Jagiellonian University in Krakow

Faculty of Physics, Astronomy and Applied Computer Science

Pawel Zalecki

(Geometric spectral functionals

PhD thesis
supervised by prof. dr hab. Andrzej Sitarz

Krakow 2024



Abstract

The thesis consists of three papers introducing spectral functionals on manifolds, together with
geometric interpretation and natural generalization to noncommutative geometry. This is one of
the first attempts to define functionals generalizing metric, Einstein and torsion tensors to the
noncommutative setting, which is carried out using Wodzicki residue. The explicit computations
of several examples (compact manifold, noncommutative torus, almost-commutative M x Zs and
more) illustrate the method.

Streszczenie

Niniejsza rozprawa sklada sie z trzech artykutow, w ktorych wprowadzamy funkcjonaty spektralne
posiadajace geometryczna interpretacje na rozmaito$ciach i posiadajace naturalne uogoélnienie w
geometrii nieprzemiennej. Prezentujemy tam jedna z pierwszych prob uogoélnienia tensoréw me-
trycznego, Einsteina i torsji na przypadki nieprzemienne, przy uzyciu residuum Wodzickiego. Dla
zobrazowania tej metody przeprowadzamy obliczenia dla kilku konkretnych przyktadéw, m.in.
zwartej rozmaitosci, torusa nieprzemiennego czy prawie przemiennego iloczynu M X Zs.

List of articles

[P1] L. Dabrowski, A. Sitarz, P. Zalecki, Spectral metric and FEinstein functionals, Adv. Math.
Vol. 427, (2023) 1091286

[P2] L. Dabrowski, A. Sitarz, P. Zalecki, Spectral metric and Finstein functionals for Hodge-Dirac
operator, arXiv:2307.14877, J. Noncommut. Geom. in print

[P3] L. Dabrowski, A. Sitarz, P. Zalecki, Spectral Torsion, arXiv:2308.01644, Comm. Math. Phys.

in print



Contents

II.1 Motivation of noncommutative geometry|{. . . . . . . . ... ... ... ...
[L.I.1 _Spectral triples| . . . . ... ... ... o oo
[[2 Towards physics| . . . . . . v v v v i
[1.2.1  Spectral Action| . . . . . . . .. Lo
11.2.2  Almost commutative geometries| . . . . . . . ... ...
1.3 Pseudodifferential operators and Wodzicki residue] . . . . . ... ... ...

|2 Spectral functionals|

2.1 Spectral metric and Einstein functionals| . . . . . .. ... ... ...

[2.2 _Spectral metric and Einstein functionals for Hodge-Dirac operator| . . . . .
2.3 Spectral torsion|. . . . . . ... oL
2.4 Outlook and generalization| . . .. ... .. ... ... ... .. ... ...

12.4.1  Functionals for Laplace-type operators| . . . . . . ... ... ... ..

12.4.2  Spectral functionals for a class of Dirac-type operators on manitolds|

[8__Conclusions|

11
12
50
o1
64
7
7

83



4 CONTENTS

Acknowledgements

I would like to start by expressing my gratitude to my supervisor, Andrzej Sitarz, for his guidance,
patience, and knowledge. He motivated me to study mathematical physics more closely and intro-
duced me to Noncommutative geometry. Without his assistance, this thesis would not have been
possible. I am also grateful to the third coauthor, Ludwik Dabrowski, who is a perfect person to
collaborate with. I really enjoy being a part of this group.

In addition, I would like to thank everyone I had the pleasure of working with during my PhD
studies: Arkadiusz Bochniak — a great colleague and excellent collaborator, Piotr Hajac for his
hospitality in Warsaw, Thomas Williams, Ewa Witkowska, Monika Kro6l, Ewa Lelek, and all the
people that I do not mention by name, especially my professors and teachers.

Last but not least, I am very grateful to my parents and family for their understanding and
support over the past few months. I would not achieve anything without them.



Chapter 1

Introduction

This thesis includes three research articles that implement geometrical concepts linked to physics
using the tools of noncommutative geometry (NCG). Alain Connes established NCG, a nascent
branch of mathematics, in the 1980s [7] and since then both mathematicians and physicists have
contributed significantly to the development of this promising topic. However, there are still un-
charted areas to uncover and the presented work aims to propose a range of new ideas and results.

The first indication that noncommutativity is important in physics is the relationship between
the quantum position and momentum operators. The phase space of quantum mechanics is an
example of noncommutative Moyal space [23] 22], which has been studied as a toy model and an
effective description of the tangent space of string theory in the presence of B field. NCG offers tools
for developing and studying complex mathematical and physical models that go beyond traditional
differential geometry. Various examples, including discrete set of points |21}, 2], noncommutative
manifolds (e.g., noncommutative torus [24], quantum spaces, quantum groups, quantum spheres
[10] and k-deformed Minkowski [20]), have been studied in terms of differential calculi, Riemannian
geometry, spectral geometry, and physical models. From the point of view of physics, substituting
classical space by noncommutative one is considered a step towards quantum gravity.

Another class of noncommutative spaces that physicists are particularly interested in is almost-
commutative spaces, which are products of manifolds and finite algebras. This type of spaces
naturally incorporates gauge fields into the model and gives them a geometrical interpretation.
Almost-commutative geometry has been utilized to provide a noncommutative description of the
Standard Model (see for example [I9] and references therein).

1.1 Motivation of noncommutative geometry

The Gelfand-Naimark duality between (non)unital commutative C*-algebras and (locally) compact
Hausdorff spaces serves as the base for NCG. If we consider consider complex functions defined
on a space, we can easy check, that together with pointwise addition and multiplication they form
an algebra. We can evaluate functions at a point and such evaluation map preserves addition
and multiplication (and conjugation) of functions and thus is a character of algebra of functions. It
turns out that under certain assumptions, every character is of this type, implying some equivalence
between the space and the set of characters. Gelfand and Naimark proved in [I2] that every
commutative C*-algebra is isomorphic to the algebra of continuous functions on a topological space.

5



6 CHAPTER 1. INTRODUCTION

Table 1.1: Dictionary between corresponding objects in topology and algebra.

Topology Algebra
locally compact Hausdorff topological space | nonunital C*-algebra
compact Hausdorff topological space unital C*-algebra
homeomorphism automorphism
continuous proper map morphism
open (dense) subset (essential) ideal
compactification unitization
Stone-Cech compactification multiplier algebra
Cartesian product tensor product

The connection between spaces and algebras allows us to move the focus of geometry from spaces
to algebras. In this scenario, we need to know which objects correspond to each other. Table
[26] provides an example of such a dictionary between algebra and topological space (for few more
entries see also [14]).

When dealing with algebras, we can omit the commutativity condition and treat noncommuta-
tive algebras as counterparts of generalized, noncommutative "spaces". They differ from classical
spaces in that they can contain no points in the usual sense, because points corresponds to charac-
ters and it is impossible to define functional preserving nonabelian multiplication (because complex
numbers commute) unless commutators of all elements of the algebra are in kernels of these charac-
ters, which is a very restrictive condition. Nevertheless, if we manage to develop geometric methods
on the side of function algebras, we can attempt to generalize them to noncommutative algebras
and study the geometry of such generalized spaces.

Fortunately, we do not need to deal with abstract algebras. According to the noncommutative
Gelfand-Naimark theorem, each C*-algebra is isometrically *-isomorphic to a C*-subalgebra of
bounded operators on a Hilbert space. Therefore, guided by the classical example, we may develop
the geometric characteristics of noncommutative spaces using the Hilbert space.

1.1.1 Spectral triples

Of course, the C*-algebra alone describes only a topology of the space whereas geometric structures
are much richer. A possible technique for studying them is to introduce the concept of spectral
triples. The prototype of spectral triples is a collection of objects defined on a spin manifold M
consisting of the Hilbert space of L2-spinors, the Dirac operator, D, acting on the spinors and the
algebra of smooth complex functions on the manifold, which is a dense subalgebra of C*-algebra
of continuous functions. This algebra is naturally represented on the Hilbert space by pointwise
multiplication. In this scenario, we can easily reconstruct the manifold and its metric structure
from the so defined triple. For example, the distance between two points A, B can be calculated
using the formula [5]
d(A,B)= sup |f(A)— f(B)l, (1.1)
[ID. A<t
where f is taken from the algebra of smooth functions on M.
In general, a spectral triple consists of a Hilbert space #, an algebra of, which is a dense subal-
gebra of a C*-algebra, represented faithfully by 7 on # as a subalgebra of B(%#) and an unbounded,
densely defined, selfadjoint operator D (called Dirac operator) on %, such that commutators of D
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Table 1.2: Dependence between the KO-dimension of the spectral triple and the signs of the relations
involving J [6].

KO-dimmod8 |0 1 2 3 4 5 6 7
€ 11 -1 -1 -1 -1 1 1
€ 1 -1 1 1 1 -1 1 1
e 1 -1 1 -1

with representation of elements of of are bounded. Additional conditions, as given below, could be
introduced, adding more structures.

The spectral triple is n-summable if for every k > n, |D|~F is of the trace-class.

We call it even if there exists a self-adjoint grading operator =y, such that

2 =1, D~ =~D, Va € d: ya=ay. (1.2)
We say that the spectral triple is real if there exists an antilinear operator J, such that
J? = el, JD =¢€DJ. (1.3)
If the triple is also even, we demand that
Jy = €"vJ, (1.4)

where the constants €,€¢/,¢” = £1 and they are determined by the so-called KO-dimension of the
spectral triple (table . Moreover, J determines a right representation of the algebra 7°(a) =
Ja*J ™', which provides us with two additional conditions. First, the two representations must
commute, that is, for all a,b € o,

[w(a), ()] = 0. (1.5)
The next one, known as the first order condition, is
([D,7(a)],7°(b)] = 0. (1.6)

This mimics in noncommutative case the classical situation that the Dirac operator is a differential
operator of order one.

In the case of classical spinors, the grading operator is the chirality, usually called +° in 4 di-
mensions, and J is the charge conjugation. Similarly to Gelfand-Naimark theorem, Connes proved,
that a commutative spectral triple under certain assumptions, known as the 7 axioms of Connes’
reconstruction theorem [6], is the canonical spectral triple of some spin manifold. In the noncom-
mutative setting, the spectral triple defines a noncommutative "manifold" that does not exist as
an independent object.

The commutator [D, 7(a)] defines the exterior derivative of a. We put 7(da) = [D, n(a)] and an
d — d-bimodule Q! () generated by m(a)[D, w(b)] is called the bimodule of differential 1-forms.

1.2 Towards physics

1.2.1 Spectral Action

We saw that spectral triples correspond to spin manifolds, and the Dirac operator may be used to
calculate distances. We can also use it to compute the action functional for physical models based
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on spectral triples. The action is typically a sum of two terms [4]: the spectral action trf % ,

where f is suitable positive function and A is a cutoff scale, and the fermionic action {(¥|D]t)),
where ¢ € # (see also [27] and [25] for spectral formulation of fermionic action).

To compute the spectral action we can utilize an expansion in A using Seeley-Gilkey-DeWitt
coefficients a; (the entire construction is available in [4]):

trf <|ZW) ~ ;fjaj ('T) ; (1.7)

where constants f; are determined by the used function f. Usually, we need only the first terms of
the sum, which can be also computed using mathematical tools such as Wodzicki residue or heat
kernel expansion [29].

Using the spectral action applied to a spin manifold, we obtain the Einstein-Hilbert action with
cosmological constant for General Relativity using a manifold’s canonical Dirac operator ([6, [16]
17]). Moreover, the full action of the Standard Model of elementary particles may be reconstructed
using the spectral and fermionic action, after the gauge fields are included as fluctuations of the
Dirac operator in a mild extension of spin geometry called almost-commutative geometry [8].

1.2.2 Almost commutative geometries

The term "almost commutative geometry" refers to a product of a spin manifold and its canonical
spectral triple (C°°(M), L*(S), Dy, var, Jar) with a finite spectral triple (Ap, #r, Dp, v, Jr) in
which both the algebra and the Hilbert space are finite dimensional. The resultant Dirac operator
is taken as

D =Dy ®1p+vy ®Dp (1.8)

and the other objects are given by usual tensor products. With this choice of D we have
D?*=D3,®1p + 1y ® D3 (1.9)

In this picture, the Hilbert space contains all of the model’s fermionic fields, while the gauge
fields are encoded in the family of Dirac operators. We call them fluctuated Dirac operators, and
they arise from the initial Dirac operator in the following manner

Dy,=D+w+éJwl ™, (1.10)

where ¢’ and is the same as in , and w is a differential form, i.e. a sum of terms of the form
a[D,b] with a,b € o.

The most prominent example of this type of geometries is the Spectral Standard Model, with
the finite part of the algebra being dlp = C @ H & M3(C) and the finite part of the Hilbert space
consisting of all types of fermions (even particles with different chirality or color are treated as
different particles). The finite matrix D encodes the masses of particles and the mixing angles.

Details of this model have evolved as there are still several choices to be made. Originally, the
model was far from perfection, but many issues were addressed and resolved over time. Among
others, the challenges include fermion doubling or quadrupling. This has origins in the fact that
in the finite part of the Hilbert space we distinguish particles with different chirality (and also
antiparticles), whereas Dirac spinors on the manifold side address the same degrees of freedom.
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This problem can be solved by using a suitable projection or modifying the spectral triple. Another
option is to limit the Hilbert space to physical degrees of freedom, but the consequence is that the
spectral triple will not be of the product type. This solution appears to be closer to the classical
formulation of the Standard Model, as studied in [II [3].

Furthermore, there was a problem with the mass of the Higgs particle. Under certain assump-
tions it was calculated to be around 170 GeV, which is more than a third more than the measured
mass. Although it is impressive that the model could predict the Higgs mass, the result was in-
correct, which forced further modifications. Finally, we notice that the Spectral Standard Model
contains some issues, such as the problem with its formulation in the Lorentzian signature, as up
to now the spectral approach works in Euclidean signature. There is some progress in this subject
[9], although the full Lorentzian formulation is yet unknown.

1.3 Pseudodifferential operators and Wodzicki residue

Pseudodifferential operators are a generalization of differential operators. They share similar idea to
interchange of differential and algebraic equations by the Fourier transform. Let f be a C*° function
on the real line (but it works similarly for manifolds) and f its Fourier transform (assuming that it
exists). We have a well-known formula

d —L iEF (&) etE
i@ = o= [ e (111)

Analogously, for a differential operator P we can write
1 L
Pf)(z) = — | o(P)(z, e'zt, 1.12
(P = 2= [ o). 0@ (112

where o(P) is a function characteristic for the operator P, which may be created from P by
altering 9, to i€, resulting in a polynomial in . Allowing o(P)(z, &) to be a smooth function in
both arguments instead of a polynomial in £ results in pseudodifferential operators, provided that
o(P) belongs to a certain symbol class. In our case it is sufficient to require

105070 (P)(2,€)| < Cap(L+I€])* 17,

where o, 8 are multiindices, C,, g are constants, and an integer k is called the order of P. For more
possibilities and conditions see [13], 28] [15].

To work with pseudodifferential operators on the level of their symbols, we have to know how
to compose them. The composition rule must be consistent with the composition of differential
operators and can be derived from it. It is given by the following formula:

(1)

!

al
o(PQ)(x,&) =) 950(P)(x,8)0%0(Q)(x,€), (1.13)

(03

where « is a multiindex.
Usually it is convenient to expand a symbol into a series

o(P)(x,€) = ox_i(P)(x,£), (1.14)
1=0
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where k is the order of P and every o;(P)(z,§) is homogeneous in £ with degree j. The first term,
or(P)(x,€), is called the principal symbol of P. Using this type of expansion, the composition rule
for order-k operator P and order-I operator @) for the first three symbols is

ok11(PQ) = 0k (P)oi(Q),
Tkt1-1(PQ) = 01 (P)oi—1(Q) + o—1(P)oy(Q) — i050k(P)0301(Q),
Okt1-2(PQ) = ok (P)o1—2(Q) + 0k—1(P)0o1-1(Q) + ox—2(P)o1(Q) (1.15)

— 10501 (P)dE 01 1(Q) — 050k —1(P)IEou(Q) — fafm )92,01(Q).

The Wodzicki residue is a unique trace of the algebra of pseudodifferential operators acting on
sections of a complex vector bundle over a manifold, although it can be generalised to a suitable
class of spectral triples. In the case of compact, oriented manifold M of dimension n, the formula
for Wodzicki residue is up to a constant given by

Wres(P) :/M /g_ltron(P)(aﬁ,f). (1.16)

This work was inspired by the theorem which states that the Wodzicki residue can be used to
produce the Einstein-Hilbert action on a Riemannian manifold M:

Wres(Af%H)oc/ R./gdz", (1.17)
M

where A is the laplacian and R is the curvature scalar. Similarly, the usual integration of a function
f can be formulated in this way as

Wres(fA™2 / f/gdz". (1.18)

The Wodzicki residue allows us to find a noncommutative formulation of even more geometric
quantities, not limited to scalars as R. Curvature tensors carry more information than just scalar
curvature, but their definition for spectral triples has yet to be established. This thesis presents
a consistent technique for introducing and generalizing tensor geometric objects using Wodzicki
residue methods ([P}, P2l [P3]).



Chapter 2

Spectral functionals

The presented series of articles focuses on geometric tensors such as the metric, torsion, and Ein-
stein tensor. When working with manifolds, the metric is a fundamental quantity that allows us
to construct curvature tensors (Einstein, Riemann, Ricci) as well as some canonical differential
operators, such as Laplacian or Dirac operator.

In noncommutative geometry, however, the spectral triple is a fundamental object from which
we must learn how to extract the geometric tensors. It is well-known that the scalar of curvature
can be obtained in the spectral Einstein-Hilbert action [16], whereas, the other geometric tensors
are yet to be defined in noncommutative setting (see [11] for an attempt to define the Ricci tensor).
In the presented papers we used Wodzicki residue to define spectral functionals which can be used to
obtain metric, torsion and Einstein tensors in the classical case. We can work with these functionals
using only the Dirac operator, differential 1-forms and Wodzicki residue. This allows us to make a
straightforward generalization to the noncommutative setting, as the Dirac operator and differential
1-forms are present for every spectral triple, and a generalization of Wodzicki residue exists for a
large class of them. These functionals only recreate geometric tensors on manifolds, but in the
noncommutative case, these quantities can be defined using them.

Comments on notation

In the discussed papers, we attempted to adopt a single consistent notation, but because the work
was divided among three articles (plus one in preparation) over two years, the notation naturally
evolved. For example, in [P1], we defined several metric-type and Einstein-type functionals for
different operators and use subscripts and superscripts to denote which operator is utilized, ex.
€2, gp. In [P3] [P2], we only considered functionals defined on differential forms using the Dirac
operator, therefore we omitted the subscript.

We frequently deal with inverse powers of Laplace-type operators L, or, more specifically, their
symbols homogenous in £ of the (up to) three highest degrees. We denote symbols with fraktur
font, using a; for L, b; for L~ and ¢; for L~*. If 04(P) is a symbol of homogeneous degree k
in £ of an operator P, then o;(L) = a;. For the inverses of L we use a convention with "—" sign
omitted. We write o_;(L™1) = b; and 0_2,_1(L™F) = cg1+1. Equations (A.8) and (A.9) of [PI]
utilize symbols of different powers of order-k operator P, with the same letter. To distinguish
symbols of the same order but different powers of an operator, as in this example, we consequently

11



use different subscripts, i.e. ox(P') =t vs. o (P71 = ti(i—1)42- We proceed analogously every
time there is a danger of confusion.

In the commutative case we utilize normal coordinates and expand terms up to the appropriate
order in z. Therefore, upper and lower indices are not always used as contravariant and covariant
ones.

2.1 Spectral metric and Einstein functionals

In the first article [P1], we propose a choice of functionals based on vector fields, differential forms,
and various Laplace-type or Dirac operators for manifolds. The densities of these functionals are
proportional to the metric or Einstein tensors evaluated on these vector fields or differential forms
(sometimes with some additional terms). The most important functionals defined in theorem 4.1
of [P1] are:

gp(u,w) = Wres(twD™),

L (2.1)
6p(u,w) := Wres[a(wD + D)D",
where u, w are Clifford multiplication by differential forms u,w. In the classical case
g (u,w) / g, wyvol,,
(2.2)

Ep(u, w) /G(u,w)volg,

and in the noncommutative case we can use them to define the metric and Einstein tensors as they
use only the Dirac operator and differential forms.

In the second part of [PI], we attempt to compute these functionals in some noncommutative
examples while also investigating some general features of the metric and Einstein functionals for
differential forms and Dirac operators.

The main example is the conformally rescalled noncommutative torus. In this case, we can also
use laplacian and vector fields, which is not possible in general in contrary to the functionals with
differential forms and Dirac operators. The second example is a product of a spectral triple over a
spin manifold with two-point space.
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1. Introduction
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differential operators led to the development of spectral geometry and, with the seminal
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question “Can one hear the shape of a drum?”, was popularised by Mark Kac [36].
A further generalization was brought by noncommutative geometry [8], where spectral
methods were proposed to study invariants of algebras, functionals on noncommutative
algebras and geometric objects that extends the notion of curvature, leading, for example,
to the version of Gauss-Bonnet theorem for noncommutative tori.

The aim of this paper is to propose a few new functionals that express other basic
geometric objects, in particular the Einstein tensor, using the methods of the Wodzicki
residue and its generalisation in noncommutative geometry.

1.1. An overview of the field

An eminent spectral scheme that generates geometric objects on manifolds such as
volume, scalar curvature, and other scalar combinations of curvature tensors and their
derivatives prima facie is the small-time asymptotic expansion of the (localised) trace of
heat kernel [27,28]. This has many diverse applications in mathematics and in physics,
mostly in the context of general relativity and its generalisations.

Using the Mellin transform, the coefficients of this expansion can be transmuted into
certain values or residues of the (localised) zeta function of the Laplacian. In turn,
they can be expressed using the Wodzicki residue W (also known as noncommutative
residue), which is a unique (up to multiplication by a constant) tracial state on the
algebra of pseudo-differential operators (VDO) on a complex vector bundle E over a
compact manifold M of dimension n > 2 [31,54]. For the oriented manifold M it is given
up to multiplicative constant by a simple integral formula,

W (P) ;:/ /tm_nw)(m,g)% "z, (1.1)

M \[¢=1

where tr is the trace over endomorphisms of the bundle E at any given point of M,
0_n(P) is the symbol of order —n of a pseudodifferential operator P and % denotes
the volume form on the unit sphere. The name ‘residue’ comes from the fact that it
is indeed a residue (at z=1) of the (-function associated to P [30]. In this paper, for
simplicity, we focus only on closed oriented M of even dimension n = 2m. In this case,
for a Riemannian manifold M equipped with a metric tensor g and the (scalar) Laplacian
A one has,

W (A™™) = vp—1 vol(M), (1.2)

and a localized form, a functional of f € C*°(M),

v(f): =W (fA™™) = v, /f voly, (1.3)
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where

2 m
Vp_1 = vol(S" 1) = FZTm)’

is the volume of the unit sphere S*~! in R™.

A startling result regarding a higher power of the Laplacian was divulged by Connes
in the early 1990s [9] and explicitly confirmed independently in [38] and in [37]. Namely,
for n > 2,

-2
W (A=) = ”12 Un_l/R(g) voly, (1.4)

M

is up to a constant a Riemannian analogue of the Einstein-Hilbert action functional of
general relativity in vacuum. Here R = R(g) is the scalar curvature, that is the g-trace
R=¢’ kRicjk of the Ricci tensor with components Ricj in local coordinates, where gI*
are the raised components of the metric g.

A localised form of (1.4) for n > 2 is a functional on C*°(M) (cf. [12])

R(f) =W (fA™™!) = n1_22vn_1/fR(g)v0lg. (1.5)

For the Riemannian spin manifolds this can be expressed using such operators in spinor
bundle as the spin Laplacian or the Dirac operator which are related by the Schrodinger-
Lichnerowicz formula. In particular, for the Dirac operator one has:

W (f|D|™"™) =2Mv,—1 [ f volg,
/

=2 (1.6)
W (fIDI72) = —2 2o [ fR(g) vol,,

M

In the noncommutative realm the spectral-theoretic approach to scalar curvature has
been extended also to quantum tori in the seminal work of Connes and Tretkoff [15],
expanded in [13] and then extensively studied by many authors [19-21,18,25,39,35,42,
51,43,47], see also [10,23,40] for recent surveys. Therein, the pseudodifferential operators
and symbol calculus introduced in [7] and extended to crossed product algebras in [1,2],
cf. also [52,32,33,29] for detailed account, have been employed for computations of certain
values and residues of (-functions of suitable Laplace type operators.

In these papers the analogue of conformal transformations of the standard (flat) ge-
ometry of the noncommutative 2-torus was worked out, with the conformal scaling (Weyl
factor) taken as an invertible positive element from the underlying algebra A; see also [11]



4 L. Dgbrowski et al. / Advances in Mathematics 427 (2023) 109128

for a conformally non-flat quantum 4-torus. These achievements produced extremely in-
teresting modular aspects, which, however, involve complicated, often computer-assisted,
calculations with thousands of terms.

In this respect, the alternative use of Weyl factor from the copy A° of A in the com-
mutant of A in [16] and the early nonconformally flat modification of the torus geometry
by an element from A° in [17] allowed stripping the modular aspects and somewhat
simplifying the computations, while still producing a nontrivial scalar curvature. One
can also work with A° as the underlying algebra and modify the Dirac operator by an
element from A instead. This still yields the usual spectral triple, while taking the other
two combinations yields the twisted (modular) triples, so there are just two different
types of situation [6].

Now, for quantum tori, and more generally for spectral triples with real structure
J, there is a natural choice for A° as JAJ. Moreover, since A° and A coincide in the
classical (commutative) case, also modifying the quantum torus geometry by elements
from A or from A° appear a viable option and both of them should be considered. The
latter leads to the usual (untwisted) spectral triple with the algebra A.

Concerning the spectral approach described above, the Wodzicki residue methods
have already been used for quantum tori in dimensions n = 2 and n = 4 in [24] and [21],
respectively, and have been extended to any dimension n > 2 in [41], see also [46], and
applied in [18,47] for the scalar curvature on NC tori.

Altogether, the aforementioned spectral methods allowed so far to extract the scalar
invariants built from the metric and the curvature tensors, while the understanding of the
curvature tensor itself has not yet been achieved. Only recently has the Ricci curvature
tensor Ric;j been recovered using the Hodge-de Rham spectral triple, and more precisely
from the difference of zeta functions of the Laplacian on functions and on one-forms, and
applied to the noncommutative two-torus [25].

No doubt it would be extremely interesting to recover other important tensors in both
the classical setup as well as for the generalised or quantum geometries. In this paper we
accomplish this task for the metric tensor g itself, its dual, and for the Einstein tensor

1
G := Ric — §R(g)g,

which directly enters the Einstein field equations with matter, and its dual. For this
purpose, we employ in fact the Wodzicki residue of a suitable power of the Laplace type
operator multiplied by a pair of other differential operators. Notably, we demonstrate that
the Wodzicki residue density recovers the tensors g and G as certain bilinear functionals
of vector fields on a manifold M, while their dual tensors are recovered as the density of
bilinear functionals of differential one-forms on M.

Using Connes’ pseudodifferential calculus on noncommutative tori we also propose a
conspicuous quantum analogue of these functionals and probe it on 2 and 4-dimensional
noncommutative tori. Note, however, that a direct comparison with [25] is arduous not
only due to the difference between the canonical and Hodge-de Rham spectral triples, but
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more fundamentally, due to the unknown way how to extract from the Einstein tensor
the Ricci tensor due to the ordering ambiguity (quantum product) of g and R(g).

The aforementioned functionals are built using either the Laplace or Dirac operator
(in case M is spin manifold), but before embarking on the latter one, we need actually
first to settle other Laplace-type operators, acting on vector bundles of suitable rank
over M. In fact, it will be advantageous to consider a general class of such operators and
to control which tensors they produce. For this reason, our notation will systematically
keep track of the dependence on a particular differential operator.

This will be also beneficial for another reason. Namely, one typically obtains spectrally
the scalar curvature R of a manifold using the Laplace or Dirac operators, which are built
openly from the Levi-Civita connection (so torsion-free). Classically, these operators can
be also characterised by the fact that the so obtained R minimises the relevant functionals
(as otherwise there is a non-negative contribution from the torsion). This property may
be not satisfied in the noncommutative realm, as actually there is no implicit notion of
torsion (see, however, other frameworks in e.g. [26,49,3-5]).

It turns out that already on the noncommutative 4-torus the most immediate quan-
tum analogue of the conformally rescaled flat Laplace operator does not minimise the
scalar curvature functional [50]. Thus, if no particular reference Laplace-type operator
is declared to be torsion-free, it can be convenient to label also the spectrally obtained
geometric tensors such as R, Ric or G by the concrete operator A which has been em-
ployed for their definition, and call them, e.g. “A scalar curvature”, etc. By doing so,
we will be able to determine which Laplace-type operators provide the same geometric
invariant.

1.2. Organization of the article

We start with a brief overview of the normal coordinates and the expression of the
Laplace operator and its symbol at a given point on the manifold in these coordinates
and present the explicit results for the symbols of the negative powers of the Laplace
operator. Then we prove the main theorems showing that functionals on vector fields
(understood as differential operators) yield the metric (Theorem 2.3) and the Einstein
tensor (Theorem 2.4) densities.

In Section 3 we demonstrate in Theorems 3.1 and 3.2 the value of the metric and
Einstein functionals for Laplace-type operators on vector bundles, giving interesting
examples of the spinor Laplacian (Proposition 3.4) and square of the Dirac operator
(Proposition 3.5). In Section 4 we propose functionals on the space of differential one-
forms on a spin. manifold and prove that these functionals provide densities of the
respective dual metric and Einstein tensors (Theorem 4.1).

In Section 5 we propose an extension of these functionals to the noncommutative
realm, focusing in Section 5.1 on Laplacian on noncommutative tori, where outer deriva-
tions are interpreted as vector fields. We prove that the spectral Einstein tensor vanishes
identically for the conformally rescaled geometry of the noncommutative 2-torus (Propo-



6 L. Dgbrowski et al. / Advances in Mathematics 427 (2023) 109128

sition 5.2) and provide an explicit and compact formula for the spectral Einstein and
metric tensors for the 4-torus. In Section 5.2 we propose the generalisation of the spectral
metric and Einstein functionals on noncommutative differential forms for spectral triples
on conformally rescaled noncommutative 2 and 4-tori, showing that also the contravari-
ant spectral Einstein functional vanishes for the conformally rescaled spectral triple on
noncommutative 2-torus (Proposition 5.10) and provide an explicit formula for the spec-
tral metric and Einstein functionals for the noncommutative 4-torus. Furthermore, we
discuss also these functionals for finitely summable and regular spectral triples and illus-
trate how these functionals behave under tensoring a finite summable regular spectral
triple with the simplest non-trivial finite triple on C2.

The Appendix provides a few formulae and computations of pseudodifferential sym-
bols, which are used in proofs.

1.8. Notation

Throughout the article we work with a closed, orientable Riemannian manifold of
dimension n = 2m, with a fixed metric g, while in the case of functionals on differential
forms we assume the existence of spin, structure and fix the spinor bundle. We denote by
+® the matrices that satisfy v2v° +~y* = 0if a # b, and by (y%)2 = 1 fora,b=1,...,n.

We denote the Einstein tensor on M by G. The spectral metric and Einstein func-
tionals on vector fields we denote by g, 6", where P is an appropriate Laplace-type
operator, whereas for the spectral metric and Einstein functionals on differential forms
we use the notation gp and €p, where D is a Dirac-type operator.

The proofs are all based on the technique of normal coordinates x around a fixed
point on the manifold and the expansion of all geometric objects (metric, orthonormal
fames, connection, vector fields, etc.) up to the relevant order in x.

2. The metric and the Einstein tensor densities

We consider an even-dimensional compact Riemannian manifold M with components
of the metric g given in chosen local coordinates by g,,. The Laplace operator, which is
densely defined on L?(M,vol,), is expressed as

_ 1 e ab
A= 7det(g)aa( det(g)g ab), (2.1)

where ¢? is the inverse of the matrix g,, and we use here and in the following the
summation convention over repeated indices.
The symbols of the differential operator A are:

—1

as :gabfafba ay = W

8a( det(g)gab)fb, ap = 0. (2.2)
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As the next step, we will conveniently express the symbols using centered normal coor-
dinates x [45] around a fixed point of M with x = 0.

2.1. Laplace operator and its powers in normal coordinates

Let us recall that in the normal coordinates the metric has a Taylor expansion:

1
Jab = 5ab — gRacde‘cxd + O(Xz), (23)

and
1. a,.b 2
det(g) =1— éRlcabx x” 4 o(x?), (2.4)

where R,.pq and Ric,;, are the components of the Riemann and Ricci tensor, respectively,
at the point with x = 0 and we use the notation o(x¥) to denote that we expand a
function up to the polynomial of order k in the normal coordinates. The inverse metric
is

1
gab = Oup + gRacbdZECQﬁd + 0(X2>, (25)
where on the right-hand side we still can keep the lower indices a, b as at the point with
x = 0 the metric is standard Euclidean and so the tensor indices are lowered and raised
by the Kronecker symbols 64, and 6.
Consequently, the symbols of the Laplace operator in normal coordinates are

1
as :<5ab + gRacbdl‘de)gagb + O(X2)7
(2.6)

9
aq :gRicabxaéb + o(x?).

Then, by a straightforward application of (2.5), (2.3), (2.4) to (A.6) one has:

Lemma 2.1. In normal coordinates around a fixed point of the manifold M the symbols
of the inverse of the Laplace operator read

1
by = H5H_4 (5ab - gRacbdxcxd)gagb + 0(X2),
21

by =—3 Ricapz&|[€]| 7 + o(x), (2.7)

2
by = gRiCabfafbeH_G +o(1).

Next, we apply (Lemma A.1) to compute the three leading symbols of the powers of
the pseudodifferential operator A~!:
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Proposition 2.2. The first three leading symbols of the operator A™F, k >0

U(A_k> = Cok + Cop41 + Cokt2 + ...,

are given up to order respectively x2,x,1 in normal coordinates around a fized point by,

k
ok = [|E]| 7242 (5ab _ —Racbdxffxd> €06+ o(x2),

3
—2k1
Cok+1 = WRICM;ZE fa O(X), (28)
k(k+1)

Cok42 = GIESE —————Ricu&ap + 0(1).

Proof. We use (2.7) and (A.11) keeping only terms with the right order in x, which for
Cor+2 yields only 4 terms instead of 10 in (A.11), i.e

k(k—1 _ "

Cok+2 = k(b2)" by — Z%(bz)k 295 (b2)07 (b3)—
k(k —1 B o

L) (0, =20505 (02)0507 (02)

k(b= 1)(k -2

I 2) 10,4205 (02)05 (02)507 (02) + 0(1).

We simplify it further by taking into account the properties of the Riemann tensor,
Rabcd&a&b =0= Rabcd§c§d7
leading to the above result. 0O

2.2. Spectral functionals of vector fields

Let V, W be a pair of vector fields on a compact Riemannian manifold M, of dimension
n = 2m. Using the Laplace operator, we define two functionals g (V, W) and €2(V, W).

Theorem 2.3. The functional:
g2 (VW) =W (VWA™™1),

is a bilinear, symmetric map, whose density is proportional to the metric evaluated on
the vector fields:

g (VW) = - / (V, W) vol,.
M
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Proof. The product of two vector fields is a differential operator with a symbol
o(VW) = vy 4+ by = —VOW EE + iV 6, (WP)E,. (2.9)

Then,

where by (2.8)

Tom(VWAT 1) = —VIWPE& €] 722

Using integration over S?™~1 we get
oo (VWA ) = L yegye,
n
l1gl1=1
which ends the proof. O
Theorem 2.4. The functional:
€MV, W) =W (VIVA™™), (2.10)

is a bilinear, symmetric map, whose density is proportional to the Finstein tensor G
evaluated on the two vector fields:

Un—1
€AV, W) = o /G(V,W)volg.
M

Proof. Similarly to the previous theorem, we need to compute the symbol of order —2m
of the pseudodifferential operator VW A~™. Using (A.2) we have

O_om(VIWAT™) = vacami2 + 01¢amt+1 — 1049204C2m 11
. (2.11)
— i&auléach — §8a85025a5btgm.

As the normal coordinates x are 0 at the (arbitrary) fixed point of the manifold, we
are interested only in terms that do not vanish at x = 0. Since both ¢3,,+1 and §,¢a.,
vanish at x = 0 we are left only with terms that depend on vy. We explicitly compute
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m(m+1)_ ., .
VoCopmpmt2 = _WV WleCcdfagbgcgd + 0(1)7
. . atrsb byrra —2mi :
_ZaangaaC2m+1 = —’L(—V W gb - VW gb)3||§||T+2Rlcca€c + 0(1)
2 yragibe (¢,Rich, + & Ricae) + o(1) (2.12)
= olleliomao c\SaNICphe 1Cqc o ) .
3[|€][+2 e
1 1 ayrsb byrra m
_§8aabt)26a5bt2m = §(V W + V W )W<Rcadb + Rcbda)fcgd + O(].)
2m
= _VWP.R., 1).
S ettt o)
As a result,
1
oo (VWA = = D pappic e 68,
3[lg]>m
0 (2.13)
m atx7b : :
+ WV w Sc(gaRICbc + glecac - Rcadbgd) + 0(1)
Integrating (2.13) over S?™~! and substituting x = 0 we have, for the first term,
l1€l1=1
L Unl (gt e+ Buadne) =D pappbpse
— 2m(2m+2) ab¥cd acYbd adYbc cd

o _Un—l a a - UTL—]. a b
=-13 VWeR . VWP Ricqp,

and for the second term,

2m
anwac(&ll{icbc + gbRiCac - Rcadbfd) =
llel=1
n—1 2 . .
= Ul T yappb (s, Ricpe + OpeRicae — deqReads)
2m 3
_ ””T‘lvawbmcab.

Combining them together and integrating over the manifold we get the result, which is
obviously symmetric and bilinear. O

Remark 2.5. A localized version of the functionals g® and €% is automatic since they
satisfy,

W(VWAT ) = g2 (fV. W) = g2 (V, W), (2.14)



L. Dabrowski et al. / Advances in Mathematics 427 (2023) 109128 11
W(fFVWA™™) =€2(fV,W) = €2(V, fWV) (2.15)
for all f € C>*(M).
We will call g2 and €2 respectively metric and Einstein (spectral) functionals.
3. Spectral functionals for the operators of Laplace type

In this section, we will demonstrate how the results vary if one passes to the Laplace-
type operators, acting on sections of a vector bundle V' of rank rk(V). These operators
generalize the scalar Laplacian in the sense that they have the same principal symbol
(times the matrix unit), yet they may contain both some nontrivial connections and
torsion.

For this purpose we assume that there is a connection V on the vector bundle V, i.e.
for any vector field X on M, we have a covariant derivative V x on the module of smooth
sections of V. Using the notation V, := Vj, in local normal coordinates around a fixed
point on the manifold we have:

Va:aa_Tm

where each T, is a C°° (M) endomorphism of the sections of V. Using normal coordinates
and expanding T, around x = 0 we have,

To(z) =T, + Tupz® + o(x).
Thus, we can write the symbol of the generalized Laplace operator
Ar = —g®(VaVy =T Ve),

in the normal coordinates as the sum of

1
ag =(0ap + gRacbdxc$d)£a§b + o(x?),
%
3
a0 =To — TuTs + o(1).

(3.1)

a1 =—Ricepz®Ep + (20T, &, + 2iTabxb§a) + o(x),

Then the parts of order —2, —3, —4 of the inverse of At expanded in x up to the order,
respectively 2,1, 0, are
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b = 1™ (s — 5 Racban“a) a6y + o),
by = 3 Ricws Sl = = (Tuba + 2Tua I 4000,
by = > Ricar&aol€]|™° — AT Ta o €]|
— (Taa — TTo)IENI™* + 4T &a&|[€]]7° + (1)
Theorem 3.1. The functional
g (V,W) =W (Vy Vi AZ" )
does not depend on the connection T, and
g2T(V,W) = rk(V) g (V, W)
Proof. This is evident, since the principal symbol does not depend on T. O
Theorem 3.2. The functional
CAT(V, W) := W (Vy VA"
is equal to
CAT(V, W) = “%1 MV’ F(V,W)wvol,, (3.3)
M
where
F(V,W) = Tr VIW"F,,
and Fu, is the curvature tensor of the connection T. For T = 0 it is equal to

rh(V)€2(V,W).

Proof. First we compute the leading symbols of (A7)~ up to the appropriate order in

X,

m .
Com = |[E][72 7 <5ab - —Rajbk$j$k> Ealp + 0o(x?),

3
—2mi —2m—2 —2m—2
Comi1 = 3 [1€]]™ Ricgrz®é, — 2mil €] (T o + T £a) + o(x)
m(m + 1 o 4. (3.4)
omrs = D) e -2migic e,

3
—2m(m + V)| || Ty €y + m(TuTa — Taa)|1€]] 72772

+2m(m + D)|[€]] 2™ Tup €a&p + 0(1).
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Expanding in a similar way
Vy =V 0y — Ty — Tapa®) + 0(x),  Vw =W, — Ty — Topz®) + o(x),

for vector fields V' and W, we compute only the terms of the symbol of Vi Vi AZ™ of
order —2m, which depend on 7, and T,; at x = 0, as the remaining terms would be
identical to the case considered earlier,

o—am(VvVwAZ™) = (2m(m + )T, Ty £a&p + mTual|€]]* — mT,Tal|€]]?
—2m(m + 1)Top €& VIWFE &g | €] 2
+2mV (D, WO T& 8| [€]| 2
—2m(V W + VPW)T, T | [€]| 722 (3.5)
+ VWP T (€] 2™ — VEW T, |[€]| 7™
4 2mT o (VWP + WV |€||72m 2
— VW) T €] 7™

Integrating it over S?™~! and setting x = 0 we have the following result for the density
of the Wodzicki residue (before taking the trace over endomorphisms)

1
w(VVVWA;m) = Up_1 <§VaWb (Tzéab + T, Ty + TpTy + Tecdap

- T25ab - chdab - Tab - Tba) + Va<8aWb)Tb
— VWY, T, + T,T,) + VWT, T, — VW T,

VW (T + Tha) — v%aawb):rb) (3.6)

1

— 5u(sn—l)v%vb (Top — Toa + ToTy, — TyTy)
1

= 5v<5"—1)VaWme,,

where F,; is the curvature tensor of the connection T, as indeed in the normal coordi-
nates:

Fab - _<8aTb - 8br]:‘a) + [Ta: Tb] - Tab - Tba + [Taa Tb] + O<1)7
which finishes the proof. O
Note that the functionals ¢ *7 and €27 are automatically ‘localised’ as in Remark 2.5.

We finish the section by demonstrating that any 0-order perturbation of the Laplace
(type) operator Ar does not modify the metric functional, whereas the Einstein func-



14 L. Dgbrowski et al. / Advances in Mathematics 427 (2023) 109128

tional is modified by a term whose density involves the metric functional multiplied by
the trace of the 0-order term.

Lemma 3.3. For the Laplace type operator Ar g := Ar+E, where E is an endomorphism
of the vector bundle, the metric functional does not depend on F,

gorE(V W) = g2 (V, W), (3.7)
whereas the Einstein functional
GATE(V, W) =W (Vy VAL

reads,

GATE(V, W) = €A (V, W) + % / (Tr E) g(V, W) vol,. (3.8)

Proof. The first statement is obvious. For the second statement by computing the sym-
bols of A~™ we first see from the formula (A.6) that E enters the symbol of order —4
linearly and, consequently, using (A.11) the only additional term that appears in the
symbol of A™™ would appear in order —2m — 2 as

—mB|[g||7* 2.

The only term depending on E that arises in the contribution to the respective symbol
of order —2m of the product VyVy A™™ would then be

mEvabeangngmea

which after integrating over the sphere, taking trace and using (2.3) gives
1
3 (Tr E)g(V,W). O

As follows from [28,27] the operators Ap g are the most general Laplace-type operators
on M.

3.1. Spectral functionals for the spin Laplacian

A particularly interesting example is the application of the above result to the case
of the spinor bundle of rank 2 (assuming that the manifold M has a spin structure,
which we fix).

Recall that in terms of a (local) basis e; of orthonormal vector fields on M the Levi-
Civita covariant derivative reads
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Veiej = aijkek, (3.9)

where a1, is the Levi-Civita connection, expressed explicitly in the basis e; through the
structure constants c;j; of the commutators of orthonormal vector fields,

1
Qg = §<Cijk + Crij + Ckﬂ), [ei, ej] = CijkCk- (3.10)

If M is a spin manifold, then the lift of the Levi-Civita covariant derivative to Dirac
spinor fields reads

1 .
ng) =e; — Zaijk'y]'yk, (3.11)
with 77 as in Section 1.3. The spinorial Laplace operator is
AG) = gyl — —VS)VS) + v(vsz.ei — —VS)VS) + aiijvgj). (3.12)

In the normal coordinates around a fixed point of the manifold one has then

0 1 , 0
€i=55 " éRijké afjwkw + o(x?) (3.13)
and
1 ¢
Qi = _iRéijka' + o(x), (3.14)

and therefore,

1 .
AB) — —0;0; + gRijké xjxkaiag + O(Xz)
2

3

. 1 .
Rij .I‘Z8j + ZRMjk $£’7J7kai + O(X) (315>
+o(1),

where in the three lines we collected terms of different order, expanding them up to the
same order in normal coordinates x as their order.

By comparing the symbol with (3.1) it is easy to identify then A(®) as a Laplace-type
operator Ar, with the respective expansion of the spin connection,

1

Ta:O7 Tab:8

Rapiry’ ™.

We have then
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Proposition 3.4. The metric and Finstein functional associated to the spin Laplacian are
proportional to the functionals of the scalar Laplacian,

() s s s$)\—n— m
g (VW) = W (VP VR (AW) T 2) = 2mg AV ), 16
g2 (VW) = w (VY (AG) ) = 2mgA (v, W),

Proof. This is a consequence of Theorem 3.2. While the result for the metric functional
is obvious for the Einstein functional we see the trace of the additional term, arising
from the curvature of the connection vanishes,

1 . .
ZTI‘ Vew?b (Rabjk:'yj")/k - Rbajk’)/j’yk) =0,

due to the skew symmetry of the Riemann tensor in the two last indices. O
3.2. Spectral functionals for the Dirac operator

An immediate application of Lemma 3.3 is the computation of the Einstein functional
using the Dirac operator instead of the Laplacian. The Dirac operator is, in a local basis
of orthonormal frames, a first-order differential operator

D =iy V), (3.17)

and its square D? differs from the spinorial Laplacian only by a quarter of the scalar of
curvature

1
D? = A®) 4 R

More generally, if we consider a spin. structure and the Dirac operator twisted by a
U (1)-connection,

DA:D+A,

the respective formula reads,

1
D% =A® 4 TR+F

where
F =~y Fyy,

and Fjj, is the curvature of A. Then as the consequence of Lemma 3.3 we have,
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Proposition 3.5. The spectral metric and Einstein functionals associated with the Dirac
operator D do not depend on the connection A and read,

gPA(V.W) = WV VR DAl 7 72) = 27 g A (V. W),

D2 () (s) . SN 1 (3.18)
£ A<V7W) = OW(VV VW’DA| ):2 € (VaW)+§9i(VaW) )

where

RV, W) = v 1 / R(g) g(V, W) vol,.
M

4. Metric and Einstein functionals of differential forms

In differential geometry besides functionals on vector fields, one can alternatively con-
sider functionals on the dual bimodule of one-forms. In this section, we will investigate
whether the Einstein tensor (or, more precisely, its contravariant version) can be ob-
tained from such functional using the spectral methods. For this purpose, we need to
represent differential forms as differential operators, and a suitable way is to employ
Clifford modules. We assume thus that M is a n = 2m dimensional spin. manifold and
use the Clifford representation of one-forms as 0O-order differential operators, that is,
endomorphisms of a rank 2" spinor bundle.

As generating endomorphisms, we can work with Clifford multiplication by the local
coframe basis e/ dual to the orthonormal oriented frame basis e;, which simply amounts
to multiplication by (constant) gamma matrices 7/ as in Section 1.3. Thus, let v, w,
with the components with respect to local coordinates v, and w,, respectively, be two
differential forms represented in such a way as endomorphisms (matrices) ¢ and @ on
the spinor bundle.

Theorem 4.1. The following spectral functionals of one-forms on a spin-c manifold M of
dimension n

Gp (v, w) := W (6(Dw + wD)D~ ") (4.1)

read

(4.2)




18 L. Dgbrowski et al. / Advances in Mathematics 427 (2023) 109128

where g(v,w) = g®®vwy, and G(v,w) = (Ricab — %Rg“b)vawb, using the expressions
v = vadx®, w = wpdx® in any local coordinates.

Proof. The proof of the formula for the metric functional gp is easy and we skip it,
concentrating on the Einstein functional, splitting it into two parts as follows:

61 (v, w) = W (0DWDD™™),
and
G (v, w) = W (6w D~ "1?).
We start with the first. Let us again work with normal coordinates z around a fixed

point on the manifold M with x = 0. We can rewrite the first three leading symbols of
D~ = D™ (using (3.4) and the Lichnerowicz formula),

m .
Com = |[€][7* 7 <5ab - gRajbk$]$k> Ealp + o(x?),

—2mz

Comi1 = —5 |1€]| 72" 2 Ricara" € — 2mi[€]| 72 (Tupz"Ea) + o(x) (4.3)
m(m + 1 oA . m Com—
camsz = " el =2 Ric,u .6 — T RIIEIT 4 of1),
where
Ty = ER bi J~k
a 3 abjkV" Y

and we have used the antisymmetry of T,;. The Clifford images of v and w have a local
expansion around x = 0 in normal coordinates,

0 =va7" + 0o(1), W = wey®* + wapyxb + o(x),

where w,, v, and wy, are constants. Note that here due to the metric in normal coor-
dinates at z = 0 being Euclidean, the gamma matrices satisfy {y¢,~°} = 26%°. Observe
that the symbol of 9D needs to be expanded to o(1) whereas symbol of @D to o(x), and
so they read

o(0D) = ivayafyjifj +0(1),
(4.4)
~ . a. j(s 1 b p.s . a.j b
o(WD) = iw, vy (i&; + 5 Beps 7"y ) — iwapy* Y E5x" + o(x).

The constants w,, arise from the dependence of the one-form w on the coordinates
around x = 0.
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The symbol of 9DwD up to order o(1) in normal coordinates is

A A a ] 1 a j S
cr(vaD) = Vg WpY 7j7b’yk§j§k — gvawb’)’ ’Y]’Yb’Yk’Yp'Y Rijkps (4.5)

— 10 wp Y VI AP ER + o(1).

We can omit additional terms with explicit dependence on normal coordinates as they
will all vanish at x = 0.
The symbol of order —n of the product 9DwDD~"™ comes then (at z = 0) as

m(m + 1)
3

m . _ _

= T Vawsy 7"y RE €l
2m , . . —om—

- ?anb’ya/yj’ybfyk (Rlcrjfkgr + Rlcrk&r&j) ||£|| 2 2 (4 6)
o .

— Zvaww“vjvbvkvpvq (Rrquﬁrék + Rrkpqgrgj) ||§| |_2m_2

m ; _ _
-+ gvawb'ya’yj’yb’yk (Rrjpkrgrgp + Rrk:pj&r&p) ||§|| am=2
1 a,.j s —2m
— glaey VA YEAP Y Rjkps | [€]| 7™ + 0(2).

o_n(6DHDD™™) = vawyy Y Y Y Ric, o &5 Eplr & |€]| 72T

We see at once that it does not contain any term with w,, hence the result will be
bilinear in the differential forms. Integrating over ¢ € S"~! and taking the trace over
the matrices v we obtain:

_ amUn—1 n—2
61 (v, w) =2 5 /(G(v,w) + 1 g(v,w)R) vol,.

The functional 6, requires the computation of the symbol of D~"2 up to o(1) as the
product of two forms is an operator of order zero. Then, using the explicit formula for
the symbol of D™"%2 (4.3), we obtain

- —9
Ga(v,w) = —Qm% / n 1 g(v,w)R vol,.
M

This shows our statement about €p = €1 + G3. O
5. Towards noncommutative metric and Einstein functionals

The spectral methods that we have proposed to obtain the metric and Einstein func-
tionals are well suited for generalisation to the noncommutative case. So far, almost
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exclusively scalar geometric quantities (like scalar curvature) were computed for non-
commutative tori, with conformally rescaled Laplace and Dirac operators (see [22] for a
review) and partial conformal rescaling [17,11]. As the tensors carry more information
than scalar geometric objects their study on noncommutative level is certainly more in-
teresting though definitely complicated, especially that a general algebra may have no
outer derivations which are usually regarded as the noncommutative counterpart of vec-
tor fields. On the other hand, differential forms are naturally associated to any spectral
triple, with the latter deemed to best encode the notion of a Riemannian manifold in
the noncommutative case.

On the quantum tori we take advantage of both of these structures and correspond-
ingly propose definitions of the associated spectral metric and Einstein tensors using the
generalisation of the Wodzicki residue on the generalised algebra of symbols on noncom-
mutative tori. We compute explicitly for 2- and 4-dimensional noncommutative tori the
relevant functionals of outer derivations for the conformally rescaled Laplace operators
and of one-forms with conformally rescaled Dirac operators. We also define analogous
functionals for regular finitely summable spectral triples and study their product with
the simplest nontrivial finite spectral triple.

5.1. The metric and Finstein functionals for the Laplacian on a noncommutative tori

The quantum tori are prominent examples of noncommutative manifolds which admit
noncommutative analogues of many classical geometrical objects. In particular, there
are outer derivations that act on the smooth algebra of = C°°(T§) and that can be
interpreted as noncommutative vector fields, even though in general they form only a
complex vector space rather than an 9f-bimodule. It is then straightforward to identify
a noncommutative counterpart of the flat-metric Laplace operator. This can also be
generalised to the case of conformally rescaled geometry, where the conformal factor is
taken as a positive element of the algebra of the noncommutative torus.

We can therefore exploit our definition of the metric and Einstein spectral functionals
to define the corresponding functionals for the noncommutative tori and compute them
explicitly. For that purpose we use the pseudodifferential calculus of symbols as defined
in [15] and then used and developed by many authors (see [22] for a review). The rules
of the algebra of symbols are almost identical to the usual ones, however, with the
partial derivatives replaced by derivations and the symbols valued in the algebra of
noncommutative torus.

This algebra admits a natural generalisation of the Wodzicki residue, which is defined
as the trace of the integral over the cosphere ||£|| = 1 of the symbol of order —n (where
n is the dimension of the torus). The existence of such Wodzicki residue trace on the
algebra of symbols over the noncommutative 2-torus was demonstrated and discussed in
[24,41,50]. We denote it again by W .

However, for the conformally rescaled T, we find it convenient to work with an
enlarged algebra dl, which is generated by o and its copy A° commuting with of. Indeed
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for the Laplace-type operators, the relevant Weyl factor in principle can be taken from o,
though usually it assumed to be in 9 and we adhere to this convention. For the spectral
triple with conformally rescaled Dirac operator, the conformal factor is instead assumed
to be from 9° as only in such a case the associated differential one-forms (generated by
ol and its commutators with the Dirac operator) are bounded operators, on which our
functionals will be defined.

Now, the standard flat Dirac operator on Ty as well as its conformal rescaling are
clearly first-order differential operators for the extended pseudodifferential calculus with
symbols valued in the algebra d, since they are just built from the derivations on 9 which
extend to derivations on . Next, considering for simplicity only the strictly irrational
[48] noncommutative torus (with the center of algebra equal to C), there is an obvious
factorized trace 7® on the enlarged algebra o given by 7®(ab°) = 7(a)7(b°). Moreover,
since 7% is invariant under derivations like 7, we use it to define the tracial Wodzicki
residue on si-valued symbols as above, and still denote it by W and its density by w.

5.1.1. The metric and FEinstein functionals for the conformally rescaled Laplacian on a
noncommutative 2-torus

Since every two-dimensional Riemannian manifold has a vanishing Einstein tensor,
it is natural to ask whether this holds also for the noncommutative torus. We shall
demonstrate that it is true in the case of a conformally rescaled Laplace operator. We
denote by i = C>(T}) the algebra of smooth elements of the noncommutative two-
torus and by 7 the standard trace over its C*-algebraic completion. By # = LQ(Tg, T)
we denote the standard Hilbert space obtained by the GNS construction for the tracial
state 7. By 91,02 we denote the basis of derivations of the algebra of implemented as
densely defined operators on 7.

Definition 5.1. Let h € COO(THQ) be positive, invertible, with a bounded inverse. We define
as the conformally rescaled Laplace operator for the noncommutative torus the following
densely defined selfadjoint operator on #:

Ap=h"tARTH (5.1)

where
A= (5.2)

This definition is motivated by the commutative case 6 = 0 where the operator Ay, is
unitarily equivalent to the operator h=2A, which is a densely defined self-adjoint operator
on #;, = L3(T?,11,), where 7,(a) = 7(h2a).
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Similarly, we define the vector fields as appropriate self-adjoint generalisations of
operators unitarily equivalent to derivations,

Vi= > V*hi.h™ ",

a=1,2

where V¢ € C.

Proposition 5.2. For the conformally rescaled Laplace operator on a noncommutative
2-torus the metric functional reads

g2 (Vi, Wh) = W (ViaWi A %) = 77 (R VW S0,
whereas the spectral Einstein functional and its density vanish identically
Con (Vi, Wy) = W (VWi A1) = 0.
Proof. The metric functional is straightforwardly computed
g2 (Vi, W) o = W ((WV*S,h™ 1) (RW PSR~ 1) (W AR™1)~2)
=W (hV W6,8,A" h*A~"h) (5.3)
=TT (h4VaWb(5ab) = 7TT(h4)VaWb5ab.
Note that the components of the noncommutative metric tensor functional scale as h*

as in the classical situation.
Next, we compute the Einstein functional,

G (Vi, Wh) + = W ((RV3,h™ 1) (AW S,h 1) (R~ AR )

(5.4)
=W (W W°S5.8,A7 ) =W (RPV W 5,8,A71) .
Since A is the standard (flat) Laplace operator and V, W are just C-linear combinations
of the derivations, V¢W?°§,8,A~! is an operator that has exclusively symbol of order 0.
Since its symbol of order —2 vanishes, its product with any element from the algebra,
like h2, has the same property, and thus the Wodzicki residue of it vanishes. O

Note that by using the same argument and the trace property of the Wodzicki residue
we also show that for any « € d the localised functional vanishes

€2 (@, VW) =W (e VWA, ') =0

(here «V, in general, does not implement an algebra derivation). Thus, the conformally
rescaled geometry of the noncommutative 2-torus has indeed the same property as a
2-dimensional manifold - its Einstein tensor vanishes.
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We finish this example by reiterating that the analysis does not change if h is taken
from the larger algebra df.

5.1.2. The metric and FEinstein functionals for the conformally rescaled Laplacian on a
noncommutative 4-torus

As the analogue of the conformally rescaled Laplace operator over the noncommuta-
tive 4-torus (acting on # = L?(Tg, 7)) we simply take,

4
A= X" baxba-xh (5.5)

a=1

where Y = h? is a positive element of the algebra C*°(T,) and 4, are the standard
derivations extended as operators on a dense subspace of LQ(Tgl,T). The deformation
parameter 6 is here, in fact, a matrix (such that the center of the algebra is C). Note
that the operator A, is again a noncommutative generalisation of an operator that
classically (for # = 0) is unitarily equivalent to a Laplace operator for the conformally
rescaled metric on the four-torus.

Similarly, as in the case of 2-dimensional noncommutative torus we take two arbitrary
vector fields V, W understood as h-rescaled linear combinations of derivations,

Vi =Voxdaxt, Wi, =Wixax '

Proposition 5.3. The spectral metric and Einstein functionals on derivations for a con-
formally rescaled Laplace operator over the noncommutative 4-torus are, respectively,

gAh (Vn, Wh) = 2#27(X3)V“Wb5ab,
1 1
€A (Viy, W),) =211 (—ﬂx(‘/“&zx)xl (Wh6x) — ﬂx(W“%x)x’l(V%x)

5 - 5o _
+ 57 (V"0ax)x LWPSx)x + 21 (W 0ax)x L(Vb,x)x

1 1
— ﬂ(Vaéax)(Wbébx) — —(Wax)(V®yx)

24 (5.6)

1 1
— §V“Wb(5abx)x + EXVaWb((SaWO

; (—21—4(5ax)xl(5ax)x — X (Bx T (5x)

1

= 510000 + 5380 + (A0 ) V)

12

We skip the proof, which is a straightforward and tedious computation of the respective
symbols and the integration over the cosphere. Note that the above expression can be
further simplified using the trace property of 7. Let us also note that the expression has
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a well-defined commutative limit, in which case the spectral Einstein functional density
becomes as follows:

_ 1 1
w(VWA,?) =272 <Zvawb(5ax)(5bx) — évawb((sabx)x
(5.7)

1 1
- 0060 W) + AN ),
and is exactly equal to:

2 2
%@Gabvawb.

5.2. Spectral Einstein and metric tensor for spectral triples

Let (4, D, %) be a n-summable spectral triple and Q5 (s) be the o bimodule of one-
forms generated by of and [D, o], which by definition consists of bounded operators on
7. We assume that there exists a generalised algebra of pseudodifferential operators
which contains of, D, \D\Z for ¢ € Z, and there exists a tracial state W on it, still called
a noncommutative residue, which identically vanishes on T|D|~* for any k > n and
a zero-order operator T (an operator in the algebra generated by o and Q1,(s1)). We
propose the following definition of metric and Einstein functionals for spectral triples.

Definition 5.4. The spectral metric functional on differential forms is
gp(v,w) = W(w|D[™"),
where v, w € QL (d), and the Einstein functional is
Cp(v,w) =W (w{D,w}D|D|™").

Note that since QL (o) is a bimodule over o these functionals are already localised, as
one can replace v by av. A simple consequence of the properties of W on the generalised
pseudodifferential calculus for regular spectral triples are the following linearities for the
spectral metric functional over one-forms,

QD(,Uba w) =4d4gD (Ua bw)? QD<C“}7 w) =4gD (UJ wa)'

However, unlike in the classical case it is not entirely obvious whether any form of
linearity over o in the second entry for the Einstein functional will hold in general. To
ensure this property, we propose the following requirement on a class of spectral triples.

Definition 5.5. We say that a spectral triple with a trace on the generalised algebra
of pseudodifferential operators is spectrally closed if for any zero-order operator T' (as
defined earlier) the following holds:
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W(TD|D|™™) = 0.

Lemma 5.6. The classical spectral triple over a closed oriented spin-c manifold M of
dimension n = 2m s spectrally closed in the above sense.

Proof. Computing the symbol of D|D|~™ = DD~2?™ using the expansion (4.3) we see
that it vanishes identically at x = 0. Since T' is an operator of order zero (does not
depend on &) the product TDD~2™ also has a vanishing symbol of order —n, hence
both the density of the Wodzicki residue and the residue itself vanish identically. O

Theorem 5.7. If a spectral triple with a noncommutative residue over the generalised
pseudodifferential calculus is spectrally closed, then the localised Finstein functional sat-
isfies

6p(v6,w) = 6p(v, bw),
for6 € A.

Proof. We compute

Gp(v,6w) =W (o{D,6w}DID|™")
=W (v([D, 6]w + 6{D,w})D|D|™"))
=W (v6{D,w}D|D|™") = 6p (v, w),

since the first term in the second line contains a product of three one-forms and therefore
is a 0-th order term, so by the assumption of spectral closedness it vanishes. O

Remark 5.8. Note that in the case of spectral triple over a manifold, since one-forms
commute with «,6 € o, the Einstein functional has the same linearities over the algebra
as a tensor.

Next, we present two important situations where the assumptions before Definition 5.4
are satisfied. The first is based on the algebra of pseudodifferential operators over non-
commutative tori [7,15] and the second on the abstract algebra of pseudodifferential
operators for regular n-summable spectral triples [14].

5.2.1. The metric and FEinstein functionals for the conformally rescaled spectral triple
on a moncommutative tors

We begin with the spectral triple on the noncommutative n-torus, (s, #, Dy,), where o
is the d,-smooth subalgebra and Dy := kDk is the conformal rescaling of the standard
(flat) Dirac operator D = ) 7,0, with 7, as in Section 1.3. As argued in [17] the
conformal factor £ > 0 has to be taken from the copy o4° of of in its commutant. The
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bimodule of one-forms, generated by the commutators [Dy, |, ¢ € ¢, is a free left
module generated by k2+7. With assumptions as in Section 5.1 using the extension of
the calculus in [7] to dl-valued symbols and of the analogue of the Wodzicki residue, the
calculations are very much similar to the case of functionals for the Laplace operator on
noncommutative tori. We provide them explicitly for the two lowest even dimensional
cases.

Example 1. Functionals of the conformally rescaled spectral triple on the noncommuta-
tive 2-torus.

As argued in [17] it is possible to construct a usual (untwisted) spectral triple with
a conformally rescaled Dirac operator, however, the conformal factor £ > 0 has to be
taken from the commutant of the algebra. With s = C*°(TZ) and 9° a copy of o in
the commutant of o, such a spectral triple is given by (o, Dy = kDk,# ® C?), where
D = D; and k € d4° is the standard flat Dirac operator,

0 s—ik
D_((52+i51 0 )

In fact Dy is an analogue of the classical Dirac operator for the flat metric rescaled
conformally and unitarily transformed to act on Hilbert space with the volume measure
of the flat metric.

The space of one-forms is a bimodule over d generated by all commutators [Dy, ],
o € o and it can be shown that it is a free left module generated by k%07, j = 1,2,
where o/ are Pauli matrices.

First, we show,

Lemma 5.9. The conformally rescaled spectral triple on the moncommutative 2-torus,
(d, Dy = kDk, % ® C?), is spectrally closed.

Proof. We have

o oDy =0 ok ' DY) = UP(HZ% — 2%)(—1{25(1/{ k).

Integrating it over the ||¢|| = 1 cosphere gives identically zero, therefore the Wodzicki
residue of any expression that is a product of a zero-order operator with D,;l van-
ishes. O

Next, we have the following.

Proposition 5.10. For the conformally rescaled spectral triple over the noncommutative
2-torus the metric functional for v = k*V%® and w = k*W%%*, V¢, W € d, reads

49D, (1), w) = T(VaWa)a
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whereas the spectral Finstein functional vanishes identically,
6p, (v,w) =0.

Proof. The computation of the metric functional is straightforward. Next, since the
spectral triple is spectrally closed, it suffices to compute the spectral Einstein functional
over the one-forms that generate the bimodule Qp, (),

60 = W (k*07{ Dy, k*0c'} DD} ?).
The expression in curly brackets can be rewritten as
oIk [Dy, k2o k1Dt 4+ 207 otk

Since the second term is of order zero, we only need to compute the symbol of order —2
of the first term, which can be rewritten as

o k3D, k2D kL.
Then, using the tracial property of W we get
G = W (o' K*[D, k*0*| D) = W (o7k* (D, k*|oc* DY) + W (67 k*[D, o*]1 DY),
which vanishes since both expressions have a vanishing symbol of order —2. O

It is rewarding to see that the conformally rescaled spectral triple of the noncommuta-
tive 2-torus shares indeed the same property with its commutative counterpart, namely,
it has vanishing Einstein tensor.

Example 2. The functionals for the conformally rescaled spectral triple on the noncom-
mutative 4-torus.

The situation is more complicated for the strictly irrational 4-dimensional non-
commutative torus. Following the classical situation, given a positive invertible k € of°
(which is in the commutant of o), we take Dy = kDk as the conformally rescaled and
unitarily transformed to act on LQ(Tg, 7)®C*4, operator D. Let v and w be two arbitrary
one-forms in the Clifford algebra generated by of and [D, o],

v=FkEVa, W =EWy,

where 7%, a = 1,...,4 are the standard gamma matrices, {y%,7°} = 24, and V¢, W?
are elements of g (which, of course, commute with k). First, we establish.

Lemma 5.11. The conformally rescaled spectral triple for a 4-dimensional noncommuta-
tive torus is spectrally closed.
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Proof. The computations show that the integral over the cosphere of the symbol of Dl;3
of order —4 is:

/ o_4(D;%)d¢ = %ﬁa (k‘Q (K72, {k™", 6, k}] k—2>. (5.8)

l[€l=1

It is easy to see that the trace of the above expression vanishes also if multiplied by
any element of zero-order. This is so because any element of the algebra of operators of
zero order T', contains only products of 7, powers of k£ and elements from o, and thus it
commutes with k. Therefore taking the trace over the algebra gives

W(TD.%) =0. O
Next, we explicitly compute the metric and Einstein tensor functional for v, w.

Proposition 5.12. The metric and the Finstein functionals for the conformally rescaled
spectral triple on the noncommutative 4-torus are, respectively,

k= (0,k)k™ Y (0pk) — %k(&ak)k3(5bk) — %kz(aak)k‘*(&bk) (5.9)
+ 3k—1<5a5bk) + Sap (%k‘l(dck)k_l(éck) + %kQ(éck)k_‘l(éck)

2 1 -3 2 -1
+3k (6k)k™3(6:k) — Sk (Ak))).

We skip the proof which consists of a straightforward though tedious computation
noting only that to get (5.9) we used the cyclicity of the trace.

Remark 5.13. The above expression has a well-defined commutative limit,

1 2 2
Gp, (v, w) = Vol(TH) / Vew? ((gk_Qkakb + gk_lkab)
T4

4 2
—Oapk 2koke — =0k Y hpe
+ <3 b 3 b )) 3

(5.10)

which recovers the classical formula for the Einstein tensor for a conformally deformed
metric on the 4-torus with the metric gop = k= *8as,

Gap =4 (k% kakp + k™ kap) + 8800k *keke — 40apk ™ kce. (5.11)
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Note that the density of the functional involving the one-forms uses the contravariant
Einstein tensor and the volume form, and scales with & like k*k*v/k—16 so the density in
4 dimensions scales exactly like the covariant Einstein tensor. The scaling factor comes
from the convention that 7 is normalised with 7(1) = 1.

5.2.2. The metric and FEinstein functionals for a reqular finitely summable spectral
triple

The second situation, which is different from the conformally rescaled geometries
of noncommutative tori, is the case of regular, finitely summable spectral triples (for
simplicity with simple dimension spectrum). In this case there is a PDO algebra and
calculus of symbols as defined by Connes and Moscovici [14] (see also [34] and [53])
and there exists a tracial state (see [14] Proposition II.1) denoted ¥ (as before). The
definition and methods of computation of the spectral metric and Einstein functionals
are, however, quite involved and explicit expressions are feasible only in some special cases
of highly symmetric Dirac operators (like the flat Dirac operator on noncommutative tori
or fully symmetric Dirac operators on spheres). One can study though some functorial
properties, for example the behaviour of the functionals under tensor product of regular
spectral triples, of which a particular instance is a finite spectral triple as the second
factor. When the first factor is the classical spectral triple (corresponding to spin-c
manifolds) this corresponds to almost commutative geometries which play a significant
role as models for the geometry of physical interactions.

Below we present an example of the metric and Einstein functionals for the tensor
product of a regular (not necessarily commutative) spectral triple with a simplest non-
trivial spectral triple on two points, expressing them in terms of the functionals on the
components.

Example. Functionals for the spectral triple on o @ C2.

We assume that (o, D, %) is an even spectral triple with grading + of dimension n
satisfying the assumptions described in section 5.2, which is spectrally closed, and we
consider (4 ® C%, D, # @ C?), where

%z( D 70)7
yc¢* D
where ¢c € C.

It is easy to see that the bimodule of one-forms, associated to & consists of the

_ [ wy ycoy
- (o)

where wy € QL (d) and ¢4 € o.

following operators,
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We can now state

Proposition 5.14. Let w,w’ be two one-forms in the spectral triple (4 @ C2,D, # @ C?).
Then,

g9(w,) = gp(wi, w}) + gp(w_,wl) +ccv (616 + o6,
and

CgQZ(wuw/) = C§D<w+7wg—> —|—C§D(U),,w/_),

* n 3
+cc*gp(wy —w_,w —w') — 5CC (gD(er,wg_) —I—gD(w_,w’_))

+cc* (gp(wy,dd’y) — gp(doy,w') +gp(w_,ds" ) — gp(de_,w'))
+ (cc*) o (o4 +0-)(¢, +97)),

where d¢ = [D, ¢] for ¢ € d.

We skip the computational proof mentioning only that the condition of being spec-
trally closed does not need to be preserved in the tensor product with a finite spectral
triple.

6. Final remarks

The concept that geometric objects like tensors (metric, torsion and curvature tensors)
can be expressed using spectral methods provides an invaluable possibility to study
them globally both for the manifolds as well as for various extensions of geometries like
noncommutative geometry.

First of all, the metric functionals we constructed should be compared with various
other concepts for the metric tensor proposed in the noncommutative realm on the
algebraic level. Furthermore, possible relations with the notion of a distance (between
states) and quantum metric spaces should be examined. The possibility of studying
spectral functionals linked to connections leads to the possibility of defining an abstract
notion of torsion and torsion-free connection. This would provide a natural contact with
the various concepts of linear connections and possibly then with such notions as the
Levi-Civita connection in the noncommutative case, for example [26,49,3-5].

The newly introduced Einstein functional can be further computed for a variety of
spectral triples on interesting algebras. This includes, in particular, more general spec-
tral triples for the noncommutative two-tori (cf. [16]) for which we expect the spectral
Einstein functional to vanish. This can be further generalised as

Conjecture 6.1. A regular spectral triple of dimension 2 has a vanishing Finstein spectral
functional.
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Even if the regularity assumption should be suitably supplemented such a result will
show the robustness of the noncommutative generalisation of manifolds.

Another direction is to follow a spectral definition of a noncommutative Einstein
manifold (or, being more precise, an Einstein spectral triple).

Definition 6.2. A spectral triple is called an Einstein spectral triple if the spectral Einstein
functional is proportional to the metric functional.

The study of these objects in both the context of almost commutative geometries
and applications in mathematical physics can be very interesting. We also hope that the
proposed functionals may allow for a global spectral view on the Ricci and curvature
tensors themselves and rephrase in the spectral language the notion of flat manifolds.
This, together with the Einstein tensor playing a significant role in physics, can prove
helpful in applications to quantum field theory and various incarnations of quantum
gravity. A possibility of having a direct approach not only to the action functional but
also to a version of equations of motion is another appealing direction of studies that
could possibly be linked to a more general variational formula.

Yet another direction to investigate might be connected with orbifolds and other
singular generalisations of a Riemannian manifold, to see for example how our spectral
functionals apprehend the singularities. Also their extension to the case of a twisted
algebra of pseudodifferential operators as in [44] is an appealing task.

Another interesting problem remains the equivalence of the algebra of pseudodiffer-
ential operators ([7] and [14]) for the noncommutative tori with various Dirac operators.
Comparison of the functionals discussed in this work can shed some light on this open
problem.

Appendix A. Algebra of symbols of pseudodifferential operators

Suppose that P and @ are two pseudodifferential operators with symbols,

o(P)(,6) =) o(P)a(@)®,  a(@)(,6) =) a(Q)s(x)¢”, (A.1)
o B
respectively, where «, 8 are multiindices. The composition rule for the symbols of their

product takes the form [27].

QIR
|B\‘

<PQx5=Z

B

(P)(z,£)950(Q)(, ), (A.2)

where 83 denotes the partial derivative with respect to the coordinate of the cotangent
bundle.
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We start with computation of the three leading coefficients of the symbols of P~1 (we
assume that the kernel of P is finite dimensional and can be neglected in the following)
for a second-order differential operator P, with the symbol expansion,

o(P)(z,§) = az + a1 + ao. (A.3)
The inverse is a pseudodifferential operator P~1, with a symbol of the form,
o(P™)(2,€) = by + bg + by + ..., (A.4)

where by is homogeneous in & of order —k. Inserting these expressions into (A.2) and
taking homogeneous parts of order 0, —1 and —2 we get the following set of equations:

agbg = 1,

a1bs + asbg — i@ﬁ(az)aa(bz) =0,

asby + aibs + agby — iag(ul)ﬁa(bg) (A5>
1
— 105(02)0a(b3) — 50505 (02)0ay(b2) = 0,
which we solve recursively, obtaining
bQ = aglv
bg = —by (u1b2 — z’c‘?ﬁ(aQ)aa(bg)) s
b4 = —[12 (Cl1b3 + Clgbg — i@ﬁ(al)&l(bg) <A6>

08 (a3)0a (b3) — %agag (aQ)aaal,(bQ)) .

Next, we show a technical lemma that allows us to compute the symbol of the higher
inverse power of the Laplace operator. This is a straightforward application of the iterated
formula (A.2) and we include it only for completeness. To shorten the notation, we shall
denote the derivatives with respect to the coordinates on the manifold by ¢ and use still
0 for the partial derivatives with respect to the coordinates on the cotangent bundle.
Further, we shorten the notation of the derivatives applied to a certain element of the
product, which would be valid for all derivatives (both 9, ¢), for example:

M (yrya - yn) = 12+ Oa(Yk) -+ Yn.-

Lemma A.l. Given the first three leading symbols of an operator P (with the principal
symbol being of order —k ),

o(P) =g + P11 + Prg2 + -,
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we can express the first three leading symbols of R = P!,
o(R) = v + g1 + kg2 + -,
in terms of P, Pr+1, Pr+2, as:
_ !
e = (Px)’,

Tk 41 = Z(Pk () =i Y Al (py),

1<j<w<l
Clkt+2 = Z(Pk "prpa(pr)

+ D R e ()T e (),

1<j<s<l
—ZZ Z VISP (p1)* Lpra (pr)' 2,
s=11<j<p<l
1 [r] 5s]
—5 Z Z 0,6y aylg[p](p )%

1<j<p<l 1<r<s<l

33

(A7)

Proof. We proceed by induction in [. The claim is obvious for [ = 1. Assume now that

it holds for [ — 1, and consider R = P! = PP'~!. By (A.2) we can see, that

Uk = PET-1)k>
Ck+1 = PrtU—1)k+1 T Ph+1t0—1)k — 10aPk0at(i—1)k>

Ck+2 = PRC1-1)k+2 T PE+1Y0-1)k+1 T Pr4+2T0-1)k

. ) 1
— 10aPkOat(i-1)k+1 — 10aPk+10ati—1k — §aa8bpk§a5bt(l—1)k~

(A.8)

The formula for v;; is obvious. Consider now the expression for t;;11 and assume that

the formula holds for [ — 1, then

-1

k1 = Pk (i) prra (o) T T =i > ool (py)

j=1 1<j<s<l-1

+ pk+1p§;1 - iaapk’(sapggil

-1

o E DT s THRTCTS Lo THRT

j=1
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—ilpe Y, T (pr) " + Oabrdapy !

1<j<s<i—1

l

= k) Mprra(pr) T =i Y s (py),

j=1 1<j<s<l

where we have used only the reordering of terms and the Leibniz rule for d,:

-1
= ol (pe)l - 1.
s=1

The formula for tj;42 can be proved in a similar way. We can split the product in (A.8)
into the sum with no derivatives, only first-order derivatives, and finally second-order
derivatives. We skip the proof for the first two parts and illustrate only the last part.
The component of vjxo with second-order derivatives (denoted t;42(2)) will come from
the following contributions.

. 1
tk+2(2) = pev—nr+2(2) — i0aprdat—1yp+1(1) — §aaabpk5a5bt(l—1)k: = (A.9)

which, after assuming the validity for [ — 1 gives,

Y Y o e

1<j<p<l 1<r<s<n

A.10
—iOppidy | —i > 6l (py)! (A.10)

1<j<w<l

1 _
- §8aabpk6a6bp; !

Again, using the Leibniz rule, we see that it is indeed the term from (A.7) with second-
order derivatives split into the parts that first pp has no derivatives acted upon, one
derivative, and two derivatives. O

Corollary A.2. In the special case of scalar symbols (a sufficient condition is that symbol
pr is scalar) we have (with the same notation as above),
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twe = (pr)',
i = 1) Py — i ()20 (i) (o)
tire = Upk) Pira + @(m)”(pm)z
=M 0 [ (00t )8 o) + )0 p10))
0= Dpnda(p)io)] (A1)
1t

- 0 (20000800
+3(1 = 2)(I = 3)9a(pr) O (pr)0a(pi )b (pr)

+4(1 — 2)py, [5a(Pk)3b(Pk)5a5b(Pk)

T B (p1) 60 ()51 ) + aaab(pma(pk)éb(pk)} )
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50 CHAPTER 2. SPECTRAL FUNCTIONALS

2.1.1 Remarks

As this was the first article in the series, we learned some new facts about the functionals and we
can now better understand our results. I present here some remarks and results that extend these
in [PI].

Symmetry of functionals

In the commutative scenario both metric and Einstein functionals are balanced, i.e. €p(u,av) =
€p(au,v) for every differential 1-forms «, v and function aﬂ In the noncommutative case we indeed
have g p(u, av) = g p(ua,v), although in general this is not true for €p. The proof of theorem 5.7
shows that the Einstein functional is balanced in this sense iff Wres(u[D, aJwD|D|~™) = 0 for all
forms u,v and all a € of. We guarantee it by assuming that the spectral triple is spectrally closed
(definition 5.5), but, in fact, this assumption is stronger than we need. Later, after introducing
the torsion functional in [P3|, we observe, that Wres(u[D, alwD|D|™™) = Ip(u, [D, a], w), as [D, a
is also a differential 1-form. Thus, the Einstein functional is balanced iff the torsion functional
identically vanishes. Even in the commutative case, if we use a Dirac-type operator with torsion,
the resulting Einstein functional will no longer be C'*°-linear in both entries.

Powers of pseudodifferential operators

In corollary A.2 we are focused on operators P, R = P! and their three leading symbols. The
corollary is a special (commutative) case of lemma A.l, where [ is a positive integer. It turns
out that corollary A.2 holds for all integers [. We can prove that using the following formulas for
P = O~ If the three leading symbols of O are oy, 0_1, and 0j_2, and oy, is scalar, then adopting
the same convention for derivatives (95 = 9, 0% = §,) we have

—1
Pk:% )

Prt1 = Pr(—0k_ 1Pk + 10,0,6,pk) = —05 01 — 0}, >0401,0,0}, (2.3)

. . 1
P2 = Pk (_Uklkarl — 0p—2Pk +104010aPr+1 + 104051040k + 25ab0k5abpk> .

Before simplifying pjy2, we can write two helpful terms:

SaPhi1 = — 07 200051 + 207 20510405 — 10} 25,050,040

— io,;g’@bokéabok + 3i0];46b0k5a0k6b0k, (2.4)
OapP = — 01225ab0k + 20;35(101@51,(%.
Now, we can write
_ —2 —-3.2 - —3
P2 =— 0, 0p_2 40,705 _1 — 10, " (0q0k—10a0k + 0q0k0q0k_1)
L 1 _ _
+ 3l0k40k—18a0k6a0k — iok Saabokéabok — 30k56a0k8b0k6a0k6b0k (2-5)

+ 0;4(3(1016850]65&50]@ + 0,010,04010p01 + aab0k5a0k5b0k).

1 Analogously for metric functional, and the same functionals with vector fields and Laplace-type operators.



Next, we have to use corollary A.2 for such P and a positive [, and compare the results to those
obtained by applying the same equations to O with [ substituted by —I. Results for t;; are trivially
in agreement. For v, we get

(-1 _u-
—0,, %01 — 10}, °0,01,0,0) — i ( 5 )ok(l 2)(—0;28510;@)(—0,;25@0;@)

I(1+1)
2

Ck+1 = ZU;;(Z_D(
(2.6)

—l-1 .
= —lOk Op—1—1

o;l_Qﬁaokdaok.

The result is also consistent with the formula’s direct application to O, as (I + 1) = —I(—l — 1).
For vj,42 we also have the same result. We skip the computations, as they are similar to the ones
above. There are ten types of terms which should be treated separately in comparison to only two
in t541, which makes the computation long, but it is still the same idea, i.e. expressing p; in terms
of 0; and collecting similar terms.

This generalization of corollary A.2 can be used to reduce the steps involved in obtaining the
negative powers of a laplace-type operators, which is a crucial step in calculation of each spectral
functional we introduced.

2.2 Spectral metric and Einstein functionals for Hodge-Dirac
operator

One of the most interesting questions that followed was if the results from [P1] hold when applied
to the second natural choice of Dirac-type operator, namely the Hodge-Dirac operator D = d + d*
defined on the space of differential forms, with d* being the adjoint of the exterior derivative d.
The main result of [P2] is that the metric and Einstein functionals defined by Hodge-Dirac operator
remain the same as for the classical Dirac operator on the same manifold, up to a numerical constant,
i.e. the dimension of the Hilbert space (spinors vs. differential forms).

It is also worth noting, that the Hodge-Dirac operator is spectrally closed, as defined in [P1],
and hence torsion-free.

Algebra of \§ matrices

In the construction of the Hodge-Dirac operator in [P2], we introduce operators )\i that raise and
lower the degree of differential forms. Because their definition may not be fully apparent in the
article, it will be explained here. These operators are defined in the local coordinate system by
their actions on the basis dz’ = da/t A--- Ada?t, j; < --- < ji:

Nda? = dab A da’! = €l da’, MNoeda! = e o da® (2.7)

where €5 for some multiindices A, B is equal to (—1)!7 if B = 7(A) for some permutation 7 or 0
otherwise.

The action of A*¥ operator on a form arises from the evaluation of this form on a vector 9y, in its
first entry. Thus, if we should keep track of the position of indices, we should write A, , although
it is irrelevant in our situation. Given )\i, we may define v/ = fi()\ﬂ_ — M ), which behaves like
(ﬂa‘ﬂ) Dirac gamma matrices.

21f we want {v7,~v*} = 2¢7% instead of 267%, we should take —i()\i —gIkAR).



SPECTRAL METRIC AND EINSTEIN FUNCTIONALS
FOR THE HODGE-DIRAC OPERATOR

LUDWIK DABROWSKI()), ANDRZEJ SITARZ(?), AND PAWEL ZALECKI(®

ABSTRACT. We examine the metric and Einstein bilinear functionals of differential forms in-
troduced in [8], for the Hodge-Dirac operator d + § on an oriented, closed, even-dimensional
Riemannian manifold. We show that they are equal (up to a numerical factor) to these function-
als for the canonical Dirac operator on a spin manifold. Furthermore, we demonstrate that the
spectral triple for the Hodge-Dirac operator is spectrally closed, which implies that it is torsion-
free.

Keywords: Noncommutative geometry, Einstein tensor, spectral geometry, Wodzicki residue.

1. INTRODUCTION

Spectral geometry investigates relationships between geometric structures of manifolds and
the spectra of certain differential operators. Its direct and inverse problems are inextricably
linked to other areas of mathematics such as number theory, representation theory, and areas of
mathematical physics such as quantum mechanics and general relativity. In this regard, starting
with the Laplace-Beltrami operator on a closed Riemannian manifold, general Laplace-type op-
erators have been extensively studied, and their spectra provide insights into the geometry and
topology of the underlying space. The distribution of eigenvalues, for example, reveals informa-
tion about the curvature or shape and global geometric properties such as diameter or volume,
connectivity, or the presence of holes. In this vein, the Dirac-type operators have also been
studied, beginning with the canonical Dirac operator on the spin manifold. When subsumed
into Connes’ concept of spectral triples [1, 2], they "can hear the shape of a drum" [14] in the
sense that their equivalence (a suitably strengthened isospectrality) implies the isometricity of
manifolds in virtue of the reconstruction theorem [4]. Furthermore, they allow for broad and
captivating generalisations in noncomutative geometry.

Various (interrelated) spectral schemes that generate geometric objects on manifolds such as
volume, scalar curvature, and other scalar combinations of curvature tensors and their deriva-
tives are the small-time asymptotic expansion of the (localised) trace of the heat kernel [11, 12],
certain values or residues of the (localised) zeta function of the Laplacian, the spectral action,
and the Wodzicki residue ¥ (also known as noncommutative residue). In this paper, we focus
on the latter one, which is the unique (up to multiplication by a constant) tracial state on the
algebra of pseudo-differential operators (¢Y'DO) on a complex vector bundle £ over a compact
manifold M of dimension n > 2 [13, 19]. For the oriented manifold M it is given by an integral

This work is supported by the Polish National Science Centre grant 2020/37/B/ST1/01540.
1
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formula,

(1.1) W(P) := Mw (P)

where the density w (P) is given in local coordinates by
(1.2) / tro_,(P)(x,&) Ve d"x.
l€1=1

Here ¢r is the trace over endomorphisms of the bundle F at any given point of M, o_,(P) is
the symbol of order —n of a pseudodifferential operator P and 7, denotes the volume form on
the unit co-sphere.

When applied to the (scalar) Laplacian A on a Riemannian manifold M of dimensionn = 2m
equipped with a metric tensor g it yields, in a localized form, a functional of f € C*°(M),

(1.3) v(f) =W (fA™) =v,1 [ foolg,

where

is the volume of the unit sphere S™~* in R™.

A startling result regarding a higher power of the Laplacian presented by Connes [3] in the
early 1990s (see [15, 16] for explicit computations) states that
n—2

12 Un—1 \ fR(g)vOlga

which for n > 2 and f = 1 is, up to a constant, a Riemannian analogue of the Einstein-Hilbert

(1.4) R(f) =W(fAT) =

action functional of general relativity in vacuum. Here R = R(g) is the scalar curvature, that is
the g-trace R=g’* R of the Ricci tensor with components R, in local coordinates, where g7*
are the raised components of the metric g.

In the noncommutative realm, the spectral-theoretic approach to scalar curvature has been
extended to quantum tori in the seminal work of Connes and Tretkoff [6] and extensively studied
by many authors (see references in [8]).

In the recent paper [8] we accomplished the task of extracting two other important tensorial
geometrical objects through spectral methods. These were the metric tensor g itself, its dual,
and the Finstein tensor )

G :=Ric — iR(g) g,

which directly enters the Einstein field equations with matter and its dual. In fact, for this pur-
pose, we employed the Wodzicki residue of a suitable power of the Laplace type operator or of
the Dirac type operator, multiplied by a pair of other differential operators. Notably, we have
recovered the tensors g and GG as the density of certain bilinear functionals of vector fields on
a manifold M, while their dual tensors are the density of bilinear functionals of differential
one-forms on M. The latter functionals (up to a numerical factor) we have obtained also for the
canonical Dirac operators (in case M is a spin manifold). Then, using Connes’ and Moscovici’s
[5] generalisation of pseudodifferential calculus for noncommutative spectral triples, we intro-
duced their conspicuous quantum analogue and probed it on 2 and 4-dimensional noncommu-
tative tori.
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The aim of this paper is, employing methods of the Wodzicki residue, to analyse the met-
ric and Einstein functionals for another natural Dirac-type operator, namely the Dirac-Hodge
operator d+¢ acting on (complex) differential forms (M) of arbitrary order on a oriented even-
dimensional Riemannian manifold M. It is worth mentioning that the associated Hodge-Dirac
spectral triple is characterised [7] by the fact that its dense Hilbert subspace of continuous forms
provides a Morita equivalence C'1(M) — Cl(M ) bimodule, where CI(M) is the C*-algebra of
continuous sections of the bundle of Clifford algebras on M. As is well known, the canonical
spectral triple on a spin manifold is instead characterised by the fact that its dense Hilbert sub-
space of continuous Dirac spinors provides a Morita equivalence Cl(M) — C'(M) bimodule,
where C'(M) is the algebra of continuous complex functions on M. As our first main result, we
demonstrate that these two different pivotal cases yield in fact equal spectral metric and Einstein
functionals (up to a numerical factor). Moreover, as our second main result, we prove that the
associated spectral triple is spectrally closed, that is, for any operator T’ of zero-order,

WTD|D|™") = 0

A forthcoming result [9] demonstrates that, as a consequence, the Hodge-Dirac operator has no
torsion.

2. PRELIMINARIES

Let n = 2k be the dimension of an oriented, closed, smooth Riemannian manifold M. We
will use capital letters to denote increasing sequences of numbers between 1 and n, of fixed
length 0 < ¢ < n. A differential /-form w = Jw sdx’ is determined by its coefficients wy,
with respect to coordinates indicated by the multi-index .J, where with a slight abuse of notation
0-forms (i.e. functions) will correspond to J = ().

We introduce the operators )‘i and )\ which respectively raise/lower the degree of forms,

with components given by
(N = €£J7 (A2 = 6317

where €] ; = (=)™l if the juxtaposed index p.J is a permutation 7 of I and e}, = 0 otherwise,
and similarly for €. They satisfy

/\ﬁ)\i + )\:_)\]i =0,
2.1) AN NN =0,
/\’Q\T_ + ANCAE =0, 1d,
which follow from the relations (c.f. [18])
;Kef] 11)7“]7 Z 6?(1 ET]K 61I"pJ?

I rI rl K __
E EpKEJ Opr€y — €pJs E €k Cpg = epJ7

where the juxtaposed indices can be ordered using a signed permutation. We also introduce

2.2)
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which satisfy the following Clifford algebra relation
{7p7 ’770} - 25pr~

In the rest of the paper, we employ normal coordinates = centred around some fixed point
on the manifold. Recall that then the components of the metric tensor g, its covariant (raised)
components, and the square root of the determinant of the matrix of the components of g and the
components of the Christoffel symbols of the Levi-Civitd connection have the following Taylor
expansion around x = O:

1
Gab = 6ab - 7Racbdmcxd + 0<X2)7

3
1
gab = Oy + §Racbdl,cxd + O(XQ),
2.3) 1
det(g) =1- 6Ricabxa-rb + 0(X2)>
1
FZC = _g(Rabcd + Racbd)'rd + 0(X2).

Here R,.q and Ric,, are the components of the Riemann and Ricci tensors, respectively, at
the point z = 0 and we use the notation o(x*) to denote that we expand a function up to
the polynomial of order & in the normal coordinates. The expansion in normal coordinates is
more convenient notation to obtain the value of relevant quantities (symbols of operators) and
their derivatives at a given point on the manifold, which we need to compute the products of
symbols according to the rules of multiplication of symbols (A.2). The position of indices for
AL, coordinates  and &, as well as Riemann and Ricci tensors at the chosen point is chosen for
simplicity only (as we are using normal coordinates and the metric at this point is d,,). We use
Einstein summation convention for repeated indices (independently of their position), by {, }
we denote anticommutators.

2.1. Hodge-Dirac operator. We focus on the Hodge-Dirac operator D = d + d*, where d is
the exterior derivative and d* is its (formal) adjoint. Using our notation, we compute (locally)
the symbol of D,

@4) o(D) = (I, = ig" N.)& + N NLA T3y,
which in normal coordinates takes form
1 1
(2.5) U(D) - _’Ypfp - giXiRsapb$abefs _ §>\Ii)\:->\s_(Rsrpa + Rsp’r’a)xa + O(XQ).

We compute then the symbols of the Hodge-Dirac Laplacian D? in normal coordinates up to
orders relevant for our purposes.

Lemma 2.1. The three homogeneous symbols of D?* read

1
as :(5ab + gRacbdecxd) éaé.b + 0(X2)7

2 2
a =+ giRicabﬁaxb - gi)\i)\r_(Rrpab + Rmpb)xb&a + o(x1),

2 1
ap =+ g/\i/\l Ricy, + gAiAgAi A (Risrp + Ripsp) + o(x°).



SPECTRAL METRIC AND EINSTEIN FUNCTIONALS FOR THE HODGE-DIRAC OPERATOR 5

Proof. The computation of the principal symbol a, is obvious for the symbol of order 1:
1 1
4 = = §Z{/\i7 Ali)\:-As—}(Rsrpa + Rspra)xa& T 52{)‘2’ )\Ii)\:-)\s—}(Rsrpa + RsPTa)xagt

1
+ glyp)\i(Raprb + Rabrp)xbga

|y TS a L. r a
= _52)\+A— (Rsrta + Rstra)x gt - gl/\ziA.F(Rtrpa + Rtpra)x gt

]. . s 1 . S a
— 52)\5)\_ (Rstpa + Rspta)xd& - gZAg_)\_ (Rtpsa + Rtasp)x é-t

1o, a
=+ gl)\li)\,(Rtpsa + Rtasp)x gt
2 1
= giRicsawaés o giA:-)\s_(Rsrta + Rstr(z - Rtrsa - Rtsra + Rtrsa + Rtasr)magt

1
- 52)\2)\5_ (Rstra + Rsrta - Rtha - RtaST)xaft

2 2
= giRicsazfc“ES — gi/\g)\i(Rma + Rspra) ;.
and the order 0 symbol:

1. rys
ag = — glfyp)\q_/\Jr)\,(qurp + RS”JP)

1 s
= — g)\iAZ/\+)\_(qurp + Rsrqp)

_2
3

2.2. The inverse of D? and its powers. In this section, we present the results that can be ap-

1
NLAZ Ricys + NN NN (Rugry + Rirgp)-

plied to a more general situation than the Hodge-Dirac operator. Note, that since we work with
pseudodifferential operators, we denote by the inverses of elliptic operator the corresponding
parametrix. For this reason we can ignore the kernel of these operators. Let us start with the
following lemma:

Lemma 2.2. Let L be a Laplace-type operator with symbol
O'(L) =as+a; +ag
expressed in normal coordinates as

1
g = (5ab + 7Racbdxcxd)§a§b + O(X2)7

3
ap = iPabgaxb + O(Xl)v
ap = Q + O(XO).

Then the theree leading symbols ofU(L*k) = Cok + Cop41 + Copyo are:
- k .
s = 61727 (B § Runas®a?) €61+ o),
Corp1 = —ik|[€]] 722 Pyaa® + o(x1),

1_.
Cona = —K|IE]7272Q + k(k + 1)|[¢] |2 (Pa,, - 3chab> Ealy + 0(x).
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Proof. First, observe that we follow the notation of most papers (see [6]) and to simplify the
notation indicate a negative order —k by k > 0, so b, below denotes the symbol of order —2.
We start with computing leading symbols of the inverse of L, i.e. o(L™!) = by + bz + b, using
the fact, that o(LL™!) = (1) = 1. We have:

1
b2 - (Clg)il = ||£||74 <5ab - SRacbdxcxd> gagb + O(X2)7

by = by(—aiby + i0¢a20,b2) = —i|¢]| ™ Paslaz” + o(x"),

1
[14 = bg (—(10[12 — 01[33 + i@gagaab;; + i@galaabg + ZagbGQaab[b)

=~ 1@+ 20El™ (P~ 3w ) €+ 0(x),

To finish we apply Lemma A1 in [8] and compute the three leading symbols of the powers of
the pseudodifferential operator L.

Using the above lemma for L = D?, with the Hodge-Dirac operator D (2.4) , we get the
following result.

Proposition 2.3. The leading symbols of D=2 are, up to the appropriate order in ,

k
Cok = ||€||72k72 <5ab - 3Racbcxcxd) §abp + 0(X2)7

2 . — — . 2 . — — T S a
Cokt+1 = —glefH 2 QRICabxbéa—J’_gszgH 2k 2)‘4,_)\_ (Rsrba + Rsbra)x fb + O(Xl)

Eh4+1) o
@6 ey = MEED e tRicu it
2 - - T S
- gk(k + 1)H§H 2 )‘+>‘— (Rsmb + Rsm“b)fafb

1
+ §k| €] ‘_Qk_QM)k)‘q—)‘:-)‘s— (qurp + Rargp) + O(XO)-
Proof. For L = D? we substitute in Lemma 2.2

2 2
Pab = §Ri6ab - gA:_)\S_(Rsrab + RSGTb)’

1 r s
Q= _§>\i>\"_/\+)\-(qurp + Rirgp)-

3. SPECTRAL FUNCTIONALS

In [8], we defined two spectral functionals for finitely summable spectral triples, which for the
canonical spectral triple over the spin manifold M allow to recover the metric and the Einstein
tensors, viewed as bilinear functionals over a pair of one-forms. We recall the definition:

Definition 3.1 (cf. [8], Definition 5.4). If (4, D, %) is a n-summable spectral triple, let O}
be the of bimodule of one forms generated by o and [D, dl]. Moreover, assume there exists a
generalised algebra of pseudodifferential operators which contains 4, D, | D|¢ for £ € Z with a
tracial state ¥/ over this algebra (called a noncommutative residue), which identically vanishes
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on T'|D|~* for any k > n and a zero-order operator T (an operator in the algebra generated by
gl and Q' (o). Then, for u, w € QL(d), we call

gp(u,w) = Wuw|D|™"),

metric functional, and

Cp(u,w) :=Wu{D,w}D|D|™").

Einstein functional.

3.1. Hodge-de Rham spectral triple. We compute now these functionals for o = C*°(M)
and D = d + 6, identifying for dim M =n > 2,

Qp(A) ~ QN (M)
via the correspondence of local components
u=n"u, < U =uye’,
with respect to an orthonormal coframe e”. First, let us compute the metric functional g.

Proposition 3.2. For U,V € QY(M), the metric spectral functional reads
(3.1) q(U, W)= 2"vn_1/g(U, W) wvol,.
M

Proof. It can be seen that it is adequate to expand U, W, and so u, w, up to o(x") in normal
coordinates:

u = yPu, + o(x"), w =y w, + o(x°).

We compute (locally) the density of W (UW|D|™") as
/ Tr (VP upw,)en (D) d"x = vy,_1/g Tr (VP upw,) d"x = 2"v,_1/g upw, d"z.
llgl=1

The factor 2" comes from the trace of 1 over the space of differential forms.
Next, we have,

Proposition 3.3. For U,V € QY(M), the Einstein functional reads

271
CUW)= Gvn_l/G(U, Wwol,,,
M

where G is the Einstein tensor for M.

Before we begin with the proof let us demonstrate some useful lemmas. The first computes
W (ED~?™+2) for two specific cases of endomorphism FE.

Lemma 3.4. If E is locally given by
e 4 @opyt
the density of the functional W (ED~*™*2) reads locally

n—2
24

2", _11/gR(—e!? — eg)) d"x.
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On the other hand, if Eis locally given by
e+ elNRNT

the local density of the functional W (ED~2"2) reads locally

n—2

o 2", 1 \/§Ré(0) d"z.

The proof is based on direct calculations using Proposition 2.3:

Tr (E/ Cg(m_1)+2> C]/é d"r =
(3.2) leli=1

nT_QQvn_lTr <E (Q(Rsrqp + Rogrp) NEALNLN + R — 2Rz’cqp>\ﬂ)\‘i) )d"x
Next, more generally, we state:
Lemma 3.5. For P such that o(P) = F®¢,& + G, + H, where locally

Fab — §(0ab 4 fég)ab,)/p,yq’

w(PD™™) reads locally
2n
Un_1 (Tr H+ ﬂR(—f(O)““ — f;?‘”)) d"x.
Also, for P such that o(P) = F®¢,&, + G°¢, + H, where locally
rrab __ £(0)ab £(2)ab
Fob = fOab g fBabpR AT
w(PD™") reads locally
2" #(0)aa £(2)aa £(2)a £(2)ba n
Vo (TrH + 5 (—QR fOua _ foaap 4o f2)eb 4 Fp )Rpaqb>> "z,

The proof follows directly by computation using Proposition 2.3 and Lemma A.3 applied to
the explicit expression:

1 1
/ 0—om(PD™") Y = G F {<qup + Rogrs) AT NN + SR — quAiXJ
(3.3) JlEl=1 6 2

1
+ éFab[—Rab + (Rqapb + Rpaqb)AI—&)-)\q—] + H.

Proof. [Proof of Proposition 3.3] We begin with computing the symbol of uDwD at x = 0,
where it suffices to expand v and w as:

u = yPu, + o(x"), w = Yw, + Y wez® + o(x'),
and thus locally:
uDwD =719 Y upw,€ls — iV Y1y Y upwress

1. rys z
— gZ’}/p’}/q'}/ A,)\i)\,(thSq + sttq)upwr —+ O<XO)'
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Then, we use lemma 3.4 for P = uDwD and £ = uww. In this case we have
E = wyw, 1,
1 N T™\S z
H = —gwpfyqu )\_)\i/\_(thsq + R stq)Upw,
2 - T S 1 - ™\S z
- —gmp)\q_)\Jr)\_(Rsrqt + Rogrt)upwy + ngWqV N )\ﬂr)\_(thsr + Raogtr ) UpWy,
FPE.E, = " VP v uws€p€y = (2u,wp0457" Y — wrwsy v 0pg )§pys
where we used that 1P79€,§, = 0pe&péq- Next, we see,
e0) = 0, eg)) = UgWp,
f(o) =0, fé?”b = 2UWq0pd — UeWqOqp-

Finally, the contribution arising from £ gives:

n—2
Y 2"y 1 Rugw,.
whereas the part from F'is,
2m wa -2
_ﬂvn—lRfi(iQ) - 77’7271,071_1}% UgWq-

These two terms cancel each other, and we are left with terms that arise from H. The only
possible terms in Tr H are linear combinations of u,w, R and u,wp, Ricy, thus, we know, that
the result is symmetric in u,, w;. It allows us to simplify the second term in H:

2 1
H = = 2iy" XA (Risqy + Rigso)uptwy + i7" NN (Risr + RigsrJtata + -

where "..." are terms antisymmetric in u,, wy, which we can neglect. We can also insert —i\
instead of the remaining ~’s because the part with A_ will be traceless. Now, using the lemma
A.3 we get:
1. 1
Tr H = gRlCab UgWpy — ER UgWq = gGab Ug Wp.

This proves the result.

We deduce that for the spin. manifolds the spectral functionals for the Hodge-de Rham spec-
tral triple are equal, up to the rank of the vector bundles, to those for the canonical spin,. spectral
triple.

3.2. Spectral closedness and torsion. In this section, we will prove that the Hodge-Dirac
spectral triple has the property of being spectrally closed.

Theorem 3.6. Let T' be an operator of order 0 from the algebra generated by a|D,b], a,b €
C>°(M). Then,
W(TD|D|") =0.

Proof. If we compute the symbol of T'D at a chosen point on the manifold M in normal
ccordinates at z = 0 we obtain,
o(TD) = T(—",).

Next, if we combine it with Proposition 2.3 we see that the symbol of order —n of T'D|D|" is:

o_o(TD|D|™) = 0+ o(x°).
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This ends the proof.

As a consequence, we demonstrate in [9] that the Hodge-Dirac spectral triple is torsion-
free. It is interesting to study generalised Hodge-Dirac operators, which are defined through an
arbitrary linear connection, are not metric compatible, and have a torsion. Also, the extension to
noncommutative Hodge-de Rham calculi and a comparison with the approach of [10] would be
of great interest. Note that we focused here on even-dimensional manifolds only for the sake of
simplicity and the result easily extends to the case of odd-dimensional manifolds (for technical
details that include the computation of symbols, compare [9]).

APPENDIX A. DETAILS OF COMPUTATIONS

We begin with a formula for the product of two pseudodifferential operators, P and (), which
have expansion in homogeneous symbols,

(A1) o(P)(z,6) =Y o(Pla(z.€).  0(Q)(x.6) = _0(Q)s(x,8),
a B
respectively, where «, 3 are multiindices (such that |a| = Y, o* and |3| are bounded from
above). The symbol o(P),(z, &) is homogeneous of order |a] if for r > 0 o(P),(x,r€) =
rlelg(P)y(z, €). The composition rule for the symbols of their product takes the form [11].
(_Z')IB\
il

where 9% denotes the partial derivative with respect to the coordinate of the cotangent bundle.

(A2) o(PQ)(x,€) =

B

GEU(P) ($7 f)aBU(Q)(x, §>7

Lemma A.1. A direct computation of traces of products of \ matrices is based on the following
recursive formula:
Tr A AEAT .\
1
= DI T (A AR AN )
j=1
In particular, we have

Tr (AJAL) = 2n 1677,

(A.3)
Tr ()\:3_1 24 ATX?) — 2n72(5p1q15p2q2 4 5p1q25p2q1)’
and
Tr (AR AT AR2 A% \PS \®) =
(A.4)

_ 271(; Z §P190(1) §P290(2) §P390(3) _i(gqu(gpzqg(;paql).

oES3

Next, we present the results on traces of products of v and A matrices.

Lemma A.2.

1
(A.5) Tr (P9I AT) = 2072 (267907 4 067 — §776%) = 2" (87167 — _ek),

(A6) Tr (,}/P,}/Q)\:)\S_)\i)\z—) _ 2n—25pq (57‘s5tz_|_5rz(sst) _2n—3(6rs€fg+5st8€g+5tz€€g_|_5rzgls>g)
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We skip the computational proof, which is based on expressing y-matrices in terms of A-
matrices,

Pyt = = NN+ NIAL 677 4
and using the results of Lemma A.1.

As a consequence, we obtain the following identities for the geometric quantities:

Lemma A.3. In normal coordinates around x = 0 we have the following identities
Tr (NSAD)Ricy, = 2" 'R,

(ML) (Rpags + Ryapp) = 2" Ricgp,

(NALN ) (Rgrgp + Rsgrp) = —2"°R,
(NALNL A )Ric,s = 2" 2 (0, R + Ricyy),
(VI )Ric,s = 2" 10,4 R,
(
(
(
(

—

N2ATN A ) (Ryash + Reary) = 27 2(26,0 Ricay + Ryapy + Rpagh),
VPAINA) (Ryash + Roart) = 2"y Ricas,

Tr (MM A XA ) (Rater + Raatr) = 273 (— R,q + 2Ricyy),

Tr (YPAIN, A NN ) (Rater + Raatr) = =27 26, R.

Tr
Tr
(A7) Tr
Tr
Tr

Proof. Direct computation using (A.3)-(A.5) and the properties of the Riemann and Ricci
tensors.
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2.3 Spectral torsion

In the last article [P3] we introduce a new functional — spectral torsion — and compute it for some
interesting examples of spectral triples. The torsion functional is defined as

Ip(u,v,w) :== Wres(aowD|D|™"), (2.8)

where D can be now a Dirac-type operator with torsion. In the classical case this functional is

Ip(u, v, w) /uavbwcTﬁwvolg, (2.9)
where T;}) . is the totally antisymmetric part of the torsion tensor.

On spin manifolds, lifting the Levi-Civita connection to the spinor bundle yields the canonical
Dirac operator, which is torsion-free and metric-compatible. In the case of spectral triples, we
begin with the Dirac operator, for which we know nothing about its torsion. The spectral torsion
functional is a simple method for examining the Dirac operator’s torsion and determining if it
vanishes.



SPECTRAL TORSION

LUDWIK DABROWSKI", ANDRZEJ SITARZ?, AND PAWEL ZALECKI(?

ABSTRACT. We introduce a trilinear functional of differential one-forms for a finitely summable
regular spectral triple with a noncommutative residue. We demonstrate that for a canonical
spectral triple over a closed spin manifold it recovers the torsion of the linear connection.
We examine several spectral triples, including Hodge-de Rham, Einstein-Yang-Mills, almost-
commutative two-sheeted space, conformally rescaled noncommutative tori, and quantum SU(2)
group, showing that the third one has a nonvanishing torsion if nontrivially coupled.

1. INTRODUCTION

The existence and uniqueness of a metric-compatible linear connection with vanishing torsion
is one of the fundamental theorems of Riemannian geometry. Torsion appears quite naturally
as a vector-valued two-form in this approach, and the assumption that it identically vanishes
leads to the Levi-Civita connection, which solely depends on the metric. In the background of
general relativity lies the torsion-free condition of Riemannian geometry, which very accurately
describes the gravitational interaction of bodies. Torsion, on the other hand, has a physical
interpretation as the quantity that measures the twisting of reference frames along geodesics
and has been considered an independent field in physics in Einstein-Cartan theory [4]. Torsion,
unlike gravitational fields, must vanish in a vacuum and does not propagate; however, its existence
causes nonlinear interactions of matter with spin and has the potential to change the standard
singularity theorems of General Relativity (see [16, 21] for a review of physical theories).

The emergence of noncommutative geometry [5, 6], which generalises standard notions of
differential geometry to an algebraic (or operator-algebraic) setup, has raised new questions about
the concepts of linear connections, metric, and torsion. A transparent link between different
approaches, ranging from purely algebraic noncommutative differential geometry to operator
algebraic spectral triple formalism, and a unifying view of metric, linear connection, and torsion
has yet to be established. Although the algebraic concepts of linear connections, torsion, and
metric compatibility have been achieved, the existence of the Levi-Civita connection can only
be proven in special cases (see [1, 2, 3] and the references therein).

On the other hand, the spectral triple approach, with the Dirac operator being the fundamental
object of geometry, has not yet been able to determine whether the constructed Dirac operators
correspond to the Levi-Civita connection or whether they contain a nonvanishing torsion. So
far, for that purpose, one could only try to minimise the spectral functional corresponding to the
integrated scalar curvature while keeping the metric defined by the Dirac operator unchanged.
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Even in the classical case of manifolds, this can be a difficult task. (see computations of spectral
action for a nonvanishing torsion [15, 20, 18]), which becomes even harder in a genuinely
noncommutative situation [22].

The aim of this paper is to propose a plain, purely spectral method that allows to determine the
torsion as the density of the torsion functional and impose (if possible) the torsion-free condition
for regular finitely summable spectral triples.

2. DIRAC OPERATOR WITH TORSION

Let us assume that M is a closed spin manifold of dimension n, with the metric tensor g;;.
In terms of a (local) basis e; of orthonormal vector fields on M the covariant derivative can be
written as

2.1) Ve = wijrex.
The requirement that V is metric, that is for any vector fields X, Y, Z,

Zxg(Y,Z) =g(VxY,Z) +g(Y,Vx2),
allows to determine the connection explicitly through the formula,

2¢(VxY,Z) = g([X.Y]. Z) + ¢([Z, X].Y) + g([Z,Y]. X)
+8(T(X.Y),2) +g(T(Z,X).Y) +¢(T(Z,Y), X),
where T is the torsion tensor,
T(X,Y)=VxY-VyX-[X,Y].

Therefore, the spin connection coeflicients w;;; can be split into the Levi-Civita connection,
LC
Wik

the structure constants c;;; of the commutators of orthonormal vector fields,

and the contorsion part, 7;;x. The first can be expressed explicitly in the basis e; through

(2.2) w,LJ(i: = %(Cijk + Chij + Ckji)s lei, e;] = cijkex,
and the remaining part of the connection, the contorsion tensor, is related to the torsion of the
connection,
Tijk = 5 (Tijk + Tuij + Teji)
where T'(e;, e;) = T;jkey.
The lift of the covariant derivative to Dirac spinor fields is,

1 .
(2.3) v = - ZwijkV’?’k,

with y/ are the usual generators of Clifford algebra. The Dirac operator on a spin manifold is,
in a local basis of orthonormal frames, a first-order differential operator,

(2.4) DY =iy v,

and is unique for a given metric and contorsion tensor. The canonical Dirac operator, D, is the

one for vanishing contorsion and we call it torsion-free Dirac operator. The torsion tensor can
be expressed using the contorsion,

Tijk = Tijk — Tjik-
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Note the antisymmetry 7;;x = —7;; while T;;x = —T};;. The torsion tensor can be split into
three parts, the vector part, totally antisymmetric part and the Cartan part, however the Cartan
part does not contribute at all to the Dirac operator and the vector part has to vanish if the
resulting Dirac operator has to be self-adjoint [13]. Therefore, out of the full torsion only the
antisymmetric part appears in the selfadjoint Dirac operator and hence we shall assume that
torsion (and contorsion) are antisymmetric tensors. Therefore, the Dirac operator with a fully
antisymetric torsion 7' is,

o 1 i .
(2.5) Dy =iy’ (ng’LC) - gijle) =D - gTjkl?’JVk'}’l,

where D is the standard Dirac operator, which originates from the Levi-Civita connection. Note
that since [Dr, f] = [D, f] for any function f € C*(M), the algebra of differential forms
remains the same. We will denote i the Clifford multiplication by the one-form u. Let W/
denote the Wodzicki residue [25, 14]. We introduce the following definition of the torsion
functional of which the name is explained by the subsequent torsion recovery theorem.

Definition 2.1. For Dy given by 2.5 the trilinear functional of differential one-forms u, v, w
(2.6) T (u,v,w) =W (adWwDr|Dr|™),

is called torsion functional.

As our first main result we state,

Theorem 2.2. The torsion functional for the Dirac operator Dt on a Riemannian closed spin
manifold of dimension n is,

2.7 T (u,v,w) = =2"iV(s" / volg ugvpweTape.
M

where m = 5 for even n and m = %for oddn > 1.
An immediate consequence is,
Corollary 2.3. The Dirac operator Dt is torsion free iff the torsion functional vanishes:
T=0 & J(a,v,w)=0.

To prove the theorem we employ the calculus of pseudodifferential operators and expansion
of the symbols in normal coordinates.

2.1. Normal coordinates and symbols. Let us recall that in the normal coordinates [19] the
metric and the Levi-Civita connection have a Taylor expansion at a given point (x = 0) on the
manifold,

1
8ab = 6ab - §Racbdxcxd + O(XZ)’

1 X
gab =0ap + gRacbdxcxd + O(Xz)»
(2.8)

1
Vdet(g) =1-— gRicabx“xb +o(x?),

1
FZC(X) = _g(Rabcd + Racbd)xd + 0(X2)>
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where R,.p4 and Ric,;, are the components of the Riemann and Ricci tensors, respectively, at
the point with x = 0 and we use the notation o(x*) to denote that we expand a function up to the
polynomial of order & in the normal coordinates.

As a next step, we compute the symbols of D and its inverses as pseudodifferential operators
(see Appendix). We start with the symbol of D7 expanded in normal coordinates up to o(1):

: 1
(2.9) O-(DT) = i7J (ifj_g jpsypys) + 0(1)

A Clifford multiplication by a differential form v can be expanded in local normal coordinates
around a point on a manifold, as:

P =v.y"+0(1).

We can now proceed with the proof of the theorem.

Proof of Theorem 2.2: First of all, observe that since each one-form is a zero-differential operator
then effectively we need to compute the symbol of order —n of Dy|Dy|™". We start with the
even dimension case n = 2m, postponing the case of odd dimensions till later. To compute
the two leading symbols of D;Zk, denoted by ¢y, + ¢2;n+1 We need the two leading symbols of
o-(D ) =ap+a; +ag.

a =||€]|* + o(x),
(2.10)

a.b_c

1,
a1 =—iTupe Yy Yy + vy y Py yl)é; + 0(1).

Then, using results from [11] (Lemma A.1) we have:

Com = |[€]I72" + 0(x),
2.11)

1, o
Come1 = giml[£] M2 e (Y Y Yy + vy Yy )E + o(1).

We are now ready to compute the symbol of order —n of a40Ww D7 |Dr|™:

FONA - 1 . - -
79 DrIDI™) = gy iy Ty el
2.12)

+ (—Vk)(—imllf 172" 2T (Y YPY Y+ ¥Py Sy v )€k | + 0(1).

Then, we proceed with the calculation of the Wodzicki residue.

cﬂ/(ﬁf/WDTlDTrn):/ TI‘Cl / O'_H(ﬁ\A/WDTlDTrn)
M
[1€11=1

(2.13)
=—2miV(S”_1)/volg ugVpwelype.

This ends the proof for even n. To see that the proof holds also for odd n we apply the usual
technique to compute the symbol of |Dy| = /D% following [23, Chapter XIII §1]. It follows
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that the symbol |Dr| is, as a sum of homogenous symbols, of which we need only the first two
(up to relevant order in normal coordinates):

1, : : - _
o(|Dr]) = (Ifl + 0(X))+(—§1Tabc(’y’7"’yb7‘ +Y Y YV )EET Fo()| + -
Then the rest of the proof is the same as in the case of even dimensions. O

Remark 2.4. Note that the lowest odd dimension in which there can be a nonvanishing torsion
is n = 3. In the lowest possible even dimension n = 4 the torsion functional can also be written
as a functional over a single one-form:

(2.14) T (u) = W(yﬁDTlDTr”).
3. NONCOMMUTATIVE TORSION

The spectral definition of torsion, Def.2.1, can be readily extended to the noncommutative
case of spectral triples. Let (A, D,#) be a n-summable unital spectral triple, QlD(w) be
the o/ bimodule of one forms generated by of and [D, o], which by definition consists of
bounded operators on 7. We assume that there exists a generalised algebra of pseudodifferential
operators, which contains o, D, |D|€ for £ € Z, and there exists a tracial state ¥/ on it, called
a noncommutative residue. Note that these assumptions follow if the spectral triple is finitely
summable and regular, (c.f. [17] and [24]). Moreover, we assume that the noncommutative
residue identically vanishes on T|D|~* for any k > n (c.f. [7]) and a zero-order operator T (i.e.,
an operator in the algebra generated by o and Q})(Qﬂ)). We introduce the following definition
of torsion functional for spectral triples.

Definition 3.1. Torsion functional for the spectral triple (s, D, %) is a trilinear functional of
u,v,w € Q})(Qﬁ) defined by,

T (u,v,w) =W (uwwD|D|™).

We say that the spectral triple is torsion-free (or, for simplicity, the Dirac operator D is torsion-
free) if I vanishes identically.

We recall a stronger condition of spectrally closed spectral triples defined in [11, Definition

5.5] which, in particular, implies the torsion-free condition stated above.

Definition 3.2. We say that a spectral triple with a trace on the generalised algebra of pseu-
dodifferential operators is spectrally closed if for any zero-order operator P (from the algebra
generated by o, and Q}) (s4) ) the following holds:

W(PD|D|™) = 0.

Lemma 3.3 ([11, Lemma 5.6]). The classical spectral triple over a closed spin-c manifold M

of dimension n = 2m is spectrally closed in the above sense and hence is torsion-free.

4. EXAMPLES

The examples of spectral triples presented below are all significant cases of various noncom-
mutative geometries to which we apply the proposed spectral definition of torsion and compute
the torsion functional.
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4.1. Hodge-Dirac. Let us start with a purely classical example of a Hodge-Dirac spectral triple
over an oriented, closed Riemannian manifold, where the Hilbert space are square-summable
differential forms and the Dirac is D = d + 8, where ¢ = =dx*, with * being the Hodge star
operator. In [12] we demonstrated that such spectral triple is spectrally closed and therefore
torsion-free.

4.2. Einstein-Yang-Mills. Consider a closed spin manifold M of even dimension n = 2m and
a spectral triple

(c°°(M) ® My(C), D, L2(S) ® MN(C)) .

Here, the algebra My (C) acts by left multiplications on My (C) regarded as a Hilbert space with
the scalar product (M, M") = Tr(M*M’) . Also,

D=Do®idy+A+JAJ
is a fluctuation of D ® idy, where D is the standard Dirac operator on M,
A=A"e Q) ={a[D®idy,B] | @, f € C°(M) ® My(C)},

and J = C®=*, with C being the charge conjugation on spinors in S. Note that A equals iy“X,,
where X, = =X € C®(M, My(C)) acts on My(C) by left multiplication, while JAJ~! equals
iy* composed with the right multiplication by X*. Therefore, the fluctuation A+JAJ~! amounts
to the action of iy“Ady,. It follows that the center of this algebra, C* (M, Cly), acts trivially,
so we just can consider X, such that (X,, 1) = 0, that is, traceless matrix valued functions,
X, € C®(M,su(N)). Moreover, we need only the expansion of X, and so of the operator
iy“Ady, in normal coordinates up to o(1).

It is known that this spectral triple is finitely summable and regular. To compute the torsion
functional for D we start (slightly abusing the notation) with its symbol expanded as:

4.1) o (D) = y*(~é.+i Ady,) + 0(1).

It is not difficult to see that the bimodule Q% spanned by a[ﬁ, Bl, a,B € C*(M, My(C)), is
also spanned just by the elements u = y“v,, where we can expand v, € My (C) +0(1). We now
compute the symbols of o-(uvwD) = s; + o for u, v, w € QIE:

51 = —yy Yy uavpwe a,

a.b_c.d

4.2) .
Y'Y Y uavpweady,.

so =1y

Next, to compute the two leading symbols of D~m 0'(5‘2’”) = Cm + Cm+1, We need the two
leading symbols of D% oc(DH) =ar+a +...,

a =[] + o(x),

(4.3)
a; =—2Adx, &, +0(1),

and the two leading symbols of 5‘2, 0'(5‘2) =by+b3+...,

b2 =[I£]7% + 0(x),

4.4)
b3 =+ 2Adx, & |1€] 7 + 0(1).
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Then, using [11, Lemma A.1] we have:

-2
tom = [|E]I77" + o(x),

4.5)
Coms1 = nAdy, &, 1E]] 772

Therefore, since 9,¢,, = 0,
o (wvwDIDI™) = 506, + S1601,

where both terms on the right hand side contain linearly ady,. It turns out however, that the
trace of ady, X € My(C) , considered as a linear operator on My (C) vanishes. This could be
checked explicitly, using the basis Eqg, a,8 = 1,..., N of My(C), where the matrix E,g has
the @, § matrix entry 1 and otherwise 0. We compute:

AdEvaQB = Eyupdav = EavOup = KuviapprEpr,
where K as a matrix is,

Kyuyv.appr = 0u,p0850v.a = Oa,p0y,10u,p-

Thus,
Tr adEW = uviaB.af = N((Sﬂ,aéy,a — 61,’@(5#’&) =0.

Therefore, the spectral torsion functional I (u, v, w) for D vanishes and so D is torsion free.

4.3. Almost commutative MxZ;. We assume that M is a closed spin manifold and (C* (M), D, #)
is an even spectral triple of dimension n with the standard Dirac operator D and a grading y.
We know that it is spectrally closed, so, in particular, D is torsion-free. We consider the usual
double-sheet spectral triple, (C*(M) ® C2, P, H @ CZ), with the Dirac operator,

D vy®

9 =
y®* D

B

where @ € C. The bimodule of one forms, associated to & consists of the following operators,

wt Dy f*

(4.6) W= oyf W

b

where w* € Q})(M) and f* € C®(M). We shall denote the diagonal part as w? and the
off-diagonal part as w°.

In order to calculate W(m1w2w39b92§‘2m) for one-forms w1, w», w3 let us observe that due to
linearity it suffices to do it separately for diagonal and off-diagonal parts. Moreover, the algebra
rules in this extended Clifford algebra are obvious and we restrict ourselves to the four possible
cases. Furthermore, since @ 2" = D~2"1(1 — 2m|®|>*D~% + .. .) we note that in the Wodzicki
residue formula @ 2" can be replaced by D~>".
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By a straightforward calculation we get,

cM/(w a)2w‘3192393 2'") =0,

W (wd wiwSDD™") = W (| (whwh £y +wiws f3)D ")
= |0 (g (W], w) S5 + g (Wi, w)f5),

W (w0 w§wiDD ") = W (| (Wt £ fy +wi fy f5)DD™*") =0,

W (] wswsDD") = W (O (f f5 5 + fr 13 5)D7")
=1V (5 15+ T FD)-

4.7)

where ¢ is the metric functional on M and the functional ¥/ (f) is proportional to /M f. Note
that the first equation is a consequence of D being torsion-free, whereas the third equation holds
if W (wDD™>™) = 0, which is the consequence of the spectral triple on M being spectrally
closed.

As a consequence, we see that the product of the standard spectral triple over M with a finite
discrete one does not satisfy the torsion-free condition unless @ = 0. Note that the generalisation
of the model with ® being a complex-valued function on M does not change the conclusion.

4.4. Conformally rescaled noncommutative tori. Consider the spectral triple on the noncom-
mutative n-torus, (4, %, D), where ol = C*(T}) is the 6 ;-smooth subalgebra for the standard
derivations 6;, j = 1,...,n. Next, # = L? (T2, 1), where T is the standard trace which ani-
hilates ;. Also, Dy = kDk is the conformal rescaling of the standard (flat) Dirac operator
D=3, ) ; with ¥/ being the usual gamma matrices and the conformal factor k > 0 is from the
copy A° of ol in the commutant of of. The bimodule of one-forms, generated by the commutators
[Dy, @], @ € d, is a free left module generated by k?y/. Using the extension of the calculus
of pseudodifferential operators over noncommutative tori, following [8], to si-valued symbols
(where d is the algebra generated by sf and ¢°) and of the analogue of the Wodzicki residue,
we defined and compute various spectral functionals, as the metric and Einstein functionals
[11, Section 5.2.1] in dimension 2 and 4. In particular, we demonstrated there that strictly
irrational noncommutative 2- and 4-dimensional tori with a conformally rescaled Dirac operator
are spectrally closed. We extend here this result to any dimension:

Theorem 4.1. The spectral triple (C® (Ty),%,D k) for strictly irrational noncommutative torus
of dimension n is spectrally closed, that is for any T, operator of order O (that is generated by
a,[Dy,b], a,b edd)

W(TDy|Di|™) =0

Proof. The proof is based on a simple observation that the symbol of order —n of TDy|D|™
is a sum of terms that are of the form Ta,jﬁ(f)k"éj(k)kﬁ, for j = 1,...,n, some integers «, 8
and C*(T}p)-valued functions 7y ; (&), which are homogeoneous in & of degree —n. Since for
strictly irrational tori the trace over the full algebra ds{° factorizes, then it is sufficient to show
that T(k“éj(k)kﬁ) =0 for any j, e, 8. For that we write k = ¢" and observe that

(k%5 (k)kP) = 7(e@Ps; (M)



SPECTRAL TORSION 9

vanishes since for @ + 8 # —1 it equals

1

- (s (a+B+1)h
a+,8+1T(J(e )

while for @ + 8 = —1 it equals 7(5,(k))). This ends the proof. i
As an immediate consequence of spectral closedness, we have:

Corollary 4.2. The Dirac operator Dy over the n-dimensional strictly irrational noncommutative

torus T} is torsion free.

4.5. Quantum SU(2).
We briefly recall the construction of the spectral triple (#(SU,(2)), %, D) of [9]. Let o =
A(SU,4(2)) be the *-algebra generated by a and b, subject to the commutation rules:

ba = gab, b*a = gab®, bb* =b*b,

(4.8)
a‘a+q¢*b*b =1,  aa*+bb* =1,

where 0 < g < 1. The Hilbert space # has an orthonormal basis |junT) for j = 0, %, 1,...,

u=-j,...,jand n = —j*, ..., j*; together with |jun]) for j = %,1,...,;1 =-J,...,jand
n=-j",...,j7, where j* = j + % and j~ = j — % For the explicit formulas defining the
representation of of on # we refer to [9] or [10]. The equivariant Dirac operator is chosen to be

isospectral to the classical Dirac over SU(2);

(4.9) D|jun?) = (2j + 3)|junt),  Dljunly = —(2j+ Hljunl).

In [10] it was shown that the triple is regular and its dimension spectrum of the spectral triple
was determined, together with a an explicit formula that computes respective noncommutative
residue. In particular, the following theorem was proven.

Theorem 4.3. If T € WO(sl) is in the algebra of pseudodifferential operators of order 0 (as
defined in [10]) then for P, PL, projections on the respective up and down part of the Hilbert

space of spinors, the noncommutative integral of PUVT|D |72 could be explicitly computed as:

]/PTT|D|‘2 = (n &1 +75@7)(BT)).
(4.10)

fPlT|D|—2 = (ne1 +7 ) (8T)),

where the noncommutative ingeral is, as usually,
/T :=Res,—o Tr(T|D| 7).

The map B is a projection on the two first legs of the zero-degree part of a map p, which is a
homomorphism

(4.11) p:B—d(D})@d(D;) (s,

where B is a subalgebra of Y () generated by diagonal parts of the generators a, b and their
commutators with D and |D|, &ﬂ(Dfl) are quantum discs. Using the symbol map o : &Q(Dg) -
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A(SY) and the standard irreducible representation of quantum discs ©t the functionals Ty, Tg , Té

are defined for x € d(Dg), as

1
=5 [ o,
(4.12) Tg(x) = IJim Trym(x) = (N +3)711(x),

T (x) = Jim Trym(x) = (N + Dz ().

Using the above theorem we can state as a simple corollary,

Corollary 4.4. The standard equivariant spectral triple over A(SU,(2)) is spectrally closed
and, in particular, the Dirac operator (4.9) is torsion-free.

Proof. We compute,

fTD|D|‘3 = fT(PT ~PYHIDIP = (@ (7] =) + (7p — 7)) @ 1) (B(T)),
where we used (4.10). Then, from the definition of traces we see that:
7 () = 7 (x) = =71 (),

and therefore
]/TD|D|‘3 = (n® (-m)+(n) @) (B(T)) =0. O
5. FINAL REMARKS

We introduced a tangible notion of torsion for finite summable, regular spectral triples with a
generalised noncommutative trace via a spectral trilinear functional of Dirac one-forms. It allows
a direct verification whether the spectral triple (or the Dirac operator) is torsion-free. Four of the
discussed examples are indeed torsion-free except the simplest case of an almost-commutative
geometry. We conjecture that the spectral triples over almost-commutative geometries with
non-simple internal algebra, nontrivially coupled by D, have a non-vanishing torsion. We hope
that in many other cases, the spectral torsion functional will enable a more advanced study of
the families of Dirac operators.

DECLARATIONS

LD acknowledges that this work is part of the project Graph Algebras partially supported by
EU grant HORIZON-MSCA-SE-2021 Project 101086394.

AS and PZ acknowledge that this work is supported by the Polish National Science Centre
grant 2020/37/B/ST1/01540.

REFERENCES

[1] E.J. Beggs and S. Majid, Quantum Riemannian Geometry, Springer (2020).

[2] J. Bhowmick, D. Goswami and S. Joardar, Levi-Civita connections for conformally deformed metrics on tame
differential calculi, International Journal of Mathematics, 32, (2021) 2150088.

[3] J. Bhowmick, D. Goswami, and S. Joardar, A new look at Levi-Civita connection in noncommutative geometry
International Journal of Geometric Methods in Modern Physics 18 (2021) 215010.



SPECTRAL TORSION 11

[4] E. Cartan, Sur les variétés a connexion affine et la théorie de la rélativité généralisée, Ann. Ec. Norm. Sup.
40 (1923) 325-412, Ann. Ec. Norm. Sup. 41 (1924) 1-25, Ann. Ec. Norm. Sup. 42 (1925) 17-88.
[5]1 A. Connes, C* algébres et géométrie différentielle, C.R. Acad. Sci. Paris Sér. A-B 290 (1980) A599-A604.
[6] A.Connes, Noncommutative Geometry, Academic Press (1994).
[7] A. Connes and H. Moscovici, The local index formula in noncommutative geometry, Geom. Funct. Anal. 5
(1995) 174-243.
[8] A. Connes and H. Moscovici, Modular curvature for noncommutative two-tori, J. Am. Math. Soc. 27(3)
(2014) 639-684.
[9] L. Dabrowski, G. Landi, A. Sitarz, W. van Suijlekom, and J.C. Varilly, The Dirac operator on SUgq(2), Comm.
Math. Phys. 259 (2005), 729-759.
[10] L. Dabrowski, G. Landi, A. Sitarz, W. van Suijlekom, and J.C. Varilly, The local index formula for SUq(2),
K-Theory, 35, 3, (2005) 375-394.
[11] L. Dabrowski, A. Sitarz, and P. Zalecki, Spectral Metric and Einstein Functionals, Adv. Math. Vol. 427,
(2023) 1091286.
[12] L. Dabrowski, A. Sitarz, and P. Zalecki, Spectral Metric and Einstein Functionals for Hodge-Dirac operator,
arXiv:2307.14877
[13] T. Friedrich and S. Sulanke, Ein Kriterium fiir die formale Selbstadjungiertheit des Dirac-Operators, Colloq.
Math. 40 (2) (1978/1979) 239-247.
[14] V. Guillemin, A new proof of Weyl’s formula on the asymptotic distribution of eigenvalues, Adv. Math. 55(2)
(1985) 131-160.
[15] F. Hanisch, F. Pfiffle, and C.A. Stephan, The spectral action for Dirac operators with skew-symmetric torsion,
Comm. Math. Phys. 300 (3) (2010) 877-888.
[16] F.W. Hehl, P. von der Heyde, G.D. Kerlick, and J.N. Nester, General relativity with spin and torsion:
Foundations and prospects, Rev. Modern Phys. 48 (1976) 393-416.
[17] N. Higson, The residue index theorem of Connes and Moscovici, Surveys in noncom- mutative geometry, Clay
Math. Proc., vol. 6, Amer. Math. Soc., Providence, RI, 2006, pp. 71-126.
[18] B. Iochum, C. Levy, and D. Vassilevich, Spectral action for torsion with and without boundaries, Comm.
Math. Phys. 310 (2012) 367-382.
[19] U. Mueller, Ch. Schubert, and A. van de Ven, A Closed Formula for the Riemann Normal Coordinate
Expansion, Gen. Rel. Grav. 31 (1999), 1759-1768.
[20] F. Pfiffle and C.A. Stephan, On gravity, torsion and the spectral action principle, J. Func. Anal. 262 (2012)
1529-1565.
[21] L.L. Shapiro, Physical aspects of the space—time torsion, Phys. Rep. 357 (2002) 113-213.
[22] A.Sitarz, Wodzicki residue and minimal operators on a noncommutative 4-dimensional torus, J. Pseudo-Differ.
Oper. Appl., 3 (2014) 305-317.
[23] M. Taylor, Pseudodifferential operators, Princeton University Press (1981)
[24] O. Uuye, Pseudo-differential operators and regularity of spectral triples, Fields Communications Series 61,
(2011) Perspectives on noncommutative geometry, 153—-163.
[25] M. Wodzicki, Noncommutative residue. 1. Fundamentals, in K-Theory, Arithmetic and Geometry (Moscow,
1984-1986), Lecture Notes in Mathematics Vol. 1289 (Springer, Berlin, 1987), 320-399.



12

L. DABROWSKI, A. SITARZ, AND P. ZALECKI

(1) SISSA (ScuoLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI),
Via BONOMEA 265, 34136 TRIESTE, ITALY.
Email address: dabrow@sissa.it

(2) INSTITUTE OF THEORETICAL PHYSsICS, JAGIELLONIAN UNIVERSITY,
PROF. STANISLAWA LoJASIEwICZA 11, 30-348 KrRAKOW, POLAND.
Email address: andrzej.sitarz@uj.edu.pl

Email address: pawel .zalecki@doctoral.uj.edu.pl



2.4. OUTLOOK AND GENERALIZATION 7

2.4 Outlook and generalization

In previous papers, we discussed spectral functionals independently. The natural progression would
be to investigate how non-vanishing torsion affects the other functionals. An article on this issue is
still in preparation, however in this section, the important results in the commutative case will be
sketched.

2.4.1 Functionals for Laplace-type operators
Let us start with the general Laplace-type operator L on some vector bundle with symbol o(L) =
as +a; + ag. For Laplace-type operators we have a; = g?°¢,£,. In normal coordinates we can write

1
as = &,& <6ab + 3Racbdxcmd) +o(x?), a; = i{a(Ta—i-Pabmb) +o(x), ap = Q+o(1), (2.10)

where Ty, Py, @ are some endomorphisms of the ??vector bundle in « = 0. Using corollary A.2
from [P1] generalized as in the end of section we get o(L™F) = cop + copr1 + Copyo + -+ with

. k .
car =Ealp||€]I72F 2 <5ab = 3 Racaz zd) +o(x?),

Co1 = — ikEal[€]| 27 (T, + Papz®) + o(x), (2.11)

1. 1
caevz = = RIEI2Q 4 bk + DIl (P = §Ricw =~ T ) 665+ o(1),

The functionals in question are of the type Wres(OL™™), where n = 2m is the dimension of
the manifold and O is a differential operator of order < 2. The symbol of O in x = 0 can be written
as 0(0) = F¢,&, + G, + H. In this case we can write

Lemma 1. For operators L,O as above we have

Un—1

Wres(OL™™) = ol

/ Tr [24H + 12G°T, 4+ F**(—12Q + 6Py, — 2R — 3T, T3) (2.12)
+ (F® + F*)(=6Puy + 2Rica, — 3T,Ty)),

where v, _1 is the volume of a unit (n — 1)-sphere.

Proof. To calculate the Wodzicki residue, we need to compute o_,(OL™™) in x = 0, integrate it
over |£] = 1 take a trace over the vector bundle and integrate it over the manifold. Here, we need
to complete the first two steps. Using the symbol composition rule, we get six terms

L Jg=r Heam = vaa H +0(1),
2. fHEH:l iGag‘lCQ"L"Fl = %U’n—lGaTa + 0(1)a
3. Jiig)j=1 G“Oatam = o(1),

4 [igmr Fabocomsn = 55001 [F**(=12Q + 6 Py, — 2R — 3T, T;)
+(F® + F**)(6Pay — 2Ricay — 3T.Tp)] + o(1),
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5. Jeper —U(EF® + F*)EDpcamyr = =25+ (F® + F**) Py, + 0(1),
6. fiigjz1 —5 (™ 4 F")apeam = "5~ F* Ricqy + o(1).
The sum of these terms gives us the desired result. -

There are some special types of operator O, which are particularly interesting.

Corollary 2. Taking O = EL in lemma for some bundle endomorphism E, we have F® = §%,
G*=T, and H = Q, hence

(n—2)v,1

Wres(EL™ ™) = 54

/ Tr [E(—12Q 4 6P,y — 2R — 3T,T,)] . (2.13)

Using the sum O + EL, for O as in lemmal[l], we get

Wres((O + EL)L™™) :vg: / Tr [24H + 12G°T,

+ (Faa + (n _ 2)E)(_12Q + 6P, — 2R — 3TbTb)
+ (F™ 4 F*)(=6Puy 4 2Rica, — 3T,Tp)].

(2.14)

Dirac-type operators on manifolds

In most cases we take L = D? for some Dirac-type operator. Let us consider a Dirac-type operator
D = Dy + B, where B is an operator of order 0 and Dy is another Dirac-type operator (usually a
canonical one determined by metric on the manifold) with symbol o(Dg) = 01+09. We require, that
in normal coordinates 01 = —y%&, + fLa’x¢ +o(x?) (without linear term in z) and 99 = g,2%+o(x)
(only linear term), where f{, g, are some endomorphisms.

The square of Dy is a Laplace-type operatorﬁ Lo with T? = 0. We can see it as

a; = 0100 + 0001 — 19509701

Each of these three terms vanish at = = 0, resulting in 72 = 0.

We are particularly interested in two examples of Dy: the canonical Dirac operator and the
Hodge-Dirac operator. The latter is explicitly written in [P2], and it is clear that it meets the
requirements on Dy. The former can be easily derived in normal coordinates using the construction

in [P3]. For e; = 0; — ¢ Rijia? xF 01+ 0(x?) we get cijr. = § Rijarz®+0(x). Then wkil = —3 Rigper’ +
o(x) and
1
0 =" + EFVGRabcdxbmcgd + 0(X2)a
i i (2.15)
% = ngbcwW‘WbWC + o(x) = — Biciar™y® + o(x).

The last equality can be obtained using the symmetries of the Riemann tensor and the algebra rules
for ~’s.

b.c c.a. b

Riabcﬂyapyblyc = _(Ricab + Ribca>7a7 ’7 = _Riabc(ﬁyblycfya + v ’7 Y )
_ _2Riabc('7a'yb’)/c + 5ac,yb + 5ac,yb _ 6ab,yc _ 6bc,ya) — —QRmbanb’yc _ 6Riciafy“.

31t provides a condition on fg. as 92 = az. We have ({7"7 ffd} + %Racbd) Ealpxtzd = 0.
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It is clear that the canonical Dirac operator is also of the Dg type.
Because we already know the metric, Einstein and torsion functionals for these two examples of
Dy, we will focus on on calculating the corrections from B. First, we need to determine L = D?.

L= D?=(Dy+ B)*= Lo+ B*+ {Dy, B}, (2.16)

where Ly = D3. In normal coordinates we need to know the symbols of L up to appropriate powers
of x. We start with expanding B = By + B,z®+ o(x). Next, we need to know the part proportional
to € up to linear terms in « and the order zero part only in z = 0, therefore we can use {iv*9,, B}
instead of {Dy, B}.

{i7*0s, B} = i{y*, B}9, + i7* (0, B). (2.17)
Finally, using notation from ([2.10)), we get
Pab == P2b+i{7a5Bb}7 Ta :i{fyaaBO}a Q = Q0+i7aBa+B(2)7 (218)

where QY PY are calculated for Lo = D3 and T2 vanishes, as stated before.

Before proceeding further, we compute Wres(OL~"") for one more example of interesting op-
erators O, i.e. O = ED.

Corollary 3. Taking O = ED in lemma where E is a bundle endomorphism, we have F® = 0,
G* =iFE~y*, H= EBy, and

Un—1

Wres(EDD™*™) = 5

[ miBEBy + i) = 252 [ Tr(EeB - 0 B (219)

2.4.2 Spectral functionals for a class of Dirac-type operators on mani-
folds

Following the notation from [P1L[P3|, we will denote @ as a multiplication by 1-form u represented on
the vector bundle, with 4 = v%u,. We will now calculate explicitely the spectral functionals in the
presence of B. The results will be valid for both Dy operators, canonical Dirac, and Hodge-Dirac.

We assume that all the functionals considered below are known for Dy, and we focus on the
terms that depend on B (note subscipts D and Dy in functionals), hence the results will be written
as a sum of a functional with B = 0 (unless it vanishes as in (2.19)) and B-dependent terms.

Metric functional

As usual, the metric functional remains unchanged. We can see that by putting O = uw. We can
put it as the following proposition:

Proposition 4. The metric remains the same for all Bs.

gp(u, w) = gp,(u, w) = v,—1Tr(1) /uawa =v,_1Tr(1) /gabuawb\/g. (2.20)
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Torsion functional

To compute the torsion functional we can use (2.19) with E = Gow.

Un— 1.7 a a
Ip(u,v,w) = 5 ! /uw]'wkTr [V 9% 2By — v*{7*, Bo})]

(2.21)
= V-1 /uivjwkTr (VA" =74 Bo] -
It is easy to check, that the combination %47 — 47~v*~% is totally antisymmetric in i, j, k.
We can also rewrite the result in more compact form, i.e.
Proposition 5. The torsion functional for general B is
Up— o
gTD(U7 v, 'l.U) = 772 ! /UinlUk T’I’([’}/J, 71]{7]67 BO}) . (222)

We keep here the result with B, and depending on the situation we can use concrete form of B.
For Dirac-type operators with torsion, B is determined by the torsion, as shown in [P3].
Single 1-form functional

We can obtain another functional as a byproduct of the torsion functional. If we use only one
1-form in ([2.19) instead of three, i.e. E =4, we get

Tr [ub'yb(2BO —v*{v*, Bo})] = 0. (2.23)
We can state this result as follows:

Proposition 6. The functional £p(u) defined on manifolds as follows:
Fp(u) := Wres(aDD™?™) (2.24)
vanishes identically for every B.

We obtained nontrivial functional which vanishes identically in the commutative case. However,
this is not guaranteed in the noncommutative setting. It would be intriguing to investigate whether
the vanishing of this functional is related to any interesting properties of spectral triples.

Einstein-Hilbert functional

If we use (2.13) with E' =1 or, more generally, E = f for a function f, we get

(n

2,
Rp(f) = Wres(fD-2m+2) — % /fTr ( ~12Q° — 12i4°B, — 12B2 + 6P°,

(2.25)
+6i{7", Ba} = 2R + 3{y", Bo}{1", Bo} ).

Because
Tr ({3 BoHr", Bo}) = 2Tx (v*{2", Bo} Bo),

we have
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Proposition 7. The Einstein-Hilbert functional for general B on manifolds is

(n

() = i, (1) + P [ 1 (<28 7 (5 B} ) (2.26)

where Rp, (f) is the same functional for B = 0.

Einstein functional

The correction to the Einstein functional is by far the most tedious to obtain, therefore we start by
stating the result before presenting the proof.

Proposition 8. The Einstein functional for general B on manifolds is

Ep(u,w) = Gp, (u, w) + 0"2_1 / Tr (iua(acwb)h“wb]{vc,Bo} + %uawbh“,vb]{vc, B.}
(2.27)

+ uaws[(0° By = (2", Bo)({7°, Bohr® — 2Bo)] )
where Gp, (u,w) is the same functional with B = 0.

We see that the correction depends on the derivative of wy,. The term with this derivative is
proportional to the same combination of v’s and By as in the torsion functional (2.22]). This follows
from theorem 5.7 in [P1], which was previously addressed in section m

Proof. We have to compute Wres[(4Dw D + @ D?)D~"] using (2.14]). Let us now examine operator
O = 4DwD. This operator consists of 4 parts:

1. Og = @Dy Dy = —ucway“y* 77" 0a0 — uc(Opwa)y*y* 7"y 00 + Jucway*y*y*y" Ricas + o(1),
2. WDy B = iuy°y*y? (wy BoOy + (awy) By + wyBy) + o(1),

3. 4BWDy = iucwyy By 0, + o(1),

4. 4BWB = u,wyy*Byy? By + o(1).

The first part follows from equation (4.5) in [P1]. It gives raise to F§°, G&, Hy. The full F%° G* H
are
Fab —_ Foab — ucwd,yc,ya,_yd,yb _ Uc’LUd"YC(25ad o ’Yd/ya)’yba

G = G + iucwyy(v*v* Bo + Boy*y®) = iucwyy*(v*7* Bo + Boy’v?),

(2.28)
Gf = —uc(@ywa)y "7y,
H = Ho + uqwyy* Boy" Bo + iueyy*y" ((8aws) Bo + wyBa).-
In (2.14) we need F®® and F + F®@, Tt is easy to check, that
F% = (2 — n)ugwpy®y?,
( ) by (2.29)

Fab + Fba _ QUde’yc(aad’VC + 5bd,ya o 5ab,_yd).

We can see, that the term (F + (n — 2)E) in (2.14) vanishes, as E = u,wpy®y°.
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Now we can write the Einstein functional.

©p (u, w) :@Do(u,w)ﬁ”g*l / Tr [8(H — Ho)-+AG T+ (F+ F*) (—2(Pay— P%,) ~TaTy)], (2.30)

where F% = F§® and

Un—1

Cp, (U, w) = / Tr [12Hy + (F® + F**)(=3P% + Rica)). (2.31)

The trace in (2.30]) is quite complicated. To simplify it, we can start with terms linear in B.
We have
Tr [8iuey*y*y"((Baws) Bo + weBa) — 4iue(Oywa)y vy {+*, Bo}

—diucwgy (6P + 6"y — 5Py {7, By}]
= diugTr [(Dews) (277" Bo — v*v*"v{+", Bo})
+wy (277" Be = 77 {7’ Be} =77, B} + 77" {7, Be}))
= 4iug Tr [2(0cws) (7" = 74"7*) Bo + wy (" 71" Be — 7*7*7°Be = 29 By +7°9"{7%, B.})]
= diugTr [(Dcws)[v*, 7", Bo} + we(—7*v*7°Be — 7*v*7°Be +v*7"{7*, B.})]
= 2iugTr [2(0cws)[v*, Y"1, Bo} + we[v*, 7" {7, B}
The quadratic part can be written as

Tr [8uqwyy*Boy’Bo — 4ucwyy° (v By + Boy'v*){v*, Bo}
+2u,wgy (3% + 8%y — §°Py?) {v, Bo}~, Bo}]

= 2uqwyTr [47* By’ Bo — 27" (77" Bo + Boy"v){7*, Bo}

(v {7, BoH%, Bo} + {7, Bo ", Bo} — v"{7%, Bo ", Bo})]-

To simplify this expression we use the trace property, the anticommutation rules of 7’s and the
fact, that (y¢)? is proportional to identity (thus commutes with everything). We want every term
to start with v2v° By, v*7v% By, v*Byy? or 6**By. We get

2uqwy Tr (=29 B0’ +4"7*Bo — 7*v"Bo){7*, Bo}7* + 47 B0y’ Bo — 29°v* B + 277" Bj]

= duqwyTr [(6"°Bo —v*{7", Bo})({7*, Bo}7* — 2Bo)].

The proof is completed by summing the linear and quadratic terms. O
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Conclusions

The functionals introduced in the papers are very promising tools for generalizing tensor qualities
from Riemannian geometry to noncommutative geometry. We demonstrated that explicit calcu-
lations of these functionals are feasible for at least some of the spectral triples considered in the
literature, justifying the belief that they are more than simply abstract concepts but practical com-
putational tools. Thus, further study in this topic may be very intriguing, especially since it is still
in its early stages and there is much work to be done in both commutative and noncommutative
settings.

In the commutative case, the two most essential points appear to be discovering more geomet-
rically relevant functionals and generalizing them to a larger class of manifolds and operators. To
begin, we believe that it is still possible to find analogous functionals involving different objects such
as the Riemann tensor, or different functionals that result in similar expressions. In the last situa-
tion, it would be very interesting to determine if the results are still similar in the noncommutative
case.

Furthermore, in the commutative case, we almost exclusively worked with even-dimensional
compact manifolds with no boundary, leaving computation of these functionals in a more general
setting for the future. We can also consider different and more general operators and check how
they affect the known functionals, as partially done in section Note that the research in this
direction is currently realized by other groups [18] [30} B3T].

In the noncommutative case, it would be beneficial to see additional examples of direct com-
putations and learn about certain general properties of the functionals. Yet, even in the present
state, spectral functionals can be extremely useful in understanding noncommutative spaces and
their geometry.
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