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ABSTRACT

The problem of the dark matter remains unresolved for nearly a century. In recent years, the searches for possible interactions between dark matter and ordinary matter frequently involve techniques relying on atomic and molecular physics. In this context, special in­terest lies in optical magnetometry and related techniques, as nowadays, they provide the highest sensitivity to exotic spin couplings in a perturbation spectrum below 100 H z.The Global Network of Optical Magnetometers for Exotic physics searches (GNOME) is a distinct example of a worldwide experiment searching for exotic spin couplings with a help of optical magnetometry. Seeking for consistent noise pattern in the observed signals, the network is capable of detecting time-dependent interactions between ultra­light dark matter and spins of ordinary matter, which may be, for example, induced by hypothetical astrophysical phenomena contested by axion dark matter.This thsis presents the work on the development of a next-generation sensor for G N O M E, which, over the last couple of years, has been built at the Marian Smoluchowski Institute of Physics at the Jagiellonian University in Kraków. The sensor is a self- com­pensating comagnetometer, which is based on the polarised mixture of alkali metals and 3He atoms. For the dissertation, the comagnetometer was run in two-sensitivity-axis mode, providing more complete searches for exotic spin couplings, and was optimised for continuous measurements over extended periods of time (multiple months). As the result of the research, the system reached a sensitivity of 1.5×10- 21 eV/ Hz in the case of the exotic couplings to neutron spins and 1.5×10- 19 eV/ H z in the case of the ex­otic couplings to proton spins. In addition to the research on the sensor, the thesis also presents the development of the novel optimisation-calibration procedure of the sensor operation. This procedure allows the sensor to be operated continuously for 24 hours, interrupted then with only relatively brief (250 s) calibration procedures. In turn, this procedure provides means for continuous multi-month operation with a duty cycle (ra­tio of up time to calibration-down time) exceeding previous experiments by at least an order of magnitude. Finally, the work presents a novel method for calibration of the co­magnetometer, which enables an interpretation of the measurements results in arbitrary frequency range. As previously the constant frequency response of the comagnetometer was assumed, this new capability provides a quantitative change in the searches for ex­otic spin couplings, including ultralight-dark-matter searches. This may also alter some of the exiting limits on the exotic spin couplings, where constant response was assumed. The developed method was successfully tested on the rotation sensing during the au­thor's visit to Helmholtz Institute in M ainz, where another next-generation GN O M E sen­sor of GN O M E was built.
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STRESZCZENIE

Problem istnienia ciemnej materii pozostaje nierozwiązany od niemal stulecia. Współ­cześnie, liczne poszukiwania oddziaływań miedzy ciemna, a zwykła materią barionowa wykorzystują metody oparte na technikach bazujących na fizyce atomowej i moleku­larnej. W  tym konteksście szczególne zainteresowanie budzi optyczna magnetometria oraz komagnetometria atomowa, poniewaz obecnie to te techniki pozwalają na najdo­kładniejsze pomiary egzotycznych sprzezeiń spinowych w paśmie czestotliwości poniżej 100 Hz.Szczególnym przykładem eksperymentu wykorzystującego magnetometrie optyczną do poszukiwania oddziaływali z ciemna materia jest Globalna Siec Magnetometrów Optycznych do Poszukiwanś Fizyki Egzotycznej (ang. Global Network of Optical M agne­tometers for Exotic physics search -  GNOME). Siec GNOM E pozwala na detekcje zalez- nych od czasu sprzezeń spinowych, które moga byc wygenerowane przez hipotetyczne obiekty astronomiczne składające się z ultralekkiej ciemnej materii, w tym w szczegól- nosści materii aksjonowej.Niniejsza praca przedstawia wyniki badanś nad rozwojem sensora nowej generacji dedykowanego dla eksperymentu GNOM E, który był budowany w Instytucie Fizyki im. Mariana Smoluchowskiego Uniwersytetu Jagiellonśskiego w Krakowie. Działanie tego czujnika, beędaęcego samo-kompensujaęcym sieę komagnetometrem atomowym, oparte jest o mieszanineę spolaryzowanych par metali alkalicznych oraz spolaryzowanego jaę- drowo 3He. W  ramach niniejszego doktoratu zbudowany komagnetometer pracujaęcy w rezimie dwóch osi czułości, co umozliwia uzyskanie bardziej kompletna informacji o potencjalnych egzotycznych sprzezeniach spinowych. Optymalizacja pracy tego urzą­dzenia pozwoliła na pomiary egzotycznych sprzęzeń do spinów neutronu z czułością na poziomie 1,5 × 10- 21 e V Λ ∕H z  oraz 1,5 × 10- 19 e V Λ ∕H z  w przypadku sprzezen do spinów protonowych. W  ramach doktoratu opracowano równiez nowa procedurę zoptymalizo­wanej kalibracji urządzenia. Dzieki niej układ moze byc kalibrowany rzadziej niz co 24 godziny, z martwym czasem, podczas którego kalibrowane jest urzaędzenie, rzeędu 250-s. Sprawia to, ze nowa procedura umozliwia wielomiesieczne pomiary z martwym czasem aktywnosści urzaędzenia co najmniej o rzaęd wielkosści krótszym od wczesśniej stosowanych metod. Warto na koniec zauwazyc, ze przedstawiona praca opisuje nowatorską metodę kalibracji samo-kompensujaęcych sieę komagnetometrów optycznych, która pozwala na interpretacje wyników pomiarów w szerokim pasmie częstotliwosci. Poniewaz we wcze- śsniejszych badaniach zakładana była spektralnie niezmienna odpowiedzś sensorów, to uwzgleędnienie charakterystyki spektralnej urzaędzenia stanowi jakosściowaęzmianeę wsto- sunku do prowadzonych wcześniej poszukiwań, a takze moze spowodować konieczność modyfikacji wcześniejszych limitów na niemagnetyczne sprzezenia spinowe. W  celu po­twierdzenia poprawności metody, została ona zweryfikowana przy uzyciu pomiarów ro- tacjinaukładzie komagnetometru optycznego wMoguncji(Niemcy) podczaswizytyna- ukowej autora niniejszej pracy doktorskiej.
xi
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STRUCTURE OF THE DISSERTATION

The presented dissertation provides a summary of the results of the authors' PhD stud­ies along with the introduction into the topic of searches for exotic spin couplings with spin-based sensors in general and self-compensating comagnetomters in particular. It is also author's attempt to address multiple questions related to the topic that was born in discussions within the GN O M E collaboration.This dissertation contains six main chapters and a conclusion chapter. Chapter 1 provides a brief introduction to the topic of the axion dark matter that might gener­ate interactions of exotic spin couplings and its searches with spin-based sensors. This is followed by Chapter 2,  where the theory underlying the operation of spin-exchange- relaxation-free magnetometers and self-compensating comagnetometers. Chapter 3 pro­vides a description of experimental setups of self-compensating comagnetometers built in Krakow and M ainz. Chapter 4 describes a collection of practical techniques for the op­timisation and characterisation of self-compensating comagnetometers performance. The detailed procedure of the wide-bandwidth calibration of the comagnetometer is provided in Chapter 5,  which also includes results of the experiments conducted during author visit at Prof. Budker's group at Helmholtz institute in M ainz. Chapter 6 discusses the performance of the Krakow comagnetometer. The thesis is summarised in the Con­clusion (Chapter 7).
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I NTRODUCTION

1.1. BEYOND THE STANDARD M ODELThe last hundred years of modern physics development brought a great understanding of the Universe we live in . The Standard Model of particle physics (SM) is among the greatest successes of this development. This quantum field theory describes the whole “visible”  matter in the Universe [1],  dividing it into groups consisting of elementary par­ticles: fermions and bosons. The particles may form more complex structures by four fundamental interactions: electromagnetic, weak, strong, and gravity.1 The Standard Model was verified in multiple experiments involving accelerators of elementary parti­cles, as well as multiple low-energy experiments and astronomical observations. The peak of this experimental survey was the observation of the Higgs boson in 2012 by the ATLAS collaboration in the Large Hadron Collider (LHC) at CERN [2,  3].Despite the whole glory of mathematical consistency and experimental justification, SM  has several problems. They imply the existence of yet undiscovered physics, often called physics beyond the Standard Model.  The first significant “problem”  of SM  is 
matter-antimatter asymmetry observed in the Universe[4].  Within SM , each particle has its antiparticle, which possesses identical properties except for an opposite electric charge. The particle-antiparticle pair production is a process inevitably arising in the early Universe. However, astronomical observations show that the visible Universe con­sists entirely of ordinary matter. This suggests the existence of a symmetry-breaking 
mechanism,  which is responsible for a different interaction with matter and antimat­ter. This asymmetry eventually led to the excess of ordinary matter in the later Universe, which is also known as the problem of baryogenesis.

Violation of the combined charge-conjugation-parity-reversal (CP) symmetry is thought to be responsible for the matter-antimatter asymmetry. Such a violation is ob­served in many processes (e.g., particle decays) governed by the weak interaction and is1The Standard Model does not explain gravity, however, there is a hypothesis of graviton -  an elementary particle responsible for the gravitational interaction. It should be noted though that gravity does not have an important role in microscopic systems due to is very small strength and it is important and taken into account mostly at a cosm ic scale.
1



2 1 .  I N  T R O D U C T IO N
1 consistent with SM . However, the scale of CP violation in SM  is not sufficient to explain the observable difference in the matter-antimatter abundance. Moreover, SM  predicts violation of the CP symmetry not only by weak but also by strong interactions.2 This contradicts experimental evidence that consistently returns an immeasurably small CP violation (zero within the error bars) in processes governed by the strong interaction. This so-called strong CP problem is the second major issue of SM  and one of the un­solved mysteries of modern physics.The most popular proposal to solve the strong CP problem is based on violating the 

so-called Peccei-Quinn symmetry,  an anomalous symmetry of Nature [5],  which is re­lated to the existence of a hypothetical particle called axion [6].  Such a quantum elec­
trodynamic (QCD) axion3 is a spin-zero pseudoscalar particle whose mass is not set by theory and must be identified experimentally. The idea of the Q C D  axion was further ex­tended to the so-called axion-like particles (ALPs) [7- 9], which do not serve the purpose of solving the strongCP problem, but arise naturallyin most string-theory extensions of SM .The indicationsofphysicsbeyondSM do notcom e onlyfrom theSM problem s. M ul­tiple astronomical observations suggest that the Universe contains m uch more matter than is “visible”, i.e., that absorbs, emits, or scatters electromagnetic radiation. For ex­ample, inconsistency between the mass of visible matter and the velocity dispersion of stars'rotationin galaxies, the so-calledgalaxy-rotationproblem, im pliesthatthe galaxy should contain more gravitationally interacting, yet electromagnetically noninteracting matter [10- 14].  This matter ofunknown nature is calleddarkm atter(DM).Another indication of such a dark matter comes from the gravitational lensing of electromagnetic radiation in seemingly empty space [15].  The distinct pattern of the gravitational lensing phenomenon allows conclusive recognition of the gravitational de- flectionofthe lightpropagationtrajectory. However, there isalackofanyotherevidence for the presence of known astronomical objects in the place where a significant mass of m atterisexpected. Therefore, theoriginofthism assive matterremainsunknown, which is consistent with the dark matter hypothesis.Another hint of dark-matter existence comes from theoretical considerations of the formation of galaxies, which suggest that these structures could not arise without dark- matter density fluctuation [15, 16].  The agreement between theoretical simulations of the galaxy evolution and astronomical observations requires the assumption of the dark matter existence from the very early stages of the Universe evolution.Despite the absence of direct evidence of the D M  existence, it is possible to infer some of its generic properties based on astronomical observations. For example, the analysis of Cosmic Microwave Background (CMB) radiation enables the estimation of the D M  density, which accounts for 26% of the total energy in the Universe, while ordi­nary matter makes up only 6% (the remaining 68% is in the form of dark energy) [17]. The motion of stars in the Milky Way allows the estimation of the local density of dark matter, which is expected to be 0.3-0.4 GeV/cm3. This means that the D M  density is
2 In fact, the violation of the C P  symmetry in the strong interaction is expected to be significantly larger than in the case of the weak interaction.3 The Q C D  (quantum chrom odynamic) axion is the boson that is introduced to solve the strong C P  problem . In contrast to  axion-like particles described later, it has a fixed relation between its mass and coupling strength.



1 .2 . SE A R C H E S  F O R  A X IO N  D M 3
1about five orders of magnitude larger than the average density of the electromagneti­cally interacting matter in the Universe. Moreover, the clustering and evolution of galax­ies suggest that dark matter is “cold”  (nonrelativistic), since, otherwise, it would escape the galactic gravitation pull. Finally, the observation of the Bullet Cluster (1E 0657-56) shows that D M  lacks any significant nongravitational interaction with itself or ordinary matter [18].  These properties of D M  provide a framework for theoretical investigations of possible explanations of the matter and suggest experimental searches for its direct detection.Historically, D M  was expected to be composed of weakly interacting massive par­

ticles (WIMP)[1,  4].  However, over three decades of a search for experimental evidence of WIMPs with both high-energy accelerators and low-energy experiments did not leadto any positive results [19- 21]. This triggered interest in alternative candidates. Nowa­days, a great variety of new exotic particles are under meticulous consideration from both theoretical and experimental perspectives. A partial list of the candidates includes the superWIMPS [22],  which are hypothetical particles being a product of the WIMPS decay; sterile neutrinos[22- 24],  the hypothetical type of the neutrinos, which interact m uch weaker than known types of the neutrinos with the normal matter; dark photons [25],  the ultralight particle, carrying the interaction between dark matter particles in a way similar to the photon in case of the electromagnetic interaction; massive (astro­nomical) compact objects (M ACHOs)[24,  26,  27],  a group of hypothetical astronomical objects, which are invisible in the electromagnetic spectrum of astronomical observa- tions,w hichm ightbe representedbyknownphenom enasuchas smallmass blackholes orneutronstarsas well asbyexoticobjectsconsistedofnon-barionic darkmatter. How­ever, recently, the Q C D  axion and ALPs4 are considered as prime candidates for D M  par­ticles [16]. This is so as they fit well in some D M  concepts, considering D M  to be com- posedoflow-m assbosons.5 ThesearchforsuchD M canbeperform edbyseekingeffects that the matter would impose on ordinary matter. The scope of this thesis is related to a particular subgroup of such searches where one uses spin-based sensors [28].
1.2. SEARCHES FOR AXION DMAssuming axions to be a significant component of D M , they should be present through­out our galaxy. Their direct detection, however, requires the axions interaction with or- dinarymatter. Assum ingthattheyare pseudoscalar (spin-0) particles,6 there are several ways in which they can interact with ordinary matter. These interactions can be de­scribed bythe following phenomenological Hamiltonian [16]

H  = χ aγ  aE ∙ B d V  + ∑ χ ηED M aSη ∙E + ∑ χ f  V a ∙ Sf , (1.1)
J  n fwhere a is the axion field in energy units, χ aγ  is the axion coupling to electromagnetic field, E and B are electric and magnetic fields, respectively, χ f  is the axion coupling4 Q C D  axions and ALPs have a  similar m echanism  of interactions with ordinary matter, wherefore below both types of particles will be referred to as axions and specify the axion type when necessary.5 D ue to its mass, the ultralight matter manifests as coherent fields called u ltra lig h t bosonic fields.6 There are m odels that include axions with vector (spin-1) and scalar properties [16],  but their searches require experimental strategies, reaching beyond the scope of this dissertation.



4 1 .  I N  T R O D U C T IO N
1 strength to the fermions, with the index f  denoting a fermion type, Sf  is the spin of the fermion, χ ηEDM isastrengthofaperm anentelectricdipole m om ent(EDM )induced in a hadron η by the Q CD axion and S η is the spin of hadron η. The form of this Hamilto­nian implies possible axions-detection strategies. Specifically, the interaction between axions andelectromagnetic field, as describedbythe first term ofthe Hamiltonian (1.1), may result in the conversion of axions into photons. This could lead to an unexplained excess ofelectrom agneticradiationinthe Universe. Suchan excessis beingsearchedfor inexperim entsthatlookforphotonsinside cavitiesplacedinastrongm agneticfield[29, 30], astronomical observations searching for anomalous electromagnetic radiation [31, 32], and “shining through the wall”  experiments [33]. As the frequency ofthe anomalous photons corresponds to the Compton frequency, hence the mass of the axions [16], the range ofdetectable electromagneticfieldsdeterminesthemassrange ofthesought-after axions.The second term of the Hamiltonian (1.1) describes the interaction of the electric field with ED M  of hadrons which is induced by the interaction with QCD  axions. The 

axionfield can generate a time-varying ED M  in nucleons with an oscillating frequency, corresponding to the Compton frequency of the axion field [34]. The direct searches for such interactions are realised with nuclear magnetic resonance (NMR) techniques by Cosmic Axion Spin Precession Experiment (CASPEr) [35] and with the cold neutrons- mercury comagnetometry in the nEDM  experiment [36].The last term ofthe Hamiltonian (1.1) is responsible for the interaction ofthe axion field with spins of fermions. Specifically, the spins are expected to couple to the spatial gradientofaxionfields. Fromanexperimentalstandpoint, suchinteractionshave aform  of anomalous pseudomagnetic field perturbing the spin state of fermions and can be detected in atomic and molecular systems as anomaly energy-level shifts generated by the field. Such a coupling is considered in this thesis and hence is discussed in details in Sec. 1.3.The weakness of the coupling to ordinary matter may not be the only challenge in the directobservation ofaxion DM . Althoughastronomical observations suggest the av­erage local density of D M  in the Milky Way, the D M  density on Earth may differ sig­nificantly from this value [37, 38]. In fact, the distribution of axion D M  may be influ­enced by many factors that cannot be calculated theoretically, including the axion gen­eration mechanism, the mass of the particles, or their self-interaction [16]. Moreover, some models predictthat axion m ayform  stable topological defects (e.g., domain walls) that have been preserved until now [39]. In this case, the effects of axions on ordinary m attermayvaryovertim e, andcouplingis observedonlyduringthe interaction withthe defect (transient coupling).7 The transient character ofsuch exotic spin perturbations significantly complicates detection ofaxion DM.Based on astronomical observation and theoretical considerations, the axion mass is constrained between 10- 22 and 10- 2 eV [16]. In the case of the QCD  axion, the con­nection to the strong interaction narrows the constraint to the range between 0.025 and 0.5meV. However, asthe mass ofALPs andtheircouplingstrengthto ordinarymatterare highly model-dependent, the parameters must be determined experimentally.
7 The spatial orientation of the wall and Earth m otion (axions are being assumed to be motionless in  galactic frame) determine the spatio-temporal gradient of the field and hence its interaction with spins.
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1The small mass of axions results in de Broglie's waves with the wavelength at macro­scopic and even cosmic scales. As axions are bosons, such a long wavelength leads to a huge occupantion number of each field mode, which makes it more suitable to treat the axions as a classical field rather than an ensemble of particles. The wavy nature of ax- ions may lead to coherent and incoherent interference of the axion field, manifesting as their clustering of D M , which may result in highly inhomogeneous distributions at the Earth scale [16].  Although interaction with axions within such structures could be de­tected with laboratory experiments, their identification would be challenging due to the time-dependent character if the signal. This problem can be addressed using a network of spatially separated sensors whose measurements are synchronised in time. An exam­ple of such an experiment is the Global Network of Optical Magnetometers for Exotic physics searches (GNOME) [40,  41].  This thesis describes the research performed within the framework of GN O M E activities. More on the subject, is described in in Sec. 1.3.The inhomogeneous density distribution of the axion field is not the only possible source of the axion-field gradients. For example, the axion field may exhibit stochastic fluctuations, leading to stochastic exotic spin couplings [42].  Such interactions would then manifest as an excess of noise registered by a detector (more details in Sec. 1.4.3). The stochastic fluctuations, however, can be identified with a network of synchronised sensors (e.g., GNOM E) where they would manifest as cross-correlations between the sensor readouts [43].Time-dependent interactions with axion D M  may also be generated by bursts of the axions produced in cataclysmic astrophysical events (e.g., binary black-hole merger) [44].  In that case, a jet of particles may be generated, and it may propagate through space with ultrarelativistic velocity. Reaching Earth, it may couple to spins inducing pulsed os­cillating signals in atomic magnetometers (more details in Sec. 1.4.3).  Even though the signals are recorded in individual sensors, a set of sensors may enhance the possibility of detecting the pulse by recording a consistent signal (specific spatiotemporal pattern) across the whole network. Moreover, synchronising the exotic signal with traditional as­tronomical observation channels opens new capabilities of multi-messenger astronomy.

1.3. OPTICAL MAGNETOMETRY FOR FUNDAM ENTAL PHYSICS
1.3.1. OPTICAL MAGNETOMETERS
Optical magnetometry refers to a collection of techniques that utilises the interactionbetween light and atoms (or atom-like systems) to measure magnetic fields [45].  In op­
tical magnetometers,  also known as optically-pumped magnetometers (OPMs),  lightfirst polarises atoms, which spin polarisation next evolves due to external magnetic field(s). This evolution modifies the optical properties of the atoms, which then affect the light propagation. This way measurements of such light parameters as its intensity or polar­isation provide quantitative information about the magnetic field. Nowadays, optical magnetometers offer the most sensitive magnetic-field measurements in a frequency range between D C  and 100 Hz.8The operation of the optical magnetometers is fundamentally based on the inter­action of a spin with the magnetic field. The interaction of a non-zero spin S with a8 Here, comagnetometers operating at low-magnetic field environments are under consideration.
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1 magnetic field, B is governed by the Zeeman Hamiltonian

H z = - μ s  B • S , (1.2)where μ s is a proportionally constant between the spin and the magnetic moment μ.Comparison of the third term of Eq. (1.1) with the form of the Zeeman Hamiltonian [Eq. (1.2)] reveals that the fermion-spin coupling with the axion-field gradient is simi­lar to the coupling of the spin to the magnetic field. Hence, the exotic spin couplings from the axions may be considered as an additional pseudomagnetic field b f and the Hamiltonian describing the interaction may be written as
H a f  = - μ ^  -  V a) • S = - μ s bf  ■ S, (1.3)

where χ s  considers both the spin content of S and the coupling strength of the axions to fermions, which spins impact S . Naturally, if the spin S is a net spin arising as a combi­nation of spins of other particles, including electrons, protons, or neutrons, such a spin is sensitive to the gradientofthe axion fieldIn the case ofALPs and their interaction with spins, higher orders ofinteraction are also possible. In particular, the quadratic coupling between the axions and spins can be considered[39].9 Itshouldbe notedthatin this case, the exotic spin couplingraises due to the couplingofthe spins to the gradientofthe square ofthe axion field. This coupling can bealso presented in the form ofthe pseudomagnetic field bq f

H a a f  = - μ ^  μs V a ^  • S = - μ s bq f  ∙S, (1.4)where χ qs stands for the quadratic coupling constant.The analogy between pseudoscalar spin coupling of the magnetic field and axion- field gradient shows that optical magnetometers can be used to search for both linear and quadratic exotic spin couplings. However, unlike the magnetic field, axion gradi­ents only couple to neutron, proton, and electron spins and do not couple to any orbital angular momentum [28]. Therefore, predicting the response of the magnetometer to a given type ofexotic spin coupling requires careful consideration ofthe spin structure of utilisedatoms. This aspectofthe couplings is discussedin more detail in Sec. 2.1.
1.3.2. COMAGNETOMETERSAlthough OPM s proven their usefulness in searches for exotic spin couplings [46], their high magnetic-field sensitivity results in practical limitations on the sensitivity to non- magneticcouplings(magnetic noise spoils the sensitivityto possible exotic spininterac- tions). To alleviate this problem, one can implement a technique of comagnetometry. Such a technique is based on simultaneous magnetic-field measurements, using m ul­tiple spin ensembles and successive comparisons of the readouts coming from the sys­tems. The comagnetometers generally use at least two atomic species of different spin constitutions (e.g., alkali-metal vapour and noble gas) to distinguish the known mag­netic perturbation from non-magnetic ones. This ability ofdistingusing different types9 This is an alternative, usually more speculative, way of coupling (portal) of the spins to axion D M .
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1of couplings is responsible for optical comagnetometry application in many tests of fun­damental physics, searches for spins beyond SM , or rotation sensing [47].The simplest example of a comagnetometer is a gradiometer.10 11 The subtraction of the readouts of two magnetometers placed at a close distance gives information about the gradient of the magnetic field and allows the suppression of a com mon magnetic background. Optically-pumped gradiometers have a wide range of applications in geo­physics, biomagnetism, defects identification, low-field N M R, etc. [45].An example of a comagnetometer with spatially separated spin samples is a system exploiting 199H g to search for ED M  [48].  In this experiment, four chambers filled with the optically pumped 199Hg vapour were put in the same magnetic but opposite electric fields. Comparison of the Larmor frequencies of 199Hg from four adjoining magnetome­ters allow one to maximise sensitivity to ED M  by suppressing the influence of the mag­netic field and its gradients. This comagnetometer provided the most stringent limit on permanent EDM of 199Hg [49- 51].Incom agnetom etry,theutilisationofoverlappingspinensem blesallow sonetoim - prove the compensation of effects related to the magnetic field (gases occupy the same volume, so in the ideal case, they can completely reject the magnetic contribution from thecomagnetometerreadout). Aspecificexam pleofsuchacom agnetom eterisbasedon amixture o ftw o n o b le g a se s[52]. Thegaseshavedifferentnuclearspins(theycouldbe twoisotopesofthesam eelem entortw odifferentatom icspecies),sotheirm agneticpre- cession frequency in a given field is different. To observe such precession, both nuclear spin species have to be polarised, which may be achieved through spin-exchange col­lisions with optically polarised alkali atoms that are also present in a container hosting thenoblegases. B esidesthepolarisationofthenoblegases,thealkaliatom sm aybealso used to detect their nuclear-spin precession. In this case, one explores good shielding of thenuclearspinsofthenoblegasesfrom theexternalenvironm ent,i.e.,thealkaliatom s only weakly perturb the noble-gas spin state, and hence their Larmor precession can be measured without significant effect on the noble gas.11 The ratio between the Larmor frequencies of the two noble gases is determined by their well-known gyromagnetic ra­tios so that any deviation from the known ratio indicates the presence o fa  perturbation that couples differently to the magnetic moments of the noble gas spins.12 Thereby, the 

noble-gas comagnetometry can be used to search for exotic spin interactions.Interestingly,differentspeciesorisotopesarenotneededtoperformcomagnetomet- ric measurements. There are implementations in which one species is used for the mea­surements. In that case, however, transitions among the states associated with different spinconstitutionsareused[53- 55]. Forexam p le ,inaso-called liquid-statenuclearco- 
magnetometer,  exploiting ultra-low-field nuclear magnetic resonance measurements o f 13C-labelledacetonitrile(13C H 3CN),tw oreferencefrequenciesareobserved[56].B e - cause the signals originate from the same molecule, this approach is extremely efficient10 Usually, optically pum ped gradiometers are not considered as com agnetom eters, but they fit well into the heuristic definition of the comagnetometers given above.11 Note that while the alkali-metal atom s work as an interface for the magnetometry of the noble gases, in principle, the noble-gass Larmor precession can be measured by an external magnetic-field sensor (see, for exam ple, Ref. [47]).12 In real experiments, the difference could be also caused by systematic errors and som e higher-order correc­tions to the spin evolution.
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1 in cancelling various systematic effects (e.g., those related to the magnetic-field gradi­ents). In paricular, this comagnetometer was used to set a limit for nuclear coupling strength of ALPs of masses between 10- 22 and 10- 17 eV [56].Utilizing a strongly coupled system of two different spin species is also a viable option for comagnetometry. A specific example of such a comagnetometer is the noble-gas- 

alkali-metal comagentometer [57].  Similarly to noble-gas comagnetometers, in this system, the noble gas is polarised via spin-exchange collisions with optically pumped alkali-metal vapour and alkali atoms are also used for monitoring the system state. How­ever, in contrast to the comagnetometer with two noble gases, here the alkali-metal and noble-gas polarisations are strongly coupled via the Fermi contact interaction[57].  This strong coupling is achieved through a careful adjustment of an external magnetic field, i.e ., the field is adjusted to minimise the difference in the Larmor frequencies of the two species [57].  It turns out that under such conditions, the noble-gas polarisation can fol­low low-frequency changes of the magnetic field and hence compensate for the torque generated in electron spins by magnetic field interaction, making it effectively insensi­tive to the low-frequency transverse magnetic field. This mechanism is called the self­
compensation.  Importantly, the self-compensation does not work for perturbations, which have a different than the magnetic-field coupling strength to nuclear and electron spins. Such interactions (both electron and nuclear) result in non-zero torque generated on the electron spins, changing their orientation, which is then detected optically, lead­ing to the high response amplitude in the case of the non-magnetic spin couplings. Sup­pression of the sensitivity to magnetic fields is not the only advantage of the comagne­tometers in the context of searches for exotic spin couplings. The possibility of employ­ing a high-density hyper-polarised nuclear sample such as noble gases, with a readout through optically accessible alkali atoms, allows one to achieve an extremely high sensi­tivity to the nuclear spin couplings. The high response amplitude to non-magnetic cou­plings with simultaneous suppression of the low-frequency magnetic field leads to the gain of the sensitivity to exotic spin couplings. This system has been used for searches of the fifth force, preferred frames and exotic spin couplings due to the dark matter parti­cles [47].  In the scope of this work, the applications of the self-compensating comagne­tometers in searches for transient and time-dependent manifestations of axion D M  are explored. The theory of the self-compensating comagnetometer is decussed in details in Sec. 2.2.
1.3.3. M AGNETIC SHIELDING OF SPIN ENSEMBLESTo achieve high sensitivity to non-magnetic couplings, OPM s and comagnetometers should be sheilded from ambient magnetic fields. Primarily, this is achieved by plac­ing the devices inside passive magnetic shields.  There are two main types of the mag­netic shields, classified based on the shielding process: superconducting and ferromag­netic. In the first class, the magnetic field inside the shield is compensated due to the Meissner effect [45,  58].  In the case of ferromagnetic shields, the shielding mechanism depends on the frequency of the magnetic field. For quasi-stationary magnetic fields (below 10 Hz), the magnetic field is shielded due to the high permeability of shield ma­terial, while higher-frequency fields are shielded predominantly due to the skin effect [45].
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1Searches for exotic spin couplings with OPM s or optical comagnetometers require understanding the interaction between exotic couplings and magnetic-shield material. As electrons are responsible for shielding the exotic fields (nuclear couplings do not af­fect by the shielding), coupling of the fields to the particles needs to be only considered. More specifically, the ferromagnetic shields will not affect the measurements of AC ex­otic field since the skin effect involves the interaction of the field with the electric charge of the electrons. The superconducting shields would not affect measurements at all fre­quencies since the Meissner effect does not involve the interaction with electron spins.The situation is more complicated in the case of ferromagnetic shields in measure­ments of low-frequency couplings since shielding of the slow magnetic fields relies on the ferromagnetic nature of the materials, which arises from the self-ordering of the elec­tron spins of the atoms in the material. [59].  Hence, in this regime, the interaction with the electron spins plays a key role in the shielding of the magnetic field. Exotic couplings to electron spins of the shielding material will lead to the induction of the magnetic field inside of the shield. The inducted magnetic field will have the orientation opposite to the orientation of the pseudomagnetic field generated by the exotic coupling. The in­duced magnetic field must be taken into account in the measurements performed with the magnetometers since it will compensate for the exotic perturbations of the sensor similarly as for the magnetic field, and therefore, it might compromise the result of the measurements. This is not so m uch of a problem for searches with comagnetometers since, in that case, the response of the system to the magnetic field and non-magnetic perturbations are different, and the magnetic field response is suppressed. This is an additional argument in favour of using the comagnetometers for searches of exotic spin- dependent phenomena.

1.3.4. THE SCOPE OF THIS WORKThis work mainly focuses on implementing self-compensating magnetometers into the G N O M E experiment (which will be discussed in more detail in the subsequent section). Along with the self-compensating (SERF) comagnetometers, it also discusses the spin- exchange-relaxation-free magnetometers as a closely related topic. The SERF magne­tometer is interesting within the scope of this work for two main reasons. First, several G N O M E stations are equipped with this type of a sensor, which is the most sensitive among all OPM s (both in magnetic and non-magnetic field sensing). Therefore, dis­cussing the sensor is a good opportunity to demonstrate the capabilities of the current G N O M E experiment. Second, the SERF mechanism is also used in noble gas-alkali atom comagnetometer considered in this work (alkali atoms are subjected to the same regime of fast spin-exchange collisions as in the conventional SERF magnetometer).The self-compensating comagnetometer, which will be used in the next generation of the GN O M E experiment (Advanced GNOM E), is an advanced optical sensor, that will allow increasing capabilities of the exotic-interaction searches. Specifically, it is capa­ble of gaining 6-8 orders of magnitude improvement in sensitivity to nuclear exotic spin couplings. Moreover, it allows overcoming the problem of the suppressed sensitivity to electron exotic spin couplings due to the interactions with the magnetic-shield electrons (see Sec. 1.3.3),  and therefore extend the range of targets, which might be searched with G N O M E. Unlike ordinary magnetometers, self-compensating comagnetometers have
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Figure 1.1: The m ain activities realised within G N O M E .
the outstanding feature of having qualitatively different responses to magnetic and non­magnetic spin couplings, which opens a potential possibility for improving the effective­ness of G N O M E data analysis methods, and, as a result of that, the overall sensitivity of the network to various forms of axion D M .
1.4. DARK MATTER SEARCHES W ITH  GNOMEThe Global Network of Optical Magnetometers for Exotic physics searches (GNOME) is a worldwide collaboration whose prime goal is to search for ultralight dark matter (e.g., axions and axion-like particles). The collaboration activities revolve around the develop­ment of theoretical models of exotic spin couplings that can be searched with GN O M E, sensors with enhanced sensitivity to non-magnetic spin couplings, and means of data analysis. These activities are summarised in Fig. 1.1.A network of sensors, such as G N O M E, has two main advantages over a single sen­sor. The spatial separation of the sensors allows one to distinguish local noise from the effects of global perturbations and, in such a way, to identify transient signals that may be associated with momentarily exotic spin couplings at a global scale. Moreover, infor­mation about the precise locations of the sensors and the timing of signals recorded by each sensor enables the identification of the direction and speed of propagation of the perturbation. This may be used to test various models predicting the structuring of dark matter.In the following sections, various theoretical models concerning the spatial distri­bution of ultralight dark matter that can be searched with G N O M E are discussed. The status of current (GNOME) and future (Advanced GNOM E) searches are also presented. 
1.4.1. CURRENT STATUS OF GNOMECurrent G N O M E consists of more than ten optical magnetometers located in North Amer­ica (Berkeley, Hayward, Los Angeles, Oberlin, Lewisburg), Europe (Mainz, Moxa, Kraków, Belgrade), Asia (Hefei, Beijing, Daejeon), and Australia (Canberra) (Fig. 1.4).  Different types of alkali-metal magnetometers, including AM N M O R, M x,  and SERF magnetome­ters, are used in the network. Aside from their types, the magnetometers also differ in atomic species (Rb, K , and Cs) used to search for exotic spin couplings. The sensitivity of sensors varies between 30 and 100 fT/ H z in a bandwidth between D C  and 100 H z.
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Figure 1.2: Geographical distribution of G N O M E  stations. Currently, the G N O M E  network covers four conti­nents: North America (Berkeley, Hayward, Los Angeles, Oberlin, Lewisburg), Europe (M ainz, M oxa, Kraków, Belgrade), Asia (Hefei, Beijing, Daejeon), and Australia (Canberra) .

Figure 1.3: Sim ulated directional sensitivity of first-generation G N O M E . Based on Ref. [61].
All the devices are vector sensors with their sensitivity direction aligned along an applied external magnetic field. It should be stressed that the distribution of these sensitive di­rections translates into an angular sensitivity of the network [60].  In fact, the network does not homogeneously cover the whole celestial sphere, and up to 50% of sensitivity modulation is observed depending on the direction (Fig. 1.3).All GN O M E magnetometers are placed inside multi-layer (ferromagnetic) magnetic shields, which are used to isolate the sensors from the ambient fields. As discussed in Sec. 1.3.3,  this deteriorates the capabilities of the magnetometers to search for elec­tronic non-magnetic spin couplings. Therefore GN O M E data collected so far can be used only for tests of nuclear exotic spin couplings. Specifically, in alkali atoms, the nuclear spin is determined by a valence proton, therefore, current G N O M E using optical magne- toemters is predominantly sensitive to proton exotic spin couplings.In addition to the optical magnetometer, each station is equipped with a system monitoring various physical parameters (the so-called Sanity Box). It is based on Ar- duino microcontroller and its aim is to flag data corrupted by some conventional pertur­bations. Specifically, the system monitors external sensors (e.g., flux magnetometer and accelerometer, and gyroscope) placed next to the magnetic shield. It is also equipped with additional inputs, which can be used to monitor user-defined signals (e.g., laser er-
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Figure 1.4: Schem atic of the G N O M E  infrastructure. The output of each magnetometer is tim e-stem ped with the G PS tim e and recorded using the G PS data acquisition system (DAQ). The signals are measured along with the signals recorded by the “sanity box”  monitoring conventional experimental parameters (temperature, acceleration, external m agnetic field). All data are stored at a  local com puter but also uploaded to a G N O M E  m ain server in  M ainz, where signals from all stations can be accessed and processed.
ror signal, which provides information about any mode jumps). If anything unexpected happens to the experiment (abrupt motion of an optical table, a laser mode jump, spike in an external magnetic field, etc.), the magnetometer data sent to a local computer is flagged as suspicious (insane).The main sensor output, which may contain information about possible exotic spin couplings, measured along the sanity signals, is sent to a GN O M E data acquisition sys­tem (the so-called GPS box) [62].  It allows one to recorded timestamped signals using Global Positioning System (GPS) time, i.e ., the only time reference broadly available at whole Earth. This data acquisition system ensures a time precision of the samples at a level of 10- 7 s, though its sampling rate ranges between 1 S/s to 1024 S/s (in multiplies of two). To avoid loosing of the data (in a typical measurement the GPS box can work in­dependently for about 24 hours and then it overrides the data), the data recorded by the acquisition system is automatically transferred to a local computer, where it is stored using and HDF5 data format. This data is then sent to a main GN O M E server located in M ainz, Germany, where data from all stations can be accessed and used for further analysis.In order to calibrate the sensors, every hour a train of magnetic-field pulses of 100-pT amplitude and frequencies ranging between 1 and 100 H z is applied to the magnetome­ters (field generated inside the magnetic shields). The analysis of the magnetometers' responses enables monitoring the sensitivity and bandwidth of the devices and allows one to counteract any changes in the performance (by adjusting system parameters). which is crucial for long-term operation of the network.Heretofore, GN O M E had a series of a scientific runs, which lasted between 24h and 11 months (Fig. 1.5).  The term scientific run is used for the periods of continuous data acquisition with a whole network. It separates scientific measurements from test runs
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Date
Figure 1.5: Sensitivity of G N O M E  over five scientific runs conducted to date. The top plot presents a num ber of active stations, and the bottom  plot presents the sensitivity of the network [41].
and maintenance periods which are necessary between science runs.
1.4.2. ADVANCED GNOMEIn the first incarnation of the GN O M E project, optical magnetometers were chosen as sensors to search for dark matter because of their simplicity and accessibility. In fact, they allowed the setting up of the infrastructure for the measurements and data analysis protocols. Nonetheless, their replacement with sensors better suited for searches for the non-magnetic spin couplings, such as comagnetometers, were envisioned right from the beginning of G N O M E [40].  The main motivation for the implementation of such sensors comes from the desire to limit magnetic noise and hence improve the sensitivity to non­magnetic spin perturbations. Specifically, the noble-gas-alkali metal comagnetometers, which have been described briefly in Sec. 1.3.2 and will be discussed in more detail in the next chapter (see Sec. 2.2),  will be used in the next generation of the experiment called Advanced GN O M E.Although the noble-gas comagnetometers fit well in the concept of the GN O M E stud­ies, the actual implementation of the devices requires addressing a range of important technical problems. For example, the operation of the GN O M E station requires a pe­riodic calibration routine. Such a routine has to be quick and give information about the frequency response of the system to non-magnetic spin couplings. In the case of or­dinary magnetometers, such validation can be done by application of a magnetic field as its frequency response to the magnetic and non-magnetic perturbations differ by the constant scaling factor. The comagnetometer responses to magnetic, non-magnetic nu­clear and non-magnetic electron perturbations are qualitatively and quantitatively dif­ferent, and direct application of the non-magnetic perturbation is m uch more challeng­ing than the application of the magnetic field. Therefore, there is a need for a suitable calibration routine. Another challenge comes from the requirement of long-term con­
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1 tinuous measurements. Fundamentally, the noble-gas comagnetometer is run in a con­tinuous measurement mode, however, in practice, the measurements are interrupted by the necessity to reset the compensation point. This stems from the fact that the com­pensation point may drift over time of the measurement. One source of such a drift is the changes in noble-gas polarisation. For the reliable performance of the network, the GN O M E measurements require minimisation of time of such zeroing. In addition to those two issues, the overall comagnetometer operation should be stable over mul­tiple months (preferably years) with minimal time required for the maintenance of the system. Those challenges are addressed by the main content of this work.Currently, two Advanced GN O M E stations are being developed (Kraków and Mainz). In both stations, 3He-K-Rb mixture is used, where two alkali-metal vapours have signif­icantly different concentrations. This solution is used to optimised using the so-called 

hybrid pumping [63].  The comagnetometers are operated in a two-axis mode, where they are sensitive to perturbation in a plane perpendicular to the pump-light propaga­tion direction. This is in contrast to the first-generation G N O M E stations, where each station is sensitive along a single axis. The main part of this dissertation is dedicated to describing the Advanced GN O M E development and demonstration of its novel capabil­ities. The operating stations of advanced GN O M E are already used for the collection of the data, which will allow for improving the previous results of the GN O M E searches. In the near future, the building of a few more Advanced G N O M E stations is about to start in Moxa, Oberlin, and Hayward.
1.4.3. THE CURRENT SCIENTIFIC TARGETSAs discussed in Sec. 1.2,  optical magnetometers and comagnetometers are potentially sensitive to the gradients of the axion field, and hence GN O M E is capable of detecting such gradients on a global scale. Interestingly, different axion-field astrophysical struc­tures that can be searched for by G N O M E would have different signal patterns in the G N O M E data. The parameters of the axion field spacial gradient and its velocity rela­tive to the Earth depend on the specific model of axion D M . Here, a few examples of the possible G N O M E targets, which manifest themselves with different spatio-temporal patterns are discussed. The presented examples are just a part of a considered set of pos­sible targets, and for a complete discussion of currently considered GN O M E targets, the reader is referenced to Ref. [41].
D O M A IN  W ALLSThe first hypothesis of axion dark-matter objects tested by GN O M E concerned domain 
walls of the axion-like field.  In this model, the gradient of the axion field arises in a do­main wall that separates two neighbouring axion-field regions (domains). Since inside the domain, the ALP field is homogeneous, it does not exert any torque on spins, and hence, only transition through the wall can be detected with (co)magnetometers. As in this model the size of the domain is large with respect to Earth, a “collision”  with the do­main wall observed from Earth's perspective is a plane perturbation propagating with a constant velocity in a certain direction. Crossing through such a wall would appear in the G N O M E data as a series of transient perturbations, fulfilling a special spatio-temporal pattern across the network. The timing of the domain wall “hitting”  a given sensor de-
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1pends on the direction and velocity of its propagation. Moreover, as the axion-field gra­dient is perpendicular to the plane of the wall, the spatial sensitivity of the sensors would imprint an additional pattern in the signal. It can be assumed that the signal from the single sensor generated by the domain wall crossing in the case of the linear coupling to the fermions can be approximated with a Lorentzian profile [39].  The thickness of the wall depends on the axion mass. The propagation direction, velocity, and thickness of the wall are generally unknown and have to be tested experimentally along with the coupling strength of the axion field.If the domain wall propagates along the x axis, the solution for the axion field has the following form [41]

a (x ) = a0arcsin[tanh(x /Ac)], (1.5)where a0 is a constant proportional to the spontaneous symmetry-breaking scale asso­ciated with the axion field, and λ c = ħ ∕( m a c ) is the Compton wavelength of the axion, which is determined by its mass m a . The transition through the axion domain wall willgenerate the following pseudomagnetic field
bDW ~ -̂0sech(x ∕ λ c)x . (1.6)

λ cData collected in Science Run 2 (see Fig. 1.5) have been analysed with a routine devel­oped for the domain-wall search [61]. This allowed to set a new constraint for the pa­rameters of ALPs domain walls [46].
AX IO N  STA RSIt was shown in Ref. [64- 67], that axion DM  may exist in the form of compact objects called axion stars. They would arise due to a gravitational or non-gravitational self­interaction between axions. These interactions could lead to the formation of stable (spherical) objects within which the axion field a  oscillates and is described with the following equation [41]

α(r, t) = Ψ (r)cos(k ∙ r - ω t + θ), (1.7)where r is the distance to the centre of the axion star, k is the wave vector of the axion starandθ isarandom phase, a n d Ψ (r) isthe sphericallysymmetricwave function ofthe axion field13 [41] Φ(r) =
N κ 3 ¡ 7πR 3 κ r a1 + e + R

- κ r ∕ R (1.8)where R  is the characteristic radius of the axion star determining a sphere which con­tains 99% of the axion star mass, κ  is a numerical parameter depending on the model of the axion field. The interaction with the oscillating axion field inside the axion star manifests itselfin the G N O M E in the form ofthe oscillating transient spin coupling
b f

∂Φ r m a$  kcos(k ∙r - ω t) - Φ(r)sin(k ∙r - ω t) ,
∂ r r ħ  k

(1.9)
There are different forms of the wave functions, which are considered to be a viable description of the axion field. Here, the most probable form  of the wave function is used (see Ref [41] and references therein).13
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1 where R is the relative velocity of the axion star with respect to Earth. The frequency of the oscillations would be determined by the axion mass or, more precisely, the Compton frequency ofthe axions. The duration ofthe oscillating transientdepends on the size of the axion star.Some of the current GNOM E data analyses search for transient oscillating signals that may be associated with the Earth collision with much larger objects10Rφ <  R <  106Rφ, (1.10)where Rθ is the Earth radius. The Earth-DM star collision would produce a given imprint inasingle-sensorsignalandaspecific spatiotemporalpatternacrossthe whole network. The specific propagation time ofthe signal across the networkwouldbe given by

(1.11)
where Rc is the relative velocityofthe axion star with respectto the Earth. These param­eters setsome limitations on the properties ofthe signals associated with the axion-star collisions.If a substantial fraction of dark matter exists in the form of axion stars of relatively small masses, their presence would neither produce detectable small-scale gravitational microlensing nor create observable effects in the Solar system dynamics [68]. However, such structures could occasionally go through Earth, potentially generating effects de­tectable with terrestrial experiments.Assuming at least one encounter ofEarth with an axion star a year, the mass ofsuch objects would be upperbounded by[69]

M  <  10- 16M θ, (1.12)where M θ is the mass of the Sun. Despite being extremely small on the astrophysical scale, collisionsw ithobjectsofsuchsm allm assesw ouldproduce effectsdetectable with GNOM E.AX IO  N  B U  R ST S A N D  M U L T I-M E S S  E N G E R  A S T R O N O M YIt is speculated in Ref. [44] that axions can be generated in high-energy astronomical events, such as supernovae and black-hole or neutron-star merges. In these cases, a coherentpulse ofultra-relativisticaxions, m anifestedasanexotic-fieldpulse ofacertain central frequency and bandwidth, could be generated. Propagating through space with nearlya vacuum speed o flig h tc , the pulse wouldexperience dispersion, manifesting as lengthening and chirping of the pulse. Thereby, the axion-field pulse detected on the Earth would have a specific spectral character and would propagate through a network from the direction ofthe event. The propagation time ofthe pulse through Earth would be several orders ofmagnitude faster than in previouslyconsideredcases2R
Tb r  ≈ - ,  (1.13)candits lengthandchirp would dependon the axion mass andthe Earth-eventdistance.
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1In principle, signals associated with the coherent emission of axions during cata­clysmic astrophysical events could be detected with G N O M E. However, the detection requires the axion-field pulse central frequency to lie within the bandwidth of the mag­netometers used in the network. The search for the signal potentially induced by axion- field bursts adds a new channel for multi-messenger astronomy. This provides a strong motivation to search for signals correlated with observations in classical multi-messenger astronomic channels such as electromagnetic radiation, gravitational waves, or neutri­nos. The stream of massive particles will always reach the Earth later than the gravita­tional waves, while the time of arrival time photons and neutrinos with respect to axions may depend on conditions of the production and propagation of the particles. There­fore, the detection of the signal in conventional astronomy can be used as a trigger for searches of the axion signal within the G N O M E data. Moreover, the information about the position of the source in the sky allows the narrowing of the search angle and simpli­fies the analysis of the G N O M E data.S T O C H A S T IC  F L U C  T U A T IO N S  A N  D  O S C IL L  A T IO N S  O F  T H E  A X IO N  F IE L DThe astronomical structures with naturally inhomogeneous distribution of the axion D M , which were discussed above, are the most obvious targets for GN O M E searches. However, they are just a fraction of all possible theoretical models of axion cosmology. In contrast to topological or coherent cases, a wide range of axion models leads to the homogeneous distribution of axions. For instance, the standard halo model predicts the existence of viralized axions [70- 72]. In such a case, there is no gradient of the axion field on the scale of Earth, which could be detected as transient perturbation propagat- ingthroughthe network. Nevertheless, eveninthiscase, G N O M E can b e usedfortesting the properties ofthe axion field.The virialized axion field can be considered a superposition of independent axion waves with velocities f ιab (0) given by the Maxwell-Boltzmann distribution (1.14)where ∣-9ιab I ≈ 233 km/s is the lab frame velocity dominated by the motion of Sun in the galactic frame and θ 0 ≈ 220 km/s is the characteristic viral velocity. The equation above suggests that for a terrestrial observer the axion field has a form ofthe incoherent stream com ingfrom the direction ofthe Solarsystemmotion in the Galactic frame. This phenomenon is called the axion wind [42].The relative motion of the oscillating axion field produces the time-dependent gra­dient of the field. This will produce an oscillating perturbation, which can be detected with optical magnetometers and comagnetometers. Considering the stochastic nature ofthe axion field, the signal correspondingto the interaction with the axions will have a form of additional noise in the system with parameters (central frequency, bandwidth, etc.) determined by the parameters ofthe axion field. The change ofthe angle between the axion speed observed in the laboratory frame and the sensitivity axis of the sensor appearingdue to the rotationofthe Earthalso leadsto the dailym odulationofthe signal when a sensor has directional sensitivity.GN O M E allows the search for the linear coupling of fermions to the virialized axion field within the bandwidth ofthe sensors, which limits the detection range to masses of
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1 the axions smaller than 10- 13 eV. Single-sensor searches of such features have been per­formed with other types of spin-based sensors, however, the network of sensors brings additional advantages. First, it allows gaining the sensitivity by a factor 1/ N S ,  where N S is the number of sensors in the network. Moreover, the cross-correlation of the output of the sensor gives strong proof for the global nature of the observed phenomena.Studying the quadratic coupling of the axion field to fermions allows extending the range of the tested axion masses through a measure of the axion field intensity. The finite width of the spectrum of the axion field leads to spectral components of the inten­sity spectrum. One is the high-frequency component, which is not visible to the sensor with limited bandwidth, and another is a low-frequency component, which describes the changes in the oscillation envelope. The low-frequency changes in the axion field intensity can be detected by G N O M E, which effectively extends the mass range of de­tectable virialized axion field. The data analysis for this signal pattern would rely on the cross-correlation of the signal from two different stations.

1.5. SUMMARY OF THE CHAPTERThis chapter aimed to present the broad context of the thesis. It includes the topic of dark matter (Sec. 1.1),  with particular attention paid to the axion dark matter (Sec. 1.2). In the context of this work, the axion dark matter is of the main interest due to the pos­sibility of its detection or exclusion with techniques of optical magnetometry, as there is a possibility of coupling the axions to the spins of the atoms used for sensing in optical magnetometers. Hence, this chapter also presents the foundations of the search for ex­otic spin couplings with optical magnetometers (Sec. 1.3).  The discussion briefly covers the first principles of optical magnetometry, its sensitivity to exotic spin couplings, and the key challenges related to axion dark matter searches with optical magnetometers. The first fundamental challenge is the potential time dependence and uncertainty of the time characteristics of the signals expected from the interaction with the axion dark matter. The solution for this problem is provided by the G N O M E experiment, which is also discussed in Sec. 1.4.  The second challenge is related to the high sensitivity of the optical magnetometers to the magnetic fields since the magnetic field noise limits the sensitivity to the non-magnetic spin couplings. This chapter explains how this prob­lem could be addressed with self-compensating comagnetometers, which are the main topic of this thesis. The next chapter provides a detailed theoretical description of the SERF optical magnetometers and the self-compensating comagnetometers, which will provide a more rigorous discussion of their sensitivity and working principles.



2
THEORETICAL BACKGROUND

In this chapter, the theoretical framework necessary for understanding the operationof spin-exchange-relaxation-free (SERF) magnetometers andnoble-gas-alkali-metal co­magnetometers is presented. Semi-classical models based on the Bloch equations are employed forthe description ofbothsystem s.
2.1. SERF MAGNETOMETRYThe SERFmagnetometersare the magnetic-fieldsensors usingatom ic vapours ofalkali metals. The measurement of the magnetic and non-magnetic spin perturbations relies on the monitoring of the ground-state spin polarisation. In these devices, the spins are optically-orientedwithcircularlypolarised(pumping) light. In the presence ofthe mag- neticfield,the polarisedspinsprecessatarate proportionalto the amplitude ofthe field. Suchprecessionisthendetectedbyprobinglight,usuallybym onitoringthe polarisation rotation ofthe linearly polarised light after the medium. The rotation is proportional to the electron spin-polarisation projection on the propagation axis ofthe probe light. In a standard arrangement of the SERF magnetometer, the probe and pump beams are per­pendicular to each other, hence the system is primarily sensitive to the magnetic fields appliedalong the y axis that is transverse to the propagation directions ofbothbeam s.The fundamental sensitivity of the optical magnetometers to the magnetic field, for the measurement time τ  much longer than the spin coherence time T2 = Rt-o1t ,  where 
Rtot isthe totalspin-relaxationrate,isdeterminedbythe atom icshotnoise andgiven by[45] (2.1)
where N a isthe num berofatom stakingpartin the m easurem ent,andγ isthe gyromag- netic ratio ofthe atoms.The distinct feature ofthe SERF magnetometer is its high sensitivity. It stems from a small relaxation rate, which, at high concentrations, is suppressed by the efficient spin-
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exchange collisions.  Operation under such suppressed spin relaxation is known as a 
spin-exchange relaxation-free regime.This section, providing a theoretical description of the SERF magnetometry, starts with basic thermodynamic considerations of an field-sensing atomic vapour contained a glass cell (Sec. 2.1.1).  Next, the energy-level structure of the alkali atoms is described. The section is followed by a discussion of key collisional processes which strongly affect the spin polarisation of the system (Sec. 2.1.2).  The spin dynamics in the presence of the ex­ternal magnetic field and collisional evolution, along with the origin of the SERF regime, is discussed in Secs. 2.1.3 and 2.1.4, respectively. The details of the light-atom interac­tions, including optical absorption, resultant optical pumping and polarisation rotation, AC Stark effect, are discussed in Sec. 2.1.5.  In Sec. 2.1.6, various methods of magnetic- field measurements using a SERF system are described. The last section (Sec. 2.1.7) pro­vides a description of the parametric modulation of the alkali-metal polarisation, which can be used for the optimisation of the alkali-metal polarisation detection.
2.1.1. ATOMS IN  VAPOUR CELLThe heart of all optical magnetometers is an evacuated glass cell containing a droplet of liquid alkali metal. While optical magnetometers operate based on various elements, in this work, potassium and rubidium are of prime importance and will be the main focus. The concentration of the vapours of the elements is determined by their saturation con­centration in the presence of the liquid metal droplet at a given temperature, which can be described with the following empirical expressions [73]

(2.2)
where Ta is the vapour temperature in kelvin.The SERF magnetometers typically operate in the temperature range between 160and 200°  C, which results in a concentration on the order of ~ 1013 - 1015 atoms/cm3(Fig. 2.1).
2.1.2. ENERGY LEVEL STRUCTURE OF ALKALI- METAL ATOMSThe alkali-metal atoms are often used in atomic-physics experiments. Utilisation ofthe elements is mainly driven by a simple, hydrogen-like energy-level structure of alkalies (Fig. 2.2).  In their case, a valence electron has a relatively weak bound to the atomic core, consisting of the nucleus surrounded by closed electronic shells. In this case, the energy-level structure is determined by the interaction of valence-electron spin S, or­bital angular momentum L , and nuclear spin of the atom I . Coupling between S and L resultsinafinestructureoftheatom describedw iththetotalangularm om entum ofthe electron J = S + L, (2.3)where the hat symbol  ̂indicates operator.
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Figure 2.1: Com parison of the K and Rb atom ic vapour concentrations versus temperature. Based on Eqs. (2.2).
For all alkalies, optical transitions from the electronic ground state 2 S  1/2 (L  = 0, J  =1/2) to the first two excited states, 2P 1∕2 (L' = 1, J '  = 1/2) and 2P 3∣2 (L' = 1, J '  = 3/2) lay in a near-infrared spectral range. This makes them accessible with inexpressive, commer­cially available diode lasers, providing convenient optical means of manipulating and probing the state of the atoms.The hyperfine structure of the atoms is a result of the interaction between the total angular momentum of electron J and the nuclear spin I , and it is described with the total angular momentum of atom F given by

F = J +1. (2.4)Since in the ground state of alkali atoms L  = 0, the hyperfine interaction leads to two hyperfine levels with F  = I ± 1/2, and the transition frequencies between ground-state hyperfine levels lie in the microwave range. Different alkalies and their isotopes have nuclear spins with different spin quantum numbers (for 85 *Rb I = 5/2, and for 87Rb and 39K I = 3/2), which results in a different number ofZeem an sublevels in each hyperfine level.Each hyperfine level consists of the 2F + 1 sublevels, which are degenerate in the absence ofexternal magnetic (or pseudomagnetic) fields. The Zeeman sublevels are la­belled by the magnetic quantum number m , and hence the quantum state can be de­scribed by ∖F, m ) .γ The application of the magnetic (or pseudomagnetic) fields splits the Zeeman sublevels. The energy-level splitting is determined by the magnetic-field strength and direction and gyromagnetic ratio ofatom s.As shown byEq. (2.1), the long-livedgroundstates are ofparticularinterest for mag­netometry. The Hamiltoniangoverningthe evolutionofthe alkali-atomgroundstate has1Note that for unam biguous determination of the level, one should also include S ,  L ,  and J  ,  so that the state is∖F, J , L, S, m). Here, for the sake of the notation compactness, J  and L  are omitted, as well as S (S = 1∣2 in allcases).
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Figure 2.2: Generic energy-level structure of the alkali-metal atom s for the optical transitions from the ground to the first two excited states (D  1 and D  2 transitions). The energy-level splittings are not in scale.
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the following form (2.5)where A  is the hyperfine coupling constant, gs is a Landé factor of the atoms, μB is the Bohr magneton, B is applied magnetic field, μ ι  is the magnetic moment of the nuclear spin, χ e and χ I are the electronic and nuclear couplings constants, which characterise couplings strengthofspins to ageneric exotic spin couplingΞ .2 *The ratio between nuclear and electron magnetic moments exceeds 100. Therefore, in optical magnetometry, the Zeeman interaction ofthe magnetic field with the nuclear spin is often neglected. However, in the case ofexotic interactions, there is no informa­tion about the strength of the coupling, and therefore, the interaction with the nuclear spin cannot be similarly neglected.In a similar way as in Eq. (1.3), one may define the pseudomagnetic fields b e and b I corresponding to the exotic couplings to electron and nuclear spins

whichleads to the followingform ofthe interaction Hamiltonian
f i g  = A I ∙ S - gsμB S ∙ (B + be) + I ∙ bi ,

(2.6)
(2.7)
(2.8)where the nuclear magnetic interaction was neglected.The microscopic evolution ofthe atomic ensembles inopticalm agnetom etryis usu­ally described with the density-matrix formalism, where the density matrix ρ is defined in the following way

p = ∑  ρ i j  w y  i, (2∙9)
i, jwith i and j  running over all basis vectors and p i j  = { i |ρ | j ) are non-negative numerical coefficients∙ Withinthe formalism, the time evolutionofthe quanutm stateofthesystem  is described by the Liouville-von Neumann equation (2∙10)where ρ0 is the density matrix of the alkali-metal atom exposed to interactions given by the Hamiltonian H 0.

2.1.3. COLLISIONAL EVOLUTION OF ALKALIES GROUND STATEAtoms in the vapour are moving and collide with one another as well as walls of their container (cell)∙ These two processes have a significant impact on the evolution of the ground-state spinpolarisationofthe atoms∙ Thissectionconsidersthe physicalgrounds ofthe processes∙2 Although this work is mostly related to searches of spin couplings to axion field described in  Eq∙ (1∙1),  here ageneric spin coupling, not connected to any particular theoretical framework, is introduced∙
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C O  L L IS I O N S  W I T H  T H E  W ALLSSince collisions with the walls randomise the orientation of spin polarisation, they are considered as the depolarisation process. In fact, if no measures are undertaken to re­duce the frequency of such collisions or reduce the cross-section for the depolarisation, these collisions dominate relaxation of the atomic polarisation.There are two methods that enable the suppression of wall relaxation. The first is coating of the inner walls of the cell with special (antirelaxation) layer. The layer de­creases the probability of the atomic-state change during the collision. This method is widely used in room-temperature magnetometers, where paraffin coating of the walls is used to prolong spin relaxation. However, the SERF magnetometers operate at tempera­tures m uch above the melting temperature of the paraffin (the reasoning for the temper­ature conditions will be clarified in the subsequent section), which does not allow the application of the approach in the magnetometers. The high-temperature coatings for the SERF magnetometry have been used in Ref. [74],  however, the coating material (oc­tadecyl trichlorosilane) is stable in operation temperatures below 160° C and for higher temperatures, it starts, relatively slow, degradation process, which limited the applica­tion ofthis solution.Adding a buffer gas (usually 4He, Ne, or N 2) into the cell decreases diffusion of the atoms toward the cell walls and hence is another process to reduce wall relaxation. The motion of the atoms in the atmosphere of a dense inert gas is characterised by a much shorter mean free path, and therefore, the travel between the walls takes longer, pro- longingthe polarisation lifetime. The evolution ofthe density matrix in the presence of a buffergas is determinedbythe followingequation [75] (2.11)where D  is the diffusion coefficient (2.12)which depends on both the temperature Ta and pressure of the buffer gas p ,  with D 0 being a diffusion constant at the temperature Ta0 and pressure p 0.  To slow down the diffusion and hence limit the relaxation due to wall collisions, it is favourable to operate at ahigher concentration ofthe buffergas.S P IN - E X C H A  N G E  C O L L IS IO  N S  B E T W E E N  A LK A LI A T O M SAfter the suppression of the relaxation due to the wall collisions with either antirelax­ation coating or buffer gas, alkali-atom spin relaxation is dominated by spin-exchange collisions. These collisions preserve the total angular momentum of two colliding atoms but lead to the redistribution of the angular momentum between two hyperfine levels. Due to the opposite precession of spin polarisation in the levels, at a nonzero mag­netic field, the collisions lead to the deterioration of the transverse polarisation of atoms, hence being the source of relaxation. The relaxation rate due to the spin-exchange colli­sions is given by the following expression [76] (2.13)
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where N a is the concentration of alkali metal, σ se is the cross-section for the spin ex­change, and -θ is the mean relative velocity of the colliding atoms
(2.14)

where μ  stands for the reduced mass oftwo collidingatoms.3The spin-exchange process during a collision arises from the interaction betweenelectron spins ofcolliding atoms (2.15)where J  (R ) is the coupling coefficient, which depends on the distance R  between the colliding atoms [76].  In the ensemble of a large number of atoms, all possible trajecto­ries of the collisions, hence all possible values of J  (R ), are realised, which leads to effec­tive averaging over such a process. Since the room- or higher-temperature alkali-metal atoms undergo mostly sudden (compared to the characteristic time of the hyperfine in­teraction) two-atom collisions, in atomic evolution, the effect of such collisions can be considered as an instant change of the electron quantum (spin) state. Simultaneously, the spin-exchange process has no direct effect on the nuclear spins of the atoms. For this reason, it is convenient to separate the alkali-metal density matrix ρ se, associated with the collisions, into purely nuclear part φ, which is unaffected by the spin-exchange, and electron-polarised part Θ ∙ S [76] (2.16)(2.17)(2.18)Then, theevolutionoftheatom icdensitym atrixforsuchasystem hasthe followingform [76]
d ρ se 1 . . . . 1 2κ  - -

Sse - φ(1 + 4<S>∙ S) - ρ se} + [<S>∙ S, ρ eχ], (2.19)
d t  T se i T exwherethefirstterm accountsfortheincoherentpartofspin-exchangeinteraction[Eq. (2.15)], which leads to the relaxation of atomic states. The second term takes into account the coherent part ofspin-exchange interaction [Eq. (2.15)], which leads to the energy shift.The unitless parameter κ  characterises the interaction shifting the energy and is usually at the level of a few percent [76, 80]. This small self-interaction term [the second term onthe rightside ofEq. (2.19)] is usuallyneglectedinconsideration ofthe alkali-atomdy- namics in optical magnetometry because it does not modify the measurement process in any significant way.A more detailed discussion ofthe spin-exchange collisions can be foundin Refs. [75,76, 80]. Morover, Ref. [81] provides a review ofthe experimental values ofthe spin ex­change rates, which can be found in the literature. Table 2.1 provides the known spin- exchange relaxationcross-sectionsforrubidium andpotassium atom susedinthiswork.3 D ue to the sam e m ass of the colliding atom s, here the reduced mass equals half of the alkali-atom mass.
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Species σse [10- 14 cm2 ]39K-39K 1.5±0.2 [77]85Rb-85Rb 1.9±0.3 [77]85Rb-87Rb 1.7±0.3 [78]87Rb-87Rb 1.9±0.2 [77, 79]

Table 2.1: Experimentally-determined spin-exchange relaxation cross-sections of alkali-metal atom s of the elements used in  this thesis.
S P IN - D E S T R U C T IO N  C O L L IS IO N SThe spin-exchange interaction is not the only process appearing during the collision of the alkalies [75].  There is a range of processes which do not preserve the total angular momentum and hence lead to complete depolarisation of the colliding atoms. These spin-dissipative processes are commonly referenced as the spin-destruction collisions. They arise both in alkali interatomic collisions and in the collisions between alkali-metal atoms and buffer-gas atoms. The relaxation rate corresponding to the spin-destructioncollisions is determined by the concentration of depolarising collision partners N j ,  themean relative velocity of the colliding partners 0 j , and the cross-section for the spin- destruction collisions σ Sj D

Rs d  = ∑  N j  {σ sjo  0  j  >, (2.20)
jwhere j  denotesvariousspeciesofcollidingpartners. Sincethesuddencollisionschange onlythe electron spin state, the collisional evolution ofthe densitymatrixis determined by the following equation [76]

d Psd  1j d Γ  = τSDD φ  - p s d  )∙ (2-21)The spin-destructionprocessesininteratomiccollisionsbetweenalkali-metalatoms are not fully understood yet. Currently, it is known that the spin-destruction process betweenatomsappearsdue to spin-axisinteractions, spin-rotationinteractions, andthe formation ofalkali-metal dimers [75, 80, 82, 83]. The impact ofthe various channels of spin-destruction relaxation strongly depends on the conditions in the cell [82]. In the contextofthis work, the focus is on the case ofthe cells with rather high concentrations of the buffer gas (~ 1019 atoms∙cm - 3) and high concentrations of the alkali metal atoms (~ 1014 atoms∙cm - 3), which operate in a near-zero magnetic field environment. Then, relaxation is dominated by spin-axis collisions between alkali metals and spin-rotation collisions with noble-gas atoms. The experimental values ofthe cross-section for spin- destruction collisions are presented in Table 2.2.
2.1.4. SPIN - EXCHANGE- RELAXATION- FREE REGIMEIn many cases, spin-exchange collisions are the limiting factor for the sensitivity ofthe optical magnetometers operating at room and alleviated temperatures. This stems from
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K Rb

σSD
σ self 1 ×10 - 18 cm2 [84] 9×10 - 18 cm2
σSD
σHe 8×10 - 25cm2 [85, 86] 9 ×  10- 24 cm2
σSD
σNe 1 ×10 - 23 cm2 [86] 1.9 ×10 - 23 cm2
σSD
σN2

1.1 ×  10- 23 cm2 [87] 6 ×  10- 22 cm2
[85]

[85]

[87]

[88]

Table 2.2: Experimental values of spin-destruction cross sections for alkali metals and noble gasses.
the broadening of the magnetic resonances used for the measurement of the magnetic fields with the growing temperature. Specifically, as follows from Eqs. (2.2),  (2.13),  and (2.14),  the spin-exchange relaxation rate grows with the temperature and one may ex­pect a continuous broadening of the magnetic resonances with growing temperature. However, this is not always true. For not-too-large magnetic fields, ωa ≪ 1/Tse ,  the trend first saturates and then starts to decrease with the temperature. This ultimately leads to the magnetic-resonance line narrowing and stabilising at a value determined by other sources of relaxation, as the spin-exchange relaxation is eliminated (eventually, the resonance width starts to grow due to different temperature-dependent relaxation pro­cesses). This effect was first observed experimentally [89] and then explained theoreti­cally by W. Happer and coworkers in the 1970's [90].  In the early 2000s, the narrowing of the resonance lines at higher temperatures (≈ 180° C) was employed for the precise mag- netom etryandcom agnetom etrybyM .Rom alisandcoworkers[91].T heregim einw hich the relaxation due to spin-exchange collision is eliminated is called the spin-exchange- 
relaxation-free (SERF) regime.To understand the origins of the elimination of the relaxation due to spin-exchange collisions,onecanconsidertheevolutionoftheatom icdensitym atrixinthepresenceof am agneticfieldandcollisions. T akingintoaccountEqs.(2.10), (2.11), (2.19),a n d (2.21), thetim eevolutionofthedensitym atrixisgivenby

For the discussion, the ∖F, m) eigenbasis of the density matrix was chosen
(2.22)
(2.23)

with the quantisation axis oriented along z
Fz∖F, m ) = m ∖F, m ) . (2.24)T hehyp erfineterm ,i.e .,th efirstterm o fE q.(2.22) isconsideredatthestart. A s ∖F, m )
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are the eigenstates of the I ∙ S operator,

2
(2.25)

the term takes the following form
(2.26)

where ∆ Ehf stands forthe energy difference between hyperfine levels withdifferentF

(2.27)
Equation (2.26) shows that the hyperfine interaction drives fast oscillations between hy­perfine states, anditdoesnotaffectthe evolutionofthe atom icstatew ithinagivenm an- ifold, i.e. when F  = F '.This thesis considers optical magnetometers that do not employ microwave radia­tion, operating at low magnetic fields (the linear Zeeman-effect regime). In such a case, there are no coherences between hyperfine states. Hence, the density matrix describing ground states ofthe alkali-metal elements takes a block-diagonal form

(2.28)
where the ρ a and ριb correspond to the submatrices of the Zeeman-sublevel manifolds o fF = I ± 1/2, respectively. For convenience, the followingdefinitions are used

(2.29)
Presenting the density matrix in such a form allows one to independently consider its evolution in each hyperfine level.In a typical SERF magnetometer, apart from the alkali-metal atoms, a vapor cell is additionally filled with a high-pressure buffer gas, which slows down atomic diffusion. This leads to small values ofthe diffusion coefficientD , which, in practice, allows one to neglect the diffusion

D V 2ρ — → 0. (2.30)This simplifies Eq. (2.22) by neglecting its second term.The highconcentrationofthealkali-m etalatom sm akesthespin-exchange collisions the fastest process in the system. To describe the the evolution of the system, one can considertwo time scales. Onecorrespondsto slowerprocessesandhence beingdescried by “ long”  time τl and the other determines the “fast”  processes and is characterised by
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the time τs .  There are following relations between the coefficients and other character­istic time constants in the experiment 1
Tsd  <  <  τ ι , (2.31)

∖ωι  ∖
Tse ≪ τs ≪ τι . (2.32)where ∖ω^ ∖ is the absolute value of Larmor frequency of a given atomic spin F . Here, it is also assumed that within the short time τs the system is able to reach the steadystate determined by the spin-exchange collisions [Eq. (2.19)]. As discussed in Sec. 2.1.3, the collisions redistribute angular momentum over hyperfine sublevels while preserving the total angularmomentum ofthe collidingatoms. This leads to the following steady-state solution ofEq. (2.22) [92]

e β t
ρ se — z  ’ (2.33)where Z  is the partition function

z  — Tr(eβ 'f ), (2.34)and β  is the spin-temperature parameter,4 which is parallel to the spin exectation value 
(F) . This density-matrix distribution is called the spin-temperature distribution. The orientation of β determines the direction of the total atomic spin expectation value (F) . It is convenient to choose the coordinate frame such that β  is collinear with the quan­tisation axis, i.e., β × z — 0. In such a case, the state of the ensemble is determined by a single scalar parameter β — ∖β ∖, called the spin temperature, and the density matrix in the ∖F, m ) basis is diagonal

eβ m
Pse — —  IF , m ) (F, m ∖, (2.35)

F,m  zwith z  — m exp(β m ). At this point, one can note that β  carries the information about the polarisation ofthe ensemble. Zero temperature (β — 0) corresponds to a fully unpo­larised state (all sublevels are equally occupied). Fully polarised states, where the whole ensemble is in one of the stretched states m — ±Fm ax  , where Fm ax  is the highest total angular momentum in the considered manifold, correspond to the infinite spin temper­ature (β — ±∞). The strict mathematical correspondence between spin temperature and atomic polarisation is discussed later in this section.The dominance of the spin-exchange collision rate over other relaxation processes and Larmor precession at low magnetic fields results in the preservation of the spin- temperature distribution[90]. Thiseffectivelycancelsouttheeffectofthespin-exchange collisions on the relaxation andhence broadeningofthe magnetic-fieldresonances and reduces the overall relaxation rate in the system.5Now the focus is shifted to the determination of the total angular momentum (F) . This expectation value can be written as a sum of the angular momentum from the
4For a more rigorous relation between β  and (F) see Eq. (2.49)5 The dependence of the relaxation rate on  the applied m agnetic field is discussed in  more detail later in thissection.
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where (2.36)

(2.37)Then, by applying the angular momentum operator to both sides of Eq. (2.22) and trac­ing it over, one gets the time evolution of the expectation value of the angular momen­tum correspondent to each hyperfine state6
(2.38)where γ e = μB ge∕ ħ and γ ι  = μ ι ∕(ħ I ) are the electron and nuclear gyromagnetic ratios, respectively. For further calculations, one can express all terms on the right side of the equation using (Fa,b>. For (Sa,b>, the special case of Wigner-Eckart theorem is used, which is also known as the projection theorem [93]

 ̂ (Sab ∙ Fab>  ̂ 1(S a.b> . F J L  (F a,b> = ± 21 1 (F a,b>.
F (F  + 1) 2I + 1Using this equation, one can also express (Ia,b>

(Ia,b> = (Fa,b> - (Sa,b> = (l  + ) (F⅛b>∙
(2.39)
(2.40)

Incorporating Eqs. (2.39) and (2.40) into Eq. (2.38), the time evolution of (Fa,b> can be written as
d  (F a,b> γ e

= ± (B + be)
dt 2I

j (B + be) × (Fa,b > + γ i  (l + 2J ^ γ )  bi × (Fa,b> + R sd 1 (Fa,b>∙ (2.41)
The spin-temperature distribution given in Eq. (2.35) allows one to calculate the frac­tion ofthe total angularmomentum storedin each ofthe hyperfine levels

6 Note that here the evolution is considered under assumption of the system preserving the spin temperature distribution at all tim es, hence there is no cross-term correspondent to the spin-exchange collisions.

(2.42)

(2.43)
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Here, the assumption of collinearity between the spin polarisation and the quantisation axis is also used. However, in the presence of the magnetic field, the expectation value of the spin is subjected to the Larmor precession and, therefore, changes its direction. Hence, for consistency with the spin-temperature distribution, it is assumed that the quantisation axis used to describe the ensemble follows the atomic polarisation move­ment.To get the time evolution of the (F>, one can combine equations of motion for (Fa> and (Fb>, which gives
d (F> γ e(Kα + κ b)~ d t =(Ka - κ b) (B + be) ×(F>

+ γ i ((Kα + Kb) - + κj ) )bi ×(F> (2.44)
(Ka - Kb ')RsD .f,.

- (i5 >∙2I +1This brings the final equation of motion for (F>

d - > = — 1—  ∖γ e(B + be) × (F>-Rs d (F>1 + γ 1 i l ----- 1—  ]b1 × (F>, (2.45)
dt q (β , I ) e e sD I  q (β , I ) iwhere the slowing-down factor q takes into account both the effect of the hyperfine in­teraction and the averaging of the angular momentum over hyperfine states as a result ofthe spin-exchange collisions

(2.46)The slowing-down factor strongly depends on the nuclear spin I not only due to the hyperfine term butalso due to differentmultiplicity ofthe hyperfine states, whichaffects 
Ka, b [see Eq. (2.42)].As will be shown later in this work, in optical magnetometers, the probe light is used to directly measure the expectation value of the electron spin. Hence, it is more conve­nient to use expectation value of electron spin in the description. From the magnetic- field term, i.e., the first term in Eq. (2.45), assuming that in the considered model, the magnetic field interacts only with the electron spin (due to the difference between the electron and nuclear gyromagnetic ratios), one gets

d (F >-d -  ≈ γ eB ×(S>, (2∙47)one can relate (F> with (S>, which, in the SERF regime, is given by1
(S > =

q (Υ , I ) (F >∙ (2.48)For practical applications, it is convenient to express the expectation value of elec­tron spin in terms ofthe electron polarisation Υ  [76, 81] (2.49)
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This leads to the following expressions for the slowing-down factors for two hyperfine states of rubidium isotopes [76]

2
(2.50)
(2.51)

where Υ  = ∣ Υ ∣. One can also express the spin temperature in terms of the [76]
(2.52)
(2.53)

This allows one to rewrite Eq. (2.45) using the electron polarisation Υ
As a final result [Eq. (2.53)], the standard Bloch equation for the polarisation ofthe electron spin in the SERF magnetometer has been obtained. It needs to be stressed that the SERF regime is the result of the total angular momentum conservation in the spin- exchange collisions and the high spin-exchange rate in the system At the same time, the spin-exchange collisions lead to the redistribution of the angular momentum in hyper­fine levels, which ensures the preservation of the spin-temperature distribution. This is, however, an idealisation which is fulfilled only at near-zero magnetic fields. With a growing magnetic field, spin-exchange collisions start to contribute to the transverse re­laxation at a rate determined by the amplitude of the applied magnetic field and the polarisation ofthe alkalies.In the generalcase (forarbitrarypolarisationandmagnetic field), the dependence of the spin-exchange relaxation is highly nontrivial due to two different processes respon­sible for the suppression of the spin-exchange relaxation at high and low polarisation limits. At a low polarisation limit (approximating the density-matrixevolution up to the first order in ρ), the spin-exchange relaxation rate grows with the increasing magnetic field (from zero at zero field). This originates from the fact that under such conditions the spin-temperature approximation starts to fail. In this case, the transverse relaxation rate can be obtained analytically [90]

(2.54)
This dependence is shown in Fig. 2.3. When the magnetic field is low such that the spin-exchange collision rate dominates over the Larmor precession, γ e BTse ≪ 1 and, to first order, the corresponding relaxation rate grows proportionally to a square of the magnetic-field amplitude

(2.55)
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Figure 2.3: Transverse relaxation rate of alkali-metal atom s driven by the spin-exchange collisions estimated for the low-polarisation limit with Eq. (2.54) (the solid blue line) and its low-field approximation estimated with Eq. (2.55) (the dashed orange line). Both estimations are m ade assuming I  =  3/2 and Ts e =  10- 6 s.
where the constant C  is given by

(2.56)
A ta  high polarisation limit, P e → 1 ,th e spin-exchange collisionsdo not affectthe trans­verse coherence time since the whole population of atoms is at the same stretched state, and therefore the spin exchange is not possible. In this case, the magnetic field does not affect the spin-exchange relaxation. A precise description of the relaxation in the case of intermediate polarisation requires considering the nonlinear evolution of the atomic density matrix, which is m uch more complicated than the low-polarisation case. However, in most practical applications of SERF magnetometry, the nonlinear effects are rather small and will lead to a slight improvement of the low-polarisation case [Eq.(2.55)], and therefore it is less relevant to the topic of this work. More information on higher- order relaxation effects can be found in Refs. [94- 96].
2.1.5. L IGHT- ATOMS INTERACTIONSo far it was assumed that the alkali atoms are “ in the dark”,  ignoring their possible inter­action with light. However, the interaction of alkali-metal atoms with light is crucial for the operation ofthe SERF magnetometer. The light is used for pumping the system and measuring its state. It is also a source of systematic effects, which may affect the per­formance of the magnetometer. This section discusses the key light-atom interaction processes associated with the SERF magnetometers.L IG H T  A B S O R P T IO NThe interactions between light and atoms depend on the light frequency detuning from the atomic transitions. Alkali-metal-based optical magnetometers usually employ light
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tuned to either D  1 or D  2 lines (see Fig. 2.2) of the elements for both pumping and prob­ing the ground state employed for the measurement of the magnetic field. The simplest process which may arise during light across the medium is absorption. The cross-section for absorption of monochromatic light with frequency ν  propagating through the unpo­larised atomic vapour is given by the following expression[80]
σ (ν ) = cre f L ( ν ), (2.57)where c is the speed of light, re is the classical electron radius, and f is the oscillator strength of the transition. L  (ν ) is the spectral profile of the corresponding transition. The intensity of the near-resonant light traversing the medium is given by

IT(ν , l ) = I0e- Naσ(ν)l ,  (2.58)where I 0 is the initial intensity of the light, N a is the concentration of atoms absorbing light, and l  is the optical path of the light in the medium.The cross-section obeys the following summation rule [80]
σ i (ν )d ν = πcre f i ,  (2.59)which might be useful for the cell characterisation purposes, while in combination with Eq. (2.58) can be used to determine the alkali-metal concentration in the given cell.In this work, optical magnetometers with a buffer gas are under consideration (see Sec. 2.1.3).  In this case, spectral profiles of optical transitions are predominantly deter­mined by the collisions with the buffer-gas atoms. Such collisions have three main ef­fects on the spectral lines: spectral-line broadening, shifting their central frequency, and generating asymmetry of the lines. In this case, the spectral line profile can be described by the modified Lorentzian profile [97]

(2.60)
where Γ  is the full width at the half maximum of the pressure-broadened spectral line, ∆ ν is the detuning from the centre of the collisionally shifted line, while Td is the approx­imate collisional duration, which plays a role in the dispersion asymmetry parameter in the line profile.7The width of the line spectral profile is determined by the noncollisional rate ΓN  , given by its natural line width and Doppler broadening of the transition, and the colli- sional rate Γc , Γ  = ΓN + Γc .  (2.61)The collisional broadening is proportional to the number density of buffer-gas atoms and depends on the temperature of the cell. Following Ref. [97],  this dependence can be parameterised in the following wayΓ c(nbg, T) = α nb g ( Tr )  + ρ, (2.62)
7This work is focused on collisions between alkalies and He, which are rather sudden ~ 10 12 s.
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Collisional broadening Collisional shift

Transition α q ρ a' q' ρ

[GHz/amg] [GHz] [GHz/amg] [GHz]

RbD 1 18.31±0.07 0.26±0.04 -0.19±0.13 5.46±0.05 0.38±0.06 0.24±0.13

RbD 2 20.51±0.08 0.39±0.04 -0.35±0.15 0.63±0.04 1.42±0.43 0.20±0.12

K D1 14.26±0.09 0.44±0.06 0.04± 0.11 1.36±0.06 -  0.14 ±  0.36 0.28±0.12

K D2 19.59±0.10 0.39±0.05 0.11±0.13 0.69 ±0.06 -  2.04 ±  0.72 0.02± 0.12

Table 2.3: Experimental parameters for the pressure broadening [Eq. (2.62)] and shift [Eq. (2.63)] of the first two optical transitions of potassium and rubidium  in  atmosphere of 3 H e. The parameters taken from Ref. [97].
where T is the temperature of the cell in kelvins, n bg is the concentration of the buffergas measured in amagats8 T0 = 353 K, and α, q and ρ are the experimental parameters. The experimental parameters for potassium and rubidium D  lines relevant to this work are presentedinTable2.3. Forthe SERFmagnetometers, the spectralwidthofthe optical transitions is dominated by collisions broadening ΓN ≪ Γc , and therefore, the measure­ment of the spectral width may be used for practical determination of the buffer-gas concentration.Detuning from the centre of the spectral line ∆ ν  is determined by the central fre- quencyofunperturbedtransitionν 0 andcollisionalfrequencyshiftν c andthe frequency of the light wave interacting with atoms ν∆ ν  = ν  -  ν 0 -  ν c . (2.63)The collisional frequency shift has a similar dependence on the concentration of the buffer gas and temperature as the broadening [97]

ν c (nbg , T) = a 'n bg(T  + ρ', (2.64)
where α', q' and ρ' are the experimental parameters. The relevant values of experimental parameters are presented in Table 2.3.O P T IC A L  P U M P IN GFrom the perspective of (co)magnetometry, the control over atomic polarisation is of paramount importance. In general, the optical polarisation of atoms requires their in­teraction with appropriately polarised (pumping) light. This section discusses optical pumping under the SERF regime using light tuned to the D 1 and D 2 lines.8Am gam at (amg), is the unit of the concentration equivalent to 2.6868∙1019 cm  3 [92]. It corresponds to the concentration of the ideal gas at a pressure of 1 atm at temperature 0oC.
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At a most fundamental level, optical pumping can be considered as a process of transferring energy and angular momentum from light to atoms. Therefore, the state of the atoms pumped with continuous-wave (CW ) pumping light for a sufficiently long time (the steady state is reached) is an outcome of the “competition”  between the energy and momentum transfer and dissipation processes.9Since the pumping light couples directly to the electrons of the alkali metal, one can ignore the nuclear spin in the considerations and study only the electron-state evolu­tion during the process. For the upcoming discussion, it is assumed that the pumping light is σ + -polarised and propagates along the quantisation axis, i.e., along the z -axis. This simplifies the description of the pumping process, which leads to the redistribu­tion of the atomic populations among the Zeeman sublevels of the ground and excited states and does not generate any coherences between the sublevels within a given state. When such symmetry is not present, or in the case of a magnetic field applied at some axis with respect to the propagation direction, the description would need to take into account coherences arising between magnetic sublevels. The analysis also assumes that the excitation rate is m uch smaller than the excited-state relaxation rate. Thereby, as the atoms reside in the ground state for m ostofthe time, the role ofthe excitedstate can be reduced to an intermediate step in the transition between ground-state sublevels, and hence, the state can be excluded from the description of the pumping process.The assumptions given above allow one to describe the pumping process using rate equations for populations of the ground-state sublevels, where the dynamics related to the excited state are taken into account in the rates of repopulation between pairs of the atomic sublevels. Before the start of a discussion of the specific dynamics of the atomic populations in the process of pumping at the D 1 and D 2 optical transitions, the exci­tation and relaxation processes determining specific repopulation rates are considered, which are generic for both cases.Absorptionofaphotonfrom the σ + -polarisedpum pingbeam leads to the transition of the atom from the ground to an excited state with the magnetic quantum number increased by 1 (- 1 for the σ - -polarised light). After some time in the excited state, the atom returns to the ground state. In the simplest scenario, when atoms do not collide with one another when in the excited state, the decay originates from the spontaneous emission, and therefore, the atom initially present in the excited state of a magnetic quantum number m' can only relax into the states with magnetic quantum numbers 
m either equal or different by ±1 from m ' . The probability of the relaxation into a certain groundstate is governedbythe Fermigolden rule andbranchingcoefficientsandcan be calculated using the Clebsch-Gordan coefficients. However, the presence ofthe buffer gas modifies the branching coefficients [98]. Specifically, collisions with the buffer gas mix the populations of the excited-state Zeeman sublevels, leading to the equalisation ofthe excited-state populations. Asinconsideredconditions, thisprocessis muchfaster than the spontaneous emission, it is assumed that the excited-state sublevels are always equally populated.The secondary photons reemitted during the spontaneous emission have random polarisation and propagation direction. Due to these random properties, reabsorption ofthe photons by the alkali atoms is a source ofground-state relaxation. This limits the9 In this context, the Larmor precession is considered as the dissipation process.
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Figure 2.4: Schem e of the optical pum ping of the alkali metal atom s with the circularly polarised (σ +  ) light resonant with D  1 transition. The arrows on the schem e demonstrate the key processes responsible for the transitions between energy levels of atoms determining the efficiency of the pum ping: the optical transition between the ground and excited states (the dark red arrow), relaxation of the ground state (the red arrow), relaxation of the excited stated state due to the spontaneous emission (the orange arrows), the photons tran­sition from the excited state to the ground due to the collisions with the ground state (the magenta arrow), the collisional mixing of the exited state (the green line).

r
2

efficiency of optical pumping. To suppress the effect, a small10 amount of molecular gas, e.g., N 2,  is added to the vapor cell. Collisions with the molecules enable nonradiative de­cay of the alkali atoms to the ground state, as the energy and orbital angular momentum of excited alkali-metal atoms are transferred to internal molecular degrees of freedom of molecular gas. Importantly, such a photonless transition does not change the magnetic quantum number. The process of nonradiative decay due to the molecular gass is called 
quenching,  and the gas itself is often called a quenching gas.PU M P IN G  AT T H E  D  1 L IN EOne can consider the specific example of the pumping with the light resonant with the 
D  1 transition in the presence of both buffer and quenching gases (Fig. 2.4). In this case,both excited and ground states have J = S = 1/2, therefore, there are only two sublevels ineach manifold. The pumping light with σ +-polarisation drives transition m j  = - 1/2 → 
mJ = 1/2, and the sublevel m j  = 1/2 does not interact with the light, i.e., it is the dark state. After the excitation, the populations of the excited-state sublevels are equalised by collisions with the buffer-gas atoms. Then, the quenching process transfers populations to the ground state. The combination ofthese two processes makes equally probable the transition from the excited state to both sublevels of the ground state.The presence of the dark state enables full polarisation of the atomic ensemble (by transferring an entire population of atoms into the state). In such a case of maximal saturation, one may expect near-zero absorption of the pumping light. To describe the polarisation process for intermediate polarisation, one should consider the probability of the excitation from all hyperfine sublevels involved in the considered optical transi­tion. In this work, optical pumping with laser light is considered. The spectral width of the semiconductor lasers, which are typically used for the optical magnetometers, is at10 Concentration of the quenching gas is usually smaller than concentration of the buffer gas.
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least three orders of magnitude narrower than the pressure-broaden spectral lines of the alkali metal, and for this reason, it is safe to assume that the pumping light is monochro­matic. The average absorption (pumping) rate for an unpolarised atom is determined by the sum of the absorption rate for each individual transition
Rp = Φ(ν) £  σ i = cref Φ (ν) £  A i L  (∆ l), (2.65)

i iwhere Φ(ν ) isthe photon flux, ∆ i is the detuningfrom thetransition betweentwospecific hyperfine levels, and i  goes over all possible transitions. A i is a relative strength of the transition, which is given by the following expression [99]
(2.66)

where the expression in the curly bracket is the Wigner 6-j symbol, and the prime was used to identify quantum numbers of the excited state. Note that relative strengths for a given transition add up to unity E  A i = 1. (2.67)
iThe pressure broadening in the high-pressure cells (with a buffer-gas concentration above 1 amg) is at least an order of magnitude larger than the splitting between the hy­perfine levels. This allows approximating of the superposition of the multiple hyperfinetransitions with a single spectral profile centred at the average frequency and which line shape is given by Eq. (2.60). Taking into account Eq. (2.67),  this also simplifies Eq. (2.65) for the pumping rate

R p = cre f Φ(ν ) L  (ν ). (2.68)Since this is the average pumping rate for the unpolarised atomic ensemble and only one sublevel interacts with the pumping light, the state m  J = - 1/2 is depopulated at rate 2R p . This leads to the following rate equation for the populations of the ground-state sublevels
(2.69)

where | ∣) and | ↑) denote normalised populations of the magnetic states with mj  = - 1/2 and mJ = 1/2 respectively, and the last equations embody the assumption of the weak pumping coupling, according to which the entire population of atoms is at the ground state.I n S e c .2.1.4,  itw assh o w n th atin th eco n texto fSE R Fm agn eto m etry , anultim ate interest lies upon the dynamics of electron polarisation [Eq. (2.49)], which has the fol- low ingform interm softhepopulationsw hichw asdiscussedabove (2.70)
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Using Eq. (2.69) one obtains
Considering relaxation of the electron polarisation (see Sec. 2.1.3) 

d Υ
—  = 2RpU> = Rp (1 - Υ ) - Rs d Υ , (2.72)

the polarisation change over time (here, it is assumed that the pumping starts with the unpolarised ensemble) is given by
Υ (t) = Υ D1 [1 - e~ {RsD+rp)t ] , (2.73)where Υ D1 is the equilibrium polarisation

(2.74)
Note that from the equation above, it is possible to fully polarise the ensemble (2.75)
which is the result of the existence of the dark state in the system.So far, the problem was considered in a single dimension, i.e., the polarisation wasbuilding up along the pump beam in absence of the external fields. The discussion, how­ever, can be easily generalised to the three-dimensional case

d Υ t s a
d t  = Rp s  - Υ - R sD Υ , (2.76)

where s is the pumping vector, defining the direction and degree of circular polarisation of the pumping light.Equation(2.76) was obtained basedon the discussionofthe electron-spinevolution.However, the electron spin is coupled to the nuclear spin via the hyperfine interaction, which leads to the transfer of the polarisation to the nuclear spin as well. Moreover,the spin-exchange collisions lead to the spin-temperature distribution with a non-zero value of the spin temperature due to the optical pumping. It is noteworthy that the pro­vided model is fully accurate only when the applied magnetic or pseudomagnetic fields are applied along the pumping beam. When the fields are not colinear, there is no single symmetry axis in the problem, and therefore it is not possible to choose the quantisa­tion axis such, that the state of the atoms can be accurately described by the popula­tions. However, the consideration is limited to the case of low magnetic fields, wherethe SERF regime is observed, and the spin-temperature distribution is assumed to be approximately conserved. This allows adding the pumping term into Eq. (2.53), which gives a complete model for the SERF magnetometer.
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Figure 2.5: Schem e of the optical pum ping of the alkali metal atom s with the circularly polarised (σ +  ) light resonant with D  2 transition. The key processes involved in the optical pum ping are presented in a way similar to Fig. 2.4.
P U M P IN G  AT T H E  D 2 L IN EThis section considers a similar situation as described above, with the exception of pump­ing with light tuned to the D  2 line (see Fig. 2.5). Similar to the previous discussion, the considerations start with the electron polarisation, ignoring the hyperfine interaction.The D 2 transition occurs between the ground state of J = 1/2 and the excited state of 
J = 3/2. The higher multiplicity of the excited state results in the lack of the dark state, i.e ., all sublevels of the ground state interact with the light. Hence, in the presence of the collisional mixing of the excited state and quenching gas, it is not possible to fully polarise the ensemble with the D  2 tuned light.To get the specifics of the pumping process, the rate equations similar to those pre­sented in the previous section are formulated. Using the Wigner-Eckart theorem, one can show that the transition driven by circularly polarised (σ + ) light from the ground sublevel of m  J = - 1/2 is three times weaker than the similar transition from the sub­level m J = 1/2 [99], which gives the depopulation rates R p /4 and 3R p /4, respectively. The presence of the collisional mixing equalises the populations of the excited states; therefore, 1/4 of the excited atoms will be in the states mJ = ±1/2. In turn, the collisions with atoms of the quenching gas suppress the radiative transitions to the ground state. Hence, one can assume that the excited atoms undergo the transition to the ground state only via quenching. Thus, transitions from excited with mJ = ±1/2 to the ground stare are equally probable with a transition rate equal to 1/2. Therefore, the combination of collisional mixing of excited states and quenching led to the repopulation rates for both ground sublevels being equal to 1/8 ofthe total excitation rates. This can be summarised in the following rate equations

(2.77)
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which then leads to the following equation for the evolution of the electron polarisation 
d  Υ  1

= -  R p (1+ 2Υ ). (2.78)
d t 4After including the relaxation, the polarisation dynamics (with the assumption of the zero polarisation at t = 0) is described by

Υ (t ) = Υ D2 1- e- (RSD+Rp/2)t  ,  (2.79)
where the equilibrium polarisation for pumping at D  2 transition is

(2.80)
One can note that Υ D 2 has the opposite sign compared to the Υ D1 .  Also, the equation above reveals the limitation of the achievable polarisation in the case of optical pumping with light tuned to the D  2 line lim (Υ θ2) = 2 . (2.81)

Rp → ∞  2The generalisation of the result for the three-dimensional polarisation problem leads to the following equation
d Υ 1 t s a
d t  = - 4 R p s + 2Υ - RSD Υ . (2.82)Thepolarisation process using light tuned to the D 2 line is(ingeneral) less efficient. This can be illustrated by a comparison of the equilibrium polarisations for the same values of the relaxation and pumping rates presented in Fig. 2.6(top). One can note that the maximum polarisation, which can be obtained with D 2 -tuned light is twice smaller than for the D  1 tuning. Moreover, for the unsaturated case, the pumping rate necessary for obtaining the same polarisation level must be twice larger for the D  2 pumping than for theD 1 pumping. UsingEqs. (2.73) a n d (2.79),  onecan also compare thecharacteristic time scale of reaching the equilibrium polarisation in both cases

(2.83)
(2.84)

The dependence of these two quantities on the pumping rate is shown in Fig. 2.6(bot- tom). O n ecan n o teth atforp um p in gw iththeD 2 transition,thesystem reachesequilib- rium much longer than in the case of the D  1 pumping. The difference in the efficiency of the pumping makes the pumping with D  1 transition a more preferable choice for the optical magnetometers.
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Figure 2.6: Efficiency of the optical pum ping with light tuned to the D  1 and D  2 lines. The plot on the top demonstrates equilibrium polarisation for different values of the pum ping rate normalised to the relaxation rate. The plot on  the bottom  demonstrates tim e of pum ping normalised to the lifetime of the polarisation in the dark τ  =  RS- D1 for different values of the pum ping rate normalised to the relaxation rate.
D E T E C T IO N  O F  T H E  S P IN  STA TE -  O  P T IC A L  R O T A T IO NTo utilise atomic spins for any kind of measurement, one has to gain information about their state. In alkali-metal-based magnetometers, this may be done by observation of the optical rotation of linearly-polarised probe light (Fig. 2.7).  The observed optical ro­tation originates from circular birefringence associated with spin orientation. The fol­lowing discussion presents the processes responsible for the optical rotation in polarised alkali-metal atoms and provides an estimation of the angle of polarisation rotation for the probe light tune to the D 1 and D  2 lines.O ne can consider the propagation of the linearly polarised probe laser beam through the cell in the SERF magnetometer. The probe light is considered classically, i.e., it is as­sumed that the light is a monochromatic linearly-polarised electromagnetic wave prop­agating along the x  -axis.

(2.85)
where E0 is the amplitude of the electric field, k  ±  are the wave vectors for the σ ±  polar­isation components of light, respectively, ω = 2π ν  is the light angular frequency, and φ0 stands for the relative phase between the polarisation components. e+  and e-  are the unit vectors, corresponding respectively to the σ +  and σ -  polarisation components, and defined as

e+  = z + i  y, 
e-  = z- i  y . (2.86)

When k +  and k -  are the same (the absence of the circular birefringence), the rela­tive phase φ0 determines the angle between the y -axis and the polarisation of the light
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Figure 2.7: Schem atic representation of the polarisation probing in the SERF magnetometer. The detection of the spin polarisation state is realised via measurement of the polarisation rotation of the linear polarised probe light. The rotation is proportional to the projection of the atom ic polarisation at the probe-light propagation direction. In the schem e, the circularly polarised pum p light is used to initially polarise the atom ic ensemble in the direction perpendicular to the probe-beam  axis. The atom ic-polarisation projection on the probe axis is changing under influence of the m agnetic field, hence its detection provided measurement of the magnetic field applied to the system.
through the relation

θ = φ20 . (2.87)In the optically active medium k+ = k- , the phase difference between the two circular polarisation components is a function of the light propagation path in the medium. If one assumes that the probe-light polarisation before the vapour cell is colinear with the 
y -axis (φ0 = 0) and the propagation length in the cell is l  , the rotation angle after the cell can be easily calculated from the phase difference

φ = Re (k+ -  k -  ) l , (2.88)where the wave vector components are given by
ω

k = n  , (2.89)
cwith n ±  being the refractive indices for each polarisation. Taking into account Eqs. (2.87) and (2.88), one can write the polarisation rotationof light after the medium

θ = ω2cl  Re (n + -  n -  ) . (2.90)
As discussed in the subsection about light absorption, the atomic transitions in the cells with a high-pressure buffer gas are significantly modified by the collisions with the
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buffer-gas atoms. In particular, the spectral lines for the absorption are shifted, broad­ened, and deformed into an asymmetric Lorentzian shape [Eq. (2.60)]. Similar effects are expected to appear in the spectrum of the optical rotation since the absorption coef­ficient a  (ν ) is determined by the imaginary part of the refractive index2π ν  1
a  ( ν  ) = Im( k  ) = Im( n  ) = N  σ  ( ν ), (2.91)

c 2where the last equality comes from Eq. (2.58) and the fact that I  ~ |E |2. Here, N + denotes the number ofatom s w hichcan interact w ithσ ± -polarised light.Equation (2.91) establishes the connection between pressure broadened absorption spectrum[Eqs. (2.57) a n d (2.60)]]andthe refractive indicesofthe medium. Thisconnec- tionallow sontouse theexperimentallymeasuredabsorptionlineshapes(theimaginary part ofthe refractive index) forthe estimation ofthe optical rotation as a function ofthe detuning from the centre of the pressure-broadened optical transition (the real part of the refractive index) To solve this problem, one can parameterise the refractive index with the electric susceptibility χ ±  for the σ ± polarisations1
n ±  = 1+ χ ±  ≈ 1+ 2χ ± , (2.92)

where it is assumed that χ ± ≪ 1, which is an adequate assumption for the alkali-metal vapours. The electric susceptibility obeys the Kramers-Kronig relations [100]
(2.93)

where P  stands for the Cauchy principal value. The Kramers-Kroning relations, com­bined with Eq. (2.92), lead to the following relation between real and imaginary parts of the refractive index
(2.94)

where Eq. (2.91) was used in the secondpart ofthe relation.Until now the discussion was general, but hereafter the considerations ofprobing atthe D 1 and D 2 lines start to differ due to differences in transition to specific hyperfine levels.For further discussion, it is useful to express the population of the ground-state lev­els through the projection of the electron polarisation on the probe-light propagation



2 .1 . SERF M A G N E  T O M E T R Y 45

2

direction11
(2.95)

In the case of the D  1 excitation (Fig. 2.4),  each component of the circular polarisation can interact with a single energy level. The absorption cross-section profile is assumed to be the same for both component and
w f 1 σ D1 = 2(1 + Υ x) σ D1(ν), (2.96)where the relative strength of the transition has been taken into account, and where σD 1is the absorption cross section for D 1 transition calculated according to Eq. (2.57). This leads to the following expression for the optical-rotation angle

θD 1 = - 12cre N l fD 1D D 1 (ν)Υ x, (2.97)
wherethe spectral profile of theoptical rotation given byEq. (2.60) isdescribedwith the following expression

(2.98)
and thesubscript in Eq. (2.97) denotes thespecific transition.In the case of the D  2 transition, there are two allowed transitions for each circular-polarisation component, which have different relative strengths. Therefore, in this case,the total absorption of the specific polarisation component depends on the populations of both atomic transitions (Fig. 2.5). Therefore, considering both polarisation compo­nents, one obtains 1 t Υ  a

N±D2σ ±D2(v) = 2 1 ± 2 σ D2(v), (2.99)whereσ D2 is theabsorptioncross sectionfor D 2 transition calculatedaccordingto Eq. (2.57) This leads to the following expression for the rotation angle
(2.100)

The presented considerations demonstrated that for the light tuned to either of the
D  transitions, the rotation angle for the optical polarisation is proportional to the projec­tion of the atomic polarisation on the probe-light propagation axis. Hence, the optical rotation provides an efficient interface for determining the atomic spin state. The effi­ciency of the monitoring for both transitions is comparable since the difference in the11 Note that here the quantisation axis is chosen to be parallel to the probe light propagation direction, which differs from the quantisation axis, which was chosen earlier for the description of the optical pum ping. This is indicated by the subscript x  in  Υ  x .
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numeric factors in Eqs. (2.97) and (2.100) is compensated by the difference in the tran- sitionstrength fD2/ fD1 ≈ 2. Althoughthereare no solidargum entsfor the choiceofan y particular transition for polarisation detection, as was pointed out in Ref. [101],  for better stability of the signal, one can choose the probe laser frequency between resonant fre­quency for D  1 and D  2 transitions, since in this regime the signal is basically independent of the laser frequency drifts.L IG H T  S H IF TThe optical excitation and polarisation change are not the only effects induced by light on the alkali-metal atoms. Specifically, an oscillating electric field of light may generate the AC Stark effect,  in which the light changes the energies of the ground-state sublevels. This affects the electron spins in a similar way as the magnetic field applied along the propagation axis of the light. Thereby uncontrolled light shifts produced by the pumping or probe beam can be misinterpreted as the magnetic field. This is why, in the context of optical magnetometry, the light shift is often considered as a source of systematic errors. But the light shift may also be used in controlled manipulation of the electron spins of the alkali-metal atoms. For example, it may be used to induce electron non-magnetic couplings as this perturbation does not other spins in the system. The light shifts, from both (negative and positive) perspectives, are considered in this work.The light shift is closely related to the absorption of the circularly polarised light. These processes can be considered as a result of the unitary and dissipative evolution of the alkali-metal ground state driven by the electric field of light. For this interaction, the effective Hamiltonian for the ground state, in the presence of the high-pressure buffer gas, has the following form [92]
where (2.101)

(2.102)and the unitary part δ E is the light shift amplitude, Γ  is the dissipation rate, and s is the average spin of a photon determined by the versor of light polarisation e through
s = ie × e* . (2.103)The scalar coupling between the average spin of the photon and the electron spin al­lows consideration of the unitary part of light-atom interaction [Eq. (2.101)] in a similar way as the magnetic-field interaction [Eq. (2.5)]. This enables to interpret the perturba­tion due to the light shift as the effective magnetic field generated4K δ E

BLS = s. (2.104)
YeThedissipativepartofEq.(2.101) correspondstotheabsorptioncoefficient[Eq.(2.68)]

(δ Γ> = Tr(δΓ ρ) = Rp (ν) = Φσ(ν). (2.105)
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Since the process of the photon absorption is causal (no excitation is possible before the application of resonant light), δ Γ and δ E must obey the Kramers-Kroninger relations defined in Eq. (2.93) [102].  This allows us to get the latest quantity based on the experi­mental line shape of the absorption Eq. (2.60) (2.106)where Eq. (2.98) was used to determine the spectral profile of the absorption line. In such a case, the effective magnetic field, corresponding to the light shift, is given by(2.107)For a specific example, one can consider the light shift generated by the σ + -polarised pumping beam, which propagates along the z -axis, i.e., the same configuration as de­scribed in the subsection dedicated to optical pumping. In such a case, s = z, thus the pumping light can generate the pseudomagnetic field along the light-propagation di­rection. However, the light shift from the pumping laser can be avoided if it is tuned to the centre of the optical transition. This is so because the dispersion-like shape of the spectral profile D (ν). When the light shift is introduced in the system to manipulate the electron spin, the laser light is far detuned. This is crucial for avoiding the unwanted pumping from the light used for light-shift generation. Fortunately, L ( ν) decays much faster on the wings than D (ν) and it is possible to optimise the power and detuning of the light-shift beam so that the pumping rate is genially eliminated with the desirable pseudomagnetic field still present.
2.1.6. M AGNETIC FIELD MEASUREMENTSTo conclude this section, the described system is considered in real-world measure­ments of magnetic or pseudomagnetic fields. It is natural to start with the case of the SERF magnetometer placed in a near-zero magnetic field (e.g., inside a magnetic shield). In this case, the alkali-metal atoms experience only the fields of interest. The atoms are pumped with σ + -polarised pumping light tuned to the D ι line, which propagates along the z -axis and generates initial spin polarisation along the axis. The polarisa­tion is probed by the detection of polarisation rotation of the linearly-polarised probe light, blue-detuned with respect to the D 1 line and propagating along the x -axis. From Eq. (2.97), it is clear that this allows to probe Υ x spin-polarisation component. To max­imise the amplitude of the optical rotation, light is detuned from the centre frequency by half of the optical transition width, ∆ ν = Γ ∕2 . The configuration is shown in Fig. 2.7. It should be stressed that in all cases described in this section, it is assumed that the polarisation is pumped to its steady state, Υ z = Υ 0 , prior to the measurements.The evolution of electron polarisation in the SERF magnetometer is described with Eqs. (2.53) and (2.73). For convenience, the equation for the polarisation evolution is rewritten with the introduction ofthe steady-state polarisation Υ 0 , defined in Eq. (2.74), and total relaxation rate R to t R p RSD

(2.108)
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where the slowing-down factor is approximated with a constant value q  0.  This is possible because the alkali-metal polarisation does not change significantly during the measure­ments.

2 M E A S U R E  M E N T S  O F  SL O W - V A R Y IN G  F IE L D SFirst, the response of the system to slow changes in the magnetic field is under consider- ation.12 In that case, the system evolves adiabatically, remaining in the steady state at all times. From Eq. (2.108),  the atoms are primarily sensitive to the perturbations applied along y which is perpendicular to both the probe and pump propagation directions(2.109)Thesteady-state solution to Eq. (2.1o8) reveals thedispersion-like magneticresonance
(2.11o)

For the two remaining axes, the magnetometer has only second-order sensitivity. In turn, in most cases, these directions are neither considered nor used for the measurements (the contribution from the fields is often treated as the potential source of the system­atic errors). Due to the small contribution from the directions, the discussion focuses mostly on the most sensitive direction. The width of the resonance is determined by therelaxation rate of the atomic polarisation, and its amplitude depends on the polarisation level.For a near-zero field, close to the centre of the resonance, the response of the system is linearly proportional to the applied magnetic fieldΥ x (By ) ≈ γ eΥ o By = α a By ,  (2.111)
R totand the proportionality coefficient α a can be treated as an atomic calibration factor.Such an approximation is valid when By  ≪ R tot ∣ γ e ■

M E A S U R E  M E N T S  O F  T H E  T IM E -  VA R Y IN G  F IE L D SAtomic polarisation requires finite time to respond to changes in the measured mag­netic field. Therefore, the magnetometer is capable of following the magnetic field only within the limited frequency bandwidth. To estimate the bandwidth of the magnetome­ter, the aim isto  obtain the frequencyresponse ofthe SERF magnetometer. Forthat, one can consider the magnetometer, which is perturbed by the harmonic monochromatic magnetic fieldofthe frequency fm = ωm ∣(2π) and the amplitude Boy

B
By (t ) = Boy sin(ωm t ) = 2oiy e iω m t- e - iωm t . (2.112)

12 Although here the response of the SERF magnetometer to the m agnetic field is under consideration, the discussion can be easily generalised to the non-m agnetic fields because the qualitative properties of the response are the sam e for both types of perturbation [see Eq. (2.53)].
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For small perturbations, such that
the relative changes of the longitudinal (z) component of the polarisation is small. Thereby, it can approximate the longitudinal polarisation to be constant and equal to its equilib­rium value. Under the approximation, the probed component of the polarisation driven by Eq. (2.112) has the following form * 13

(2.114)
where Υ s and Υ c are the in-phase and out-of-phase components of the output signal, respectively.To get the frequency response of the system, one can present the result in the follow­ing manner Υ x = Υ Rsin(ωm t +φ), (2.115)where Υ R is the amplitude of the magnetometer response and φ is the phase

(2.116)
From Eq. (2.114) the amplitude of the response for the considered case takes the follow­ing form (2.117)
The normalised frequency response for the SERF magnetometer is plotted in Fig. 2.8. The bandwidth of the magnetometer is defined as a cut-off frequency for which theamplitude of the response is attenuated to a certain value given by the definition. One can define the attenuation of the magnetometer response A  as (2.118)where f B = ωg ∕(2 π) is the system bandwidth corresponding to a given attenuation A . One can also define the bandwidth by reversing the definition of the attenuation
For instance, for a commonly used definition of bandwidth associated with the - 3-dB cut-off, A 3d B = 0.708, one gets
13 Note that for ωm  =  0 (constant perturbation) the result reduces to the case of slow-varying fields [given by ]Eq. (2.111)].
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Figure 2.8: Normalised response am plitude of the SERF magnetometer obtained from  Eq. (2.117).  The red dashed line shows the -3-dB bandwidth defined in  Eq. (2.120).
M A G  N E T IC  R E S O N A N C E  IN  T H E  N O N - Z E  R O  LE  A D IN  G  F IE L DAlthough the SERF magnetometer has the best performance in near-zero fields, for this work it is useful to consider detection of the magnetic resonance with a non-zero leading field. Here, the detected magnetic field is considered as a deviation from the leading- field value.O ne can solve Eq. (2.108) assuming a constant, non-zero B z ,  and oscillating B y de­scribed by Eq. (2.112).  Making the same assumption of the small perturbations as for Eq. (2.113),  one can derive the expression for the response of the magnetometer

(2.121)where Υ ±  have a form of the complex Lorentzians centred on the frequency | Ω | = γ e ∖Bz | / q0(2.122)
Thisconfiguration(combinationofconstantleadingandoscillatingtransversefields) can be used for measurements of either the leading field or oscillating perpendicular fields(RFm ode ofthe magnetometeroperation). Note,how ever,thatinthe case ofSERF magnetometry, this regime has a limited applications, as the system falls out ofthe SERF regime w ithagrow ingm agneticfield[Eq.(2.55)]andhence measurementsensitivityde- teriorates.S Y N C H R O N O U S  P U M P IN GObservation of the magnetic resonance at the SERF regime in non-zero leading field is possible not only with modulation ofthe magnetic field (Sec. 2.1.6),  but also with mod­ulation ofthe pumpingrate. Suchatechnique is knownin the literature a ssynchronous

pumping [101].
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One can consider Eq. (2.108) in the case of the constant non-zero leading field Bz ,  no transverse fields, and the pumping rate modulated in the following manner (2.123)Here, ωop  is the frequency of the modulation, and Rop  is the amplitude of the pumping- rate modulation. In practice, such modulation can be realised by varying the pumping- light intensity with a sinusoidal wave of a 100% modulation depth. One can show that in the technique, the response of the magnetometer at the first harmonic of the modulation frequency is similar to the response of the magnetometer to the oscillating magnetic field [Eq. (2.1.6)] [103].  However, in this case, the complex Lorentzians defining solution have a different form 1 R op [(R sd + R o p /2) + i (Ω ± ω0p )] γ ±  — ± - —2-----  ~2— , (2.124)4 {R sd + R o p /2) + (Ω ± ωop)where Ω stands for the alkali-metal Larmor frequency corresponding to the leading field [as in Eq. (2.121)]. Similarly to the oscillating-field-induced magnetic resonance, the frequencyresponseto them odulationofthepum pingrate takesthe form ofthecom plex Lorentzian centred at the Larmor frequency ofthe magnetic field. Hence, synchronous pumping provides a means for the all-optical measurements ofthe non-zero magnetic field with the SERF system.
2.1.7. PARAMETRIC MODULATIONManyapplicationsofopticalm agnetom eters, includingthe searchesforexotic spincou- plings, may benefit from the simultaneous measurement of the magnetic field along multiple axes. The first-ordersensitivityto magneticfields alongtwo perpendicularaxes m aybe achievedbyapplyingthe magnetic fieldofthe high[com paredto the bandwidth ofthe magnetometer from Eq. (2.120)] frequencyωp m , and the amplitude B p m , applied along the pumping-beam propagation direction (2.125)Thefirst-harm onicresponseofthem agnetom eterundersuchconditionsisproportional to the field component colinear with the probe beam, while the second-harmonic re­sponse is proportional to the field component perpendicular to both probe and pump beams [104]

γ eB x Υ 0 γe B y Υ 0Υx ≈ e x 02J 0 (u )J 1 (u )sin(ωp m t ) + 2J 0 (u )J 2 (u )cos(2ωp m t ), (2.126)
R to t R to twhere J i is the Bessel function of the i  -th order and u  is the unitless parameter, describ­ing the dependence of the response amplitude on the frequency and the amplitude of the modulation (2.127)The expression for the response of the magnetometer to the parametric modulation [Eq. (2.126)] is obtained under the assumption ofthe strongest torque in the system be­ing generated by the modulating field. The demodulation of the signal at the first and
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second harmonics allows the simultaneous detection of the perturbations along x and 
y.  Importantly, the parametric modulation does not affect the original bandwidth of the SERF magnetometer.In addition to the two-axis sensitivity, the parametric modulation may also suppress low-frequency noise present in the magnetometer and originating, for example, from airflow in beam paths. Such noise is often one of the main limitations of the SERF- magnetometer performance, hence the parametric modulation may allow to increase the sensitivity of the magnetometer. It needs to be stressed that the amplitudes of the response (and therefore the calibration factors) to the perturbation along two sensitive axes, in general, are not the same. Moreover, from Eq. (2.126) and Eq. (2.127),  one can note that the response amplitude in both cases is the function of the modulation-field amplitude Bpm  and frequency ωp m .  Therefore, the amplitude and frequency of the mod­ulating field have to be optimised depending on the aims of the parametric modulation application.The downside of the parametric modulation is the possible cross-talk between the two sensitivity axes. In Ref. [104],  the observed cross-talk is reported at a level of about 9% for both axes. Nevertheless, the ability to measure perturbation in two directions broadens the application of both SERF magnetometers and comagnetometers.
2.2. NOBLE- GAS-ALKALI- METAL COMAGNTOMETEREfficient techniques of polarisation and detection of the nuclear-spin state open numer­ous experimental possibilities in science and industry. They include comagnetometryfor fundamental physics studies [47], precise magnetometry [105- 107], rotation sens­ing [105, 108- 111], magnetic resonance imaging of lungs [112, 113] and (potentially) long-livedquantum m em ory[114- 116], etc. The alkali-metal-noble-gas comagnetome­ter system has gained particular interest in the context of the searches for exotic spin couplings due to the extremely high sensitivity ensured by the high concentration and polarisation ofthe noble-gas nuclearspin in the system.From a technical point of view, the comagnetometers are quite similar to the SERF magnetometers. Thealkalim etalatom sinthe comagnetometerareoperatedinthe SERF regime, therefore m ostofthe alkali-m etalpropertiesdiscussedinthecontextofthem ag- netometryare inheritedbythe comagnetometerwithsome minorexceptions. The most significant difference between those systems arises from the cell content. The comag­netometer cell contains the noble gas with a non-zero nuclear spin instead ofthe spin zero buffer gas that is used in magnetometry. This leads to an additional degree of free­dom in the system, which significantly modifies the response of the alkali-metal atoms to external perturbations.The evolution ofthe noble-gas nuclear spin is determined by three main processes: the interaction with external (magnetic and non-magnetic) perturbations, the spin ex­change interaction with alkali atoms, and the relaxation of the spin states. In fact, the spin-exchange interactionbetweenthe electronspinofalkalim etalandthe nuclearspin ofthe noble gas plays akeyrole in the comagnetometry. First, it is usedfor the polarisa­tion ofthe noble-gas spins without the necessity to directlyopticallypolarise the atoms (the ground-state excitation ofthe noble gas requires the application ofultraviolet radi­ation). This allows for the use of high densities of noble gas. In turn, the high density
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of the noble gas and the presence of the coherent part in the spin-exchange interaction provide a strong coupling between the polarisations, which ultimately leads to the self­compensation effect (Sec. 1.3.2),  and allows the continuous monitoring of the coupled system state via observation of the alkali-meat atoms.As the spin evolution of alkali-metal atoms was already discussed in the previous section, later in this chapter, the main focus is put on the evolution of the noble-gas spins and successively their coupled evolution with alkali-metal atoms. Particularly, the interaction with the external perturbations is discussed along with spin-exchange cou­pling, and relaxation of the noble gases. The discussion is narrowed down to the case of 3H e, which is a com mon choice for fundamental physics experiments due to its long co­herence time. This atomic species is also used in Advanced GN O M E comagnetometers, which are the main topic of this work.
2.2.1. NOBLE-GAS SPINS RESPONSE TO THE EXTERNAL PERTURBATIONS The Hamiltonian for the interaction of the noble-gas nuclear spin G  with the magneticfield B and pseudomagnetic field bG placed in the non-inertial frame rotating with thefrequency Ω  has the following form

Ho,n g  - Y n ħ (B + be ) ∙ G + ħΩ  ∙ G , (2.128)where bG , similarly to the alkali-metal case [Eq. (2.5)], may be defined by the generic exotic perturbation Ξ  and the coupling strength χ G

(2.129)
The rotation term Ω acts as an effective change of the Larmor frequency in the system. The nuclearspinsofthe noble gasinthe comagnetometersare commonlydescribedin terms of its microscopic polarisations, which are defined by the expectation value of the nuclear spin under the assumption of the spin-temperature equilibrium [76]. This description is similar to the alkali-metal spins in the SERF magnetometer, which was discussed in the previous section. However, unlike the SERF regime, the noble-gas spins can be described m uch simpler because of the lack of the hyperfine structure (absence oftotalangular momentum ofthe electrons).The consideration of the Hamiltonian given by Eq. (2.128) leads to the following equation ofm otion for the expectation value ofthe noble-gas spin
The nuclearpolarisation forG  = 1/2 has the followingdefinition (2.130)

(2.131)Subsequently, theequationfortheevolutionofnuclearpolarisation-drivenexternalper- turbations has the following form
- γ n (B +bG )×ζ +Ω ×ζ , (2.132)
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which is used later in this work to describe the interaction of the noble-gas spins with external perturbations of the comagnetometer. However, for the complete picture of the noble-gas spin evolution, one should also consider the relaxation of the noble gas spins and the interaction between the alkali-metal and noble-gas polarisations. Those aspects of the magnetometer evolution are discussed in subsequent sections.
2.2.2. RELAXATION OF THE NOBLE GAS SPINSLong coherence times of the nuclear states in the noble gases are mainly the result of an efficient shielding of their nuclei by closed-shell electrons. This makes the nuclear spins largely insensitive to the spin-exchange collisions between noble-gas atoms. Therefore, in contrast to the alkali-metal atoms, spin relaxation is not limited by spin-exchange collisions. In turn, the main relaxation mechanisms may be associated with the motion of noble-gas atoms in inhomogeneous magnetic fields.This work considers the relaxation of the noble-gas spins at high pressure.14 In such a case, when the constant magnetic field is applied along the z -axis, the longitudinal relaxation, induced by the perpendicular gradient ∣V5 ⊥ ∣, is inversely proportional to the square of the applied field amplitude [117]

(2.133)
where D n  is the self-diffusion coefficient of the noble gas, which depends on the tem­perature Θ  and the concentration of the noble gas N n , and can be approximated with the following expression [117]

(2.134)
with D 0He = 1.65 cm2∕s  for 3He.The transverse relaxationrate isproportionalto the longitudinalgradient∣VBz ∣ [117]

(2.135)
where γn  is the gyromagnetic ratio of the noble-gas nuclei and a is the radius of the cell.The atoms placed in the vapour cell are exposed to various sources of magnetic-field gradients. The gradients may be generated by residual magnetisation of the magnetic shield and ferromagnetic impurities in elements placed inside the shield, including a glass of the vapour cell. Therefore, to avoid the gradients, the magnetic shield needs to be carefully demagnetised along with all elements of the experimental setup placed inside the magnetic shield. As it is difficult to passively eliminate all these field inhomo­geneities through degaussing, magnetic-field gradient coils are often used in precise ex­periments. Moreover, the magnetic-field coils, used for compensation of residual fields14 Following Ref. [117],  the high pressure is defined as the pressure for which the tim e required for the atom  to diffuse across the cell is m uch longer than the period of the Larmor precession corresponding to the applied m agnetic field.
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or generation of well-controllable fields inside the shield, may also produce magnetic- field gradients.Besides the magnetised elements, the polarised sample of atoms also generates a magnetic field. This may be an internal source of the magnetic-field gradient, which could also cause depolarisation. To avoid self-generated magnetic relaxation, the vapour cell used in the comagnetometer has a spherical shape. As the homogeneously polarised sphere generates a homogeneous magnetic field inside the sphere, the sphericity of the cell provides the disappearance of the self-interaction. For the noble gases with a nu­clear spin larger than 1/2, an additional relaxation is generated by the presence of a quadrupole moment. The quadrupole moment is sensitive to the electric field gradi­ent generated in binary interatomic collisions [118].  For this reason, the polarisation lifetime of 21Ne, possessing spin 3/2 is usually about an order of magnitude shorter than in the case of 3He spins [87].Taking into account the relaxation due to both longitudinal and transverse magnetic- field gradients [Eqs. (2.133) and (2.135)], the evolution of nuclear polarisation due to the relaxation processes can be described in a following way
(2.136)

where Γ n stands for the relaxation operator
(2.137)

The presented relaxation mechanisms are the main limiting factors in the polari­sation of the noble-gas spins in the comagnetometer. The polarisation level achieved in the comagnetometer results from the balance of the relaxation and efficiency of the polarisation transfer from the optically polarised alkali metal atoms via spin-exchange collisions. The latter issue is described in more detail in the next section.
2.2.3. SPIN - EXCHANGE INTERACTION BETWEEN AN ALKALI METAL AND NO­

BLE GASThe key properties of the noble-gas-alkali-metal comagnetometer arise from the fact that both atomic species occupy the same volume. In such a case, the long-range in­teraction between the spins is enhancedbycollisional (Fermicontact) interaction [119]. The interaction is the result o fa  spatial overlapping ofwave functions ofthe electron in the alkali-metal atom and noble-gas nucleus. Since the spin-exchange interaction cou- plesthe electronspindirectlyto the nuclearspin, inthisworkthenoble-gas-alkali-metal system is considered as the nuclear polarisation coupled to the atomic polarisation of the alkali atoms. The interaction of the alkali-metal atoms with electrons of the noble gas (e.g., van der Waals interaction) is important mostly for the precise description of the collision event, which, in this work, is treatedphenom enologicallyandincludedin a form ofthe resulting parameters for the spin-exchange process.
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The collisional interaction between alkali-metal electron spin and noble-gas nuclear spin is dominated by isotropic interaction of the following form [92]

Vse = α S ∙ G , (2.138)
2 where the coupling coefficient α  is given by the Fermi-Sergé formula [92] (2.139)with ∖ψ e (0)∖2 being the probability of the alkali-metal valence electron overlap with thenoble-gas nucleus and μ c  is the magnetic moment of the nuclear spin G .The spin-exchange coupling defined in Eq. (2.138) preserves the total angular m o­mentum ofthe colliding atoms. The effect ofspin-exchange collisions on the individual spin species can be separated into two parts. The first, coherent, part does not lead to a change in the spin states of the colliding atoms but only shifts the energy levels of the interacting spins. The second, incoherent, part leads to a change of the states for both interactingspins. T hispartofthe interaction is particularlyimportantforthe spin- exchange pum pingofthe noble gases since itallowsthe transferofthe polarisationfrom optically-pumpedalkali-metalatomsto the nuclearspinsofthe noble-gasatoms. Below, one can find areview ofbothinteractions.C O  H E R E N T  E V O L U T IO NAnensem ble-averagedcoherentpartofthe spin-exchange interaction[Eq. (2.138)]leads to the precession of either of the interacting spins around the expectation value of the secondspin. This acts as an effective magnetic field δBij [120]

(2.140)
where i  denotes the perturbed and j  perturbing spin species, n j is the concentration of the perturbing species, μ j  is the magnetic moment of the j th atom, and S j  is the main quantum number of the spin S j . The unitless coefficients K j  account for the collisional enhancement of the interaction between two species and are defined as the ratio be­tween the effective magnetic field inside of the spherical cell and the classical magnetic field from the homogeneously polarised sphere with magnetisation defined by the mag­netic moments correspondent to the spins. Note that the definition ofthe effective field, and therefore the enhancement factors, are determined by the geometry ofthe cell. This work is limited to the case ofspherical cells.For high-pressure noble-gas systems, which are of interest for this work, the en­hancement factors for both polarisations are the same

κ0 = κ i j = κ j i . (2.141)As shown in Table 2.4, the spin-exchange enhancement is strongerfor the heaviernoble gases. At the same time, the enhancement factors depend on the temperature T  accord­ing to [121] (2.142)
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Species κ 0 Tre f [oC] κ0 ReferenceK-3He 5.99± 0.11 200 0.0086±0.0020 [121]Rb-3He 6.15±0.09 175 0.00934 ± 0.00014 [122]
Table 2.4: Experimental values for the enhancem ent factors κ 0.  Tre f stands for the reference temperature at which κ 0 was measured. The provided values are relevant to the operational conditions of the com agnetom e­ter (150-200oC).
whereTref isthe referencetemperature(inCentigrades) at whichthe the enhancementfactor was measured and κ'0 is the temperature coefficient. The experimentally deter­mined enhancement parameters, relevant for this work, are given in Table 2.4.The maximum possible magnetisation M  j created by the perturbing spin has the following definition

M j  = nj μ  j , (2.143)which allows the transformation ofthe relationforthe effective magnetic field(2.140) to
(2.144)

where λ = 8π3κ0 is the coupling constant.Taking into account Eqs. (2.108), (2.132), and (2.140), the evolution ofthe nuclear- and electron-spin polarisations are coupled and should be described with the set oftwo equations15 (2.145)
From the obtained system of equations, one can note that the coupling strength is not symmetrical, as the constants in front of the vector products are different. The differ­ence appears due to the different gyromagnetic ratios of the alkali-metal spins and the noble gas spins, as well as due to the different maximal magnetisations of those spin species. As the maximum magnetisation depends on the concentration of the atoms [Eq. (2.143)], the coupling strength between the polarisations can be adjusted via con­trol of the concentrations of the atoms used for the operation of the comagnetometer. In particular, one can make a cell with a significantly higher concentration of the no­ble gas, such that M n  >> M e . This creates a situation in which the noble gas generates a large frequency shift in the alkali-metal polarisation while its own frequency remains relatively unchanged. As will be shown later in this chapter, this condition plays a key role in the achievement ofthe self-compensating regime.

For the m om ent, it is assumed that all external fields are equal to zero and there is no relaxation in  the system.15



58 2 . T H E O R E T IC A L  B A C K G R O U N D

2

I N  C O H E R E N T  E V O L U T IO NThe spin-exchange interaction is also responsible for the redistribution of the angular momentum between alkali-metal and noble-gas polarisations atoms. The efficiency of the spin-exchange process can be described with the spin-exchange rate coefficient [92]
R ji

kSE = j  i  ,  (2.146)
n jwhere j  and i  denote the perturbing and perturbed atomic species, respectively, and R ji is the spin-exchange rate between two polarisations. Similarly to the case of alkali-metal polarisation, the comagnetometer system, in the presence of spin-exchange collisions, can be described by the spin-temperature distribution [92].  The exchange rates for 3He- Rb and 3He-K systems have the following experimental values [123,  124]

(2.147)
It is assumed that the whole system of the comagnetometer remains in the spin- temperature at all times. Then, the incoherent spin-exchange evolution couples the ex­pectation values for electron and nuclear spins [118]

where e(G , β) is the paramagnetic coefficient, which, in a general case, depends on the spin-temperature parameter β. Assuming (G> being oriented along z [118]
e(G , β) = 2 (G (G  + 1) - g 2>. (2.149)Fornoble gasses withthe nuclearspinG = 1∕2, the paramagnetic coefficientis constant, 

e(G , β ) = 1∕2 [118]. For G  > 1∕2, the paramagnetic coefficient depends on the polarisa­tion ofthe sample and varies from 4G (G + 1)∕3 at the limit ofthe lowpolarisation to 2s  for the large polarisations [118].This work primarily considers the comagnetometers utilising the 3He atoms. Then, from Eq. (2.148), the polarisation transfer between two species in the comagnetometer is given by the following system ofequations
(2.150)

Thespin-exchangetransferofthepolarisationfromoptically-polarisedalkali-metalatoms allows for the effective pumping of the noble-gas atoms, while it can be treated as the additional source of relaxation for alkali-metal atoms. In such an approach, the spin- exchange rate Ren acts as the pumpingrate for the noble-gas atoms. The pumpingeffi- ciency depends on the balance between the spin exchange and relaxation in the system. After taking into account the relaxation ofthe noble gas [Eq. (2.133)] along with the re­laxation and pumping of the alkali-metal polarisation, the incoherent evolution ofthe
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longitudinal component of the comagnetometer polarisations system from Eq. (2.150) has the following form16
(2.151)

where Υ 0 is defined depending on the optical transition chosen for the pumping of the alkali metal polarisation by Eq. (2.74) or Eq. (2.80) and the alkali-metal relaxation rate 
Rteot accounts for all channel of the alkali-metal spin relaxation, including the spin ex­change with the noble-gas polarisation. This results in the following expression of the steady state of the alkali-metal polarisation (the case when all derivatives in Eq. (2.151) are equal to zero)

R neΥ 0 = Υ o + F  Zo , (2.152)
R to twhere ζ 0 is the steady-state polarisation of the noble gas. The second term on the right side of the equation is responsible for the back polarisation.17 The back polarisation process is usually neglected due to the domination of the alkali-metal relaxation over thespin-exchangerelaxation rate Rn e/Rteot ≪ 1, which leadsto (2.153)This result allowsone tousethesecondequationinrelations (2.151) forderivationof the steady-state polarisation of the noble-gas ζ0

(2.154)
This shows that in the comagnetometer, the noble-gas polarisation level is ultimately determined by the equilibrium polarisation of the alkali-metal atoms. Using the anal­ogy between conventional optical pumping alkali-metalpolarisation [Eq. (2.74)] and the spin-exchange pum pingof thenoblegas [Eq. (2.154)], the alkali-metalpolarisationplays a role of the pumping vector, while the spin-exchange rate Ren  plays a role of the pump­ing rate.
2.2.4. SIMULTANEOUS EVOLUTION OF COUPLED POLARISATIONSThe discussed aspects of the polarisation evolution of the alkali-metal atomic spins and the noble-gas nuclear spins allow a comprehensive description of the comagnetometer evolution. To get the complete description of spin-system evolution in the comagne­tometer, one has to combine the results for the evolution of the alkali-metal polarisation [Eq.(2.53)], the nuclear-polarisation evolution in the external fields [Eq. (2.132)], and the relaxation of the noble gas [Eq. (2.136)], the coherent [Eq. (2.145)] and incoherent16 Here it is assumed that the pum ping beam  propagation axis parallel to z axis, which determines the longitu­dinal axis .17 The back polarisation is the process in which the spin orientation (and hence angular mom entum ), initially transferred from alkali m etal atoms to the noble gas, is transferred back from the noble gas polarisation to the alkali m etal polarisation due to the spin-exchange collisions.
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[Eq. (2.150)] couplings between the polarisations, which leads to the following system of equations

2 (2.155)
where Y o is thesteadystateof thealkali-metal polarisation, which wasdefined in E q .(2.74) or Eq. (2.8o) (the definition for the equilibrium polarisation may differ depending on the
D  line used for the pumping), and ζ o,  is the steady state of the noble-gas polarisation, which was defined in Eq. (2.l54).  The obtained set of equations is also known as the 
Bloch-Hasegawa equations (BHE) [ l25],  which are a standard tool for the description of the comagnetometer spin dynamics.
2.2.5. COMPENSATION POINTThe comagnetometer is operated in the self-compensation regime where the leading field is tuned to the compensation point Bc [57] (2.l56)The compensation field is predominantly determined by the noble-gas polarisation. This is due to the significant difference in the concentration of the alkali-metal atoms and noble-gas atoms. Specifically, in the K-3He comagnetometer, containing 3 amg of thenoble gas, the helium concentration is 8 ∙ 1019 cm - 3, and the potassium concentration, when operated at 180° C, is 6∙ 1013 cm - 3. Under such conditions, the ratio between max­imal magnetisations of the atoms [Eq. (2.143)] is

(2.157)
Thereby, even if the nuclear polarisation is an order of magnitude lower than the elec­tron polarisation (which is a typical situation in the comagnetometer), the effect of the nuclear polarisation on the electron polarisation remains dominant. In the considered example, assuming Υ 0 = 0.5 and ζ = 0.03, the effective magnetic fields generated by the polarised atoms are

(2.158)
The comagnetometers consistently achieve a remarkable sensitivity of less than 1 fT (in pseudomagnetic units) for non-magnetic spin couplings. [see Eq. (2.129)]. From Eqs. (2.155) and (2.156), one notes that in the compensation point, each polarisation is exposed to the magnetic field equal to the effective magnetic field created by itself [Eq. (2.158)]. These longitudinal fields are much larger than the exotic perturbations targeted for the measurements. Therefore, the system can be considered under a small- angle approximation, where the longitudinal polarisations are assumed to be constant
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and equal to their equilibrium valuesΥ z ≈ Υ 0 = const, 
ζ z ≈ ζ0 = const. (2.159)

This also allows the approximation of the slowing-down factor with the constant value, corresponding to the equilibrium polarisation
q (Υ , I ) ≈ q (Υ 0, I ) = q0 = const. (2.160)Within the small-angle approximation, it is convenient to separate the equations of the polarisation evolution into components transverse and longitudinal to the pump- beam propagation direction. Such an approach requires the separation of all vectors in Eq. (2.155)

v = v z z + Im[v ⊥ ]y + Re[v ⊥ ]x,  (2.161)where v stands to any vector quantity and v  ⊥  is the transverse component of the vector in the complex form
v ⊥  = v x + i v y .  (2.162)In such a case, Eq. (2.155) for the transverse components of the polarisations take the following form

d Υ⊥
d t

d ζ⊥
d t

= - iγ F 

=  - i  γn

B ⊥  + be⊥ + λ M nζ⊥ )Υ z -  (∆bz + λM eΥ z)Υ⊥] -  ReΥ ⊥  -  i γψ o  -  l ) b1 ⊥  × Υ z 
B ⊥  + bc⊥ + λM eΥ⊥ -  Ω⊥ ‰  -  {∆bz + λ M nζz)ζ⊥  ] -  Rnζ⊥ ’

(2.l63)where the non-magnetic perturbations along the z -axis are dropped out as they are m uch smaller than the leading field. To formulate the equations, the detuning from the compensation point was introduced ∆ Bz = Bc - B z .  (2.l64)The relaxation rates for the transverse polarisations and gyromagnetic ratio of the elec­tron polarisation are defined in the following way
R teotto tR e = ,

q o (2.l65)
R  l  R  ,
R n = + R en ,

T 2 (2.l66)
γ eγ F = ,
q o (2.l67)

such that Eq. (2.l63) obtains more simplistic form.
2.2.6. NON-MAGNETIC PERTURBATION OF PROTONS AND NEUTRONSHeretofore, in the discussion of the comagnetometer polarisation dynamics the non­magnetic nuclear couplings to alkali-metal bI and noble-gas bG spins were considered independently. However, in the context of the search for the exotic spin couplings, it is
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Species σ n σ p3He 0.87 -0.0339K 0 -0.287Rb 0 0.31
Table 2.5: Fractional im pact parameter [Eq. (2.169)] of the nucleon spin in the total nuclear spins of the atoms considered in  this work. The presented values follow Ref. [126].
important to specify couplings for the nuclear spin of noble-gas and alkali-metal atoms [126]

b i⊥ = ∑  σ j i bj ⊥ , (2.168)
j = n ,pwhere i denotes either noble-gas or alkali-metal nuclear spin, and σ n,p i is the so-called fractional impact parameter for the nucleon spin in the considered nuclear spin [126]

∖S n p∕
Sn, p = σ n, p i . (2.169)

∖s i ∕The values for σ i j ,  relevant to this work, are collected in Table 2.5.
2.2.7. GENERIC SPIN PERTURBATIONFor further discussion of the system response to various perturbations, it is convenient to introduce a generic perturbation b⊥  ,  which is measured in effective magnetic-field units and couples to the electron and nuclear polarisations with the respective strengths 
α e a n d α n . Therelationbetweenb⊥  andseveralknownandpostulatedspininteractions, along with the related coupling constants, are presented in Table 2.6. This allows one to introduce a more compact form of BHEs, without losing the generality of the discussion

Í dd f  = - iYF j ddζ⊥ = - iY n

(«e b⊥  + λ M nζ ⊥ )Υ z - (∆ ∣lz - λ M eΥ z)Y jl] - ReΥ ⊥  
(«n b⊥  + λ M eΥ ⊥ }ζz - ( ∖∣lz - λ M nζ z )ζ±  L - R n ζ⊥ '

(2.170)
Such a form of BHE allows one to obtain the general solution, which then can be inter­preted for various types of coupling by simple substitution of the generic perturbation and coupling constants by appropriate expression from Table 2.6.
2.2.8. RESPONSE TO ROTATING FIELDSFor effective GN O M E searches, it is important to understand the response of the comag­netometer over the broad band of frequencies. With this in m ind, the frequency response of the comagnetometer is studied in the following subsections.The discussion starts with the response of the comagnetometer to a generic rotating field with frequency ±ω and amplitude b0b⊥(±ω) = b0e± iω t . (2.171)
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Perturbation type b⊥ α e α GMagnetic field B⊥ 1 1Electron perturbation ħχe Ξ  γn Ξ ⊥ 1 0Proton perturbation ħσ p G  χp Ξ  
γn Ξ ⊥ (q0 - 1)γγne σσppGI 1Neutron perturbation ħ σ n G χ n (q0 - 1γ) γγne σσnnGI 1γ Ξ  ⊥γnRotation Ω ± ∕ y  n γn

γF
1

Table 2.6: Coupling strengths of various known and postulated spin interactions.
In this case, the dynamic steady-state solution of Eq. (2.170) takes the formΥ ±⊥(t , ω) = F Υ±(ω)b0e± ω t, 

ζ±⊥(t , ω) = F ζ±⊥(ω)b0e± ω t, (2.172)
where the frequency responses are

F Υ±⊥(ω) = - γ FΥ z
ωn (α e - α n )+ (±ω + γ n ∆Bz - i R n )α e ,(±ω + ωe + γ F∆ Bz - iR e )(±ω + ωn  + γn ∆ Bz - iR n )- ωe ωn

F ζ±⊥(ω) = - γ n ζ z
ωe(α n  - α e )+ (±ω + γ F∆Bz - i R e )α n  ,(±ω + ωe + γ F ∆ Bz - iR e )(±ω + ωn + γ n ∆ Bz - iR n )- ωe ωn

(2.173)
(2.174)

where the Larmor frequencies of the electron and nucleus in the compensation point are introduced according to the following definition
ωe = γ Fλ M e Υ z , 
ωn = γ n λ M n ζ z . (2.175)

Although, in general, BHE lead to a nonlinear response of the system, under the small an­gles approximation [Eq. (2.159)], the response is linear. This linearity provides a practical measure of the regime where the response of the system can be predicted with BHE un­der the small-angles approximation [Eq.(2.170)], when the presented analytical results are valid.The denominator of the frequency response of the comagnetometer18 [Eq. (2.173)] is presented by the second-order polynomial in ω.  Hence, this system can be interpreted as a combination of the second-order filters with different attenuation for the various types of perturbations. As the numerator of the frequency response presented in Eq. (2.173) is the first order polynomial in ω,  such a combination would consist of two filtersF Υ±(ω) = F LP(±ω)+ F BP(±ω), Υ⊥ (2.176)
Since now o n , whenever there is a  reference to the response of the com agnetom eter, it refers to the evolution of the alkali-metal polarisation Υ ⊥ .18
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where the general expressions for the frequency response of the second-order low-pass filter F LP and band-pass filter F B P have the following form [127]F LP(ω) =
A LP ,

ω2 + BLP ω + C LPF BP(ω) =
A BPω

ω2 + BBP ω +C BP

(2.177)
(2.178)The filter-like parameters for the comagnetometer can be derived from Eq. (2.173)

ALP ≡ γ F Υ z [ωn (α n -  α e ) + (γn ∆ Bz + i Rn)α e ], (2.179)
ABP ≡ γ FΥ z α e ,  (2.180)

BLP = BBP ≡ ωn + ωe - (γ n  + γ F)∆ Bz - i (Rn  + Re), (2.181)
C LP = C BP ≡ γ n γ F∆ 2Bz - [γ F (ωn  - iR n )+ γ n (ωe - iR e )]∆ Bz - (ReRn  + iR eωn  + iR n ωe ). (2.182)The analogy between the comagnetometer response and the response of the low- and band-pass filters provides a convenient and intuitive model for the understanding and prediction of the comagnetometer response to various perturbations. This anal­ogy is illustrated with the results of the frequency-response simulation plotted for the representative experimental conditions at the compensation point (Fig. 2.9).  Notably, from Eq. (2.173),  the response of the comagnetometer to purely nuclear perturbation 

(αn = 0, αe = 0) is determined by the low-pas-like frequency response, while for the mag­netic field (α n = α e = 0) the response is determined by the band-pass-like frequencyre- sponse, whichhasstraight-forwardcorrespondence to the presentedplots. Asforpurely electron perturbations (α e = 0, α n = 0), the predicted response is given by the combi­nation of both low- and band-pass filter responses. In the case of the response to the perturbation with the positive frequency, F  + , such a combination leads to the signifi- cantsuppression ofthe comagnetometerresponse around ω = ωn , which is the result of the phase difference between low- and band-pass components ofthe response. This can be explainedbythe opposite sign in fro n to fα e in Eq. (2.179) andEq. (2.180).The filter-like analogyalso providesasimple explanationforthe highestsuppression of the magnetic-field response at the compensation point. This originates from the fact that the detuning from the compensation point adds additional low-pass contribution to the band-pass component ofthe response [Eq. (2.173)].
2.2.9. RESPONSE TO DC PERTURBATIONTheDCresponseofthecom agnetom etercanbeconsideredbyputtingω = 0 in to E q .(2.176). For this, one obtains

A LPF Υ± (0) = LP F Υ ±⊥ = C LP
γ F Υ z  [ωn (α n -  α e ) + (γ n ∆Bz + i  R n ) α e ] .

γ nγ F ∆ 2Bz - [γ F (ωn - i R n) + γ n (ωe - iR e)]∆ Bz - (R eR n + iR eωn + i R nωe)
z (2.183)At the compensation point and for the measurement time much shorter than the relax­ation time ofthe nuclearpolarisation, the system response is given byF Υ±(0)Υ⊥

∆Bz  = 0
-R-n-≈-→0 γF Υ z

R e
(α n -  α e), (2.184)
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Figure 2.9: Analytical solutions of the comagnetometer frequency response to the rotating perturbations[Eq. (2.173)]. The left colum n shows the solution for F  +  ,  and the right colum n presents the solution for F ⊥- .  The com plete list of parameters used for the sim ulations is given in  Appendix A.1.  The obtained magnetic field response is similar to the response of the band-pass filter in  both presented cases. Such characteris­tics arise from the low-frequency response being suppressed by the self-com pensating m echanism  and the limited bandwidth of the alkali-metal response at high frequencies. This is in  contrast to the response to non­m agnetic perturbations, where the absence of the self-com pensating m echanism  at low frequencies results in a frequency response similar to the low-pass filter.

which means that the system is sensitive only to perturbations with α n = α e. This is in agreement with the results of Ref. [57]. In practice, it means that in such a regime, the system is insensitive to the external magnetic fields while remaining sensitive to the non-magnetic perturbations. It is also worth noticing the similarity between the D C  re­sponse of the SERF magnetometer [Eq. (2.111)] and the comagnetometer [Eq. (2.184)]. This similarity shows that for the low-frequency perturbations and at the compensation point, the comagnetometer acts as the SERF magnetometer, which is shielded from the magnetic-field perturbations by the noble-gas polarisation, and it senses the difference between the perturbations of the noble-gas and alkali-metal polarisation, which is pro­portional to (α n - α e).The finite relaxation rate of the noble polarisation, R n = 0, leads to the non-zero re­sponse of the system to the low-frequency magnetic field, as pointed out in Ref. [128]. Hence, the finite nuclear-polarisation relaxation rate limits the suppression of the mag­netic fields in the compensation point and may lead to deterioration of the sensitivity to the low-frequency non-magnetic couplings. This effect may be more prominent in the comagnetometers, which are based on 21Ne due higher relaxation rate of the nuclear polarisation. However, in practice, this effect remains rather small since the noble-gas relaxation rate is still m uchlow erthan anyotherparam eterof the system.It is clear from Eq.(2.183) that the sensitivity of the system strongly depends on the detuning from the compensation point ∆ Bz . The detuning suppresses the response to the non-magnetic perturbations but also as increases the sensitivity to the magnetic field. For this reason, it is crucial to keep the ∆ Bz as low as possible over the whole time of the measurement.
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2.2.10. RESPONSE TO THE PERIODIC PERTURBATIONSThis section analyses the response of the comagnetometer to the periodic perturbations applied along the y -axis b⊥  = i b0sin(ω t) = y (eiωt - e~ iω t), (2.185)where it was assumed that b0 is real.The periodic perturbation [Eq. (2.185)] can be considered as the superposition of tw ocounter-rotatingfieldsalsoconsideredinEq.(2.171). S in ce B H E [E q .(2.170)]is th e  first-order ordinary equations, the response of the comagnetometer to the periodic (har­monic) perturbations Υ h  can be expressed in terms of the response to the rotating per­turbations Υ h⊥ = 12 Υ +⊥e iω t- Υ -⊥e- iω t . (2.186)Then, fro m E q .(2.162),thepolarisationcom ponentsalongx an d y canbeexpressedinafollowing wayΥ h = Re hΥ ⊥ = Re υ⊥-  υ⊥ cos(ω t) - Im γ ⊥ + γ ⊥ sin(ω t) = γ cx cos(ω t) + γ sx sin(ω t),(2.187)Υ hy = Im hΥ ⊥ = Im γ ⊥ - γ ⊥ cos(ω t) + Re γ ⊥ + γ ⊥ sin(ω t) = γ cy cos(ω t) +γ sy sin(ω t),(2.188)where Υ ic and Υ is are the out- and in-phase components of the response, respostively. Alternatively, these results can also be presented in terms of the amplitude ∣Υ h (ω)∣ and phase arg Υ ih(ω) ofthe comagnetometerresponseγ h = ∣γ h (ω) ∣sin (ωt + arg[γ h1 (ω)]). (2.189)The amplitude and phase responses then can be defined through the complex polarisa- tionresponse[Eq.(2.187) o r E q .(2.188)]
∣γ h (ω)∣ = ∕ ( Υ i  )2 + (Υ f )2, (2.190)

I Υs )arg Υ ih(ω) = arccos i . (2.191)
i ∣Υ ih(ω)∣Although the connection between previously considered frequency responses to the rotating perturbation is not trivial, the qualitative behaviour ofthe comagnetometer can stillbe predictedbasedonthe filter-likemodel. Figure2.10presentsthecalculatedfre- quency responses to the harmonic perturbations applied along the y -axis, plotted for the same parameters as for the rotating perturbation in Fig. 2.9. In both cases, the re­sponse to the non-magnetic nuclear perturbation is determined by the low-pass filter functions and the response to the periodic non-magnetic nuclear perturbations reveals the same low-pass filter character. The same is true for the magnetic-field response, i.e., the response character remains that of a band-pass filter. The response to purely elec- tronperturbationisgivenbythecom binationofbothlow -andband-passfilters.
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Figure 2.10: Analytical solutions for the frequency response of the comagnetometer at the com pensation pointto the harm onic perturbation applied along the y -axis. The left colum n shows F xh and and right F yh .  The parameters used for the plots are the sam e as in Fig. 2.9,  and they are presented in  Appendix A.1.
2.2.11. D IRECTIONAL SENSITIVITY OF THE COMAGNETOMETERApplication of the comagnetometer for searches of the exotic-spin couplings generated by astrophysical sources requires a good understanding of the directional sensitivity of the sensor. In particular, this is important in determination of expected-signal patterns , generated in the model under consideration.In general, there are two main directional characteristics of the comagnetometer. The first is the ability to detect the perturbation from various directions, while the second is the ability to identify the direction of the detected perturbation. The results of the previous section [Eq. (2.190) and Fig. 2.10] can be used to characterise the considered comagnetometer in these categories.This section considers the comagnetometer exposed to the generic perpendicular perturbation b⊥  .  Such perturbation can be expressed through its Cartesian components according to Eq. (2.162) b⊥  = bx + i by .  (2.192)Equation (2.190) provides the solution for the response of the system to the generic field applied along y.  The rotating symmetry of the system (the leading field is colinear with the pump beam , and therefore initial polarisation) allows the derivation of the result for the perturbation along x (along the probe beam) swapping the indices for x -  and y -axes and taking into account the complex phase change related to such a change.19From the frequency response presented in Fig. 2.10,  one can note that for the low- frequency non-magnetic perturbations, the system response to the perturbations per­pendicular to the probe beam is by multiple orders of magnitude stronger than to the field along the probe beam . This indicates the possibility of only detecting the perturba­tions along the single axis. The difference in the response decreases with the frequency and equalises when ω ≈ ωn  .  For the frequencies above ωn ,  the responses for both axes have approximately the same amplitude. Such a situation creates two distinct regimes in term sof directionalsensitivity forlow- (ω ≪ ωn) and high- (ω ≤ ωn)frequency perturba­tions. In this case, the comagnetometer is sensitive to any perturbation in the x  y -plane.19 The swapping of x-  and y-axes is equal to rotation in the com plex plane, hence the com plex phase changeby π !2  must be taken into account.
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Therefore, instead of the sensitivity axis, it is more appropriate to consider the sensitivity plane, which is perpendicular to the pump beam . In a high-frequency regime, the co­magnetometer is sensitive to the projection of the perturbation on the sensitivity plane, and the determination of the perturbation direction based on the amplitude of the re­sponse is not possible anymore. However, the difference in the phase response to the perturbations applied along the perpendicular axes may potentially provide a way for a more precise determination of the perturbation direction.The frequency response to the magnetic field (Fig. 2.10) in the low-frequency regime is suppressed due to the self-compensation, with the m uch stronger suppression in the direction perpendicular to the probe beam.20 However, in the high-frequency regime, the response to the magnetic field along both axes has the same amplitude, which leads to sensitivity in the x  y -plane. Such ambiguity in the comagnetometer response to the perturbationsappliedalongthex -a n d  y -axesm ayhaveparticularim portanceinsearches where the directional sensitivity plays an important role in the determination of the ex­pected signal pattern. These are effects modulated by the Earth rotation [129- 131] orthe axion domain walls [39,  46, 61],  where the expectedperturbation has a certain propaga­tion direction.
2.2.12. RESPONSE TO THE TRANSIENTSThe detection of transient spin perturbations is one of the crucial scientific targets for the GNO M E project. In the context of the searches with the comagnetometers, the main interest is in the transients with the substantial part of the perturbation spectrum laying within the bandwidth of the self-compensation.Forthe currentdiscussion,onecanconsiderthe Lorentzian-shapedperturbationap- plied along the y -axis bp (t) = i b0L E(t ), (2.193)where L E (t ) is the Lorentzian curve

— τ
L e  (t) = V T - 2 2, (2.194)

τ2 + (t - t0)2where t0 is the time of the pulse centre and τ is the pulse temporal width (HWHM). With suchapulse, the totalenergyofthe pulse, correspondingto the square o f L E (t), remains unchanged with modification of the pulse width.Since the comagnetometer is considered in the linear regime [Eq. (2.170)], the spec­tral response to the transient perturbation can be obtained with the frequency response ofthe comagnetometer[Eq. (2.189)] andthe Fouriertransform ofthe pulse bp (ω)
Υ P (ω) = V 2 π bp (ω)Υjh (ω) = V2π b0L E(ω)Υ hx(ω), (2.195)where the Fourier transform of the Lorentzian is

lE «  = f  [l e  (t )] = √ 2 t <2∙196)
20 This is a  result of the finite relaxation rate, which adds the low-pass filter-like com ponent to the com agne­tometer frequency response [Eq. (2.177)].
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Figure 2.11: Sim ulated am plitude response sim ulated [Eq. (2.197)] to the 1-s-long (left) and 0.01-s-long (right) Lorentzian pulse [Eq. (2.193)]. The com plete set of parameters used for the comagentometer simulations is presented in Apendix A.1.
Because the time shift of the pulse leads to an additional phase in the response, but it does not change its amplitude, without loss of generality, in further considerations, it is assumed that t0 = 0. Then, from the last two equations, one gets the explicit expression for the spectrum of the response to the Lorentzian pulse

γ P (ω) = bp (ω)Υ lh (ω) = b,,π∖ ι Υ iX (ω)e~τlω l'2. (2.197)Most of the data-analysis methods to search for transient effects exploit the access 
power analysis,  which detect potentially valuable signals by tracking the moments when the response signal energy, (2.198)surpasses a certain threshold. Forthe considered transients [Eq. (2.194)], theduration of the pulse τ  determines its spectral width.21 Therefore, for the long pulses when τ - 1 ≤ ωn  , the vast majority of the perturbation energy lies within the self-compensation band­width, and therefore, the magnetic-field response is significantly suppressed for the non­magnetic perturbation. This is in contrast to the non-magnetic response, where the low- frequency components are not suppressed [see Fig. 2.11 (left)]. For shorter pulses, i.e. for the perturbation with a wider spectrum, the unsuppressed high-frequency compo­nents of the response spectrum dominate, hence, there is no such a difference in the amplitude response [see Fig. 2.11 (right)].The relation between the total energy of the response [Eq. (2.198)] and the pulse w idthτ isplottedinFig. 2.12 (left). Theplotrevealsagaintworegim esofcom agnetom ter opertaion, i.e., the low- and high-frequency regimes, determined by the noble-gas Lar­mor frequency. For the low-frequency perturbations (long pulses), the energy of the re­sponse to magnetic pulses and, therefore, its visibility is suppressed, which is not the case for all considered non-magnetic perturbations. Hence, the search for the outlyingenergy events in this case makes most probable the detection of the non-magnetic per­turbations. However, the situation changes for the high-frequency perturbations (short21 The response decreases e -tim es for frequency ω  =  τ
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pulses). In this case, the energy of the response to magnetic and non-magnetic pulses is generally the same for electron coupling, and for the nuclear couplings, the energy starts to be weaker due to the limited bandwidth of the nuclear polarisation response. This change appears due to the dominance of high-frequency components in the perturba­tion spectrum, where self-compensation is not observed. Hence, for the short pulses, it is m uch more challenging to unambiguously confirm the origin of the detected event, which may lead to a much higher rate of false positives in the comagnetometer output.The difference between the comagnetometer response to the non-magnetic and mag­netic perturbations also provides another benchmark for the identification of the non­magnetic perturbations. This is possible with the application of time-averaging of the signal 1 f t
{Υ px (t)>t = Υ px (t')d t ', (2.199)

∆T t- ∆Twhere ∆ T is the time window used for averaging. Here, the previous assumption of t0 = 0 is kept for the pulse perturbation. Then, one can put Υ xp(t ≪ 0) ≈ 0 and assume that the width of the averaging window is m uch wider than the width of the pulse (∆ T ≪ τ), which allows extending the integration limit to minus infinity1 f  t
<γ p (t)>t = Υ P (t')d t ' . (2.200)

∆T - ∞Such a form of the time-averaged signal allows one to find the analytic expression for its spectrum
p Υ xp (ω) pF  [<Υ P (t)>t ] = -  + πΥ P (ω)δ(ω), (2.201)

iωwhere δ (ω) is the Dirac delta function. This expression allows calculating the spectrum of the averaged response using the result of Eq. (2.197). Then, as a measure of the de­tectability of the pulses, one can calculate the energy of the averaged signal
E (S>t = f ∖<γ P (ω)>t ∣2d ω . (2.202)

The results of the simulations of the energy and the averaged signal are presented in Fig. 2.12 (right). Qualitatively, the results of the time-averaged response to magnetic and non-magnetic perturbations follow the same pattern as the results for the raw co­magnetometer response, namely, the magnetic response to the long pulses is sufficiently suppressed compared to both non-magnetic response and high-frequency magnetic re­sponse. However, in this case, the magnetic response is m uch weaker compared to the non-magnetic over the whole range of the pulse widths. This effect appears due to the averaging of the high-frequency components from the signal as a result of the time av­eraging, which leads to the energy of the averaged signal being determined by the low- frequency components of the response. This results in m uch better detectability of the non-magnetic transients compared to the transients of the magnetic origin, which leads to a m uch lower rate of false positives in the comagentometer response.The implementation of the averaging in the GN O M E data analysis pipeline requires a more sophisticated treatment of the expected signals, with particular attention to its
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Figure 2.12: The parameters of the com agnetom eter response [Eq. (2.197)] to  the Lorentzian pulses [Eq. (2.193)] with different pulse duration τ .  Left: the total energy of the response [Eq. (2.198)]. Right: the total energy of the response average [Eq. (2.202)].
spectral distribution. In practice, the gain of the pulse detectability is determined by the parameters of the system, defining the efficiency of the self-compensation22 and by the effects of the averaging on the noise of the comagnetometer. These two parameters, as well as the width of the targeted pulses, will determine the optimal width of the averaging window. Although the results of this section are provided for the Lorentzian pulses, they can be easily extended to the case of any “non-oscillating”  transient perturbation, whose spectrum is centred at zero frequency.
2.2.13. H YBRID OPTICAL PUMPINGOver the course of the discussion presented in this chapter, the self-compensating co­magnetometer was considered as a coupled system of polarised alkali-metal and noble- gas atoms. However, in practice (and later in this work), the self-compensating co­magnetometer frequently employs two alkali-metal species instead of one. A mixture of two different alkali metals is used for the implementation of so-called hybrid opti­
cal pumping.  This is a process in which one of the alkali metals (the donor) is opti­cally pumped with light. The second alkali metal (the receiver) then obtains the angular momentum from the donor via spin-exchange collisions (Fig. 2.13).  The spin-exchange cross-section between the alkali metals of different species is comparable to the cross­section for the spin-exchange between the atoms of the same species and is on the order of σ se ~  10- 14 cm - 2. Such a high spin-exchange rate leads to a strong coupling between alkali-metal polarisations, which results in its coherent evolution in low magnetic fields [132].Hybrid optical pumping is used to improve the homogeneity of the alkali-metal po- larisation,w hichiscrucialto achieve theidenticalcom pensation-pointconditionacross the whole cell. In the direct pumping scheme, the inhomogeneity of the polarisation is primarily caused by the strong absorption of pumping light in the dense vapour. For hybrid pumping, the concentration of the donor is kept at a much lower level than the concentrationofthereceiver,w hichresultsinam uchloweropticaldensityofthe former.22 In this regard, the magnetisation of the noble gas is particularly important since it extends the frequency range where the self-com pensation is observed and enhances the overall suppression of the m agnetic re­sponse.
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Figure 2.13: Schem e demonstrating the m ain processes related to the angular-m om entum  transfer arising in the hybrid optical pum ping. The angular m om entum  is added to the system through optical pum ping of the lower-density alkali m etal (the donor). The donor polarisation is transfered to the alkali m etal of a higher density (the receiver). Both the donor and receiver are used for spin-exchange pum ping of the noble gas and are subjected to relaxation through spin-distraction collisions. The fast spin exchange between the donor and receiver allows consideration of both alkali metals as hybridised alkali-metal system, described by the effective parameters determined by the underlining microscopic dynam ics of alkali metals. The state of the hybridised alkali-metal system is detected with the probe light resonant with the reciever.
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Thereby, m uch smaller polarisation gradients can be achieved with optical pumping of donor, which is next transferred to the receiver, leading to homogeneous spin polarisa­tion of this much denser species.The strong coupling between the alkali-metal polarisations leads to hybridisation of its com m on evolution, i.e ., they have the same Larmor frequencies and the relaxation rates [81, 132].  The limit of the fast spin exchange allows one to consider the two-alkali- metal system as an effective hybridised alkali-metal polarisation whose parameters are determined by the com mon evolution of both polarisations. The comagnetometer with such a hybrid system is described with the same set of the coupled equations as dis­cussed earlier in this work [see Eq. (2.155)]. However, in this case, the hybridised polari­sation of the alkali-metal has modified values of the pumping and spin-destruction rates [81]
R p

Rp = - p  (1 + α),2qd

e Rsrd Rsdd
R esd = ~  (1 - « ) + ~  (1 + « )>2qr 2q d

(2.203)
(2.204)

d ,rwhere q d,r are the slowing down factors of the donor and receiver, Rsd are the spin de­struction rates of the donor and receiver, and the coupling parameter α is defined in a following way
q d n d - qr n r 

q d n d + qr n r
(2.205)with n d,r being the concentrations of the donor and receiver. The state of the hybridised alkali-metal system is typically probed with the light resonant with the acceptor atoms, but detuned from the center of their absorption lines.The scope of this work does not include the microscopic dynamics of the alkali-metal polarisations, and it considers only their effective polarisation. In such an approach, the spin-exchange pumping of the noble-gas nuclear spins is also considered in terms of the overall effects that both alkali-metal species impose on the nuclear polarisation of the noble gas. The schematic summary of the spin-exchange and relaxation mechanisms presented in the system with hybrid optical pumping are presented in Fig. 2.13.

2.2.14. PARAMETRIC M ODULATIO N OF THE ALKALI-METAL POLARISATION The sensitivity of the comagnetometer is fundamentally limited by the spin-projection noise of the probed alkali-metal atoms and the photon shot noise of the probe light. However, in practice, the main limitation of the comagnetometer sensitivity comes from the air motion induced, e.g., by the temperature gradients around the oven heating the vapour cell. This noise scales inversely with the frequency, hence mostly affecting the sensitivity at lower frequencies.In order to mitigate the noise, in high-performance comagnetometers, one can use an evacuated oven or even the entire optical apparatus [133].  Clearly, reducing the airpressure along the optical path of the probe beam markedly diminishes air turbulence and associated effects. Nevertheless, the integration of a vacuum system considerably enhances the complexity of both the experimental configuration and the operation of the comagnetometer.
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Alternatively, the problem can be addressed with the implementation of the para­metric modulation of the alkali-metal polarisation [104,  134].  This can be achieved with the modulation of the leading field. The idea of using the parametric modulation in the comagnetometer is, in fact, an extension of the parametric modulation of the SERF mag­netometer concept described in Sec. 2.1.7.The parametric modulation of the comagnetometer requires the application of the strong oscillating magnetic field along the polarisation axis. The frequency of the modu­lation has to be way above the bandwidth of the nuclear Larmor frequency (see Fig. 2.10). This condition allows the modulation to mostly perturb electron polarisation without significant effect on the nuclear polarisation. In such a case, the parametric modulation can be treated as a measure for more efficient detection of the electron polarisation state and can be neglected in consideration of the coupled dynamics of the electron polarisa­tion of the alkali metal and the nuclear polarisation of the noble gas.Implementation of the parametric modulation enables simultaneous observation of both transverse components of the electron polarisation. This ensures the extension of double-axis sensitivity by the low-frequency regime (see Sec. 2.2.11).  The response at the first harmonics [see Eq. (2.126)] provides the information about the perturbations along the probe-beam propagation direction, while the second harmonic provides the information about the perturbations along the axis perpendicular to both pump- and probe-beam propagation directions. Therefore, one can consider x as the primary sen­sitive axis when the first harmonic response is considered as the output signal. If the second harmonic response is considered the output signal, the prime sensitivity axis is oriented along the y -axis.From Eq. (2.126),  one can see that the amplitude of the response to the transverse perturbations depends on the frequency and amplitude of the applied modulating field and the dependence is defined by the unitless parameter u  [Eq. (2.127)]. Moreover, the first- and second-harmonic responses scale differently with u  (see Fig. 2.14).  The op­timisation of the modulation parameters would require setting of the amplitude and frequency of the modulation such that the response amplitude is maximal. However, for the two-axis operation, the simultaneous optimisation of both response channels is impossible since the maximum response amplitude for the first- and second-harmonic signals is observed at two different values of u  .  Hence, the optimal value for u  has to be checked experimentally. From Fig. 2.14,  the u  value is expected to be between the first local maxima of the responses at the first and second harmonics, which appears to be around u  = 1.2.The modulation frequency has to be such that it allows the effective lock-in detec­tion of the output signal without limitation of the targeted output bandwidth. Hence, in practice, the targeted output bandwidth sets the requirement for the time constant and the filter of the lock-in amplifier, which ultimately leads to the lower limit for the modulation frequency. Then, the frequency of the modulation determines the optimal amplitude [Eq. (2.14)]. This connection effectively sets the higher limit for the frequency modulation since the increase of the modulation frequency leads to the nonlinear effects response of the order where Eq. (2.14) become invalid.
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Figure 2.14: Bessel function defining the scaling factors for the first- and second-harm onic response to the parametric m odulation of the alkali-metal atom s described with Eq. (2.126).  The unitless parameter u  is de­fined in  Eq. (2.127).  The dashed line indicates the value of u  ,  which is optim al for two-sensitivity axis operation.
M O D U L A T IO N  O  F T H E  A T O M S V S P R O B E  M O D U L A T I O NParametric modulation is not the only scheme exploited to increase the sensitivity of the comagnetometer. Another frequently used technique is based on modulation of the probe light and successive demodulation of the light (detection of either intensity or po­larisation state) after it traverses the medium using a lock-in amplifier. This method lim­its the detection bandwidth and hence improves the signal-to-noise ratio of the signal. As such, it is qualitatively different from the parametric-modulation method discussed above. Specifically, modulation of light properties is capable of transmitting the noise related directly to the probe light. In the case of the atomic modulation with the mag­netic field, the low-frequency probe-light-related noise is not modulated, and therefore, the lock-in detection allows a limitation of the low-frequency noise related to the probe light parameters.The signal detected with the photodiode S  can be considered for the illustration of this dicussion

S = S a + ξph  ,  (2.206)where the S a is the signal corresponding to the atomic polarisation, while the ξph is the totalnoise relatedto theprobelight (photon shotnoise,1/f ,  etc.) The m odulationof the probe light leads to a similar modulation of the signal from atoms and light noise
Slm  = (Sa  + ξ p h ) si∏(ωm t), (2.207)so the demodulation of the output signal on the first harmonic of the modulation fre- que∏cy will lead to the sig∏al proportio∏al to the origi∏al ∏oise

SLM  - S'a + ξ'ph , (2∙208)where - S 'a and are the low-pass filtered input atomic signal and the probe noise, respectively.
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In the case of parametric modulation, only the atomic signal is modulated
S PM = S a sin(ωm t )+ ξp h ,  (2.209)therefore the signal demodulated on the first harmonic of ωm  is

Sp0m  - S'a + ⅛ h, (2.210)where ξ p h is the probe-related noise filtered with the window centred at the modulation frequency with a width two times wider than the output bandwidth of the lock-in.The difference between the probe-light noise terms in Eqs. (2.208) a n d (2.210) lies in the central frequency of the noise passing through the detection scheme. For the white noise contributions (e.g., photon shot noise) both cases will lead to the same output noise since the noise spectrum is flat over all frequencies. However, for the frequency- dependentnoise sources, suchas 1/f noise related, e.g., to the airturbulence, the higher frequency window results in substantial suppression of the output noise.
2.3. SUMMARY OF THEORETICAL CONSIDERATIONSThis chapter presented the fundamentals of the optical magnetometry necessary for understanding the SERF magnetometry and self-compensation comagnetometry. This includes the spin dynamics inside of the atomic cell, the optical pumping and prob­ing of the alkali-metal atoms and the spin-exchange optical pumping of the noble-gas atoms. It allowed tracking of the derivation of the models used for the simulation of the real-world sensors, starting from the first principles. The obtained model of the self- compensating comagnetometer [Eq. (2.163)] has been usedfor the derivation of the an­alytical solutions for the comagnetometer response to magnetic and non-magnetic spin couplings.



3
ADVANCED GNOME SENSORS

This chapter continues the discussion of the sensors used in the next generation of Global Network of Optical Magnetometers for Exotic Physics searches (GNOM E), which is also known as Advanced GN O M E (Sec. 1.4).  The current Advanced GN O M E network consists of two sensors located in Kraków (Poland) and Mainz (Germany). The majority of the experimental results provided in this work were measured with the Kraków Advanced G N O M E magnetometer, as its development was a main part of the author's PhD project (see Chapters 4 and 6).  The author also visited Helmholtz Institute in M ainz, where he participated in experiments involving the rotation of the Mainz Advanced GN O M E sen­sor (see Chapter 5).  To support the discussion of the experimental results, this chapter provides the details of the experimental setups for both stations, focusing mostly on the technical aspects of the experiments. The optimisation and characterisation techniques implemented in these systems are discussed in Chapter 4.The key elements of the experimental setup are discussed on a generic scheme of the Advanced G N O M E station presented in Fig. 3.1.  The heart of such a system is an atomic cell containing atoms used to search for the interaction of interest. The cell is placed inside an oven, which allows precise control over the temperature and, hence, concentration/pressure of the atoms. Along with the cell, the oven is mounted inside a magnetic shield, which, in combination with a set of magnetic-field and magnetic- gradient coils, is used for precise control over the magnetic field in the volume of the cell. The state of the atoms necessary for the operation of the comagnetometer is cre­ated with the pump light, allowing optical polarisation of the alkali-metal atoms. The pump beam is circularly polarised and propagates along the z -axis. The state of the atoms is probed through the detection of the alkali-metal polarisation with the probe- laser light, which polarisation is detected with a polarimeter. The probe beam is linearly polarised and propagates along the x  -axis. Since the alkali-metal polarisation state is detected via a parametric modulation technique (see Sec. 2.2.14),  the polarimeter sig­nal is demodulated at the parametric-modulation frequency. In the case of the GNO M E synchronous measurements (GNOM E science runs), the demodulated signal is sent to the GNOME data acquisition system [62] or, in the case of characterisation measure-
77
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Figure 3.1: Generic scheme of the Advanced G N O M E  station. λ ∕4  is a quarter-wave plate; L1 and L2 are lenses to expand the pum p beam; M  is a mirror; P is a polariser; B D  is a beam  dump; P C  is a computer; CSB  is a bipolar current source; G N O M E  D A Q  is a multichannel G N O M E  data acquisition and synchronisation system.
ments and maintenance, directly to the computer in a laboratory. The so-called GNOME  
sanity system monitors the mechanical and magnetic anomalies in the laboratory envi­ronment [135].  The sanity system uses sensors placed outside yet close to the magnetic shield. The experimental setup is placed on the optical table, resting on the vibration- insulating supports.Specific implementations of the experimental setup may vary from station to station. Therefore, to provide the reader with more detailed information about the systems, spe­cific solutions used in Kraków and Mainz stations are discussed in the following sections. 
3.1. ATO M IC  CELLBoth Kraków and Mainz comagnetometers use very similar atomic cells manufactured by Twinleaf. The cells contain 3He (about 3 amg), which is used as the noble gas in the comagnetometer, and a metal droplet of 39 K and 87Rb in 1:100 molar ratio. The cells also contain about 50 torr of N 2 for quenching. It should be stressed that the production of the cells makes it genuinely impossible to precisely control the final concentrations of the gases in the cell. To address this issue, the parameters of the gases were determined based on absorption spectroscopy, which generally confirmed the parameters provided by the manufacturer.The walls of the cell are made of Corning 1720 aluminosilicate glass. The main vol­ume of the cell has the shape of a sphere of about 2 cm  in diameter. In addition to the main volume, the cell has a cylindrical stem on the side of the sphere, which is the re­sult of the production process. The volume of the stem is the main source of the cell asphericity ,  which leads to the gradients of the magnetic field produced by 3He mag­netisation occupying the stem volume. Therefore, the asphericity of the cell increase the relaxation of the noble-gas polarisation, which decreases the stable compensation
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Figure 3.2: Schem atic drawing of the atom ic cell employed in  the Advanced G N O M E  sensors (left) and a  photo­graph of the cell used in  Kraków station (right). The green area in  the schem atic drawing represents the proper plugging of the cell stem with the alkali-metal droplet, which prevents the diffusion of the polarised noble gas into the stem  volum e (the case of the M ainz setup). The red area represents improper plugging of the stem (the case of the Kraków setup). O n  the right picture is the photo of the cell similar to the one used in the Advanced G N O M E  comagnetometers.

3

point (for more details, see Sec. 4.4).  Due to this reason, it is important to keep the vol­ume of the stem as small as possible. The simple solution for this problem is to plug the stem with the alkali-metal droplet present in the cell. This prevents the diffusion of the polarised noble gas into the stem volume and hence improves the sphericity of the cell.In order to plug the stem with the alkali-metal droplet, in both systems, the cell is placed with the stem pointing downwards. In such an arrangement, the droplet is kept in the stem by its own weight. This solution works well for the Mainz station, however, in the Kraków setup the metal droplet is too small to plug the stem properly (see Fig. 3.2). This leads to about 30% smaller polarisation of the 3He obtained in the Kraków setup (see Sec. 4.4 for more details).Although the entire cell is made of non-magnetic materials (except for the cell con­tents with non-zero atomic spins), the ferromagnetic impurities in the glass may pro­duce the local gradients of the magnetic field near the walls of the cell, providing suffi­cient decoherence of noble-gas spins.1 To alleviate this problem, the cell may be demag­netised prior to the installation of the setup.
3.2. H EATING SYSTEMThe operation of the comagnetometer requires a high concentration of the alkali-metal gas, which is ensured by the heating up of the atomic cell. In both Advanced GNO M Estations, the comagnetometers operate at 180° C, which is maintained by the oven m an­ufactured by Twinleaf. In the Kraków setup, the cell is installed on the cell holder made of Teflon (see Fig. 3.3), and the cell is attached to the holder with the Kapton tape. The holder is surrounded by a layer of thermal insulation placed between the stem and the tape for two reasons. First, it creates the temperature gradient between the cell volume
1 This is a serious problem that hold the development of the Kraków station for many months.
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Figure 3.3: Atomic cell and a  cell holder used in  Kraków magnetometer. The cell is m ounted with the Kapton tape. Between the tape and the stem , there is a  piece of thermal insulation material.
and the stem (especially when increasing the temperature of the cell), which prevents the condensation of the alkali metals on the wall of the main part of the cell. Second, the elasticity of the thermal insulation prevents tensions due to the thermal expansion of the glass.The cell with its holder is mounded inside the heat distributor made of Boron Nitride (see Fig. 3.4).  The heat distributor surrounding the cell leads to its more homogeneous heating. The optical access to the cell is provided by five windows consisting of transpar­ent vacuum tubes made of optical glass with antireflection coating (the semitransparent blue-coloured elements in Fig. 3.4).  The vacuum tubes are used the air motion induced by the temperature gradient. They also improve the thermal insulation of the oven in the area surrounding the optical accesses. As the windows naturally tend to be the coolest area in the oven, it may result in the condensation of the alkalies on the walls of the cell. This risk is partially mitigated by the placement of the heating elements, which take the shape of an o-ring attached to the heat distributor (the dark-green elements in Fig. 3.4), such that the heating element surrounds the optical window of the oven. This provides a reduction of the temperature gradient near the windows.The heaters are powered with a high-frequency (150 kHz) AC current, which limits the magnetic-field perturbation of the comagnetometer (the frequency of the current is far beyond the bandwidth of the comagnetometer. The temperature of the system is monitored with the PT1000 thermistor placed within the heat distributor. The temper­ature control and the heater powering are provided by the driver for the heating system (Twinleaf TCHF-50V ).The heat distributor is enclosed in the external housing made of Teflon. The space between the housing and the heater distributor is filled with glass fibre for better thermal insulation of the heating system. Outside, the oven housing is covered with an additional
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Figure 3.4: The schem e of the oven used for heating the atom ic cell.
4-mm layer of thermal insulation based on the Aerogel [136],  which provides additional thermal insulation between the oven and the magnetic shield.The oven is placed on the Teflon stage inside the magnetic shield. The whole heating system is produced with non-magnetic materials and demagnetised prior to the instal­lation inside of the magnetic shield. This limits any potential magnetic-field gradients, originating from the contamination of the materials.
3.3. CONTROL OVER MAGNETIC FIELDSAs was discussed in Chapter 2,  the operation of the comagnetometer requires precise control over the magnetic field in the volume of the atomic cell. In practice, it requires the suppression of the ambient magnetic fields, which is provided by the mu-metal mag­netic shields. However, the magnetic shields themselves can produce magnetic fields due to the residual magnetisation of the material they are made from. These fields may be suppressed by a set of magnetic-field coils placed inside the shield, which is also used for the application of controlled magnetic fields necessary for the operation of the sys­tem.
3.3.1. KRAKÓW SETUPThe Kraków and Mainz Advanced G N O M E stations use two different models of magnetic shields. The Kraków setup utilises the Twinleaf MS-2 magnetic shield, which consists of the four cylindrical layers of mu-metal. The shield provides the suppression of the external magnetic field by a factor of 106. The innermost layer of the shield has a length of 36 cm  and a diameter of 18 cm . The shield has three optical access ports on each base of the cylinder. Five more optical access ports are available at the sides of the shield. The apertures of all ports are are 1.8 cm  in diameter except for the aperture along the main axis of the shield, which is 4.19 cm  in diameter. The shield is equipped with a set of magnetic-field coils, which allow controlling magnetic fields in all three directions, and gradient coils, which allow one to control all five independent first-order gradients of the magnetic field.
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3 Figure 3.5: Electric circuit of the voltage divider used for com bining static current from M C S  and modulated current from  a generator. C S  stands for the current source, F G  stands for function generator, RC S is the resistor for the current source connection, R FG  is the resistor for the functional generator connection, R coi l denotes the resistance of the coil.
The coils are powered with the D M  Technologies Multichannel Current Source (MCS) for the generation of the constant fields. The modulation of the field is provided by the voltage signal from the external generators, which is applied to the coils. The currents from M CS and generator are mixed using a voltage divider (see Fig. 3.5).  The resistance of the additional resistors (RC S and RFG ) has to be m uch larger than the resistance of the coil to avoid interference between the sources of the signal sent into the coil. The whole system is connected to the shielded coaxial cables, and the additional elements are mounted inside the grounded metal housing to avoid picking up of the laboratory electromagnetic noise.

3.3.2. M AINZ SETUPThe magnetic shield in the Mainz setup is the Twinleaf MS-1LF magnetic shield, which consists of three cylindrical layers of mu-metal and the ferrite innermost layer. The esti­mated shielding factor of this shield is about 106.  The shield is smaller than the Kraków setup shield dimensions, and the innermost layer is 12 cm  in diameter and 14 cm  in length. Optical access to the magnetic shield is possible through the apertures present on all sides of the shield. The apertures are 1.8 cm  in diameter for all apertures except for the main axis, where the aperture has a diameter of 3 cm .The shield is equipped with a magnetic-field and gradient coils, which provide the same functionality as the coils in the Kraków setup. The magnetic field coils are pow­ered with the Twileaf CSB-20 current source, while the gradient coils are powered by the voltage output channels of the lock-in amplifier (ZI MFLI 5MHz) connected to the coils with an additional high-precision resistor. All connections are made with coaxial shielded cables, and the additional components are enclosed in the metal housing for shielding from the pick up of the external electromagnetic perturbations.
3.4. LASER SYSTEMThe current G N O M E comagnetometers employ the experimental arrangement with two separate laser beams, one of which is used for probing, and the other is used for pumping of the alkali-metal atoms. The Mainz system also has an additional laser beam pointing
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along the sensitivity axis, which is used for the generation of the AC Stark effect and calibration of the comagnetometer. The details of the implemented laser systems are discussed in the successive subsections.
3.4.1. KRAKÓW SYSTEMP U M P  L A SERIn the Kraków system, the pumping light is provided by the Toptica TA Pro tapered am­plifier driven with the Toptica D LC Pro laser controller. The laser is tuned to the centre of the rubidium D  2 line and is not locked to any external frequency reference, considering the pressure broadening of spectral lines induced by 3He, which leads to the linewidth of about 60 GH z (for more details, see Sec. 2.1.5).  The right-handed circular polarisa­tion is ensured by a crystal polariser and quarter-wave plate. The pump beam is guided through free space (no optical fibres) and is expanded before the magnetic shield such that the coverage of the cell is maximized (the Gaussian beam profile diameter after the extension of the laser beam is about 1.8 cm). Such a beam expansion is used to max­imise the transverse homogeneity of the beam used for optical pumping. After passing the cell, the pump light falls onto the beam dump, where it is absorbed.The optimal operation of the Kraków comagnetometer requires about 150 mW/cm2 of the laser power going into the magnetic shield. The pump laser is operated on the exceeding output power (the total output power is about 3.5 W ), and then the power of the pumping beam is decreased by the subsequent polariser. Such a regime of operation was found to be optimal for the homogeneity of the pump beam.

3

P R O B E  LA SE RIn Kraków, probing of the potassium polarisation is done with linearly polarised light generated by the Toptica D L Pro laser system driven with the Toptica D C  110 laser driver system. The laser frequency is blue-detuned by about 0.6 THz from the centre of the potassium D  1 line and its power is 1 mW (before entering the shield). The diameter of the Gaussian beam profile of the probe beam is equal to about 3 m m . The linear polarisation of the beam is ensured by the crystal polariser placed in the magnetic shield. After the cell, the transmitted light polarisation is measured with the polarimeter. The polarime- ter consists of the Wollaston prism and the differential photodetector [see Fig. 3.6 (right)]. The Wollaston prism splits the beam into two orthogonal polarisation components, which orientation is determined by the axis of the prism. In the measurements, the axis of the prism is oriented in such a way, that for the unpolarised atoms (no optical rotation) in­tensities of the components are equal. The components are detected by two channels of the differential photodetector. The output signal of the differential photodetector is pro­portional to the difference between the intensities of the light detected by its two inputs.
3.4.2. M AINZ SETUPP U M P  L A SERThe Mainz comagnetometer is optically pumped with circularly polarised light tuned to the centre of the rubidium D  1 line. The pump beam has a diameter of about 1 cm  and the power of 70 mW. The pumping light is generated with the Toptica TA Pro tapered am-
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Figure 3.6: Schem atic representation of the polarimeter employed in the Kraków (left) and M ainz (right) setups. WP is the Wollaston prism, P is the polariser, and D  stands for the photodetectors.3

plifier controlled with the D LC Pro digital laser driver. An important difference between the Kraków and Mainz pump-laser systems is that in the latter, the laser light is coupled to polarisation-maintaining (PM) fibre and is transmitted next to the shield within the fibre. This solution allows for the reduction of intensity noise present in the free-space configuration and originating mostly from air motion and thermal drifts in optomechan­ical components of the setup. The pump light is decoupled from the fibre using a mount attached to the shield using the cage system. This system is also used for the mounting of remaining optical elements, such as the beam , the expander, and the quarter-wave plate.
P R O B E  LA SE RThe state of the Mainz comagnetometer is probed with the linearly polarised light blue detuned by about 0.5 THz from the potassium D  1 line. The probe light is generated by the Toptica DL Pro laser system controlled with the Toptica D LC Pro laser driver. Simi­larly, as in the pump-light case, the probe light is guided through a PM  fibre and leaves the fibre close to the shield using a coupler mounted to the shield with the cage system, which also holds the crystal polariser and half-waveplate used for control of the pump- beam intensity and polarisation.The probe light transmitted through the atomic cell goes to the cage-mounted po- larimeter. This polarimeter consists of the crystal polariser (playing a role of an analyser in this case) and a single photodetector [Fig. 3.6 (right)]. The main axis of the polariser is oriented in such a way that it is nearly crossed with the initial polarisation of the probe light. The polarisation rotation of the probe beam then causes a change in the inten­sity of the light detected by the photodetector which is proportional to the angle of the rotation.
3.4.3. L IGHT-SHIFT GENERATING LASER The Mainz system is equipped with an additional laser used for the generation of the AC Stark effect, employed for testing and calibrating the comagnetometer.2 To do so, the circularly polarised light is applied along the x  -axis. The laser is blue detuned by about
2No such laser is used in the Kraków station, thus the setup does not offer the capability of testing non­m agnetic spin couplings based on the AC Start effect.
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Figure 3.7: Simplified schem e of the M ainz setup, presenting the elements used for controllable generation of the light shift and probing of the alkali-metal polarisation. P C  stands for the personal com puter controlling the system, P is the polariser, D  denotes photodetectors, L-S laser stands for the laser used for the generationof the light shift, M is a  mirror, Λ ∕4  is the quarter wave plate.

3

1.5 THz from the potassium D  2 line. The amplitude of the applied light shift is controlled through the power of the applied light.The light-shift beam is generated by the MSquared Ti:Sa laser. This free-space beam is sent through the acousto-optical modulator (AOM) operating in the first order of diffrac­tion, which is used for modulation of light intensity. This solution enables shaping the light pulses and hence the time dependence of the perturbation. The light directed into the first order of AOM diffraction is sent to the optical coupler attached to the high-power PM  fibre. The optical fibre is used for guiding the light to the output coupler attached to magentic shield with the cage system [see Fig. 3.7].  To limit the cross-talk between the beams, the light-shift beam propagates in the opposite direction with respect to the probe beam . The overlapping of those two laser beams is achieved with the 70∕30 beam splitter placed in the crossing of the beams.
3.5. OUTPUT SIGNALBoth currently operating Advanced GN O M E comagnetometers employ parametric mod­ulation for the efficient detection of the alkali-metal polarisation (for more details, see Sec. 4.1).  This requires the generation of high-frequency modulation of the leading field, which in the systems is provided by an internal generator of the lock-in amplifier (see Fig. 3.1).  In that case, the polarimeter signal is sent to the input of the lock-in amplifier and demodulated at the modulation frequency. The signal demodulated at the first and second harmonics of the frequency provides information about the perturbations along 
x and y,  respectively. In the Kraków setup, demodulation on the first two harmonics is provided by two separate lock-in amplifiers (SRS 830), while in the case of the Mainz setup, a single lock-in amplifier (ZI MFLI 5 MHz) allows the use of two separate demod­ulators for the same input signal.The demodulated output signals are recorded with the GN O M E DAQ system an d ∕or directly with a computer. The GN O M E DAQ system time-stamps the measured data points with respect to the GPS time reference and sends them to the computer for long­
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term storage and further analysis. The standard sampling rate utilised in the GNO M E searches is 512 samples/s.3The Kraków setup is also equipped with the G N O M E sanity system [135].  This is an Arduino-based system using a flux magnetometer, accelerometer, and gyroscope. The sensors of this system are placed near the magnetic shield, which allows for flagging of the laboratory environment anomalies unrelated to the exotic spin couplings. The sanity system sends the digital signal to the G N O M E DAQ system, which, in case of classical perturbations exceeding the thresholds, flags the comagnetometer data (the readouts of the sanity-system sensors are independently stored on a local computer).
3.6. CALIBRATION PULSEThe Kraków setup employs a periodic magnetic-field pulse for monitoring the comag­netometer and its precise calibration4 (for more information see Chapter 5).  For this purpose, the magnetic-field pulse can be applied along the x  -  or y -axes. The signal with the magnetic-field pulse is generated with the N I 6221 PCI DAQ card, which is connected to the modulation input of the magnetic coil (Fig. 3.5).  The connection is realised via the relay, which is controlled through a digital signal generated by the same DAQ card. The relay allows physical disconnection of the DAQ card from the magnetic coil when it is not used. This enables the avoidance of contamination of the comagnetometer signal with additional noise.The time of the pulse is precisely synchronised with the GPS reference provided by the GN O M E DAQ system. This system provides a pulse-per-second (PPS) signal precisely synchronised with the GPS time reference. The PPS signal is sent to one of the inputs of the AND gate used to trigger the calibration pulse. The second input of the AND gate is connected to the DAQ card programmed to send a 1-s long digital signal centred at the time of pulse (see Fig. 3.8).  The time of pulse is defined with respect to Universal Time Coordinated (UTC) based on the local computer time, which is synchronised with the local Internet time server.5 The synchronisation of the pulse sent from the DAQ card with the GPS-synchronised PPS signal is necessary for the compensation of the delay acquired by the local computer clock, which was measured at a level of 2 ms/day for the Kraków computer.
3.7. LOCATION OF THE EXPERIMENTAL SETUPS

3.7.1. KRAKÓW STATIONThe Kraków comagnetometer is located at the second floor of the Marian Smoluchowski Institute of Physics of the Jagiellonian University in Kraków. The geolocation coordinatesof the experimental setup are: latitude: 50.03° , longitude: 19.91° . The azimuth angle of the prime sensitivity axis (x in the laboratory frame) is 156° , while for the pump beam orientation (z axis in the laboratory frame) is 246° . The altitude of both axes is equal to 0° (they are horizontal with respect to the Earth's surface). Thereby, the sensitivity
3 The sampling rates in  the range between 1 S/s to 1024 S/s, in  steps of two, are possible.4 At the point of writing this dissertation, the M ainz system is not equipped with such a capability.5 The local in  this context m eans the servers located in  Poland.



3 .7 . LO C A T IO N  O  F T H E  E X P E R IM E N T A  L S E T U P S 87

Figure 3.8: Time equence triggering the calibration pulse. The PPS signal (blue) and the time-window signal (computer D A Q  card) are sent to the A N D  gate. The output of the gate is used for triggering of the calibration pulse. The triggering pulse is synchronisation with the PPS signal reference the G PS tim e. The tim e axis ∆ t  is measured in tim e delay from  the tim e of an actual pulse.

3

plane is vertical with respect to the Earth's surface and is oriented at the 156° , along the azimuth angle.
3.7.2. M AINZ STATIONThe Mainz station is located on the underground floor of the Helmholtz Institute at M ainz. The geolocation coordinates of the experimental setup are latitude: 50.0° and longitude: 8.23° .  The azimuth angle of the prime sensitivity axis (x  in the laboratory frame) is oriented at 162° , and it is parallel to the Earth's surface (the altitude angle = 0°). The pump-beam orientation (the z-axis in the laboratory frame) is vertical with respect to the Earth's surface (altitude angle = 90° ).
3.7.3. RELATIVE ORIENTATION OF THE SENSITIVITY PLANESThe prime sensitivity axes of both stations are near parallel and they are near-parallel to the Earth's rotation axis. Hence, the orientation of the prime sensitivity axis of the Advanced GNO M E stations is weakly dependent on the daily rotation of the Earth. This shouldbe takeninto accountinthe experiments, where the dailym odulationofthe low- frequency response is expected. In a high-frequency regime, one should take into ac­count the sensitivity planes. The common-mode response of the Mainz and Kraków stations is determined by the intersection of the sensitivity axes from the two stations, which practically overlaps. However, the near-perpendicular orientation of the pump beams for the stations leads to the sensitivity planes being near-perpendicular, there­fore eventual daily modulation effects on the station's signal will be shifted in phase by nearlya quarterofaday.
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Figure 3.9: Photos of the M ainz com agnetom eter. The m agnetic shield is mounted on  the rotating stage, which allows the rotation of the whole system. The fibre-guided laser light, which output couplers m ounted at the side of the m agnetic shield, allows the rotation of the system without a change in  the relative orientation be­tween the applied magnetic fields and laser beam s.
3.8. THE ROTATION SYSTEMThe Mainz comagnetometer is mounted on the rotating stage (Fig. 3.9),  which allows the controllable rotation of the system around the prime sensitivity axis. This is used for the direct calibration of the system. The output couplers of the fibre-guided pump, probe, and light shift laser beams are mounted on the side of the magnetic shield and rotation stage. This allows the rotation of the system without relative change of the orientation between the laser beams and the magnetic fields applied to the atomic sample.The rotation of the stage is driven by the Thorlabs MTS50-Z8 step motor, which is mounted to the long mechanical arm attached to the stage (Fig. 3.10).  The step mo­tor moves the end of the arm in a vertical direction, which translates into the rotation movement of the stage. The motor is capable of the movement with the maximum lin­ear acceleration of amax = 4.5 mm/s- 2 and the linear velocity of ∙θrmax = 2.5 mm/s. The mechanical-arm length (the distance between the rotation axis and the point ofthe con­nection with the step motor) is L  = 70 cm. This leads to the maximal possible angular frequency ofthe rotation ωrmax

(3.1)
Thiscorrespondstothe effective nuclearperturbationamplitudeequalto b rmax=17.43pT.
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Figure 3.10: Schem e of the rotation system im plem ented in  the M ainz system. The system is m ounted on  the rotating stage of the rotation axis overlapping with the primarily sensitive axis of the com agnetom eter. The linear m otion of the step motor is translated into the rotation m otion through the m echanical arm attached to the rotating stage.
3.9. FIN A L REMARKS ON THE ADVANCED GNOME SENSORSIn this chapter, the key technical details of the Advanced GN O M E comagnetometers de­veloped in Kraków and Mainz were described. Although both systems realise similar measurement protocols and are built with the vapour cells with the same isotopic con­tents, there are a number of differences between implemented solutions. The difference is notable even visually when the photograph of the Mainz system (Fig. 3.9) is compared with the photo of the Kraków setup (Fig. 3.11).  Such a variation in the technical solutions utilised in Advanced GN O M E comagnetometers leads to the requirement for standard­ization of the comagnetometer calibration and maintenance procedures, which allow meaningful comparison of the measurements from different stations. Specifically, this is discussed in details in Chapter 5.  In the next Chapter, the Kraków comagnetometer is used as an example in a discussion of the techniques which can be used for the optimi­sation of the GN O M E comagnetometers.
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Figure 3.11: Photo of the Kraków Advanced G N O M E  com agnetom eter. The arrows depict the orientations of the probe (magenta) and the pum p (yellow) beam  propagation directions.



CHARACTERISATION AND 
OPTIMISATION OF THE SENSOR

4.1. OPTIM ISATIO N OF THE PARAMETRIC M O D ULATIO NTo perform ultrasensitive searches for yet undiscovered exotic spin coupling, optimi­sation of the comagnetometer performance is one of the most important tasks to be realised. A specific approach to achieve this goal involves optimisation of parametric modulation, specifically such parameters of the modulation as its frequency and am­plitude (principles of the parametric-modulation technique are described in Sec. 2.1.7). This chapter describes the optimisation process based on the example of the Kraków Advanced GN O M E comagnetometer.
4.1.1. THE OUTPUT BANDW IDTH OF THE DETECTION SYSTEMThe bandwidth requirement for the comagnetometer to be used in GN O M E searches determines an upper limit on the time constant used for the lock-in detection of the modulation. In other words, the time constant sets a lower limit on the frequency that can be used for the modulation, as the carrier frequency has to be filtered out by the low-pass filter of the lock-in amplifier. Thereby, the parametric modulation frequency is predetermined and the optimisation process falls into the search for the optimal value of the modulation amplitude. This task is tackled with the measurement of the amplitude of the comagnetometer signal as a function of parametric-modulation amplitude. In fact, this is an experimental determination of the dependence presented in Fig. 2.14.In our searches, the desired bandwidth of the comagnetometer searching for tran­sient or oscillatory non-magnetic perturbations is 100 H z. In the Kraków station, this is achieved by detecting the parametrically modulated signal with a lock-in amplifier of the 1-ms time constant and -12 dB/oct filter. In this case, the frequency of the sine-wave modulation of the leading field is set to 2 kHz.
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Figure 4.1: Normalised first- and second-harm onic response of the com agnetom eter versus parametric- m odulation am plitude. The probing sinusoidal modulation of the m agnetic field with a  constant am plitude of 1 pT and a  constant frequency of 40 H z have been applied along the x  -axis for the measurements of the first harm onic response and along the y  -axis for the second-harm onic response. The dashed magenta line denotes the modulation am plitude optim al for the two-axis operation of the magnetometer.
4.1.2. M ODULATION AMPLITUDEThe parametric modulation tests are conducted with the comagnetometer operated at the compensation point (for more details, see 2.2.4).  In that case, to analyse the first harmonic response, the response amplitude is probed by applying the test sinusoidal magnetic field along the primary sensitivity axis x.  In turn, the sinusoidal modulation along the y -axis is used to analyse the second-harmonic response. The fields used for the analysis of the response later in this work will be called the probing field for differ­entiation from the field used for parametric modulation. The amplitude of the probing magnetic field is 1 pT, and its frequency is 40 H z. The probing-modulation frequency is chosen to be above the helium Larmor frequency but still within the bandwidth for the alkali-metal response. The amplitude of the response is determined using the Fast Fourier Transform (FFT) of the output signal, in particular, the amplitude of a 40-Hz component observed in the spectrum.The results of the measurement are presented in Fig. 4.1.  As shown, two maxima (one at the first harmonic and the other at the second harmonic) arise at different mod­ulation amplitudes. As the Advanced GN O M E sensors have to be operated in a two-axis mode, the compromise modulation amplitude is chosen such that the response at both harmonics is at a level of 90% of their maximums.Although experimental data follows qualitatively the predictions of the theoretical model (see Fig. 2.14),  one can also note its slight deviation from the predictions based on the Bessel functions. This is particularly visible at higher modulation amplitudes. This is due to the nonlinear response of the alkali-metal polarisation to the perturbation, which becomes significant at these frequencies. It should be stressed that the same behaviour is also observed in the SERF magnetometers [104].
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Figure 4.2: Amplitude of the signal detected at the first and second harm onic of the m odulation frequency versus the m odulation am plitude along with the linear fits. The provided results present the dependence of the com agnetom eter response to sinusoidal perturbation with a frequency of 40 H z applied along the x  -axis in  the case of the first harm onic response and the y -axis in  the case of the second harm onic response.
4

4.1.3. L INEARITY OF THE RESPONSEThe theoretical predictions for the comagnetometer response presented in Sec. 2.2.4 are derived under the approximations of small angles, which is equivalent to the linearisa­tion of alkali-metal polarisation response within the coupled comagnetometer system. Therefore, the linearity of the response indicates the system operation under conditions described in the theory section.The linearity of the comagnetometer response has been studied with a periodic prob­ing perturbation similar to the one used for the optimisation of the parametric modula­tion. However, in that case, the amplitude of the parametric modulation was constant, and the amplitude of the probing modulation have been varied. The results of the mea­surements are presented in Fig. 4.2.  The measured response of the comagnetometer is linear, which confirms the agreement between the theoretical predictions and the exper­iment within the perturbation range of the interest.
4.2. OPTIM ISATIO N OF THE PROBE LIG H T PARAMETERSMaximisation of the comagnetometer sensitivity requires optimisation of the probe light. The probe-light parameters, mainly its power and frequency, can be optimised with re­spect to the signal-to-noise ratio (SNR) of the detected signal. These two parameters can affect both the amplitude and noise of the detected signal, so it is crucial to optimise them with respect to the SNR value.Similar to the case of the amplitude optimisation discussed in Sec. 4,  the direct appli­cation of the non-magnetic perturbation to the spins is challenging and experimentally impractical. Therefore, same as before, the system is probed with the sinusoidal modu­lation along the x  -axis with an amplitude of 1 pT and a frequency of 40 H z, and the noise floor for the SNR analysis has been estimated with the average noise in the 10 Hz wide window centred at 40 H z.
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Power [uW]
Figure 4.3: Experimental optim isation of the probe beam  power in  the Kraków com agnetom eter. The pre­sented results are obtained with the probe m odulation of the system with the sine-wave m agnetic field. The m odulation frequency is set to 40 H z, while the am plitude of the m odulation is 1 pT. The presented average noise floor is obtained with a  10 H z window centred at the modulation frequency (with the exception of the 50-Hz point). The dashed m agenta line denotes the probe power chosen for the operation of the com agne­tometer.

The results of the probe-power optimisation are presented in Fig. 4.3.  As shown, the signal amplitude is proportional to the power of the probe beam , with the exception ofthe probed powers below 200 μW, where its amplitude is strongly affected by absorption of the light in the atomic vapour. At the same time, the noise floor does not change up to ≈ 400 μW, where it eventaully starts to rise. For the lower end of the probe power, the noiseisdom inatedbythe sourcesunrelatedto theprobelight(e.g., electronicnoise). For higherpower, itstartsto dependonthepow erofthe probe light, whichindicatesthatthe probe-light polarisation noise becomes dominant. For our experimental conditions, the optimalvalue ofSN Risobservedataprobe-pow erofabout1m W . The factthatatsucha power there is no strong dependence on SNR on light intensity is beneficial in the scope of the long-term stability of the system.The dependence of SNR on the detuning of the probe light from the rubidium D 1 transition is presented in Fig. 4.4. The detuning mostly affects the amplitude of the re­sponse. Similarly to the case of power optimisation, the results for the detuning reveal a plateau of SNR close to the point of maximum SNR. The optimal value of the detuning
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Figure 4.4: Experimental optim isation of the probe-light frequency in  the Kraków com agnetom eter. The pre­sented results are obtained with the probe m odulation identical to the case described in Fig. 4.3.  The dashed m agenta line denotes the frequency of the probe beam  chosen for the operation of the comagnetometer.

4

is determined by the approximate centre of the flat area in the SNR results, which allows for improving both the sensitivity and the long-term stability of the comagnetometer system.
4.3. D IRECT MEASUREMENTS OF 3 H E MAGNETISATIONMonitoring of the noble-gas polarisation is an important element in the development and characterisation of the noble-gas-alkali-metal comagnetometers. There are two techniques of monitoring the noble-gas polarisation used in the development of the Ad­vanced G N O M E sensors. The first method is based on the single-beam measurement of the synchronously pumped SERF magnetic resonance (Sec. 2.1.6).  The second in­volves the observation of the comagnetometer response to the magnetic-field modula­tion in various leading fields. Both methods exploit the original idea of using the shift in the Larmor frequency of the alkali-metal atoms generated by the interaction with the polarised noble-gas atoms [122].  However, the different experimental realisation of the measurements leads to complementary results and reveals various aspects of the system behaviour. The details of the experimental realisation of these methods and the experi­mental results obtained with the Kraków comagnetometer are presented in the following
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Figure 4.5: Experimental setup for the noble-gas polarisation measurements exploiting the measurements of synchronously pum ped alkali-metal atom s.
4 subsections.

4.3.1. SYNCHRONOUSLY PUMPED SERF RESONANCEIn this section, the method for a non-perturbing measurement of the noble-gas polar­isation is proposed. The method uses the alkali-metal magneto-optical resonance ob­served with the synchronous pumping. In the comagnetometers system, observation of the magnetic resonances is similar to the measurement of the magnetic resonances in the SERF magnetometer, which is described in Sec. 2.1.6.  However, in this system, in addition to the leading magnetic field, the alkali-metal polarisation is exposed to the frequency shift generated by the interaction with the polarised noble gas.
SERF R E S O N A N C E S  IN  T H E  C O M A G N E T O M E T E  R S Y S T E MThe measurement is realised in a single-beam configuration, in which the probe-beam polarisation is changed from linear to elliptical by adding a quarter-wave plate before the light goes inside the shield (Fig. 4.5).  This allows one to simultaneously pump and probe the alkali-metal atoms. The modulation of the light intensity, necessary for the synchronous pumping, is provided by the mechanical chopper placed in the beam path before the light enters the shield. The measurement is performed at the constant leading field applied along the z -axis, whose amplitude is far from the compensation point. The synchronously pumped resonances are recorded by scanning the chopper/modulation frequency and demodulating the polarimeter signal at the first harmonic of the modu­lation frequency. When the magneto-optical resonance is measured, the pump beam is blocked by the mechanical shutter to avoid perturbation of atoms from the pump beam. Figure 4.6 presents a representative magnetic resonance measured with the technique.Measured signals are fitted using the results of Sec. 2.1.6,  where the formula for the magnetic resonance is derived, and the resonance parameters are obtained. To adapt the results of the theoretical section to the comagnetometer case, one has to take into account the difference in the orientation of the pump-beam axis. The theory section considered the arrangement with perpendicular pump and probe beams, while here, a single beam is used for pumping and probing. This difference results in a change of the global phase of the complex Lorenzian profile [Eq. (2.124)] without modification of other
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Figure 4.6: SERF magneto-optical? resonance measured using synchronous pum ping. The experimental data (blue dots) is the quadrature response at the chopper m odulation frequency obtained with the lock-in am pli­fier. The solid line provides the results of the experimental-data fitting with the model from Eq. (4.1).
parameters. The second difference to be considered lies in the pumping-rate modula­tion pattern. In the discussed experiment, the mechanical chopper provided square- wave modulation of the pumping rate, while the theoretical model assumes sinusoidal modulation. However, the first-order approximation of the square wave is represented by the sine function, and hence Eq. (2.123) provides a valuable approximation of the pumping rate modulation in the considered experiment.The solution given in Eq. (2.124) leads to the following fitting model for the quadra­ture signal obtained with the lock-in detection

S q = Im[(S -  - S + )exp(iφ)]+ c ,
S  a  f 0 -  f  + i δ f ,  (4.1) 
S ±  =± a ( f ± f0)2 + δ 2f ,

where φ,  c ,  a ,  f 0 and δ  f are fitting parameters, while f is the frequency of the chopper. The fitting parameters have the following interpretation: φ is the relative phase shift, c is the offset signal, which is present due to the non-zero time-averaged pumping rate;
f0 is the position of the resonance, while δ  f is the width of the resonance and a  is the amplitude of the resonance.IN S IG H T S  F R O M  T H E  N U C L E A R  P O L A R IS A T IO N  D Y N A M IC SRelaxation or buildup of the 3He polarisation can be observed by repetitive observation of the magnetic resonances.1 The change in the noble-gas polarisation amplitude leads to changes in the SERF resonance frequency. Figure 4.7 presents an example of the 3He relaxation observed in the Kraków comagnetometer.1 In case of the pum ping and buildup of the polarisation, the pum ping light is blocked only for the tim e of the SERF resonance measurement. To minim ise a  systematic effect of the periodically blocked pum p beam , the repetition tim e of the resonance measurement has to be m uch longer than the tim e of scanning the reso­nance.



98 4. C H A R A C T E R IS A T IO N  A N D  O  P T IM IS A T IO N  O F  T H E  S E N S O R

4

The presented method is particularly useful for the direct determination of the lon­gitudinal relaxation time of the noble-gas polarisation T1n  .  Unlike many conventional methods, this technique does not destroy the noble-gas polarisation. This not only sim­plifies the measurements of T1n  but also makes it possible to apply the technique in the cases when the longitudinal relaxation time is comparable with the transverse relaxation time T2n ≈ T1n  .  Moreover, the method may be further improved by adding the feedback system controlling the chopper frequency to keep the modulation in resonance with the Larmor frequency of the alkali-metal atoms. This enables continuous monitoring of the level of the noble-gas polarisation, making it even more suitable for cases when T2n ≈ T1n  .The measurement of the noble-gas relaxation can be a powerful tool in the analysis of the magnetic-field conditions to which the noble-gas polarisation is exposed. In par­ticular, for the 3 He cells, the scaling of T1n  with the applied magnetic field may provide information about the dominating source of relaxation. Specifically, when the magnetic- field gradients are the dominating source of 3He relaxation, T1 is inversely proportional to the amplitude of the applied magnetic field [Eq. (2.133)]. However, if the atomic cell is magnetised due to the ferromagnetic contamination of the cell material, the relaxation time scales linearly with the applied leading field.2 Therefore, observation of the relax­ation time versus the magnetic field provides information about the dominant relaxation source and may imply the necessity for demagnetisation of the atomic cell.The analysis of the noble-gas relaxation may also provide information about the self­interaction of the noble gas. If such interaction occurs, the noble-gas magnetisation leads to the deviation of the noble-gas polarisation relaxation from the expected expo­nential decay. Such a situation is observed in the Kraków comagnetometer (Fig. 4.7).  It is believed that the effect is associated with the asphericity of the atomic cell (for more details, see Fig. 3.2 and Sec. 3.1).  Hence, in addition to diagnostics of the comagnetome­ter system at the development stage, the presented method can also be employed for the systematic studies of the atomic cell quality and tests of novel shapes and designs of atomic cells.TH E  R E S U L T S F R O M  T H E  KRA K O W  C O M A G  N E T O M E T E RAs was discussed at the beginning of this section, the resonance frequency of the SERF resonance [Eq. (4.1)] in the comagnetometer depends on the polarisation level
f o ~ ζ z . (4.2)Hence, the changes in the f 0 can be related to the changes of the noble-gas polarisation. For example, in the absence of the self-interaction, the relaxation rate of the noble-gas polarisation is expected to be independent of the polarisation amplitude, and therefore, the change of the SERF-resonance frequency due to the decaying noble-gas polarisation [Eq. (2.136)]is  described withthe following equation (4.3)

2 It should be stressed that until now the m echanism  of the cell magnetisation is not fully understood. Althoughthe atom ic cells are not exposed to the m agnetic field strong enough for the magnetisation of the microscopic ferromagnetic contam ination agents, som etimes they reveal non-zero m agnetisation, w hich, in  the case of the com agnetom eters, may result in  the lack of a stable com pensation point. Such cases were reported in  the literature [137] and a similar phenom enon have been observed in  the Kraków comagnetometer.
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Figure 4.7: Decay of 3 H e polarisation over tim e measured using the synchronously pum ped SERF resonance. 
Top: The experimental data (blue dots) with results of the fitting with an exponential function (red line) defined in  Eq. (4.4) and Bottom: residua of the fitting. The presented results are measured at 150 nT of the leading field. The noble-gas polarisation is expressed in  terms of the frequency shift of the SERF resonance, which is measured with respect to the resonance observed in the measurement series.
This results in the exponential decay of the collisional frequency shift in time 

-  T1n  t
f0 = f ae T1 + fc ,  (4.4)where f a and fc are constant parameters which depend on the initial conditions. How­ever, the experimental results from the Kraków comagnetometer presented in Fig. 4.7 reveal non-exponential decay. The deviation from the exponential behaviour is clearly visible in the residua of the exponential fit Fig. 4.7 (bottom). The nature of this non­exponential decay can be identified by analysing the time derivative of the polarisation decay, which is presented in Fig. 4.8.  According to Eq. (4.3),  the time derivative of ex­ponentially decaying polarisation has to be linear with respect to the polarisation ampli­tude. The experimental results reveal, however, a quadratic dependence of the derivative on the polarisation amplitude, which indicates the presence of self-induced relaxation of the noble-gas polarisation. In order to quantify this effect, the experimental results obtained for the derivative are fitted with the following phenomenological function

where the ef  is the parameter, which can be considered a characteristic of the self­interaction ofthe noble-gas polarisation in the system. The fitting results are presentedin Fig. 4.8.
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Figure 4.8: The tim e derivative of the alkali-metal Larmor-frequency shift induced by collisions with polarised 3 H e atom s as a function of the collisional frequency shift. The results are obtained numerically from experi­mental data for the 3 H e polarisation decay (Fig. 4.7).  The solid line presents the result of fitting with Eq. (4.5).
4.3.2. LOCKING TO THE COMPENSATION POINTAlthough the observation of the noble-gas polarisation in the constant magnetic field al­lows for gaining valuable information about the system, it is not always an optimal tech­nique for characterising the comagnetometer system. In the case when the relaxation of the noble-gas polarisation is dominated by magnetic-field gradients, the applied mag­netic field determines the longitudinal lifetime [Eq. (2.133)], and hence, the equilibrium polarisation of the noble gas [Eq. (2.154)]. In turn, the steady-state polarisation deter­mines the compensation point [Eq. 2.156].  Ideally, one would like to know the value of the leading field, which provides the relaxation rate, such that the system is at the com­pensation point after it reaches equilibrium. However, in practice, prior knowledge of such a field is genuinely impossible. Therefore, a mismatch between the leading field used for pumping of the system and the compensation point leads to the instability of the latter (for more details see Sec. 4.4).  Gaining information relevant to the conditions necessary for the achieving of the self-compensating regime requires measurement of the noble-gas polarisation while the system remains at the compensation point. This requires adjustments of the applied magnetic field with respect to the changes in the noble-gas polarisation level.This section presents a convenient measurement technique allowing for the direct measurement of the effective magnetic field experienced by the alkali-metal atoms due to the noble-gas polarisation. Such a measurement provides the reference for a feedback loop to lock the system to the compensation point and hence operation of the comag­netometer in the self-compensating regime.The presented method is based on the measurement of the comagnetometer re­
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sponse to the harmonically modulated magnetic field applied along the secondary sen­sitivity axis of the device3 for different “detunings”  from the compensation point. As shown in Ref. [138],  the amplitude of the response to such a modulated field reaches its m inimum when the external compensating field cancels the effective field generated by the noble-gas polarisation. Moreover, in this particular field, both in- and out-of-phase responses cross zero, which might be used as an error signal for the feedback system and allowing its locking to the point. As the compensation field [Eq. (2.156)] is mostly determined by the noble-gas polarisation, the measured zero crossing provides an ap­proximate value of the compensation field, and therefore, the lock of the characteris­tic point provides a possibility for the online observation of the compensation-point changes [139].  Reference [138] presents the experimental tests of the technique along with a numerical analysis of the theoretical model for the system. Here, a complemen­tary analytical analysis is provided. In particular, the results presented in Sec. 2.2.4 are analysed to get the analytical solution. The theory is later confirmed by the measure­ments results from Kraków Advanced G N O M E comagnetometer. The experimental re­sults include the implementation of the feedback-loop-based technique, allowing real­time tracking of the compensation point with time-dependent noble-gas polarisation, e.g., while the noble-gas polarisation builds up over time.TH E O R E T IC A L  B A C K G R O U N D  O F  T H E  P O L A R IS A T IO N  M E A S U R E M E  N TThis subsection considers the comagnetometer system in an arrangement similar to the one used in Sec. 2.2.4,  where the atoms are polarised along the z -axis and probed along the x  -axis. In such a case, the secondary sensitivity axis is parallel to the probed po­larisation axis. In Sec. 2.2.4,  the response of the comagnetometer to harmonic pertur­bations applied along the primary sensitivity axis (the y -axis) is theoretically derived [Eq. (2.187)]. However, the rotational symmetry of the problem allows obtaining of the result for the response to the perturbations applied along the insensitive axis by simply swapping the x  -  and y -axes in the solution. Hence, Eq. (2.188) leads to the following form of the comagnetometer output signal

S(t) = S in (ω)sin(ωt)+ S o u t(ω)cos(ωt ), (4.6)where S i n and Sout are in- and out-of-phase components of the comagnetometer sig­nals. These components can be directly measured with the lock-in amplifier using the modulation frequency as the reference. From Eq. (2.188),  one gets
S in(ω, ∆Bz) = g  Re ∣ Υ ⊥  (ω, .∖∣∙,. ) + Υ ⊥ (ω, Δ bz)], (4.7)

So u t(ω, ∆ Bz) = g  Im Υ +⊥(ω, ∆Bz )- Υ -⊥(ω, ∆Bz) , (4.8)where g  denotes the calibration factor characterising the efficiency of the polarisation detection. Thisfactorallow srecalculationofthe polarisationrotationintothe electronic signal.One can analyse the response of the comagnetometer with respect to the detuning from the compensation point ∆Bz . While the frequency response to the rotating field at3 Here the definitions of the primary and secondary sensitivity axes introduced in  Sec. 2.1.7 are followed.

4
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different field detuning is quite complicated [Eq. (2.173)], since the main interest is in the measurements around the compensation point, one can utilise a number of approx­imations to simplify the expression. In particular, in the considered comagnetometer model, the relaxation rate of the noble gas is the smallest comagnetometer parameter given in frequency units [Eq. (2.170)]. This is especially the case for the 3He-based system which possess long relaxation time (multiple hours). Hence, the approximation Rn ≈ 0 leads only to insignificant relative deviations of the frequency response amplitude from the exact solution (estimated at a level below 1%). Noting that the field experienced by the nuclear polarisation is m uch larger than the detuning from the compensation point leads to the second approximation

4
γ n ∆ Bz + ωn ≈ ωn ,  (4.9)which simplifies the denominator in Eq. (2.173).  In turn, the frequency response to the rotating magnetic field is given by4

F Υ ±⊥(ω) = - γ FΥ z
(±ω + γ n ∆ Bz )(±ω + ωe + γ F ∆ Bz - iR e )(±ω + ωn )- ωeωn

(4.10)
To consider the in- and out-of-phase components of the response [Eqs. (4.7) and (4.8)], it is convenient to split this expression into real and imaginary parts. For this, the above equation is rewritten in the following form

(4.11)
One can note that the field-detuning solution is defined with the linear function M  (ω, ∆ Bz ),which is multiplied by a complex Lorentzian L  (ω, Δ bz ) with a width Re /γ p  centred at

∆B±
ω2 ± ω(ωe + ωn)

γ F (±ω+ ωn ) (4.12)
zWhen the modulation frequency is much higher than the noble-gas Larmor frequency, 

∣ω ∣ »  ωn, one can simplify the function M (ω, Δ bz) with a constant
(4.13)

Then, the simplified expression for the frequency response of the comagnetometer has the following form

4 As this section considers the response to the magnetic field, one can set α n  — α e — 1.
(4.14)
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Figure 4.9: M agnetic-field response of the comagnetometer system as a function of the detuning from the com ­pensation point plotted based on  the analytical solution. The in- and out-of-phase com ponents of the signal, calculated for the right- and left-handed circular perturbations, are obtained by taking a  real and imaginary part of Eq. (4.14) respectively, while the responses to harm onic oscillations are obtained in  Eqs. (4.7) and (4.8).The am plitude of theresponsehas b een calculatedasS A =  S i2n + S o2u t .  The calculations areperform ed using a modulation frequency significantly exceeding the noble-gas Larmor frequency.
The analytical results for the response of the comagnetometer are presented in Fig. 4.9. As shown, they reproduce the main results of the original work, while the minimum of the response amplitude is close to the compensation point, and both in- and out-of­phase responses have a zero crossing at the same leading field. The presented plots also contain the curves for the Lorentzians presented in Eq. (4.14),  which provide insights into the origin of the observed curves, as well as into their dependence on the parameters of the system. In particular, the broadening of the obtained curve with an increase in the modulation frequency can be explained by the change in the central detuning quantified in E q . (4.20).The solution for the comagnetometer response presented in Eq. (4.14) is used to ob­tain the field value at which the in- and out-of-phase components of the comagnetome­ter response cross zero, S i n  = 0. Then, from Eq. (4.7),  one gets the condition for zeroing the in-phase signal (4.15)
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This leads to the following solution for the detuning field
From Eq. (4.8),  one gets the condition for zeroing of the out-of-phase responseIm ∣Υ ⊥ (ω, ∆ Bz )] = Im ∣Υ ⊥ (ω, .∖κ . )] , (4.17)

(4.16)

which leads to (4.18)
4 where it was assumed that ωe ≫ ωn . This is a reasonable assumption as, in usual exper­imental conditions, the alkali-metal spins Larmor frequency at the compensation point is at least an order of magnitude higher than in the case of the noble gas.Taking into account the definition of the detuning from the compensation point [Eq. (2.156)], one gets the value of the magnetic field necessary forzeroing the comagne­tometer response

B 0 = Bc + λ M eΥ z = - λ M n ζz . (4.19)This confirms the prediction of the original work as, according to the analytical solution, the signal is zeroed when the applied leading field compensates for the field generated by the nuclear polarisation. However, the analytical solution is more insightful since it gives a clue on the potential sources of the systematic effects, which may affect the precision of the noble-gas polarisation measurements. The most obvious source of the systematic effect comes from the choice of the modulation frequency. If it is too low then, due to thelinear backgroundarisingfrom Eq. (4.13), the curve presented in Fig. 4.9 becomes asymmetric. Moreover, if the modulation frequency is not high enough, the zero-crossing is shifted, as shown inEq. (4.16).
4.3.3. EXPERIMENTAL MEASUREMENT OF THE NOBLE- GAS POLARISATION The theoretically predicted magnetic-field response curves (Fig. 4.20), which allow the measurement of the magnetisation of the noble gas in the Kraków Advanced GN O M E co­magnetometer, are measured using a double-stage lock-in detection. The first demod­ulation is performed on the first harmonic of the parametric modulation (Sec. 2.2.14). The output of the device is demodulation is then demodulated for the second time on the frequency of the magnetic-field modulation applied along the insensitive y -axis.The experimental setup used for this measurement is identical to the main setup used for the double-sensitivity-axis operation of the comagnetometer (Fig. 3.1). The only difference is that in this case, the second lock-in amplifier is used independently from the first one, and its internal generator has been used for the modulation of the magnetic field along y . The field was modulated with the 40-Hz sine wave of an ampli­tude of 1 pT. The detuning from the compensation point was changed by the scanning of the current generated by the current supply. For each value of the scanned magnetic field, the readout from the second lock-in has been recorded after the signal reached the steady state.
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Longnitudinal magnetic field [∩T]
Figure 4.10: Dem odulated response of the Advanced Kraków com agnetom eter to the sine wave modulation as a function of the leading field. The top plot shows the in-phase (blue) and out-of-phase (red) com ponents of the signal. The bottom  plot shows the am plitude of the response. The vertical dashed lines on the plots mark the field for which the m inim um  am plitude of the response is observed and indicate the field generated by the noble-gas polarisation. The results are measured for a 1-pT sine-wave m odulated field of a  frequency of 40 H z.

4

The representative measurement results are presented in Fig. 4.10.  These results are in agreement with the theoretical predictions from Sec. 4.3.2.  Specifically, the in- and out-of-phase components of the response reproduce a distinct pattern arising from a superposition of two complex Lorentzians. The difference between the theoretical in-phase response from Fig. 4.9 and the experimental curve can be attributed to the additional phase shift introduced by the lock-in detection and/or the direction of the compensating field5.  The slight asymmetry of the curve visible in the result is proba­bly caused by the misalignment between the probe-beam propagation direction and the direction of the B y magnetic field.Worth noticing is that both in-phase and out-of-phase components are linear near the zero crossing. This allows the use of one of these curves as an error signal for lock­ing the leading field to the noble-gas polarisation with the feedback-loop system. Such a feedback loop allows monitoring of the noble-gas polarisation in real-time while the system is operated at conditions which are close to the compensation point. This can be
5The change of the sign in the com pensating field leads to the similar effect as π ∕2 change in phase of the signal.
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used for the in  situ  compensation of the magnetic-field gradients in the comagnetome­ter system [139] (for more detail also see Sec. 4.4).  The choice of the component/curve for the feedback system is arbitrary and the suitability of the particular curve depends on the system and modulation parameters.The scheme of the feedback loop used for tracking the noble-gas polarisation in the Advanced GN O M E comagnetometer is present in Fig. 4.11.  In this case, one can use the in-phase signal as the error signal for the feedback system. The error signal is sent to the N I 6221 DAQ card, which works as an input interface for the software PID system pro­grammed in the LabView software environment. The output of the virtual PID system controls the current source such that the error signal remains at zero. In such a configu­ration, the value of the leading field is, in a sense, equal to the value of the effective field from the 3He polarisation at any moment of time when the feedback loop is active.It is worth noting that under typical operation conditions of the comagnetometer with continuous pumping, the polarisation of the alkali-metal atoms remains at a con­stant level. Moreover, the shape of the curves does not depend significantly on the nu­clear polarisation, as from Eq. (4.12)
ω≫ ωn  1 ωe ≫ ωn  1∆ B± ----→  (±ω + ωe + ωn ) ----- →  (±ω + ωe ), (4.20)

B  YF YFand therefore the frequency response to the rotating fields [Eq. (4.14)] and inherently the in- and out-of-phase components of the response [Eqs. (4.7) and (4.8)] are approximately independent of the noble-gas polarisation level. Since the shape of the error signal does not change significantly with the leading field, it is possible to lock the system at an arbi­trary point of the error curve using the constant offset to the set point of the PID system. In particular, one can take into account the magnetic field corresponding to the effec­tive field from the electron polarisation and lock the system at the compensation point. Thereby, this method allows for real-time tracking of the compensation point. The re­sults of the long-term measurement of the compensation point during the build-up of the nuclear polarisation are presented in Fig. 4.12. One can note that the polarisation increases for about 10 h from the start of the measurements up to the point where it reaches its steady level.The presented technique is useful in both developments of the comagnetometer setup and the long-term stabilisation of the compensation point, as the system can de­tect non-magnetic couplings even when the compensation point is locked. However, in practice, the feedback loop may add additional noise to the system, which may deterio­rate its sensitivity, and when improperly tuned, the PID feedback may interfere with the non-magnetic response of the system. Therefore, the trade-off between sensitivity and the stability of the system related to the feedback loop should be carefully considered for a particular application.
4.4. OBSERVATION OF STABLE COMPENSATION POINTOne of the main issues with the long-term continuous operation of the comagnetome­ter arises from the fact that most of the comagnetometer systems require frequent re­setting of the compensation point and sometimes repumping of the noble-gas polari­sation. Both of these operations interrupt the operation of the comagnetometer. The
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Figure 4.11: Schem atics of the feedback-loop system used for locking to the com pensation point in the Ad­vanced Kraków comagnetometer. The comagnetometer output signal is obtained from the lock-in amplifier demodulating the photodetector signal at the frequency of the parametric m odulation (Fig. 4.10). The signal detected via parametric m odulation is then sent to the second lock-in amplifier, demodulating the signal at the frequency of the insensitive axis m odulation. This m odulating signal is generated with the internal gener­ator of the second lock-in amplifier. The out-of-phase signal of the lock-in amplifier is sent to the virtual PID system (programmed using Labview) via a D AQ card. The output signal of the PID system controls the current source, which drives the coil, generating the leading m agnetic field.
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Figure 4.12: Time dependence of the com pensation point observed during the noble-gas polarisation build­up. The measurement was performed by locking of the com pensation point using the feedback loop presented in Fig. 4.11.  The signal was measured in Kraków magnetometer.
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necessity of resetting the compensation field can be partially alleviated by locking the compensation point with the method described in Sec. 4.3.2,  which keeps the system operational while tracking the compensation point. However, it might not be sufficient in the case when the compensation point is fundamentally unstable. Such a situation is possible when relaxation of the noble-gas polarisation is dominated by relaxation due to the magnetic-field gradients. It is shown in Eq. (2.133) that this relaxation channel depends on the applied magnetic field, which is a fundamental reason for the instability of the compensation point. The issue was studied in Ref. [139].  This section discusses the main results of the work and presents the experimental results of magnetic-field- gradient compensation in the Advanced Kraków comagnetometer.
4.4.1. CO NDITIONS FOR THE STABLE COMPENSATION POINTFor a better understanding of the problem, one can consider the comagnetometer, which is exposed to the constant magnetic field much larger than the compensation field

B z (t = 0)≫ Bc(t = 0). (4.21)When the system is in a steady state, the nuclear polarisation is described with Eq. (2.154).  In order to operate the comagnetometer in the self-compensation regime, the leading field is first set to the actual compensation point and then one should wait until the sys­tem reaches the steady state again. However, since the magnetic field decreases, the relaxation rate increases, and the nuclear polarisation becomes smaller than initially, which results in a smaller compensation-field value. Thereby, the system is again outside of the compensation point. Resetting the system repeats the whole cycle. Ultimately, this process leads to the complete decay of the noble-gas polarisation. The presented example shows that the operation of the system requires either periodic repumping of the noble-gas polarisation at a higher magnetic field or optimisation of the system to the degree where, in a given magnetic field, it is possible to create such a nuclear polarisation that the system operates at the compensation point. As the first option is not suitable for the GN O M E measurements, the second approach to the problem is taken in this work.The stability of the compensation point is a result of the interplay between three main factors: the pumping efficiency of the noble gas, the relaxation of the noble gas due to the magnetic-field gradients, and the amplitude of the effective field created by the noble-gas polarisation. The effective addressing of the stability issue requires a deeper understanding of the relation between these three factors. One can get an insight into this relation by combining Eqs. (2.133),  (2.154),  and (2.156).  One starts by setting the magnetic field to the compensation point
B z = BcFrom Eq. (2.133),  the relaxation rate of the noble gas polarisation is

± -  D ∣vb ⊥∣2T1 = Dn B c2

(4.22)
(4.23)

Next, the compensation point [Eq. (2.156)] is approximated with the effective magnetic
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field from the noble-gas polarisation6 

Bc ≈ - λ M n ζ z , (4.24)which allows the definition of the longitudinal polarisation through the observed com­pensation point (4.25)Substitution of Eqs. (4.23) and (4.25) into Eq. (2.154) leads to
(4.26)

4which relates to all of the considered parameters. One can rewrite the equation in a different form
b C + λ M n Υ zBc + —  ∣V ¾  ∣2 = 0, (4.27)

R enwhich is a quadratic equation with respect to Bc . The solution of this equation, and therefore the condition for a stable compensation point, is achieved when
(λM nΥ z )2 - 4—  ∣VB⊥ ∣2 > 0, (4.28)

R enwhich sets the following limit on the gradient of the magnetic field
(4.29)

The maximum value of the transverse gradient is effectively set by the polarisation of the noble-gas atoms, the concentration of the noble gas,7 and the rate of spin-exchange between the alkali-metal polarisation and the noble-gas polarisation. In principle, thisenables optimisation of the experimental conditions to improve the comagnetometer tolerance to the transverse magnetic-field gradients. Specifically, it is beneficial to havea high concentration of the noble gas, as the relatively low concentration of the noble gas leads to a more stringent limit of the tolerated magnetic-field gradient. The spin- exchange rate can be increased by raising the alkali-metal concentration, e.g., by in­creasing the temperature of the atomic cell. However, for a given set of experimentalparameters, the gradient has to be small enough for the stable compensation point to exist. This fact gains the importance of the precise demagnetisation of the experimen­tal setup. However, it is not always possible to demagnetise the experimental setup at a level sufficient for the observation of the stable compensation point. In such a case, themagnetic-field gradients have to be cancelled precisely with a set of dedicated gradient coils. The method for such compensation is described in the next section.6 At norm al operation of the comagnetometer, the noble-gas magnetisation is m uch larger than the alkali- m etal magnetisation.7The limit for the gradient scales as ∏2 since M n ~  n n and D n ~  n - 1.
3
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4.4.2. PRECISE CANCELLATION OF THE MAGNETIC- FIELD GRADIENTSIn the research presented in this thesis, the gradient cancellation method, originally pro­posed in Ref. [139],  is used .  The method is based on the continuous observation of noble-gas polarisation decay with the lock of the compensation point (Sec. 4.3.2) under different external magnetic-field gradients. To cancel the gradients, various gradients are applied by changing the current in the gradient coils and finding the conditions for the slowest decay of the polarisation.8The gradient optimisation utilises the identical experimental setup as described in Sec. 4.3.2.  Before the cancellation of the gradients, the atoms are polarised at some rel­atively high constant magnetic field.9 The optimisation of the gradient generated by a given coil starts with the lock to the compensation point (Sec. 4.3.2).  With the lock to the compensation point, the current on one of the gradient coils is scanned, and each value is on for 90 s (Fig. 4.13).  The value of the compensation point is observed over time, and each 90 s long segment is analysed to get the slope of the decay curve, indicating the time of the decay or pumping.The slope analysis is performed by calculating the time derivative of the polarisation- decay signal [Fig. 4.13 (bottom)]. Within a time sequence corresponding to a current value, one can notice two distinct parts of the system response. At the beginning of each time period, the time derivative suddenly changes due to the change of the field gradient, and then it stabilises at the constant value indicating a linear decay of the polarisation. The sudden change of the polarisation is related to the delayed response of the feedback loop, while the linear decay is the result of the short-time observation of exponentially decaying signal. The latter relation can be obtained from Eq. (2.150) considering the evolution of the longitudinal component of the noble-gas polarisation
Since ζ z ~ ζ0e R̂en+ 1/Tl )t , for t ≪ T1, one gets

(4.31)
which shows that in the first order, the decay signal is linear. Equation 4.31 sets the experimental requirement that, over the observation period, the leading-field change is small, such that the relaxation rate 1/T1 can be considered to be a constant.The slope for each gradient-coil current is estimated by averaging the derivative over the second half of each measured period, such that the gradient within the considered time period is constant. An example of such estimation is presented in Fig. 4.14.  The presented result indicates a second-order dependence of the slope on the applied gra­dient, which is consistent with the theoretical predictions of Eq. (4.31) [the relaxation rate depends on the square ofthe linear-gradientamplitude, E q .(2.133)]. To identifythe8 Similar measurements may be performed by pum ping the system and finding the conditions corresponding to the fastest buildup of the polarisation.9 The choice of the field is arbitrary, however, nonzero polarisation is needed for the measurements. Since higher leading fields allow for a higher polarisation level (due to the suppression of the relaxation related to the magnetic-field gradients [Eq. (2.133)]) stronger fields are preferential for the measurements.
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Time [s]
Figure 4.13: Experimental measurements of the com pensation point changes in  tim e (top) for the different values of the current applied for the d B z /d  z gradient coil. Periods with different values of the gradient are denoted with white and grey colours of the plot background. (Bottom) The tim e derivative of the data from the top plot.
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Figure4.14: Experimental relation betw eenthecurrent in th e  d B z /d z  co ilan d  theslope ofth e  com pensation- point change. The blue dots present the experimental data obtained by averaging the tim e derivative of the com pensation point change in  tim e (Fig. 4.13).  The error bars are estimated with a  standard deviation calcu­lated from the averaged data. The red line denotes the curve fitted to the experimental data [with a parabola parameterised in Eq. (4.32)]. The vertical dashed line denotes the optim al value of the current determined from the fitting result.
current for which the minimal decay has been observed, the experimental data are fitted with the following model

S (J ) = a(J  - J 0)2+ c ,  (4.32)where a  ,  J  0 and c are the fitting parameter. J  0 corresponds to the current, for which the optimal behaviour (the smallest slope of the decay curve) is observed.The Advanced G N O M E comagnetometers are equipped with a set of gradient coils, enabling the control over five independent components of the first-order magnetic-field gradients (Sec. 3.3).  The optimisation of the gradient is done subsequently for all first- order gradient coils available in the system. After each measurement, the current in the tested coil is set to the optimal value and the next gradient is scanned.10
4.5. ZEROING OF THE RESIDUAL M AGNETIC FIELD In the discussed experiment, the control over the magnetic-field environment includes precise cancellation of the residual magnetic fields, particularly the ones originating from the residual magnetisation of the magnetic shield. For this purpose, the Kraków comagnetometer utilises the alkali-metal magnetometer realised in the comagnetome­ter cell under the low 3He polarisation limit. This limit is determined by decreasing the pump-beam power to the lowest value that still allows observation of the alkali-metal magnetic resonances. As residual fields have a large effect on the performance of the comagnetometer, it should be stressed that the residual-field zeroing procedure must be10 From the author's experience, for better stability of the com pensation point, the gradient optim isation has to be performed after any significant change in  the system (e.g., opening of the magnetic shield, cooling and heating of the atom ic cell, etc.).
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Figure 4.15: SERF resonance observed in  a  finite m agnetic field versus the m odulation frequency. The blue dots represent the experimentally measured out-of-phase com ponent of the com agnetom eter signal, which is fitted with the function from  Eq. (4.33) (red line). The signal is used to zero the residual magnetic field.
performed prior to the polarisation of the noble gas and actual comagnetometer mea­surements.The zeroing procedure is based on the measurements of the SERF resonances in a finite leading field.11 The resonances are used to determine offsets to the applied field produced by the magnetic-field coils generating homogeneous fields. The compensa­tion is based on the fact that in the case of the applied field cancelling the residual field in a given direction, the resonance position in a frequency domain is minimal.In the experiment, the magnetic resonances are measured with the constant mag­netic field applied along the z -axis and with the modulation of the magnetic field along the sensitivity axis x.  The frequency of the modulated field is scanned over a certain range around the Larmor frequency of the alkali-metal polarisation. The modulation signal is generated with an internal generator of the lock-in amplifier successively used for demodulation of the detected signal (Lockin 1 in Fig. 3.1).The representative out-of-phase signal measured in the experiment is presented in Fig. 4.15.  The obtained resonance curve is fitted with the function based on Eq. (2.122)

(4.33)
where a ,  f 0,  δ f ,  and c are fitting parameters, f is the modulation frequency, and S out ( f ) is the out-of-phase signal from the lock-in amplifier. The parameter f  0 corresponds to the resonance frequency of the alkali-metal polarisation. The results of the fitting for the resonance are presented in Fig. 4.15.The dependence of the observed Larmor frequency on the current applied to the coils is present in F ig .4.16.  T heB z resultsfollow thedependencepredictedby E q .(2.122).
11 Such measurements are discussed in  Sec. 2.1.6.
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The observed Larmor frequency is linearly proportional to the absolute value of the ap­plied current J z .  Hence, the measurement is insensitive to the spin precession direction. To identify the residual field value in the z -direction, the experimental results are fitted with the following function
f 0 (J z ) = a |J z - J 0z |+ c ,  (4.34)where a ,  J 0z ,  and c are fitting parameters and J0z corresponds to the current generating the compensating field. The results of the fitting are presented in Fig. 4.16 (top). Further measurements for the transverse magnetic fields are conducted in the regime where the transverse magnetic fields are much smaller than the leading field. Hence, one can con­sider the transverse magnetic field as a second-order correction to the value of the total magnetic field.12 Therefore, the observed Larmor frequency for the B x and B y coils are fitted with the following function

f 0 J x ,y = a J x ,y -  J 0 x ,y + c ,  (4.35)where a ,  J 0 x , y ,a n d c are fitting parameters, and J 0 x ,y correspondsto thecurrentgener- ating compensating magnetic field in a given direction.The presented method provides results similar to the ones obtained with a conven­tional method of zeroing perpendicular magnetic fields [101].  The conventional method is based on the observation of the steady-state response of the comagnetometer, oper­ated at high noble-gas polarisation near the compensation point, under different trans­verse and leading fields. The main difference between the methods lies in the presence of the high compensating field and the application of the high-power pump light in the conventional method. It should be stressed that the high-power pump light may af­fect the resonance position when there is a misalignment between the probe and pump beams (via the AC Stark effect). Hence, zeroing the residual fields with the presented method allows at least partial separation of the beam-misalignment problem from the field zeroing. O n the other hand, zeroing the transverse fields near the compensation point enables compensation for the possible misalignment in the orientation of the coils, e.g., when the additional transverse field is generated with the Bz coil. The compensa­tion for the misalignment of the magnetic-field coils with the method proposed in this work, the approximate value of the target compensation point has to be known prior to the measurements. This allows the performance of the zeroing procedure with a leading field value close to the target compensation point, which was the case for the Kraków Advanced GN O M E comagnetometer.
4.6. SUMMARY OF THE CHAPTER This chapter discussed a collection of various measurement techniques and tests, which, in the opinion of the author of this work, were particularly useful over the course of the development of the Kraków Advanced GN O M E comagnetometer. The selected topics for the discussion cover the elements of the author's experimental work, such that either employed approaches which are not typical in the context of the self-compensating co­magnetometers or which, from the author's experience, might be problematic for exper-12 More inform ation on  this regime one can find in  Sec. 5.4.
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Figure 4.16: Resonance frequency of the SERF resonance f  0 observed in  alkali-metal atom s versus the electric current applied to the m agnetic-field coils, generating a hom ogenous m agnetic field. The top plot presents results for the B z coil (blue dots) fitted with the model from  Eq. (4.34) (red solid line). The middle and bottom  plots present similar results for the B x and B y coils, which are fitted with the m odel from  Eq. (4.35).
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imentalists with a lack of previous experience in the comagnetometry. Hence, the dis­cussion presented in this chapter is far from being comprehensive. For a more thorough discussion of the technical aspects of the comagnetometer development, the following references are recommended [81,  101,  140,  141].
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CALIBRATION OF THE 
COMAGNETOMETERS

5
Precise calibration of the comagnetometer has principle importance for its applications in navigation (gyroscope) and fundamental-physics tests. In the latter case, the calibra­tion of the sensor is complicated by the unavailability of a controllable application of the targeted perturbation for a direct study of the system response. This naturally raises the question about possible techniques that allow for the indirect calibration of the system response, e.g., by analysis of its response to other known controllable perturbations.This chapter provides a detailed discussion of the methods for the comagnetometer calibration in the context of the G N O M E experiment. Section 5.1 discusses the choice of the perturbation used for the calibration reference. Then, a conventionally used method for the calibration of the comagnetometer is considered in Sec. 5.2.  The Advanced GNO M E calibration method details are presented in Sec. 5.3.  Next, the results of the comparison of the proposed indirect calibration method with the response to the rotation of the sys­tem are presented (Sec. 5.3.4).  This is followed by the description of the magnetic-coils calibration with respect to the gyromagnetic ratio of 3He presented in Sec. 5.4.  The con­cluding section (Sec. 5.5) provides a summary of the presented calibration routine in the context of its application in the GN O M E experiment.
5.1. CHOOSING THE CALIBRATION REFERENCEThe indirect technique employed for the comagnetometer calibration utilises the sys­tem response to a well-defined and properly controlled perturbation, which is distinct from the perturbation under investigation. Such a method is instrumental in acquir­ing valuable insights about the system, enabling accurate predictions of its response to such perturbation as exotic spin couplings. For the comagnetometer, there are three pri­mary channels of controllable perturbation: light (through the AC Stark effect), rotation (through the gyroscopic effect), and magnetic field (through the Zeeman effect).The AC Stark effect perturbs only the electron polarisation of atoms. Therefore, it has

117
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a similar effect on the system as a pseudomagnetic electron perturbation. This similarity can be utilised for the calibration of the comagnetometer response to the electron per­turbation. However, the main targets of the G N O M E experiment are the exotic nuclear spin couplings [41].
Rotation is another effect that can be used for calibration. As shown in Table 2.6, rotation mostly perturbs nuclear spins, and hence it imposes a similar effect on the co­magnetometer as hypothesized non-magnetic nuclear perturbations. With this respect, rotation allows one to gain insight into its response to non-magnetic nuclear pertur­bation. However, the implementation of the high-quality rotation system significantly complicates the experimental setup and increases its cost. One can also use the Earth's rotation as the source of perturbation [133].  The change in the relative orientation be­tween the Earth's rotation axis and the comagnetometer sensitivity axis allows one to control the effect of the Earth's rotation on spins. Since the rotation period of the Earth is well known, it makes an excellent calibration reference. However, the rotation calibra­tion of the comagnetometer is not ideal in searches for exotic coupling nucleon spins, as it couples to the total nuclear spin, and hence, it does not take into account the nuclear spin content of the atoms utilised in the sensor. Finally, the calibration with respect to the Earth's rotation is only valid for the low-frequency perturbations.The calibration methods based on the AC Stark effect or gyroscopic effect possess an important feature of independent addressing of electron and nuclear polarisations. This is in contrast to the magnetic-field perturbation since, in this case, the interaction arises simultaneously with electron and nuclear polarisations. In this context, utilisa­tion of the magnetic field for the comagnetometer calibration requires a good theoreti­cal understanding of the system response to a targeted exotic spin coupling. At the same time, the application of a magnetic field for calibration has a number of practical advan­tages. The most important one is the simplicity of its implementation, as the magnetic- field coils are an essential part of the experimental setup, and hence using them for the calibration does not require any modifications of the comagnetometer setup. The sim­plicity of the magnetic-field manipulation provides flexibility in designing calibration routines and their optimisation for various regimes of the comagnetometer operation (e.g., double-sensitivity-axis operation) without the need for changes in the experimen­tal setup. Moreover, the magnetic-field calibration allows the use of a single calibration routine to calibrate the response to all-type non-magnetic spin-couplings applied along an arbitrary direction. In addition, it provides information about actual detuning from the compensation point (one can find more details in Sec. 5.3),  hence minimising the time necessary for the maintenance of the magnetometer. The completeness and mini­mal duration of the calibration routine with a magnetic field makes it an optimal choice for the GN O M E experiment.

5.2. STANDARD APPROACHThis section presents the conventional method for calibrating the comagnetometer, orig­inally proposed in Ref. [101].  It provides a determination of a calibration factor for the D C  response of the comagnetometer, which is denoted as kDC .  This factor is used for the conversion of the low-frequency component of the output voltage signal Sou t into
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Figure 5.1: Measurements of the difference in  the steady-state signal for the alternating magnetic field applied along the sensitivity axis x as a function of the leading field B  z obtained with the Kraków comagnetometer. The observed output signal is a  first-harmonic signal measured at the param etric-modulation frequency. The experimental data (blue dots) are fitted (red solid line) with the m odel from Eq. (5.7),  which allowed the de­termination of the com pensation point (magenta dashed line) and the calibration factor for a  low-frequency response of the comagnetometer [Eq. (5.8)]. 5

the signal measured in the effective magnetic-field units bG

bG = kDC So u t . (5.1)
The conventional calibration relies on measurements of the difference between the steady-state response of the comagnetometer to a magnetic field applied along the con­sidered sensitivity axis in two opposite directions. Such comparison is repeated for dif­ferent detuning from the compensation point. One can show using Eq. (2.183) that, for a small detuning from the compensation point, alternating the magnetic-field orientation would lead to the difference in the measured projection of the alkali-metal polarisation, which can be approximated with the following expression

(5.2)
where Bm is the total change of the modulated magnetic field between two compared
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steady states. The solution is obtained based on the following assumptions1 *∆ Bz ≪ 1, (5.3)

Rn  ≈ 0, (5.4)
ωn ≪ ωe ,  (5.5)
γ F ≫ γ n .  (5.6)From Eq. (5.2),  the difference between the steady states when alternating the trans­verse field, measured as a function of the leading field, is described with the dispersive Lorentzian centred at the compensation point. Hence, this approach is often used to experimentally determine the compensation point.The result from Eq. (5.2) is in agreement with the experimental data obtained with the Kraków comagnetometer (Fig. 5.1) and fitted with the following model

5
(5.7)

where a ,  Bc ,  c ,  and ΓB are fitting parameters and Bc corresponds to the compensation point.Comparison of Eq. (2.184) with Eq. (5.2) and with the model given by Eq. (5.7) allows one to define the experimental value of the calibration factor given in Eq. (5.1)
(5.8)

where Eqs. (2.175) and (2.175) were used and the approximation λ M  n ζ z ≈ Bc was ap­plied.The conventional calibration method yields reliable data in a low-frequency range, i.e ., for the frequency lower than the noble-gas Larmor frequency ωL at the compen­sation point [see Eq. (2.175)]. This is in agreement with the theoretical result for the response of the comagnetometer to non-magnetic nuclear perturbation [Eq. (2.189)], which is plotted in Fig. 5.2.  One can note that the conventional calibration provides a valid lower-bound approximation of the comagnetometer response at the considered frequency range. However, it may underestimate the response amplitude at frequencies comparable to ωL .  Such an underestimation ultimately leads to the underestimation of the comagnetometer sensitivity at frequencies near ωL .  The scale of the underes­timation would depend on parameters of the system defining the frequency response [Eq. (2.173)]. The theoretical result also confirms that the conventional calibration fac­tor quickly overestimates response amplitude for frequencies above ωL ,  hence making the calibration invalid for this frequency range.It is noteworthy that the conventional calibration method may not be suitable for the recalibration of the comagnetometer in long-term measurements when the relax­ation of the noble-gas polarisation is dominated by the magnetic-field gradients. The1 The presented assumptions are typically valid for the 3 He-based comagnetometers due to their long coher­ence tim e. It can have limited applicability for systems based on 21 Ne and Xe atom s due to their shortercoherence times.
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Figure 5.2: The com parison of the conventional calibration with the frequency response to non-m agnetic nu­clear perturbations (α e =  0) obtained from the theoretical sim ulation of the comagnetometer response. The response of the com agnetom eter predicted by Eq. (2.189) is denoted with a solid green line. The dashed red line denotes the D C  response, which is equivalent to the information provided by the conventional calibration m ethod [Eq. (5.8)]. The dotted blue line indicates the Larmor frequency of the nuclear polarisation. The semi­transparent green area highlights the frequency range for which the conventional calibration underestimates the sensitivity, while the red area highlights the frequency range where the conventional calibration overesti­mates the sensitivity.
5

sweep over the leading field that is necessary for the calibration [Eq. (5.7)], leads to the instability of the compensation point due to the change of the nuclear relaxation rate as­sociated with a change of the leading field [ Sec. 4.4].  Specifically, significant changes in operational conditions make this method not optimal for the GN O M E experiment, as it affects long term-stability of the system due to significant interruptions in the continuity of the observation results due to the comagnetometer being not operational during the calibration routine.Notably, there is a version of the conventional calibration method that does not re­quire the change of the leading field. This allows one to avoid the issue with the stability of the comagnetometer system generated by the relaxation-rate changes, corresponding to the magnetic-field change. The method employs the low-frequency magnetic-field modulation applied along the primary sensitivity axis [133].  From Eq. (2.187),  one can show that, when the modulation frequency ωm  is m uch smaller than the Larmor fre­quency of the noble gas ωm ≪ ωL ,  the out-of-phase response of the comagnetometer is proportional to the frequency of the applied magnetic field
(5.9)where Bm  is the amplitude of the sinusoidal modulation. Hence, taking into account Eqs. (2.183) and (5.1),  the low-frequency calibration factor is

(5.10)
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Although such a version of the calibration method is more suitable for the long-term measurements within the GN O M E experiment, it is not optimal because it provides the calibration only for a limited frequency range. For example, it does not provide infor­mation on the detuning from the compensation point, while under non-zero detuning from the compensation point, it will lead to an inaccurate calibration factor.

5

5.3. DETERM INATION OF THE COMPLETE FREQUENCY RESPONSEThe limitations of the conventional calibration method discussed in the previous sectionnecessitate the development of an alternative calibration procedure, which can be usedin long-term measurements, e.g., those conducted with G N O M E. In Ref. [142],  such anew method was proposed. This method is based on an analysis of the magnetic-fieldfrequency response of the comagnetometer followed by a reconstruction of the comag­netometer response to the non-magnetic spin couplings. This method provides the es­timation of the frequency response of the system over an arbitrary frequency range forall perturbation types, including both conventional (rotation, magnetic, etc.) and ex­otic (hypothetical interaction with dark matter) interactions. Hence, in contrast to theconventional calibration method, the proposed method allows for the calibration of thesystem response for the frequencies above the Larmor frequency of the noble gas. Thiseffectively leads to the extension of the useful comagnetometer bandwidth beyond thenoble-gas Larmor frequency. A specific advantage of the method is related to the factthat the magnetic-field frequency response can be measured without scanning the lead­ing field, which makes the method significantly less invasive for the comagnetometersystem. The proposed procedure works well under small2 detunings from the compen­sation point and it provides the actual value of the detuning. The combination of thesefactors makes the proposed method better suited for addressing the requirements of theG N O M E experiment.
5.3.1. FROM MAGNETIC TO NO N -MAGNETIC FREQUENCY RESPONSEThe theoretical background for a proposed calibration method can be derived from theresults presented in Secs. 2.2.8 and 2.2.10. From Eq. (2.173),  one can note that the fre­quency response of the comagnetometer to magnetic and non-magnetic perturbationsis determined with the same parameters. Hence, it should be, in principle, possible toestimate the frequency response to non-magnetic perturbations based on the directlymeasured spectral response to magnetic fields. This explains why the proposed calibra­tion procedure is based on the measurement of the magnetic-field frequency responseof the system to a perturbation applied along the prime sensitivity axis (Sec. 5.3.2).  Ob­tained experimental results for in- and out-of-phase response can be described with theexperimental model following from Eq. (2.187)

F m (ω) = - Im [F +m (ω) + F m (ω)], (5.11)
F OUt(ω) = Re[F +m (ω) - F - n (ω)], (5.12)

2 Its performance was tested for detunings up to ≈ 10% of the com pensation-point value. For more details, see Sec. 5.3.4.
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w h e re F m  aregetfrom  Eq. (2.173) and havethe following parametrisation

(5.13)
with the parameters in the model having the same interpretation as in Eq. (2.173).  Here, the fitting parameters are marked with blue and predefined constant parameters are marked with violet.  The slowing-down factor has to be approximated with a constant value based on the characterisation of the system prior to the presented calibration. In general, q depends on the alkali-metal polarisation [Eq. (2.46)], however, in a properly operating setup it is not expected to change significantly. In turn, the approximation 
q ≈ con st  works well (more details further in this section and in Sec. 5.3.4).  Any sig­nificant change in the alkali-metal polarisation level inevitably leads to changes in other parameters of the m odel, hence the proposed calibration method allows detection of the system malfunctioning related to the alkali-polarisation level, even under the assump­tion of the constant slowing-down factor.In practice, the in- and out-of-phase components of the signal are fitted simultane­ously in the form of the complex signal 5

(5.14)
where the star operator stands for the complex conjugate and the phase fitting parame­ter θ takes into account all potential phase shifts that may arise in the system.The parameters obtained in the complex-function fit [Eq. (5.14)] allow for the recon­struction of the frequency response by substitution of the response to rotating perturba­tions estimated with the fit parameters, which have the following form

F ±r  = - a ____________ ω n (αe - a n ) + (±ω + Y n ∆ Bz - i ∖R n l)«e______________(±ω + ωe + ∆ Bz Ye ∣ q - i ∖Re l)(±ω + ωπ + Yn ∆ ∣',. - i ∖Rn ∖) - ωωωn '
(5.15)

where the coupling parameters marked with the magenta come from Table 2.6.  This re­sult can be used for the estimation of the system response to perturbation of arbitrary type and direction by utilising Eq. (2.187) in case of the perturbations applied along the primary sensitivity axis and Eq. (2.188) in case of the perturbations applied along the secondary sensitivity axis. This leads to the following expressions for the frequency responses to perturbations along the primary sensitivity axis (F pr r ) and the secondary(F srec)
(5.16)

(5.17)
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The complex frequency response then allows calculation of the in- and out-of-phase responses as well as the amplitude response

F m (ω) = Re [F rl ] ,
F o u t(ω) = Im [F rl ] , (5.18)

F a (ω) = ∣F lr ∣,where F lr canstand eitherfor F pr r or F srec, dependingonthe considered axis.
5.3.2. M EASUREMENT OF THE FREQUENCY RESPONSE TO MAGNETIC FIELDSThe directly applied set of harmonic perturbations3 with different frequencies allows explicit determination of the frequency response to the perturbations aligned with the direction of the testing perturbations. Such a test perturbation for each considered fre­quency ω test can be parameterised in the following way

5
B test = B0 sin(2πω te s tt ). (5.19)After reaching the dynamic steady state, the comagnetometer response is fitted with the following function

S te s t(ω te s t) = S 0 (ω tes t)sin[2πω te s tt + θ (ω te s t)], (5.20)where S0(ωtest) and θ (ωtest) are the fitting parameters related to the amplitude and phase response of the system, respectively. One can get the amplitude response by di­viding the amplitude of the output signal by the amplitude of the applied magnetic-field perturbation
S 0 (ω tes t)

B0\F test (ω test )\ (5.21)The results of such measurements, for both sensitivity axes, measured at the first and second harmonic of the modulation frequency are presented in Fig. 5.3.Fitting experimental data with the theoretical model (Sec. 5.3.1) requires a sufficient number of measurement points over the considered frequency range, particularly in a low-frequency range, i.e., up to the resonant frequency of the nuclear polarisation. As a result, the direct calibration performed by scanning the frequency ω test may take a sufficient amount of time as the measurement for each frequency has to be long enough for the system to reach the dynamic steady state.The duration of the frequency-response determination can be reduced by the appli- cationofpulse-basedperturbation[142]. Thisiswhy, formore efficientcalibrationofthe Advanced GN O M E comagnetometers, it is better to utilise the response of the comag­netometer system to the step-change of the magnetic field applied along the primary sensitivity axis
B test = B 0Θ (t0 - t ), (5.22)where Θ (t ) is the Heaviside thetafunction and t0 indicates the time of the change of the magnetic field. To determine the frequency response, it is convenient to consider the3 Although in  this case one considers the response to the magnetic field, perturbations of other origins can be considered within a similar framework by replacing the m agnetic field with generic perturbation [Eq. (2.162)].
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response of the system in the frequency domain, as from Eq. (2.195).  The spectrum of the comagnetometer response is determined by multiplication of the spectrum of the comagnetoemter and perturbation (here, a Heaviside theta function)

s test (ω) = '/2n'5o0 (w)F feSf (ω), (5.23)where the spectrum of the Heaviside Θ function is
(5.24)

In practice, the frequency-response determination is performed with the application of a square magnetic-field pulse. The pulse ought to be long enough to allow the system to reach a new steady state. The spectrum of the system response can be obtained by performing the FFT of the signal recorded right after switching off the magnetic field. However, for testing with a step function, it is more convenient to consider the derivative of the comagnetometer response
(5.25) 5

which leads to the following form of the experimental frequency response1 d S te s t(t )F te s t(ω) = F
B o d t

(5.26)
The experimental demonstration of the frequency response determination is realised in Kraków comagnetometer by applying a 2o-s long square pulse with 1oo-pT amplitude oriented along the x  -axis. The frequency response determined via the derivative of theresponse to the step change agrees well with the direct measurement of the frequency re­sponse for the prime sensitivity axis over the whole considered frequency range (Fig. 5.3). In the case of the secondary sensitivity axis, both results are in agreement for a low- frequency range (up to 1o Hz), while the high-frequency part of the response is domi­nated by noise in the case of the step-function method. Such behaviour is explained bythe inhomogeneous probing of the response on different frequencies by the step change of the magnetic field due to Eq. (5.24), according to which the amplitude spectrum of such perturbation is intentionally proportional to the frequency. Hence, the amplitudeof the magnetic-field change used for the calibration has to be large enough for efficient probing of the frequency response over the aimed frequency range.The frequency range probed by the step-change method is determined by the dura­tion T and sampling rate f s of the time series used for the calibration of the magnetic- field response 1 <  ω test <  f s .

T 2π 2 (5.27)In contrast to the direct measurement, the step-change method provides information about the whole frequency range in a single measurement, which requires the amount of time equivalent to the direct measurement of a single point with the lowest considered
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Figure 5.3: Spectral response to the m agnetic field measured with scanned sine perturbation [Eq. (5.19)] (red dots) and step-wise change (blue lines). The plots present (from top to bottom): the response to the B  x field measured at the first harm onics of the parametric m odulation frequency, the response to the B x  field m ea­sured at the second harm onics, the response to the B y field measured at the first harm onics of the parametric m odulation frequency, the response to the B  y field measured with the second harm onics of the parametric m odulation frequency. The presented data sets are notch-filtered at the power-line frequency (50 Hz).
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frequency. This leads to a higher measurement duty cycle compared with the use of direct measurement.Due to the rotational symmetry of the system (Sec. 2.2.4),  the frequency response to perturbations applied along the prime and secondary sensitivity axes and measured at the first and second harmonic of the parametric modulation (Sec. 2.2.14) are described with the same functions up to the phase factor related to the rotation of the coordinate frame. Since the comagnetomter is operated in a linear regime (Sec. 4.1.3),  the exper­imentally determined frequency response, measured on the first and second harmonic of the modulation, may differ only by a constant factor. This factor allows the normalisa­tion of one output comagnetometer channel with respect to another. Such a normalisa­tion factor is derived based on the directly measured primary-sensitivity-axis responses measured at the first and the second harmonics

(5.28)
5where N i is the number of tested frequencies, i  runs over the tested frequencies, and 

| S1,2 | is the amplitude of the response on a first and second harmonic of the parametric modulation. The comparison between the first-harmonic and the normalised second- harmonic responses is presented in Fig. 5.4.  The results for both channels are in good agreement, hence, the normalisation factor combined with the frequency response mea­sured for one of the magnetic-field directions provides complete information about themagnetic-field response of the system.
5.3.3. WID E -BANDW IDTH ESTIMATION OF THE COMAGNETOMETER 

RESPONSE BASED ON MAGNETIC STEP RESPONSEReal and imaginary parts of the magnetic response of the comagnetometer [Eq. (5.26)], measured for the primary sensitivity axis, are fitted with the complex-function model defined in Eq. (5.14).  The results of the fitting are presented in Fig. 5.5.  It was found empirically that the fitting routine works better when the relaxation of the noble-gas polarisation is neglected (it is fixed to Rn  = 0). This originates from the fact that the noble-gas relaxation rate is m uch smaller than other characteristic rates of the system. Hence damping of the noble-gas polarisation is determined by its interaction with the electron polarisation.The reconstructed spectral response to the non-magnetic nuclear spin couplings, determined based on the magnetic-field data, is shown in Fig. 5.6 (top). The results are normalised according to the parametrisation defined in Table 2.6.  The results are presented along with the fitted magnetic-field response for comparison. The shape of the amplitude response to neutron and proton non-magnetic couplings and rotation are generally the same for the low-frequencies, while they start to differ at frequencies above 20 H z. This difference stems from the different coupling constants for the proton and neutron couplings to the alkali-metal polarisation due to the specifics of the nuclear spin content of the alkali-metal atoms and the fact that the rotation couples to the total nuclear spins.The comparison between the estimation of the non-magnetic and the magnetic-field
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5

Figure 5.4: Com parison of the spectral response to the perturbations applied along the primary and secondary sensitivity axes, measured at the first and second harm onics of the m odulation frequency. The plots show (from top to bottom): the directly measured primary sensitivity axis response; the primary sensitivity axis response measured with the step function; the directly measured secondary sensitivity axis response; the sec­ondary sensitivity axis response measured with the step function. The response on the second harm onic is normalised with the factor defined in Eq. (5.28).
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Figure 5.5: Experimental data (in-phase, out-of-phase, and magnitude of the signal) and fitting results for the m agnetic-field response for the primary sensitivity axis. The frequency-response determination process is presented in Sec. 5.3.1.  The fitting model is presented in  Eqs. (5.14).

5
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5 Figure 5.6: Estimation of the frequency response to the neutron (blue solid line) and proton (green dashed line) non-m agnetic spin couplings, along with a response to the rotation (magenta dot-dashed line). The estimation is obtained with the proposed calibration m ethod based on the fitting of the m agnetic field response (dotted red line) measured in the Kraków com agnetom eter. The estimation m odel is presented in Eq. (5.16).  The top plot presents the result of the estimation for the experimental results presented in Fig. 5.5,  where non-zero detuning from  the com pensation point has been observed. The bottom  plot presents a similar estimation for the detuning from the com pensation point set to  zero. All presented results are normalised to the nuclear polarisation coupling constant α n  (see Table 2.6).
responses indicates that the suppression of the response to a low-frequency magnetic field is less efficient than predicted in Sec. 2.2.10.  This may be explained by the op­eration outside of the compensation point at the moment of calibration. As the pre­sented method provides an estimation for the detuning of the compensation point, in addition to the calibration of the system, it can be used for the monitoring of the de­tuning from the compensation point. One can find more details related to this topic in Sec. 5.3.4.  For presented experimental data, the detuning is estimated to be at the level of 4 nT, which is about 5% of the compensation point (Bc ≈ 70 nT at the moment of the calibration). Accounting for the eventual detuning from the compensation point is particularly important when testing high-frequency perturbations, as, in this frequency range, the response amplitude is strongly affected by the detuning. This is noticeable in Fig. 5.6,  which presents the comparison of the obtained result with the estimation of the system response at the compensation point. While the low-frequency response to non-magnetic perturbations is relatively insensitive to a small detuning from the com­pensation point, the difference in the high-frequency response quickly grows for the fre­quencies above 20 H z.The proposed calibration method (Sec. 5.3.1) not only allows for the calibration of the non-magnetic response but also provides the estimation of the magnetic-field re­sponse along the secondary sensitivity axis. This enables cross-referencing the estima-
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Figure 5.7: Com parison of the experimentally measured response to the m agnetic field applied along the sec­ondary sensitivity axis (blue lines) with the estimation based on  fitting to the primary-axis data (Fig. 5.5) and the reconstruction m odel from  Eq. (5.17) (m agenta lines). The experimental data is notch-filtered at the power­line frequency (50 Hz).
tions with the actual magnetic measurements along the secondary sensitivity axis. The results of such a comparison are presented in Fig. 5.7.  The response estimation for the “insensitive”  axis might be used as the validation method in the calibration routine for the GN O M E station maintenance protocol or in the case of a single-probe-axis operation of the comagnetometer.The directional sensitivity of the comagnetometer was discussed in Sec. 2.2.11.  The implications of this theoretical discussion are in agreement with the experimental data for both primary and secondary sensitivity axes (Fig. 5.8).  The experimental results re­veal a stronger response at ultra-low frequencies in the case of a field applied along the secondary sensitivity axis, and the responses for both sensitivity axes obtain the same amplitude around the 3He Larmor frequency. For the higher frequencies, the response to the magnetic field applied along the secondary sensitivity axis is dominated by the noise of the system. The experimental results confirm the directional ambiguity of the magnetic-field response, which is especially prominent at the frequencies close to the noble-gas Larmor frequency. The direction of the perturbation observed at these fre-
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Figure 5.8: Experimental com parison of the m agnetic-field response to the perturbation along the primary and secondary sensitivity axes (same data as in  Fig. 5.3).  The results take into account the normalisation defined in  Eq. (5.28).
quencies can be identified only with the analysis of the phase of the response; there is a phase shift between the responses along the primary and secondary axes. A similar situ­ation is expected for the non-magnetic response, which makes the proposed calibration method even more useful, as it allows the estimation of the total frequency response, which includes both sensitivity axes.
5.3.4. RECONSTRUCTED FREQUENCY RESPONSE VS. DIRECTLY MEASURED 

RESPONSE TO THE ROTATIONSince the gyromagnetic ratio of the noble gas is m uch smaller than in the case of the alkali-metal atoms, the effective magnetic field, corresponding to a rotation of the co­magnetometer, is m uch larger for the nuclear polarisation than it is for the alkali-metal polarisation (Table 2.6).  Therefore, the rotation of the comagnetometer mostly affects the nuclear polarisation. This makes the rotation a natural choice for the imitation of nuclear non-magnetic spin couplings, and it was selected to test the proposed calibra­tion method. In this experiment, which was conducted in M ainz, the comagnetometer was mounted on the rotating stage driven with an electrical step motor (more details
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in Sec. 3.8).  A specific aim  of the experiment was the investigation of the effect for dif­ferent detunings from the compensation point. For this, the estimated response to the rotation obtained from the calibration routine was compared with the directly measured frequency response to the rotation. In the research, the detuning of ±10 nT from a com­pensation point of ≈120 nT was invetigated.The experimental sequence for each detuning consisted of two subsequent square pulses: the magnetic-field pulse and the rotation pulse, both of the same length (10 s).4 The magnetic-field pulse with a 80-nT amplitude was applied along the x  -axis. The ro­tation pulse consisted of a short acceleration period followed by the constant-angular velocity motion around the x  -axis with a frequency of 0.5 m Hz (equivalent to a 14 pT magnetic field applied to the nuclear polarisation), which was instantaneously halted. As the rotation stopped fast, the nuclear spins could not react, so the falling edge of the rotation pulse could be considered as a square step change. This is similar to the case of testing perturbation considered in Eq. (5.22).  This allows the determination of the frequency response to the rotation with the analysis presented in Sec. 5.3.3.The left colum n in Fig. 5.9 shows the spectral response of the comagnetometer to the magnetic field and the fitting result based on Eq. (5.14).  The fittings are being used to reconstruct the spectral response to the rotation (solid line in the right-column plots). These results are superimpose on the directly measured spectral responses to the ro­tation. As shown, the reconstructed rotation response is in good agreement with the directly measured response up to ≈20 Hz for all three detunings from the compensation points. For higher frequencies the directly measured data is dominated by the mechani­cal noise associated with imperfections of the rotating system.The fitting model used for the calibration of the comagnetometer provides a value for the actual detuning from the compensation point [Eq. (5.14)]. As shown in Eq. (2.164), the detuning ∆ Bz is a linear function of Bz as long as the longitudinal polarisation of the system is constant. The estimated values of ∆ Bz (B z ) are presented in Fig. 5.10.  The ob­served dependence agrees well with the linear function for B z > - 125 nT, and the zero crossing of this dependence agrees with the compensation point observed experimen­tally prior to the measurements presented in this section. Hence, the subpart of the pre­sented data set, for which ∖∆βz | ≤ 4 nT was fitted with a linear function of the following form ∆ Bz(B z ) = aB(B z - Bc ), (5.29)where a B and Bc are the fitting parameters. The fitting results are included in Fig. 5.10. The obtained slope ofthe linearfunction has the followingvalue

a B = - 1.001(18), (5.30)which is in agreement with the theoretical definition ofthe detuning from the compen­sation point [Eq. (2.164)]. For B z < - 125 nT, the observed ∆ Bz (Bz ) significantly deviates from the linear dependence, which stems from the change of the equilibrium polarisa­tion of the noble gas. The polarisation change results from suppressing the magnetic- gradient relaxation ofthe noble gas with increasing |B z | (for more details see Sec. 4.4).4 The pulses were long enough for the system to reach the steady state, which allowed the utilisation of the falling edge of the pulse for determination of the system spectral response (Sec. 5.3.2).

5
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5

Figure 5.9: Com parison of the spectral response to rotation estimated based on the com plete calibration m ethod presented in Sec. 5.3.1 and the result of the direct measurements performed with the M ainz com ag­netometer. Each row presents the results for a given detuning from the com pensation point (top to bottom: -10 nT, 0.02 nT, and 10 nT). The left colum n presents the experimentally measured response to the magnetic field applied along the primary sensitivity axis (blue dots) with results of a  fitting the m odel from Eq. (5.14). The right colum n presents the directly measured frequency response to rotation around the primary sensi­tivity axis (green dots) along with the sensitivity reconstructed based on the m agnetic-field response and the m odel given in  Eq. (5.16).

ω∕(2π)ω∕(2π)
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Figure 5.10: Determ ined detuning from  the com pensation point ∆ Bz as a  function of the applied (constant) m agnetic field B z (blue dots). The estimation is obtained with the calibration routine described in  Sec. 5.3.1.The results for the small detunings ∣∆ βz ∣ ≤  4 nT (red dots) are fitted with the linear model form Eq. (5.29) (magenta line). 5

5.4. CALIBRATION OF THE M AGNETIC- FIELD COILS As shown earlier in this chapter, the calibration of the system response to non-magnetic interaction relies on applying the magnetic field. In this scope, the precision of the cali­bration depends on the precision of the control over the magnetic field. For this reason, accurate calibration of the magnetic-field coils has crucial importance for the overall precision of the comagnetometer calibration.In the Advanced GN O M E comagnetometers, the magnetic-field coils are calibrated with respect to the precession of 3He. Specifically, in the coil calibration procedure, the comagnetometer operates in a magnetic field m uch higher than the compensation point (B z ≫ Bc). In contrastto theoperation atthe com pensationpoint,such ahigh  detuning allows the transverse noble-gas polarisation to precess freely without being damped by interaction with the alkali-metal polarisation. As the gyromagnetic ratio of noble gas is known to have extremely high accuracy, its precession frequency provides an accurate reference for the total magnetic field generated by the calibrated magnetic-field coil.To better understand the operation at conditions utilised for the coil calibration, one can consider Eq. (2.173).  The operation far from the compensation point leads to the significant difference between Larmor frequencies of the electronic and nuclear polari­sations
ωe + γ F∆ Bz ≫ ωn  + γ n ∆ Bz .  (5.31)This provides decoupling of the nuclear polarisation evolution from the election polari­sation since the nuclear-polarisation resonant spectrum remains at the low frequencies

ω ~ ωn + γ nΔ bz . In such a regime, the frequency response to rotating magnetic fields[Eq. (2.173)] can be approximated with (5.32)
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where A  and C  are complex, frequency-independent parameters, and plus and minus signs in the superscript denote the response to the left- and right-handed rotating per­turbation, respectively. Hence, in the considered (spin decoupled) regime, the frequency response to the rotating perturbation is presented by the superposition of two complex Lorentzian, which are centred on the positive and negative resonance frequency with its absolute value equal to the Larmor frequency of the noble-gas spins

ω0n = ∖ωn + γ nδBz | ∙ (5.33)Moreover, since γ n ∆Bz ≫ R n ,  the resonances for the left- and right-handed components of the magnetic field are well separated, and therefore, the response to the harmonic perturbation [Eq. (2.186)] can be approximatedwith asingleLorentzian
F Υh  (ω) ≈ A Υ⊥

ω0n -  ω + iR n(ω0n - ω)2 + R n2 + C  . (5.34)
5

Such a response of the comagnetometer is, in fact, similar to the response of the free noble-gas polarisation, and therefore, it allows the use of the gyromagnetic ratio of 3He spins for the direct in  situ calibration of the applied magnetic field.For the measurements of the 3He precession, a short yet strong magnetic-field pulse of an amplitude Bx was applied along the x  -axis, which induced the free induction de­cay (FID) of the nuclear polarisation [Fig. 5.11 (top)] visible on the first harmonic of the parametric modulation signal. To get the observed Larmor frequency of the 3He, the FFT of the FID signal was calculated and fitted with model given in Eq. (5.34) [Fig. 5.11 (bot­tom)]. The observation of the FID  signal allows the determination of the absolute valueof the magnetic field experienced by 3He nuclei since the decaying transverse polarisa­tion oscillates around the total magnetic field.To obtain the calibration factor for the B z coil, the 3He precession measurements were repeated for different values of the current applied to the coil [Fig. 5.12 (top)]. TheLarmor frequency was then recalculated into the applied field amplitude using the gyro- magnetic ratio of the 3He [143]
γ 3He = 32.43409942(38) MHz/T. (5.35)The obtained results are in good agreement with Eq. (5.33) since the observed Lar­mor frequency scales linearly with the applied magnetic field. The calibration factor for the B z  coil corresponds to the slope of |B (J z )| dependence, where J z  is the current ap­plied to the magnetic coil and B  is the total magnetic field experienced by the noble-gas spins. The calibration factor k z is obtained with the linear fit to the experimental results [Fig. 5.12 (top)] withthe following model

|B |= k z J z + c ,  (5.36)where k z and c are the fitting parameters. This results in the following numerical value of the calibration factor
kz = 0.1034404(44) n T ∕μA. (5.37)For calibration of the transverse magnetic coils (Bx and B y coils), a constant leading magnetic field is applied along the z -axis, such that the system is operated far from the
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Figure 5.11: Representative FID  measurement used for determination of the 3 H e Larmor frequency during the calibration of the Advanced Kraków com agnetom eter. The top plot presents the tim e series of the output signal recorded right after application of the B  x pulse used for the excitation of the FID . The bottom  plot presents the FFT of the measured tim e series (blue dots) with the fitted m odel based on Eq. (5.34) (red line).
5

compensation point. Then, the measurements of the Larmor frequency with the FID technique are repeated for different values of the current in the calibrated transverse- magnetic-field coil. The range of the current is kept small enough such that the leading field has the main impact on the value of the total magnetic field. For small values of the perpendicular magnetic field, the absolute value of the magnetic field is the second- order function of the transverse magnetic field2 2 B  2
|B | = B 2z + B⊥  ≈∖Bz| + - ⊥ , (5.38)

|Bz |which explains the shape of the experimental dependence shown in Fig. 5.12 (middle and bottom plots). The calibrationfactorsforthe transverse coils areobtained by fitting the experimental results with the following model
|Bi (I i )| = k J i2 + c ,  (5.39)where k  and c are the fitting parameters and k  corresponds to the calibration factor of thestudied coil. The fittingdependences are presented in Fig. 5.12(middleand bottom), and the corresponding calibration parameters are

ky = 0.0554589(19) n T ∕μA, 
kx = 0.056366(12) n T ∕μA. (5.40)

One drawback of the proposed calibration scheme is its inability to determine the di- rectionofthefield(theprecessionfrequencyfortw oequalbutoppositelyorientedfields
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Figure 5.12: Measured values of the total magnetic field, recalculated from the 3 H e spin precession frequency, versus the current applied with the m agnetic-field coils in  all three directions. The top plot presents the re­sults for z -coil, fitted with the m odel given in  Eq. (5.36).  The rem aining plots present the results obtained for the current applied in  the x -(middle) and y -coils (bottom ). These results were fitted with the m odel given in Eq. (5.39).
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are identical). Therefore, to determine the field orientation, a flux-gate magnetometer was used with a constant D C  current to supply the coils. These measurements allowed the orientation of the coordinate system used in Fig. 3.1 with the actual direction of the field.
5.5. CALIBRATION FOR THE GNOME EXPERIMENTIt should be stressed that the presented discussion of the calibration method does not provide a recipe to recalculate the comagnetometer output signal into the signal, which can be processed using the G N O M E data-analysis pipeline. In general, various data- analysis approaches may be used to classify signals in the time domain (time-series anal­ysis) and frequency-domain analysis (spectral analysis).One can consideranoutput signalS (t )for the system characterisedby the frequency response estimated with the presented calibration routine F r (ω, α n , α e ) [Eqs. (5.16) and (5.17)]. The calibrated spectral response of the comagnetometer can be obtained from Eq. (2.195) by dividing the spectrum of the measured time series S  (ω) by the frequency response F r  (ω, α n, α e)

(5.41) 5

This can then be used for the spectral analysis of the signal output. In the case when the demanded G N O M E data analysis method operates based on the time series, a properly calibrated time series can be obtained with the inverse Fourier transform of the cali­brated spectrum
b(t, a n , α e) = —=  F  1 S (ω) '2π F r (ω, a n , a e) (5.42)

which then can be used in the data analysis routine conducted in the time domain.
5.6. SUMMARY OF THE CHAPTERThe calibration procedure described in this chapter allows for the interpretation of the comagnetometer output signal in terms of magnetic and non-magnetic (particularly ex­otic) spin perturbations. The important feature of the presented framework comes from the fact that the amplitude of the output signal is defined with respect to the physical constant represented by the magnetic moment of the 3He nucleus, which is ensured by a precise calibration of the magnetic-field coils. Moreover, the high damping rate of the response to magnetic-field transient perturbation near the compensation point minimises the time necessary for the measurement used in the calibration. Specifically, it was shown for the Mainz comagnetometer that this time may be as short as 4-s long calibration.5 It was shown that such a short calibration routine leads to the complete characterisation of the system response to all types of perturbations independent of its5 With respect to the Kraków com agnetom eter, the M ainz device provides a higher noble-gas polarisation due to better sphericity of the cell, which limits the additional polarisation relaxation. As a  result, the M ainz comagnetometer calibration m ay be faster than the one in  Kraków.
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frequency for both sensitivity axes without an effect on the long-term stability of the system. Hence, the presented calibration routine is well-optimised for long-term con­tinuous measurements conducted within the G N O M E experiment.

5



PERFORMANCE OF THE ADVANCED 
GNOME KRAKÓW STATION

6
This chapter considers a representative experimental data set to demonstrate the capa­bilities of the Kraków Advanced GN O M E comagnetometer. In particular, its sensitivity and long-term stability are under investigation. The information provided in the chapter can be used to estimate the sensitivity of the comagnetometer and further of the whole G N O M E network.As many GN O M E analysis routines require the calibrated data streams [41],  the chap­ter starts with the consideration of the calibrated time series (Sec. 6.1).  The quality of the comagnetometer performance in the context of the GN O M E experiment is determined by its sensitivity, long-term stability, and duty cycle. Therefore, Sec. 6.2 investigates the sensitivity and the long-term stability of the comagnetometer via analysis of its noise spectrum, calibrated with the method described in Sec. 5.3.  The noise analysis is fol­lowed by an investigation of the comagnetometer calibration stability (Sec. 6.3).  O n one hand, the consistency of the comagnetometer calibration has an impact on the long­term stability of the comagnetometer signal, but on the other hand, it directly affects the duty cycle of the comagnetometer, as it sets the upper limit on the re-calibration period. The regular daily variations of the sensitivity observed in the comagnetometer signal are analysed in Sec. 6.4.  These variations are identified to be of technical origins.
6.1. THE CALIBRATED T IM E  SERIESThe procedure for the calibration of the comagnetometer is described in Sec. 5.5.  It starts with the calculation of FFT of the uncalibrated comagnetometer output signal. Then the signal is divided by the transfer function obtained based on the pulse-based cali­bration (Sec. 5.3) and the lockin-amplifier transfer function.1 The inverse FFT of such a
1 As a lock-in amplifier is used for dem odulation of the signal at the param etric-modulation frequency, its low- pass filter may affect the comagnetometer output signal.
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6 Figure 6.1: Raw and filtered signal measured with the com agnetom eter (top) and the signal after calibration with respect to the response to neutron exotic spin coupling (bottom). The left colum n presents the tim e series, while the right colum n presents the am plitude spectral density (ASD) of the signal. Each tim e series and ASD are presented in  two forms: unfiltered (blue) and after application of the first-order low-pass filter with the 3-dB cutoff at 2 H z (orange). The moving averaged spectra (magenta) are provided for illustration.
calibrated spectrum provides the time-dependent calibrated signal that can be used for further analysis.In the discussion below, only the primary sensitive axis is considered for simplicity. However, the approach can be easily generalised for the secondary sensitivity axis by changing the frequency-response function used in the calibration.In the considerations below, the output signal calibrated with respect to the neutron coupling is used as an example. A 24-hour sub-set of data, starting at 20:04:10 on August 4, 2023 (CEST), is analysed. Note that the last 250 s of a data set is excluded from the analysis, as it contains the data with the pulse response utilised for the calibration.The time series for uncalibrated comagnetometer output and the signal-based cali­brated neutron-coupling response along with amplitude spectral density (ASD) of both signals are presented in Fig. 6.1.  The neutron-coupling time series reveals a substan­tial noise level [Fig. 6.1 (bottom)], as the standard deviation of the presented neutron­coupling data reaches a 0.7-nT level. This is due to the enhanced impact of the high- frequency noise component, which is seen in ASD of the observed neutron coupling sig­nal. Such an enhancement is related to the decreasing response amplitude for the higher perturbation frequency (Fig. 5.6).  This may affect the sensitivity of the time-domain data
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analysis in the context of the GN O M E searches, however, when the time scale of the sig­nals does not require consideration of the high-frequency components of the spectrum (e.g., when searching for relatively long transients), the low-frequency filter can be ap­plied to the signal. This allows a significant reduction of the observed noise level. For illustration purposes, in Fig. 6.1 (bottom), the low-pass filtered time series was for both raw and calibrated signals. In the case of the calibrated signal, applying the first-order low-pass filter with a 2 H z cut-off frequency leads to a reduction of the standard devia­tion to 3.6 fT. The application of the low-pass filter, when it is possible, will lead to the significant improvement of the time-domain SNR and, hence, to better sensitivity of the time-domain data analysis routines.Although the compensation of the low-pass filter of the lock-in amplifier and then the application of another low-pass filter in post-processing may seem counter-intuitive, such an approach has a significant advantage. The signal calibrated with the presented method reflects the correct response of the comagnetometer over an arbitrary frequency range. Further analysis of the comagnetometer signal becomes independent of the spe­cific system parameters since all the physical information about the system response is present in the signal, and there is no need for any metadata for the analysis. This means that the resulting calibrated signal can be treated as the detected projection of the ex­otic spin coupling on the sensitivity axis of the comagnetometer in the bandwidth de­termined by the Nyquist frequency for the considered time series. O f course, obtaining truly generic data requires information about the isotopes used for the particular system and the convention used for the definition of effective magnetic fields.2 Expressing the signal in terms of the energy-level splitting of a fermion in question would make the con­sidered data generic and independent of the system type (not only system parameters). In principle, such an approach allows analysis of the data from the network consisting of different types of sensors, e.g., alkali-metal magnetometers and self-compensating comagnetometers.

6

6.2. SEN SITIV IT  Y AND STABILIT Y OF THE COMAGNETOMETERIt is important to emphasise that the results regarding sensitivity to different spin cou­plings presented in this section have been derived using the same experimental data. As sensitivity reflects SNR, the differences in the sensitivity level are related to different amplitude responses to the perturbation of different origins, which is determined by the frequency-response calibration.The presented data illustrate one of the most prominent results of the full-frequency- range calibration, which is visible in the difference in the raw and neutron-coupling cal­ibrated signals ASDs (the right colum n in Fig. 6.1).  While the ASD signal has a distinct noise peak at around 2 H z, determined by the noble-gas Larmor frequency, there is no such feature in the calibrated signal. This is because of the correction of the frequency response of the comagnetometer. A similar situation is observed for the magnetic field and rotation sensitivity (Fig. 6.2),  as well as for the sensitivity to the other non-magnetic spin couplings (Fig. 6.3).  This results in the system having the highest sensitivity at
2 In this case, all effective fields are defined with respect to the field experiences by the nuclear polarisation, as was defined in Table 2.6.
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Figure 6.2: Experimentally measured com agnetom eter sensitivity to known spin couplings. The top plot presents the sensitivity to the m agnetic field applied along the primary sensitivity axis (orange) and the sec­ondary sensitivity axis (the blue curve). The bottom  plot presents the sensitivity to rotation around the pri­mary sensitivity axis (the orange curve) and the secondary sensitivity axis (blue). The red dotted horizontal line shows the response am plitude equivalent to the Earth rotation rate (for the details, see Sec. 6.2.2) .6

the frequency between 1 and 2 Hz for all non-magnetic spin couplings. In turn, the low-frequency sensitivity to the non-magnetic spin couplings is deteriorated by non­magnetic noise sources (e.g., vibrations, pump-beam-generated light shifts, technical noise) and in some cases by the lower amplitude of the response (Fig. 5.6).  The effect of the magnetic-field noise on the low-frequency sensitivity is assumed to be small due to the self-compensation mechanism resulting in a significantly lower magnetic-field sen­sitivity in this frequency range (Fig. 6.2).  The low-frequency part of the noise spectrum reveals an interesting feature, which is also present in the calibrated sensitivity. For the frequency range between 0.04 and 1 H z, the noise floor is scaled as f  - 1, and the same trend is observed for the frequencies below 0.001 H z. However, the noise floor remains flat for the frequency range between 0.001 and 0.04 H z. Such behaviour may suggest the existence of two separate sources of the 1/ f noise in the system [144].  This issue is investigated further in Sec. 6.2.4.
At the high-frequency limit, the sensitivity to non-magnetic spin couplings drops due to the decrease in the response amplitude [Eq. (5.15)]. The specifics of the frequency- dependent sensitivity trends for various spin couplings are discussed in the following subsections. The last section (Sec. 6.2.4) provides the noise characteristics along with the analysis of the long-term stability of the output signal.
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6.2.1. SENSITIVITY TO THE MAGNETIC FIELDAs one can expect, due to the self-compensation mechanism, the comagnetometer has reduced sensitivity to the low-frequency magnetic field for both sensitivity axes. This effect is visible in the experimental results presented in Fig. 6.2 (top). In the case of the primary sensitivity axis, the plateau at frequencies between 0.001 and 0.04 H z is present, and the noise amplitude is at the 1-nT level, while the magnetic-field sensitivity at fre­quencies between 0.04 and 2 H z is approximately scaled as f - 3. In the case of the sec­ondary sensitivity axis, the same frequency region reveals the f - 2 scaling, while at the frequency range where for the primary sensitivity axis a plateau is observed, the scaling is close to f  - 1. These trends are changing at ≈ 2 H z, where the sensitivity along both axes reaches its maximum of ≈30 fT. For higher frequencies, the system is more sensitive to the magnetic field parallel to the primary sensitivity axis since, in this case, the sensitiv­ity remains at a constant level up to 100 H z, where it starts to decrease due to the limited bandwidth of the alkali-metal response. In the case of the secondary sensitivity axis, the sensitivity constantly decreases for the frequency above 2 Hz due to the decrease of the response amplitude (Fig. 5.3).
6.2.2. SENSITIVITY TO THE ROTATIONThe calibration results reveal the high sensitivity of the comagnetometer to rotation [Fig. 6.2 (bottom)]. To put the obtained result into perspective, the signal amplitude,corresponding to the Earth's rotation angular velocity Ω e , is added to the plot in addi­tion to the rotation sensitivity. The comagnetometer is sensitive to the angular velocity of the system rotation around the sensitivity axis. Hence, the rotational modulation of the system can be understood as the harmonic oscillation (“shaking”) of the system around the consideredsensitivityaxissuchthatthe rotationangle α isdescribedinthe following way

α  = α 0 sin(2π  f t ), (6.1)where α 0 and f are the modulation amplitude and frequency, respectively. The rota­tion rate, playing the role of rotational perturbation Ω , can be determined with the time derivative ofthe rotation angle
d α

= Ω = 2π f  α0cos(2π f t ), (6.2)

6

hence, the angle amplitude, corresponding to the perturbation equivalent to the angular velocity ofthe Earth's rotation, is (6.3)
Since the length ofthe shorter edge ofthe optical table,3 at which the comagnetometer rests is l = 1.2 m, the amplitude of the table edge oscillation at 1 Hz is equal to 7 μ m . Moreover, considering the same framework, the actual comagnetometer sensitivity at 1 Hz corresponds to the table edge translation of 1 μ m ∕ √Hz. Such a high sensitivity to the rotation makes the magnetometer system susceptible to vibration noise sources.
3The shorter edge of the optical table is parallel to the z -axis and is perpendicular to the x -axis.
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Figure 6.3: Kraków magnetometer sensitivity to the exotic spin couplings presented in  effective magnetic- field units (top row) and in the energy units (bottom row). The results for exotic spin couplings to neutron, proton, and electron are shown in  the first, second, and third colum ns, respectively. Each plot presents the sensitivity along the primary sensitivity axis (orange curve) and the secondary sensitivity axis (blue curve). The plot displaying the proton results in  energy units (second colum n in  bottom  row) presents both the average sensitivity of the first-generation G N O M E  network (represented by the m agenta dotted line) and the sensitivity level equivalent to the typical sensitivity of a 39 K SERF magnetom eter, which corresponds to a  1 fT effective m agnetic-field sensitivity.

6

6.2.3. SENSITIVITY TO THE EXOTIC SPIN COUPLINGSThe sensitivity of the calibrated comagnetometer to exotic spin couplings is shown in Fig. 6.3.  The experimental results are presented in both the effective magnetic-field units (defined according to Tab. 2.6) and the exotic-coupling energy units.In the case of the neutron spin coupling [Fig. 6.3 (left column)], the highest sensitiv­ity is observed at a frequency of around 1.5 Hz, and it reaches 5 ∙ 10- 21 e V ∕√ H z  for both sensitivityaxes. For the frequency between 0.04 Hz and 1.5 Hz, the sensitivity along the primary sensitivity axis scales approximately as f - 1∕2, while for the secondary axis ap­proximately as f - 3∕2. For the frequencies below 0.04 Hz, the sensitivity reaches plateau up to 0.001 Hz, where the sensitivityalongthe prim aryaxislevelsupa10 - 19 e V ∕ Hz and along the secondaryaxis at 10- 17 e V ∕ Hz. For the frequencies below 0.001 Hz, the sen­sitivity starts to deteriorate again in a f - 1 manner, and for the frequencies above 2 Hz, the sensitivityto neutron couplingscales as f 2 in the case ofthe primarysensitivityaxis andas f  in the case ofthe secondarysensitivityaxis. These trendsare keptuntil≈ 100 Hz where the sensitivities start a faster drop due to the limited response of the alkali-metal polarisation to the perturbation (bandwidth limit ofthe comagnetometer).
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The low-frequency sensitivity to the proton coupling follows the same pattern as the neutron sensitivity (up to ≈11 Hz), however, in terms of the coupling energy, it is more than an order of magnitude worse than for the neutron coupling. The highest sensitivityto the proton coupling is observed at about 1.5 Hz and is equal to 1.5 ∙ 10- 19 e V Λ ∕H z . In this frequency range, the difference in the coupling sensitivity to either nucleon mostly arises due to the difference between the proton and neutron spin contributions in the 3He nuclear spin. In contrast to the neutron coupling, the proton-coupling sensitiv­ity remains approximately constant at 10- 16 eV/ Hz for frequencies between 11 and 100 Hz. Such a difference between the sensitivity to the neutron coupling with respect to the proton coupling sensitivity stems from the fact that the proton coupling perturbs both noble-gas and alkali-metal polarisations, while the neutron coupling perturbs only the noble-gas polarisation. Specifically, the proton coupling trend is changing when the coupled-spin system starts to be predominantly perturbed through the alkali-metal po­larisation. Hence, for the frequencies above 11 Hz, the proton-coupling sensitivity is mostly determined by the response of the electron polarisation (similar to the high- frequency response to the magnetic field) and therefore, it starts to drop again at fre­quencies above 100 Hz due to the limited bandwidth of the alkali-metal response. This demonstrates the importance of accounting for the proton coupling to the alkali-metal polarisation when the comagnetometer is used for the high-frequency searches for ex­otic spin couplings. It is also worth noting that the comagnetometer at higher frequen- cieshasbettersensitivityto nuclearexoticspincouplingsalongthesecondaryaxis,w hile at lower frequencies, the situation reverses. This fact must be taken into account in the analysis of the directional sensitivity of the Advanced GN O M E sensors.As for the electron coupling sensitivity, it has near flat characteristics at frequencies between1 and100 Hz,where the sensitivityreachesapproximately10- 18 eV/ Hz. Atthe lower frequencies, the sensitivity scales similarly to the nuclear coupling. For frequen­cies above 100 Hz, the sensitivity starts to decrease due to the limited bandwidth of the alkali-metal response. Finally, for the exotic spin couplings to the electron, the comag­netometer is mostly sensitive along the primary sensitivity axis [Fig. 6.3 (third column)].Oneshouldnote thatthepresentedresultsfortheelectronspincouplingsdonottake into account the effect of the potential magnetic field induced inside of the magnetic shield due to the interaction of the exotic field with electrons inside of the shield (for more details, see Sec. 1.3.3). The application of the self-compensating comagnetometer to search for such couplings requires a precise consideration of the comagnetometer- shield system, which is beyond the scope of this work.The current sensitivity of the Kraków comagnetometer is about an order of magni­tude worse than in the case of the state-of-art system, which reached sub-fT/ Hz sen­sitivity [137]. Such a difference is a result of several factors. First, as discussed in more detail in Sec. 6.4,  the sensitivity of the Kraków comagnetometer is limited by mechani­cal noise (vibrations). Second, the state-of-art comagnetometer utilised cells with about three tim eshigherconcentrationsofnoble-gasatom s,whichallow edforstrongernoble- gas magnetisation and, therefore, stronger suppression of the magnetic-field response, aswell asstrongerresponse to the non-magnetic field[Eq. (2.173)]. The thirdaspectthat explains the deteriorated ultra-low-frequency sensitivity can be related to the fact that the parametric modulation provides the less efficient suppression of the pump-beam-

6
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related light shift generated by the air motion in the pump-beam path compared to the vacuum systems surrounding the whole experimental setup implemented in the other work [81,  137].In the context of the GN O M E searches, the Kraków comagnetometer, in addition to the obvious extension of the GN O M E capabilities by probing the neutron couplings, also opens a possibility for the improvement of the proton coupling sensitivity. Therefore, in Fig. 6.3 (second colum n, bottom), the average sensitivity of the first-generation GNO M E is presented along with the proton coupling sensitivity to facilitate the comparison. Even though the current sensitivity of the Kraków comagnetometer is far from the best shown in the literature, it surpasses the sensitivity of the Generation 1 G N O M E sensors over about 80 H z bandwidth (when both magnetometer axes are considered), and in the best case scenario, it has about two orders of magnitude better sensitivity. Moreover, the same plot presents the sensitivity corresponding to the state-of-art SERF magnetometer based on the 39K, assuming it has 1-fT/ Hz sensitivity,4 and the Kraków comagnetome­ter at current state surpasses its sensitivity at frequency up to 10 H z. In the best case, the difference is equal to approximately an order of magnitude, effectively reaching the fun­damental limit for the conventional SERF magnetometers. This demonstrates that even a sub-optimal comagnetometer setup allows one to obtain a better sensitivity to the pro­ton spin coupling compared to the best possible SERF magnetometers sensitivity.
6.2.4. N OISE CHARACTERISATION AND SYSTEM STABILITYFor a better insight into the noise characteristics of the comagnetometer, one can con­sider the two-point standard Allan deviation of the calibrated neutron-coupling output (Fig. 6.4).5 The Allan deviation obtained for a short observation time revealed fast os­cillations, indicating high-frequency deterministic oscillations in the comagnetometer output. These oscillations are associated with the technical noise observed in the sys­tem. The result also reveals several distinct trends in the Allan deviation. For the short measurement time τ, the Allan deviation scales as τ~il2, which suggests a dominance of white noise at this time scale. This trend is kept up to τ ≈200 s, where the minimum of the observed Allan standard deviation is reached. After this point, the Allan deviation starts to grow up until τ ≈ 1000 s, and then it slightly deteriorates, reaching a local min­imum. For the longer τ the Allan deviation starts to follow ~ t 1/4 trend. The existence of two minima can be an indication of two different sources of 1/ f noise affecting the system stability.TheAllandeviationplotallow sthedeterm inationofthetim escaleforw hichtheout- putsignalofthecom agnetom etercanbeconsideredasthestationaryprocess. Thisalso predicts the frequency range in which the comagnetometer output signal is expected to scaleinverselywithmeasurementtime. Su chascalingcanbeusedfortheincreaseofthe SNR in searches for the phenomena presented by the deterministic constant oscillation of the non-magnetic spin couplings or by the stochastic signal with a power spectrum, which does not scale with the observation time. This observation is consistent with the experimental results presented in Fig. 6.5, where the amplitude spectrum obtained for
4 It is rather challenging to achieve such aperformance in  D C  measurements for a single device.5 As m entioned in  the introduction to this section, due to the nature of the calibration process, the key statisti­cal properties of the output signal are shared am ong all types of calibrated outputs.
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Figure 6.4: Standard Allan deviation of the Kraków comagnetometer output calibrated for the neutron exotic spin coupling. The red dashed line shows t - 1/2 asymptotic behaviour, while the green dashed line corre­sponds to t 1/4 asymptotic.
different observation times is shown. For the considered observation time (1 day) and frequency range above 10- 3 Hz, the average noise value scales with the observation time 
τ as τ - 1. Such scaling is characteristic of the weakly stationary noise processes6. This is in agreement with the stationary bandwidth estimated by the second local minimum of the Allan standard deviation, which has been observed at τ ≈ 1000 s.The increase of the Allan deviation for τ > 1000 s indicates the non-stationarity of the output signal. This is consistent with the lack of the scaling of the amplitude spectrum for the 1/f  noise observed below 10- 3 Hz (Fig. 6.5). This supports the initial hypothe­sis about the presence of two independent 1/ f  noise sources. The noise source, whose impact is dominant at the frequency range between 0.001 and 0.04 Hz is an example of 1/ f  noise with the characteristic time scale Tc = 25 s. The characteristic time scale determines the limiting frequency below which the power spectrum of 1/ f  noise be­comes constant. This is the so-called “ageing” feature of noise [144]. In the presence of noise with such characteristics, the output signal of the comagnetometer remains sta­tionary. This is in contrast to the noise. The 1/ f  noise observed for the frequencies below 0.001 Hz, which spectrum does not scale with the observation time, and hence is an example of unlimited Brownian noise. This makes the output of the comagnetometer non-stationary on long-time scales, as shown in Fig. 6.6.

6

6.3. Stability of the comagnetometer calibrationIn this section, the stability of the comagnetometer calibration is under investigation. Changes in the system parameters lead to inevitable modifications of its response to external perturbations. Hence, calibration stability is a particularly important factor af-6The observed behaviour of the system output noise might be consistent with the moving average process[145]. Such behaviour can stem from white noise (atomic and/or magnetic) perturbing the comagnetometer spin system and being "filtered" by the system response function. Formal proof of this hypothesis requires deeper statistical analysis of the comagnetometer output, which goes beyond the scope of this work.
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Figure 6.5: Am plitude-spectrum scaling for the calibrated neutron exotic coupling signal. The data sets are presented for four observation times: 1 s (red line), 100 s (green line), 10000 s (orange line), and 85150 s (blue line). Both the top and the bottom  plots present the sam e sets of data. However, the data on the bottom  plot for the observation tim es above 1 s are moving-averaged over ten points for better visibility of the average noise floor. For the frequencies above 10- 3 H z, the noise level scales as τ - 1 and below 10- 3 H z, it does not depend on the observation time.
6

Figure 6.6: Time-averaged (350 s) signal given in  effective magnetic units for neutron perturbation. The result reveals the non-stationary nature of the output signal observed on tim e scales longer than 350 s. In the long­tim e scales, the signal is dominated by 1/ f noise.
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fecting the precision of long-term measurements. As the Advanced GN O M E calibration is based on the interpretation of the frequency response to the magnetic field (Sec. 5.3), here, particular attention is paid to the stability of the system response to the harmonic magnetic field perturbations at several different frequencies. To avoid the potential ef­fects of the calibration routine on the stability analysis, this section focuses on the analy­sis of a raw comagnetometer signal with minimal post-processing. The post-processing of the data for this section only compensates for the limited bandwidth of the lock-in amplifier used in the measurements of parametric resonance. The test perturbation is applied along the primary sensitivity axis. The response of the comagnetometer, i.e ., the amplitude of the signal at a given frequency, is estimated based on the spectrum of the output signal.In practice, the stability of the calibration of a self-compensating comagnetometer is often limited by the stability of the detuning from the compensation point. Hence, the period of resetting the compensating field may have a direct effect on the stability of the calibration. To address this problem, the system response is considered with hourly and daily correction of the magnetometer detuning from the compensation point for comparison. In both cases, 20-day-long data sets, measured in two consecutive mea­surement campaigns, are under consideration.The regular corrections to the compensation point were made by the application of 12-s-long 40-Hz modulation along the secondary sensitivity axis and measurements of an error signal used for setting the compensating field (see Sec. 4.3.2 for more details). Before each resetting of the compensation point, the frequency responses were mea­sured by sending the train of sinusoidal pulses applied along the primary sensitivity axis. This results in 480 measurements for hourly calibrations (20 frequencies measured 24 times a day) or 20 results for the daily correction. The amplitude of the applied modu­lation was 100 pT in the case of the hourly correction and 25 pT in the case of the daily corrections.7 The data sets for hourly and daily corrected compensating fields are shown in Fig. 6.7.The comparison of the results measured for different frequencies of the applied mod­ulation in the case of the daily and hourly corrected compensation point is realised by consideration of the time progression of the normalised deviation of the response am­plitude from its initial value S(t ,  f ), which is defined in the following way

6

(6.4)
where a (t, f ) denotes the amplitude of the response for the testing perturbation with fre­quency f  at time t and N  is the total number of measured data points. The experimentalresults for the normalised deviations are presented in Fig. 6.8.The normalised deviations obtained for low-frequency perturbations are more noisy(compared tothe high-frequency) dueto alow erSNR resultingfrom theself-compensation regime. Hence, for better visibility, both data sets are split into “ low”  and “high”  fre­quency parts, i.e., below and above an approximate value of the noble-gas Larmor fre­quency at the compensation point. One can note a significant linear trend (mode visible in the high-frequency data, but also present for the data below 2 Hz), indicating a slow7 The change of the modulation am plitude was unrelated to the described measurement.
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Figure 6.7: Data sets used for the analysis of the calibration stability. Each frequency response is presented with a  different colour; small differences between subsequent measurement results lead to alm ost entire overlapping of the data points from different data sets. The top plot presents the results of 480 frequency- response measurements m ade hourly before resetting the com pensating field to the new value. The bottom  plot presents the results of 20 frequency response measurements m ade daily before resetting the com pensa­tion point.
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Figure 6.8: Normalised deviation from the initial amplitudes at various frequencies [Eq. (6.4)] determined based on the experimental data. Different colours of the curves represent data sets for different frequencies. The top plot presents results for perturbation frequencies below 2 H z, while the second from  the top plot shows results for the sam e period of resetting the com pensating field but for frequencies above 2 H z. The second from the bottom  plot displays the results for the perturbation frequencies below 2 H z and the bottom -m ost above 2 H z for the com pensating field, which is reset on a daily basis.

6
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Figure 6.9: Slopes of the linear trends observed in  the normalised deviations from the initial am plitude ob­tained with the linear fitting of the experimental results presented Fig. 6.8.  The blue line presents results for the hourly corrected value of the com pensation point, while the orange line presents the results for the daily corrected value of the point.
6 decrease in the response amplitude. Most of the tested data sets reveal drifted by 4-8% in 20 days. For further investigation of this effect, the linear function was fitted to data sets corresponding to each tested perturbation frequency. The obtained slopes of the linear trends as a function of the perturbation frequency are presented in Fig. 6.9.  In all cases, the change in the response amplitude due to the linear drift does not exceed 0.02%/h. One may also notice that low- and high-frequency response results reveal dif­ferent trends. The low-frequency response slope for the hourly corrected compensation field grows linearly while it decreases at a m uch smaller rate for higher frequencies. In the case of the daily corrected compensation field, the contrast is even more dramatic since the observed slope for low- and high-frequency changes sign. Such a change is most probably related to the drifting alkali-metal and/or noble gas polarisation, which is qualitatively consistent with the numerical simulations based on the theoretical re­sults from Sec. 2.2.10.For further analysis, the experimental results from Fig. 6.8 are detrended by subtract­ing the linear fit from the data. The procedure allows for the distinction of the linear trend from the stochastic component of the response. The resulting time series obtained for a few representative perturbation frequencies are presented in Fig. 6.10 along with ASD of the signals. The stochastic components for both considered frequency ranges are quite similar, i.e ., ASD in both cases has the same values for the comparable frequency range. This leads to the conclusion that both data sets are predominately affected by the same source of noise. The better resolution in the case of the results obtained for the hourly corrected compensating field allows distinguishing between two types of noise affecting the response. For the frequencies above about 10- 5 H z, the noise component is dominated by the white noise corresponding to the accuracy of the response-amplitude
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determination method. At the frequency range below 10- 5 H z, the response is affected by 1/f technical noise.
6.4. OBSERVATION OF THE DAILY SENSITIVIT Y CHANGE Despite the stability of the comagnetometer calibration, the output sensitivity of the comagnetometer reveals regular daily changes in the frequency between 0.1 and 2 Hz (Fig. 6.11).  Specifically, between 23:00 and 5:00. the sensitivity improves by 10-30% de­pending on a day (Fig. 6.12).  Noticeably, within the considered anomaly window, the observed sensitivity is at the same level.In principle, such an anomaly could be related to the axion dark matter. However, a m uch more likely reason behind this, anticipated from the daily pattern, are trams passing the Kraków comagnetometer at a distance of about 160 m  (Fig. 6.13).  The time when the anomaly starts coincides with the time of the last daily tram, while the end of the anomaly coincides with the first daily tram (see vertical lines in Fig. 6.12).  Moreover, the noise floor is notably higher during the daytime, and the local maxima are observed near the times typical for the high traffic in Kraków. Hence, the observed noise floor changes can be related to the vibrations of the Institute of Physics building produced by the local trams and traffic. This also allows the identification of the vibrations as the current limitation for the Kraków comagnetometer sensitivity.
6.5. SUMMARY OF THE CHAPTERThis chapter presented a detailed discussion of the sensitivity and long-term stability of the Advanced GN O M E Kraków comagnetometer. The presented results reveal signif­icant improvement in the sensitivity to the exotic proton spin couplings when compared to the first-generation G N O M E stations consisting of the alkali-metal-based atomic mag­netometers. The peak sensitivity to the exotic spin couplings to proton reaches 1.5 ∙ 10- 19 e V Λ ∕H z , which is observed around 1.5 Hz. This is in addition to even higher sensitivity to exotic spin couplings to the neutron spins, which reaches 1.5∙10- 21 e V ∕√ H z around the same frequency. It is worth noticing that neutron spin couplings were inac­cessible with regular magnetometers used for the first-generation GN O M E stations. The current sensitivity of the Advanced GN O M E comagnetometer is mostly limited by the vibrations of the building hosting the experimental setup, which was proved by the ob- servationofthe noise-level change correlatedwiththe schedule ofthe trams passingthe nearest to the experimental setup tram stop.The consideration of the statistical properties of the comagnetometer output signal reveals thatthe noise ofthe systemcan be consideredweaklystationaryforthe observa­tion times ofabout1000 s. The systemnoise is dom inatedbya non-stationary1 ∕f noise forlongerobservation times. While the optimal observation time, forw hichthe absolute m inimum of the Allan standard deviation is equal to about 200 s.The long-term stability of the system allows uninterrupted operation of the comag­netometer for 24-h period. After that period, the compensating field must be reset in or­der to avoid systematic effects related to the changes in the noble-gas polarisation level. This sets the current upper limit on the duty cycle of the Kraków Advanced GN O M E co­magnetometer.
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Figure 6.10: Left colum n shows examples of detrended normalised deviations of the response am plitude ob­served for the perturbations with a frequency of 1 H z (top), 55 H z (middle), and 110 H z (bottom). The right colum n presents ASD  for each deviation tim e series. Each plot contains data for both hourly (blue lines) and daily (orange lines) corrected leading fields.
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Figure 6.11: Example of the Kraków-comagnetometer sensitivity changes at the frequency range between 0.1 and 2 H z over a single day. The top plot presents the sensitivity estimated from 100-s-long data sets recorded at 3:05 (the blue line) and at 7.01 (the orange line) on  July 13, 2023. The sensitivity curves have been subjected to the moving average over 50 data points for illustration purposes. The bottom plot shows the spectrogram with the sensitivity, which covers the 24-h cycle, which starts at 20:00 on July 12, 2023. Each presented data bin represents the average am plitude spectrum density of the signal. The blue dashed lines show the tim e period when the change of sensitivity improves.
6

Figure 6.12: Com parison of daily cycles for the average ASD  of the neutron-coupling sensitivity observed within 0.5-Hz window centred at 0.5 H z for the data sets starting at 20:00 of July 12-14, 2023 (blue, orange, and green lines, respectively). The red solid line shows the average over all three data sets. The dotted red line shows the scheduled tim e of the last regular daily tram, while the dashed m agenta line shows the tim e of the first regular daily tram passing the nearest to  the Kraków G N O M E  station tram stop.
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Figure 6.13: Schem atics illustrating the position of the Krakow Advanced G N O M E  station with respect to the tram lines and four-lane road located near the Cam pus of the Jagiellonian University in  Kraków. The distance between the experimental setup and the nearest tram station is approximately 160 m . The vibrations produced by the tram line and heavy traffic on  the road are the m ain limitations of the peak sensitivity for the Kraków com agnetom eter. The variation of the noise level observed in  the experiment is in good agreement with the tram schedule (Fig. 6.12).



7
CONCLUSIONS

7.1. THESIS SUMMARYThis work presented a comprehensive study of a new type of sensor to search for time-dependent exotic spin couplings. This device was based on a concept of a self-compensating comagnetometer proposed in Ref. [57],  which was previously used for investigating time- independent spin couplings. In this work, however, the emphasis was placed on the util­isation of a similar device for measurements of transient and oscillatory couplings. This required the development of an independent theoretical description of the device op­eration, as well as its construction and optimisation. Due to these reasons, the thesis thoroughly discussed both the theoretical aspects of the dynamics of coupled spin sys­tems, which forms the basis of the constructed sensor and the experimental aspect of the work in which the device was built, and its operation was analysed versus various experimental parameters.
7.1.1. I NVESTIGATIONS OF T IM E -DEPENDENT SPIN COUPLINGSA significant part of this dissertation was dedicated to the formulation and discussionof the theoretical description of the self-compensating comagnetometers in the genericsearches for time-dependent spin couplings. The presented framework was based on thelinearised response of the coupled spin system, which allowed the definition of conve­nient formalism. The formalism enabled the development of suitable data-analysis rou­tines, which were later used to process experimental signals. In particular, it was usedto perform a full spectral reconstruction of the system response to non-magnetic spincouplings based on the sensor's magnetic response. Here, the strong spectral depen­dence of the sensitivity was demonstrated, which was in contrast to the previous studieswhere a flat frequency response of the comagnetometer was assumed. Accounting forfrequency-dependent sensitivity could be particularly important when the perturbationfrequency is close to the Larmor frequency of the nuclear polarisation. In this respect,this may be crucial when such global transient signals as the ones induced by axion do­main wall, axion wind, Q-balls, etc., are considered. It is noteworthy that this new ap­
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proach is suitable for long-term searches for time-dependent exotic spin couplings as the wide-spectrum reconstruction could be performed with a single square pulse of the magnetic field, which can last for a couple of seconds and can be easily implemented experimentally. The method provided an estimation of the comagnetometer response at the compensation point but its validity was also demonstrated for non-zero detun­ing from the compensation point, simultaneously allowing for estimation of the actual detuning from the point. This can be used for re-tuning the compensation field to the compensation value without additional manipulations of the system. Such a reduction in the time required for the maintenance of the system improved the continuity of the measurements.

7

7.1.2. SENSOR FOR THE ADVANCED GNOMEIn addition to general theoretical and experimental investigations of the comagnetome­ter, this thesis also provided a description of the experimental systems that were usedin the first Advanced GN O M E stations located in Kraków and M ainz. One importantfeature of the constructed devices was their ability to operate in a two-axis-sensitivitymode. This was possible due to the application of the parametric modulation of theatoms. It is noteworthy that operation in such a mode means that a single AdvancedG N O M E sensor is effectively equivalent to four first-generation GN O M E sensors. More­over, the detection of the alkali-metal polarisation with the parametric modulation alsoenabled an effective suppression of the 1/ f noise, which stems, for example, from airmotion and turbulence in the optical path of the probe beam.Using the results obtained during the realisation of the dissertation, it was demon­strated that, up to the uncertainty of the estimation, the system response remained sta­ble within a 24-h run (Sec. 6.3).  This proved that for the Advanced GN O M E science runs, the resetting of the compensation point and the calibration check can be repeated only once a day. This significantly improves the continuity of the measurements, which is of paramount important for the analysis of various theoretical models.The analysis of the Kraków comagnetometer and successive analysis of its sensitivity performed within this dissertation showed the significant (by many orders of magni­tudes) improvement of the sensitivity of the GN O M E searches to the proton exotic spin couplings with respect to the first generation GN O M E sensors (magnetometers). More­over, as the comagnetometer was based on the 3He polarisation, it was also sensitive to the neutron spin couplings. This allowed for the extension of the GN O M E search to the neutron coupling, which was not previously possible.The analysis also revealed directions for further sensitivity improvement of the searches in the Kraków comagnetometer. Specifically, the measurements showed the daily changes in the noise level. These changes eventually enabled the identification of the main con­tribution to the noise, which originated from vibrations induced by the nearby traffic. This indicated that the sensitivity can be enhanced through the improvement of the anti­vibration system and its better isolation from the floor.Another important aspect of the comagnetometer developed was related to its abil­ity to determine and hence compensate magnetic-field gradients. As the gradients may affect the operation of the comagnetometer, compensation of the gradients enabled a stable operation of the systems without the necessity of frequent resetting the compen­
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sation point. This led to the significant improvement of the system duty cycle, making it suitable for long-term continuous searches.
7.2. FUTURE WORKThe natural continuation of the work presented in this thesis lies in the long-term mea­surements aiming at the detection of the global exotic spin couplings with the Advanced G N O M E network. The first measurements with a “network”  consisting of two advanced sensors (Kraków and Mainz) are ongoing at the time of preparation of this thesis. More­over, the extension of the network with more self-compensating comagnetometers is envisioned in the near future.The uncertainty and great versatility of the theoretical predictions of the exotic spin couplings make it difficult to identify the optimal observation time and the ideal con­figuration of the network. Because of that, further development of the G N O M E network may prioritise long-term autonomous measurements, in which data will be collected over multiple years or even a decade. Ideally, such measurements should ensure sensi­tivity in all-direction with minimal requirements for intervention in the system opera­tion. This is a shift in the experimental paradigm from an atomic-physics style exper­iment, where the experimental endeavour is planned in the time span of months and single years (scientific runs), towards an astronomical-observations approach, where the data are collected continuously for extended periods of time for the future evalua­tion. In turn, this will allow the utilisation of G N O M E data as another source of infor­mation for multi-messenger astronomy with potentially useful information for cosmol- ogy/astronomy and particle physics. Such an approach requires proper data collection and storage procedures, along with standardised protocols for data validation, station maintenance, and sensor calibration. The experience of the GN O M E collaboration and the results of this work opens a direct path for the realisation of such an approach with the Advance GN O M E network.The focus of future work on the Advanced GN O M E comagnetometers should also be directed towards the improvement of the sensitivity of each individual sensor, as the cur­rent sensitivity of both the Kraków and Mainz stations is at least an order of magnitude worse than the best results published for the self-compensating comagnetometers. As mentioned above, the sensitivity can be improved by reducing of technical noise (e.g., vibration), but also by the implementation of atomic cells with a higher concentration of the noble gas1 and improved sphericity.Finally, further investigation is required on the issue of the multi-axes sensitivity and directional ambiguity of the self-compensating comagnetometer measurements, which have been highlighted in this work. This work treated the readouts for two sensitivity axes independently. However, a comprehensive approach for the comagnetometer read­out requires the development of joined two-channel signal processing for the readouts corresponding to both sensitivity axes. Such signal processing must allow generic treat­ment of the two-component signal from the comagnetometer in a way which ensures precise identification of the direction of the measured perturbation.
1 Notably, the system with the best-known sensitivity of the self-com pensating comagnetometers has four times higher concentration of 3 H e atom s in  the atom ic cell.
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7.2.1. FIN AL REMARKSAll the aspects of the comagnetometric technique developed within the dissertation con­tribute to a qualitative change in the application of the devices for long-term operations and the exploration of both transient and oscillatory spin couplings. Specifically, the pre­sented knowledge can be used in the construction of the new sensors in other GNO M E stations, but it also can be a basis for further research. With this respect, this dissertation constructively contributes to the development of atomic comagnetometry, and, more generally, to the searches for ultralight bosonic dark matter.

7
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APPENDIX

A.1. THE PARAMETERS FOR THE S IM U L ATED DATAThe list of the parameter values used for illustration of the solutions for the comagne­tometer response presented in Chapter 2 is provided in Table A.1.Parameter value units
γ F - 2 π ∙467 rad/s
γ n - 2π ∙ 3.24 rad/sΥ z 0.5
ζ z 0.03
ωe - 2π ∙76 rad/s
ωn - 2π ∙ 8 rad/s
∆Bz 0 m G
Re 600 1/s
R n 10- 5 1/s

Table A.1: The list of the parameters used for the illustration of the analytical solutions for the comagnetometer response presented in  Chapter 2.
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