
B ru n o  IO C H U M

Centre de Physique Theorique

M arse ille , 2024, M a y  28

Report on
Geometric spectral functionals

Paweł Zalecki 
PhD thesis

T h is  thesis is  dedicated to  unde rs tan d ing  h o w  classical n o tio n s  such as cu rva tu re , the  E ins te in - 
C a rtan  tensor, and  to rs io n  can be tra n s fo rm e d  in  non co m m u ta tive  g e om e try  (N C G ).

D iffe re n tia l g e om e try  p lays  a fu ndam en ta l ro le  in  b o th  m athem atics  and  physics. C lassical geo­
m e try  o f m a n ifo ld s  has been encompassed w ith in  th e  b road f ie ld  o f N C G  thanks  to  th e  w o rk  o f A . 
C onnes. I t  q u ic k ly  became essentia l to  genera lize fundam en ta l concepts such as the  m e tric , scalar 
cu rva tu re , and  to rs io n  to  th is  n e w  fra m e w o rk . H ow ever, progress in  th is  d ire c tio n  has been s low  
and m arked  b y  u n co n v in c in g  d ire c t a ttem pts.

T h is  thesis, w h ic h  is  p a rt o f a co lla b o ra tio n  w ith  L u d w ig  D ą b ro w sk i and  A n d rze j S itarz, presents 
a re a lis tic  and  o r ig in a l approach based o n  th e  n o tio n  o f spectra l fu n c tio n a ls . Indeed, i t  is  possib le 
to  ca lcu la te  these fu n c tio n a ls  in  several q u ite  generic  cases. T h is  lo n g -te rm  w o rk  has p ro ve n  to  be 
re w a rd in g  and especia lly  p ro m is in g  fo r  fu tu re  analyses. I t  is  expected to  have consequences b o th  in  
m athem atics  and  in  th e o re tica l physics, w h e re  N C G  has p ro ve n  its  w o rth .

A fte r  an  in tro d u c tio n  to  the  subject, re ca llin g  th e  re levan t too ls , th e  thesis is  s tru c tu re d  in to  
th ree  pub lished  a rtic les.

In  th e  f irs t,  th e  au tho rs  in tro d u ce  n e w  n o tio n s  o f spectra l fu n c tio n s  fo r  a p p lica tio n  to  spectra l 
tr ip le s  in  N C G , w hose densities cover th e  classical cases o f m e trics  and  th e  E ins te in  tenso r fo r  a 
com pact R iem ann ian  m a n ifo ld . T he  techn ique  used is  based o n  th e  ca lcu la tio n  o f W o d z ick i's  residue. 
T h is  im p o rta n t n o tio n  is  indeed  re la ted  to  the  D ix m ie r  trace  and C onnes n on co m m u ta tive  in te g ra l.

In  a second a rtic le , th e  au tho rs  extend  the  p rev ious  case fro m  ve c to r fie lds  to  d iffe re n tia l fo rm s  
and de fine  th e  n o tio n  o f sp e c tra lly  closed spectra l tr ip le s . T h is  n o tio n , a lth o u g h  th e  te rm in o lo g y  
m a y  n o t be the  best, w i l l  p rove  to  be im p o rta n t in  N C G .
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In  the  th ird  a rtic le , th e  spectra l to rs io n  is  in troduced , co n tro lle d  in  th e  com m uta tive  case, and 
th e n  app lied  to  d iffe re n t cases : a lm ost com m uta tive  geom etry , n o ncom m uta tive  to r i,  and a q uan tu m  
g roup . T h is  p roves the  e ffic iency  o f the  approach.

F u rthe rm ore , Paw eł Z a le ck i in troduces  several pe rsona l im provem en ts  be tw een each chap te r 
com pared to  th e  pub lished  artic les.

T he  thesis is  w e ll w r it te n , b u t I  do  have one reg re t : Paw eł Za leck is  tap led  toge the r the  th ree  
a rtic les  he pub lished  ra th e r th a n  re w r it in g  the  e n tire  w o rk  fro m  scratch. T h is  w o u ld  have avo ided 
re p e titio n s  in  th e  in tro d u c tio n s  o f each chapter, u n if ie d  th e  references, and  be tte r in te g ra te d  h is  pe r­
sonal im provem ents , fo r  instance a vo id in g  th e  need to  genera lize a p re v io u s ly  typ e d  resu lt.
I t  shou ld  also be no ted  th a t th e  w o rk s  o f C hinese researchers L i, H ong , W ang& W ang, W u  and 
Yang deserve m ore  c ita tio n s , espec ia lly  w h e n  th e ir  w o rk s  have t it le s  such as : "A  G enera l D a b ro w - 
sk i-S ita rz -Z a leck i Type  T heorem  fo r  M a n ifo ld s  w ith  B ounda ry", "T he  H odge -D irac  O pe ra to r and 
D ab row sk i-S ita rz -Z a leck i Type  Theorem s fo r  M a n ifo ld s  w ith  Boundary," o r  "T he  G enera l K astle r- 
Kalau-W alze Type T heorem  and th e  D a b ro w sk i-S ita rz -Z a le ck i T ype  T heorem  fo r  O dd D im ens iona l 
M a n ifo ld s  w ith  Boundary." Even th o u g h  a ll these C hinese w o rk s  concern  o n ly  the  co m m u ta tive  case, 
i t  w o u ld  have been an  o p p o rtu n ity  to  h ig h lig h t th a t the  resu lts  in  th is  thesis are m ore  o r ie n te d  to ­
w ards no n co m m u ta tive  geom etry .
T here  are a fe w  m is p rin ts  and  som e inaccuracies th a t can be eas ily  addressed d u r in g  th e  defense.

To accom plish  th is , he had to  n o t o n ly  deepen h is  know ledg e  o f classical geom e try  b u t also 
im m erse  h im se lf in  the  ex trem e ly  soph is tica ted  m athem atics  o f N C G . T he  resu lts  o f th is  thesis show  
th a t he has fu l ly  assim ila ted  th e  necessary know ledg e  and is  a lso capable o f m a n ip u la tin g  the  too ls  
to  generate n e w  resu lts  th a t in te re s t the  in te rn a tio n a l c o m m u n ity .

D esp ite  the  techn ica l d iff icu ltie s , the  de ta ils  o f th e  le n g th y  ca lcu la tions  are c le a rly  exposed, p ro ­
v in g  th a t Paw eł Z a le ck i has a p e rfec t m aste ry  o f th is  o r ig in a l sub ject m atte r.

T he  thesis m eets a ll th e  c r ite r ia  fo r  a good thesis in  m a them atica l phys ics a t an  in te rn a tio n a l leve l. 
T here  is  n o  d o u b t th a t P aw eł Z a le ck i w i l l  be able to  conduc t independen t research o n  a c o m p e titive  
and p ro m is in g  to p ic  in  th e  fu tu re .

I  the re fo re  recom m end w ith o u t h e s ita tio n  its  acceptance b y  the  D isc ip lin e  C o u n c il fo r  P hys ica l 
Sciences a t Jag ie llon ian  U n iv e rs ity  and  its  a u th o riza tio n  fo r  p u b lic  defense.

M oreover, g ive n  th e  in te re s t and  o r ig in a lity  o f the  resu lts  and  the  o ve ra ll q u a lity  o f th e  w r it in g  
o f th is  thesis, I  p ropose a w a rd in g  th is  thesis w ith  d is tin c tio n .
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