be obtained in the spectral Einstein-Hilbert action [16], whereas, the other geometric tensors
are yet to be defined in noncommutative setting (see [11] for an attempt to define the Ricci tensor).
In the presented papers we used Wodzicki residue to define spectral functionals which can be used to
obtain metric, torsion and Einstein tensors in the classical case. We can work with these functionals
using only the Dirac operator, differential 1-forms and Wodzicki residue. This allows us to make a
straightforward generalization to the noncommutative setting, as the Dirac operator and differential
1-forms are present for every spectral triple, and a generalization of Wodzicki residue exists for a
large class of them. These functionals only recreate geometric tensors on manifolds, but in the
noncommutative case, these quantities can be defined using them.

Comments on notation

In the discussed papers, we attempted to adopt a single consistent notation, but because the work
was divided among three articles (plus one in preparation) over two years, the notation naturally
evolved. For example, in [P1], we defined several metric-type and Einstein-type functionals for
different operators and use subscripts and superscripts to denote which operator is utilized, ex.
G∆, gD. In [P3, P2], we only considered functionals defined on differential forms using the Dirac
operator, therefore we omitted the subscript.

We frequently deal with inverse powers of Laplace-type operators L, or, more specifically, their
symbols homogenous in ξ of the (up to) three highest degrees. We denote symbols with fraktur
font, using aj for L, bj for L−1 and cj for L−k. If σk(P ) is a symbol of homogeneous degree k
in ξ of an operator P , then σj(L) = aj . For the inverses of L we use a convention with "−" sign
omitted. We write σ−j(L

−1) = bj and σ−2k−1(L
−k) = c2k+1. Equations (A.8) and (A.9) of [P1]

utilize symbols of different powers of order-k operator P , with the same letter. To distinguish
symbols of the same order but different powers of an operator, as in this example, we consequently

11



use different subscripts, i.e. σlk(P l) = rlk vs. σlk(P l−1) = rk(l−1)+2. We proceed analogously every
time there is a danger of confusion.

In the commutative case we utilize normal coordinates and expand terms up to the appropriate
order in x. Therefore, upper and lower indices are not always used as contravariant and covariant
ones.

2.1 Spectral metric and Einstein functionals
In the first article [P1], we propose a choice of functionals based on vector fields, differential forms,
and various Laplace-type or Dirac operators for manifolds. The densities of these functionals are
proportional to the metric or Einstein tensors evaluated on these vector fields or differential forms
(sometimes with some additional terms). The most important functionals defined in theorem 4.1
of [P1] are:

gD(u,w) :=Wres(ûŵD−n),

GD(u,w) :=Wres[û(ŵD +Dŵ)D−n+1],
(2.1)

where û, ŵ are Clifford multiplication by differential forms u,w. In the classical case

gD(u,w) ∝
∫
g(u,w)volg,

GD(u,w) ∝
∫
G(u,w)volg,

(2.2)

and in the noncommutative case we can use them to define the metric and Einstein tensors as they
use only the Dirac operator and differential forms.

In the second part of [P1], we attempt to compute these functionals in some noncommutative
examples while also investigating some general features of the metric and Einstein functionals for
differential forms and Dirac operators.

The main example is the conformally rescalled noncommutative torus. In this case, we can also
use laplacian and vector fields, which is not possible in general in contrary to the functionals with
differential forms and Dirac operators. The second example is a product of a spectral triple over a
spin manifold with two-point space.
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question “Can one hear the shape of a drum?”, was popularised by Mark Kac [36]. 
A further generalization was brought by noncommutative geometry [8], where spectral 
methods were proposed to study invariants of algebras, functionals on noncommutative 
algebras and geometric objects that extends the notion of curvature, leading, for example, 
to the version of Gauss-Bonnet theorem for noncommutative tori.

The aim of this paper is to propose a few new functionals that express other basic 
geometric objects, in particular the Einstein tensor, using the methods of the Wodzicki 
residue and its generalisation in noncommutative geometry.

1.1. An overview of the field

An eminent spectral scheme that generates geometric objects on manifolds such as 
volume, scalar curvature, and other scalar combinations of curvature tensors and their 
derivatives prima facie is the small-time asymptotic expansion of the (localised) trace of 
heat kernel [27,28]. This has many diverse applications in mathematics and in physics, 
mostly in the context of general relativity and its generalisations.

Using the Mellin transform, the coefficients of this expansion can be transmuted into 
certain values or residues of the (localised) zeta function of the Laplacian. In turn, 
they can be expressed using the Wodzicki residue W (also known as noncommutative 
residue), which is a unique (up to multiplication by a constant) tracial state on the 
algebra of pseudo-differential operators (ΨDO) on a complex vector bundle E over a 
compact manifold M of dimension n ≥ 2 [31,54]. For the oriented manifold M it is given 
up to multiplicative constant by a simple integral formula,

W(P ) :=
∫

M

⎛
⎜⎝
∫

|ξ|=1

tr σ−n(P )(x, ξ) Vξ

⎞
⎟⎠ dnx, (1.1)

where tr is the trace over endomorphisms of the bundle E at any given point of M , 
σ−n(P ) is the symbol of order −n of a pseudodifferential operator P and Vξ denotes 
the volume form on the unit sphere. The name ‘residue’ comes from the fact that it 
is indeed a residue (at z = 1) of the ζ-function associated to P [30]. In this paper, for 
simplicity, we focus only on closed oriented M of even dimension n = 2m. In this case, 
for a Riemannian manifold M equipped with a metric tensor g and the (scalar) Laplacian 
Δ one has,

W(Δ−m) = vn−1 vol(M), (1.2)

and a localized form, a functional of f ∈ C∞(M),

v(f) := W(fΔ−m) = vn−1

∫

M

f volg, (1.3)
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where

vn−1 := vol(Sn−1) = 2πm

Γ(m) ,

is the volume of the unit sphere Sn−1 in Rn.
A startling result regarding a higher power of the Laplacian was divulged by Connes 

in the early 1990s [9] and explicitly confirmed independently in [38] and in [37]. Namely, 
for n > 2,

W(Δ−m+1) = n − 2
12 vn−1

∫

M

R(g) volg, (1.4)

is up to a constant a Riemannian analogue of the Einstein-Hilbert action functional of 
general relativity in vacuum. Here R = R(g) is the scalar curvature, that is the g-trace 
R=gjkRicjk of the Ricci tensor with components Ricjk in local coordinates, where gjk

are the raised components of the metric g.
A localised form of (1.4) for n > 2 is a functional on C∞(M) (cf. [12])

R(f) := W(fΔ−m+1) = n − 2
12 vn−1

∫

M

fR(g)volg. (1.5)

For the Riemannian spin manifolds this can be expressed using such operators in spinor 
bundle as the spin Laplacian or the Dirac operator which are related by the Schrödinger-
Lichnerowicz formula. In particular, for the Dirac operator one has:

W(f |D|−n) = 2mvn−1

∫

M

f volg,

W(f |D|−n+2) = −2mn − 2
24 vn−1

∫

M

fR(g) volg.

(1.6)

In the noncommutative realm the spectral-theoretic approach to scalar curvature has 
been extended also to quantum tori in the seminal work of Connes and Tretkoff [15], 
expanded in [13] and then extensively studied by many authors [19–21,18,25,39,35,42,
51,43,47], see also [10,23,40] for recent surveys. Therein, the pseudodifferential operators 
and symbol calculus introduced in [7] and extended to crossed product algebras in [1,2], 
cf. also [52,32,33,29] for detailed account, have been employed for computations of certain 
values and residues of ζ-functions of suitable Laplace type operators.

In these papers the analogue of conformal transformations of the standard (flat) ge-
ometry of the noncommutative 2-torus was worked out, with the conformal scaling (Weyl 
factor) taken as an invertible positive element from the underlying algebra A; see also [11]
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for a conformally non-flat quantum 4-torus. These achievements produced extremely in-
teresting modular aspects, which, however, involve complicated, often computer-assisted, 
calculations with thousands of terms.

In this respect, the alternative use of Weyl factor from the copy Ao of A in the com-
mutant of A in [16] and the early nonconformally flat modification of the torus geometry 
by an element from Ao in [17] allowed stripping the modular aspects and somewhat 
simplifying the computations, while still producing a nontrivial scalar curvature. One 
can also work with Ao as the underlying algebra and modify the Dirac operator by an 
element from A instead. This still yields the usual spectral triple, while taking the other 
two combinations yields the twisted (modular) triples, so there are just two different 
types of situation [6].

Now, for quantum tori, and more generally for spectral triples with real structure 
J , there is a natural choice for Ao as JAJ . Moreover, since Ao and A coincide in the 
classical (commutative) case, also modifying the quantum torus geometry by elements 
from A or from Ao appear a viable option and both of them should be considered. The 
latter leads to the usual (untwisted) spectral triple with the algebra A.

Concerning the spectral approach described above, the Wodzicki residue methods 
have already been used for quantum tori in dimensions n = 2 and n = 4 in [24] and [21], 
respectively, and have been extended to any dimension n ≥ 2 in [41], see also [46], and 
applied in [18,47] for the scalar curvature on NC tori.

Altogether, the aforementioned spectral methods allowed so far to extract the scalar 
invariants built from the metric and the curvature tensors, while the understanding of the 
curvature tensor itself has not yet been achieved. Only recently has the Ricci curvature 
tensor Ricjk been recovered using the Hodge-deRham spectral triple, and more precisely 
from the difference of zeta functions of the Laplacian on functions and on one-forms, and 
applied to the noncommutative two-torus [25].

No doubt it would be extremely interesting to recover other important tensors in both 
the classical setup as well as for the generalised or quantum geometries. In this paper we 
accomplish this task for the metric tensor g itself, its dual, and for the Einstein tensor

G := Ric − 1
2R(g) g,

which directly enters the Einstein field equations with matter, and its dual. For this 
purpose, we employ in fact the Wodzicki residue of a suitable power of the Laplace type 
operator multiplied by a pair of other differential operators. Notably, we demonstrate that 
the Wodzicki residue density recovers the tensors g and G as certain bilinear functionals 
of vector fields on a manifold M , while their dual tensors are recovered as the density of 
bilinear functionals of differential one-forms on M .

Using Connes’ pseudodifferential calculus on noncommutative tori we also propose a 
conspicuous quantum analogue of these functionals and probe it on 2 and 4-dimensional 
noncommutative tori. Note, however, that a direct comparison with [25] is arduous not 
only due to the difference between the canonical and Hodge-deRham spectral triples, but 
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more fundamentally, due to the unknown way how to extract from the Einstein tensor 
the Ricci tensor due to the ordering ambiguity (quantum product) of g and R(g).

The aforementioned functionals are built using either the Laplace or Dirac operator 
(in case M is spin manifold), but before embarking on the latter one, we need actually 
first to settle other Laplace-type operators, acting on vector bundles of suitable rank 
over M . In fact, it will be advantageous to consider a general class of such operators and 
to control which tensors they produce. For this reason, our notation will systematically 
keep track of the dependence on a particular differential operator.

This will be also beneficial for another reason. Namely, one typically obtains spectrally 
the scalar curvature R of a manifold using the Laplace or Dirac operators, which are built 
openly from the Levi-Civita connection (so torsion-free). Classically, these operators can 
be also characterised by the fact that the so obtained R minimises the relevant functionals 
(as otherwise there is a non-negative contribution from the torsion). This property may 
be not satisfied in the noncommutative realm, as actually there is no implicit notion of 
torsion (see, however, other frameworks in e.g. [26,49,3–5]).

It turns out that already on the noncommutative 4-torus the most immediate quan-
tum analogue of the conformally rescaled flat Laplace operator does not minimise the 
scalar curvature functional [50]. Thus, if no particular reference Laplace-type operator 
is declared to be torsion-free, it can be convenient to label also the spectrally obtained 
geometric tensors such as R, Ric or G by the concrete operator Δ which has been em-
ployed for their definition, and call them, e.g. “Δ scalar curvature”, etc. By doing so, 
we will be able to determine which Laplace-type operators provide the same geometric 
invariant.

1.2. Organization of the article

We start with a brief overview of the normal coordinates and the expression of the 
Laplace operator and its symbol at a given point on the manifold in these coordinates 
and present the explicit results for the symbols of the negative powers of the Laplace 
operator. Then we prove the main theorems showing that functionals on vector fields 
(understood as differential operators) yield the metric (Theorem 2.3) and the Einstein 
tensor (Theorem 2.4) densities.

In Section 3 we demonstrate in Theorems 3.1 and 3.2 the value of the metric and 
Einstein functionals for Laplace-type operators on vector bundles, giving interesting 
examples of the spinor Laplacian (Proposition 3.4) and square of the Dirac operator 
(Proposition 3.5). In Section 4 we propose functionals on the space of differential one-
forms on a spinc manifold and prove that these functionals provide densities of the 
respective dual metric and Einstein tensors (Theorem 4.1).

In Section 5 we propose an extension of these functionals to the noncommutative 
realm, focusing in Section 5.1 on Laplacian on noncommutative tori, where outer deriva-
tions are interpreted as vector fields. We prove that the spectral Einstein tensor vanishes 
identically for the conformally rescaled geometry of the noncommutative 2-torus (Propo-
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sition 5.2) and provide an explicit and compact formula for the spectral Einstein and 
metric tensors for the 4-torus. In Section 5.2 we propose the generalisation of the spectral 
metric and Einstein functionals on noncommutative differential forms for spectral triples 
on conformally rescaled noncommutative 2 and 4-tori, showing that also the contravari-
ant spectral Einstein functional vanishes for the conformally rescaled spectral triple on 
noncommutative 2-torus (Proposition 5.10) and provide an explicit formula for the spec-
tral metric and Einstein functionals for the noncommutative 4-torus. Furthermore, we 
discuss also these functionals for finitely summable and regular spectral triples and illus-
trate how these functionals behave under tensoring a finite summable regular spectral 
triple with the simplest non-trivial finite triple on C2.

The Appendix provides a few formulae and computations of pseudodifferential sym-
bols, which are used in proofs.

1.3. Notation

Throughout the article we work with a closed, orientable Riemannian manifold of 
dimension n = 2m, with a fixed metric g, while in the case of functionals on differential 
forms we assume the existence of spinc structure and fix the spinor bundle. We denote by 
γa the matrices that satisfy γaγb+γbγa = 0 if a �= b, and by (γa)2 = 1 for a, b = 1, . . . , n.

We denote the Einstein tensor on M by G. The spectral metric and Einstein func-
tionals on vector fields we denote by gP , GP , where P is an appropriate Laplace-type 
operator, whereas for the spectral metric and Einstein functionals on differential forms 
we use the notation gD and GD, where D is a Dirac-type operator.

The proofs are all based on the technique of normal coordinates x around a fixed 
point on the manifold and the expansion of all geometric objects (metric, orthonormal 
fames, connection, vector fields, etc.) up to the relevant order in x.

2. The metric and the Einstein tensor densities

We consider an even-dimensional compact Riemannian manifold M with components 
of the metric g given in chosen local coordinates by gab. The Laplace operator, which is 
densely defined on L2(M, volg), is expressed as

Δ = − 1√
det(g)

∂a

(√
det(g)gab∂b

)
, (2.1)

where gab is the inverse of the matrix gab and we use here and in the following the 
summation convention over repeated indices.

The symbols of the differential operator Δ are:

a2 =gabξaξb, a1 = −i√
det(g)

∂a

(√
det(g)gab

)
ξb, a0 = 0. (2.2)
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As the next step, we will conveniently express the symbols using centered normal coor-
dinates x [45] around a fixed point of M with x = 0.

2.1. Laplace operator and its powers in normal coordinates

Let us recall that in the normal coordinates the metric has a Taylor expansion:

gab = δab − 1
3Racbdx

cxd + o(x2), (2.3)

and
√

det(g) = 1 − 1
6Ricabx

axb + o(x2), (2.4)

where Racbd and Ricab are the components of the Riemann and Ricci tensor, respectively, 
at the point with x = 0 and we use the notation o(xk) to denote that we expand a 
function up to the polynomial of order k in the normal coordinates. The inverse metric 
is

gab = δab + 1
3Racbdx

cxd + o(x2), (2.5)

where on the right-hand side we still can keep the lower indices a, b as at the point with 
x = 0 the metric is standard Euclidean and so the tensor indices are lowered and raised 
by the Kronecker symbols δab and δab.

Consequently, the symbols of the Laplace operator in normal coordinates are

a2 =
(
δab + 1

3Racbdx
cxd
)
ξaξb + o(x2),

a1 =2i
3 Ricabx

aξb + o(x2).
(2.6)

Then, by a straightforward application of (2.5), (2.3), (2.4) to (A.6) one has:

Lemma 2.1. In normal coordinates around a fixed point of the manifold M the symbols 
of the inverse of the Laplace operator read

b2 = ||ξ||−4(δab − 1
3Racbdx

cxd
)
ξaξb + o(x2),

b3 = −2i
3 Ricabx

aξb||ξ||−4 + o(x),

b4 = 2
3Ricabξaξb||ξ||−6 + o(1).

(2.7)

Next, we apply (Lemma A.1) to compute the three leading symbols of the powers of 
the pseudodifferential operator Δ−1:
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Proposition 2.2. The first three leading symbols of the operator Δ−k, k > 0

σ(Δ−k) = c2k + c2k+1 + c2k+2 + . . . ,

are given up to order respectively x2, x, 1 in normal coordinates around a fixed point by,

c2k = ||ξ||−2k−2
(
δab − k

3Racbdx
cxd

)
ξaξb + o(x2),

c2k+1 = −2ki
3||ξ||2k+2 Ricabx

bξa + o(x),

c2k+2 = k(k + 1)
3||ξ||2k+4 Ricabξaξb + o(1).

(2.8)

Proof. We use (2.7) and (A.11) keeping only terms with the right order in x, which for 
c2k+2 yields only 4 terms instead of 10 in (A.11), i.e.

c2k+2 = k(b2)n−1b4 − i
k(k − 1)

2 (b2)k−2∂ξ
a(b2)∂x

a (b3)−

−k(k − 1)
4 (b2)k−2∂ξ

a∂
ξ
b (b2)∂x

a∂
x
b (b2)−

−k(k − 1)(k − 2)
6 (b2)k−3∂ξ

a(b2)∂ξ
b (b2)∂x

a∂
x
b (b2) + o(1).

We simplify it further by taking into account the properties of the Riemann tensor,

Rabcdξaξb = 0 = Rabcdξcξd,

leading to the above result. �

2.2. Spectral functionals of vector fields

Let V, W be a pair of vector fields on a compact Riemannian manifold M , of dimension 
n = 2m. Using the Laplace operator, we define two functionals gΔ(V, W ) and GΔ(V, W ).

Theorem 2.3. The functional:

gΔ(V,W ) := W
(
V WΔ−m−1) ,

is a bilinear, symmetric map, whose density is proportional to the metric evaluated on 
the vector fields:

gΔ(V,W ) = −vn−1
n

∫

M

g(V,W ) volg.
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Proof. The product of two vector fields is a differential operator with a symbol

σ(V W ) = v2 + v1 = −V aW bξaξb + iV aδa(W b)ξb. (2.9)

Then,

W
(
V WΔ−m−1) =

∫

M

∫

||ξ||=1

σ−2m(V WΔ−m−1) volg,

where by (2.8)

σ−2m(V WΔ−m−1) = −V aW bξaξb||ξ||−2m−2.

Using integration over S2m−1 we get

∫

||ξ||=1

σ−2m(V WΔ−m−1) = −vn−1
n

V aW a,

which ends the proof. �

Theorem 2.4. The functional:

GΔ(V,W ) := W
(
V WΔ−m

)
, (2.10)

is a bilinear, symmetric map, whose density is proportional to the Einstein tensor G
evaluated on the two vector fields:

GΔ(V,W ) = vn−1
6

∫

M

G(V,W ) volg.

Proof. Similarly to the previous theorem, we need to compute the symbol of order −2m
of the pseudodifferential operator V WΔ−m. Using (A.2) we have

σ−2m(V WΔ−m) = v2c2m+2 + v1c2m+1 − i∂av2δac2m+1

− i∂av1δac2m − 1
2∂a∂bv2δaδbc2m.

(2.11)

As the normal coordinates x are 0 at the (arbitrary) fixed point of the manifold, we 
are interested only in terms that do not vanish at x = 0. Since both c2m+1 and δac2m
vanish at x = 0 we are left only with terms that depend on v2. We explicitly compute
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v2c2m+2 = −m(m + 1)
3||ξ||2m+4V

aW bRiccdξaξbξcξd + o(1),

−i∂av2δac2m+1 = −i(−V aW bξb − V bW aξb)
−2mi

3||ξ||2m+2 Riccaξc + o(1)

= 2m
3||ξ||2m+2V

aW bξc(ξaRicbc + ξbRicac) + o(1),

−1
2∂a∂bv2δaδbc2m = 1

2(V aW b + V bW a) −m

3||ξ||2m+2 (Rcadb + Rcbda)ξcξd + o(1)

= − 2m
3||ξ||2m+2V

aW bξcRcadbξd + o(1).

(2.12)

As a result,

σ−2m(V WΔ−m) = −m(m + 1)
3||ξ||2m+4V

aW bRiccdξaξbξcξd

+ 2m
3||ξ||2m+2V

aW bξc(ξaRicbc + ξbRicac − Rcadbξd) + o(1).
(2.13)

Integrating (2.13) over S2m−1 and substituting x = 0 we have, for the first term,
∫

||ξ||=1

−m(m + 1)
3||ξ||2m+4V

aW bRiccdξaξbξcξd =

= vn−1
2m(2m + 2)(δabδcd + δacδbd + δadδbc)

−m(m + 1)
3 V aW bRiccd

= −vn−1
12 V aW aR − vn−1

6 V aW bRicab,

and for the second term,
∫

||ξ||=1

2m
3||ξ||2m+2V

aW bξc(ξaRicbc + ξbRicac − Rcadbξd) =

= vn−1
2m · 2m

3 V aW b(δacRicbc + δbcRicac − δcdRcadb)

= vn−1
3 V aW bRicab.

Combining them together and integrating over the manifold we get the result, which is 
obviously symmetric and bilinear. �

Remark 2.5. A localized version of the functionals gΔ and GΔ is automatic since they 
satisfy,

W(fV WΔ−n−1) = gΔ(fV,W ) = gΔ(V, fW ), (2.14)
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W(fV WΔ−n) = GΔ(fV,W ) = GΔ(V, fW ) (2.15)

for all f ∈ C∞(M).

We will call gΔ and GΔ respectively metric and Einstein (spectral) functionals.

3. Spectral functionals for the operators of Laplace type

In this section, we will demonstrate how the results vary if one passes to the Laplace-
type operators, acting on sections of a vector bundle V of rank rk(V ). These operators 
generalize the scalar Laplacian in the sense that they have the same principal symbol 
(times the matrix unit), yet they may contain both some nontrivial connections and 
torsion.

For this purpose we assume that there is a connection ∇ on the vector bundle V , i.e. 
for any vector field X on M , we have a covariant derivative ∇X on the module of smooth 
sections of V . Using the notation ∇a := ∇∂a

in local normal coordinates around a fixed 
point on the manifold we have:

∇a = ∂a − Ta,

where each Ta is a C∞(M) endomorphism of the sections of V . Using normal coordinates 
and expanding Ta around x = 0 we have,

Ta(x) = Ta + Tabx
b + o(x).

Thus, we can write the symbol of the generalized Laplace operator

ΔT = −gab(∇a∇b − Γc
ab∇c),

in the normal coordinates as the sum of

a2 =
(
δab + 1

3Racbdx
cxd
)
ξaξb + o(x2),

a1 =2i
3 Ricabx

aξb + (2iTaξa + 2iTabx
bξa) + o(x),

a0 =Taa − TaTa + o(1).

(3.1)

Then the parts of order −2, −3, −4 of the inverse of ΔT expanded in x up to the order, 
respectively 2, 1, 0, are
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b2 = ||ξ||−4(δab − 1
3Racbdx

cxd
)
ξaξb + o(x2),

b3 = −2i
3 Ricabx

aξd||ξ||−4 −
(
2iTaξa + 2iTabx

bξa
)
||ξ||−4 + o(x),

b4 = 2
3Ricabξaξb||ξ||−6 − 4TaTbξaξb||ξ||−6

− (Taa − TaTa)||ξ||−4 + 4Tabξaξb||ξ||−6 + o(1).

(3.2)

Theorem 3.1. The functional

gΔT (V,W ) := W(∇V ∇W Δ−n−1
T )

does not depend on the connection T, and

gΔT (V,W ) = rk(V ) gΔ(V,W ).

Proof. This is evident, since the principal symbol does not depend on T. �

Theorem 3.2. The functional

GΔT (V,W ) := W(∇V ∇W Δ−n
T )

is equal to

GΔT (V,W ) = vn−1
6 rk(V )

∫

M

G(V,W ) volg + vn−1
2

∫

M

F (V,W ) volg, (3.3)

where

F (V,W ) = Tr V aW bFab,

and Fab is the curvature tensor of the connection T. For T = 0 it is equal to 
rk(V )GΔ(V, W ).

Proof. First we compute the leading symbols of (ΔT )−m up to the appropriate order in
x,

c2m = ||ξ||−2m−2
(
δab − m

3 Rajbkx
jxk
)
ξaξb + o(x2),

c2m+1 = −2mi

3 ||ξ||−2m−2Ricakx
kξa − 2mi||ξ||−2m−2(Taξa + Tabx

bξa
)

+ o(x)

c2m+2 = m(m + 1)
3 ||ξ||−2m−4Ricabξaξb

− 2m(m + 1)||ξ||−2m−4 TaTb ξaξb + m(TaTa − Taa)||ξ||−2m−2

+ 2m(m + 1)||ξ||−2m−4 Tab ξaξb + o(1).

(3.4)
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Expanding in a similar way

∇V = V a(∂a − Ta − Tabx
b) + o(x), ∇W = W a(∂a − Ta − Tabx

b) + o(x),

for vector fields V and W , we compute only the terms of the symbol of ∇V ∇W Δ−m
T of 

order −2m, which depend on Ta and Tab at x = 0, as the remaining terms would be 
identical to the case considered earlier,

σ−2m(∇V ∇W Δ−m
T ) =

(
2m(m + 1)TaTb ξaξb + mTaa||ξ||2 − mTaTa||ξ||2

− 2m(m + 1)Tab ξaξb
)
V jW kξjξk||ξ||−2m−4

+ 2mV a(∂aW
b)Tcξbξc||ξ||−2m−2

− 2m(V aW b + V bW a)TaTcξbξc||ξ||−2m−2

+ V aW bTaTb||ξ||−2m − V aW bTba||ξ||−2m

+ 2mTab(V cW b + W cV b)ξaξc||ξ||−2m−2

− V a(∂aW
b)Tb||ξ||−2m.

(3.5)

Integrating it over S2m−1 and setting x = 0 we have the following result for the density 
of the Wodzicki residue (before taking the trace over endomorphisms)

w(∇V ∇W Δ−m
T ) = vn−1

(
1
2V aW b

(
T 2δab + TaTb + TbTa + Tccδab

− T 2δab − Tccδab − Tab − Tba

)
+ V a(∂aW

b)Tb

− V aW b(TaTb + TbTa) + V aW bTaTb − V aW bTba

+ V aW b(Tab + Tba) − V a(∂aW
b)Tb

)

= 1
2v(Sn−1)V aW b

(
Tab − Tba + TaTb − TbTa

)

= 1
2v(Sn−1)V aW bFab,

(3.6)

where Fab is the curvature tensor of the connection T, as indeed in the normal coordi-
nates:

Fab = −(∂aTb − ∂bTa) + [Ta,Tb] = Tab − Tba + [Ta, Tb] + o(1),

which finishes the proof. �

Note that the functionals gΔT and GΔT are automatically ‘localised’ as in Remark 2.5.
We finish the section by demonstrating that any 0-order perturbation of the Laplace 

(type) operator ΔT does not modify the metric functional, whereas the Einstein func-
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tional is modified by a term whose density involves the metric functional multiplied by 
the trace of the 0-order term.

Lemma 3.3. For the Laplace type operator ΔT,E := ΔT +E, where E is an endomorphism 
of the vector bundle, the metric functional does not depend on E,

gΔT,E (V,W ) = gΔT (V,W ), (3.7)

whereas the Einstein functional

GΔT,E (V,W ) := W(∇V ∇W Δ−m
T,E)

reads,

GΔT,E (V,W ) = GΔT (V,W ) + 1
2

∫

M

(Tr E) g(V,W ) volg. (3.8)

Proof. The first statement is obvious. For the second statement by computing the sym-
bols of Δ−m we first see from the formula (A.6) that E enters the symbol of order −4
linearly and, consequently, using (A.11) the only additional term that appears in the 
symbol of Δ−m would appear in order −2m − 2 as

−mE||ξ||−2m−2.

The only term depending on E that arises in the contribution to the respective symbol 
of order −2m of the product ∇V ∇W Δ−m would then be

mEV aW bξaξb||ξ||−2m−2,

which after integrating over the sphere, taking trace and using (2.3) gives

1
2 (Tr E)g(V,W ). �

As follows from [28,27] the operators ΔT,E are the most general Laplace-type operators 
on M .

3.1. Spectral functionals for the spin Laplacian

A particularly interesting example is the application of the above result to the case 
of the spinor bundle of rank 2m (assuming that the manifold M has a spin structure, 
which we fix).

Recall that in terms of a (local) basis ei of orthonormal vector fields on M the Levi-
Civita covariant derivative reads
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∇ei
ej = αijkek, (3.9)

where αijk is the Levi-Civita connection, expressed explicitly in the basis ei through the 
structure constants cijk of the commutators of orthonormal vector fields,

αijk := 1
2(cijk + ckij + ckji), [ei, ej ] = cijkek. (3.10)

If M is a spin manifold, then the lift of the Levi-Civita covariant derivative to Dirac 
spinor fields reads

∇(s)
ei

= ei − 1
4αijkγ

jγk, (3.11)

with γj as in Section 1.3. The spinorial Laplace operator is

Δ(s) := ∇(s)∗∇(s) = −∇(s)
ei

∇(s)
ei

+ ∇(s)
∇ei

ei
= −∇(s)

ei
∇(s)

ei
+ αiij∇(s)

ej
. (3.12)

In the normal coordinates around a fixed point of the manifold one has then

ei = ∂

∂xi
− 1

6Rijk� x
jxk ∂

∂x�
+ o(x2) (3.13)

and

αijk = −1
2R�ijkx

� + o(x), (3.14)

and therefore,

Δ(s) = −∂i∂i + 1
3Rijk� x

jxk∂i∂� + o(x2)

+2
3Rij x

i∂j + 1
4Ri�jk x�γjγk∂i + o(x)

+o(1),

(3.15)

where in the three lines we collected terms of different order, expanding them up to the 
same order in normal coordinates x as their order.

By comparing the symbol with (3.1) it is easy to identify then Δ(s) as a Laplace-type 
operator ΔT , with the respective expansion of the spin connection,

Ta = 0, Tab = 1
8Rabjkγ

jγk.

We have then
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Proposition 3.4. The metric and Einstein functional associated to the spin Laplacian are 
proportional to the functionals of the scalar Laplacian,

gΔ(s)
(V,W ) := W(∇(s)

V ∇(s)
W (Δ(s))−n−2) = 2mgΔ(V,W ),

GΔ(s)
(V,W ) := W(∇(s)

V ∇(s)
W (Δ(s))−n) = 2mGΔ(V,W ).

(3.16)

Proof. This is a consequence of Theorem 3.2. While the result for the metric functional 
is obvious for the Einstein functional we see the trace of the additional term, arising 
from the curvature of the connection vanishes,

1
4Tr V aW b

(
Rabjkγ

jγk − Rbajkγ
jγk
)

= 0,

due to the skew symmetry of the Riemann tensor in the two last indices. �

3.2. Spectral functionals for the Dirac operator

An immediate application of Lemma 3.3 is the computation of the Einstein functional 
using the Dirac operator instead of the Laplacian. The Dirac operator is, in a local basis 
of orthonormal frames, a first-order differential operator

D = iγj∇(s)
ej

, (3.17)

and its square D2 differs from the spinorial Laplacian only by a quarter of the scalar of 
curvature

D2 = Δ(s) + 1
4R.

More generally, if we consider a spinc structure and the Dirac operator twisted by a 
U(1)-connection,

DA = D + A,

the respective formula reads,

D2
A = Δ(s) + 1

4R + F,

where

F = γjγkFjk,

and Fjk is the curvature of A. Then as the consequence of Lemma 3.3 we have,
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Proposition 3.5. The spectral metric and Einstein functionals associated with the Dirac 
operator DA do not depend on the connection A and read,

gD2
A(V,W ) := W(∇(s)

V ∇(s)
W |DA|−n−2) = 2mgΔ(V,W ),

GD2
A(V,W ) := W(∇(s)

V ∇(s)
W |DA|−n) = 2m

(
GΔ(V,W ) + 1

8R(V,W )
)

,
(3.18)

where

R(V,W ) = vn−1

∫

M

R(g) g(V,W ) volg.

4. Metric and Einstein functionals of differential forms

In differential geometry besides functionals on vector fields, one can alternatively con-
sider functionals on the dual bimodule of one-forms. In this section, we will investigate 
whether the Einstein tensor (or, more precisely, its contravariant version) can be ob-
tained from such functional using the spectral methods. For this purpose, we need to 
represent differential forms as differential operators, and a suitable way is to employ 
Clifford modules. We assume thus that M is a n = 2m dimensional spinc manifold and 
use the Clifford representation of one-forms as 0-order differential operators, that is, 
endomorphisms of a rank 2m spinor bundle.

As generating endomorphisms, we can work with Clifford multiplication by the local 
coframe basis ej dual to the orthonormal oriented frame basis ej, which simply amounts 
to multiplication by (constant) gamma matrices γj as in Section 1.3. Thus, let v, w, 
with the components with respect to local coordinates va and wa, respectively, be two 
differential forms represented in such a way as endomorphisms (matrices) v̂ and ŵ on 
the spinor bundle.

Theorem 4.1. The following spectral functionals of one-forms on a spin-c manifold M of 
dimension n

gD(v, w) := W
(
v̂ŵD−n

)
,

GD(v, w) := W
(
v̂(Dŵ + ŵD)D−n+1)

= W
(
(Dv̂ + v̂D)ŵD−n+1),

(4.1)

read

gD(v, w) = 2mvn−1

∫

M

g(v, w) volg,

GD(v, w) = 2m vn−1
6

∫

M

G(v, w) volg,

(4.2)
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where g(v, w) = gabvawb and G(v, w) =
(
Ricab − 1

2Rgab
)
vawb, using the expressions 

v = vadx
a, w = wbdx

b in any local coordinates.

Proof. The proof of the formula for the metric functional gD is easy and we skip it, 
concentrating on the Einstein functional, splitting it into two parts as follows:

G1(v, w) = W
(
v̂DŵDD−n

)
,

and

G2(v, w) = W
(
v̂ŵD−n+2).

We start with the first. Let us again work with normal coordinates x around a fixed 
point on the manifold M with x = 0. We can rewrite the first three leading symbols of 
D−n = D−2m (using (3.4) and the Lichnerowicz formula),

c2m = ||ξ||−2m−2
(
δab − m

3 Rajbkx
jxk
)
ξaξb + o(x2),

c2m+1 = −2mi

3 ||ξ||−2m−2Ricakx
kξa − 2mi||ξ||−2m−2(Tabx

bξa
)

+ o(x)

c2m+2 = m(m + 1)
3 ||ξ||−2m−4Ricabξaξb − m

4 R||ξ||−2m−2 + o(1),

(4.3)

where

Tab = 1
8Rabjkγ

jγk,

and we have used the antisymmetry of Tab. The Clifford images of v and w have a local 
expansion around x = 0 in normal coordinates,

v̂ = vaγ
a + o(1), ŵ = waγ

a + wabγ
axb + o(x),

where wa, va and wab are constants. Note that here due to the metric in normal coor-
dinates at x = 0 being Euclidean, the gamma matrices satisfy {γa, γb} = 2δab. Observe 
that the symbol of v̂D needs to be expanded to o(1) whereas symbol of ŵD to o(x), and 
so they read

σ(v̂D) = ivaγ
aγjiξj + o(1),

σ(ŵD) = iwaγ
aγj
(
iξj + 1

8R�jpsx
�γpγs

)
− iwabγ

aγjξjx
b + o(x).

(4.4)

The constants wab arise from the dependence of the one-form w on the coordinates 
around x = 0.
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The symbol of v̂DŵD up to order o(1) in normal coordinates is

σ(v̂DŵD) = vawbγ
aγjγbγkξjξk − 1

8vawbγ
aγjγbγkγpγsRjkps

− ivawbjγ
aγjγbγkξk + o(1).

(4.5)

We can omit additional terms with explicit dependence on normal coordinates as they 
will all vanish at x = 0.

The symbol of order −n of the product v̂DŵDD−n comes then (at x = 0) as

σ−n(v̂DŵDD−n) = m(m + 1)
3 vawbγ

aγjγbγkRicrsξjξkξrξs||ξ||−2m−4

− m

4 vawbγ
aγjγbγkRξjξk||ξ||−2m−2

− 2m
3 vawbγ

aγjγbγk (Ricrjξkξr + Ricrkξrξj) ||ξ||−2m−2

− m

4 vawbγ
aγjγbγkγpγq (Rrjpqξrξk + Rrkpqξrξj) ||ξ||−2m−2

+ m

3 vawbγ
aγjγbγk (Rrjpkξrξp + Rrkpjξrξp) ||ξ||−2m−2

− 1
8vawbγ

aγjγbγkγpγsRjkps||ξ||−2m + o(1).

(4.6)

We see at once that it does not contain any term with wab hence the result will be 
bilinear in the differential forms. Integrating over ξ ∈ Sn−1 and taking the trace over 
the matrices γ we obtain:

G1(v, w) = 2m vn−1
6

∫

M

(
G(v, w) + n − 2

4 g(v, w)R
)

volg.

The functional G2 requires the computation of the symbol of D−n+2 up to o(1) as the 
product of two forms is an operator of order zero. Then, using the explicit formula for 
the symbol of D−n+2 (4.3), we obtain

G2(v, w) = −2m vn−1
6

∫

M

n − 2
4 g(v, w)R volg.

This shows our statement about GD = G1 + G2. �

5. Towards noncommutative metric and Einstein functionals

The spectral methods that we have proposed to obtain the metric and Einstein func-
tionals are well suited for generalisation to the noncommutative case. So far, almost 
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exclusively scalar geometric quantities (like scalar curvature) were computed for non-
commutative tori, with conformally rescaled Laplace and Dirac operators (see [22] for a 
review) and partial conformal rescaling [17,11]. As the tensors carry more information 
than scalar geometric objects their study on noncommutative level is certainly more in-
teresting though definitely complicated, especially that a general algebra may have no 
outer derivations which are usually regarded as the noncommutative counterpart of vec-
tor fields. On the other hand, differential forms are naturally associated to any spectral 
triple, with the latter deemed to best encode the notion of a Riemannian manifold in 
the noncommutative case.

On the quantum tori we take advantage of both of these structures and correspond-
ingly propose definitions of the associated spectral metric and Einstein tensors using the 
generalisation of the Wodzicki residue on the generalised algebra of symbols on noncom-
mutative tori. We compute explicitly for 2- and 4-dimensional noncommutative tori the 
relevant functionals of outer derivations for the conformally rescaled Laplace operators 
and of one-forms with conformally rescaled Dirac operators. We also define analogous 
functionals for regular finitely summable spectral triples and study their product with 
the simplest nontrivial finite spectral triple.

5.1. The metric and Einstein functionals for the Laplacian on a noncommutative tori

The quantum tori are prominent examples of noncommutative manifolds which admit 
noncommutative analogues of many classical geometrical objects. In particular, there 
are outer derivations that act on the smooth algebra A = C∞(Tn

θ ) and that can be 
interpreted as noncommutative vector fields, even though in general they form only a 
complex vector space rather than an A-bimodule. It is then straightforward to identify 
a noncommutative counterpart of the flat-metric Laplace operator. This can also be 
generalised to the case of conformally rescaled geometry, where the conformal factor is 
taken as a positive element of the algebra of the noncommutative torus.

We can therefore exploit our definition of the metric and Einstein spectral functionals 
to define the corresponding functionals for the noncommutative tori and compute them 
explicitly. For that purpose we use the pseudodifferential calculus of symbols as defined 
in [15] and then used and developed by many authors (see [22] for a review). The rules 
of the algebra of symbols are almost identical to the usual ones, however, with the 
partial derivatives replaced by derivations and the symbols valued in the algebra of 
noncommutative torus.

This algebra admits a natural generalisation of the Wodzicki residue, which is defined 
as the trace of the integral over the cosphere ||ξ|| = 1 of the symbol of order −n (where 
n is the dimension of the torus). The existence of such Wodzicki residue trace on the 
algebra of symbols over the noncommutative 2-torus was demonstrated and discussed in 
[24,41,50]. We denote it again by W.

However, for the conformally rescaled Tn
θ we find it convenient to work with an 

enlarged algebra Â, which is generated by A and its copy Ao commuting with A. Indeed 
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for the Laplace-type operators, the relevant Weyl factor in principle can be taken from Â, 
though usually it assumed to be in A and we adhere to this convention. For the spectral 
triple with conformally rescaled Dirac operator, the conformal factor is instead assumed 
to be from Ao as only in such a case the associated differential one-forms (generated by 
A and its commutators with the Dirac operator) are bounded operators, on which our 
functionals will be defined.

Now, the standard flat Dirac operator on Tn
θ as well as its conformal rescaling are 

clearly first-order differential operators for the extended pseudodifferential calculus with 
symbols valued in the algebra Â, since they are just built from the derivations on Awhich 
extend to derivations on Â. Next, considering for simplicity only the strictly irrational
[48] noncommutative torus (with the center of algebra equal to C), there is an obvious 
factorized trace τ⊗ on the enlarged algebra Â given by τ⊗(abo) = τ(a)τ(bo). Moreover, 
since τ⊗ is invariant under derivations like τ , we use it to define the tracial Wodzicki 
residue on Â-valued symbols as above, and still denote it by W and its density by w.

5.1.1. The metric and Einstein functionals for the conformally rescaled Laplacian on a 
noncommutative 2-torus

Since every two-dimensional Riemannian manifold has a vanishing Einstein tensor, 
it is natural to ask whether this holds also for the noncommutative torus. We shall 
demonstrate that it is true in the case of a conformally rescaled Laplace operator. We 
denote by A = C∞(T 2

θ ) the algebra of smooth elements of the noncommutative two-
torus and by τ the standard trace over its C∗-algebraic completion. By H= L2(T 2

θ , τ)
we denote the standard Hilbert space obtained by the GNS construction for the tracial 
state τ . By δ1, δ2 we denote the basis of derivations of the algebra A implemented as 
densely defined operators on H.

Definition 5.1. Let h ∈ C∞(T 2
θ ) be positive, invertible, with a bounded inverse. We define 

as the conformally rescaled Laplace operator for the noncommutative torus the following 
densely defined selfadjoint operator on H:

Δh = h−1Δh−1, (5.1)

where

Δ =
∑

a=1,2
δ2
a. (5.2)

This definition is motivated by the commutative case θ = 0 where the operator Δh is 
unitarily equivalent to the operator h−2Δ, which is a densely defined self-adjoint operator 
on Hh = L2(T 2, τh), where τh(a) = τ(h2a).



22 L. Dąbrowski et al. / Advances in Mathematics 427 (2023) 109128

Similarly, we define the vector fields as appropriate self-adjoint generalisations of 
operators unitarily equivalent to derivations,

Vh =
∑

a=1,2
V ahδah

−1,

where V a ∈ C.

Proposition 5.2. For the conformally rescaled Laplace operator on a noncommutative 
2-torus the metric functional reads

gΔh(Vh,Wh) = W
(
VhWhΔ−2

h

)
= πτ(h4)V aW bδab,

whereas the spectral Einstein functional and its density vanish identically

GΔh(Vh,Wh) = W
(
VhWhΔ−1

h

)
= 0.

Proof. The metric functional is straightforwardly computed

gΔh(Vh,Wh) : = W
(
(hV aδah

−1)(hW bδbh
−1)(h−1Δh−1)−2)

= W
(
hV aW bδaδbΔ−1h2Δ−1h

)

= πτ
(
h4V aW bδab

)
= πτ(h4)V aW bδab.

(5.3)

Note that the components of the noncommutative metric tensor functional scale as h4

as in the classical situation.
Next, we compute the Einstein functional,

GΔh(Vh,Wh) : = W
(
(hV aδah

−1)(hW bδbh
−1)(h−1Δh−1)−1)

= W
(
hV aW bδaδbΔ−1h

)
= W

(
h2V aW bδaδbΔ−1) .

(5.4)

Since Δ is the standard (flat) Laplace operator and V, W are just C-linear combinations 
of the derivations, V aW bδaδbΔ−1 is an operator that has exclusively symbol of order 0. 
Since its symbol of order −2 vanishes, its product with any element from the algebra, 
like h2, has the same property, and thus the Wodzicki residue of it vanishes. �

Note that by using the same argument and the trace property of the Wodzicki residue 
we also show that for any a ∈ A the localised functional vanishes

GΔh(a, V,W ) = W
(
aV WΔ−1

h

)
= 0

(here aV , in general, does not implement an algebra derivation). Thus, the conformally 
rescaled geometry of the noncommutative 2-torus has indeed the same property as a 
2-dimensional manifold - its Einstein tensor vanishes.
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We finish this example by reiterating that the analysis does not change if h is taken 
from the larger algebra Â.

5.1.2. The metric and Einstein functionals for the conformally rescaled Laplacian on a 
noncommutative 4-torus

As the analogue of the conformally rescaled Laplace operator over the noncommuta-
tive 4-torus (acting on H= L2(T 2

θ , τ)) we simply take,

Δh =
4∑

a=1
χ−1 · δa · χ · δa · χ−1, (5.5)

where χ = h2 is a positive element of the algebra C∞(T 4
θ ) and δa are the standard 

derivations extended as operators on a dense subspace of L2(T 4
θ , τ). The deformation 

parameter θ is here, in fact, a matrix (such that the center of the algebra is C). Note 
that the operator Δh is again a noncommutative generalisation of an operator that 
classically (for θ = 0) is unitarily equivalent to a Laplace operator for the conformally 
rescaled metric on the four-torus.

Similarly, as in the case of 2-dimensional noncommutative torus we take two arbitrary 
vector fields V, W understood as h-rescaled linear combinations of derivations,

Vh = V aχδaχ
−1, Wh = W bχδbχ

−1.

Proposition 5.3. The spectral metric and Einstein functionals on derivations for a con-
formally rescaled Laplace operator over the noncommutative 4-torus are, respectively,

gΔh(Vh,Wh) = 2π2τ(χ3)V aW bδab,

GΔh(Vh,Wh) = 2π2τ

(
− 1

24χ(V aδaχ)χ−1(W bδbχ) − 1
24χ(W aδaχ)χ−1(V bδbχ)

+ 5
24(V aδaχ)χ−1(W bδbχ)χ + 5

24(W aδaχ)χ−1(V bδbχ)χ

− 1
24(V aδaχ)(W bδbχ) − 1

24(W aδaχ)(V bδbχ)

− 1
3V aW b(δabχ)χ + 1

6χV aW b(δabχ)

+
(

− 1
24(δaχ)χ−1(δaχ)χ − 1

24χ(δaχ)χ−1(δaχ)

− 1
24(δaχ)(δaχ) + 1

12χ(Δχ) + 1
12(Δχ)χ

)
V bW b

)
.

(5.6)

We skip the proof, which is a straightforward and tedious computation of the respective 
symbols and the integration over the cosphere. Note that the above expression can be 
further simplified using the trace property of τ . Let us also note that the expression has 
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a well-defined commutative limit, in which case the spectral Einstein functional density 
becomes as follows:

w(V WΔh
−2) =2π2

(
1
4V aW b(δaχ)(δbχ) − 1

6V aW b(δabχ)χ

− 1
8(δaχ)(δaχ)(V bW b) + 1

6(Δχ)χ(V bW b)
)
,

(5.7)

and is exactly equal to:

2π2

6
√
g GabV

aW b.

5.2. Spectral Einstein and metric tensor for spectral triples

Let (A, D, H) be a n-summable spectral triple and Ω1
D(A) be the A bimodule of one-

forms generated by A and [D, A], which by definition consists of bounded operators on 
H. We assume that there exists a generalised algebra of pseudodifferential operators 
which contains A, D, |D|� for 
 ∈ Z, and there exists a tracial state W on it, still called 
a noncommutative residue, which identically vanishes on T |D|−k for any k > n and 
a zero-order operator T (an operator in the algebra generated by A and Ω1

D(A)). We 
propose the following definition of metric and Einstein functionals for spectral triples.

Definition 5.4. The spectral metric functional on differential forms is

gD(v, w) = W(vw|D|−n),

where v, w ∈ Ω1
D(A), and the Einstein functional is

GD(v, w) = W(v{D,w}D|D|−n).

Note that since Ω1
D(A) is a bimodule over A these functionals are already localised, as 

one can replace v by av. A simple consequence of the properties of W on the generalised 
pseudodifferential calculus for regular spectral triples are the following linearities for the 
spectral metric functional over one-forms,

gD(vb, w) = gD(v, bw), gD(av, w) = gD(v, wa).

However, unlike in the classical case it is not entirely obvious whether any form of 
linearity over A in the second entry for the Einstein functional will hold in general. To 
ensure this property, we propose the following requirement on a class of spectral triples.

Definition 5.5. We say that a spectral triple with a trace on the generalised algebra 
of pseudodifferential operators is spectrally closed if for any zero-order operator T (as 
defined earlier) the following holds:
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W(TD|D|−n) = 0.

Lemma 5.6. The classical spectral triple over a closed oriented spin-c manifold M of 
dimension n = 2m is spectrally closed in the above sense.

Proof. Computing the symbol of D|D|−n = DD−2m using the expansion (4.3) we see 
that it vanishes identically at x = 0. Since T is an operator of order zero (does not 
depend on ξ) the product TDD−2m also has a vanishing symbol of order −n, hence 
both the density of the Wodzicki residue and the residue itself vanish identically. �

Theorem 5.7. If a spectral triple with a noncommutative residue over the generalised 
pseudodifferential calculus is spectrally closed, then the localised Einstein functional sat-
isfies

GD(vb, w) = GD(v, bw),

for b ∈ A.

Proof. We compute

GD(v, bw) = W
(
v{D, bw}D|D|−n

)

= W
(
v([D, b]w + b{D,w})D|D|−n)

)

= W
(
vb{D,w}D|D|−n

)
= GD(vb, w),

since the first term in the second line contains a product of three one-forms and therefore 
is a 0-th order term, so by the assumption of spectral closedness it vanishes. �

Remark 5.8. Note that in the case of spectral triple over a manifold, since one-forms 
commute with a, b ∈ A, the Einstein functional has the same linearities over the algebra 
as a tensor.

Next, we present two important situations where the assumptions before Definition 5.4
are satisfied. The first is based on the algebra of pseudodifferential operators over non-
commutative tori [7,15] and the second on the abstract algebra of pseudodifferential 
operators for regular n-summable spectral triples [14].

5.2.1. The metric and Einstein functionals for the conformally rescaled spectral triple 
on a noncommutative tori

We begin with the spectral triple on the noncommutative n-torus, (A, H, Dk), where A
is the δa-smooth subalgebra and Dk := kDk is the conformal rescaling of the standard 
(flat) Dirac operator D =

∑
a γaδa with γa as in Section 1.3. As argued in [17] the 

conformal factor k > 0 has to be taken from the copy Ao of A in its commutant. The 
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bimodule of one-forms, generated by the commutators [Dk, a], a ∈ A, is a free left 
module generated by k2γj . With assumptions as in Section 5.1 using the extension of 
the calculus in [7] to Â-valued symbols and of the analogue of the Wodzicki residue, the 
calculations are very much similar to the case of functionals for the Laplace operator on 
noncommutative tori. We provide them explicitly for the two lowest even dimensional 
cases.

Example 1. Functionals of the conformally rescaled spectral triple on the noncommuta-
tive 2-torus.

As argued in [17] it is possible to construct a usual (untwisted) spectral triple with 
a conformally rescaled Dirac operator, however, the conformal factor k > 0 has to be 
taken from the commutant of the algebra. With A = C∞(T 2

θ ) and Ao a copy of A in 
the commutant of A, such a spectral triple is given by (A, Dk = kDk, H⊗ C2), where 
D = D1 and k ∈ Ao is the standard flat Dirac operator,

D =
(

0 δ2 − iδ1
δ2 + iδ1 0

)
.

In fact Dk is an analogue of the classical Dirac operator for the flat metric rescaled 
conformally and unitarily transformed to act on Hilbert space with the volume measure 
of the flat metric.

The space of one-forms is a bimodule over A generated by all commutators [Dk, a], 
a ∈ A and it can be shown that it is a free left module generated by k2σj , j = 1, 2, 
where σj are Pauli matrices.

First, we show,

Lemma 5.9. The conformally rescaled spectral triple on the noncommutative 2-torus, 
(A, Dk = kDk, H⊗ C2), is spectrally closed.

Proof. We have

σ−2(D−1
k ) = σ−2(k−1D−1k−1) = σp( δpq

||ξ||2 − 2 ξpξq
||ξ||4

)
(−k−2δqk k−1).

Integrating it over the ||ξ|| = 1 cosphere gives identically zero, therefore the Wodzicki 
residue of any expression that is a product of a zero-order operator with D−1

k van-
ishes. �

Next, we have the following.

Proposition 5.10. For the conformally rescaled spectral triple over the noncommutative 
2-torus the metric functional for v = k2V aσa and w = k2W aσa, V a, W a ∈ A, reads

gDk
(v, w) = τ(V aW a),
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whereas the spectral Einstein functional vanishes identically,

GDk
(v, w) = 0.

Proof. The computation of the metric functional is straightforward. Next, since the 
spectral triple is spectrally closed, it suffices to compute the spectral Einstein functional 
over the one-forms that generate the bimodule ΩDk

(A),

Gj� = W
(
k2σj{Dk, k

2σ�}DkD
−2
k

)
.

The expression in curly brackets can be rewritten as

σjk2[Dk, k
2σ�]k−1D−1k−1 + 2σjσ�k4.

Since the second term is of order zero, we only need to compute the symbol of order −2
of the first term, which can be rewritten as

σjk3[D, k2σ�]D−1k−1.

Then, using the tracial property of Wwe get

Gj� = W
(
σjk2[D, k2σ�]D−1) = W

(
σjk2[D, k2]σ�D−1)+ W

(
σjk4[D,σ�]D−1),

which vanishes since both expressions have a vanishing symbol of order −2. �

It is rewarding to see that the conformally rescaled spectral triple of the noncommuta-
tive 2-torus shares indeed the same property with its commutative counterpart, namely, 
it has vanishing Einstein tensor.

Example 2. The functionals for the conformally rescaled spectral triple on the noncom-
mutative 4-torus.

The situation is more complicated for the strictly irrational 4-dimensional non-
commutative torus. Following the classical situation, given a positive invertible k ∈ Ao

(which is in the commutant of A), we take Dk = kDk as the conformally rescaled and 
unitarily transformed to act on L2(T 4

θ , τ) ⊗C4, operator D. Let v and w be two arbitrary 
one-forms in the Clifford algebra generated by A and [D, A],

v = k2V aγa, W = k2W aγa,

where γa, a = 1, . . . , 4 are the standard gamma matrices, {γa, γb} = 2δab, and V a, W a

are elements of A (which, of course, commute with k). First, we establish.

Lemma 5.11. The conformally rescaled spectral triple for a 4-dimensional noncommuta-
tive torus is spectrally closed.
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Proof. The computations show that the integral over the cosphere of the symbol of D−3
k

of order −4 is:
∫

||ξ||=1

σ−4(D−3
k )dξ = i

2γa

(
k−2[k−2, {k−1, δak}

]
k−2

)
. (5.8)

It is easy to see that the trace of the above expression vanishes also if multiplied by 
any element of zero-order. This is so because any element of the algebra of operators of 
zero order T , contains only products of γ, powers of k and elements from A, and thus it 
commutes with k. Therefore taking the trace over the algebra gives

W(TD−3
k ) = 0. �

Next, we explicitly compute the metric and Einstein tensor functional for v, w.

Proposition 5.12. The metric and the Einstein functionals for the conformally rescaled 
spectral triple on the noncommutative 4-torus are, respectively,

gDk
(v, w) = τ

(
W aV bk−4) ,

GDk
(v, w) = τ

(
V aW b

(
1
3k−4(δak)k2(δbk) + 2

3k−3(δak)k1(δbk) + k−2(δak)(δbk)

+ 2
3k−1(δak)k−1(δbk) − 4

3k(δak)k−3(δbk) − 2
3k2(δak)k−4(δbk)

+ 2
3k−1(δaδbk) + δab

(
1
3k−1(δck)k−1(δck) + 1

3k2(δck)k−4(δck)

+2
3k1(δck)k−3(δck) − 2

3k−1(Δk)
))

.

(5.9)

We skip the proof which consists of a straightforward though tedious computation 
noting only that to get (5.9) we used the cyclicity of the trace.

Remark 5.13. The above expression has a well-defined commutative limit,

GDk
(v, w) = 1

vol(T 4)

∫

T4

V aW b

((
2
3k−2kakb + 2

3k−1kab

)

+
(

4
3δabk

−2kckc − 2
3δabk

−1kcc

))
,

(5.10)

which recovers the classical formula for the Einstein tensor for a conformally deformed 
metric on the 4-torus with the metric gab = k−4δab,

Gab = 4
(
k−2kakb + k−1kab

)
+ 8δabk

−2kckc − 4δabk
−1kcc. (5.11)
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Note that the density of the functional involving the one-forms uses the contravariant 
Einstein tensor and the volume form, and scales with k like k4k4

√
k−16 so the density in 

4 dimensions scales exactly like the covariant Einstein tensor. The scaling factor comes 
from the convention that τ is normalised with τ(1) = 1.

5.2.2. The metric and Einstein functionals for a regular finitely summable spectral 
triple

The second situation, which is different from the conformally rescaled geometries 
of noncommutative tori, is the case of regular, finitely summable spectral triples (for 
simplicity with simple dimension spectrum). In this case there is a PDO algebra and 
calculus of symbols as defined by Connes and Moscovici [14] (see also [34] and [53]) 
and there exists a tracial state (see [14] Proposition II.1) denoted W (as before). The 
definition and methods of computation of the spectral metric and Einstein functionals 
are, however, quite involved and explicit expressions are feasible only in some special cases 
of highly symmetric Dirac operators (like the flat Dirac operator on noncommutative tori 
or fully symmetric Dirac operators on spheres). One can study though some functorial 
properties, for example the behaviour of the functionals under tensor product of regular 
spectral triples, of which a particular instance is a finite spectral triple as the second 
factor. When the first factor is the classical spectral triple (corresponding to spin-c 
manifolds) this corresponds to almost commutative geometries which play a significant 
role as models for the geometry of physical interactions.

Below we present an example of the metric and Einstein functionals for the tensor 
product of a regular (not necessarily commutative) spectral triple with a simplest non-
trivial spectral triple on two points, expressing them in terms of the functionals on the 
components.

Example. Functionals for the spectral triple on A⊗ C2.

We assume that (A, D, H) is an even spectral triple with grading γ of dimension n
satisfying the assumptions described in section 5.2, which is spectrally closed, and we 
consider (A⊗ C2, D, H⊗ C2), where

D=
(

D γc

γc∗ D

)
,

where c ∈ C.
It is easy to see that the bimodule of one-forms, associated to D consists of the 

following operators,

ω =
(

w+ γcφ+
γc∗φ− w−

)
,

where w± ∈ Ω1
D(A) and φ± ∈ A.
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We can now state

Proposition 5.14. Let ω, ω′ be two one-forms in the spectral triple (A⊗ C2, D, H⊗ C2). 
Then,

gD(ω, ω′) = gD(w+, w′
+) + gD(w−, w′

−) + cc∗v
(
φ+φ′

− + φ−φ′
+
)
,

and

GD(ω, ω′) = GD(w+, w′
+) + GD(w−, w′

−),

+ cc∗gD(w+ − w−, w′
+ − w′

−) − n

2 cc∗(gD(w+, w′
+) + gD(w−, w′

−)
)

+ cc∗ (gD(w+, dφ′
+) − gD(dφ+, w′

−) + gD(w−, dφ′
−) − gD(dφ−, w′

+)
)

+ (cc∗)2v
(
(φ+ + φ−)(φ′

+ + φ′
−)
)
,

where dφ = [D, φ] for φ ∈ A.

We skip the computational proof mentioning only that the condition of being spec-
trally closed does not need to be preserved in the tensor product with a finite spectral 
triple.

6. Final remarks

The concept that geometric objects like tensors (metric, torsion and curvature tensors) 
can be expressed using spectral methods provides an invaluable possibility to study 
them globally both for the manifolds as well as for various extensions of geometries like 
noncommutative geometry.

First of all, the metric functionals we constructed should be compared with various 
other concepts for the metric tensor proposed in the noncommutative realm on the 
algebraic level. Furthermore, possible relations with the notion of a distance (between 
states) and quantum metric spaces should be examined. The possibility of studying 
spectral functionals linked to connections leads to the possibility of defining an abstract 
notion of torsion and torsion-free connection. This would provide a natural contact with 
the various concepts of linear connections and possibly then with such notions as the 
Levi-Civita connection in the noncommutative case, for example [26,49,3–5].

The newly introduced Einstein functional can be further computed for a variety of 
spectral triples on interesting algebras. This includes, in particular, more general spec-
tral triples for the noncommutative two-tori (cf. [16]) for which we expect the spectral 
Einstein functional to vanish. This can be further generalised as

Conjecture 6.1. A regular spectral triple of dimension 2 has a vanishing Einstein spectral 
functional.
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Even if the regularity assumption should be suitably supplemented such a result will 
show the robustness of the noncommutative generalisation of manifolds.

Another direction is to follow a spectral definition of a noncommutative Einstein 
manifold (or, being more precise, an Einstein spectral triple).

Definition 6.2. A spectral triple is called an Einstein spectral triple if the spectral Einstein 
functional is proportional to the metric functional.

The study of these objects in both the context of almost commutative geometries 
and applications in mathematical physics can be very interesting. We also hope that the 
proposed functionals may allow for a global spectral view on the Ricci and curvature 
tensors themselves and rephrase in the spectral language the notion of flat manifolds. 
This, together with the Einstein tensor playing a significant role in physics, can prove 
helpful in applications to quantum field theory and various incarnations of quantum 
gravity. A possibility of having a direct approach not only to the action functional but 
also to a version of equations of motion is another appealing direction of studies that 
could possibly be linked to a more general variational formula.

Yet another direction to investigate might be connected with orbifolds and other 
singular generalisations of a Riemannian manifold, to see for example how our spectral 
functionals apprehend the singularities. Also their extension to the case of a twisted 
algebra of pseudodifferential operators as in [44] is an appealing task.

Another interesting problem remains the equivalence of the algebra of pseudodiffer-
ential operators ([7] and [14]) for the noncommutative tori with various Dirac operators. 
Comparison of the functionals discussed in this work can shed some light on this open 
problem.

Appendix A. Algebra of symbols of pseudodifferential operators

Suppose that P and Q are two pseudodifferential operators with symbols,

σ(P )(x, ξ) =
∑

α

σ(P )α(x)ξα, σ(Q)(x, ξ) =
∑

β

σ(Q)β(x)ξβ , (A.1)

respectively, where α, β are multiindices. The composition rule for the symbols of their 
product takes the form [27].

σ(PQ)(x, ξ) =
∑

β

(−i)|β|

|β|! ∂ξ
βσ(P )(x, ξ)∂βσ(Q)(x, ξ), (A.2)

where ∂ξ
a denotes the partial derivative with respect to the coordinate of the cotangent 

bundle.
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We start with computation of the three leading coefficients of the symbols of P−1 (we 
assume that the kernel of P is finite dimensional and can be neglected in the following) 
for a second-order differential operator P , with the symbol expansion,

σ(P )(x, ξ) = a2 + a1 + a0. (A.3)

The inverse is a pseudodifferential operator P−1, with a symbol of the form,

σ(P−1)(x, ξ) = b2 + b3 + b4 + ..., (A.4)

where bk is homogeneous in ξ of order −k. Inserting these expressions into (A.2) and 
taking homogeneous parts of order 0, −1 and −2 we get the following set of equations:

a2b2 = 1,

a1b2 + a2b3 − i∂ξ
a(a2)∂a(b2) = 0,

a2b4 + a1b3 + a0b2 − i∂ξ
a(a1)∂a(b2)

− i∂ξ
a(a2)∂a(b3) − 1

2∂ξ
a∂

ξ
b (a2)∂a∂b(b2) = 0,

(A.5)

which we solve recursively, obtaining

b2 = a−1
2 ,

b3 = −b2
(
a1b2 − i∂ξ

a(a2)∂a(b2)
)
,

b4 = −b2
(
a1b3 + a0b2 − i∂ξ

a(a1)∂a(b2)

−i∂ξ
a(a2)∂a(b3) − 1

2∂ξ
a∂

ξ
b (a2)∂a∂b(b2)

)
.

(A.6)

Next, we show a technical lemma that allows us to compute the symbol of the higher 
inverse power of the Laplace operator. This is a straightforward application of the iterated 
formula (A.2) and we include it only for completeness. To shorten the notation, we shall 
denote the derivatives with respect to the coordinates on the manifold by δ and use still 
∂ for the partial derivatives with respect to the coordinates on the cotangent bundle. 
Further, we shorten the notation of the derivatives applied to a certain element of the 
product, which would be valid for all derivatives (both ∂, δ), for example:

∂[k]
a (y1y2 · · · yn) = y1y2 · · · ∂a(yk) · · · yn.

Lemma A.1. Given the first three leading symbols of an operator P (with the principal 
symbol being of order −k),

σ(P ) = pk + pk+1 + pk+2 + · · · ,
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we can express the first three leading symbols of R = P l,

σ(R) = rlk + rlk+1 + rlk+2 + · · · ,

in terms of pk, pk+1, pk+2, as:

rlk = (pk)l,

rlk+1 =
l∑

j=1
(pk)j−1pk+1(pk)l−j − i

∑

1≤j<w≤l

∂[j]
a δ[w]

a (pk)l,

rlk+2 =
l∑

j=1
(pk)j−1pk+2(pk)l−j

+
∑

1≤j<s≤l

(pk)j−1pk+1(pk)s−j−1pk+1(x)l−s,

− i

l∑

s=1

∑

1≤j<p≤l

∂[j]
a δ[p]

a (pk)s−1pk+1(pk)l−s,

− 1
2

∑

1≤j<p≤l

∑

1≤r<s≤l

∂
[r]
b δ

[s]
b ∂[j]

a δ[p]
a (pk)l,

(A.7)

Proof. We proceed by induction in l. The claim is obvious for l = 1. Assume now that 
it holds for l − 1, and consider R = P l = PP l−1. By (A.2) we can see, that

rlk = pkr(l−1)k,

rlk+1 = pkr(l−1)k+1 + pk+1r(l−1)k − i∂apkδar(l−1)k,

rlk+2 = pkr(l−1)k+2 + pk+1r(l−1)k+1 + pk+2r(l−1)k

− i∂apkδar(l−1)k+1 − i∂apk+1δarl−1k − 1
2∂a∂bpkδaδbr(l−1)k.

(A.8)

The formula for rlk is obvious. Consider now the expression for rlk+1 and assume that 
the formula holds for l − 1, then

rlk+1 = pk

⎛
⎝

l−1∑

j=1
(pk)j−1pk+1(pk)l−1−j − i

∑

1≤j<s≤l−1
∂[j]
a δ[s]

a (pk)l−1

⎞
⎠

+ pk+1p
l−1
k − i∂apkδap

l−1
k

=

⎛
⎝pk

l−1∑

j=1
(pk)j−1pk+1(pk)l−1−j + pk+1p

l−1
k

⎞
⎠
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− i

⎛
⎝pk

∑

1≤j<s≤l−1
∂[j]
a δ[s]

a (pk)l−1 + ∂apkδap
l−1
k

⎞
⎠

=
l∑

j=1
(pk)j−1pk+1(pk)l−j − i

∑

1≤j<s≤l

∂[j]
a δ[s]

a (pk)l,

where we have used only the reordering of terms and the Leibniz rule for δa:

δa(pk)l−1 =
l−1∑

s=1
δ[s]
a (pk)l − 1.

The formula for rlk+2 can be proved in a similar way. We can split the product in (A.8)
into the sum with no derivatives, only first-order derivatives, and finally second-order 
derivatives. We skip the proof for the first two parts and illustrate only the last part. 
The component of rlk+2 with second-order derivatives (denoted rlk+2(2)) will come from 
the following contributions.

rlk+2(2) = pkr(l−1)k+2(2) − i∂apkδar(l−1)k+1(1) − 1
2∂a∂bpkδaδbr(l−1)k = · · · (A.9)

which, after assuming the validity for l − 1 gives,

· · · = pk

⎛
⎝−1

2
∑

1≤j<p≤l

∑

1≤r<s≤n

∂
[r]
b δ

[s]
b ∂[j]

a δ[p]
a (pk)l

⎞
⎠

− i∂bpkδb

⎛
⎝−i

∑

1≤j<w≤l

∂[j]
a δ[w]

a (pk)l
⎞
⎠

− 1
2∂a∂bpkδaδbp

l−1
k .

(A.10)

Again, using the Leibniz rule, we see that it is indeed the term from (A.7) with second-
order derivatives split into the parts that first pk has no derivatives acted upon, one 
derivative, and two derivatives. �

Corollary A.2. In the special case of scalar symbols (a sufficient condition is that symbol 
pk is scalar) we have (with the same notation as above),
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rlk = (pk)l,

rlk+1 = l(pk)l−1pk+1 − i
l(l − 1)

2 (pk)l−2∂a(pk)δa(pk),

rlk+2 = l(pk)l−1pk+2 + l(l − 1)
2 (pk)l−2(pk+1)2

− i
l(l − 1)

2 (pk)l−3
[
pk

(
∂a(pk+1)δa(pk) + ∂a(pk)δa(pk+1)

)

+ (l − 2)pk+1∂a(pk)δa(pk)
]

− l(l − 1)
24 (pk)l−4

(
6(pk)2∂a∂b(pk)δaδb(pk)

+ 3(l − 2)(l − 3)∂a(pk)∂b(pk)δa(pk)δb(pk)

+ 4(l − 2)pk

[
∂a(pk)∂b(pk)δaδb(pk)

+ ∂a(pk)∂bδa(pk)δb(pk) + ∂a∂b(pk)δa(pk)δb(pk)
])

.

(A.11)
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50 CHAPTER 2. SPECTRAL FUNCTIONALS

2.1.1 Remarks

As this was the first article in the series, we learned some new facts about the functionals and we
can now better understand our results. I present here some remarks and results that extend these
in [P1].

Symmetry of functionals

In the commutative scenario both metric and Einstein functionals are balanced, i.e. GD(u, av) =
GD(au, v) for every differential 1-forms u, v and function a1. In the noncommutative case we indeed
have gD(u, av) = gD(ua, v), although in general this is not true for GD. The proof of theorem 5.7
shows that the Einstein functional is balanced in this sense iff Wres(u[D, a]wD|D|−n) = 0 for all
forms u, v and all a ∈ A. We guarantee it by assuming that the spectral triple is spectrally closed
(definition 5.5), but, in fact, this assumption is stronger than we need. Later, after introducing
the torsion functional in [P3], we observe, that Wres(u[D, a]wD|D|−n) = TD(u, [D, a], w), as [D, a]
is also a differential 1-form. Thus, the Einstein functional is balanced iff the torsion functional
identically vanishes. Even in the commutative case, if we use a Dirac-type operator with torsion,
the resulting Einstein functional will no longer be C∞-linear in both entries.

Powers of pseudodifferential operators

In corollary A.2 we are focused on operators P , R = P l and their three leading symbols. The
corollary is a special (commutative) case of lemma A.1, where l is a positive integer. It turns
out that corollary A.2 holds for all integers l. We can prove that using the following formulas for
P = O−1. If the three leading symbols of O are ok, ok−1, and ok−2, and ok is scalar, then adopting
the same convention for derivatives (∂ξa ≡ ∂a, ∂xa ≡ δa) we have

pk = o−1
k ,

pk+1 = pk(−ok−1pk + i∂aokδapk) = −o−2
k ok−1 − io−3

k ∂aokδaok,

pk+2 = pk

(
−ok−1pk+1 − ok−2pk + i∂aokδapk+1 + i∂aok−1δapk +

1

2
∂abokδabpk

)
.

(2.3)

Before simplifying pk+2, we can write two helpful terms:

δapk+1 =− o−2
k δaok−1 + 2o−3

k ok−1δaok − io−3
k δa∂bokδbok

− io−3
k ∂bokδabok + 3io−4

k ∂bokδaokδbok,

δabpk =− o−2
k δabok + 2o−3

k δaokδbok.

(2.4)

Now, we can write

pk+2 =− o−2
k ok−2 + o−3

k o2k−1 − io−3
k (∂aok−1δaok + ∂aokδaok−1)

+ 3io−4
k ok−1∂aokδaok − 1

2
o−3
k ∂abokδabok − 3o−5

k ∂aok∂bokδaokδbok

+ o−4
k (∂aok∂bokδabok + ∂aok∂bδaokδbok + ∂abokδaokδbok).

(2.5)

1Analogously for metric functional, and the same functionals with vector fields and Laplace-type operators.



Next, we have to use corollary A.2 for such P and a positive l, and compare the results to those
obtained by applying the same equations to O with l substituted by −l. Results for rlk are trivially
in agreement. For rlk+1 we get

rlk+1 = lo
−(l−1)
k (−o−2

k ok−1 − io−3
k ∂aokδaok)− i

l(l − 1)

2
o
−(l−2)
k (−o−2

k ∂aok)(−o−2
k δaok)

= −lo−l−1
k ok−1 − i

l(l + 1)

2
o−l−2
k ∂aokδaok.

(2.6)

The result is also consistent with the formula’s direct application to O, as l(l + 1) = −l(−l − 1).
For rlk+2 we also have the same result. We skip the computations, as they are similar to the ones
above. There are ten types of terms which should be treated separately in comparison to only two
in rlk+1, which makes the computation long, but it is still the same idea, i.e. expressing pj in terms
of oj and collecting similar terms.

This generalization of corollary A.2 can be used to reduce the steps involved in obtaining the
negative powers of a laplace-type operators, which is a crucial step in calculation of each spectral
functional we introduced.

2.2 Spectral metric and Einstein functionals for Hodge-Dirac
operator

One of the most interesting questions that followed was if the results from [P1] hold when applied
to the second natural choice of Dirac-type operator, namely the Hodge-Dirac operator D = d+ d∗

defined on the space of differential forms, with d∗ being the adjoint of the exterior derivative d.
The main result of [P2] is that the metric and Einstein functionals defined by Hodge-Dirac operator
remain the same as for the classical Dirac operator on the same manifold, up to a numerical constant,
i.e. the dimension of the Hilbert space (spinors vs. differential forms).

It is also worth noting, that the Hodge-Dirac operator is spectrally closed, as defined in [P1],
and hence torsion-free.

Algebra of λk± matrices

In the construction of the Hodge-Dirac operator in [P2], we introduce operators λj± that raise and
lower the degree of differential forms. Because their definition may not be fully apparent in the
article, it will be explained here. These operators are defined in the local coordinate system by
their actions on the basis dxJ = dxj1 ∧ · · · ∧ dxjl , j1 < · · · < jl:

λk+dx
J = dxk ∧ dxJ = ϵkJK dxK , λk−dx

J = ϵJkKdxK , (2.7)

where ϵAB for some multiindices A,B is equal to (−1)|π| if B = π(A) for some permutation π or 0
otherwise.

The action of λk− operator on a form arises from the evaluation of this form on a vector ∂k in its
first entry. Thus, if we should keep track of the position of indices, we should write λ−k , although
it is irrelevant in our situation. Given λj±, we may define γj = −i(λj+ − λj−), which behaves like
(flat2) Dirac gamma matrices.

2If we want {γj , γk} = 2gjk instead of 2δjk, we should take −i(λj
+ − gjkλk

−).
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FOR THE HODGE-DIRAC OPERATOR
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ABSTRACT. We examine the metric and Einstein bilinear functionals of differential forms in-
troduced in [8], for the Hodge-Dirac operator d + δ on an oriented, closed, even-dimensional
Riemannian manifold. We show that they are equal (up to a numerical factor) to these function-
als for the canonical Dirac operator on a spin manifold. Furthermore, we demonstrate that the
spectral triple for the Hodge-Dirac operator is spectrally closed, which implies that it is torsion-
free.

Keywords: Noncommutative geometry, Einstein tensor, spectral geometry, Wodzicki residue.

1. INTRODUCTION

Spectral geometry investigates relationships between geometric structures of manifolds and
the spectra of certain differential operators. Its direct and inverse problems are inextricably
linked to other areas of mathematics such as number theory, representation theory, and areas of
mathematical physics such as quantum mechanics and general relativity. In this regard, starting
with the Laplace-Beltrami operator on a closed Riemannian manifold, general Laplace-type op-
erators have been extensively studied, and their spectra provide insights into the geometry and
topology of the underlying space. The distribution of eigenvalues, for example, reveals informa-
tion about the curvature or shape and global geometric properties such as diameter or volume,
connectivity, or the presence of holes. In this vein, the Dirac-type operators have also been
studied, beginning with the canonical Dirac operator on the spin manifold. When subsumed
into Connes’ concept of spectral triples [1, 2], they "can hear the shape of a drum" [14] in the
sense that their equivalence (a suitably strengthened isospectrality) implies the isometricity of
manifolds in virtue of the reconstruction theorem [4]. Furthermore, they allow for broad and
captivating generalisations in noncomutative geometry.

Various (interrelated) spectral schemes that generate geometric objects on manifolds such as
volume, scalar curvature, and other scalar combinations of curvature tensors and their deriva-
tives are the small-time asymptotic expansion of the (localised) trace of the heat kernel [11, 12],
certain values or residues of the (localised) zeta function of the Laplacian, the spectral action,
and the Wodzicki residue W(also known as noncommutative residue). In this paper, we focus
on the latter one, which is the unique (up to multiplication by a constant) tracial state on the
algebra of pseudo-differential operators (ΨDO) on a complex vector bundle E over a compact
manifoldM of dimension n ≥ 2 [13, 19]. For the oriented manifoldM it is given by an integral

This work is supported by the Polish National Science Centre grant 2020/37/B/ST1/01540.
1
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formula,

(1.1) W(P ) :=

∫

M

w (P )

where the density w (P ) is given in local coordinates by

(1.2)
∫

|ξ|=1

tr σ−n(P )(x, ξ) Vξ d
nx.

Here tr is the trace over endomorphisms of the bundle E at any given point of M , σ−n(P ) is
the symbol of order −n of a pseudodifferential operator P and Vξ denotes the volume form on
the unit co-sphere.

When applied to the (scalar) Laplacian ∆ on a Riemannian manifoldM of dimension n = 2m

equipped with a metric tensor g it yields, in a localized form, a functional of f ∈ C∞(M),

(1.3) v(f) := W(f∆−m) = vn−1

∫

M

f volg,

where
vn−1 := vol(Sn−1) =

2πm

Γ(m)
,

is the volume of the unit sphere Sn−1 in Rn.
A startling result regarding a higher power of the Laplacian presented by Connes [3] in the

early 1990s (see [15, 16] for explicit computations) states that

(1.4) R(f) := W(f∆−m+1) =
n− 2

12
vn−1

∫

M

fR(g)volg,

which for n > 2 and f = 1 is, up to a constant, a Riemannian analogue of the Einstein-Hilbert
action functional of general relativity in vacuum. Here R = R(g) is the scalar curvature, that is
the g-trace R=gjkRjk of the Ricci tensor with components Rjk in local coordinates, where gjk

are the raised components of the metric g.
In the noncommutative realm, the spectral-theoretic approach to scalar curvature has been

extended to quantum tori in the seminal work of Connes and Tretkoff [6] and extensively studied
by many authors (see references in [8]).

In the recent paper [8] we accomplished the task of extracting two other important tensorial
geometrical objects through spectral methods. These were the metric tensor g itself, its dual,
and the Einstein tensor

G := Ric− 1

2
R(g) g,

which directly enters the Einstein field equations with matter and its dual. In fact, for this pur-
pose, we employed the Wodzicki residue of a suitable power of the Laplace type operator or of
the Dirac type operator, multiplied by a pair of other differential operators. Notably, we have
recovered the tensors g and G as the density of certain bilinear functionals of vector fields on
a manifold M , while their dual tensors are the density of bilinear functionals of differential
one-forms on M . The latter functionals (up to a numerical factor) we have obtained also for the
canonical Dirac operators (in caseM is a spin manifold). Then, using Connes’ and Moscovici’s
[5] generalisation of pseudodifferential calculus for noncommutative spectral triples, we intro-
duced their conspicuous quantum analogue and probed it on 2 and 4-dimensional noncommu-
tative tori.
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The aim of this paper is, employing methods of the Wodzicki residue, to analyse the met-
ric and Einstein functionals for another natural Dirac-type operator, namely the Dirac-Hodge
operator d+δ acting on (complex) differential forms Ω(M) of arbitrary order on a oriented even-
dimensional Riemannian manifold M . It is worth mentioning that the associated Hodge-Dirac
spectral triple is characterised [7] by the fact that its dense Hilbert subspace of continuous forms
provides a Morita equivalence Cl(M) − Cl(M) bimodule, where Cl(M) is the C∗-algebra of
continuous sections of the bundle of Clifford algebras on M . As is well known, the canonical
spectral triple on a spin manifold is instead characterised by the fact that its dense Hilbert sub-
space of continuous Dirac spinors provides a Morita equivalence Cl(M) − C(M) bimodule,
where C(M) is the algebra of continuous complex functions on M . As our first main result, we
demonstrate that these two different pivotal cases yield in fact equal spectral metric and Einstein
functionals (up to a numerical factor). Moreover, as our second main result, we prove that the
associated spectral triple is spectrally closed, that is, for any operator T of zero-order,

W(TD|D|−n) ≡ 0.

A forthcoming result [9] demonstrates that, as a consequence, the Hodge-Dirac operator has no
torsion.

2. PRELIMINARIES

Let n = 2k be the dimension of an oriented, closed, smooth Riemannian manifold M . We
will use capital letters to denote increasing sequences of numbers between 1 and n, of fixed
length 0 ≤ ` ≤ n. A differential `-form ω =

∑
J ωJdx

J is determined by its coefficients ωJ ,
with respect to coordinates indicated by the multi-index J , where with a slight abuse of notation
0-forms (i.e. functions) will correspond to J = ∅.

We introduce the operators λj+ and λj− which respectively raise/lower the degree of forms,
with components given by

(λp+)IJ = εIpJ , (λp−)IJ = εpIJ ,

where εIpJ = (−)|π| if the juxtaposed index pJ is a permutation π of I and εIpJ = 0 otherwise,
and similarly for εpIJ . They satisfy

(2.1)

λp+λ
r
+ + λr+λ

p
+ = 0,

λp−λ
r
− + λr−λ

p
− = 0,

λp+λ
r
− + λr−λ

p
+ = δpr id,

which follow from the relations (c.f. [18])

(2.2)

∑

K

εIpKε
K
rJ = εIprJ ,

∑

K

εpIK ε
rK
J = εIrpJ ,

∑

K

εIpKε
rK
J = δprε

I
J − εrIpJ ,

∑

K

εrIK ε
K
pJ = εrIpJ ,

where the juxtaposed indices can be ordered using a signed permutation. We also introduce

γp = −i(λp+ − λp−),
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which satisfy the following Clifford algebra relation

{γp, γr} = 2δpr.

In the rest of the paper, we employ normal coordinates x centred around some fixed point
on the manifold. Recall that then the components of the metric tensor g, its covariant (raised)
components, and the square root of the determinant of the matrix of the components of g and the
components of the Christoffel symbols of the Levi-Civitá connection have the following Taylor
expansion around x = 0:

(2.3)

gab = δab −
1

3
Racbdx

cxd + o(x2),

gab = δab +
1

3
Racbdx

cxd + o(x2),

√
det(g) = 1− 1

6
Ricabx

axb + o(x2),

Γabc = −1

3
(Rabcd +Racbd)x

d + o(x2).

Here Racbd and Ricab are the components of the Riemann and Ricci tensors, respectively, at
the point x = 0 and we use the notation o(xk) to denote that we expand a function up to
the polynomial of order k in the normal coordinates. The expansion in normal coordinates is
more convenient notation to obtain the value of relevant quantities (symbols of operators) and
their derivatives at a given point on the manifold, which we need to compute the products of
symbols according to the rules of multiplication of symbols (A.2). The position of indices for
λp±, coordinates x and ξ, as well as Riemann and Ricci tensors at the chosen point is chosen for
simplicity only (as we are using normal coordinates and the metric at this point is δab). We use
Einstein summation convention for repeated indices (independently of their position), by { , }
we denote anticommutators.

2.1. Hodge-Dirac operator. We focus on the Hodge-Dirac operator D = d + d∗, where d is
the exterior derivative and d∗ is its (formal) adjoint. Using our notation, we compute (locally)
the symbol of D,

(2.4) σ(D) = (iλp+ − igprλr−)ξp + λp−λ
r
+λ

s
−Γsrtg

pt,

which in normal coordinates takes form

(2.5) σ(D) = −γpξp −
1

3
iλp−Rsapbx

axbξs −
1

3
λp−λ

r
+λ

s
−(Rsrpa +Rspra)x

a + o(x2).

We compute then the symbols of the Hodge-Dirac Laplacian D2 in normal coordinates up to
orders relevant for our purposes.

Lemma 2.1. The three homogeneous symbols of D2 read

a2 =
(
δab +

1

3
Racbdx

cxd
)
ξaξb + o(x2),

a1 = +
2

3
iRicabξax

b − 2

3
iλp+λ

r
−(Rrpab +Rrapb)x

bξa + o(x1),

a0 = +
2

3
λp+λ

r
−Ricpr +

1

3
λp+λ

r
+λ

s
−λ

t
−(Rtsrp +Rtrsp) + o(x0).



SPECTRAL METRIC AND EINSTEIN FUNCTIONALS FOR THE HODGE-DIRAC OPERATOR 5

Proof. The computation of the principal symbol a2 is obvious for the symbol of order 1:

a1 =− 1

3
i{λt+, λp−λr+λs−}(Rsrpa +Rspra)x

aξt +
1

3
i{λt−, λp−λr+λs−}(Rsrpa +Rspra)x

aξt

+
1

3
γpλr−(Raprb +Rabrp)x

bξa

= −1

3
iλr+λ

s
−(Rsrta +Rstra)x

aξt −
1

3
iλp−λ

r
+(Rtrpa +Rtpra)x

aξt

− 1

3
iλp−λ

s
−(Rstpa +Rspta)x

dξt −
1

3
iλp+λ

s
−(Rtpsa +Rtasp)x

aξt

+
1

3
iλp−λ

s
−(Rtpsa +Rtasp)x

aξt

=
2

3
iRicsax

aξs −
1

3
iλr+λ

s
−(Rsrta +Rstra −Rtrsa −Rtsra +Rtrsa +Rtasr)x

aξt

− 1

3
iλr−λ

s
−(Rstra +Rsrta −Rtrsa −Rtasr)x

aξt

=
2

3
iRicsax

aξs −
2

3
iλr+λ

s
−(Rsrta +Rstra)x

aξt.

and the order 0 symbol:

a0 =− 1

3
iγpλq−λ

r
+λ

s
−(Rsqrp +Rsrqp)

=− 1

3
λp+λ

q
−λ

r
+λ

s
−(Rsqrp +Rsrqp)

=
2

3
λp+λ

s
−Ricps +

1

3
λp+λ

r
+λ

q
−λ

s
−(Rsqrp +Rsrqp).

2.2. The inverse of D2 and its powers. In this section, we present the results that can be ap-
plied to a more general situation than the Hodge-Dirac operator. Note, that since we work with
pseudodifferential operators, we denote by the inverses of elliptic operator the corresponding
parametrix. For this reason we can ignore the kernel of these operators. Let us start with the
following lemma:

Lemma 2.2. Let L be a Laplace-type operator with symbol

σ(L) = a2 + a1 + a0

expressed in normal coordinates as

a2 =
(
δab +

1

3
Racbdx

cxd
)
ξaξb + o(x2),

a1 = iPabξax
b + o(x1),

a0 = Q+ o(x0).

Then the theree leading symbols of σ(L−k) = c2k + c2k+1 + c2k+2 are:

c2k = ||ξ||−2k−2
(
δab −

k

3
Racbdx

cxd
)
ξaξb + o(x2),

c2k+1 = −ik||ξ||−2k−2Pabξaxb + o(x1),

c2k+2 = −k||ξ||−2k−2Q+ k(k + 1)||ξ||−2k−4
(
Pab −

1

3
Ricab

)
ξaξb + o(x0).
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Proof. First, observe that we follow the notation of most papers (see [6]) and to simplify the
notation indicate a negative order −k by k ≥ 0, so b2 below denotes the symbol of order −2.
We start with computing leading symbols of the inverse of L, i.e. σ(L−1) = b2 + b3 + b4 using
the fact, that σ(LL−1) = σ(1) = 1. We have:

b2 = (a2)
−1 = ||ξ||−4

(
δab −

1

3
Racbdx

cxd
)
ξaξb + o(x2),

b3 = b2(−a1b2 + i∂aξ a2∂ab2) = −i||ξ||−4Pabξaxb + o(x1),

b4 = b2

(
−a0b2 − a1b3 + i∂aξ a2∂ab3 + i∂aξ a1∂ab2 +

1

2
∂abξ a2∂abb2

)

=− ||ξ||−4Q+ 2||ξ||−6
(
Pab −

1

3
Ricab

)
ξaξb + o(x0).

To finish we apply Lemma A1 in [8] and compute the three leading symbols of the powers of
the pseudodifferential operator L−k.

Using the above lemma for L = D2, with the Hodge-Dirac operator D (2.4) , we get the
following result.

Proposition 2.3. The leading symbols of D−2k are, up to the appropriate order in x,

(2.6)

c2k = ||ξ||−2k−2
(
δab −

k

3
Racbcx

cxd
)
ξaξb + o(x2),

c2k+1 = −2

3
ki||ξ||−2k−2Ricabx

bξa+
2

3
ki||ξ||−2k−2λr+λs−

(
Rsrba +Rsbra

)
xaξb + o(x1)

c2k+2 =
k(k + 1)

3
||ξ||−2k−4Ricabξaξb

− 2

3
k(k + 1)||ξ||−2k−4 λr+λs−(Rsrab +Rsarb)ξaξb

+
1

3
k||ξ||−2k−2λp+λq−λr+λs−(Rsqrp +Rsrqp) + o(x0).

Proof. For L = D2 we substitute in Lemma 2.2

Pab =
2

3
Ricab −

2

3
λr+λ

s
−(Rsrab +Rsarb),

Q = −1

3
λp+λ

q
−λ

r
+λ

s
−(Rsqrp +Rsrqp).

3. SPECTRAL FUNCTIONALS

In [8], we defined two spectral functionals for finitely summable spectral triples, which for the
canonical spectral triple over the spin manifold M allow to recover the metric and the Einstein
tensors, viewed as bilinear functionals over a pair of one-forms. We recall the definition:

Definition 3.1 (cf. [8], Definition 5.4). If (A, D,H) is a n-summable spectral triple, let Ω1
D

be the A bimodule of one forms generated by A and [D,A]. Moreover, assume there exists a
generalised algebra of pseudodifferential operators which contains A, D, |D|` for ` ∈ Z with a
tracial state Wover this algebra (called a noncommutative residue), which identically vanishes
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on T |D|−k for any k > n and a zero-order operator T (an operator in the algebra generated by
Aand Ω1(A)). Then, for u,w ∈ Ω1

D(A), we call

gD(u,w) := W(uw|D|−n),

metric functional, and
GD(u,w) := W(u{D,w}D|D|−n).

Einstein functional.

3.1. Hodge-de Rham spectral triple. We compute now these functionals for A = C∞(M)

and D = d+ δ, identifying for dimM = n ≥ 2 ,

Ω1
D(A) ' Ω1(M)

via the correspondence of local components

u = γpup ↔ U = upe
p,

with respect to an orthonormal coframe ep. First, let us compute the metric functional g.

Proposition 3.2. For U, V ∈ Ω1(M), the metric spectral functional reads

(3.1) g(U,W ) = 2nvn−1

∫

M

g(U,W ) volg.

Proof. It can be seen that it is adequate to expand U,W , and so u,w, up to o(x0) in normal
coordinates:

u = γpup + o(x0), w = γrwr + o(x0).

We compute (locally) the density of W(UW |D|−n) as
∫

||ξ||=1

Tr (γpγrupwr)cn(D) dnx = vn−1
√
g Tr (γpγrupwr) d

nx = 2nvn−1
√
g upwp d

nx.

The factor 2n comes from the trace of 1 over the space of differential forms.
Next, we have,

Proposition 3.3. For U, V ∈ Ω1(M), the Einstein functional reads

G(U,W ) =
2n

6
vn−1

∫

M

G(U,W )volg,

where G is the Einstein tensor for M .

Before we begin with the proof let us demonstrate some useful lemmas. The first computes
W(ED−2m+2) for two specific cases of endomorphism E.

Lemma 3.4. If E is locally given by

e(0) + e(2)pq γ
pγq,

the density of the functional W(ED−2m+2) reads locally

n− 2

24
2nvn−1

√
gR(−e(0) − e(2)pp ) dnx.



8 L. DĄBROWSKI, A. SITARZ, AND P. ZALECKI

On the other hand, if Ẽ is locally given by

ẽ(0) + ẽ(2)pq λ
p
+λ

q
−,

the local density of the functional W(ẼD−2m+2) reads locally

−n− 2

24
2nvn−1

√
gRẽ(0) dnx.

The proof is based on direct calculations using Proposition 2.3:

(3.2)
Tr
(
E

∫

||ξ||=1

c2(m−1)+2

)
Vξ d

nx =

n− 2

12
vn−1Tr

(
E
(
2(Rsrqp +Rsqrp)λ

p
+λ

q
−λ

r
+λ

s
− +R− 2Ricqpλ

p
+λ

q
−
) )
dnx

Next, more generally, we state:

Lemma 3.5. For P such that σ(P ) = F abξaξb +Gaξa +H , where locally

F ab = f (0)ab + f (2)ab
pq γpγq,

w(PD−n) reads locally

vn−1

(
Tr H +

2n

24
R(−f (0)aa − f (2)aa

pp )

)
dnx.

Also, for P̃ such that σ(P̃ ) = F̃ abξaξb +Gaξa +H , where locally

F̃ ab = f̃ (0)ab + f̃ (2)ab
pq λp+λ

q
−,

w(P̃D−n) reads locally

vn−1

(
Tr H +

2n

48

(
−2Rf̃ (0)aa − f̃ (2)aa

pp R + 2(f̃ (2)ab
pq + f̃ (2)ba

pq )Rpaqb

))
dnx.

The proof follows directly by computation using Proposition 2.3 and Lemma A.3 applied to
the explicit expression:

(3.3)

∫

||ξ||=1

σ−2m(PD−2m)Vξ =
1

6
F aa

[
(Rsrqp +Rbqrs)λ

p
+λ

q
−λ

r
+λ

s
− +

1

2
R−Rpqλ

p
+λ

q
−

]

+
1

6
F ab[−Rab + (Rqapb +Rpaqb)λ

p
+λ

q
−] +H.

Proof. [Proof of Proposition 3.3] We begin with computing the symbol of uDwD at x = 0,
where it suffices to expand u and w as:

u = γpup + o(x0), w = γsws + γswsax
a + o(x1),

and thus locally:

uDwD =γpγqγrγsupwrξqξs − iγpγqγrγsupwrqξs

− 1

3
iγpγqγrλs−λ

t
+λ

z
−(Rztsq +Rzstq)upwr + o(x0).
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Then, we use lemma 3.4 for P = uDwD and E = uw. In this case we have

E = upwqγ
pγq,

H = −1

3
iγpγqγrλs−λ

t
+λ

z
−(Rztsq +Rzstq)upwr

= −2

3
iγpλq−λ

r
+λ

s
−(Rsrqt +Rsqrt)upwt +

1

3
iγpγqγrλs−λ

t
+λ

z
−(Rztsr +Rzstr)upwq,

F pqξpξq = γrγpγsγqurwsξpξq = (2urwpδqsγ
rγs − urwsγrγsδpq)ξpξq,

where we used that γpγqξpξq = δpqξpξq. Next, we see,

e(0) = 0, e
(2)
ab = uawb,

f (0) = 0, f
(2)ab
cd = 2ucwaδbd − ucwdδab.

Finally, the contribution arising from E gives:

−n− 2

24
2nvn−1Ruawa.

whereas the part from F is,

−2n

24
vn−1Rf

(2)aa
ii =

n− 2

24
2nvn−1Ruawa.

These two terms cancel each other, and we are left with terms that arise from H . The only
possible terms in Tr H are linear combinations of uawaR and uawbRicab, thus, we know, that
the result is symmetric in ua, wb. It allows us to simplify the second term in H:

H = −2

3
iγpλq−λ

s
+λ

t
−(Rtsqb +Rtqsb)upwb +

1

3
iγrλq−λ

s
+λ

t
−(Rtsqr +Rtqsr)uawa + . . . ,

where ". . . " are terms antisymmetric in ua, wb, which we can neglect. We can also insert −iλ+
instead of the remaining γ’s because the part with λ− will be traceless. Now, using the lemma
A.3 we get:

Tr H =
1

6
Ricab uawb −

1

12
Ruawa =

1

6
Gab uawb.

This proves the result.
We deduce that for the spinc manifolds the spectral functionals for the Hodge-de Rham spec-

tral triple are equal, up to the rank of the vector bundles, to those for the canonical spinc spectral
triple.

3.2. Spectral closedness and torsion. In this section, we will prove that the Hodge-Dirac
spectral triple has the property of being spectrally closed.

Theorem 3.6. Let T be an operator of order 0 from the algebra generated by a[D, b], a, b ∈
C∞(M). Then,

W(TD|D|n) = 0.

Proof. If we compute the symbol of TD at a chosen point on the manifold M in normal
ccordinates at x = 0 we obtain,

σ(TD) = T (−γpξp).
Next, if we combine it with Proposition 2.3 we see that the symbol of order −n of TD|D|n is:

σ−n(TD|D|−n) = 0 + o(x0).
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This ends the proof.
As a consequence, we demonstrate in [9] that the Hodge-Dirac spectral triple is torsion-

free. It is interesting to study generalised Hodge-Dirac operators, which are defined through an
arbitrary linear connection, are not metric compatible, and have a torsion. Also, the extension to
noncommutative Hodge-de Rham calculi and a comparison with the approach of [10] would be
of great interest. Note that we focused here on even-dimensional manifolds only for the sake of
simplicity and the result easily extends to the case of odd-dimensional manifolds (for technical
details that include the computation of symbols, compare [9]).

APPENDIX A. DETAILS OF COMPUTATIONS

We begin with a formula for the product of two pseudodifferential operators, P and Q, which
have expansion in homogeneous symbols,

(A.1) σ(P )(x, ξ) =
∑

α

σ(P )α(x, ξ), σ(Q)(x, ξ) =
∑

β

σ(Q)β(x, ξ),

respectively, where α, β are multiindices (such that |α| =
∑

k α
k and |β| are bounded from

above). The symbol σ(P )α(x, ξ) is homogeneous of order |α| if for r > 0 σ(P )α(x, rξ) =

r|α|σ(P )α(x, ξ). The composition rule for the symbols of their product takes the form [11].

(A.2) σ(PQ)(x, ξ) =
∑

β

(−i)|β|
|β|! ∂ξβσ(P )(x, ξ)∂βσ(Q)(x, ξ),

where ∂ξa denotes the partial derivative with respect to the coordinate of the cotangent bundle.

Lemma A.1. A direct computation of traces of products of λ matrices is based on the following
recursive formula:

Tr λp1+ · · ·λpk+ λq1− · · ·λqk−

=
1

2

k∑

j=1

(−1)k−jδp1qj Tr
(
λp2+ · · ·λpk+ λq1− · · ·λqj−1

− λ
qj+1

− · · ·λqk−
)
.

In particular, we have

(A.3)
Tr (λp+λ

q
−) = 2n−1δpq,

Tr (λp1+ λ
q1
−λ

p2
+ λ

q2
− ) = 2n−2(δp1q1δp2q2 + δp1q2δp2q1),

and

(A.4)

Tr (λp1+ λ
q1
−λ

p2
+ λ

q2
−λ

p3
+ λ

q3
− ) =

= 2n
(1

8

∑

σ∈S3

δp1qσ(1)δp2qσ(2)δp3qσ(3)− 1

4
δp1q2δp2q3δp3q1

)
.

Next, we present the results on traces of products of γ and λ matrices.

Lemma A.2.

(A.5) Tr (γpγqλr+λ
s
−) = 2n−2

(
2δpqδrs + δpsδqr − δprδqs

)
= 2n−1

(
δpqδrs − 1

2
εpqrs
)
,

(A.6) Tr (γpγqλr+λ
s
−λ

t
+λ

z
−) = 2n−2δpq(δrsδtz+δrzδst)−2n−3(δrsεpqtz +δstεpqrz+δtzεpqrs+δrzεpqst )
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We skip the computational proof, which is based on expressing γ-matrices in terms of λ-
matrices,

γpγq = −λq+λp− + λp+λ
q
− + δpq + . . . ,

and using the results of Lemma A.1.
As a consequence, we obtain the following identities for the geometric quantities:

Lemma A.3. In normal coordinates around x = 0 we have the following identities

(A.7)

Tr (λp+λ
q
−)Ricpq = 2n−1R,

Tr (λp+λ
q
−)(Rpaqb +Rqapb) = 2nRicab,

Tr (λp+λ
q
−λ

r
+λ

s
−)(Rsrqp +Rsqrp) = −2n−2R,

Tr (λp+λ
q
−λ

r
+λ

s
−)Ricrs = 2n−2(δpqR + Ricpq),

Tr (γpγqλr+λ
s
−)Ricrs = 2n−1δpqR,

Tr (λp+λ
q
−λ

r
+λ

s
−)(Rrasb +Rsarb) = 2n−2(2δpqRicab +Rqapb +Rpaqb),

Tr (γpγqλr+λ
s
−)(Rrasb +Rsarb) = 2nδpqRicab,

Tr (λp+λ
q
−λ

r
+λ

s
−λ

t
+λ

z
−)(Rztsr +Rzstr) = 2n−3(−Rδpq + 2Ricpq),

Tr (γpγqλr+λ
s
−λ

t
+λ

z
−)(Rztsr +Rzstr) = −2n−2δpqR.

Proof. Direct computation using (A.3)-(A.5) and the properties of the Riemann and Ricci
tensors.
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2.3 Spectral torsion
In the last article [P3] we introduce a new functional — spectral torsion — and compute it for some
interesting examples of spectral triples. The torsion functional is defined as

TD(u, v, w) :=Wres(ûv̂ŵD|D|−n), (2.8)

where D can be now a Dirac-type operator with torsion. In the classical case this functional is

TD(u, v, w) ∝
∫
uavbwcT

A
abcvolg, (2.9)

where TA
abc is the totally antisymmetric part of the torsion tensor.

On spin manifolds, lifting the Levi-Civita connection to the spinor bundle yields the canonical
Dirac operator, which is torsion-free and metric-compatible. In the case of spectral triples, we
begin with the Dirac operator, for which we know nothing about its torsion. The spectral torsion
functional is a simple method for examining the Dirac operator’s torsion and determining if it
vanishes.
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Abstract. We introduce a trilinear functional of differential one-forms for a finitely summable
regular spectral triple with a noncommutative residue. We demonstrate that for a canonical
spectral triple over a closed spin manifold it recovers the torsion of the linear connection.
We examine several spectral triples, including Hodge-deRham, Einstein-Yang-Mills, almost-
commutative two-sheeted space, conformally rescaled noncommutative tori, and quantum (* (2)
group, showing that the third one has a nonvanishing torsion if nontrivially coupled.

1. Introduction

The existence and uniqueness of a metric-compatible linear connection with vanishing torsion
is one of the fundamental theorems of Riemannian geometry. Torsion appears quite naturally
as a vector-valued two-form in this approach, and the assumption that it identically vanishes
leads to the Levi-Civita connection, which solely depends on the metric. In the background of
general relativity lies the torsion-free condition of Riemannian geometry, which very accurately
describes the gravitational interaction of bodies. Torsion, on the other hand, has a physical
interpretation as the quantity that measures the twisting of reference frames along geodesics
and has been considered an independent field in physics in Einstein-Cartan theory [4]. Torsion,
unlike gravitational fields, must vanish in a vacuumand does not propagate; however, its existence
causes nonlinear interactions of matter with spin and has the potential to change the standard
singularity theorems of General Relativity (see [16, 21] for a review of physical theories).

The emergence of noncommutative geometry [5, 6], which generalises standard notions of
differential geometry to an algebraic (or operator-algebraic) setup, has raised newquestions about
the concepts of linear connections, metric, and torsion. A transparent link between different
approaches, ranging from purely algebraic noncommutative differential geometry to operator
algebraic spectral triple formalism, and a unifying view of metric, linear connection, and torsion
has yet to be established. Although the algebraic concepts of linear connections, torsion, and
metric compatibility have been achieved, the existence of the Levi-Civita connection can only
be proven in special cases (see [1, 2, 3] and the references therein).

On the other hand, the spectral triple approach, with the Dirac operator being the fundamental
object of geometry, has not yet been able to determine whether the constructed Dirac operators
correspond to the Levi-Civita connection or whether they contain a nonvanishing torsion. So
far, for that purpose, one could only try to minimise the spectral functional corresponding to the
integrated scalar curvature while keeping the metric defined by the Dirac operator unchanged.
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Key words and phrases. spectral geometry, noncommutative geometry, torsion, noncommutative residue.
This work is supported by the Polish National Science Centre grant 2020/37/B/ST1/01540.
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Even in the classical case of manifolds, this can be a difficult task. (see computations of spectral
action for a nonvanishing torsion [15, 20, 18]), which becomes even harder in a genuinely
noncommutative situation [22].

The aim of this paper is to propose a plain, purely spectral method that allows to determine the
torsion as the density of the torsion functional and impose (if possible) the torsion-free condition
for regular finitely summable spectral triples.

2. Dirac operator with torsion

Let us assume that " is a closed spin manifold of dimension =, with the metric tensor 68 9 .
In terms of a (local) basis 48 of orthonormal vector fields on " the covariant derivative can be
written as

(2.1) ∇484 9 = l8 9 :4: .
The requirement that ∇ is metric, that is for any vector fields -,., / ,

L-6(., /) = 6(∇-., /) + 6(.,∇-/),
allows to determine the connection explicitly through the formula,

26(∇-., /) = 6( [-,. ], /) + 6( [/, -], . ) + 6( [/,. ], -)
+ 6() (-,. ), /) + 6() (/, -), . ) + 6() (/,. ), -),

where ) is the torsion tensor,

) (-,. ) = ∇-. − ∇.- − [-,. ] .
Therefore, the spin connection coefficients l8 9 : can be split into the Levi-Civita connection,
l!�8 9 : and the contorsion part, g8 9 : . The first can be expressed explicitly in the basis 48 through
the structure constants 28 9 : of the commutators of orthonormal vector fields,

(2.2) l!�8 9 : :=
1
2
(28 9 : + 2:8 9 + 2: 98), [48, 4 9 ] = 28 9 :4: ,

and the remaining part of the connection, the contorsion tensor, is related to the torsion of the
connection,

g8 9 : = 1
2 ()8 9 : + ):8 9 + ): 98),

where ) (48, 4 9 ) = )8 9 :4: .
The lift of the covariant derivative to Dirac spinor fields is,

(2.3) ∇(B)48 = 48 −
1
4
l8 9 :W

9W: ,

with W 9 are the usual generators of Clifford algebra. The Dirac operator on a spin manifold is,
in a local basis of orthonormal frames, a first-order differential operator,

(2.4) � (B) = 8W 9∇(B)4 9 ,
and is unique for a given metric and contorsion tensor. The canonical Dirac operator, �, is the
one for vanishing contorsion and we call it torsion-free Dirac operator. The torsion tensor can
be expressed using the contorsion,

)8 9 : = g8 9 : − g98: .
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Note the antisymmetry g8 9 : = −g8: 9 while )8 9 : = −):8 9 . The torsion tensor can be split into
three parts, the vector part, totally antisymmetric part and the Cartan part, however the Cartan
part does not contribute at all to the Dirac operator and the vector part has to vanish if the
resulting Dirac operator has to be self-adjoint [13]. Therefore, out of the full torsion only the
antisymmetric part appears in the selfadjoint Dirac operator and hence we shall assume that
torsion (and contorsion) are antisymmetric tensors. Therefore, the Dirac operator with a fully
antisymetric torsion ) is,

(2.5) �) = 8W
9 (∇(B,!�)4 9 − 1

8
)9 :;W

:W;
)
= � − 8

8
)9 :;W

9W:W; ,

where � is the standard Dirac operator, which originates from the Levi-Civita connection. Note
that since [�) , 5 ] = [�, 5 ] for any function 5 ∈ �∞("), the algebra of differential forms
remains the same. We will denote D̂ the Clifford multiplication by the one-form D. Let W

denote the Wodzicki residue [25, 14]. We introduce the following definition of the torsion
functional of which the name is explained by the subsequent torsion recovery theorem.

Definition 2.1. For �) given by 2.5 the trilinear functional of differential one-forms D, E, F

(2.6) T(D, E, F) = W
(
D̂ÊF̂�) |�) |−=

)
,

is called torsion functional.

As our first main result we state,

Theorem 2.2. The torsion functional for the Dirac operator �) on a Riemannian closed spin
manifold of dimension = is,

(2.7) T(D, E, F) = −2<8+ ((=−1)
∫
"

E>;6 D0E1F2)012 .

where < = =
2 for even = and < = =+1

2 for odd = > 1.

An immediate consequence is,

Corollary 2.3. The Dirac operator �) is torsion free iff the torsion functional vanishes:

) ≡ 0 ⇔ T(D̂, Ê, F̂) = 0.

To prove the theorem we employ the calculus of pseudodifferential operators and expansion
of the symbols in normal coordinates.

2.1. Normal coordinates and symbols. Let us recall that in the normal coordinates [19] the
metric and the Levi-Civita connection have a Taylor expansion at a given point (x = 0) on the
manifold,

(2.8)

601 = X01 − 1
3
'0213G

2G3 + >(x2),

601 = X01 + 1
3
'0213G

2G3 + >(x2),
√
det(6) = 1 − 1

6
Ric01G0G1 + >(x2),

Γ012 (G) = −
1
3
('0123 + '0213)G3 + >(x2),
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where '0213 and Ric01 are the components of the Riemann and Ricci tensors, respectively, at
the point with x = 0 and we use the notation >(xk) to denote that we expand a function up to the
polynomial of order : in the normal coordinates.

As a next step, we compute the symbols of �) and its inverses as pseudodifferential operators
(see Appendix). We start with the symbol of �) expanded in normal coordinates up to >(1):

(2.9) f(�) ) = 8W 9
(
8b 9−1

8
)9 ?BW

?WB
)
+ >(1).

A Clifford multiplication by a differential form E can be expanded in local normal coordinates
around a point on a manifold, as:

Ê = E0W
0 + >(1).

We can now proceed with the proof of the theorem.

Proof of Theorem 2.2: First of all, observe that since each one-form is a zero-differential operator
then effectively we need to compute the symbol of order −= of �) |�) |−=. We start with the
even dimension case = = 2<, postponing the case of odd dimensions till later. To compute
the two leading symbols of �−2:

) , denoted by c2< + c2<+1 we need the two leading symbols of
f(�2

) ) = a2 + a1 + a0.

(2.10)
a2 =| |b | |2 + >(x),

a1 =−1
8
8)012

(
W 9W0W1W2 + W0W1W2W 9 )b 9 + >(1).

Then, using results from [11] (Lemma A.1) we have:

(2.11)
c2< = | |b | |−2< + >(x),

c2<+1 =
1
8
8< | |b | |−2<−2)012

(
W 9W0W1W2 + W0W1W2W 9 )b 9 + >(1).

We are now ready to compute the symbol of order −= of D̂ÊF̂�) |�) |−=:

(2.12)
f−= (D̂ÊF̂�) |�) |−=) = −1

8
D0W

0E1W
1E2W

2

(
8)9 ?BW

9W?WB | |b | |−2<

+ (−W: )
(
−8< | |b | |−2<−2)?BA

(
W 9W?WBWA + W?WBWAW 9 )b 9b:

)
+ >(1).

Then, we proceed with the calculation of the Wodzicki residue.

(2.13)

W
(
D̂ÊF̂�) |�) |−=

)
=

∫
"
Tr�;

∫
| |b | |=1

f−= (D̂ÊF̂�) |�) |−=)

= −2<8+ ((=−1)
∫
"

E>;6 D0E1F2)012 .

This ends the proof for even =. To see that the proof holds also for odd = we apply the usual
technique to compute the symbol of |�) | =

√
�2
) following [23, Chapter XIII §1]. It follows



SPECTRAL TORSION 5

that the symbol |�) | is, as a sum of homogenous symbols, of which we need only the first two
(up to relevant order in normal coordinates):

f( |�) |) =
(
|b | + >(x)

)
+
(
−1

8
8)012

(
W 9W0W1W2 + W0W1W2W 9 )b 9 |b |−1 + >(1)

)
+ · · · .

Then the rest of the proof is the same as in the case of even dimensions. �

Remark 2.4. Note that the lowest odd dimension in which there can be a nonvanishing torsion
is = = 3. In the lowest possible even dimension = = 4 the torsion functional can also be written
as a functional over a single one-form:

(2.14) T(D) = W
(
WD̂�) |�) |−=

)
.

3. Noncommutative torsion

The spectral definition of torsion, Def.2.1, can be readily extended to the noncommutative
case of spectral triples. Let (A, �,H) be a =-summable unital spectral triple, Ω1

� (A) be
the A bimodule of one forms generated by A and [�,A], which by definition consists of
bounded operators onH. We assume that there exists a generalised algebra of pseudodifferential
operators, which contains A, �, |� |ℓ for ℓ ∈ Z, and there exists a tracial state W on it, called
a noncommutative residue. Note that these assumptions follow if the spectral triple is finitely
summable and regular, (c.f. [17] and [24]). Moreover, we assume that the noncommutative
residue identically vanishes on ) |� |−: for any : > = (c.f. [7]) and a zero-order operator ) (i.e.,
an operator in the algebra generated by A and Ω1

� (A)). We introduce the following definition
of torsion functional for spectral triples.

Definition 3.1. Torsion functional for the spectral triple (A, �,H) is a trilinear functional of
D, E, F ∈ Ω1

� (A) defined by,
T(D, E, F) = W(DEF� |� |−=).

We say that the spectral triple is torsion-free (or, for simplicity, the Dirac operator � is torsion-
free) if Tvanishes identically.

We recall a stronger condition of spectrally closed spectral triples defined in [11, Definition
5.5] which, in particular, implies the torsion-free condition stated above.

Definition 3.2. We say that a spectral triple with a trace on the generalised algebra of pseu-
dodifferential operators is spectrally closed if for any zero-order operator % (from the algebra
generated by A, and Ω1

� (A) ) the following holds:
W(%� |� |−=) = 0.

Lemma 3.3 ([11, Lemma 5.6]). The classical spectral triple over a closed spin-c manifold "
of dimension = = 2< is spectrally closed in the above sense and hence is torsion-free.

4. Examples

The examples of spectral triples presented below are all significant cases of various noncom-
mutative geometries to which we apply the proposed spectral definition of torsion and compute
the torsion functional.
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4.1. Hodge-Dirac. Let us start with a purely classical example of a Hodge-Dirac spectral triple
over an oriented, closed Riemannian manifold, where the Hilbert space are square-summable
differential forms and the Dirac is � = 3 + X, where X = ∗3∗, with ∗ being the Hodge star
operator. In [12] we demonstrated that such spectral triple is spectrally closed and therefore
torsion-free.

4.2. Einstein-Yang-Mills. Consider a closed spin manifold " of even dimension = = 2< and
a spectral triple (

�∞(") ⊗ "# (C), �̃, !2(() ⊗ "# (C)
)
.

Here, the algebra "# (C) acts by left multiplications on "# (C) regarded as a Hilbert space with
the scalar product 〈", "′〉 = Tr("∗"′) . Also,

�̃ = � ⊗ id# + � + ���−1

is a fluctuation of � ⊗ id# , where � is the standard Dirac operator on " ,

�= �∗ ∈ Ω1
� =

{
U[� ⊗ id# , V] | U, V ∈ �∞(") ⊗ "# (C)

}
,

and � = �⊗∗, with � being the charge conjugation on spinors in (. Note that � equals 8W0-0,
where -0 = −-∗0 ∈ �∞(", "# (C)) acts on "# (C) by left multiplication, while ���−1 equals
8W0 composed with the right multiplication by -∗0 . Therefore, the fluctuation �+���−1 amounts
to the action of 8W0Ad-0 . It follows that the center of this algebra, �∞(",C1# ), acts trivially,
so we just can consider -0 such that 〈-0, 1#〉 = 0, that is, traceless matrix valued functions,
-0 ∈ �∞(", BD(#)). Moreover, we need only the expansion of -0 and so of the operator
8W0Ad-0 in normal coordinates up to >(1).

It is known that this spectral triple is finitely summable and regular. To compute the torsion
functional for �̃ we start (slightly abusing the notation) with its symbol expanded as:

(4.1) f(�̃) = W0 (−b0+ 8Ad-0

) + >(1).
It is not difficult to see that the bimodule Ω1

�̃
spanned by U[�̃, V], U, V ∈ �∞(", "# (C)), is

also spanned just by the elements D = W0E0, where we can expand E0 ∈ "# (C) + >(1). We now
compute the symbols of f(DEF�̃) = s1 + s0 for D, E, F ∈ Ω1

�̃
:

(4.2)
s1 = −W0W1W2W3D0E1F2 b3 ,
s0 = 8W

0W1W2W3D0E1F2 ad-3 .

Next, to compute the two leading symbols of �̃−2<, f(�̃−2<) = c2< + c2<+1, we need the two
leading symbols of �̃2, f(�̃2) = a2 + a1 + . . .,

(4.3)
a2 =| |b | |2 + >(x),
a1 =−2Ad-0b0 + >(1),

and the two leading symbols of �̃−2, f(�̃−2) = b2 + b3 + . . .,

(4.4)
b2 =| |b | |−2 + >(x),
b3 = + 2Ad-0b0 | |b | |−4 + >(1).
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Then, using [11, Lemma A.1] we have:

(4.5)
c2< = | |b | |−2< + >(x),
c2<+1 = =Ad-0b0 | |b | |−=−2.

Therefore, since m0c2< = 0,

f−=
(
DEF�̃‖�̃‖−=

)
= s0c= + s1c=+1,

where both terms on the right hand side contain linearly ad-0 . It turns out however, that the
trace of ad- , - ∈ "# (C) , considered as a linear operator on "# (C) vanishes. This could be
checked explicitly, using the basis �UV, U, V = 1, . . . , # of "# (C), where the matrix �UV has
the U, V matrix entry 1 and otherwise 0. We compute:

�3�`a�UV = �`VXUa − �UaX`V =  `a;UV,dg�dg,

where  as a matrix is,

 `a;UV,dg = X`,dXV,gXa,U − XU,dXa,gX`,V.

Thus,

Tr ad�`a =  `a;UV,UV = # (X`,UXa,U − Xa,UX`,U) = 0.

Therefore, the spectral torsion functional T(D, E, F) for �̃ vanishes and so �̃ is torsion free.

4.3. Almost commutativeM×Z2. Weassume that" is a closed spinmanifold and (�∞("), �,H)
is an even spectral triple of dimension = with the standard Dirac operator � and a grading W.
We know that it is spectrally closed, so, in particular, � is torsion-free. We consider the usual
double-sheet spectral triple, (�∞(") ⊗ C2, D,H⊗ C2), with the Dirac operator,

D =

(
� WΦ

WΦ∗ �

)
,

where Φ ∈ C. The bimodule of one forms, associated to D consists of the following operators,

(4.6) l =

(
F+ ΦW 5 +

Φ∗W 5 − F−

)
,

where F± ∈ Ω1
� (") and 5 ± ∈ �∞("). We shall denote the diagonal part as l3 and the

off-diagonal part as l>.
In order to calculate W(l1l2l3DD−2<) for one-forms l1, l2, l3 let us observe that due to

linearity it suffices to do it separately for diagonal and off-diagonal parts. Moreover, the algebra
rules in this extended Clifford algebra are obvious and we restrict ourselves to the four possible
cases. Furthermore, since D−2< = �−2<1(1 − 2< |Φ|2�−2 + . . . ) we note that in the Wodzicki
residue formula D−2< can be replaced by �−2<.
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By a straightforward calculation we get,

(4.7)

W
(
l31l

3
2l

3
3 DD−2< )

= 0,

W
(
l31l

3
2l

>
3DD−2< )

= W
(|Φ|2(F+1F+2 5 +3 + F−1F−2 5 −3 )�−2< )

= |Φ|2 (g(F+1 , F+2) 5 +3 + g(F−1 , F−2 ) 5 −3 )
,

W
(
l31l

>
2l

>
3DD−2< )

= W
(|Φ|2(F+1 5 +2 5 −3 + F−1 5 −2 5 +3 )��−2< )

= 0,

W
(
l>1l

>
2l

>
3DD−2< )

= W
(|Φ|4( 5 +1 5 −2 5 +3 + 5 −1 5 +2 5 −3 )�−2< )

= |Φ|4V( 5 +1 5 −2 5 +3 + 5 −1 5 +2 5 −3 ).

where g is the metric functional on " and the functional V( 5 ) is proportional to
∫
"
5 . Note

that the first equation is a consequence of � being torsion-free, whereas the third equation holds
if W(l��−2<) = 0, which is the consequence of the spectral triple on " being spectrally
closed.

As a consequence, we see that the product of the standard spectral triple over " with a finite
discrete one does not satisfy the torsion-free condition unlessΦ = 0. Note that the generalisation
of the model with Φ being a complex-valued function on " does not change the conclusion.

4.4. Conformally rescaled noncommutative tori. Consider the spectral triple on the noncom-
mutative =-torus, (A,H, �: ), where A= �∞(T=\) is the X 9 -smooth subalgebra for the standard
derivations X 9 , 9 = 1, . . . , =. Next, H = !2(T=\ , g), where g is the standard trace which ani-
hilates X 9 . Also, �: = :�: is the conformal rescaling of the standard (flat) Dirac operator
� =

∑
9 W

9X 9 with W 9 being the usual gammamatrices and the conformal factor : > 0 is from the
copyA> ofAin the commutant ofA. The bimodule of one-forms, generated by the commutators
[�: ,a], a ∈ A, is a free left module generated by :2W 9 . Using the extension of the calculus
of pseudodifferential operators over noncommutative tori, following [8], to Â-valued symbols
(where Â is the algebra generated by A and A>) and of the analogue of the Wodzicki residue,
we defined and compute various spectral functionals, as the metric and Einstein functionals
[11, Section 5.2.1] in dimension 2 and 4. In particular, we demonstrated there that strictly
irrational noncommutative 2- and 4-dimensional tori with a conformally rescaled Dirac operator
are spectrally closed. We extend here this result to any dimension:

Theorem 4.1. The spectral triple
(
�∞(T=\),H, �:

)
for strictly irrational noncommutative torus

of dimension = is spectrally closed, that is for any ) , operator of order 0 (that is generated by
0, [�: , 1], 0, 1 ∈ A)

W
(
)�: |�: |−=

)
= 0.

Proof. The proof is based on a simple observation that the symbol of order −= of )�: |�: |−=
is a sum of terms that are of the form )U, 9 ,V (b):UX 9 (:): V, for 9 = 1, . . . , =, some integers U, V
and �∞(T=\)-valued functions )U, 9 ,V (b), which are homogeoneous in b of degree −=. Since for
strictly irrational tori the trace over the full algebra AA> factorizes, then it is sufficient to show
that g(:UX 9 (:): V) = 0 for any 9 , U, V. For that we write : = 4ℎ and observe that

g(:UX 9 (:): V) = g
(
4(U+V)ℎX 9 (4ℎ)

)
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vanishes since for U + V ≠ −1 it equals

1
U + V + 1

g
(
X 9 (4(U+V+1)ℎ)

)
while for U + V = −1 it equals g

(
X 9 (ℎ))

)
. This ends the proof. �

As an immediate consequence of spectral closedness, we have:

Corollary 4.2. TheDirac operator�: over the =-dimensional strictly irrational noncommutative
torus T=\ is torsion free.

4.5. Quantum (* (2).
We briefly recall the construction of the spectral triple

(
A((*@ (2)),H, �

)
of [9]. Let A =

A((*@ (2)) be the ∗-algebra generated by 0 and 1, subject to the commutation rules:

(4.8)
10 = @01, 1∗0 = @01∗, 11∗ = 1∗1,

0∗0 + @21∗1 = 1, 00∗ + 11∗ = 1,

where 0 < @ < 1. The Hilbert space H has an orthonormal basis | 9 `=↑〉 for 9 = 0, 1
2 , 1, . . . ,

` = − 9 , . . . , 9 and = = − 9+, . . . , 9+; together with | 9 `=↓〉 for 9 = 1
2 , 1, . . . , ` = − 9 , . . . , 9 and

= = − 9−, . . . , 9−, where 9+ = 9 + 1
2 and 9− = 9 − 1

2 . For the explicit formulas defining the
representation of Aon Hwe refer to [9] or [10]. The equivariant Dirac operator is chosen to be
isospectral to the classical Dirac over (* (2);

(4.9) � | 9 `=↑〉 = (2 9 + 3
2 ) | 9 `=↑〉, � | 9 `=↓〉 = −(2 9 + 1

2 ) | 9 `=↓〉.

In [10] it was shown that the triple is regular and its dimension spectrum of the spectral triple
was determined, together with a an explicit formula that computes respective noncommutative
residue. In particular, the following theorem was proven.

Theorem 4.3. If ) ∈ Ψ0(A) is in the algebra of pseudodifferential operators of order 0 (as
defined in [10]) then for %↑, %↓, projections on the respective up and down part of the Hilbert
space of spinors, the noncommutative integral of %(↑,↓)) |� |−2 could be explicitly computed as:

(4.10)

∫
− %↑) |� |−2 =

(
g1 ⊗ g↑0 + g

↓
0 ⊗ g1

) (
V())) ,∫

− %↓) |� |−2 =
(
g1 ⊗ g↓0 + g

↑
0 ⊗ g1

) (
V0())) ,

where the noncommutative ingeral is, as usually,∫
− ) := ResI=0 Tr() |� |−I).

The map V0 is a projection on the two first legs of the zero-degree part of a map d, which is a
homomorphism

(4.11) d : B→ A(�2
@) ⊗ A(�2

@) ⊗ A(S1),

where B is a subalgebra of Ψ0(A) generated by diagonal parts of the generators 0, 1 and their
commutators with � and |� |, A(�2

@) are quantum discs. Using the symbol map f : A(�2
@) →



10 L. DĄBROWSKI, A. SITARZ, AND P. ZALECKI

A(S1) and the standard irreducible representation of quantum discs c the functionals g1, g↑0 , g
↓
0

are defined for G ∈ A(�2
@), as

(4.12)

g1(G) :=
1

2c

∫
(1
f(G),

g↑0 (G) := lim
#→∞

Tr#c(G) − (# + 3
2 )g1(G),

g↓0 (G) := lim
#→∞

Tr#c(G) − (# + 1
2 )g1(G).

Using the above theorem we can state as a simple corollary,

Corollary 4.4. The standard equivariant spectral triple over A((*@ (2)) is spectrally closed
and, in particular, the Dirac operator (4.9) is torsion-free.

Proof. We compute,∫
− )� |� |−3 =

∫
− ) (%↑ − %↓) |� |−3 =

(
g1 ⊗ (g↑0 − g

↓
0 ) + (g

↓
0 − g

↑
0 ) ⊗ g1

) (
V())) ,

where we used (4.10). Then, from the definition of traces we see that:

g↑0 (G) − g
↓
0 (G) = −g1(G),

and therefore ∫
− )� |� |−3 =

(
g1 ⊗ (−g1) + (g1) ⊗ g1

) (
V())) = 0. �

5. Final remarks

We introduced a tangible notion of torsion for finite summable, regular spectral triples with a
generalised noncommutative trace via a spectral trilinear functional of Dirac one-forms. It allows
a direct verification whether the spectral triple (or the Dirac operator) is torsion-free. Four of the
discussed examples are indeed torsion-free except the simplest case of an almost-commutative
geometry. We conjecture that the spectral triples over almost-commutative geometries with
non-simple internal algebra, nontrivially coupled by �, have a non-vanishing torsion. We hope
that in many other cases, the spectral torsion functional will enable a more advanced study of
the families of Dirac operators.
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2.4 Outlook and generalization
In previous papers, we discussed spectral functionals independently. The natural progression would
be to investigate how non-vanishing torsion affects the other functionals. An article on this issue is
still in preparation, however in this section, the important results in the commutative case will be
sketched.

2.4.1 Functionals for Laplace-type operators
Let us start with the general Laplace-type operator L on some vector bundle with symbol σ(L) =
a2 + a1 + a0. For Laplace-type operators we have a2 = gabξaξb. In normal coordinates we can write

a2 = ξaξb

(
δab +

1

3
Racbdx

cxd
)
+o(x2), a1 = iξa(Ta+Pabx

b)+o(x), a0 = Q+o(1), (2.10)

where Ta, Pab, Q are some endomorphisms of the ??vector bundle in x = 0. Using corollary A.2
from [P1] generalized as in the end of section 2.1 we get σ(L−k) = c2k + c2k+1 + c2k+2 + · · · with

c2k =ξaξb||ξ||−2k−2

(
δab −

k

3
Racbdx

cxd
)
+ o(x2),

c2k+1 =− ikξa||ξ||−2k−2(Ta + Pabx
b) + o(x),

c2k+2 =− k||ξ||−2k−2Q+ k(k + 1)||ξ||−2k−4

(
Pab −

1

3
Ricab −

1

2
TaTb

)
ξaξb + o(1).

(2.11)

The functionals in question are of the type Wres(OL−m), where n = 2m is the dimension of
the manifold and O is a differential operator of order ≤ 2. The symbol of O in x = 0 can be written
as σ(O) = F abξaξb + iGaξa +H. In this case we can write

Lemma 1. For operators L,O as above we have

Wres(OL−m) =
vn−1

24

∫
Tr [24H + 12GaTa + F aa(−12Q+ 6Pbb − 2R− 3TbTb)

+ (F ab + F ba)(−6Pab + 2Ricab − 3TaTb)],

(2.12)

where vn−1 is the volume of a unit (n− 1)-sphere.

Proof. To calculate the Wodzicki residue, we need to compute σ−n(OL
−m) in x = 0, integrate it

over |ξ| = 1 take a trace over the vector bundle and integrate it over the manifold. Here, we need
to complete the first two steps. Using the symbol composition rule, we get six terms

1.
∫
||ξ||=1

Hc2m = vn−1H + o(1),

2.
∫
||ξ||=1

iGaξac2m+1 = 1
2vn−1G

aTa + o(1),

3.
∫
||ξ||=1

Ga∂ac2m = o(1),

4.
∫
||ξ||=1

F abξaξbc2m+2 = 1
24vn−1[F

aa(−12Q+ 6Pbb − 2R− 3TbTb)

+(F ab + F ba)(6Pab − 2Ricab − 3TaTb)] + o(1),
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5.
∫
||ξ||=1

−i(F ab + F ba)ξa∂bc2m+1 = − vn−1

2 (F ab + F ba)Pab + o(1),

6.
∫
||ξ||=1

− 1
2 (F

ab + F ba)∂abc2m = vn−1

3 F abRicab + o(1).

The sum of these terms gives us the desired result.

There are some special types of operator O, which are particularly interesting.

Corollary 2. Taking O = EL in lemma 1 for some bundle endomorphism E, we have F ab = δab,
Ga = Ta and H = Q, hence

Wres(EL−m+1) =
(n− 2)vn−1

24

∫
Tr [E(−12Q+ 6Paa − 2R− 3TaTa)] . (2.13)

Using the sum O + EL, for O as in lemma 1, we get

Wres((O + EL)L−m) =
vn−1

24

∫
Tr [24H + 12GaTa

+ (F aa + (n− 2)E)(−12Q+ 6Pbb − 2R− 3TbTb)

+ (F ab + F ba)(−6Pab + 2Ricab − 3TaTb)].

(2.14)

Dirac-type operators on manifolds

In most cases we take L = D2 for some Dirac-type operator. Let us consider a Dirac-type operator
D = D0 + B, where B is an operator of order 0 and D0 is another Dirac-type operator (usually a
canonical one determined by metric on the manifold) with symbol σ(D0) = d1+d0. We require, that
in normal coordinates d1 = −γaξa+fabcxbxc+o(x2) (without linear term in x) and d0 = gax

a+o(x)
(only linear term), where fabc, ga are some endomorphisms.

The square of D0 is a Laplace-type operator3 L0 with T 0
a = 0. We can see it as

a1 = d1d0 + d0d1 − i∂ξad1∂
x
ad1.

Each of these three terms vanish at x = 0, resulting in T 0
a = 0.

We are particularly interested in two examples of D0: the canonical Dirac operator and the
Hodge-Dirac operator. The latter is explicitly written in [P2], and it is clear that it meets the
requirements on D0. The former can be easily derived in normal coordinates using the construction
in [P3]. For ei = ∂i− 1

6Rijklx
jxk∂l+o(x

2) we get cijk = 1
2Rijakx

a+o(x). Then ωLC
abc = − 1

2Riabcx
i+

o(x) and

d1 = −γaξa +
1

6
γaRabcdx

bxcξd + o(x2),

d0 =
i

8
Riabcx

iγaγbγc + o(x) = − i

4
Riciax

iγa + o(x).

(2.15)

The last equality can be obtained using the symmetries of the Riemann tensor and the algebra rules
for γ’s.

Riabcγ
aγbγc = −(Ricab +Ribca)γ

aγbγc = −Riabc(γ
bγcγa + γcγaγb)

= −2Riabc(γ
aγbγc + δacγb + δacγb − δabγc − δbcγa) = −2Riabcγ

aγbγc − 6Riciaγ
a.

3It provides a condition on fa
bc as d21 = a2. We have

(
{γa, fb

cd}+ 1
3
Racbd

)
ξaξbx

cxd = 0.
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It is clear that the canonical Dirac operator is also of the D0 type.
Because we already know the metric, Einstein and torsion functionals for these two examples of

D0, we will focus on on calculating the corrections from B. First, we need to determine L = D2.

L = D2 = (D0 +B)2 = L0 +B2 + {D0, B}, (2.16)

where L0 = D2
0. In normal coordinates we need to know the symbols of L up to appropriate powers

of x. We start with expanding B = B0+Bax
a+o(x). Next, we need to know the part proportional

to ξ up to linear terms in x and the order zero part only in x = 0, therefore we can use {iγa∂a, B}
instead of {D0, B}.

{iγa∂a, B} = i{γa, B}∂a + iγa(∂aB). (2.17)

Finally, using notation from (2.10), we get

Pab = P 0
ab + i{γa, Bb}, Ta = i{γa, B0}, Q = Q0 + iγaBa +B2

0 , (2.18)

where Q0, P 0
ab are calculated for L0 = D2

0 and T 0
a vanishes, as stated before.

Before proceeding further, we compute Wres(OL−m) for one more example of interesting op-
erators O, i.e. O = ED.

Corollary 3. Taking O = ED in lemma 1, where E is a bundle endomorphism, we have F ab = 0,
Ga = iEγa, H = EB0, and

Wres(EDD−2m) =
vn−1

2

∫
Tr [E(2B0 + iγaTa)] =

vn−1

2

∫
Tr [E(2B0 − γa{γa, B0})] . (2.19)

2.4.2 Spectral functionals for a class of Dirac-type operators on mani-
folds

Following the notation from [P1, P3], we will denote û as a multiplication by 1-form u represented on
the vector bundle, with û = γaua. We will now calculate explicitely the spectral functionals in the
presence of B. The results will be valid for both D0 operators, canonical Dirac, and Hodge-Dirac.

We assume that all the functionals considered below are known for D0, and we focus on the
terms that depend on B (note subscipts D and D0 in functionals), hence the results will be written
as a sum of a functional with B = 0 (unless it vanishes as in (2.19)) and B-dependent terms.

Metric functional

As usual, the metric functional remains unchanged. We can see that by putting O = ûŵ. We can
put it as the following proposition:

Proposition 4. The metric remains the same for all Bs.

gD(u,w) = gD0
(u,w) = vn−1Tr(1)

∫
uawa = vn−1Tr(1)

∫
gabuawb

√
g. (2.20)
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Torsion functional

To compute the torsion functional we can use (2.19) with E = ûv̂ŵ.

TD(u, v, w) =
vn−1

2

∫
uivjwkTr

[
γiγjγk(2B0 − γa{γa, B0})

]

= vn−1

∫
uivjwkTr

[
(γiγkγj − γjγkγi)B0

]
.

(2.21)

It is easy to check, that the combination γiγkγj − γjγkγi is totally antisymmetric in i, j, k.
We can also rewrite the result in more compact form, i.e.

Proposition 5. The torsion functional for general B is

TD(u, v, w) =
vn−1

2

∫
uivjwkTr

(
[γj , γi]{γk, B0}

)
. (2.22)

We keep here the result with B, and depending on the situation we can use concrete form of B.
For Dirac-type operators with torsion, B is determined by the torsion, as shown in [P3].

Single 1-form functional

We can obtain another functional as a byproduct of the torsion functional. If we use only one
1-form in (2.19) instead of three, i.e. E = û, we get

Tr
[
ubγ

b(2B0 − γa{γa, B0})
]
= 0. (2.23)

We can state this result as follows:

Proposition 6. The functional ZD(u) defined on manifolds as follows:

ZD(u) :=Wres(ûDD−2m) (2.24)

vanishes identically for every B.

We obtained nontrivial functional which vanishes identically in the commutative case. However,
this is not guaranteed in the noncommutative setting. It would be intriguing to investigate whether
the vanishing of this functional is related to any interesting properties of spectral triples.

Einstein-Hilbert functional

If we use (2.13) with E = 1 or, more generally, E = f for a function f , we get

RD(f) =Wres(fD−2m+2) =
(n− 2)vn−1

24

∫
f Tr

(
− 12Q0 − 12iγaBa − 12B2

0 + 6P 0
aa

+ 6i{γa, Ba} − 2R+ 3{γa, B0}{γa, B0}
)
.

(2.25)

Because
Tr

(
{γa, B0}{γa, B0}

)
= 2Tr

(
γa{γa, B0}B0

)
,

we have
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Proposition 7. The Einstein-Hilbert functional for general B on manifolds is

RD(f) = RD0
(f) +

(n− 2)vn−1

4

∫
f Tr

(
−2B2

0 + γa{γa, B0}B0

)
, (2.26)

where RD0
(f) is the same functional for B = 0.

Einstein functional

The correction to the Einstein functional is by far the most tedious to obtain, therefore we start by
stating the result before presenting the proof.

Proposition 8. The Einstein functional for general B on manifolds is

GD(u,w) = GD0
(u,w) +

vn−1

2

∫
Tr

(
iua(∂cwb)[γ

a, γb]{γc, B0}+
i

2
uawb[γ

a, γb]{γc, Bc}

+ uawb[(δ
abB0 − γa{γb, B0})({γc, B0}γc − 2B0)]

)
,

(2.27)

where GD0(u,w) is the same functional with B = 0.

We see that the correction depends on the derivative of wb. The term with this derivative is
proportional to the same combination of γ’s and B0 as in the torsion functional (2.22). This follows
from theorem 5.7 in [P1], which was previously addressed in section 2.1.1.

Proof. We have to compute Wres[(ûDŵD+ ûŵD2)D−n] using (2.14). Let us now examine operator
O = ûDŵD. This operator consists of 4 parts:

1. O0 = ûD0ŵD0 = −ucwdγ
cγaγdγb∂a∂b − uc(∂bwd)γ

cγbγdγa∂a +
1
4ucwdγ

cγaγdγbRicab + o(1),

2. ûD0ŵB = iucγ
cγaγb(wbB0∂a + (∂awb)B0 + wbBa) + o(1),

3. ûBŵD0 = iucwbγ
cB0γ

bγa∂a + o(1),

4. ûBŵB = uawbγ
aB0γ

bB0 + o(1).

The first part follows from equation (4.5) in [P1]. It gives raise to F ab
0 , Ga

0 , H0. The full F ab, Ga, H
are

F ab = F ab
0 = ucwdγ

cγaγdγb = ucwdγ
c(2δad − γdγa)γb,

Ga = Ga
0 + iucwbγ

c(γaγbB0 +B0γ
bγa) = iucwbγ

c(γaγbB0 +B0γ
bγa),

Ga
0 = −uc(∂bwd)γ

cγbγdγa,

H = H0 + uawbγ
aB0γ

bB0 + iucγ
cγaγb((∂awb)B0 + wbBa).

(2.28)

In (2.14) we need F aa and F ab + F ba. It is easy to check, that

F aa = (2− n)uawbγ
aγb,

F ab + F ba = 2ucwdγ
c(δadγc + δbdγa − δabγd).

(2.29)

We can see, that the term (F aa + (n− 2)E) in (2.14) vanishes, as E = uawbγ
aγb.
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Now we can write the Einstein functional.

GD(u,w) = GD0
(u,w)+

vn−1

8

∫
Tr [8(H−H0)+4GaTa+(F ab+F ba)(−2(Pab−P 0

ab)−TaTb)], (2.30)

where F ab = F ab
0 and

GD0
(u,w) =

vn−1

12

∫
Tr [12H0 + (F ab + F ba)(−3P 0

ab +Ricab)]. (2.31)

The trace in (2.30) is quite complicated. To simplify it, we can start with terms linear in B.
We have

Tr [8iucγ
cγaγb((∂awb)B0 + wbBa)− 4iuc(∂bwd)γ

cγbγdγa{γa, B0}
−4iucwdγ

c(δadγb + δbdγa − δabγd){γa, Bb}]
= 4iuaTr [(∂cwb)(2γ

aγcγbB0 − γaγcγbγd{γd, B0})
+wb(2γ

aγcγbBc − γaγc{γb, Bc} − γaγc{γc, Bb}+ γaγb{γc, Bc})]
= 4iuaTr [2(∂cwb)(γ

aγbγc − γcγbγa)B0 + wb(γ
aγcγbBc − γbγaγcBc − 2γaBb + γaγb{γc, Bc})]

= 4iuaTr [(∂cwb)[γ
a, γb]{γc, B0}+ wb(−γaγbγcBc − γbγaγcBc + γaγb{γc, Bc})]

= 2iuaTr [2(∂cwb)[γ
a, γb]{γc, B0}+ wb[γ

a, γb]{γc, Bc}].
The quadratic part can be written as

Tr [8uawbγ
aB0γ

bB0 − 4ucwbγ
c(γaγbB0 +B0γ

bγa){γa, B0}

+2ucwdγ
c(δadγb + δbdγa − δabγd){γa, B0}{γb, B0}]

= 2uawbTr [4γaB0γ
bB0 − 2γa(γcγbB0 +B0γ

bγc){γc, B0}
+γa(γc{γb, B0}{γc, B0}+ γc{γc, B0}{γb, B0} − γb{γc, B0}{γc, B0})].

To simplify this expression we use the trace property, the anticommutation rules of γ’s and the
fact, that (γc)2 is proportional to identity (thus commutes with everything). We want every term
to start with γaγbB0, γbγaB0, γaB0γ

b or δabB0. We get

2uawbTr [(−2γaB0γ
b + γbγaB0 − γaγbB0){γc, B0}γc + 4γaB0γ

bB0 − 2γbγaB2
0 + 2γaγbB2

0 ]

= 4uawbTr [(δabB0 − γa{γb, B0})({γc, B0}γc − 2B0)].

The proof is completed by summing the linear and quadratic terms.



Chapter 3

Conclusions

The functionals introduced in the papers are very promising tools for generalizing tensor qualities
from Riemannian geometry to noncommutative geometry. We demonstrated that explicit calcu-
lations of these functionals are feasible for at least some of the spectral triples considered in the
literature, justifying the belief that they are more than simply abstract concepts but practical com-
putational tools. Thus, further study in this topic may be very intriguing, especially since it is still
in its early stages and there is much work to be done in both commutative and noncommutative
settings.

In the commutative case, the two most essential points appear to be discovering more geomet-
rically relevant functionals and generalizing them to a larger class of manifolds and operators. To
begin, we believe that it is still possible to find analogous functionals involving different objects such
as the Riemann tensor, or different functionals that result in similar expressions. In the last situa-
tion, it would be very interesting to determine if the results are still similar in the noncommutative
case.

Furthermore, in the commutative case, we almost exclusively worked with even-dimensional
compact manifolds with no boundary, leaving computation of these functionals in a more general
setting for the future. We can also consider different and more general operators and check how
they affect the known functionals, as partially done in section 2.4. Note that the research in this
direction is currently realized by other groups [18, 30, 31].

In the noncommutative case, it would be beneficial to see additional examples of direct com-
putations and learn about certain general properties of the functionals. Yet, even in the present
state, spectral functionals can be extremely useful in understanding noncommutative spaces and
their geometry.
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