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Chapter 1

Introduction

The knowledge of the production cross sections for various residual nuclei by medium- and high-
energy protons interacting with atomic nuclei is essential for a large number of applications in
science and technology. They concern such different subjects like the design and operation
of neutron spallation sources, the optimization of isotope production, the accelerator-driven
subcritical reactor systems considered for the transmutation of nuclear waste, the interpreta-
tion of reaction products of cosmic ray interaction with terrestrial and extraterrestrial matter,
etc. Various and abundant applications demand the knowledge of cross-sections for numerous
target - ejectile combinations and for a broad range of proton beam energies. In spite of the
fact that a large number of experiments were performed in the past to determine production
cross-sections, the experimental knowledge of them is still not satisfactory. Therefore the only
practical method to predict the production cross sections for all important target-ejectile com-
binations in a broad range of proton energies is to rely on realistic models of proton-nucleus
interactions. Thus, the task to investigate a mechanism of the reactions induced by medium-
and high-energy protons on atomic nuclei is not only interesting by itself, but it is also very
important from practical reasons. Unfortunately, many aspects of the reaction mechanism are
still not well understood what causes that even most essential and simple observables, i.e. total
production cross sections, cannot be properly reproduced by existing models (cf. e.g. ref. [1]).

It was shown by the PISA (Proton Induced SpAllation) collaboration in recent studies of
proton interaction with Ni and Au targets at proton beam energies 1.2-2.5 GeV [2–5], that
the double differential cross sections dσ

dΩdE
obtained in inclusive measurements for light charged

particles (LCP), i.e. Hydrogen and Helium isotopes, as well as for intermediate mass fragments
(IMF), i.e., particles with atomic number Z larger than 2 but smaller than fission fragments,
revealed specific angular and energy dependencies, which could not be reproduced by the tra-
ditional two-step model of the reaction mechanism. It turned out that for all ejectiles two
components of the energy spectra are present. The isotropic, low-energy part can be attributed
to evaporation of ejectiles from excited remnants of the intranuclear cascade of nucleon-nucleon
collisions induced by the proton impinging on to the nucleus. The origin of the anisotropic,
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6 CHAPTER 1. INTRODUCTION

high–energy part, which was observed for all ejectiles, is not clear. Whereas for LCPs such a
high energy contribution could be, at least partially, traced to emission from the first step of
the reaction, i.e., from the cascade stage of the proton - nucleus collision, the origin of the high
energy tail in IMF spectra was not explained.

It was claimed by authors of refs [2–5] that phenomenological introduction of emission of par-
ticles from sources moving along the beam direction is necessary to achieve a good description
of the angular and energy dependence of double differential cross sections. The interpretation
of the origin of moving sources proposed in these references is based on the assumption that the
proton impinging on to the target may interact simultaneously with a group of nucleons lying
on its straight way through the nucleus. This interaction, which is neglected in the model of
intranuclear cascade, results in the emission of a small, fast and hot group of nucleons moving
in the forward direction, i.e., along the beam. Such a group of nucleons, called "fireball" decays
isotropically in its centre of mass reference frame emitting nucleons and composite light charged
particles (LCPs). In the laboratory reference frame this emission gives a strongly anisotropic,
high-energy contribution to the LCP spectra. The intermediate mass fragment (IMF) spectra
are, however, not influenced by the presence of the fireball because its mass is smaller than the
mass of most IMFs.

It is worth to emphasize, that the hypothesis of the fireball is compatible with the presence
and properties of two moving sources emitting intermediate mass fragments as postulated in
refs [2–5]. The following reasoning leads to the above statement: It is natural to conjecture
that the remnant of the target nucleus, which remains after emission of the fireball, is excited
and deformed. Thus it may break-up into two prefragments which are still excited and act as
moving sources of ejectiles. This process is called "fast break-up" because it appears in the first,
fast stage of the reaction. Since the probability distribution of the impact parameter of the
beam protons favours peripheral collisions, the two prefragments have usually quite different
masses. It seems reasonable to expect that the energy as well as the momentum transfers from
the fireball to both prefragments are approximately the same. In such a case the velocity and
the excitation energy per nucleon of the lighter prefragment have to be larger than the velocity
and the excitation energy per nucleon of the heavier prefragment. These facts agree well with
experimental observations of refs [2–5].

The question arises, whether the above described picture of the reaction mechanism remains
valid for very light targets, like 12C, where the fireball would exhaust large part of the mass of
the target nucleus and therefore the eventual break-up of the rest of the target nucleus cannot
cause an emission of two intermediate mass fragments. Furthermore, it was reported in refs [2–5]
that the lighter of two moving sources observed in p-Ni and p-Au collisions is built of 20-25
nucleons. It is impossible in p+12C and highly improbable in p+27Al collisions to obtain such a
prefragment as a result of the break-up of the excited target remnant after emission of several
nucleons, both in the form of a fireball or as nucleons from the nucleon-nucleon intranuclear
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cascade. Thus, an eventual observation of two different contributions to the spectra of IMFs in
proton-Carbon and/or proton-Aluminium collisions should find another explanation than the
two-body break-up of an excited remnant nucleus. On the other hand, emission of a fireball
consisted of ∼ 3-5 nucleons from these collisions is not excluded, thus it may be expected that
spectra of light charged particles should contain the contribution, which for heavier targets was
attributed to the emission from a fireball.

The aim of the present work is to study the mechanism of interaction of protons with energy
1.2 - 2.5 GeV impinging on to 12C and 27Al targets. The goal of this investigation is twofold:

(i) to examine experimentally whether the effects which have been attributed to the fast break-
up of the target nucleus in proton-Ni and proton-Au collisions [2–5] are present in proton
induced reactions on very light targets, and

(ii) to check whether another reaction mechanism is able to reproduce experimental data ob-
tained for these light targets.

This thesis is organized as follows: A short review of most important experimental facts
concerning mechanism of the proton induced reactions at GeV energies is presented in the sec-
tion 2. The emphasis is put on two general properties of the reactions at such high energies:
on the limiting fragmentation hypothesis (subsection 2.1) and on the multifragmentation of
atomic nuclei (subsection 2.2).

The theoretical models used most commonly for description of such reactions are discussed
in the section 3. All of them assume two stage mechanism of the reactions. First four sub-
sections of the section 3 describe models of the first stage of the reaction whereas next four
subsections deal with the models of the second stage.

The experiment PISA, in which reactions induced by protons on Aluminium and Carbon
targets were studied, is described in the section 4 putting emphasis on the experimental setup
and experimental procedure (subsection 4.1), on the absolute normalization of the cross sec-
tions (subsection 4.2), and on the comparison with the data from the literature (subsection 4.3).

Qualitative properties of the obtained data are presented in the section 5, separately for
p+Al collisions (in the subsection 5.1), and for p+C collisions (in the subsection 5.2).

Application of various models of the reaction to the experimental data is presented in the
section 6. Three versions of the analysis are discussed in the following subsections:
6.1 – The traditional two-step model consisted of the intranuclear cascade for description of
the first stage of the reaction followed by the evaporation of particles in the second stage,
6.2 – The two step model, in which the first stage of the reaction is described by the intranuclear
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cascade, whereas the second stage is modeled by the evaporation (for slightly excited remnants
of the cascade) or by the multifragmentation (for highly excited remnants),
6.3 – The two step model, analogous to that used in the preceding subsection, but with the
inclusion of the fireball emission besides the intranuclear cascade in the first step of the reaction.

Discussion of the obtained results is presented in the section 7 and the summary of the
performed investigations forms the content of the section 8.

List of the experiments dealing with reactions in p+Al and p+C systems at proton GeV
energies is given in the Appendix A, whereas details of the phenomenological model of moving
sources are presented in the Appendix B.

The literature references are collected in the Bibliography.



Chapter 2

Earlier results

Intense experimental and theoretical investigations have been performed in last tens of years
with the aim to get knowledge on reactions induced by energetic protons interacting with atomic
nuclei. Most of the experiments were devoted to inclusive measurements of total production
cross sections, see e.g., [6,7]. Measurements of differential cross sections were less abundant even
for inclusive experiments and were almost not present for coincidence studies [8–11]. Results
of these investigations lead to the following conclusions:

1. Total cross sections for production of light charged particles and intermediate mass frag-
ments vary smoothly with the mass of target nuclei as well as with proton beam energy.
Moreover, the value of the total cross sections seems to level at high beam energies for all
reaction products. The threshold energy at which the leveling starts increases with the
mass of the target [6, 7, 12,13].

This behaviour is illustrated by fig. 2.1 where the energy dependence of production cross
sections of 7Be in proton induced reactions is presented for six targets: 12C, 16O, 27Al,
58Ni, 107Ag, and 197Au. The lines shown on fig. 2.1 depict results of parameterization of
the experimental data made by Bubak et al. [13]. All excitation functions level at high
energies but the threshold energy for this effect depends on the mass of the target. A
maximum of the cross section is visible for the lightest targets in the neighbourhood of 100
MeV, what is not the case for targets heavier than Al. At higher energies all excitation
functions behave in the same manner, i.e. they approach a plateau of different height for
different particles.

The energy dependence of total production cross sections of other particles exhibits the
same general trend as that for 7Be (see e.g. [14]).
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Figure 2.1: Energy dependence of the total production cross section of 7Be in proton induced
reactions on various targets [13].

2. Angular distributions and energy spectra of differential cross sections indicate the presence
of at least two components for all ejectiles and targets.

Figure 2.2: Energy spectrum of 7Li at 35◦ from p+Au collisions at 2.5 GeV proton beam
energy [2]
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First component , which contributes mainly to the low energy part of the spectra is
isotropic and has a Maxwellian energy dependence typical for the evaporation from equi-
librated source. The second one participates predominantly in the high-energy, expo-
nential part of the spectra and decreases with detection angle. These properties indicate
that such a component corresponds to processes in which an equilibrium of full nucleus
is not achieved [11].

There was observed that for the lightest products, i.e. protons, deuterons, tritons, 3He and
4He the additional high energy components of the spectra are present [3, 4]. These
components may partially originate as result of emission from the cascade stage of the
reaction and may also appear due to emission from a hot, fast moving source called ”fire-
ball”. The angular distributions of these both processes are strongly anisotropic, peaked
in forward (parallel to the beam) direction [3, 4, 9, 15, 16]. The apparent temperature
of the fireball is significantly higher than the temperatures of the two emitting sources
discussed above.

Figure 2.3: A model of fireball emission. The nucleons, which are mutually swept out from the
nucleus by the projectile impinging on to the target from the left side of the figure, form a hot
and fast group of nucleons called ”fireball”. The picture was taken from [15].

The contribution of such reaction mechanism is shown in fig. 2.4 for deuteron spectra
from p+Au collisions [3]. The dash-dotted line presents the fireball contribution, the
dashed line depicts the sum of two components; emission of deuterons from the coalescence
process and evaporation from the excited remnant of the target after intranuclear cascade.
The first component contributes mainly to the high energy tail of the spectra whereas
the second one to the low energy part of spectra. The solid line depicts the sum of all
reaction mechanisms. As can be seen the fireball contribution is significant for smallest
scattering angle and quickly decreases for larger angles.
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Figure 2.4: Experimental deuteron spectra (circles) from p+Au collisions measured at three
proton beam energies. The upper, middle and lower panels correspond to beam energy 2.5, 1.9,
and 1.2 GeV, respectively. The left, middle and right panels represent spectra at 16◦ , 65◦ , and
100◦ , respectively. The lines depict model predictions of different reaction mechanisms (see
text) [3].

3. It was reported [6,7,13,14], that significant changes in reaction mechanism occur at beam
energies below the region where the leveling of the excitation functions appears. These
changes were interpreted as transition from binary breakup to multifragmentation of the
target nuclei. The energy deposited by the projectile in the target nucleus increases to
such values at which a phase transition appears – from the nuclear liquid to gas consisted
of free nucleons and intermediate mass fragments. Further increase of the beam energy
does not influence the values of the total cross sections as well as the shape of energy
spectra. This fact, known as limiting fragmentation hypothesis, might indicate the lack
of possibility to absorb more energy by target nuclei. Then the products of the reaction
which originate due to the emission from excited remnants of the target nuclei should be
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characterized by the energy independent cross sections.

2.1 Limiting fragmentation hypothesis
The limiting fragmentation hypothesis, originally proposed by Benecke et al. [17] for collisions
of hadrons, suggests that at sufficiently high bombarding energies fragmentation cross sections
of the target investigated in its rest system should reach their asymptotic values. Such a
limiting behaviour is conjectured for both, differential and total production cross sections.
Thus constancy of the total production cross sections for high beam energies shown for 7Be
on fig. 2.1 as well as constancy of production cross sections for other ejectiles reported, e.g.,
by Porile et al. [14] and Cumming et al. [18–20] is a straightforward consequence of validity
of the limiting fragmentation hypothesis. It is important to emphasize that the momentum
distributions of fragments should also reach their asymptotic forms. Figure 2.5 shows energy
dependence of spectra for selected products of p+Ni and p+Au collisions measured by PISA
collaboration [5] and [3].

Figure 2.5: Spectra of 4He, 7Li, 9Be, and 11B produced in p+Ni (left figure) and p+Au (right
figure) collisions at three proton beam energies; 1.2, 1.9, and 2.5 GeV (open circles, full squares,
and open triangles, respectively), measured at 35◦ . Figures were taken from [5] and [3].
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It is evident that the shape of the spectra does not change in the proton energy range 1.2
- 2.5 GeV for all particles and both targets, however, the absolute value of the cross sections
increases by factor ∼ 3 - 4 for Au target whereas this increase is much smaller for Ni target (by
factor ∼ 1.5 - 2). This is in line with dependence of the total cross sections for 7Be production
depicted in fig. 2.1, where the stabilization of the cross sections starts at lower energy for light
targets than for heavier targets.

This can be understood as an effect caused by difference between threshold energies for
fragmentation of both targets. Indeed, the inspection of excitation functions for 7Be production
presented on Fig. 2.1 shows that fragmentation starts for Ni target at lower energies than for
Au target. Therefore the beam energy range (1.2 - 2.5 GeV) studied by PISA collaboration
corresponds to the region where the production cross section starts to saturate for Ni target,
whereas for Au target this is the region where the production cross section starts to rise quickly.

The effects of limiting fragmentation should also be visible in the excitation functions of
total production cross sections studied in literature for Al and C targets, which are the subjects
of investigations performed in the present work. Furthermore, it may be expected that level-
ing of the excitation functions for C target should appear at lower energy than that for Al target.

Representative examples of excitation functions of total production cross sections for light
charged particles (3H and 4He) and heavier fragments (7Be, 11C, 18F, and 24Na) produced in
proton collisions with Aluminium target are presented in fig. 2.6. All excitation functions
increase with the energy for proton energies smaller than ∼ 100 MeV, where the maxima appear
for heavy reaction products (18F, and 24Na). These maxima are not visible for lighter particles.
The excitation functions rise for higher energies (up to ∼ 1 GeV), where they start to level
for 4He, 11C, 18F, and 24Na but they still slightly increase for 7Be and 3H. The asymptotic
value of the cross section is depicted in fig. 2.6 by the horizontal line determined as arithmetic
average of the cross sections measured for beam energies in the range of 1 GeV – 8 GeV. A large
spread of the experimental production cross sections of tritons and 7Be observed for energies
in the neighbourhood of 1 GeV does not allow to extract precisely the asymptotic value of the
cross sections for these particles. Thus the limiting fragmentation hypothesis, claiming that
the cross sections level at asymptotically high beam energies seems to be fulfilled at energies
above ∼ 1 GeV for former products while this is not evident for the latter ejectiles. Moreover,
increasing of the total cross sections for tritons and 7Be is quite prominent for energies smaller
than 1 GeV, therefore, the limiting fragmentation certainly does not occur for these particles
at energies lower than 1 GeV.
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Figure 2.6: Excitation functions for production of 3H, 4He, 7Be, 11C, 18F, and 24Na in proton
induced reactions on Aluminium target. The points represent experimental results published in
literature by several collaborations listed in table A.1. The horizontal lines show the asymptotic
cross section values, which are discussed in the text. The smooth line interpolating the 7Be
excitation curve presents results of parameterization of 7Be data by Bubak et al. [13].
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Table 2.1: Total production cross sections of ejectiles emerging from p+27Al collisions in the
energy region Ep > 1 GeV, which can be treated as limiting fragmentation region for ejectiles
heavier than 10Be. The right column presents compilation of the cross sections from literature
averaged over 1 GeV - 8 GeV proton energy range. The quoted error corresponds to the
standard deviation of the average value of data obtained in various publications, estimated
from the spread of the data.

particle σtot / mb
3H 51.0(5.2)

3He 61.4(4.7)
4He 435.7(7.2)
6He 1.20(10)
7Be 9.73(65)
9Li 0.185(55)

10Be 2.96(10)
11C 5.33(18)
13N 1.633(67)
16C 0.60(10)
17N 0.690(30)
18F 6.95(38)

20Ne 22.4(2.0)
21Ne 22.9(2.2)
22Ne 18.8(3.2)
22Na 13.52(57)
24Na 9.59(21)
26Al 20.60(72)

Following publications serve as a source of the data listed in table 2.1: 3H [21–25], 3He [6, 24],
4He [6, 24], 6He [26], 9Li [27], 7Be [6, 23, 25, 28–31], 10Be [6, 25, 32, 33], 11C [23, 28, 31, 34–37]
16C [27], 13N [23, 28, 31] 17N [27], 18F [23, 31, 36–39], 20Ne [6, 24], 21Ne [6, 24], 22Ne [6, 24],
22Na [6, 23, 25,28,30,31,36,39,40], 24Na [6, 28, 31,41–44], 26Al [6, 25].

It should be pointed out that the production cross sections of ejectiles lighter than ∼11C
still vary in the studied energy range and therefore the quoted values of the data cannot be
treated as asymptotic values of the cross sections for p+ 27Al collisions.

In fig.2.7 excitation functions for production of 3H, 4He, 7Li, 7Be, 10B, and 11C on carbon
target are presented. The pronounced maxima of the cross section are visible in excitation
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functions for 4He, 7Be, and 11C products below 100 MeV proton beam energy. Maxima of
the cross sections are not present in excitation functions for 3H, 7Li, and 10B. All excitation
functions level at high proton beam energies. Leveling appears at energies smaller than 1 GeV,
with exception of 3H data where a large spread of experimental cross sections does not allow
to derive ultimate conclusions.
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Figure 2.7: Excitation functions for production of tritons, 4He, 7Li, 7Be, 10B, and 11C in proton
induced reactions on Carbon target. The points represent experimental results published in
the literature by several collaborations listed in the table A.2. The horizontal lines show the
asymptotic cross section values, which are discussed in the text.

The asymptotic values of the total production cross sections, obtained as arithmetic mean
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of values measured for proton beam energy larger than 1 GeV and smaller than 8 GeV, are
listed in table 2.2 for all ejectiles observed in experiments described in the literature.

Table 2.2: Total production cross sections of ejectiles emerging from p+12C collisions in the
limiting fragmentation energy region (Ep > 1 GeV). The left column presents compilation of the
cross sections from literature averaged over 1 GeV - 8 GeV proton energy range. The quoted
error corresponds to the standard deviation of the average value of data obtained in various
publications, estimated from the spread of the data. Two next columns present literature data
from compilation prepared by Olson et al. [45], where interaction of carbon beam with hydrogen
target was studied.

present compilation Olson et al [45]
Ep ≥ 1.0 GeV EC = 1.05 GeV/nucleon EC = 2.1 GeV/nucleon

Ejectile σtot / mb σtot/ mb σtot / mb
2H 127.6(4.6) 125(16) 105(15)
3H 33.7(5.8) 53(10)

3He 42.3(2.3) 46.4(5.1) 51.5(4.5)
4He 168.5(4.2) 185(19) 171(15)
6He 0.821(46) 0.94(19) 0.91(21)
6Li 10.09(92) 11.5(2.2) 13.9(1.5)
7Li 9.53(78) 10.40(80) 11.0(1.0)
7Be 10.00(24) 8.45(81) 9.5(1.0)
8Li 1.12(20) 0.77(14) 1.13(16)
8B 0.503(49) 0.600(90) 0.47(11)
9Li 0.304(42) 0.400(90) 0.410(80)
9Be 4.99(98) 5.13(54) 5.92(54)
9C 0.280(60) 0.380(70)

10Be 3.29(58) 3.41(54) 3.42(35)
10B 15.0(2.7) 20.2(2.5) 16.9(3.0)
10C 2.65(33) 2.52(28) 2.38(24)
11B 22.6(6.8) 29.3(2.7) 30.9(3.4)
11C 27.63(31) 25.0(3.0) 26.1(2.4)
12B 0.050(10) 0.060(10)
12N 0.040(10) 0.05 0.030(10)

The lists of experiments on spallation reactions induced by protons on Al and C targets are
presented in tables A.1 and A.2, respectively (Appendix A). The largest amount of experiments
was devoted to measurements of total production cross sections and only several papers dealt
with determination of differential cross sections.
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2.2 Multifragmentation and nuclear phase transition

The energy dependence of total production cross sections shown for p+C collisions in Fig. 2.7
indicates that multiplicity of ejectiles stabilizes at high proton beam energies starting from en-
ergies lower than those used in the present experiment (1.2 - 2.5 GeV) and remains constant in
this energy range. This is true for all observed ejectiles with exception of the lightest (deuterons
and tritons) for which experimental values of the cross sections are strongly scattered.

In the case of p+Al collisions the cross sections of light ejectiles (up to 7Be) still slightly
increase within the studied proton energy range but for heavier ejectiles, e.g., for 11C the cross
sections are constant in this energy range.

The knowledge of the asymptotic values of the production cross sections collected in Tables
2.1 (for p+Al collisions) and 2.2 (for p+C collisions) as well as the absorption cross section from
parameterization of Tripathi et al. [46] allows for estimation of average multiplicity of ejectiles
from these collisions. For example, summing the total cross sections of d, t, 3He, and 4He from
table 2.2 and dividing them by absorption cross section, which for p+C system is equal ∼ 250
mb in the studied beam energy range, leads to average multiplicity:

〈M〉 ≡ σinclusive/σabsorption ≈ 1.5

Since cross sections for emission of nucleons is always bigger than the largest among d, t,
3He, and 4He production cross sections, it may be conjectured that the average multiplicity of
ejectiles (including nucleons) is larger than 3 - 4. Process with such number of products is called
multifragmentation [47] and requires large energy deposition in the target nucleus. Exactly
speaking, the term multifragmentation was introduced for processes in which more than two
fragments heavier than 4He are emitted, however, in the case of 12C target all the fragments
must have small mass number.

The mechanism of multifragmentation has attracted the attention of physicists since over
the last two decades and led to different theoretical models which were aimed to describe such
reactions. One of the most interesting interpretation of multifragmentation corresponds to
treating the multifragmentation as a phase transition from a quantum liquid (nuclei in the
ground state) to a quantum gas (mixture of free nucleons and light fragments) [48].

A specific behaviour of caloric curve (a dependence of the temperature of atomic nucleus
on its excitation energy per nucleon) is expected for such a phase transition. According to
Natovitz et al. such specific signs for the existence of the phase transition are indeed observed
in many experiments [49]. A compilation of caloric curves obtained in various experiments is
presented in fig. 2.8. For all caloric curves a range of excitation energies can be found for which
the temperature is constant, what corresponds to the phase transition in analogy to boiling of
water.
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Figure 2.8: Caloric curves for various nuclei as studied by Natowitz et al. [49]
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Information on caloric curves has been obtained in exclusive experiments as performed by
INDRA, ALADIN, ISiS collaborations in which 4π detectors were used to detect all charged
products. This method of measurements allowed to put gates on the collisions with an appro-
priate reaction mechanism.

The excitation energy per nucleon at which the ”boiling” starts is different for different
atomic nuclei - decreasing with increase of the mass number of nucleus. This dependence of
critical value of the excitation energy per nucleon on the mass number of the nucleus is shown
on fig. 2.9. Points with errors were taken from the reference [49] whereas the straight line
represents the regression curve fitted to the data by the least squares method. There are also
shown confidence intervals corresponding to one (dashed line) and two standard deviations
(solid line) of the regression curve.
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Figure 2.9: Dependence of the critical value of the excitation energy per nucleon on the mass of
the excited nucleus which is subject to the phase transition. Data are taken from Natovitz et
al. [49]. The straight line was fitted by means of the least squares method. The dashed and solid
hyperbolas represent boarders of the confidence intervals for the regression line corresponding
to its one and two standard deviations.
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Figure 2.10: Average fragment multiplicity (normalized to the number of incident nucleons) as
a function of the excitation energy per nucleon. Figure was taken from [50].

A compilation of average fragment multiplicities observed in various reactions for different
nuclear excitation energies per nucleon is presented on fig. 2.10. Since the data were collected
for various interacting systems the multiplicity is normalized to number of incident nucleons.
Very regular behaviour of the dependence of fragment multiplicity on the excitation energy per
nucleon indicates following facts:

(i) Multifragmentation is a general phenomenon, common for all interacting nuclear systems.

(ii) The excitation energy per nucleon of the nuclear system is a reliable parameter which
decides about a fate of excited nucleus.

(iii) The onset of multifragmentation is visible for excitation energies around 3 MeV/nucleon
and the maximum for fragment production is present around 9 MeV/nucleon, i.e. close to
the binding energy per nucleon of nuclei. This last conclusion agrees well with results of
Natowitz et al. [49] presented in fig. 2.9 above. At higher excitation energy, the fragment
production decreases because fragments decay into nucleons and thus a vaporization of
the nucleus appears [50].

The concept of phase transition is well grounded in thermodynamic description of macro-
scopic systems. Nuclei are large enough to be described by a thermodynamic formalism, how-
ever, they exhibit also such properties which do not allow for simple extrapolation of the
standard theory. The competition of the surface tension and the long-range Coulomb force,
which is larger than the size of atomic nuclei causes, that the approximation of infinitely large,
macroscopic system cannot be automatically applied to the nuclei.
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Moreover, it is evident that a deposition of energy in proton-nucleus collision depends not
only on the energy of projectile but also on the impact parameter. It was proved in exclusive
experiments that a strong correlation between deposition of energy and multiplicity
of ejectiles exists [11] (cf. fig. 2.11).

Figure 2.11: Experimentally determined dependence of the average multiplicity of intermediate
mass fragments (upper panel), of the probability for different multiplicities (middle panel), and
of the probability for (N=0)+(N=1)+(N=2) multiplicities and (N ≥ 3) multiplicities (lower
panel) on the reduced excitation energy of decaying nucleus. The figure was taken from ref. [11]
and corresponds to 8 GeV/c π− induced fragmentation of 197Au nuclei.

This figure (called frequently Arrhenius plot) illustrates the effect of temperature, which
is in the first approximation proportional to the excitation energy per nucleon E∗/A, on the
rates of nuclear reactions. It is obvious intuitively that the small impact parameters, where the
projectile meets many nucleons on its way through the nucleus, should correspond in average
to larger energy transfer to the nucleus and thus to higher excitation energy per nucleon than
the peripheral collisions. This intuitive picture is confirmed by calculations performed in the
frame of Quantum Molecular Dynamics, which simulate microscopically a time development
of nucleus-nucleus collisions, showing that peripheral collisions produce predominantly
smaller number of ejectiles than central collisions. (cf. fig. 2.12). This, in turn, proves
that the peripheral collisions deposit in average smaller energy in the nuclei than
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the central collisions .

Figure 2.12: Time development of Au+Au collisions evaluated in the frame of QMD (Quantum
Molecular Dynamics) model [51]. The nucleons are presented in the reaction plane. The
consecutive columns from left to right correspond to impact parameter values b=1, 3, 7, and
11 fm, respectively. The consecutive rows (starting from the top) represent situation achieved
after different periods of time t from beginning of the collision: t=0, 40, 120, 160, and 200
fm/c, respectively. The figure was taken from ref. [51].

Therefore, it is important to know that at given beam energy not all collisions of proton with
target nucleus are able to deposit energy, which is large enough to initiate a multifragmentation
of the nucleus. Since inclusive experiments are not able to trigger events which correspond to
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such high excitation energy, the contributions of various reaction mechanisms cannot be easily
disentangled. For this purpose exclusive experiments are necessary.

Figure 2.13: Multiplicity distributions of ejectiles from π+Pb collisions at several pion beam
momenta (left, lower panel), and multiplicity distributions gated by coincidence with forward
emitted particles (empty circles) and without gating condition (full dots) from the same reaction
at beam momentum 3 GeV/c. Figure was taken from ref. [52].

An example of such exclusive - coincidence measurements which enable to achieve this goal
are the coincidence studies of proton and pion induced reactions on Pb target, performed with
the aid of 4π spectrometer at energies of several GeV [9, 52]. These investigations showed,
that the low multiplicity events appear in most cases together with emission of fast particles
at very small angles (smaller than ≈ 10◦ in respect to the beam direction) . This is illustrated
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by fig. 2.13. The above presented results indicate that the emission of fast particles in
the forward direction is accompanied by a small energy deposition in the target
nucleus.



Chapter 3

Theoretical models

Theoretical models of the reaction mechanism induced by protons on atomic nuclei will be
discussed in the present chapter. It is usually assumed that the proton impinging on the
atomic nucleus initiates a series of nucleon-nucleon collisions which leads to emission of several
nucleons and to equilibration of the remnant nucleus. There exist many theoretical models
which describe both stages of nuclear reaction. All the models are equivalent to solving of
many body Schroedinger equation. Since at present this task cannot be done accurately all the
models introduce various simplifying assumptions which allow for practical calculations.

3.1 First stage of the reaction

In this section three microscopic models of the first stage of the proton-nucleus collisions are
presented. They are chosen as to represent typical assumptions made to allow for practical
calculations. In the subsection 3.1.1 the intranuclear cascade is discussed as realized in the Liége
Intranuclear Cascade INCL model, in the subsection 3.1.2 the Boltzmann-Uehling-Uhlenbeck
model is outlined and in the 3.1.3 subsection the Quantum Molecular Dynamics model is
presented. As can be seen big part of assumptions is the same for all the models, as e.g.,
treatment of the Pauli principle. They differ, however, in several important aspects, as e.g., in
treatment of the medium field, which is experienced by nucleons. The fourth subsection 3.1.4
is devoted to the ideas of a straight line interaction between projectile and nucleons, which are
on its way through the nuclai.

3.1.1 Intranuclear cascade - INC

The models which assume, that the interactions of high-energy particles with the nucleus can be
represented by free particle-particle collisions inside the nucleus are called intranuclear cascade
models. They are realized in many different versions and use various refinements in comparison
to such simple picture as mentioned above. Here, the INCL (Liège Intranuclear Cascade) model

27
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will be discussed. The INCL model was for the first time presented in ref. [53] in version devoted
to heavy ion collisions in the GeV range. Specific version of the model built in order to describe
reactions induced by nucleons is published in ref. [54]. Its improved version, called INCL4.2,
was presented in ref. [55] and was implemented in GEANT4 9.2. This version, generalized to
allow for emission of clusters [56] is called INCL4.3. In the present work INCL4.3 was applied
for description of the first stage of the proton-nucleus collisions.

The main assumptions and features of this version of the Intranuclear Cascade Model are
following:

• The spatial distribution of nucleons inside the target nucleus is prepared according to
a Saxon-Woods formula %(r) of radius R0 and diffuseness parameter a, cut at Rmax =
R0 + 8a:

%(r) =

 %0/
[
1 + exp

(
r−R0

a

)]
for r < Rmax

0 for r > Rmax

where R0 = (2.745 × 10−4AT + 1.063)A
1/3
T fm, a = 0.510 + 1.63 × 10−4AT fm and %0 is

such that the distribution is normalized to AT , the target mass number. The random
momentum distribution of target nucleons was chosen inside a sphere with the radius
equal to the Fermi momentum pF .

• Target nucleons are placed in static (time independent), attractive potential of the square
well shape with the radius R(p) and the depth V0. The radius R(p) is defined by formula:

(
p

pF

)3

= − 4π

3AT

R(p)∫
0

dρ(r)

dr
r3 dr

Nucleons with momentum larger than pF , appearing in the case when the nucleus is
excited, are moving in the potential well with radius Rmax.

• Nucleons move inside the nucleus along straight trajectories until two of them collide or
until one nucleon reaches the nucleus surface, where it can be transmitted or reflected.
The collisions are allowed only between the nucleon from the beam and nucleons of the
target (first collision) or between nucleons which took part in previous collisions and
other nucleons (sequential collisions). It means that the collisions between spectators are
forbidden.

• The collision takes place when the distance between two nucleons is smaller than

dmin 6
√
σtot/π
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where σtot is the total nucleon-nucleon cross section. The two particles scatter elastically
or inelastically (with ∆ emission and its sequential decay into pion and nucleon) in agree-
ment with energy and momentum conservation laws.
The following possible reactions are considered:

NN → NN, NN → N∆, N∆→ N∆, ∆∆→ ∆∆, πN → ∆

• Whereas the motion of nucleons in the nucleus is treated classically, the quantum effects
are not totally neglected, i.e. the Pauli blocking is introduced for occupation of the final
states which might be populated due to the collision. This is realized in the following
way: The collisions appears with probability P = (1 − fi)(1 − fj), where fi and fj are
phase space (r and p-spaces) occupations for i and j-particles. The phase-space occupation
probabilities fi are evaluated by counting nearby nucleons in a small phase-space volume

fi =
1

2

(2π~)3

4π
3
r3
PB

4π
3
p3
PB

∑
k 6=i

θ (rPB − |~rk − ~ri|)× θ (pPB − |~pk − ~pi|)

where rPB = 3.18 fm and pPB = 200 MeV/c. The sum over k is limited to particles
with the same isospin component as particle i and factor 1/2 appears because of two spin
components which are not treated explicitly.

• The light charged particles (LCP) can be emitted besides the nucleons, ∆’s, and pions.
Emission of LCPs is treated as the coalescence process: The nucleon, which would be
able to leave the target is allowed to attach one, two or even more nucleons, which
are lying on its path through the nucleus if momenta of these nucleons are close to its
momentum. Then a group of nucleons forming the complex particle is emitted instead
the single nucleon. Coalescence criterion is determined by the following condition of a
close position (in r- and p-space) of the nucleons forming the complex ejectile:

ri,[i−1]pi,[i−1] 6 h0

where h0 was chosen to be equal 387 MeV fm/c and indices i and i − 1 enumerate the
Jacobi coordinates of the i-th nucleon of the ejectile in respect to a group of i-1 nucleons
of this particle. The biggest particle, which can leave the target during the coalescence
process is 4He, because of decreasing probability to find more than 4 nucleons close enough
in a phase space.

Further details of the model, as e.g., the parametrization of total elastic and inelastic cross
sections, stopping criteria of the calculations, details of the hierarchy between clusters
formed by coalescence, etc., can be found in refs [55,56] and references cited therein.
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3.1.2 Boltzmann-Uehling-Uhlenbeck model - BUU

The BUU (Boltzmann-Uehling-Uhlenbeck) model is based on the transport equation [57–60]

∂f

∂t
+ ~v • ∇rf −∇rU • ∇pf = − 4

(2π)6

∫
d3p2 d

3p2′ dΩ
dσ

dΩ
v12 (3.1)

× {[ff2(1− f1′)(1− f2′)− f1′f2′(1− f)(1− f2)]

× (2π)3δ3(~p+ ~p2 − ~p1′ − ~p2′)}

which allows to find single particle phase space distribution (f1(~r, ~p, t) ≡ f) of nucleons.

The left hand side of the equation determines a motion of the nucleon "1" in the mean field
U produced by other nucleons taking part in the reaction. The right hand side of the equation
is responsible for two-body collisions among the nucleons. The index "2" denotes the nucleon
which collides with nucleon "1" – before their collision, whereas the indices "1

′", "2
′" represent

the nucleons "1" and "2" – after collision. The symbols "f" and "p" should be read as "f1"
and "p1", respectively. The differential nucleon-nucleon cross section is denoted by dσ

dΩ
and the

modulus of the relative velocity of colliding nucleons by v12. The formula closed into square
parentheses contains factors responsible for obeying the Fermi-Dirac statistics by the nucleons
(see below). The conservation of the momentum is granted by presence of the Dirac’s delta
function δ3(~p+ ~p2 − ~p1′ − ~p2′).

In the original Boltzmann transport equation the phase space distribution f(~r, ~p, t) is nor-
malized in such a way that number of particles N , placed in the moment t in the phase space
element d3r d3p around the phase space point (~r, ~p), is equal to:

N = f(~r, ~p, t) d3r d3p.

In the case of the BUU equation it is more favourable to change the normalization of f in order
to take into account the quantum effect caused by the fact that nucleons are fermions and they
must respect the Pauli principle. It means, that the number N must be smaller or equal to
number of allowed quantum states for the nucleons placed in the phase space element d3r d3p:

N 6 4 d3r d3p/h

where h is the Planck constant and the factor 4 appears due to the spin and isospin degeneracy
of nucleon states.

The usual choice of normalization of the function f is to put f = 1 for the case when all
quantum states are occupied and f = 0 when all quantum states are empty. This choice allows
to interpret the f(~r, ~p, t) function as the occupation probability of the d3r d3p phase space ele-
ment in the moment t and to interpret the factor 1−f(~r, ~p, t) as the probability that the phase



3.1. FIRST STAGE OF THE REACTION 31

space element is empty. Therefore the collision 1 + 2→ 1
′
+ 2

′ is possible when the probability
ff2 to find nucleons 1 and 2 in the same point of the phase space as well as the probability
(1 − f1′ )(1 − f2′ ) to find empty states for scattered nucleons 1

′ and 2
′ are both different from

zero. The analogous reasoning is true for the reaction 1
′
+ 2

′ → 1 + 2, which also contributes
to the r.h.s. of the BUU equation. The presence of the above factors has so called "Pauli
blocking" effect on solution of the BUU equation.

The BUU transport equation (3.1) for unknown function f(~r, ~p, t) can be solved when the
nucleon-nucleon cross sections dσ

dΩ
are known as well as the mean field U(~r, ~p, t = 0) and the

distribution function f(~r, ~p, t = 0) in the initial moment of time. It should be, however pointed
out that the evolution of the mean field in time is not determined by the BUU equation itself,
thus the introducing of additional assumptions concerning relationship of the mean field and
the f -function is necessary. Usually the specific form of this dependence, called the Skyrme
parametrization, is postulated:

U(%) = A(%/%0) +B(%/%0)σ

where % is a spatial density distribution of the nucleons which depends implicitly on the f
function and %0 is a ground state density of the nuclei (%0 ≈ 0.17 fm−3). Coefficients A and
B represent the attractive and repulsive force respectively and σ >1 is a parameter. Values of
the constants A and B are determined from requirement to reproduce the known position and
depth of the minimum of the energy in the nuclear matter, i.e., the minimum is obtained at
% = %0 ≈ 0.17 fm−3 with energy value E/A= −16 MeV. Value of the σ constant is fixed when
the incompressibility coefficient K of the nuclear matter is known. This coefficient is directly
related to the second derivative of the equation of state (EOS) of symmetric nuclear matter:

E[%] ≈ E[%0] +
K

18

(
%− %0

%0

)2

A value of K ≈ 200 MeV is commonly used for a soft EOS, while K ≈ 380 MeV corresponds to
a stiff EOS.

These two values of incompressibility parameter together with known values of %0 ≈ 0.17 fm−3

and (E/A)|%0 ≈ −16 MeV allow to determine all three constants in the Skyrme parametrization
by the formula:

K = 9×
(
A+Bσ +

p2
F

3m

)
where pF is the Fermi momentum and m denotes mass of the nucleon:

• for a soft EOS: A= −356 MeV, B=303 MeV, σ = 7/6, whereas

• for a stiff EOS: A= −124 MeV, B=70.5 MeV, σ = 2 (cf. ref. [59]).
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Of course, these choices of the prescription for the mean field are not unique. In the
Giessen BUU model [61], which we used for comparison with INCL model, the mean field
was constructed adding the Yukawa term to the Skyrme force, and (for protons) the Coulomb
potential:

U(~r) = A

(
% (~r)

%0

)
+B

(
% (~r)

%0

)4/3

+ V0

∫
d3~r′

exp (−µ |~r − ~r′|)
µ |~r − ~r′|

% (~r′) + VCoul

where A= −141.62 MeV, B= 165.23 MeV, V0=−378 MeV, µ = 2.175 fm−1, %0= 0.168 fm−3.

The BUU equation (3.1) is an integro - differential equation in seven-dimensional space
(~r, ~p, t), which cannot be solved analytically. It was shown (see e.g. the ref. [58]) that the
efficient method of solution of BUU equation consists in Monte Carlo simulation of motion of
so called "test particles" in dynamically varying mean field U with inclusion of two-particle
collisions. Each nucleon is represented by a group of "n” test particles.

The main assumptions and methods of searching for the solution of BUU equation in the
Giessen BUU model are listed below:

• The initial spatial distribution of nucleons in the nucleus of mass number A follows the
Woods-Saxon distribution:

%(r) = %0/

[
1 + exp

(
r −R0

a

)]
with %0 = 0.168 nucleon/fm3, R=1.124 A1/3 fm, a= 0.025 A1/3 + 0.29 fm.

The initial momentum distribution of nucleons in the nucleus is homogenous in the Fermi
sphere with the radius pF (r) dependent on the local spatial density of nucleons:

pF (r) =

(
3π2%(r)

2

)1/3

The test particles representing the proton impinging on to the target nucleus are randomly
distributed in the cylinder which axis is parallel to the proton beam momentum and goes
through the center of the target nucleus, the radius is equal to the maximal expected
impact parameter, and the height is very small. Such choice of the spatial distribution
of the test particles assures averaging over all impact parameters. Of course, all test
particles move with the same momentum – equal to momentum of the proton from the
beam.

• Target nucleons move in the dynamically varying in time the mean field U described
above. The density %(~r) entering the formula for the mean field is calculated on the grid
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points ~rg, summing over all (n · A(t)) test particles and weighting the contribution of the
i-th test particle to the density by the Gauss function:

%(~rg) =
1

n

nA(t)∑
i=1

1

(2π∆2)3/2
exp

(
−(~rg − ~ri)2

2∆2

)
where A(t) represents number of nucleons present in the nucleus at moment t. The ∆
parameter denotes standard deviation of the Gauss distribution and it is usually assumed
to be equal 1 fm.

• The test particles move along straight lines between collisions according to classical Hamil-
ton equations:

~̇pi = −∂U (~ri, ~pi, t)

∂~ri

~̇ri =
~pi√

m2 + p2
i

+
∂U (~ri, ~pi, t)

∂~pi

Collisions are allowed only for test particles representing different nucleons. It should be
pointed out, that position and momentum of each test particle is checked in constant time
steps (not only at moments of collisions as in the INCL model) because such knowledge
is necessary to determine time dependence of the f function. This function is calculated
for given t - moment according to the formula:

f(~r, ~p, t) =
1

n

n·A(t)∑
i=1

δ3(~r − ~ri(t))δ3(~p− ~pi(t))

where the sum is done over all test particles.

• The same condition for the collision is used as that in the INCL model, i.e., the collision
occurs when the impact parameter value dmin (equal to the smallest distance between
two test particles) is smaller than

√
σtot/π. It is assumed that only two-body final chan-

nels are realized in the collisions with the explicite energy and momentum conservation.
The present version of Giessen BUU model allows for production of various nucleonic
resonances besides the ∆ resonance. Of course, unstable resonances decay later emitting
nucleons and mesons.

• The Pauli blocking is implemented in the BUU model by the requirement that only such
collisions are allowed which lead to empty or partially occupied final states. This is done
in analogous way as in the INCL model.
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• The BUU model allows to obtain yields of nucleons, mesons and remnants of the tar-
get nucleus after the fast stage of the reaction, however, the emission of light complex
fragments like deuterons, tritons, etc., is not considered.

In summary, the Monte Carlo method of solution of BUU equation is very similar to that
used in the INCL model. There are three main differences besides the possibility of the INCL4.3
model to calculate coalescence of nucleons into light charged particles:

(1.) The static potential in which move nucleons according to INCL model is replaced by
dynamically varying mean field in BUU model.

(2.) Tracing of the fate of all nucleons participating in the reaction, present in the INCL, is
replaced in the BUU model by observation of motion of n test particles per each nucleon.

(3.) In the INCL the information on position and momentum of nucleons is gathered only at
the moments of collisions whereas in the BUU model full information is obtained for all
test particles in constant time intervals.

The first of the above differences is of physical origin, i.e. the BUU model allows to study
collective effects governed by modification of the mean field during the reaction whereas it is
impossible for intranuclear cascade model. Typical example of such effects is excitation and
decay of monopole giant resonances. Two other differences are more of technical nature caused
by different numerical methods of solution, appropriate for both models. This differences lead
to more complicated calculations in the frame of BUU than the respective calculations made
by INCL model.

3.1.3 Quantum Molecular Dynamics - QMD

Derivation of the QMD (Quantum Molecular Dynamics) model, the introduced assumptions
and simplifications are described in detail in review article of Aichelin [51]. The specific model
realization - JQMD (Jaeri Quantum Molecular Dynamics) by Niita et al. [62] is discussed below.

Nucleons participating in the reaction are represented by product of Gaussian shape wave
functions:

φ(~r, ~p, t) =
∏
i

φi(~r, ~p, t) =
∏
i

1

(2πL)3/4
exp

−
(
~r − ~Ri(t)

)2

4L
+

i

~
~p · ~r


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where L is a width of a Gauss function (in JQMD L = 2 fm2) and ~Ri(t) denotes position of the
centre of the i-th nucleon. The wave function is then transformed to so called Wigner density
(cf., e.g., [59]):

f(~r, ~p, t) ≡
∏
i

fi (~r, ~p, t)

=
∏
i

8 exp

−
(
~r − ~Ri(t)

)2

4L
−

2L
(
~p− ~Pi(t)

)2

~2


where Pi is coordinate of the center of the packet representing i-th nucleon in the momentum
space.

Time evolution of Ri(t) and Pi(t) is found in similar way as in the transport equation. Namely:

• Initial spatial positions ~Ri(t = 0) of nucleon wave packet centers in the ground state of
target nucleus are randomly chosen according to Woods-Saxon distribution with radius
R = 1.124A1/3 − 0.5 fm and diffuseness a = 0.2 fm. The tail of the distribution is cut
at Rmax = 1.124A1/3. During the sampling of nucleon positions the relative distance
between nucleons of the same kind is limited to values larger than 1.5 fm and distance
between neutrons and protons to values larger than 1.0 fm. This assures that spatial
density fluctuations are not too large.

Knowledge of positions of all nucleons allows to find the density of nucleus in each point
and then to calculate the potential energy (see below). This also allows to determine local
Fermi momentum pF (~Ri). The center of wave packet in the momentum space ~Pi(t = 0)
is randomly sampled in the sphere of the radius equal to the local Fermi momentum.

Further constraints are used to assure that the set of nucleon packets represents well the
ground state of the nucleus. First, it is checked whether the sum of kinetic and potential
energy of the sampled nucleon is positive. Such unbound nucleons are rejected from
the sampling. Next condition requires that the obtained phase space factor f(~r, ~p) must
obey Pauli exclusion principle. Otherwise the sampled nucleon is also rejected. The last
condition to accept the constructed "nucleus" as the real nucleus in its ground state is to
obtain in the sampling the proper total binding energy. This is checked by comparison of
evaluated binding energy with the simple drop model formula:

Ebind = −16.56 A+ 17.23 A2/3 + 46.57
(N − Z)2

2A
+

3

5

Z2e2

1.24A1/3

If the evaluated binding energy per nucleon deviates from the drop model value less than
0.5 MeV the set of sampled nucleons is accepted as a good approximation of the target
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nucleus in its ground state. Thus it is granted, that the "ground state" obtained by this
procedure has an appropriate binding energy. However, it is not the energy minimum
state of fermions, therefore only ∼ 70% of the collisions are blocked by the final state
Pauli blocking. To avoid spontaneous emission of nucleons from the ground state of the
nucleus due to collisions of nucleons of the same nucleus, the nucleons of the target nu-
cleus may collide only with the proton from the beam or with those nucleons of the target
which previously experienced a collision.

It should be pointed out that the above conditions are quite restrictive and reject most
of the sets of nucleons obtained in the sampling procedure which gives reasonable spatial
and momentum distributions.

• The time evolution of the Ri(t) and Pi(t) is governed by Newtonian equations of motion:

d~Ri(t)

dt
=

∂H

∂ ~Pi

d~Pi(t)

dt
= − ∂H

∂ ~Ri

where the hamiltonian H contains both, single particle energy and energy of two-body
interactions:

H =
∑
i

√
m2
i + P 2

i +
1

2

A

ρ0

∑
i

〈ρi〉+
1

1 + σ

B

ρσ0

∑
i

〈ρi〉σ +

+
1

2

∑
i,j 6=i

cicj
e2∣∣∣~Ri − ~Rj

∣∣∣ erf
(∣∣∣~Ri − ~Rj

∣∣∣ /√4L
)

+

+
CS
2ρ0

∑
i,j 6=i

(1− 2 |ci − cj|) ρij

where "erf" denotes error function. The first sum represents the mass term, the next
two sums – the effective Skyrme interaction, the fourth sum gives the Coulomb, and the
last sum – the symmetry term.

The constants used in this formula have following values:

ci =

{
1 for protons
0 for neutrons

the symmetry energy parameter:
CS = 25 MeV
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and Skyrme parametrization parameters:

A = −219.4 MeV, B = 165.3 MeV, σ = 4/3

The symbol < %i > represents an overlap of i-th nucleon density with density of other
nucleons defined as

〈%i〉 ≡
∑
j 6=i

%ij ≡
∑
j 6=i

∫
d~r %i (~r) %j (~r) =

=
∑
j 6=i

exp

[
−
(
~Ri − ~Rj

)2

/4L

]
(4πL)3/2

where

ρi (~r) ≡
∫

d~p

(2π~)3 fi (~r, ~p) =

=

exp

[
−
(
~r − ~Ri

)2

/2L

]
(2πL)3/2

The L parameters equals to 2 fm as it was stated earlier.

• The condition for collisions of the nucleons is the same as in the INCL and BUU models,
i.e., the collision occurs when the minimal distance between two nucleons is smaller than
dmin =

√
σ/π. The elastic as well as inelastic collisions with creation of deltas (∆(1232))

and N∗ (N∗(1440)) are considered. The ∆′s and N∗′s are propagated in the same inter-
actions as the nucleons except for the symmetry term. These resonances are allowed to
decay with emission of pions. The pion propagation is determined only by the Coulomb
interaction. Detailed description of the elementary cross sections used in JQMD can be
found in ref. [62].

• The Pauli exclusion principle is also taken into account in the same method as in the
Giessen BUU model described above.

• JQMD allows to study not only emission of nucleons, barionic resonanses and pions but,
what is specific for this model, to study emission of clusters of nucleons. Different criteria
can be used for treatment of a group of nucleons as an excited cluster.

Further details of the JQMD, as ,e.g., approximate treatment of the relativistic effects may
be found in the work of Niita et al. [62].

The QMD model is considered as the most realistic simulation of the nucleus - nucleus inter-
action among the three discussed above models. Its drawback is, however, quite cumbersome
calculations leading to very time consuming analysis of the data.
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3.1.4 Interaction of the projectile with a group of nucleons

The models described above, i.e., INCL, BUU, and QMD assume that the projectile interacts
with individual nucleons only. This means that the interaction of the projectile with a group of
nucleons is completely neglected. There are, however, indications that protons of high energy
collide also with several nucleons in a single act of interaction what can lead to quite pronounced
effects. For example such a process was crucial for understanding of the momentum transfer in
deep spallation reactions induced by protons on gold target as found by Cumming [63]. Sim-
ilar observations has been made by Meng Ta-chung [64] for multiparticle production. It was
claimed that "the nucleons along the path of the incident hadron inside the target nucleus can
be viewed as acting collectively, and in the first-order approximation can be considered as a
single object - an effective target". Dimension of the "effective target" was estimated by Meng
Ta-Chung to be approximately equal to A1/3 nucleons, where A is mass number of the target
nucleus. Similar results for the size of the "effective target", i.e. 3.1± 0.4 nucleons for proton -
gold collisions, was obtained by Cumming [63]. Such observations indicate that a specific effects
may appear in first stage of proton-nucleus collisions, which cannot be reproduced by a set of
nucleon-nucleon interactions. Several models which try to exploit idea of the "effective target"
have been proposed. The most popular are the "fireball model" of Westfall et al. [15,65] and
the "firestreak model" of Myers [66], and of Gosset et al. [67].

Figure 3.1: Formation of the fireball in collision of two heavy nuclei. The shaded area in the
overlap zone represents nucleons, which take part in the collision and are named participants.
These nucleons build the fireball. The figure comes from [68].

The fireball model assumes a straight line trajectory of the projectile, which cut a cylin-
drical shape through the target. The nucleons which are present inside volume of the cylinder
fly together out of the nucleus forming a fast and hot group of nucleons called "the fireball". It
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is worth to point out that the nucleons which belong to the fireball are not correlated dynam-
ically to form the cluster. They are only spatially correlated due to their close position inside
the nucleus. The scheme of the process of the fireball production in collision of two heavy nuclei
is presented in Fig. 3.1.

The size of the fireball depends on the size of the projectile and the target as well as on the
impact parameter. The total cross section for the fireball production is given by:

σt = π(A1R
2
2 + A2R

2
1) (3.2)

where Ai and Ri are the number of participant nucleons in the nucleus "i" and the radius of the
cylindrical cut in this nucleus, respectively. This cross section is larger than the geometrical
cross section π(R1 +R2)2 because it counts all individual emerging participant particles.

The fireball is treated as an ideal gas characterized by the temperature τ . Thus in the
original fireball model all nucleons are independent and can be emitted separately. The tem-
perature τ of the fireball is determined by available energy per nucleon ε through the relation:
ε = (3/2)τ . The energy distribution has a Maxwell-Boltzmann shape characteristic for given
temperature τ . Emission of nucleons (and emission of other particles in more involved version
of the model) from the fireball is isotropic in its rest frame. Due to the fact that the fireball
moves along the beam direction with the velocity which has an intermediate value between
velocity of the projectile and the velocity of the target, the emission of particles is forward
peaked in the laboratory system.

This model can predict the mean multiplicity and inclusive spectra for nucleons and pi-
ons [15]. The generalized version of the model allows also for emission of complex particles,
however then the model is lacking a predictive power, i.e., it is rather treated as a method of
parametrization of the inclusive energy and angular distributions of the cross sections [69].

The firestreak model Myers [66], Gosset et al. [67] assumes interactions of collinear rows
of nucleons belonging to the projectile and the target in the overlapping volume. Thus the
minifireballs are produced from each collinear row. The collisions are completely inelastic and
the nuclear matter is treated as a thermodynamic system in the chemical equilibrium. The
latter assumption gives a possibility to calculate relative concentrations and inclusive spectra
of pions, nucleons and light nuclei.
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Figure 3.2: The scheme of the collision of 250-MeV 20Ne with 238U at impact parameter b=8
fm in the firestreak model. Three pictures represent time evolution of the collision showing the
situation for 10, 20 and 30 fm/c, respectively. The figure comes from [66].

In the present work the fireball model is used in the form appropriated for parametrization of
the experimental double differential cross sections dσ

dΩdE
from inclusive measurements of proton

nucleus collisions. Details of the applied parametrization are described in the Appendix B.
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3.2 Second stage of the reaction

Deexcitation of the target remnant after the first, fast stage of the reaction may lead to different
processes. It is generally assumed that the most important mechanism of deexcitation is the
evaporation of low energy particles (typically 1 – 10 MeV). Emission of nucleons, especially
of neutrons, is more probable than the emission of complex LCPs or heavier particles. The
evaporation may compete with the so-called high-energy fission in the case of heavy target
nuclei. For light nuclei, as those considered in the present work, this process is not observed.

The sequential emission of particles by evaporation is expected to be an appropriate picture
of the deexcitation process when the relaxation time of the excited nucleus is shorter than
the time interval between successive emissions of the particles. It may be expected, that at
excitation energies comparable with the binding energy of nucleons, i.e., 5 - 8 MeV/nucleon
the existence of compound nucleus, in which all degrees of freedom are equilibrated, becomes
unlikely. Therefore another mechanism should compete with the sequential emission, namely
the simultaneous emission of several particles. In this case the excitation energy of the nucleus
may be shared between many particles without limitations imposed by binary decays, thus the
resulting spectra and angular distributions may be qualitatively different.

In the following several reaction models of the second stage of the reaction will be outlined,
using their specific realizations as examples. First, the GEM model of Furihata [70,71] dealing
with evaporation of particles from the equilibrated, excited nucleus will be presented. In the
next subsection the GEMINI model of Charity et al. [72], which treats the deexcitation of
equilibrated nucleus as a sequence of two-body decays, will be described. The simultaneous
decay of the excited nucleus into several particles, i.e. multifragmentation will be discussed in
two next subsections using as examples the Fermi break-up model (FBM) [73] and the Statistical
Multifragmentation Model (SMM) of Bondorf et al. [74].

3.2.1 Generalized Evaporation Model - GEM

Generalized Evaporation Model (GEM) of Furihata [70,71] follows the Weisskopf-Ewing formal-
izm [75], according to which the probability of emission of particle j with CM kinetic energy
in the interval [ε, ε+ dε], by the nucleus i excited to the energy E∗i , is equal to:

Pj (ε) dε = gj σinv (ε)
%d (E∗i −Q− ε)

%i (E∗i )
ε dε (3.3)

where index d depicts the daughter nucleus produced after emission of particle j, Q denotes the
Q-value for this emission, and %i, %d are the density of states for parent and daughter nuclei,
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respectively. Other symbols present in this formula have the following meaning: σinv (ε) is the
cross section for inverse reaction and gj is determined by the formula:

gj = (2 Sj + 1) mj/π
2~2 (3.4)

where Sj and mj denote spin and mass of the particle j.
Equation (3.3) determines completely the probability distribution of kinetic energy ε of the

particle j providing that the appropriate densities of nuclear states %d and %i as well as the cross
section for inverse reaction σinv are known. In the computer program GEM2 of Furihata [70,71]
the Gilbert-Cameron formula [76] for density of states was applied with modifications proposed
by Cook and Ignatyuk (cf. LAHET code [77]) and the cross section for inverse reaction was
parametrized by a simple formula (for details see refs. [70] and [71]).

Knowledge of the probability distribution (3.3) allows to determine kinetic energy of given
particle j by Monte Carlo sampling. Another Monte Carlo sampling is earlier necessary to find
the kind (j) of emitted particle. This sampling is done using the probability distribution pj:

pj =
Γj∑
j Γj

, (3.5)

where Γj is the probability of emission of particle j with kinetic energy ε in the range between
the Coulomb barrier V (of the particle j and the daughter nucleus d) and the maximal available
energy E∗i − Q. This probability is calculated by integrating the equation (3.3) over kinetic
energy ε of the emitted particle:

Γj =
gj

%i (E∗i )

E∗i −Q∫
V

σinv (ε) %d (E∗i −Q− ε) ε dε (3.6)

In the GEM2 program 66 stable and long lived ejectiles j are taken into account. They
fulfill the following conditions:

• Zj 6 12

• naturally existing isotopes or isotopes near stability line

• isotopes with the half-life longer than 1 ms

These ejectiles are listed in the table below.
It was found necessary to take into account also the excited ejectiles because it greatly

increases emission of heavy particles. These excited particles j∗ were included, which have the
lifetime T1/2/ln 2 longer than the average time ~/Γ∗j of their emission by the nucleus:

T1/2

ln 2
>

~
Γ∗j

(3.7)
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Table 3.1: Isotopes taken explicitly into consideration as ejectiles in the GEM2 program

Zj Ejectiles
0 n
1 p d t
2 3He 4He 6He 8He
3 6Li 7Li 8Li 9Li
4 7Be 9Be 10Be 11Be 12Be
5 8B 10B 11B 12B 13B
6 10C 11C 12C 13C 14C 15C 16C
7 12N 13N 14N 15N 16N 17N
8 14O 15O 16O 17O 18O 19O 20O
9 17F 18F 19F 20F 21F
10 18Ne 19Ne 20Ne 21Ne 22Ne 23Ne 24Ne
11 21Na 22Na 23Na 24Na 24Na 25Na
12 22Mg 23Mg 24Mg 25Mg 26Mg 27Mg 28Mg

This was done implicitly by increasing the Γj for stable or long living ejectiles listed in the table
3.1 by adding to their width for emission in the ground state Γg.s.j the width corresponding to
emission in the above excited states Γ∗j :

Γj ≡ Γg.s.j +
∑
n

(Γ∗j)n (3.8)

If the daughter nucleus appears to be excited, the GEM2 program checks the possibility to
evaporate next particles and eventually the Monte Carlo sampling is repeated.

The differential cross sections dσ
dΩdE

can be calculated by Monte Carlo sampling the kind j of
evaporated particle (using eq. (3.5)), kinetic energy ε of the particle (using eq. (3.3)), and di-
rection ϑ, ϕ of its motion (assuming isotropic emission in the CM system of the excited nucleus).

Further details of the Generalized Evaporation Model and its GEM2 computer program
realization may be found in refs. [70, 71].
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3.2.2 Sequential decay - GEMINI

Another realization of the sequential emission of particles from the excited nucleus is proposed
by the GEMINI model [72]. This model takes into consideration all binary decay channels. The
produced fragments undergo subsequent decays until the next decay is energetically impossi-
ble. This is quite analogous to the method applied by GEM but another formulae are used for
evaluation of the probability of particle emission.

The decay width for evaporation of particles with Z1 6 2 from the compound nucleus
with spin J0, density of states %0, and excitation energy E∗ is evaluated according to the Hauser-
Feshbach formalism [78]

ΓJ2(Z1, A1, Z2, A2) =
2J1 + 1

2πρ0

J0+J2∑
l=|J0−J2|

∫ E∗−B−Erot(J2)

0

Tl(ε) ρ2(U2, J2) dε (3.9)

where Z1, A1, J1, l, and ε are charge, mass, spin, orbital angular momentum, and kinetic energy
of the evaporated light particle whereas Z2, A2 and J2 are the charge, mass, and spin quantum
numbers for the daughter nucleus appearing with thermal excitation energy U2 and level density
ρ2(U2, J2).

The quantity U2 is obtained by subtraction of kinetic energy ε of the evaporated particle,
its binding energy B in the parent nucleus, and the rotation plus deformation energy Erot(J2)
of the daughter nucleus from the excitation energy E∗ of the decaying parent nucleus:

U2 = E∗ −B − Erot(J2)− ε (3.10)

The transmission coefficient Tl(ε) is parametrized by the formula:

Tl =

{
0 for ε < Ecoul + ~2l(l+1)

2µR2

1 for ε > Ecoul + ~2l(l+1)
2µR2

(3.11)

where µ is a reduced mass and R is the absorptive radius given by the expressions:

R =

{
1.16A

1/3
2 + 2.6 fm for p, n emission

1.16A
1/3
2 + 3.7 fm for α emission

(3.12)

The Coulomb barrier Ecoul is calculated using empirical prescription given by Vaz and Alexan-
der [79] and rotation plus deformation energy Erot(J2) is determined according to formulae of
Sierk [80].

Probability for emission of heavy fragments (Z1 >2) is described by the decay width,
which is evaluated in the frame of the Moretto’s transition state formalism [81]

Γ(Z1, A1, Z2, A2) =
1

2π%0

∫ E∗−Esad(J0)

0

%sad(Usad, J0) dε (3.13)
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where: Usad and %sad - thermal excitation energy and level density of the decaying nucleus at
the saddle point configuration,

Usad = E∗ − Esad(J0)− ε (3.14)

Esad(J0) is rotation plus deformation energy for saddle point configuration and it is taken from
Rotating Finite Range Model (RFRM) by Sierk [80], J0, %0 and ε have the same meaning as
for emission of light particles.

All level densities were taken in the form derived from the Fermi gas model of nuclei:

%(U, J) = (2J + 1)

[
~2

2=

]3/2 √
a

12

exp(2
√
aU

U2
(3.15)

where = is the moment of inertia of the residual nucleus or the saddle point configuration and
a is the level density parameter, which was taken as A/8.5 MeV−1 for residual nucleus and for
decaying nucleus at the saddle point configuration.

The integrals present in the equations (3.9) and (3.13) for decay widths can be simplified
by expanding the integrands around the lower limit of integration. This procedure leads to the
following formulae for total decay width in the case of light ejectiles (Z1 6 2):

Γ(Z1, A1, Z2, A2) =
∞∑

J2=0

ΓJ2(Z1, A1, Z2, Z2) =
∞∑

J2=0

(2J1 + 1)

2π%0

J0+J2∑
l=|J0−J2|

t2 %2(U2, J2)

 (3.16)

where thermal excitation energy U2 is evaluated from the expression

U2 = E∗ −B − Erot(J2)− Ecoul −
~2l(l + 1)

2πR2

and nuclear temperature t2 is approximated by

t2 =
√
U2/a

In the case of heavy ejectiles (Z1 > 2) the corresponding expressions have the following
form:

Γ(Z1, A1, Z2, A2) =
1

2π%0

tsad %sad(Usad, J0) (3.17)

where the thermal excitation energy Usad and the temperature tsad at the saddle point config-
uration are evaluated from the formulae:

Usad = E∗ − Esad(J0)
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tsad =
√
Usad/a

The excited products (A1, Z1) and (A2, Z2) of the binary decay may also undergo the se-
quential decay, therefore spin and excitation energy of them have to be determined.

For evaporation of particles with Z 6 2 the spin of residuum (A2, Z2) is sampled by
Monte Carlo method from partial decay widths ΓJ2(A1, Z1, A2, Z2) (cf. eqs.(3.9) and ( 3.16) )
and the excitation energy is calculated from the following expression:

E∗2 = U2 − 2t2 + Erot(J2) (3.18)

For emission of heavier particles (Z > 2) the spin Ji of the excited fragment i is
calculated from the formula:

Ji = (=i/=)J0 (3.19)

where =i and = denote the moment of inertia of the fragment and the moment of inertia of
whole system, respectively, and the excitation energy E∗i of the fragment is determined by the
expression:

E∗i =
Ai
A0

[Usad − tsad] + Erot(Ji) (3.20)

assuming equal temperatures of both fragments.

In summary, GEMINI is a Monte Carlo code which follows the decay of a compound nucleus
by a series of sequential binary decays until such decays are impossible due to energy conser-
vation or improbable due to gamma-ray competition. It explicitly uses angular momentum
degrees of freedom, both in the Hauser-Feshbach and Moretto formalism, because it is better
suited for treating emission of particles at high angular momentum than the Weisskopf-Ewing
formalism, usually applied in the statistical codes. The cost of this better treatment of angular
momentum is increased time necessary to perform the calculations.

3.2.3 Simultaneous multifragmentation - Fermi break-up model

The Fermi break-up model (FBM) has been proposed by Fermi [73] to explain large multiplicity
of products observed in nucleon-nucleon and nucleon-pion collisions at high energies. When
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applied to excited nuclei (cf., e.g., [82]) it describes emission of particles as an explosive decay
of the nucleus into several clusters and nucleons.

The model assumes that the excited nucleus decays simultaneously into cold or slightly
excited fragments, which have lifetimes longer than the decay time – crudely estimated to
be about 100 fm/c. The break-up configuration is characterized by some freeze-out volume
V, where the produced fragments are placed. This volume is larger than the volume of the
nucleus in the ground state, i.e., at the normal density % ≈ 0.17 nucleon/fm−3, to allow for the
translational motion of the fragments.

The probability of an individual break-up channel containing n particles with masses mi

(
n∑
i+1

mi = M -total mass of the fragments) is proportional to its phase-space volume Mn(E):

Mn (E) =

∞∫
−∞

δ

(
n∑
i=1

~pi

)
· δ

(
E −

n∑
i=1

√
p2
i +m2

i

)
·
n∏
i=1

d3pi (3.21)

where the above integral over momenta of all particles can be evaluated analytically in the
nonrelativistic case. Using this approximation and taking into consideration spins si of the
particles as well as identity of some among n particles the probability can be written as follows:

P (Ekin, n) ∝ Sn ·Gn ·
(
V

h3

)n−1

·


n∏
i=1

mi

M


3/2

· (2π)
3
2

(n−1)

Γ
(

3
2

(n− 1)
) · (Ekin − UC)

3n
2
− 5

2 (3.22)

where Sn is the spin degeneracy factor

Sn =
n∏
i=1

(2si + 1) (3.23)

and Gn is the permutation factor which takes into account identity of nj particles of kind j

(
k∑
j=1

nj = n )

Gn =
k∏
j=1

1

n1!
. (3.24)

Ekin is equal to kinetic energy of all n particles at infinity, related to the decaying nucleus
excitation energy E∗ by the formula:

Ekin = E∗ +M0c
2 −

n∑
i=1

mic
2 (3.25)
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where M0 is the mass of the nucleus.
The last two quantities (h and UC) are the Planck constant and the Coulomb energy of the
decaying nucleus at the freeze-out configuration, respectively. The Coulomb energy is usually
calculated in the Wigner-Seitz approximation:

UC =
3e2

5r0

[
Z2

0

A
1/3
0

−
n∑
i=1

Z2
i

A
1/3
i

]
(3.26)

where the r0 is a parameter determining the freeze-out volume:

V =
4πr3

0A0

3
(3.27)

and A0, Z0, Ai, Zi are the mass and atomic numbers of the decaying nucleus and of the frag-
ments, respectively.

The Fermi break-up model treats all possible partitions of the decaying nucleus on the equal
footing, assuming r0 quantity as the only free parameter. Usually its value is fixed to 1.4 fm.
The number of possible partitions increases very strongly with the mass of the decaying nucleus,
what leads to cumbersome calculations for heavier nuclei, thus the Fermi break-up model is
rarely used for nuclei with the mass number A0 larger than 18.

In the computer program ROZPAD of Magiera [83], realizing the Fermi break-up model,
the Monte Carlo sampling is used to evaluate the dσ

dΩdE
. First, the sampling of a given decay

channel n is performed using probabilities determined by equation (3.22). Then, the n-body
event (~p1, ..., ~pn) is generated according to Fermi Lorentz-invariant phase space using subroutine
GENBOD from the CERN library (adapted from FOWL - CERN W505 by F. James in 1974).
The momenta are transformed from the CM reference system of the decaying nucleus to the
LAB reference system and the appropriate histograms of events are produced.
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3.2.4 Statistical multifragmentation model - SMM

The main idea of the Statistical Multifragmentation Model [74] is that a very large number
of degrees of freedom is involved in high excitation of the nuclei. Thus instead studying the
detailed dynamics of the decay the probabilities of different decay channels are estimated as-
suming the statistical equilibrium of the excited system.

The decaying nucleus is characterized by its volume V and excitation energy E0 besides
the mass A0 and atomic Z0 quantum numbers . Three different sets of variables describing
the state of the system at the break-up are used in the SMM:

• The most complete set includes the masses Ai, charges Zi, momenta ~pi, excitation energies
εi, angular momenta si and the coordinates of centres of mass ~ri of all the fragments. The
state characterised by these variables is called the break-up configuration F :

F : {Ai, Zi, ~pi, εi, si, ~ri, i 6 M} (3.28)

where M is the total number of fragments (including nucleons).

• Since the fragments are observed only at very large distances in comparison to dimension
of the nucleus at the break-up, such a full set of variables is not needed. The state may
be described by smaller set of variables, i.e., mass numbers Ai, atomic numbers Zi and
momenta ~pi of all the fragments. This set of variables is called the break-up event ,
and may be replaced by even smaller set of variables because the assumption of thermal
equilibration of the decaying nucleus determines momentum distributions of fragments to
be of the Maxwellian shape with the common temperature parameter. Then it is possible
to sample lengths of the momenta from this distribution by Monte Carlo method as well
as to choose isotropically the directions of the momenta in the rest system of the decaying
nucleus.

• The most truncated set of variables, called the break-up partition is a set of multiplic-
ities NA,Z

f : {NA,Z ; 1 6 A 6 A0, 0 6 Z 6 Z0} (3.29)

arranged in a matrix of A0 rows and Z0 +1 columns which determines number of different
fragments (A,Z) appearing in the decay.

All partitions have to preserve mass number and atomic number, i.e.,:∑
(A,Z)

NA,Z A = A0,

∑
(A,Z)

NA,Z Z = Z0,

∑
(A,Z)

NA,Z = Mf (3.30)

where Mf is total multiplicity of fragments in partition f .
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As it was mentioned at begin of this section, it is assumed in the statistical model of the
reaction, that the decaying nucleus is thermalized, what means that all microscopic states of
the nucleus are considered to be equally probable. Thus the nucleus may be characterized by
the common temperature T . This greatly facilitates the calculations in which different sets of
variables discussed above may be used. Usually only most crude system of variables, i.e. the
break-up partitions are taken explicitly into consideration assuming that integration/summing
over all other coordinates is done implicitly.

Three various types of statistical ensembles are considered for this purpose:

(1) Microcanonical ensemble where all break-up partitions, break-up events, and break-up
configurations obey strictly the conservation laws of energy, momentum, angular momen-
tum, mass, and charge number.

For light nuclei or for heavy nuclei decaying exclusively into partitions with small multi-
plicity (Mf 6 4) all partitions can be directly sorted in the calculation. This is equivalent
to the Fermi break-up model discussed in the previous section.

When the multiplicity of partitions increases over Mf = 4 for heavy nuclei (for excitation
energies larger than ∼ 3 MeV/nucleon it frequently appears to be larger than 4) such
method is not applicable because total number of partitions becomes enormously large.
Then the partitions have to be sampled by Monte Carlo method using the following
probabilities:

Wmic
f =

exp [Sf (E0, V, A0, Z0)]∑
{f}

exp [Sf (E0, V, A0, Z0)]
(3.31)

In this formula Sf is entropy of partition f of the nucleus (A0, Z0) excited to energy E0,
decaying from the freeze-out volume V .

The partition energy Ef is dependent on the temperature T and volume V of the system:

Ef (T, V ) = Etr
f (T, V ) +

∑
(A,Z)

EAZ (T, V ) NAZ + EC
0 (V ) (3.32)

where Etr
f (T, V ) is the translational energy, EAZ (T, V ) is the average energy of the group

of NAZ fragments of (A,Z) type including the internal energy and Coulomb clusterization
energy. The EC

0 (V ) is the Coulomb energy:

EC
0 (V ) =

3

5

Z0e
2

R
with R =

(
3V

4π

)1/3

. (3.33)
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The condition
Ef (Tf , V ) = E0 (3.34)

may be used to determine temperature Tf of the partition, and then the entropy Sf
defines the probability Wmic

f of the partition f by the formula (3.31). Since entropy S is
proportional to logarithm of number of states of the system, the exponential function in
the formula (3.31) is analogous to the formula (3.22) of the Fermi break-up model.

(2) Canonical ensemble preserves total mass - A0 and atomic - Z0 numbers for all partitions.
However, the total energy fluctuates from partition to partition and only its average value
(over partitions) is equal to E0:

〈Ef (T, V )〉 ≡
∑
{f}

Ef (T, V ) Wf = E0 (3.35)

The assumption of established thermal equilibrium means that the ensemble of partitions
is characterized by the same, constant temperature T . This may be interpreted that the
decaying system is a part of a bigger system which provides a thermal bath for the studied
system, assuring possibility to keep the constant temperature.

In the canonical ensemble the probabilities of different break-up partitions are given by
a Gibbs distribution:

W can
f =

exp [−Ff (T, V,A0, Z0) /T ]∑
{f}

exp [−Ff (T, V,A0, Z0) /T ]
(3.36)

where Ff is the free energy of the partition f .

The temperature determines the equilibrium (Maxwellian) momentum distribution of
fragments. Thus, the Monte Carlo sampling of the momenta of fragments can be done
from this distribution after choosing the partition according to probabilities given by
equation (3.36) or (3.31).

In the SMM model it is assumed that all nuclear fragments except the lightest ones
(A 6 4) may be treated as spherical drops of the nuclear matter. Thus the free energy
FAZ of the individual fragment of (A,Z) kind is calculated using the drop model and is
consisted of several additive contributions:

FAZ = FB
AZ + F sym

AZ + F S
AZ + FC

AZ (3.37)

where the terms with indices B, sym, S, and C represent bulk, symmetry, surface, and
Coulomb contributions, respectively. Details of method of evaluation of these contribu-
tions are given in the review publication of Bondorf et al. [74].
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(3) Macrocanonical (grand canonical) ensemble

In this ensemble not only the total energy Ef , but also the total number of nucleons A,
and the total charge Z, fluctuate from partition to partition, thus only average values of these
quantities are conserved:

〈Af〉 ≡
∑
AZ

〈NAZ〉A = A0, 〈Zf〉 ≡
∑
AZ

〈NAZ〉Z = Z0 (3.38)

The probabilities of break-up partitions in the macrocanonical ensemble are given by the
formula:

Wmac
f =

exp (−Ωf (T, V, µ, ν))∑
{f}

exp (−Ωf (T, V, µ, ν))
(3.39)

where Ωf is a thermodynamical potential of a partition f :

Ωf (T, V, µ, ν) = Ff (T, V )− µAf − νZf (3.40)

The chemical potentials µ and ν may be found from equations (3.38).

The macrocanonical ensemble has a specific advantage, that some of the calculations can
be performed analytically. Furthermore the probability distribution of fragment multiplicities
may be approximated by the Poisson distribution

p (NAZ) =
exp (−ωAZ) [ωAZ ]NAZ

NAZ !
(3.41)

and then the probability of given partition may be written in the factorized form:

Wmac
f =

∏
(A,Z)

[
(ωAZ)NAZ

NAZ !

]
∏

(A,Z)

exp (ωAZ)
(3.42)

where
ωAZ = gAZ

Vf
λ3
T

A3/2 exp

[
−FAZ (T, V )− µA− νZ

T

]
(3.43)

with gAZ equal to the spin degeneracy of the ground state of fragment (A,Z), FAZ equal to
internal free energy of such a fragment, and λT defined as so called "thermal wave length":

λT =
h√
mNT

. (3.44)

Here symbols h, mN , and Vf denote the Planck constant, the nucleon mass, and the "free"
volume of the partition f for translational motion of fragments in the decaying nucleus, respec-
tively. The free volume Vf is defined as V − V0, where V0 is the volume occupied by fragments
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in the total volume V of the decaying nucleus.

Of course, the mean multiplicity 〈NAZ〉 of the partition (A,Z) and its variance σ2(NAZ) are
equal to ωAZ :

〈NAZ〉 = σ2 (NAZ) = ωAZ (3.45)

due to properties of the Poisson distribution (3.41).

Number of possible partitions increases very quickly with the mass number of the excited
nucleus. For example, it is equal to 1.9× 108 for A0 = 100 and 3.9× 1012 for A0 = 200. Thus
the direct sampling of all partitions is practically possible only for light nuclei. If such a direct
sampling is realized (for light nuclei or for heavy nuclei at so low excitation energies that only
small multiplicities of the fragments; M 6 4 are possible) and deexcitation of the fragments as
well as their propagation in the Coulomb field is not taken explicitly into consideration, then
the SMM model is equivalent to the Fermi break-up model.

When the number of the partitions is larger and larger, the direct sampling has to be re-
placed by searching for representative subset of partitions which is selected by the Monte Carlo
method from the full set of possible partitions. The practical methods of the partition sampling
are described in the review article of Bondorf et al. [74].

After selection of the partition, excitation energies and momenta of the fragments have to
be generated. It is done in the following manner: First, the temperature Tf associated with the
partition f is found from equation (3.34), then the excitation energy E∗AZ (Tf ) of each fragment
(A,Z) is evaluated assuming the equipartition of energy:

E∗AZ (Tf ) ≡ EAZ (Tf )− EAZ (0) ≈ (3.46)

≈
T 2
f

ε0
A+

(
β (Tf )− Tf

dβ (Tf )

dTf
− β (0)

)
where β(0) ≈ 18 MeV is the surface coefficient in the Bethe-Weizsaecker formula, β(Tf ) depends
on the temperature in the neighbourhood of the critical temperature Tc = 18 MeV (at which
the surface tension vanishes) in the following way:

β (T ) = β (0)

[
T 2
c − T 2

T 2
c + T 2

]5/4

(3.47)

and ε0 ≡ A/a, where a is equal to the single-particle level density at the Fermi energy εF . For
ideal Fermi gas ε0 = (4/π2)εF ≈ 16 MeV.

In the next step a generation of the fragment momenta is realized under an assumption of
the thermodynamical equilibrium, thus directions of momenta are isotropically distributed in
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the centre of mass of the decaying nucleus. The length of the momentum vector is found by
sampling of the kinetic energy E of each fragment, which in the equilibrated system obeys the
Boltzmann-Maxwell distribution with the common temperature Tf for all fragments of given
partition f :

dNAZ

dE
∝
√
E exp

(
− E
Tf

)
(3.48)

The total kinetic energy of all fragments ET
f (Tf ) should fulfill the equality:

ET
f (Tf ) =

3

2
(Mf − 1)Tf (3.49)

where Mf denotes the total multiplicity of fragments in partition f . This is achieved by proper
selection of the last two momenta for the set of Mf fragments.

The SMM allows to take into account the Coulomb interaction of fragments after decay but
such calculations need also information on the positions of fragments at moment of the decay.
These positions are randomly chosen over the break-up volume V with the condition of not
overlapping of the fragments.

Further refinement of the model as, e.g., evaporation of particles from the hot fragments,
and details of the methods used for numerical realization of the SMM model may be found in
the work of Bondorf et al. [74]



Chapter 4

PISA experiment

4.1 Experimental setup

The PISA experiment has been performed on the internal beam of COSY (COoler SYnchrotron)
of the Research Centre in Juelich. The apparatus and experimental procedure have been
described in previous publications [2, 84] thus in the present work only details, characteristic
for the studied reactions are discussed.

Self-supporting Carbon and Aluminium targets of thickness 80 µg/cm2 and 170 µg/cm2,
respectively, were bombarded by internal proton beam of COSY. Three beam energies were
used: 1.2, 1.9, and 2.5 GeV. To assure the same experimental conditions for all beam energies
the COSY operated in so called supercycle mode. In this mode several cycles were alternated
for each requested beam energy, consisting of protons injection from JULIC cyclotron to COSY
ring, their acceleration with the beam circulating in the ring below the target, and irradiating
the target by slow movement of the beam in the upward direction. Due to application of super-
cycle mode of target irradiation all conditions of the experiment except the energy of the proton
beam remained unchanged. This allowed to minimize the effect of systematic uncertainties on
the energy dependence of measured cross sections.

Double differential cross sections dσ
dΩdE

were measured at seven scattering angles: 15.6◦ ,
20◦ , 35◦ , 50◦ , 65◦ , 80◦ , and 100◦ . The mass and charge identification of detected particles
was realized by ∆ E - E method using telescopes consisted of silicon semiconductor detectors
supplied (in four cases) by thick CsI scintillator detectors, which were used to detect high
energy light charged particles passing through the silicon detectors. The scattering chamber
and position of the detector telescopes are schematically presented in fig. 4.1. The range of
energy of measured ejectiles is listed in tables 4.1 and 4.2 for Aluminium and Carbon targets,
respectively.

Further details of the detector telescopes, i.e., their geometrical dimensions, distance from
the target, the solid angles, etc., can be found in PhD thesis of Piskor-Ignatowicz [84]. The
dσ

dΩdE
were measured for the following products: p, d, t, 3,4,6He, 6,7,8,9Li, 7,9,10Be, 10,11,12B and C

55
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for the Aluminium target whereas for the Carbon target following nuclides; 9Li,9,10Be, Boron,
and Carbon isotopes had to small statistics to be extracted from the raw data.

Figure 4.1: Detector setup of PISA experiment. Detectors were placed at 7 telescope arms at:
15.6◦ , 20◦ , 35◦ , 50◦ , 65◦ , 80◦ , and 100◦ in respect to the beam direction. Symbols F1-F4 denote
cooled Si-telescopes placed in vacuum of the scattering chamber, I1-I5 depict CsI (scintillator)
detectors, H1-H3 - air positioned Si-telescopes, G1- G7 represent flanges closed with stainless
steel foils used to protect the high vacuum of the scattering chamber.
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Table 4.1: Energy ranges (in MeV) of detected particles from p+Al collisions in PISA experi-
ment. Rows of the table correspond to different particles and columns represent different angles
of detector telescopes.

Ejectile Angle[degrees]
15.6 20 35 50 65 80 100

p 7.0-162.0 7.5-162.5 3.5-22.0 3.5-23.5 7.5-161.5 3.5-6.5 9.5-161.5
d 9.5-208.5 9.5-212.0 4.5-34.5 4.5-30.5 8.5-213.0 4.5-9.5 13.5-212.5
t 10.5-220.0 10.5-232.5 4.5-39.0 4.5-34.5 9.5-239.5 5.5-7.5 14.5-160.5
3He 21.5-285.0 21.5-269.5 8.5-91.5 8.5-94.5 21.5-288.0 12.5-20.5 9.5-155.5
4He 23.5-163.5 23.5-140.5 9.5-121.5 9.5-120.0 23.5-177.5 13.5-24.5 10.5-114.5
6He 26.5-40.0 26.5-43.5 10.6-86.5 10.5-83.5 26.5-85.5 15.5-27.0 11.5-50.0
6Li 42.5-146.0 42.5-137.5 17.5-137.5 15.5-159.5 42.5-118.5 18.5-50.5 18.5-90.5
7Li 45.5-138.0 45.5-143.5 17.5-112.5 16.5-110.5 44.5-106.5 20.5-55.5 19.5-76.0
8Li 47.5-95.5 47.5-94.5 18.5-77.0 17.5-75.5 46.5-83.5 21.5-53.5 19.5-55.0
9Li 49.5-70.0 50.5-69.5 20.5-44.0 17.5-35.5 49.5-52.5 22.0-36.0 21.5-39.5
7Be 62.5-130.0 62.5-116.5 20.5-108.5 21.5-80.5 61.5-106.5 27.5-69.0 25.5-73.5
9Be 68.5-97.5 69.5-97.5 26.5-89.5 24.5-62.5 68.0-74.5 29.5-68.5 27.5-61.0
10B 91.5-111.5 92.5-110.5 35.5-84.0 30.5-79.5 38.5-62.5 36.5-60.5
11B 94.0-101.5 95.5-108.5 35.5-82.5 30.5-71.5 100.5 39.5-67.5 37.5-72.5
12B 36.5-48.5 34.5-57.5 48.5-53.5 40.5

Table 4.2: Energy ranges (in MeV) of detected particles from p+C collisions in PISA experi-
ment. Rows and columns of the table have the same meaning as in table 4.1

Ejectile Angle[degrees]
15.6 20 35 50 65 80 100

p 7.5-162.0 7.5-162.5 3.5-21.5 3.5-23.5 7.5-161.5 3.5-6.5 9.5-163.5
d 9.5-208.5 9.5-212.5 4.5-34.5 4.5-31.0 8.5-213.0 4.5-9.5 13.5-110.5
t 10.5-112.5 10.5-115.5 4.5-39.5 4.5-34.0 9.5-66.5 4.5-10.0 14.5-45.5
3He 21.5-69.5 21.5-90.0 8.5-74.5 8.5-86.5 21.5-87.0 12.5-21.0 9.5-72.5
4He 23.5-107.5 23.5-105.5 9.5-92.5 8.5-113.5 23.5-101.0 13.5-25.0 10.5-75.5
6He 26.5-40.5 26.5-35.5 10.5-19.5 10.5-23.5 26.0-33.5 15.5-27.0 11.5-21.5
6Li 42.5-77.0 42.5-78.0 17.5-67.5 15.5-44.5 42.5-75.5 18.5-45.0 18.5-39.0
7Li 45.5-54.5 45.5-73.5 17.5-46.5 16.5-53.0 44.5-66.0 20.5-47.5 19.5-31.5
8Li 47.5-49.5 47.0-50.0 18.5-24.0 17.5-23.0 23.5-29.5 19.5
7Be 62.0-67.5 66.5 25.5-46.5 21.5-45.5 27.5-43.5 25.5-39.5
9Be 27.0-30.5 29.5 29.0
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4.2 Normalization

The absolute normalization of the data in such an experiment may be done by simultaneous
measuring of known and unknown cross sections. It happened that the information on the
differential cross sections measured for proton induced reactions on Carbon and Aluminium
targets is scarce at beam energies used in the present experiment. Thus, the normalization of
double differential cross sections could not be achieved by straightforward comparison of present
and literature data. As it is discussed below, the normalization of differential cross sections
from p+Al reactions was obtained by integration of dσ

dΩdE
from our experiment to be compared

to known total cross sections from the literature. On the other hand, the p+C differential cross
sections were compared to literature data, however these data were taken at different energies
than those used in the present experiment. This procedure was based on the assumption that
at such high energies the limiting fragmentation hypothesis [17] is fulfilled, i.e. the differential
cross sections for such light target like C do not vary with the energy.

4.2.1 p+Al collisions

The absolute normalization of the data, measured for Al target was obtained by comparison
of total cross section σa.u. of 7Be production, derived from measured differential cross sections,
with value of this cross section known from the literature [13].

The following procedure has been applied to extract the not normalized production cross
section σa.u. from the spectra dσ

dΩdE
measured at seven scattering angles: 15.6◦ , 20◦ , 35◦ , 50◦ ,

65◦ , 80◦ , and 100◦ . It was found that the angular and energy dependence of dσ
dΩdE

can be
well reproduced by simple formula representing isotropic emission from two sources moving
forward along the beam. Each source emitting particles with Maxwellian energy distribution
was characterized by its velocity β, temperature T , height of the Coulomb barrier between 7Be
and the source remnant – described by parameter k, and by emission intensity σ (for details see
Appendix B). The σ parameter has the meaning of the energy and angle integrated differential
cross section attributed to given source. Thus, the not normalized cross section σa.u. of 7Be
production is equal to sum of parameters σ for both sources:

σa.u. = σ1 + σ2 (4.1)

Best values of the parameters were found by fitting full set of the 7Be spectra (seven scat-
tering angles) with the same set of parameters. The fits lead to ambiguous results because
the experimental spectra were not measured in full energy range allowed by kinematics. Low
energy particles were not detected what was caused by energy thresholds of detector telescopes.
This lack of information on low energy part of spectra could strongly influence the value of the
energy integrated cross section since the spectra have Maxwellian shape with the maximum
lying in the neighbourhood of the energy cut-off. Fortunately, it turned out that the spread of
values of σ parameters was smaller than 10 % among the sets of parameters which have the
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same, best χ2 values obtained for various combinations of fixed Coulomb barrier parameters k1

and k2. The final values of the σ parameters of both sources were taken as an arithmetic mean
of results obtained for equivalent quality fits, i.e., those which have the same, smallest χ2 value.

Table 4.3: The set of total cross sections of 7Be production used for the absolute normalization
of p+Al reaction data. In the first column the proton beam energy is listed, in the second
column the literature value of the production cross section σlit(7Be) is depicted whereas the
not normalized cross section σa.u. from present experiment and its error are shown in next two
columns. The last two columns contain normalization factor f ≡ σlit/σa.u. and its error.

Tp[GeV] σlit [mb] σa.u. [a.u.] σ(σa.u.) [a.u.] f σ(f)

1.2 8.0 477 42 0.0168 0.0015
1.9 9.5 288 26 0.0330 0.0030
2.5 10.1 255 24 0.0396 0.0037

The error of normalization factor quoted in the table (4.3) does not take into consideration
the inaccuracy of the literature value of the production cross section σlit(7Be) which is believed
to be smaller than 10 % [13].

4.2.2 p+C collisions

As it is presented in fig. 4.2 the total cross sections for alpha particle production in p+C
collisions, published in the literature, are constant above 1 GeV proton beam energy.
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Figure 4.2: Beam energy dependence of total production cross section of alpha particles in p+C
collisions. The thin horizontal line represents the average value of cross sections measured for
proton energies larger than 1 GeV and the shadowed bar depicts the spread of experimental
values (standard deviation).

Treating this fact as manifestation of the validity of limiting fragmentation hypothesis [17]
it may be conjectured that the differential cross sections for alpha article production also do
not vary with beam energy. Taking this fact as granted the differential cross sections measured
in the present experiment were absolutely normalized comparing them with data obtained at
proton beam energy 2.1 GeV by Westfall et al. [69].

The spectrum of alpha particles determined at 90 degree, presented in fig. 2 of ref. [69], was
used as reference data. Since the spectra in PISA experiment were measured at other angles
(15.6, 20, 35, 50, 65, 80 and 100 degree to the beam direction) the interpolation of data known
80 and 100 degree was performed.

Finally, the following normalization factors were obtained:0.1317(56), 0.1629(70) and
0.210(12) for beam energy 1.2, 1.9, and 2.5 GeV, respectively. As can be seen, the errors of
normalization factors are small, equal to 4 – 6 %. These errors contain only the statistical
uncertainty of the PISA experiment. Taking into consideration 10 % uncertainty of absolute
normalization of data quoted in ref. [69] the overall error of the present normalization is about
12 %.
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Figure 4.3: Spectra of alpha particles measured at the same scattering angle (35◦ ) for three
proton beam energies; 1.2, 1.9, and 2.5 GeV (square, triangle, and circle, respectively) and C
target.

As can be seen on fig. 4.3 the shape of alpha particle spectra is the same at three beam
energies used in the present experiment. This confirms correctness of the assumption concerning
validity of limiting fragmentation hypothesis also for differential cross sections.

4.3 Comparison of results with literature data
The quality of the absolute normalization of the present experiment may be judged from com-
parison of the obtained data with the data from literature. The differential cross sections for
proton induced spallation on such light targets like C and Al were rarely measured in the proton
energy range studied in this work (cf. Appendix A).

4.3.1 p+Al collisions

To our knowledge only one measurement of light charged particle spectra as well as intermediate
mass fragment spectra is present in the literature for Aluminium target at proton beam energies
similar to those used in the present study. This is the paper of Westfall et al. [69] dealing with
reactions performed at 4.9 GeV proton energy. This energy is higher than those used in the
present work, however, it is known that the total production cross sections vary only slightly
for this target at proton beam energies larger than 1 GeV (cf. chapter 2). Thus, it is reasonable
to compare present data with results obtained by Westfall et al. Such a comparison is depicted
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on figure 4.4 for hydrogen and helium isotopes, and figure 4.5 for lithium, beryllium and boron
isotopes. As can be seen, the shape and magnitude of the spectra is in excellent agreement for
helium isotopes as well as for all heavier ejectiles. However, the slope of the spectra of hydrogen
isotopes and the absolute magnitude of the cross sections from the present measurement do
not fit well with those obtained in the work of Westfall et al. This disagreement may indicate
that the differential cross sections of hydrogen isotopes production still vary with beam energy
in the studied energy range. A similar conclusion could be derived from inspection of fig. 2.6
where the total production cross sections for tritons seem to increase for beam energies up to
6 GeV.
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Figure 4.4: Experimental spectra of H and He isotopes from the present work (circles) measured
at 100◦ in Al+p collisions at proton beam energy 2.5 GeV and data from ref. [69] measured at
90◦ at proton energy 4.9 GeV (lines).
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Figure 4.5: Experimental spectra of Li, Be, and B from the present work (circles) measured
at 100◦ in Al+p collisions at proton beam energy 2.5 GeV and data from ref. [69] measured at
90◦ at proton energy 4.9 GeV (lines).

4.3.2 p+C collisions

Differential cross sections for products of p+12C collisions were measured at 1.0 GeV by An-
dronenko et al. [85] and Westfall et al. [69] at 2.1 GeV. The spectrum of alpha particles from
the latter experiment, measured at 90◦ was used for normalization of our data (cf. chapter
4.2). Thus the good agreement shown in fig. 4.6 of the present spectrum of the alpha particles
obtained for 100◦with that measured by Westfall et al. at 90◦ , is a result of this normalization.
However, good agreement of Helium data of Andronenko et al. with the present data is
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Figure 4.6: Experimental spectra of He isotopes from the present work (circles) measured at
35◦ (left column) and 100◦ (right column) in C+p collisions at proton beam energy 1.2 GeV and
data from ref. [69] measured at 90◦ at proton energy 2.1 GeV (empty squares) as well as data
from ref. [85] (full squares) measured at 30◦ (left column) and 126◦ (right column) at proton
beam energy 1.0 GeV

confirmation of consistency of results of all these experiments in spite of very different
method of measurements used in these investigations. The experiment of Andronenko et al.
applied Bragg curve detectors together with the time-of-light method for identification of mass
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and charge of the ejectiles. Therefore the range of energies of particles detected in their experi-
ment is narrower than that of the present experiment. Furthermore the stopping power of gas
in the Bragg detectors is smaller than that of the silicon detectors, thus the energy threshold
of their experiment is smaller than threshold in the present experiment. Nevertheless it seems
that the spectra from both experiments match well together. This is especially well visible at
30◦ spectra of Andronenko et al. compared to present spectra measured at very close angle -
35◦ . The agreement of Andronenko spectra measured at 126◦with the present spectra measured
at 100◦ is poorer, however, the difference of both detection angles may explain this fact.
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Figure 4.7: Experimental spectra of 6Li, 7Li and 7Be from the present work (circles) measured
at 35◦ (left column)and 100◦ (right column) in C+p collisions at proton beam energy 1.2 GeV
and data from ref. [69] measured at 90◦ at proton energy 2.1 GeV (empty squares) as well as
data from ref. [85] (full squares) measured at 30◦(left column) and 126◦(right column) at proton
beam energy 1.0 GeV



66 CHAPTER 4. PISA EXPERIMENT

The spectra of 6Li, 7Li, and 7Be measured by Andronenko et al. [85] and Westfall et al. [69]
also agree with the present data as can be seen in fig. 4.7. Such a good agreement is also visible
for elementally identified Li spectra of Westfall et al., presented in fig. 4.8 together with the
present results summed over isotopically identified Li ejectiles.
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Figure 4.8: Experimental spectrum of Li ejectiles from the present work (circles) measured at
100◦ in C+p collisions at proton beam energy 1.2 GeV and data from ref. [69] measured at
90◦ at proton energy 2.1 GeV (empty squares)

In summary, the present data on the double differential production cross sections dσ
dΩdE

from
the p+12C collisions, normalized to Westfall et al. [69] α-particle differential cross sections, agree
well with available literature cross sections, providing that the data are energy independent in
the studied energy range as it is expected from the limiting fragmentation hypothesis.



Chapter 5

Results of measurements

In the present experiment double differential cross sections have been measured for two tar-
get nuclei: 27Al and 12C, for three proton beam energies: 1.2, 1.9, and 2.5 GeV. Spectra
of light charged particles (p,d,t,3He, and 4He) as well as of intermediate mass fragments
(6He,6,7,8,9Li,7,9,10Be, and 10,11,12B) were measured for Al target at seven scattering angles: 15.6◦ ,
20◦ , 35◦ , 50◦ , 65◦ , 80◦ , and 100◦ . The spectra of the same ejectiles (with exception of 9,10Be
and B isotopes) were measured for 12C target at the same scattering angles.

It turned out that the data vary very smoothly with the beam energy and with the scatter-
ing angle. Therefore, only selected - typical spectra of the ejectiles are presented in the figures
below to illustrate the character of beam energy and angular dependencies, separately for 27Al
and for 12C targets. For both targets the light charged particle spectra have different character
than those for intermediate mass fragments, thus they are shown in two different figures, first
for 27Al and later for 12C target.

The following general observations may be summarized after the inspection of figures shown
below in which characteristic properties of the data are well visible:

• It may be stated, that the spectra of products from p+12C collisions vary less with the
beam energy than those from p+27Al collisions. This is in agreement with observed in
the literature fact (cf. section 2.1), that the approaching of the limiting fragmentation
energy region appears at lower beam energies for lighter of these two targets.

• The beam energy variation of the spectra of light charged particles (LCPs) is more pro-
nounced than variation of cross sections for intermediate mass fragments (IMFs). This is
true for both targets, 27Al and 12C and is due, perhaps, to the fact that the LCPs approach
the limiting fragmentation energy region at higher beam energies than the IMFs.
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• The angular variation of the spectra of LCPs seems to be also more pronounced than
that for intermediate mass fragments. Furthermore, the high energy tails of LCP spectra
extend to higher energies than those for IMFs.

5.1 p+Al system

The beam energy variation of spectra of LCPs (hydrogen isotopes) from p+27Al collisions
are shown in Fig. 5.1. As can be seen all cross sections increase monotonically by 20 - 30 %
when the beam energy varies from 1.2 to 2.5 GeV. Two regions of the ejectile energies may be
distinguished in the picture: The spectra of low energy particles (energy smaller than about 30
- 40 MeV) are more steep than the high energy, exponential tails of the spectra.
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Figure 5.1: Spectra of hydrogen isotopes measured at 65◦ for p+Al collisions at three proton
beam energies: 1.2 (empty circles), 1.9 (full circles), and 2.5 GeV (triangles). The proton,
deuteron, and triton spectra are presented in the upper, the middle and the lower panel of the
figure, respectively.
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Figure 5.2: Spectra of 4He, 7Li, 9Be, 11B, measured at 35◦ for p+Al collisions at three proton
beam energies: 1.2 (empty circles), 1.9 (full circles), and 2.5 GeV (triangles) .

The beam energy dependence of the spectra for intermediate mass fragments from p+27Al
collisions is presented in the Fig. 5.2. Two characteristic properties may be easily noticed:

• The absolute value of the cross sections varies very slightly with the increasing beam
energy. This increase is stronger for lighter ejectiles (4He, 7Li) whereas the data for
heavier IMFs are in the limits of the errors independent of the beam energy.

• The shape of the spectra for heavier IMFs does not indicate a presence of two different
energy regions as it was for LCPs. The spectra of the α-particles, however, still have
similar character as those for the Hydrogen isotopes.
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The angular dependence of the spectra of light charged particles from p+27Al collisions
is presented in Fig. 5.3. A strong angular dependence is visible for all the spectra. This is
especially pronounced for the high energy tails of the spectra. These tails become more steep
with increasing scattering angle and the cross sections are then more concentrated in the lower
energy region. Such a behaviour of the spectra may be explained by the emission of particles
from the source which moves with a significant velocity in the forward direction. The low
energy part of the spectra varies also with the scattering angle but not as strongly as the high
energy tail. Thus, it may be expected that for this energy region the main effect of angular
variation may be due to the angular dependence of the same component which dominates at
high ejectile energies and gives some background also for small energies.
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Figure 5.3: Spectra of hydrogen isotopes measured for p+Al collisions at proton beam energy
1.2 GeV for three emission angles: 20◦ (empty circles), 65◦ (full triangles), and 100◦ (full circles).
Proton, deuteron, and triton spectra are shown in the upper, the middle, and the lower panel
of the figure.
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Figure 5.4: Spectra of 4He, 7Li, 9Be, and 11B measured for p+Al collisions at proton beam
energy 1.2 GeV for three emission angles: 35◦ (empty circles), 50◦ (full triangles), and 100◦ (full
circles).

The spectra of 4He and of intermediate mass fragments like 7Li, 9Be, and 11B from p+27Al
collisions also vary with scattering angle. It should be, however, pointed out that this angular
dependence is different for 4He and 7Li from that for heavier intermediate mass fragments. The
angular dependence of the spectra of lighter ejectiles is almost the same as that observed for
light charged particles. For heavier intermediate mass fragments the shape of the spectra does
not change with the scattering angle, however, the absolute value of the cross section decreases
strongly (even by order of magnitude) at larger angles. Such a qualitative behaviour of the
spectra establishes a challenge for any theoretical description of the reaction mechanism.
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5.2 p+C system

Energy dependence of the spectra for light charged particles from p+12C collisions is illustrated
by Fig. 5.5 where the data measured at 65◦ are presented. As can be seen the spectra are
identical in the limit of errors for all three beam energies: 1.2, 1.9, and 2.5 GeV. In all spectra
two qualitatively different energy regions may be distinguished. The low energy part of the
spectrum (energies smaller than approximately 30 MeV) with steeper slope, and the high energy
exponential tail. Such a behaviour is very similar to that observed for the Aluminium target
(cf. section 5.1).
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Figure 5.5: Spectra of hydrogen isotopes measured at 65◦ for p+C collisions at three proton
beam energies: 1.2 (empty circles), 1.9 (full circles), and 2.5 GeV (triangles). Proton, deuteron,
and triton spectra are shown in the upper, the middle, and the lower panel of the figure.
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Figure 5.6: Spectra of 4He, 6Li, 7Li, 7Be, measured at 35◦ for p+C collisions at three proton
beam energies: 1.2 (empty circles), 1.9 (full circles), and 2.5 GeV (triangles) .

The cross sections measured for heavier ejectiles (4He, 7Li, 9Be, 11B) on the 12C target are
energy independent, i.e. the cross sections at 1.2, 1.9, and 2.5 GeV have the same values in
the limit of errors. Note, that for 12C target such an energy independence of 4He production
was observed in the literature (cf. section 2) and was used in the absolute normalization of the
cross sections from the present experiment (cf. section 4). Energy independence of other cross
sections observed with the above normalization confirms that all intermediate mass fragments
fulfill the limited fragmentation hypothesis in the studied beam energy range.
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The angular dependence of the light charged particle spectra from p+12C collisions
is represented by Fig. 5.7, where the data for protons, deuterons, and tritons are depicted.
Similarly like for 27Al, the spectra consist of two parts with different angular dependence. The
absolute value of the cross sections in the low energy part of the spectra, which extends to 25
- 30 MeV decreases with the scattering angle but the shape of the spectrum does not change.
On the other hand, the cross sections in the high energy part of the spectra decrease with the
energy and the slope of the spectra strongly increases.
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Figure 5.7: Spectra of hydrogen isotopes measured for p+C collisions at proton beam energy
1.2 GeV for three emission angles: 20◦ (empty circles), 65◦ (full triangles), and 100◦ (full circles).
Proton, deuteron, and triton spectra are shown in the upper, the middle, and the lower panel
of the figure.
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Figure 5.8: Spectra of 4He, 6Li, 7Li, and 7Be measured for p+C collisions at proton beam
energy 1.2 GeV for three emission angles: 35◦ (empty circles), 50◦ (full triangles), and 100◦ (full
circles).

The angular dependence of the 4He spectra and to some extend also the spectra of 6Li
behave in similar manner like those for the Hydrogen isotopes. The 7Li and 7Be spectra do not
change their shape for different scattering angles but the absolute value of the cross sections
decreases with the angle. This is again similar behaviour to that observed for intermediate
mass fragments in the case of p+27Al collisions. The main difference consists in the fact that
angular variation of the absolute value of the cross sections is larger for Al target than for C
target.
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Chapter 6

Theoretical analysis

" A rich experience gained in the last decade shows that no one particular model is
able to give a satisfactory description of the formation, evolution and decay of highly
excited nuclear systems in the course of a nuclear reaction at intermediate and high
energies. The development of various approaches describing some selected features
of the reaction seems to be the most fruitful way of tackling the problem. A decisive
role in this situation is played by the systematic comparison of theoretical models
with each other and with experimental data."

J.P Bondorf et al., Physics Reports 257 (1995) 133-221

The analysis of the data obtained in the present experiment was realized in several steps:

(1) At first the analysis in the frame of traditional, two-step model – discussed in section 6.1 –
has been applied: The first stage of the reaction was described by an intranuclear cascade
of nucleon-nucleon and nucleon-pion collisions allowing for coalescence of nucleons into
light charged particles, and the second stage of the reaction was treated as evaporation
of particles from an excited remnant of the intranuclear cascade.

It turned out, as it is described below, that the angular distributions as well as the energy
spectra were not reproduced properly by the model. The deviations of the model cross
sections from the data were most prominent in the tails of the energy distributions. This
is true for both target nuclei, i.e. 12C and 27Al. Therefore, it was assumed that another
reaction mechanism should be taken into consideration.

(2) Since this mechanism manifests itself in high energy part of the spectra it is reasonable
to conjecture, that the mechanism searched for is typical for highly excited nuclei. The
natural candidate for this additional mechanism is the statistical multifragmentation of
remnants of the intranuclear cascade appearing when the excitation energy per nucleon
is larger than some limiting value. Thus, the theoretical analysis based on the two-step
model was repeated for IMFs treating in a different way the remnants of the first stage
of the reactions when they are excited to low or to high excitation energy. This analysis
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is discussed in section 6.2. It was assumed that the deexcitation of former remnants
proceeds by a sequential evaporation of particles and that the latter remnants are subject
of a multifragmentation. The multifragmentation was treated in the frame of a simple,
statistical formalism of so called Fermi break-up [73]. It will be shown in section 6.2, that
multifragmentation of highly excited remnant nuclei combined with evaporation of IMFs
from low excited nuclei describes well the data for IMFs.

Such a good description of the data has not been achieved for light charged particles
(LCPs). It turned out that the LCP data measured at forward scattering angles were
strongly underestimated by predictions of the model discussed above. This suggested
that still another mechanism of emission of LCPs at forward scattering angles should be
taken into consideration.

(3) This mechanism was treated phenomenologically as the emission from the fast, hot,
forward–moving source - so called "fireball". Since in such an approach the impinging
proton, which knocks-out the fireball does not interact with the remnant nucleus, it is
reasonable to assume that the target remnants after fireball emission have similar proper-
ties (mass, charge, excitation energy) as target remnants after the intranuclear cascade of
nucleon-nucleon collisions. Then the second step of the reaction, i.e., evaporation and/or
multifragmentation of excited target remnants should be practically the same for both
mechanisms contributing to the first stage of the reaction. This means that the results of
analysis of IMF production remain valid, the same as discussed in section 6.2, however,
the data for LCPs should be analyzed taking into consideration scaling down of contribu-
tion from intranuclear cascade (by factor f < 1) and adding contribution from the fireball
emission.

Details of this analysis are presented in section 6.3.

6.1 Two-step traditional model
The fast stage of the proton induced reaction has been described by INCL model (cf. section
3.1.1), treating the proton - nucleus interaction as a set of nucleon-nucleon collisions initiated
by the impinging proton with target nucleons, which move in a static mean field. The standard
values of parameters of the model, recommended by authors of the computer program INCL4.3
[55,56], were used in the present analysis.

The nucleon-nucleon collisions lead to energy deposition in the nucleus as well as to emission
of fast nucleons and LCPs (due to coalescence of target nucleons with outgoing nucleon). It
was assumed that excited target remnants are equilibrated after the first step of the reaction.
Then, in the second step of the reaction an evaporation of nucleons and complex particles was
allowed from the excited remnants of the target. This stage of reaction was described by GEM2
model of Furihata [70, 71]. Again, the standard values of the model parameters were used as
recommended by Furihata [71].
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6.1.1 p+Al collisions

The theoretical spectra (lines) of Hydrogen, Helium, Lithium, Beryllium, and Boron isotopes
evaluated for p+Al collisions at proton beam energy 1.2 GeV are presented together with
experimental data (dots) in figures 6.1,6.2, 6.3, 6.4, and 6.5, respectively. Fluctuations of the
theoretical lines have no physical meaning. They appear due to limited statistics of the Monte
Carlo method of calculations used in the theoretical model.

It is evident that the traditional model fails to describe properly the data:

• Spectra of LCPs, i.e. Hydrogen and Helium ejectiles, measured at forward angles (15◦ -
65◦ ) are underestimated by the model by factor 2 – 4.

• Experimental spectra of LCPs measured at 100◦have larger slope at highest energies than
that predicted by the model and therefore they are there overestimated by the model.

• Experimental spectra of IMFs have smaller slope than that of the model spectra, and
the absolute values of the experimental cross sections are larger than theoretical cross
sections in full range of measured ejectile energies.

Such quantitative and qualitative disagreement observed for reactions induced by p+ Al colli-
sions suggests that an important reaction mechanism was not taken into account in the tradi-
tional reaction model.
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Figure 6.1: Experimental spectra (dots) of protons (upper row), deuterons (middle row), and
tritons (lower row) measured for p+Al collisions at Tp=1.2 GeV. Left, middle, and right columns
present data measured at 20◦ , 65◦ , and 100◦ , respectively. Blue line represents intranuclear cas-
cade calculations performed with INCL4.3 computer program [55,56], which include coalescence
of nucleons emerging from the reaction into complex particles. Black line shows contribution
of evaporation of particles from excited remnant nuclei – products of the intranuclear cascade.
The red line depicts sum of both contributions.
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Figure 6.2: The same as on fig. 6.1 but for 3He (upper row), 4He (middle row), and 6He (lower
row).

Note that the red line for 6He and heavier ejectiles does not present sum of different processes
but the evaporation contribution (i.e. GEM model), only. This comment is also valid for next
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figures, where spectra of Li, Be, and B isotopes are presented.
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Figure 6.3: The same as on fig. 6.1 but for 6Li (upper row), 7Li, 8Li (middle rows), and 9Li
(lower row).
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Figure 6.4: The same as on fig. 6.1 but for 7Be (upper row), 9Be (middle row), and 10Be
(lower row). The left, middle, and right column represent the spectra at 20◦ , 50◦ , and 100◦ ,
respectively.
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Figure 6.5: The same as on fig. 6.1 but for 10B (upper row), 11B (middle row), and 12B
(lower row). The left, middle, and right column represent the spectra at 20◦ , 50◦ , and 100◦ ,
respectively.
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6.1.2 p+C collisions

Analogous spectra for isotopes of Hydrogen, Helium, Lithium, and 7Be for p+C collisions at
proton beam energies are shown in figures 6.6, 6.7, and 6.8, respectively.
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Figure 6.6: Experimental spectra (dots) of protons (upper row), deuterons (middle row), and
tritons (lower row) measured for p+C collisions at Tp=1.2 GeV. Left, middle, and right columns
present data measured at 20◦ , 65◦ , and 100◦ , respectively. Blue line represents intranuclear cas-
cade calculations performed with INCL4.3 computer program [55,56], which include coalescence
of nucleons emerging from the reaction into complex particles. Black line shows contribution
of evaporation of particles from excited remnant nuclei – products of the intranuclear cascade.
The red line depicts sum of both contributions.
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Figure 6.7: The same as on fig. 6.6 but for 3He (upper row), 4He (middle row), and 6He (lower
row). The oscillations of the theoretical lines have no physical meaning. They appear because
of limited statistics of time consuming Monte Carlo calculations.
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Figure 6.8: The same as on fig. 6.6 but for 6Li (upper row), 7Li and 8Li (middle rows), and 7Be
(lower row). Note that the red line presents the evaporation contribution only (GEM model).

As it is shown in figs 6.6 and 6.7, the traditional two-step model is not able to reproduce
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spectra and angular distributions of light charged particles, however, it works much better for
intermediate mass fragments. Such a conclusion may be derived from fig. 6.8 where the main
part of the spectra is reasonably well described by the model. The largest deviations are seen
for the highest energies of IMFs, where the slope of experimental spectra is less steep than that
predicted by the model.
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6.2 Multifragmentation
The emission of IMFs from p+Al collisions was treated as evaporation from and multifrag-
mentation of excited nuclei - remnants of the first stage of the reaction. It was assumed that
sequential emission of IMFs, i.e. the evaporation of a single particle in each step, dominates
when the remnants of the cascade are excited to rather low energies whereas the remnants
excited to high energies split into many pieces thus they are subject of multifragmentation
which is considered as a simultaneous process. The critical excitation energy per nucleon
(E∗/A)cr, i.e. the smallest value of excitation energy per nucleon at which multifragmentation
appears was treated as free parameter. Another free parameter was the so called freeze-out
radius r0. It has the following meaning; these parts of the nucleus, which appear to be outside
of the sphere with radius r0A

1/3 and with a center inside the nucleus do not interact by attrac-
tive nuclear force but feel only a repulsive Coulomb interaction. A denotes the mass number
of decaying nucleus.

The evaporation of particles from excited remnants which have an excitation energy smaller
than the critical value (E∗/A)cr was evaluated by means of the GEM2 computer program [70,71]
(see also detailed description in section 3.2.1) with standard values of parameters whereas the
multifragmentation of nuclei with excitation energy larger than (E∗/A)cr was calculated as
Fermi break-up using the computer program ROZPAD [83] (see also detailed description in
section 3.2.3).

6.2.1 Multifragmentation in p+Al system

The free parameters of the model; freeze-out radius r0 and critical excitation energy (E∗/A)cr
were searched for by comparison of theoretical spectra to experimental data for 6He, 6,7,8,9Li,
7,9,10Be, and 10,11,12B. Chi-square values were evaluated summing over all data listed above for
several fixed values of r0 parameter and several values of critical excitation energy (E∗/A)cr.
The obtained values of the chi-square are shown in the upper panel of figs 6.9, 6.10, and 6.11
for proton beam energies 1.2, 1.9, and 2.5 GeV, respectively.

The following properties of the chi-square dependence are clearly visible:

• Broad minima of the chi-square treated as a function of critical excitation energy (E∗/A)cr
are present for each fixed r0 parameter. The chi-square value increases very strongly when
critical excitation energy decreases to values smaller than ≈ 5 MeV/nucleon. This be-
haviour points to the fact that the nuclei at such low excitation energies are not subject
of multifragmentation but rather evaporate particles sequentially. This increase of chi-
square is caused by a disagreement of the shape of the experimental spectra at lowest
ejectile energies and the shape of the spectra predicted by the multifragmentation mech-
anism. The slope of experimental spectra at lowest energies is much steeper than that
from the multifragmentation mechanism (cf. e.g. spectra of 6Li and 7Li in Fig. 6.13).

• Minimal value of the chi-square for each value of the r0 parameter is presented as a
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function of critical excitation energy (E∗/A)cr in the middle panel of the figures. As
can be seen this dependence may be well approximated by a concave parabolic function,
which minimum allows to choose the best fit value of the critical energy for each fixed r0,
respectively.
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Figure 6.9: Upper panel: the chi-square value evaluated for all IMFs as a function of (E∗/A)cr at
several fixed values of r0 parameter for p+Al collisions at Tp=1.2 GeV. Middle panel: minimal
chi-square of the functions χ2 ((E∗/A)cr) presented above for each fixed r0 parameter versus
r0. Lower panel: (E∗/A)cr parameter for the best chi-square value versus corresponding r0

parameter.

• This best fit (E∗/A)cr parameter value is correlated with the value of the r0 parameter,
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what can be observed in the lower panel of figs 6.9, 6.10, and 6.11. Such a correlation has
clear intuitive meaning: Increasing volume of an excited nucleus leads to lowering of its
density and facilitates decomposition of the nucleus into several pieces thus a multifrag-
mentation may appear at lower excitation energy of the decaying nucleus.
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Figure 6.10: The same as in fig. 6.9 but for the beam energy equal 1.9 GeV.
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Figure 6.11: The same as in fig. 6.9 but for the beam energy equal 2.5 GeV.

As can be seen in figs 6.9, 6.10, and 6.11 the best fit value of the reduced radius
r0 – 1.40(31) fm, 1.40(25) fm, and 1.39(43)fm for beam energy 1.2, 1.9, and 2.5
GeV, respectively – is in the limits of error the same for all three beam energies.
Thus fixing the parameter r0 at r0 = 1.40(20) fm allows to find the best fit value of the
second parameter - the critical excitation energy (E∗/A)cr - from the linear relation between
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these two parameters shown in the lowest panel of the figures. It was found that the critical
excitation energy is also almost the same in the studied beam energy range. It is
equal to 7.7(8) MeV/nucleon, 7.0(8) MeV/ nucleon, and 6.1(9) MeV/nucleon for
1.2, 1.9, and 2.5 GeV beam energy, respectively.
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Figure 6.12: The full symbols represent the compilation of critical excitation energies per
nucleon as a function of mass number of decaying nuclei [49], the solid line shows the linear
regression of these data whereas the dashed and solid hyperbolas correspond to one- and two-
standard deviation confidence intervals of the regression line, respectively. The empty symbols
depict the critical excitation energy values used in the present analysis for p+Al collisions;
circle, square, and triangle correspond to 1.2, 1.9, and 2.5 GeV beam energy, respectively.

It is interesting to compare the critical energy for fragmentation with values quoted by
Natowitz et al. [49] in their compilation of multifragmentation reaction for various nuclear
systems. The present values of critical energy fit perfectly to the compilation of
Natowitz et al. as can be seen in fig. 6.12.

The quality of the description of experimental data for p+Al collisions may be judged from
inspection of figs 6.13 - 6.17 where the data measured at proton beam energy equal to 1.2 GeV
are shown. As can be seen the contribution of multifragmentation to the spectra (shown by
green solid line in the figures) is negligible for protons, small for other LCPs, but it is crucial for
spectra of IMFs. It turned out that the sum of evaporation and multifragmentation
reproduces very well the full spectra of 6He, 6,7,8,9Li, 7,9,10Be, and 10,11,12B. It should
be emphasized that all these spectra are evaluated assuming the same parameters:
r0 = 1.4 fm and (E∗/A)cr = 7.7 MeV.

An equally good description of IMF data was achieved for higher beam energies (1.9 and
2.5 GeV) using the same value of r0 parameter and appropriate critical excitation energies.
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Figure 6.13: Experimental spectra (dots) of 6Li (upper row), 7Li, 8Li (middle rows), and 9Li
(lowest row) measured for p+Al collisions at Tp=1.2 GeV. Left, middle, and right columns
present data measured at 20◦, 50◦, and 100◦, respectively. The black line represents evapo-
ration from remnant nuclei of intranuclear cascade evaluated with the GEM2 computer pro-
gram [70,71]. The green line shows contribution of multifragmentation of excited remnant nuclei
evaluated in the frame of Fermi break up model by means of the computer code ROZPAD [83].
The red line depicts the sum of both contributions.
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Figure 6.14: The same as on fig. 6.13 but for 7Be (upper row), 9Be (middle row), and 10Be
(lowest row).
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Figure 6.15: The same as on fig. 6.13 but for 10B (upper row), 11B (middle row), and 12B
(lowest row). The left panel for 12B represents spectra at 35◦ whereas for 10B and 11B left
panels depict results obtained at 20◦ .

The experimental IMF spectra measured at higher beam energies have very similar shape as
those measured at 1.2 GeV and differ only in the magnitude of the cross sections. Therefore their
description is very similar to that presented in figs 6.13, 6.14, and 6.15 thus only representative
data and calculations for the beam energy 1.2 GeV are shown. The cross sections for IMF
production are collected in the table 6.1.
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Table 6.1: Total production cross sections of intermediate mass fragments for p+Al collisions at
three proton beam energies: 1.2, 1.9, and 2.5 GeV. In the first column the symbol of the ejectile
is listed, in the second column the beam energy is depicted, and in the following columns
the production cross section due to sequential evaporation, production cross section due to
the multifragmentation, the sum of both cross sections and the relative contribution of the
multifragmentation are presented.

particle energy [GeV] σGEM [mb] σFBM [mb] σTot [mb] σFBM [%]
1.2 0.57 1.03 1.60 64

6He 1.9 0.45 1.68 2.13 79
2.5 0.34 2.33 2.67 87
1.2 9.81 4.28 14.09 30

6Li 1.9 7.35 7.02 14.37 49
2.5 5.60 9.32 14.92 62
1.2 3.57 4.04 7.61 53

7Li 1.9 2.72 6.61 9.33 71
2.5 1.95 9.40 11.35 83
1.2 0.37 1.55 1.92 81

8Li 1.9 0.28 2.55 2.83 90
2.5 0.21 3.71 3.92 95
1.2 0.056 0.24 0.296 81

9Li 1.9 0.046 0.42 0.466 90
2.5 0.033 0.62 0.653 95
1.2 2.19 3.56 5.75 62

7Be 1.9 1.66 6.17 7.83 79
2.5 1.24 7.98 9.22 87
1.2 1.63 0.78 2.41 32

9Be 1.9 1.30 1.37 2.67 51
2.5 0.99 2.20 3.19 69
1.2 0.78 0.64 1.42 45

10Be 1.9 0.63 1.13 1.76 64
2.5 0.45 1.91 2.36 81
1.2 5.86 1.39 7.25 19

10B 1.9 4.81 2.65 7.46 36
2.5 3.73 4.23 7.96 53
1.2 4.36 0.77 5.13 15

11B 1.9 3.52 1.50 5.02 30
2.5 2.57 2.71 5.28 51
1.2 0.44 0.15 0.59 25

12B 1.9 0.38 0.31 0.69 45
2.5 0.29 0.63 0.92 68
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The analysis of light charged particle spectra is discussed separately below because it turned
out that the mechanism of reactions leading to production of light charged particles is more
complicated than that for IMFs.

It is interesting to investigate the energy dependence of the production mechanism of the
intermediate mass fragments. This is caused to the large extent by the energy dependence
of the critical value (E∗/A)cr found from the fit to the experimental data of two competing
mechanisms; the evaporation of particles at low excitation energies, and the multifragmentation
at energies above the critical value. The total production cross sections for these ejectiles are
collected in table 6.1. The following conclusions can be derived from inspection of this table:

• Evaporation cross sections decrease quickly with the beam energy for all IMFs on the
contrary to increasing of multifragmentation cross sections. These monotonic dependen-
cies lead to fast increase of the relative contribution of fragmentation to the total cross
section.

• The multifragmentation contribution dominates for all ejectiles at the highest beam en-
ergy. It exhausts at least 51% of the total cross section (for 11B) but for selected ejectiles
it reaches even 95% (for 8Li and 9Li).

• The sum of both contributions increases with the beam energy but not so quickly as the
fragmentation cross sections because of decreasing of the evaporation contribution. The
ratio of the total production cross section at beam energy 2.5 GeV to that at 1.2 GeV
varies from about 1.1 for 6Li and 11B to about 2.2 for 9Li.

The analysis of the light charged particle data for p+Al collisions was performed
by adding evaporation and multifragmentation contributions, evaluated with the same r0 and
(E∗/A)cr parameters as those used for intermediate mass fragments, to the cross section origi-
nating from the first step of the reaction, i.e. to the cascade (for protons) and coalescence (for
complex LCPs) cross sections. The results of this analysis are presented in figs 6.16 and 6.17
for Hydrogen and Helium isotopes, respectively.

As can be seen in these figures there is a clear disagreement of the model differential
cross sections and the experimental data for all LCPs. The experimental data at small
scattering angles are much larger than the predictions of the model. The disagreement decreases
with the scattering angle and with the mass of the ejectile. The 6He particle data are very
well reproduced by evaporation and fragmentation mechanism but cross sections for all lighter
particles indicate a lack of some contribution smoothly varying with the scattering angle and
with the energy of the ejectile. The search for an explanation of this effect by the contribution
of emission of LCPs from a "fireball" is described in the section 6.3.
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Figure 6.16: Experimental spectra (dots) of protons (upper row), deuterons (middle rows),
and tritons (lowest row) measured for p+Al collisions at Tp=1.2 GeV. Left, middle, and right
columns present data measured at 20◦, 65◦, and 100◦, respectively. The black line represents
evaporation from remnant nuclei of intranuclear cascade evaluated with GEM2 computer pro-
gram [70,71]. The green line shows contribution of multifragmentation of excited remnant nuclei
evaluated with the frame of Fermi break up model by means of computer code ROZPAD [83].
The blue line represents results of calculations with the INCL4.3 computer code [55,56] whereas
the red line depicts the sum of all contributions.
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Figure 6.17: Same as fig. 6.16 but for 3He (upper row), 4He (middle row), and 6He (lower row)
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6.2.2 Multifragmentation in p+C system

The analysis of the data for intermediate mass fragments which were measured for the
p+12C system, i.e. for 6He, 6,7,8Li and 7Be has been done according to the same procedure as
the analysis for p+27Al. The dependence of the chi-square on the r0 and (E∗/A)cr parameters
obtained in this analysis is shown in figs 6.18, 6.19, and 6.20 for proton beam energy 1.2, 1.9,
and 2.5 GeV, respectively.
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Figure 6.18: Upper panel: Chi-square evaluated for all detected IMFs, i.e., 6He, 6,7Li and 7Be
as a function of (E∗/A)cr parameter for several fixed values of r0 for p+C collisions at Tp=1.2
GeV. Middle panel: minimal chi-square of the functions χ2 ((E∗/A)cr) presented above for each
fixed r0 parameter versus r0. Lower panel: (E∗/A)cr parameter for the best chi-square value
for each r0 parameter versus corresponding r0 value.
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As can be seen, there is no minimum of the chi-square in the studied range of the r0

parameter. Chi-square values per degree of freedom are smaller than unity for all values of r0,
thus the description is good in each case. It means, however, that the fit is not sensitive to r0

parameter value what indicates small contribution of the studied effect - multifragmentation -
to the reaction cross section. Furthermore, a strong increase of the chi-square visible for small
values of the critical excitation energy (E∗/A)cr for each value of r0 parameter suggests that
at small excitation energies another emission mechanism, presumably sequential evaporation,
dominates. This again points to a big contribution of the evaporation because most of the
nuclei - remnants of the fast stage of the reaction - are excited to small energies.
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Figure 6.19: The same as in fig. 6.18, but for p+C collisions at Tp=1.9 GeV.
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Figure 6.20: The same as in fig. 6.18, but for p+C collisions at Tp=2.5 GeV.

In such a situation, the chi-square method is not able to select physical values of r0 and
(E∗/A)cr parameters, especially in view of a strong ambiguity of both parameters. Thus, the
following reasoning was applied for the selection of values of the parameters:

It was assumed that for the p+C system the same reduced radius r0 is appropriate as that
used for p+Al system, i.e. r0=1.4 fm. This value of r0 is usually applied in the description
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of multifragmentation of light nuclei by the Fermi break-up model (cf. recommended value
of this parameter in the GEANT-4 computer toolkit; [86]). Then, it was possible to choose
an appropriate value of the critical excitation energy from the observed dependence of this
parameter on the r0.

The following values of the critical excitation energy have been found: 9.0(8), 7.6(7), and
8.6(8) MeV/nucleon for beam energy 1.2, 1.9, and 2.5 GeV, respectively. These values fit very
well to the compilation of the atomic mass dependence of the critical excitation energy for
multifragmentation as published by Natovitz et al. [49]. Values of the critical excitation energy
obtained in the present analysis are shown in fig. 6.21 together with those from ref. [49].

While using the standard value of the r0 parameter such good agreement of the obtained
values of the critical excitation energy can be treated as an argument in favour of an internal
consistency of the present analysis.
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Figure 6.21: Atomic mass dependence of the critical excitation energy (E∗/A)cr for multifrag-
mentation of atomic nuclei. The full symbols represent results of the compilation of Natovitz
et al. [49]. The straight line shows the linear regression of these data whereas the dashed-
and solid-lines present one- and two-standard deviation confidence intervals of the regression
line, respectively. The open symbols - circle, square, and triangle depict results of the present
analysis of p+12C at three proton beam energies; 1.2, 1.9, and 2.5 GeV, respectively.

The quality of the description of the IMF data from p+C collisions may be judged from



6.2. MULTIFRAGMENTATION 105

the inspection of figure 6.22 where the experimental cross sections for 6Li, 7Li, 8Li, and 7Be are
presented together with results of the two-step model in which evaporation and multifragmen-
tation were taken into consideration for the second stage of the reaction. The fluctuations of
the lines have no physical meaning and result from small statistics of Monte Carlo method of
model calculations.
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Figure 6.22: The experimental spectra (open circles) for production of 6Li (upper row), of 7Li,
8Li (middle rows), and of 7Be (lowest row) in p+ 12C collisions for three scattering angles:
20◦ (left column), 50◦ (middle column), and 100◦ (right column). The lowest scattering angle for
7Be is equal to 35◦ instead of 20◦ because of better statistics in the spectrum measured at 35◦ .
The black line represents the evaporation cross section, the green line depicts the contribution
from multifragmentation and the red line shows the sum of both cross sections.

As it was already stated in section 6.1 the IMF data are quite well reproduced by the
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traditional two-step model, which takes into consideration the nucleon-nucleon cascade as the
first stage of the reaction and the evaporation of ejectiles as the second stage. The inclusion
of multifragmentation improves slightly the description of the data, as can be seen in fig. 6.22
but the evaporation is a dominant process in the second stage of the reaction.

This qualitative conclusion may be formulated in more quantitative manner by the analysis
of total production cross sections, which are listed in table 6.2 for all studied intermediate
mass fragments for three proton beam energies. As can be seen the contribution of multi-
fragmentation is typically of the order of several percent with the exception of 6He for which
multifragmentation exhausts approximately 20 % of the total production cross section.

The present conclusion concerning the dominance of evaporation of IMF in p+12C collisions
is in accordance with results of Furihata [70], which showed that nucleon-nucleon cascade
coupled with generalized evaporation model is able to reproduce the total cross sections for 7Be
production in p+16O collisions for a broad range of beam energies.

Table 6.2: Total production cross sections of intermediate mass fragments for p+C collisions at
three proton beam energies: 1.2, 1.9, and 2.5 GeV. In the first column the symbol of the ejec-
tile is listed, in the second column the beam energy is depicted, and in the following columns
the production cross section due to sequential evaporation, production cross section due to
multifragmentation, the sum of both cross sections and the relative contribution of the multi-
fragmentation are presented.

particle energy [GeV] σGEM [mb] σFBM [mb] σTot [mb] σFBM [%]
1.2 0.78 0.16 0.94 17

6He 1.9 0.74 0.27 1.01 27
2.5 0.75 0.15 0.9 17
1.2 13.50 0.89 14.39 6

6Li 1.9 12.62 1.47 14.09 10
2.5 12.68 0.66 13.34 5
1.2 9.25 0.28 9.53 3

7Li 1.9 8.78 0.53 9.31 6
2.5 8.63 0.25 8.88 3
1.2 0.42 0.025 0.445 6

8Li 1.9 0.41 0.055 0.465 12
2.5 0.40 0.021 0.421 5
1.2 6.95 0.30 7.25 4

7Be 1.9 6.80 0.57 7.37 8
2.5 6.81 0.25 7.06 4

Multifragmentation contribution to the LCP data from p+C collisions is almost
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negligible for Hydrogen isotopes as it is seen in fig. 6.23 but becomes quite significant for
Helium isotopes - cf. fig. 6.24. In both cases, i.e., for Hydrogen and Helium data, the high
energy tail of the spectra is not described well by the assumed model, with the exception of
6He cross section, what is almost not significant, because of poor data here.
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Figure 6.23: The experimental spectra (open circles) for production of 1H (upper row), of
2H, (middle row), and of 3H (lowest row) in p+ 12C collisions for three scattering angles:
20◦ (left column), 65◦ (middle column), and 100◦ (right column). The black line represents
evaporation cross section, the blue line is attributed to INCL results (nucleon-nucleon cascade
for protons and coalescence for deuterons and tritons), the green line depicts the contribution
from multifragmentation and the red line shows the sum of all cross sections.
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Figure 6.24: The same as in fig. 6.23 but for isotopes of Helium: 3He,4He, and 6He.

It seems, that similarly like for 27Al target, another reaction mechanism plays an important
role in the p+12C collisions under consideration. The candidate for this mechanism is the
emission of light charged particles from a "fireball" - fast and hot source, consisted of several
nucleons, moving in the forward direction. This mechanism will be discussed in the next section.
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6.3 Fireball emission

The analysis of differential cross sections for reactions in p+Al as well as in p+C systems re-
veals that the energy and angular dependencies are not reproduced by the two step model of
the reaction for light charged particle emission. Such unsatisfactory situation appears even if
the coalescence of nucleons into composite particles - in the first stage of the reaction, as well
as competition of evaporation and multifragmentation - in the second stage of the reaction are
taken into account. Differences between the data and predictions of the two-step model are
largest for protons and decrease with increasing mass of the ejectile. Moreover, the disagree-
ment is stronger for small angles and almost vanishes at the angle 100◦ . These qualitative
relationships between data and theoretical cross sections indicate, that another reaction mech-
anism, which favours forward directed emission of the lightest ejectiles has to be taken into
consideration. Such a process has been introduced in a phenomenological way as an emission
of LCPs from a fast and hot source - the "fireball", moving along the beam direction.

Differential cross sections of this emission have been calculated using formulae given in the
Appendix B. These formulae contain free parameters which values were searched to assure a
good fit to the data. The quality of the data description is good as can be judged from chi-
square values listed in Tables 6.3 (for p+Al) and 6.4 (for p+C), as well as from the inspection
of Figs 6.25, 6.26 (for p+Al) and Figs 6.27, 6.28 (for p+C).

The following properties of the fireball emission of light charged particles are common for
both studied nuclear systems - p+Al and p+C:

• The effect is largest for protons and decreases with the mass of ejectile becoming the
smallest for the emission of α-particles. This is well visible in Figs 6.25, 6.26, 6.27, and
6.28 as well as in Tables 7.1 and 7.2.

• The fireball contribution is largest for small angles and decreases with the scattering
angle. This can also be seen in Figs 6.25, 6.26, 6.27, 6.28.

• The inspection of the above figures leads to the conclusion that the fireball emission affects
the spectra of Hydrogen isotopes mainly at energies smaller than 150 - 200 MeV whereas
for the Helium ejectiles this energy range is limited to energies smaller than approximately
100 MeV.

• The velocity β and the apparent temperature T of the fireball decrease with the mass
of emitted particles. The only exception is the α-particle emission in the p+C system,
for which larger β and T of the fireball are needed than the same quantities for lighter
Helium isotope - 3He (cf. Tables 6.3 and 6.4).
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6.3.1 Fireball in p+Al system

The search for parameters k, β, T and σ characterizing the fireball has been performed by fitting
simultaneously experimental spectra of light charged particles measured at all seven scattering
angles for a given ejectile and a given proton beam energy. The theoretical cross section has
been calculated as a sum of contributions originating from both, the first and the second stage
of the reaction.

The former cross sections were evaluated on the basis of two competing mechanisms: the
intranuclear cascade and the fireball emission. The contribution of the intranuclear cascade has
been evaluated by INCL4.3 computer program [55, 56], which enables coalescence of nucleons
in composite particles.

Since the intranuclear cascade model cross sections are absolutely normalized by assuming
that each projectile - target collision leads to the intranuclear cascade, there is no room for some
other process initiated by the proton impinging on to the target. Thus, to allow for collision
of the proton from the beam with a group of nucleons inside the target some scaling down of
the intranuclear cascade cross sections must be introduced. It was realized phenomenologically,
i.e. multiplying the INCL cross sections by a factor f which was treated as a free parameter.
Its value was determined in the analysis of the deuteron data but for other ejectiles the scaling
factor was fixed at the same values as those found for deuterons.

The cross sections corresponding to the second stage of the reaction include the sequential
evaporation of particles from remnants of the first step of the reaction – excited to low energies
(lower than the critical energy per nucleon discussed in the section 6.2), and the multifragmen-
tation of the highly excited remnants.

The parameters of the fireball obtained from the fit are listed in Table 6.3 together with the
cross sections characterizing other reaction mechanisms contributing to p+Al collisions.

Values of the scaling factor vary between 0.55 and 0.84 for the studied beam energies suggest-
ing that the first step of the reaction proceeds mainly via an intranuclear cascade mechanism.
The inclusive cross sections of the proton and the α-particle emission from the fireball are, how-
ever, larger than the respective cross sections from the intranuclear cascade (protons) and from
the coalescence of nucleons escaping from the intranuclear cascade (α-particles). Such an effect
does not contradict the conclusion derived from the value of the scaling factor of prevailing role
of the intranuclear cascade mechanism because the inclusive cross sections are dependent also
on multiplicities of the emitted particles.

The k parameter, which determines the height of the effective barrier between the ejectile
and the fireball (in units of the height of the barrier between ejectiles and target nuclei) is small
for all ejectiles, what is natural because the fireball is much smaller than the target nucleus.
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The apparent temperature T as well as the velocity β of the fireball, decrease with the mass
of the ejectiles. Decreasing of these two parameters may be interpreted as indication of two
effects:

(i) increasing of the average mass of the fireball with the mass of the ejectile, what for a
given average momentum transfer to the fireball leads to decreasing its velocity with its
mass, and

(ii) strong modification of the apparent temperature by recoil of the emitting source.

ad (i) The increasing of a mass of the fireball is obvious in view of the fact, that the mass of the
fireball must be larger than mass of observed ejectile. For example, the lightest particles -
protons can be emitted by a fireball consisted of two nucleons (p+p or p+n) whereas this
light fireball cannot emit deuterons and heavier particles. On the other hand, fireballs
consisted of three or more nucleons are able to emit protons as well as heavier particles.

ad (ii) Since the mass of the ejectile A is comparable to the mass of the fireball AS, the
observed (apparent) temperature T of the fireball is modified by the recoil being related
to the true temperature τ by relation: T = τ · (1−A/AS). This means that the apparent
temperature T is always smaller than the true temperature τ and this difference increases
for heavier fireballs (thus for heavier ejectiles), because then A/AS is closer to unity.

It should be emphasized that the temperature parameter is so large that the fireball
cannot exist outside the target nucleus and must emit particles.

The cross section for emission from the fireball increases with the beam energy for all ejec-
tiles (cf. Table 6.3). Furthermore, the relative contribution of the fireball emission increases
with the beam energy.

The model spectra are compared with the experimental data in figures 6.25 and 6.26 for p,
d, t, and 3He, 4He, and 6He, respectively. As can be seen the description of the experimental
data was significantly improved for all light charged particles.
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Figure 6.25: Experimental spectra (dots) of protons (upper row), deuterons (middle row),
and tritons (lowest row) measured for p+Al collisions at proton beam energy Tp=1.2 GeV.
Left, middle, and right columns present data measured at 20◦ , 65◦ , and 100◦ , respectively.
The black line represents evaporation from remnant nuclei of intranuclear cascade calculated
with the GEM2 computer program [70, 71]. The green line shows the contribution of the
multifragmentation of excited remnant nuclei evaluated in the frame of the Fermi break up
model by means of the computer code ROZPAD [83]. The blue line represents results of
calculations with INCL4.3 computer code [55, 56], the magenta line shows the contribution
from the fireball emission whereas the red line depicts the sum of all contributions.
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Figure 6.26: Same as on fig. 6.25 but for 3He (upper row) and 4He (lower row).

Table 6.3: The parameters of a fireball contributing to LCP emission in p+Al system (column
3 - 6), scaling factor f (for explanation see text), χ2, and values of the cross sections from all
considered reaction mechanisms. The parameters closed in square parentheses were fixed.

particle energy k β T σ f χ2 f*σINCL σGEM σFBM σTot.
[MeV] [MeV] [mb] [mb] [mb] [mb] [mb]
1.2 0.06 0.2089 44.20 642.8 [0.84] 59.11 449.09 351.39 24.61 1467.89

1H 1.9 0.14 0.2043 45.60 817.9 [0.75] 22.34 356.69 310.69 39.43 1524.71
2.5 0.09 0.1968 48.32 1058.9 [0.55] 21.23 265.81 278.24 46.99 1649.94
1.2 0.24 0.1346 34.44 94.13 0.84 8.26 105.1 115.76 29.67 344.66

2H 1.9 0.02 0.1373 38.20 124.3 0.75 2.40 87.54 94.83 46.19 352.86
2.5 0.03 0.1319 40.96 165.7 0.55 6.21 60.92 80.08 55.99 362.69
1.2 0.01 0.0893 26.56 18.12 [0.84] 12.55 17.71 22.92 13.25 72.00

3H 1.9 0.08 0.0894 30.68 22.81 [0.75] 11.95 15.07 18.49 20.72 77.09
2.5 0.06 0.0930 35.19 29.98 [0.55] 13.20 10.59 15.19 26.23 81.99
1.2 0.01 0.0703 23.80 18.65 [0.84] 3.18 15.45 20.09 12.65 66.84

3He 1.9 [0.01] 0.0708 26.69 23.37 [0.75] 4.38 13.01 16.29 20.03 72.70
2.5 0.07 0.0643 27.83 31.73 [0.55] 6.17 9.11 13.83 23.37 78.04
1.2 [0.01] 0.0451 17.29 42.31 [0.84] 71.72 6.69 256.56 10.88 316.44

4He 1.9 0.01 0.0305 15.37 76.61 [0.75] 45.90 5.60 224.34 18.03 324.60
2.5 0.01 0.0358 17.30 65.37 [0.55] 73.78 3.98 195.71 24.31 289.37
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6.3.2 Fireball in p+C system

The analysis of the data for the emission of light charged particles from p+C collisions has been
performed along the same lines as that for the p+Al system. The only difference was searching
for the scaling factor f not by fitting the spectra of deuterons but from the fit of the model
cross sections to the proton data. Values of the scaling factors obtained in this way, separately
for each beam energy, have been then applied for all other ejectiles without the attempt to fit
them again.

Results of the fit are shown in Fig. 6.27 for Hydrogen isotopes and in Fig. 6.28 for 3He
and 4He. The theoretical description of the data is very good what can be seen in the above
Figures and can be stated from inspection of Table 6.4, where the parameters of the fireball are
collected for all studied light charged particles. The chi-square values listed in this Table are
close to unity what emphasizes the good quality of reproduction of the data by applied reaction
models.

In the case of the Carbon target the cross sections of the fireball emission have less regular
energy behaviour than that which was observed for Aluminium target, where they increased
systematically with the energy for all ejectiles. For the p+C interaction the cross sections for
LCP emission from the fireball do not increase with the energy but rather remain constant,
however, with rather large energy fluctuations. A similar effect may be observed for the total
production cross sections which are basically energy independent. Their energy fluctuations
are significantly smaller than those visible for the cross section of LCP emission from the
fireball. It means that there is some kind of compensation of the magnitude of the cross
sections originating from different reaction models which leads to almost constant - energy
independent total production cross sections. This constancy of the production cross sections
for LCP production in p+C collisions agrees with the observation made in the literature (cf.
section 2), that the limiting fragmentation region is observed at smaller beam energies for p+C
than for p+Al collisions.

The interesting difference between p+C and p+Al collisions can be seen in behaviour of
the fireball velocity, which for Carbon target seems to be larger than for Aluminium target,
and decreases with the beam energy for proton and deuteron emission whereas for Aluminium
target it is almost energy independent (cf. Table 6.3 and Table 6.4).

Furthermore, the α-particle emission seems to be qualitatively different for Carbon target
than for Aluminium target. In the former case the velocity of the fireball and its apparent
temperature is larger than these parameters for 3He whereas for the Aluminium target the
opposite situation is present.
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Figure 6.27: The experimental spectra (open circles) for production of 1H (upper row), of 2H,
(middle row), and of 3H (lowest row) in p+ 12C collisions for three scattering angles: 20◦ (left
column), 65◦ (middle column), and 100◦ (right column) at proton beam energy Tp=1.2 GeV.
The black line represents the evaporation cross section, the blue line is attributed to INCL
results (the nucleon-nucleon cascade for protons and the coalescence for deuterons and tritons),
the green line depicts the contribution from multifragmentation, the magenta line shows the
contribution from the fireball emission, and the red line presents the sum of all cross sections.



116 CHAPTER 6. THEORETICAL ANALYSIS

10-3

10-2

10-1

50 1000 50 100
10-4

10-3

10-2

10-1

100

50 100

 

 

d2
/d

dE
 [m

b/
sr

 M
eV

]  

 

 

 

3He

65o

 

 

E [MeV]

20o

 

 

100o

 

 

4He

p+C

Figure 6.28: The same as in fig. 6.27 but for 3He (upper row) and 4He (lower row).

Table 6.4: The parameters of a fireball contributing to LCP emission in p+C system (column
3 - 6), scaling factor f (for explanation see text), χ2, and values of the cross sections from all
considered reaction mechanisms. The parameters listed in square parentheses were fixed.

particle energy k β T σ f χ2 f*σINCL σGEM σFBM σTot.
[MeV] [MeV] [mb] [mb] [mb] [mb] [mb]
1.2 0.11 0.2789 59.35 360.4 0.51 1.33 181.48 100.46 18.97 661.31

1H 1.9 0.12 0.2612 57.71 436.8 0.69 1.55 236.63 89.41 23.59 786.43
2.5 0.07 0.2187 54.92 339.7 0.47 1.29 164.22 96.61 20.21 620.74
1.2 0.04 0.1975 38.08 33.67 [0.51] 1.27 11.31 50.72 23.20 118.90

2H 1.9 0.10 0.1282 47.54 77.75 [0.69] 0.97 12.31 42.89 28.77 161.72
2.5 0.15 0.1010 45.18 64.82 [0.47] 0.95 7.48 46.92 24.35 143.57
1.2 0.09 0.0816 25.95 9.64 [0.51] 2.32 0.45 16.03 8.98 35.10

3H 1.9 0.03 0.1579 31.39 6.39 [0.69] 2.72 0.54 14.10 11.49 32.52
2.5 0.06 0.0892 29.41 10.6 [0.47] 2.54 0.34 14.65 9.15 34.74
1.2 0.06 0.0150 16.66 12.54 [0.51] 0.44 0.47 23.44 9.70 46.15

3He 1.9 0.06 0.0175 17.39 16.28 [0.69] 0.37 0.55 20.41 12.38 49.62
2.5 0.05 0.0115 15.38 18.92 [0.47] 0.37 0.34 22.36 9.79 51.41
1.2 0.01 0.0254 30.63 7.62 [0.51] 2.55 0.06 203.26 4.44 217.87

4He 1.9 0.16 0.0570 24.15 7.45 [0.69] 1.96 0.08 189.58 6.29 203.4
2.5 0.04 0.0289 32.38 8.85 [0.47] 1.54 0.05 190.93 4.27 204.1
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Discussion

The analyses presented in the sections 6.2 and 6.3 showed that it is possible to describe well all
data for light charged particles and intermediate mass fragments produced in proton-Carbon
and proton-Aluminium collisions at three proton beam energies; 1.2, 1.9, and 2.5 GeV, using
the following combinations of several competing reaction mechanisms:

• The angular and energy dependence of the double differential cross sections dσ
dΩdE

for
production of the intermediate mass fragments can be reproduced assuming that
the ejectiles are emitted from the remnants of the target nuclei produced by the
intranuclear cascade of the nucleon-nucleon and nucleon-pion collisions. Two different
mechanisms of this emission are necessary to describe quantitatively the measured data:

1. the sequential evaporation of the particles from the nuclei which are excited to
energies smaller than the critical energy per nucleon (cf. section 6.2), and

2. the multifragmentation which appears for nuclei excited to the energies larger
than the critical energy mentioned above.

In modeling the decay process the choice for (1) sequential evaporation or (2) simultaneous
multifragmentation a sharp cut has been applied as a first approximation. It may be
expected that the transition from liquid to gas phase is in reality more smooth.

• The description of the light charged particle data requires besides these two mentioned
above mechanisms also other processes which induce emission of particles during the first
stage of the reaction:

1. Emission of protons from intranuclear cascade , i.e. from the series of nucleon-
nucleon collisions and emission of complex LCPs due to the coalescence of
the nucleons escaping from the target nucleus during the intranuclear cascade.

2. The additional process, which corresponds to interaction of the impinging proton
with a group of nucleons leading to appearing of a fast and hot group of nucleons -

117
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the fireball, moving along the beam direction. Emission of protons and complex
LCPs from the fireball gives very significant contribution to the observed cross
sections.

As it was explained in the previous section, some scaling down of the intranuclear cascade
cross sections must be introduced to allow for collision of the proton from the beam with a
group of nucleons inside the target. In the present work the cross sections from the intranuclear
cascade are simply multiplied by a factor f , the same for all ejectiles as well as for the full range
of the ejectile energies. It should be pointed out that such a method must be treated as an
approximation only, because for the fireball emission calculated on the same microscopic level
as the intranuclear cascade, the competition between an intranuclear cascade mechanism and
an emission of the fireball can be different for different ejectiles and even for different ranges of
the ejectile energies. This might be caused, e.g., by the fact that the probability of collisions
between proton from the beam and a group of the target nucleons is small for large impact
parameters, where the nucleon density of the target is small, whereas this probability increases
for smaller impact parameters where the nucleon density becomes larger.

Table 7.1: Relative contributions (in percent) of different mechanisms to the total production
cross section of light charged particles in p+Al collisions. The presented contributions are
averaged over the beam energies.

particle σFIREBALL/σTOT f ∗ σINCL/σTOT σGEM/σTOT σFBM/σTOT
1H 53.9 23.4 20.4 2.4
2H 36.1 24.0 27.5 12.4
3H 30.4 19.0 24.8 25.8

3He 33.6 17.6 23.4 25.5
4He 19.9 1.7 72.6 5.8
6He 23.3 76.7
6Li 53.0 47.0
7Li 31.0 69.0
8Li 11.3 88.7
9Li 11.3 88.7
7Be 24.0 76.0
9Be 49.3 50.7
10Be 36.7 63.3
10B 64.0 36.0
11B 68.0 32.0
12B 54.0 46.0
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Values of the scaling factors used in the present analysis vary in the range 0.55 – 0.84 for
p+Al system, and 0.47 – 0.69 for p+C system suggesting, that the first step of the reaction
proceeds mainly via intranuclear cascade mechanism. This, however, does not mean that the
inclusive cross sections from the intranuclear cascade dominate because the inclusive cross
sections are proportional to the multiplicity of emitted particles. Indeed, relative contributions
of individual mechanisms which contribute to emission of light charged particles, listed in Tables
7.1 for p+A collisions, and 7.2 for p+C collisions are larger for the fireball emission than for
the intranuclear cascade.

Table 7.2: The relative contributions (in percent) of different mechanisms to the total produc-
tion cross section of light charged particles in p+C collisions. These contributions are averaged
over the beam energies.

particle σFIREBALL/σTOT f ∗ σINCL/σTOT σGEM/σTOT σFBM/σTOT
1H 54.9 28.0 14.0 3.0
2H 40.5 7.4 34.0 18.1
3H 25.9 1.3 43.7 29.1

3He 32.3 0.9 45.1 21.7
4He 3.8 0.03 93.3 2.4
6He 79.7 20.3
6Li 93.0 7.0
7Li 96.0 4.0
8Li 92.3 7.7
7Be 94.7 5.3

The content of Tables 7.1 and 7.2 can be used to derive several interesting conclusions
concerning the reaction mechanism:

• The intermediate mass fragments originate only from the second step of the reaction,
i.e., they are produced by decay of excited remnants of the first stage of the reaction. Good
description of the data was achieved without introducing of the emission of intermediate
mass fragments from the first step of the reaction.

• It should be pointed out, that the decay mechanism is different for intermediate
mass fragments emitted from p+Al and from p+C collisions . In the former
nuclear system the multifragmentation as well as the sequential evaporation play compa-
rable roles whereas in the latter system the evaporation exhausts approximately 90% of
the reaction yield.

• Quite a different situation may be observed for light charged particles . They are
emitted from both, the first and the second step of the reactions.
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• Emission of light charged particles from the intranuclear cascade exhausts approximately
20% of their total production cross sections for p+Al collisions . This contribution is
almost of the same magnitude as that originating from evaporation of these particles in the
second stage of the reaction (with exception of the α-particles which are predominantly,
i.e., ∼ 70%, produced through the evaporation). The emission of light charged particles
from the fireball gives a very important contribution, which ranges from 20% to 54% of
the total yield of the ejectiles. This contribution is the largest for protons and decreases
with increasing of the mass of ejectiles. Multifragmentation of excited remnants of the
first reaction stage gives also quite important contribution for deuterons, tritons, and 3He
(12 - 25%) but is almost negligible for protons and α-particles.

• In the case of p+C collisions the emission of protons exhausts a large part of the cross
section (28%) in contradiction to the production of complex light charged particles via
coalescence, which is negligibly small (with exception of deuterons where 7% of the cross
section is due to the coalescence). The fireball emission of protons, deuterons, tritons and
3He is very important (26% - 55%) but the emission of α-particles is very small (∼ 4%).
The evaporation contribution to the production cross sections is significant for all LCPs
(14 - 45%) and is dominating for α-particles (93%). Multifragmentation participates
considerably in production of deuterons, tritons and 3He (18 - 29%) but is very small for
protons and α-particles (3% and 2%, respectively).

• It is interesting to note, that the fireball contribution to the α-particle emission is signif-
icantly larger for the Aluminium target (∼ 20%) than for the Carbon target (∼ 4%).

• The fireball contribution to heavier ejectiles is not observed what may be expected because
of limited size of the fireball.

The fireball properties obtained from the present analysis are similar to those found in
previous investigations of proton induced reactions on Au [3] and Ni [5] targets for the same
proton beam energies; 1.2, 1.9, and 2.5 GeV. This is illustrated by Fig. 7.1 where the relative
contribution of the emission of light charged particles from the fireball, the fireball temperature,
and the fireball velocity, averaged over proton beam energies are shown in the upper, the middle
and the lower panel of the figure, respectively. Different colours represent the results obtained
for four different targets. Results for C and Al targets are taken from the present analysis
and those for Ni and Au targets from references cited above. As can be seen, the values of
all presented fireball parameters, i.e., the yield, the temperature parameter and the velocity
decrease with the mass of emitted ejectiles. The same qualitative and quantitative behaviour
of these parameters is visible for all targets under consideration. It should be emphasized, that
the values of the parameters do not differ more than ∼ 20% for different target nuclei in spite
of the fact that the targets cover a very broad range of mass number (from 12 to 197).
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Figure 7.1: Upper panel - averaged over beam energy (1.2, 1.9, and 2.5 GeV) the ejectile mass
number dependence of the relative contribution of emission of light charged particles from the
fireball for C, Al, Ni, and Au targets. Middle panel - the same dependence of the fireball
temperature. Lower panel - the same dependence of the fireball velocity. The triton results
are shown for ALCP=2.9, and 3He results for ALCP=3.1 to allow for easy distinction between
tritons and 3He.
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Chapter 8

Summary

Double differential cross sections dσ
dΩdE

of proton induced reactions on 12C and 27Al targets have
been measured for three proton beam energies: 1.2, 1.9, and 2.5 GeV. Isotopically identified
hydrogen, helium, lithium, beryllium and boron ejectiles have been detected at seven scattering
angles: 15.6◦ , 20◦ , 35◦ , 50◦ , 65◦ , 80◦ , and 100◦ . The present results agree well with scarce
data from the literature measured at similar proton beam energies.

The data were analyzed assuming a presence of several competing reaction mechanisms.
A fast proton impinging on a target nucleus may initiate an intranuclear cascade of nucleon-
nucleon and pion-nucleon collisions. This cascade results in the emission of fast nucleons, which
are ejected independently or together with several nucleons of the target – forming a composite
particle due to a coalescence mechanism. The coalescence appears when the momentum and
position coordinates of the target nucleons are close to the momentum and the position coordi-
nates of the escaping nucleon. The probability of this process decreases quickly with increasing
number of nucleons which coalesce. Thus only the emission of deuterons, tritons, 3He, and 4He
from the cascade stage of the reaction has been evaluated in the coalescence model whereas it
was assumed that the probability of the emission of heavier products due to such a mechanism
is negligible.

Since the remnant nucleus from the intranuclear cascade is usually excited, its decay was
taken into account. Two different mechanisms of the decay were applied; (1) the remnant nuclei
which are only slightly excited evaporate neutrons, light charged particles, and intermediate
mass fragments, whereas (2) highly excited remnant nuclei are subject of a multifragmenta-
tion. The first mechanism was described using the GEM2 computer program of Furihata [70,71],
which treats evaporation according to the statistical formalism of Weisskopf and Ewing [75] and
the simultaneous decay was calculated with the computer program ROZPAD of Magiera [83]
which applies the formalism of the Fermi break-up model [73]. The critical excitation energy per
nucleon at which multifragmentation sets in was treated as a free parameter and was searched
for by comparing double differential dσ

dΩdE
experimental data with the model cross sections.
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This critical excitation energy was found to be of the order of 7 – 9 MeV/A for proton induced
reactions on Al and C, respectively. It depends only slightly on proton incident energy.

The above described combination of reaction models was able to reproduce perfectly energy
spectra and angular distributions of intermediate mass fragments from p + 27Al and p+12C
collisions measured in the present experiment at all three beam energies. It was found that
the contribution of multifragmentation is significant for the description of the IMF spectra
measured with both, Al and C targets, but the absolute value of this contribution to the total
production cross sections is important only for the Al target. Moreover, it was observed that
this contribution increases monotonically with the beam energy thus leading to its dominance at
the highest beam energy (2.5 GeV) in the case of Al target, but it is almost energy independent
for the C target.

It is interesting to point out that these results were obtained using the standard value (1.4
fm) for the reduced radius characterizing the freeze-out volume of the decaying nuclei and with
the critical energy per nucleon values which agree very well with the compilation of critical
energy values published in the literature [49].

The spectra of light charged particles, i.e., protons, deuterons, tritons, and 3,4He, measured
at small scattering angles are underestimated strongly by the above reaction model. They can
be, however, well reproduced introducing an additional process, which was parameterized by
the emission of LCPs from a hot source (”fireball”) moving fast in the forward direction, i.e.,
along the beam.

The following findings form the most important results of the thesis:

• Behaviour of the double differential cross sections dσ
dΩdE

measured in the present work
for light targets; 12C and 27Al for three proton beam energies 1.2, 1.9, and 2.5 GeV
is qualitatively analogous to that observed previously for heavier targets - Ni [4, 5] and
Au [2,3] at the same energies.

1. The spectra of intermediate mass fragments consists of two components which cor-
respond to the second stage of the reaction, i.e, to the emission of particles from the
excited remnants of the first stage of the reaction: (1) A low energy component -
the evaporation, which is isotropic and has steep energy decrease equivalent to low
temperature of the emitting nucleus, and (2) a high energy component - the multi-
fragmentation, which is forward peaked and has the energy dependence indicating
high temperature of the emitting nucleus.

2. The spectra of light charged particles contain three or more different contributions.
Additional processes take place besides the mechanisms, which are responsible for
emission of intermediate mass fragments. These additional processes correspond to
the emission of light charged particles from the first stage of the reaction. There
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are: (1) the emission of high energy protons from the intranuclear cascade, (2) the
emission of high energy composite particles emerging due to coalescence, and (3)
the emission of particles from a "fireball" - fast and hot group of several nucleons
moving in the forward direction. This third contribution is very distinct for proton
and deuteron spectra, it is smaller for tritons and 3He, and almost absent for 4He.

• In the present thesis another explanation of the existence of two components in IMF spec-
tra for Al and C target was proposed than that considered in refs [2, 3] for Au target
and [4,5] for Ni target.

It was assumed in these latter studies that the proton impinging on to the target knocks
out the fireball and thus induces break-up of the heavy remnant of the target into two
pieces with significantly different masses. This asymmetry is caused by the fact that the
distribution of impact parameters favours peripheral collisions. These two excited prefrag-
ments move with different velocities (proportional to the reciprocal of mass of fragments)
and with different excitation energies per nucleon (this excitation energy is higher for the
lighter prefragment). Therefore, such an asymmetric break-up leads to the appearing of
two moving sources with distinctly different properties and consequently to two different
contributions to the spectra of the same ejectiles.

Such a picture is improbable for Al target and impossible for C target, where the "fireball"
has dimensions comparable to dimensions of the target, thus the remnant cannot break
into two significantly different prefragments emitting intermediate mass fragments. How-
ever, the existence of the phase transition between liquid (usual nuclear matter) and gas
(IMFs, LCPs and free nucleons) leads to a distinct, critical excitation energy per nucleon
at which the deexcitation of the nucleus changes its character. At excitation energies
smaller than the critical energy the nuclei evaporate particles, whereas at higher excita-
tion energies a multifragmentation takes place. In the present thesis a simple treatment
of the phase transition has been performed which consisted in the assumption of a sharp
cut on the critical excitation energy.

This resulted in appearing of two distinctly different components in the experimental
spectra, which were interpreted for heavier targets as originating from the asymmetric
two-body break-up of the excited nucleus - remnant after the fireball emission.

• It is important to point out that the above discussed picture of the reaction allows to find
the critical excitation energy at which a phase transition of the nuclear matter proceeds
by the investigation of differential cross sections dσ

dΩdE
without the need of studying the

caloric curves as it is usually done in the literature. Results obtained due to the method
presented in the current thesis agree with findings of the caloric curve studies.
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• The properties of the "fireball", i.e., fast and hot source of light charged particles, necessary
to reproduce the present data for C and Al targets are very similar to those found in studies
of Ni [4, 5] and Au [2,3] targets.

The new results obtained in the present investigation are not able to answer all the questions
concerning the reaction mechanism of proton - nucleus interaction at GeV energies. Moreover,
they lead to new questions and problems. There are the most important among them:

• The present inclusive experiment does not give an unambiguous experimental proof of
the existence of a "fireball", which was postulated in the analysis of double differential
cross sections dσ

dΩdE
of light charged particles measured in the present work for C and Al

targets as well as investigated in refs. [2] and [3] for the Gold target , and in refs. [4]
and [5] for the Nickel target. The coincidence measurements, dedicated to experimental
study of this problem would be desirable.

• It would be very interesting to study properties of the fireball emission in the frame of
a microscopic model, which could treat on the same footing the cascade of the nucleon-
nucleon collisions and the fireball creation by collisions of the projectile with a group of
nucleons from the target. Such a model would avoid an arbitrary scaling down of the
intranuclear cascade cross sections by a constant factor and introduce a competition of
both reaction mechanisms which could quantitatively modify the shape and magnitude
of the spectra and angular distributions.

• The question arises whether the explanation of the presence of two different components
in the energy spectra of the intermediate mass fragments, which was successfully applied
in the present work for light target nuclei - Carbon and Aluminium, can be extrapolated
to heavy target nuclei as, e.g. Gold nucleus. The present investigations were based on
the comparison of the experimental data with the (almost) parameter-free calculations of
the multifragmentation cross sections in the model of the Fermi break-up. Such calcula-
tions are tedious even for light nuclei and become almost impossible for heavier targets.
Thus, the invention of an efficient numerical scheme is necessary to apply the analogous
calculations for heavy target nuclei.



Appendix A

Previous experiments on p+C and p+Al
collisions

Table A.1 Publications in which experimental investigations of p+Al collisions were discussed

beam measured measured
energy beam target particles observables comments ref.
[GeV ]

0.01 - 1.6 p Al,Mg,Si He,Ne total cross section data from [6] [87] [32] [12]
excitation function [88] [89] [90]

0.02-0.05 p 12C 11C total cross section [43]
p 27Al 22,24Na

0.03-0.1 p C,Al,11B 11C,22,24Na, excitation function [91]
34S 34Cl,18F total cross section

0.5-2.6 p O,Mg,Al, 10Be, 26Al total cross section [25]
Si,Mn,Fe,

Ni
0.07-2.6 p Al 22,24Na,7Be, total cross section Al target as a monitor

1 p Pb 27Mg add. data [6] [92] [93] [32] [94]
[95] [7] [96] [97]

0.082,0.15 p C,Al,Fe, 3H total cross section [98]
Nb,Sn,Au,

Th
0.09,0.12 p 27Al, 58Ni, p,n d2σ

dΩdE
QMD, FKK calculation [99]

0.16, 0.2 90Zr data from [100] [101] [102]
0.1-3.17 p Al,Fe,Pb p,n,π− dσ

dΩdE
theoretical paper [62]

7.5◦ ≤ θ ≤ 150◦ QMD+SDM
add. data [103] [104] [105]

0.1-6.2 p 27Al 24Na total cross section [44]
0.1, 0.164 p 27Al,58Ni, p -4he d2σ

dΩdE
2-step model [106]

62Ni,208Pb 25◦ ≤ θ ≤ 150◦ theor. calc. VEGAS [107]
0.18 p 27Al total cross section add. exp. data [108] [109]

d2σ
dΩdA

d3σ
dΩdAdE

calc.: casc.+evap. [110]
10◦ ≤ θ ≤ 90◦ [107] [111] preequilibrium

excitation model: [112]
semiempirical calculation: [113]

0.335 p,α C,Al,Cu 7Be, excitation function [34]
Ag,Au total cross section

0.36 - 1.8 p Al 24Na [114]

Continued on next page
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Table A.1 – continued from previous page
beam measured measured
energy beam target particles observables comments ref.
[GeV ]

0.4 p 6Li,Be,C d,t,3,4He 70◦ -160◦ [115]
Al,Cu,Ta E d

3σ
dp3

0.4-3 p Al 7Be,11C, excitation functions data from [35] [28]
13N,15O, total cross sections

18F,22,24Na
0.42 p O,F,Al,Cl 7Be,11C„ total cross section data from [116], [117] [35]

Cu,Ag,Au 13N,18F, excitation function [118]
22,24Na

0.42,0.45 p,n Al,Cu C,F,N, total cross section [119]
Na,Mg,Ti,
Cr,Mn,Fe,
Co,Ni,Cu,

0.45 p Be,C,Al, p,n 0o ≤ θ ≤60o, [120]
Cu,Co,Pb, d2σ

dΩdE
Bi

0.45, 2.05 p C,N,O, 3H total cross section [21]
Mg,Al,Fe
Ni,Ag,Pb

0.585 p Al, C, Nb n d2σ
dΩdE

In, Ta, θ = 30◦, 90◦, 150◦ [121], [122]
Pb, U

0.6 p Be,C,Na, H,He d2σ
dΩdE

2-step model
Al,Ca,Fe, 30◦ ≤ θ ≤ 105◦ themodynamical model [123]
Ag,Au,U total cross section data from [124] [30]

0.6 p O-Au 7Be-196Au total cross section [32]
0.73-3.86 p π C,Al,Sn, p E d3σ

dp3

Cu,Pb multiplicity distribution [52]
σstopped, 30◦ -120◦

0.8, 1.6 p Fe,Pb n d2σ
dΩdE

comparision with exp. [105] [125] [126] [127]
1.2 p Al,Fe,Zr 0◦ ≤ θ ≤ 160◦ [128] and wiht calc. LAHET

W,Pb,Th (Bertini, Isabel) TIERCE [129](INCL)
excitation energy, multiplicity

0.8,1.2, p O,Mg,Al, 3He - 65Zn total cross section review paper [6]
1.6,2.6 Si,Ca,Ti, excitation function

V,Mn,Fe,
Co,Ni,Cu,
Zr,Rh,Nb, theoretical calculation HET
Ba,Au

1.6 p C,N,Rb,
Sr,Y

1 p Al,Ni IMF ZF ≥ 3 energy spectra velocity residuum [130]
Ag,Au total cross section excitation energy

1.0, 1.9, 2.85 p C,Al,Cu, 6He total cross section [26]
Ag,Pb

1.0, 2.8 p B,C,N,O, 9Li,16C, total cross section [27]
F,Na,Mg, 17N
Al,Si,S,
Ca,Ti,Ni,
Cu,Nb,Ag,
La,Pr,Nd,
Ta,W,Pb,U

1.0, 3.0 p C,Al,Cu 7Be total cross section [29]
Ag,Au

Continued on next page
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Table A.1 – continued from previous page
beam measured measured
energy beam target particles observables comments ref.
[GeV ]
1-11.5 p Al 7Be, 11C, F/B two-velocity model, [131]

18F excitation function
to 400GeV, data from [69]

1.5, 2.6 p 56Fe 27Al 4He, 18F, total cross section theoretical paper QMD+SDM
24,22Na, 38Ar, impact parameter [132]

54Mn 7Be dependence, data from [6]
2.1-4.9 p C,Al,Ag, He-Ar d2σ

dΩdE
parametrisation [69]

U θ = 20◦, 90◦, 160◦ add data [124] [133]
2.0, 3.0 p 12C, 27Al 11C,24Na total cross section [41]
2.2 p Al,C,Cu, 8Li not normalized nuclear emulsion [134]

Ag,Au,U energy spectra
29◦ ≤ θ ≤ 152◦

3-300 p Al 22,24Na 2W(F+B), F/B add. data [114] [135]
5.7 p Be,C,N,O 3H, 7Be, total cross section [23]

F,Na,Al 11C, 13N,
14,15O,18F,
22Na, 24Ne,

27Mg
6 p C,N,O,Mg, 3H total cross section [22]

Al,Fe,Ni,
Ag,Sn,Pb

12 p Al,Fe,Co, 10Be,26Al, excitation function add. data [25] [33] [136]
Ni,Cu,Zn, 24Na energy spectra [137] [138] [139] [140] [141] [142]
Ag,Au total cross section [143] [144] [145] [146];

parametrisation of total
cross section [147]

28 p C,Al 7Be,11C, total cross section [36]
13N,15O,

18F, 22,24Na,
24Ne, 27Mg

30 p C,Be,Al p,p̄, κ, momentum spectra TOF [148]
π,d,t 30◦

30-33 p Al, Be H,π, κ momentum spectra magnetic deflection [149]
p θ = 13 1

4

◦
, 45◦, 90◦ TOF

30,50,70 p Al 7Be,11C, yield ratios [39]
18F,22,24Na,

300 p Al 7Be,11C, total cross section [37]
13N,18F,
22,24Na,

Table A.2 Publications in which experimental investigations of p+C collisions were dis-
cussed.

beam measured measured
energy beam target particles observables comments ref.
[GeV ]

0.02-0.05 p 12C 11C total cross section [43]
p 27Al 22,24Na

0.02,0.03, n C 1,2,3H, 15◦ -150◦ dσ
dΩdE

[150]
0.06 3,4He data from [151]

0.03-0.1 p 11B,C, 11C,22,24Na, excitation function [91]
Al, 34S 34Cl,18F total cross section

Continued on next page
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Table A.2 – continued from previous page
beam measured measured
energy beam target particles observables comments ref.
[GeV ]

0.044-25 p 12C 6,7Li total cross section [152]
0.05-28 p 12C, 27Al 7Be,11C, total cross section [38]

24Na,18F
0.082,0.15 p C,Al,Fe, 3H total cross section [98]

Nb,Sn,
Au,Th

0.096 n C 1,2,3H, 3,4He 20◦ - 160◦ data from [153] [154]
0.15, 0.60 p 12C 6,7Li total cross section [155]

0.88 α
0.25-6.2 p 12C 12C(p,pn)11C F/B ratio, range [156]

impact velocity
0.39-2.95 p C 11C

σ11C
σ24Na

[157]

0.4 p 6Li,Be, d,t,3,4He 70◦ -160◦ [115]
C, Al,Cu, E d

3σ
dp3

Ta
0.4-0.65 Be,B, H Be-Co dσ

dZ
, dσ
dA

[158]
C,N, [159]
O,Ne,
Fe,Ni

0.45 p Be,C, p,n 0o ≤ θ ≤60o, d2σ
dΩdE

[120]
Al,Cu,
Co,Pb,

Bi
0.45, 2.05 p C,N,O, 3H total cross section [21]

Mg,Al,
Fe,Ni,
Ag,Pb

0.5-2.9 p O,C,Mg 7Be,22,24Na total cross section [160]
Si,Ni,Fe 32P,44m,47Sc

48V,48,51Cr
52,54Mn,56Co

0.585 p Al, C, Nb n d2σ
dΩdE

In, Ta, θ = 30◦, 90◦, 150◦ [121], [122]
Pb, U

0.6 p Be,C, p,d,t dσ
d3p

[161]
Cu,Ta

0.8 p Ag,Ta, 180◦
Pt

0.6 p Be,C,Na, H,He d2σ
dΩdE

2-step model
Al,Ca,Fe, 30◦ ≤ θ ≤ 105◦ themodynamical model [123]
Ag,Au,U total cross section data from [124] [30]

0.6, 3 p C,Si,O 3H, 3,4He total cross section [162]
33 3H:3He:4He

0.73-3.86 p π C,Al,Sn, p E d3σ
dp3

Cu,Pb multiplicity distribution [52]
σstopped, 30◦ -120◦

0.8 p C,Ti,Pb 3,4He dσ
dΩdE

5◦ -15◦ [163]
0.8 p 12C 11C total cross section [164]

0.8,1.2, p O,Mg,Al, 3He - 65Zn total cross section review paper [6]
1.6,2.6 Si,Ca,Ti, excitation function

V,Mn,Fe,
Co,Ni,Cu,
Zr,Rh,Nb, theoretical

Continued on next page
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Table A.2 – continued from previous page
beam measured measured
energy beam target particles observables comments ref.
[GeV ]

Ba,Au calculation HET
1.6 p C,N,Rb,

Sr,Y
1 p C He,Li, d2σ

dΩdE
, TOF, Bragg [85]

Be,B total cross section spectroscopy
θ = 30o, 126o moving source

parametrization
1.0, 1.9, 2.85 p C,Al,Cu, 6He total cross section [26]

Ag,Pb
1.0, 2.8 p B,C,N,O, 9Li,16C,17N total cross section [27]

F,Na,Mg,
Al,Si,S,
Ca,Ti,Ni,
Cu,Nb,Ag,
La,Pr,Nd,
Ta,W,Pb,U

1.0, 3.0 p C,Al,Cu 7Be total cross section [29]
Ag,Au

1.05,2.1 12C, H,Be,C, 1H-15O total cross section [45]
16,18O Al,Cu,Ag
56Fe Pb

2.0, 3.0 p 12C, 27Al 11C,24Na total cross section [41]
2.1-4.9 p C,Al,Ag, He-Ar d2σ

dΩdE
, parametrisation [69]

U θ = 20◦, 90◦, 160◦ add data [124] [133]
2.2 p Al,C,Cu, 8Li not normalized energy spectra nuclear emulsion [134]

Ag,Au,U 29◦ ≤ θ ≤ 152◦

3.0, 4.5, 6.0 p 12C 11C total cross section [165]
3.66 12C p 1H-11C total cross section [166]
5.7 p Be,C,N,O 3H, 7Be, total cross section [23]

F,Na,Al 11C, 13N,
14,15O,18F,
22Na, 24Ne,

27Mg
6 p C,N,O,Mg, 3H total cross section [22]

Al,Fe,Ni,
Ag,Sn,Pb

7.6 p 12C 11C total cross section add. data from [167], [41], [165], [168]
28 p C,Al 7Be,11C, total cross section [36]

13N,15O,
18F, 22,24Na,
24Ne, 27Mg

30 p C,Be,Al p,p̄, κ, momentum spectra TOF [148]
π,d,t 30◦
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Appendix B

The model of emitting moving sources

This model was originally described by Westfall et al. in Ref. [69]. In the present thesis a
slightly different realization of the model, introduced in Ref. [2] is applied.

According to model assumptions the ejectiles are emitted isotropically from the sources
moving in the forward direction, i.e. along the beam. The energy of emitted particles is
distributed according to the Maxwellian function, characterized by the apparent temperature
parameter T .

This parameter is different from the temperature τ characterizing a probability distribution
f(E∗) of the excitation energy E∗ of the emitting nucleus

f(E∗) =
1

2 (πτ)3/2

√
E∗ exp

[
−E

∗

τ

]
(B.1)

because the energy and momentum conservation put constraints on this part of the excitation
energy which can be transformed into kinetic energy of the ejectile. The kinetic energy E ′ of
the ejectile of mass AF emitted from the source of the mass AS is related to the excitation
energy E∗ of the source by the following formula:

E∗ = νE
′

A (B.2)

where
ν ≡ AS

AS − AF
(B.3)

The kinetic energy distribution of the emitted fragment in the rest frame of the source is
equal to:

d2σ

dE ′dΩ′
=

νσ

2 (πτ)3/2

√
νE ′ exp

[
−νE

′

τ

]
. (B.4)

This distribution is normalized to the total production cross section σ in contrast to normaliza-
tion of the probability distribution (B.1) of the excitation energy E∗, which is normalized to
unity, i.e., integral from the function f(E∗) is equal one.
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The formula for kinetic energy distribution (B.3) is usually presented without explicit writing
the recoil correction, i.e. by introducing the apparent temperature parameter T

T ≡ τ/ν (B.5)

what leads to the following form of this distribution:

d2σ

dE ′dΩ′
=

σ

2 (πT )3/2

√
E ′ exp

[
−E

′

T

]
. (B.6)

Such a form of this formula is used also in the present thesis.
The kinetic energy distribution (B.6) does not take into account a presence of the Coulomb

barrier which must be overcame by charged ejectiles. The simplest method of inclusion of the
barrier would be shifting the argument in the Maxwell formula by the height of the barrier, as
it was originally proposed in Ref. [69]. Such a prescription is equivalent to the sharp cut-off
applied to the energy of charged particles. It is obvious that this method gives not realistic
results because various excited nuclei, produced in the proton-nucleus collisions, can serve as
a source of these particles thus instead a single height of the barrier a distribution of heights
should be taken into consideration. Furthermore, the tunneling effect of the particles through
the barrier should also lead to smooth cut-off the ejectile energies instead the sharp cut-off
postulated by the shifting of the energy by some value. In the present work, the probability to
overcome the Coulomb barrier was parameterized in the following form:

P =
1

1 + exp
[
−
(
E−k·B

d

)] (B.7)

where B is the Coulomb barrier of two touching spheres corresponding to the emitted fragment
of mass number AF and charge number ZF and to the remaining part of the source with the
mass number of AS − AF and charge number ZS − ZF :

B =
ZF (ZS − ZF )e2

1.44
(
AF

1/3 + (AS − AF )1/3
) . (B.8)

The quantities k and d are the parameters. The first parameter (k) was searched looking
for best fit of model spectra to the experimental data whereas the second parameter (d) was
fixed in the present analysis by keeping constant the ratio of the height of the barrier kB to its
diffuseness parameter d: kB/d = 5.5 .

dσ

dE ′dΩ′
=

σ

4πT 3/2I(kB, d, T )
·

√
E ′ exp

(
−E

′

T

)
1 + exp

(
kB−E′

d

) (B.9)

I(B, d, T ) =

∞∫
0

dx ·
√
x · exp (−x)

1 + exp
(
kB−T ·x

d

)
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The integral I(B, d, T ) used for normalization of the distribution (preserving previous interpre-
tation of σ parameter) has been evaluated numerically by Gauss-Laguerre method.

For comparison of the experimental cross sections, given in the laboratory system, with
theoretical cross sections it is necessary to transform the model double differential cross sections
calculated in the rest system of the emitting source to the laboratory system. It can be shown
that the transformation may be performed by following formula:

dσ

dEdΩ
=
p

p′
· dσ

dE ′dΩ′
≈
√
E

E ′
· dσ

dE ′dΩ′
(B.10)

where the first equality is exact and the second is valid in nonrelativistic limit, normally realized
in the motion of observed ejectiles. The nonrelativistic relationship between kinetic energy E
of the particle emitted at the angle θLAB in the laboratory system and the energy E ′ of emitted
particle in the rest frame of the source is as follows:

E
′
= E +

mβ2

2
−
√

2mE · β · cos θLAB (B.11)

where m (≡ AF ) is mass of emitted particle and β - velocity of the source in the laboratory
system.
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